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Abstract

We start with the study of certain Artin-Schreier families. Using coding theory
techniques, we determine a necessary and sufficient condition for such families
to have a nontrivial curve with the maximum possible number of rational points
over the finite field in consideration. This result produces several nice corollaries,
including the existence of certain maximal curves; i.e., curves meeting the Hasse-
Weil bound. We then present a way to represent two-dimensional (2-D) cyclic codes
as trace codes starting from a basic zero set of its dual code. This representation
enables us to relate the weight of a codeword to the number of rational points on
certain Artin-Schreier curves via the additive form of Hilbert’s Theorem 90. We
use our results on Artin-Schreier families to give a minimum distance bound for
a large class of 2-D cyclic codes. Then, we look at some specific classes of 2-D
cyclic codes that are not covered by our general result. In one case, we obtain the
complete weight enumerator and show that these types of codes have two nonzero
weights. In the other cases, we again give minimum distance bounds. We present

examples, in some of which our estimates are fairly efficient.
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Introduction

The use of algebraic geometry in coding theory was initiated in the late 70’s by
the Russian engineer/mathematician V. D. Goppa ([11]) who showed that one can
create powerful codes using linear systems on algebraic curves over finite fields.
It turns out that the codes constructed this way, which are now called Algebraic
Gedmetry Codes, have very good parameters when the curves used in their con-
struction have “a lot of” rational points over their field of definition.

Goppa’s discovery inépired two trends among interested mathematicians and
éngineers.v The first is the renewed interest in the study of curves over finite fields
and the second is the search for other applicafions of algebraic geometry to coding
theory. This dissertation gives results in both directions. We give some results on
Artin-Schreier families and then apply these to the weight computations of the so
called 2-D cyclic codes. Here is a detailed description of the chapters:

‘We start Chapter 1 with basic definitions in coding fheory. We then recall the
method that enables us to computé the weights of binary double-error-correcting
BCH codes viai families of certain elliptic curves. This method is the main source
of our results thrbughout and it has also helped researchers in the Weight com-
putations of other classes of cyclic codes via other families of algebraic curves
(see [9] and [25] for examples of such results). Then we give some baékground on
Artin-Schreier curves and in the last section, we answer the following question:
Question: Let ¢ = p' for some prime p and let F,m be the finite field with ¢™

elements. For which Artin-Schreier families of the form
F={y"—y=0a" + X" + -+ Az"; A € Fym, i; > 0}

can we find a “nontrivial” member with ¢™*! affine F,=-rational points?



It is easy to see that ¢™*! is the maximum possible number of affine Fym-rational
points that can be attained by the members of F. The trivial member of F is the
one obtained by taking all the coefficients A, to be zero, which obviously has
¢™*! solutions over F,m. We obtain certain corollaries from this result, one of
which guarantees the existence of certain maximal curves, i.e.; curves that meet
the Hasse-Weil bound.

In Chapter 2, we explain properties of 2-D cyclic codes. These are generalizations
of cyclic codes. The birth of interest in these codes goes back to the 70’s and the
first two papers that attempt to lay out a general theory of such codes are the
works of Ikai, et al ([13]) and Imai ([15]). The properties of 2-D cyclic codes are
essentially the same as those of cyclic codes, but they require a little more work
to prove.

In Chapter 3, we give a trace representation for any “square” 2-D cyclic code via
the basic zero set of its dual 2-D cyclic code. We then use this representation and
the method described in Chapter 1 to relate the weight of a codeword to certain
Artin-Schreier curves. This leads to a minimum distance bound which applies to
a large class of 2-D cyclic codes. The final section deals with classes of 2-D cyclic
codes that are not covered by our genéral minimum distance bound. In one case,
we get the complete weight enumerator and show that for such a class there are two
nonzero weights. For other classes, we again give minimum distance bounds. For
each case considered, we present examples and sometimes give specific arguments

to improve the bounds from our results.



Chapter 1. Cyclic Codes and Algebraic
Curves

1.1 Definition of BCH Codes

Let F, be a characteristic p finite field. A g-ary linear code of length n and di-
mension k is a k-dimensional vector subspace of Fy. An element of a linear code
is called a codeword. The minimum distance of a code is defined as the minimum
codeword weight, where the weight of a codeword is the number of nonzero coor-
dinates in it. A linear code with length n, dimension k, and minimum distance d is
called an [n, k, d] code. If A; denotes the number of codewords with weight ¢, then
oo At is called the weight enumerator of a linear code of length n. Finally the
set of n-tuples that are orthogonal to the members of the code C, with respect to
the usual inner product oﬁ Fy, is called the dual of C and is denoted @8

We now define an important class of linear codes, which are called cyclic codes.

Definition 1.1. A linear code C is called cyclic if for every ¢ = (co, €1, .. ,Cn1)

in C, (ca—1,C0y--- ,Cn—2) is also in C.

In other words a linear code that is closed under cyclic shift is called a cyclic
code. Observe that the dual of a cyclic code is also cyclic. We will assume (n, p) = 1.
One of the most important features of cyclic codes is that they can be represented

as ideals in certain rings. For this, observe the I -vector space isomorphism between

Fp and F,[t]/(t" — 1):
(a0, a1, .-+ ,8n-1) € Fy < a(t) = :Y—:aiti e F,[tl/@" - 1)

Under this identification a codeword ¢ € C can now be viewed as a polynomial

c(t) and this Way we can think of a cyclic code as a subset of F,[t]/(t" — 1).



Proposition 1.2. A linear code C in F? is cyclic if and only if C is an ideal in

Fo[t]/ (" — 1).

Proof. Being closed under cyclic shift in F} is the same as being closed under
multiplication by ¢ in F,[t]/(t* — 1). O

Since a cyclic code is an ideal in the principal ideal ring F,[t]/(t" — 1) it is
generated by a unique monic polynomial of lowest degree, which is called the

generator polynomial of the cyclic code. The generator polynomial gives us a simple

way to compute the dimension of a cyclic code.

Proposition 1.3. Let g(t) be the generator polynomial of a cyclic code C of length
n overv F, and suppose that the degree of g(t) is k. Then the dimension of C is

n—k.

Proof. Since C is cyclic and generated‘by g(t) it is of the form C = (g(t)) C

F,[t]/(#* — 1). Note that {g(t),tg(t),... ,t" % 1g(t)} forms a basis for C. O

Remark 1.4. (i) The roots of g(¢) in extensions of F, are called zeros of the cyclic
code C. Obviously the zeros of a cyclic code are common roots of all the codewords
and their number is equal to the degree of ¢g(¢). Hence the dimension of a cyclic
code C of length n is n — k where k is the number of zeros of C.

(ii) The dual cyclic code C* is of dimension n — (n — k) = k. Therefore we can
also say that the dimension of the dual cyclic code C* is equal to the number of

zeros of C.

We are now ready to define the BCH codes, which are important types of cyclic

codes.

Definition 1.5. Let C be a cyclic code of length n over F, where (n,q) = 1.

Let m be the order of ¢ mod n, and let @ be a primitive n®* root of unity in



Fym. Cis a BCH code of designed distance ¢ if the generator polynomial of C is
the product of the distinct minimal polynomials of the § — 1 consecutive elements

et y@t L, 02 over I,

When [ = 1, we call such a code a narrow-sense BCH code and if n = ¢™ — 1,

i.e., o is a primitive element of F,m, then the BCH code is called primitive.

Proposition 1.6. (BCH Bound) The minimum distance of a BCH code with de-

signed distance 6 is at least §.
Proof. See [20] or [22]. O

Example 1.7. Let ¢ = 2™ > 4 for some positive integer m and let a be a primitive
element in IF,. Consider the ideal generated by the product of the distinct minimal
polynomials of a,a?,a® and o in Fy[t]/(#97! — 1). Since o, a?® and o have the

same minimal polynomial over F,, this ideal is

B, = (fa(t)fa3(t)) - F2[t]/(tq—1 - 1),

where f,(t) (resp., fo3(¢)) is the minimal polynomial of « (resp., o) over Fy. B,
is called the binary double-error-correcting BCH code, and is denoted BCH(2). It

is a primitive, narrow sense BCH code of length ¢ — 1 = 2™ — 1 with designed

distance 5.

1.2 Weights of Binary BCH(2) from a Family of
Elliptic Curves

Our purpose in this section is to compute the weight enumerator of the binary
BCH(2) code via a family of certain elliptic curves. Our main reference will be

Schoof [25], even though similar method was also used by others, including van

der Geer, van der Vlugt, Wolfmann, etc.



Recall that F;, = Fom, where m > 2. Since o and a? are not Fy-conjugate, we

have

B,, = JNF,[t]/#! - 1),

where J = ((t — a)(t — @®)) C F,[t]/(t9* — 1) is a cyclic code over F,. In this case
we call B,, the restriction of J to Fy and denote it by J|,.
Observe that for any codeword a(t) = Y92 a;t' in J, a(a) = a(e®) = 0. These

equalities can also be written as

(a01a1: v 3 7aq—2) ) (laaly & s 7aq_2) =0

(a0, 01, .. ,ag-2) - (1, (@®)%, ..., (@®)T?) =0

for any a(t) € J. Remembering the vector representation of cyclic codes, the above
equalities mean that v; = (1,a!,...,a972) and v, = (1,(a®),...,(a?)??) are
both codewords in J*t.

The generator polynomial of J reveals that the F,-dimension of J L is two (cf.
Remark 1.4). Also, we have found two elements, v; and vy, in J+. Using the fact
that o is a primitive element in F,, we can easily observe that all the elements in
Iy are listed in vy and for each coordinate in vy, the corresponding coordinate in
v, is the cube of it. Suppose there exists d; and dy in F such that dyv; +dovy = 0.
Then, by the above observation, we have diz + d2z® = 0 for any z in F;. But a
polynomial of degree three has at most three roots in F,;, and we chose F; = Fom
with m > 2. Therefore d; = d2 = 0 and this shows that the vectors (codewords) v;
and v, in J* are F,-linearly independent. This makes the set {v1,v2} an Fy-basis

for J+, which gives us

Jt = Xy +pug A, p e Fy}

= {(Az+ pz®)zery; A 1 € Fo}.



Note that (Az + pz®)ser; denotes a vector of length ¢ — 1 in which the com-
ponents are obtained by letting z take every value in F}, following the order
{1,a,02,... 0772}

The following theorem will clarify why we have been interested in these new

codes J and J+ over F, even though our main code is the BCH code, By, over [fy.
Theorem 1.8. (Delsarte) For any code C over Fym, we have
(Cle,)* = tr(CY)

where tr is defined by applying the trace mapping tr from Fym to F, componentwise
on the codewords of C*.
Proof. See [5] or [29]. D

This theorem implies that BL = tr(J+). Our attention will be switched from
the weight enumerator of B, to that of B::, which will still serve our purpose due

to the MacWilliams Identity.

Theorem 1.9. (MacWilliams) Let C be an [n,k] code over F, with weight enu-

merator We(x) and let Woo(z) be the weight enumerator of Ct. Then

We () = g1+ (g - 1>a:>"wc(r1(q}”5;).

Proof. See [20] or [21]. O
Since we showed by Theorem 1.8 that B; = tr(J'), we have the following
representation:
B, = {(tr(A\z + ua:3))x€]F;; \p€eF}
Example 1.10. In this example we will go over what we’ve described so far for
the code B3, which is the the binary double-error-correcting BCH code of length

g —1=2%—1=7. By definition, we have

Bs = (fa(t)fas(t)) C Fot]/(t" - 1),



where « is the primitive element of Fg which satisfies a® + o + 1 = 0. Note that
fo(t) =t*+t+1and fos(t) = t3+12+1 are the corresponding minimal polynomials
over Fy. Also note that dim(B3) = deg(fa(t) fo2(t)) = 6 over F; and B3 = tr(J*)
where J = ((t — a)(t — o®)) C Fs[t]/(¢" - 1).

Another representatiép we had for the dual was Bi = {(tr(Aa;+ pz®))_ exs’ A\ €

Fg}. To illustrate this representation more clearly, let’s write the codeword vy in

B3 which is obtained by choosing A = p =1 € Fs.

v = (tr(a:—l—xs))mem,g

= (tr(1+13), tr(a+ a®), tr(a + (0?)?),... , tr(e® + (o°)?))

= (tx(0), tx(1), tr(1), tr(®), tr(1), tr(a®), tr(a?))

The trace mapping from Fg to F, takes {0, @, &%, a*} to 0 and it takes the remaining
four elements of Fg to 1. Therefore we obtain v1; = (0,1,1,1,1,1,1). Similarly one
can easily show that veq = (tr(az + az®)) . = (0,0,0,1,0,1,0).
8
In general, if we take an arbitrary nonzero codeword vy, = (tr(Az + pz?)) __r.
q
in Bz, then we can find how many times the trace takes the value zero by the

additive form of Hilbert’s Theorem 90.

Theorem 1.11. (Hilbert’s Theorem 90) For a € Fgm, one has tr(a) = 0 if and

only if a = b? — b for some b € Fgnm.

Proof. See [18] O

Theorem 1.11 and our preceding arguments lead us to the following result.
Proposition 1.12. (3) B} = {(tr(Az + pz?)) _p.; A 1 € Fy}.
q
(ii) If vay = (tr(Az + pa®))_ . is an arbitrary codeword in By, then its weight
q

s given by

1
oaul =g —-1- 5(#Fq(y2 +y =z +puz’) - 2),



where #5,(y* +y = Az + pz®) denotes the number of Fy-rational points on the

affine plane curve y* +y = Az + pz®.

Proof. (i) This was already proved in the arguments before Example 1.10.

(ii) We need to find how many components of the vector (tr(Az + pz®))_ ex; BT
zero. By Hilbert’s Theorem 90, for each zy € F, with tr(Azg+ pz3) = 0 there exists
yo € F, such that y2 + yo = Az + pz. Observe that go = yo + 1, also satisfies
the same equality with zy, meaning that (2, yo) and (zo, o) are Fy-rational points
on the curve y? +y = Az + ux3. In other words, for every zero trace component
in vy, there exists two Fy-rational points on this affine curve. First subtract two
from #g, (y* +y = Az + pz®) to exclude two points corresponding to z = 0, which
is not in the representation of v, ,, and then divide the result by two to actually
count the number of z € lF; for which tr(Az + pz®) = 0.0

Relating the weights of codewords in Bz, to algebraic cﬁrves as above makes it
clear that we should understand the number of F,-rational points on the family
F={y2+y=Xx+pz*;\p € F;}. When p = 0 and A # 0 these curves are
rational curves and they have ¢ affine points over F,. Otherwise these are elliptic
curves of special type. We will briefly look at the properties of these elliptic curves

that we need and refer to the literature for some important results.

Definition 1.13. An elliptic curve E over Fy is called supersingular if Endg (E)

is non-commutative, where Fq denotes the algebraic closure of F,.

By definition, supersingularity depends on the curve over F, and elliptic curves
over Fq are determined, up to isomorphism, by their j-invariant (For the usual
formulaire on elliptic curves, including the j-invariant, see [28]). In general, if j
is not 0 or 1728, then #Auth (E) equals 2 and in characteristic 2, if j is 0=1728,
then #Autg, (E) equals 24 (see the end of Section 2 in [30]). On the other hand,



we have the following mass formula of Eichler and Deuring (see [28] or [30]):

1 _p-1
Z #AutFp (E) Tou

E/Fy:supsing.

1
For p = 2, this implies that the sum is Y and hence the only supersingular elliptic
curves in characteristic 2 are the ones with j-invariant 0. Note that elliptic curves

in our family F have j = 0 and hence they are supersingular.

Definition 1.14. Two elliptic curves F; and E, over IF, are called isogenous if there
is a homomorphism, i.e., a map that respects the group structure of F-rational
points, between them. This notion is equivalent to having #p, (E1) = #r, (F2) (see

[32], in particular Tate’s Theorem in Chapter 2 and Theorem 4.1 of this paper).

Proposition 1.12 indicates that not only do we need to ﬁgure out the number of
F,-rational points in F (i.e., isogeny classes appearing in F), but also we need to

understand the distribution of such numbers in the family.

Proposition 1.15. Let F, = Fon be a finite field. If m is odd (resp., m is even),
there are, up to isomorphism, three (resp., seven) supersingular elliptic curves
over Fy. The table below shows some properties of these supersingular curves.

Table 1. Supersingular Elliptic Curves in characteristic 2

m even
m odd #r,(E) freq. | #Autg, (E)
#r,(E) | freq. | #Auty, (E) | | ¢+1-2,/g| 1 24
g+1—2¢| 1 4 g+1—yg | 2 6
g+1 1 2 g+1 1 4
g+1++2q| 1 4 g+1+,q | 2 6
 |g+1+24 1 24

10



Proof. Basically [26] gives this result but to make it more understandable we will
give detail and references. We know that the number of F,-rational points on an
elliptic curve is g+ 1 —1 for some integer ¢, which is in fact the trace of the so-called
Frobenious endomorphism of the curve (See [26], [28] or [30]). Theorem 4.1 in
[32] gives the possible ¢ values for supersingular elliptic curves and Theorem 4.6
of [26] gives the number of isomorphism classes which share the same ¢ value, i.e.,
which are in the same isogeny class. O

Note that one point at infinity is also counted in Table 1. In the weight com-
putations we disregard that point since our formulas involve the number of points
on the affine part of the curves. We now need to count how often an isomorphism

class of a supersingular elliptic curve occurs in our family F..

Proposition 1.16. Let E be a supersingular elliptic curve over Fy,. The number
of curves with p # 0 in the family F that are isomorphic over By to E is equal to

(¢ —1)(#r,(E) — 1)
#Aut][«‘q (E) )

Proof. See [25] O
It is now easy to get the weights in Bt from Propositions 1.12, 1.15 and 1.16.

Table 2. Weights of B

m even
m odd weight frequency
weight frequency 0 1
+2 - ;
0 1 z 2 . %(q - 2\/(7)
i 2e-vag) | | B2 | Bl-va

2
|G+ (-1 ¢ | Sa+(@-1)
Y% | a1 /3g) | | 54 | g+ a)

—2 "
= 2 . 92_41(‘1'*‘2\/6)

11



Finally, by using The MacWilliams Identity one can obtain the weight enumerator

for the binary BCH(2) code.

1.3 Artin-Schreier Curves
Our purpose in this section is to introduce a class of well-known algebraic curves,
called Artin-Schreier curves.

Let Fy, = Fy with [ > 1 and consider Fgm over Fy with m > 1. Let f(z) be a

polynomial in Fg[z]. A curve of the form
v -y=/(z) (1.1)

is an Artin-Schreier (A-S) cover of the projective line over Fy (i.c., A-S extension
of the rational function field Fy(z)/F,) if f(x) can’t be written as w® — w for any
w in Fy(z). For these curves, one can use Lemma II1.7.7 and Proposition I11.7.8
in [29] to compute the genus and obtain other necessary information. However,

we want to look at a bit more general curves, namely curves of the form
¥ -y = f(a), (1.2)

where f(z) is a polynomial in Fgm[z]. If the polynomail ¢9 = t = f(x) in Fgm(z)[t]
is irreducible over Fom (z), then such a curve is an clementary abelian p-extension
of the rational function ficld Fgm (z)/Fgm, but we will also refer to the curve (1.2)
as an A-S curve. The following fact is taken from (8] and it states when the above

polynomial is irreducible.

Proposition 1.17. The following conditions arc equivalent:
(i) t9 — t — f(z) is irreducible over Fo~(z).
(ii) t? — t — pf(z) is irreducible over Fom(z) for every p in FQ.

(iii) pf(z) € ¥(Fon(z)) for any p in F,, where ¢ 2 2+ 2P is the Artin-Schreier

operator.

12



We would like to remark that for our arguments on function fields in this section,

[29] is a good reference. We first start with the following observation.

Lemma 1.18. Let f(z) € Fym[z] be a polynomial function in the rational function
field Fym(x) of degree relatively prime to p = char(Fgm). Then we have:

(i) If P is an affine place of Fym(z) and vp is the corresponding valuation, then
there ezists z € Fym(z) such that vp(f — (27 — 2)) > 0 and there is no z € Fgm (z)
such that vp(f — (27 — 2)) is a negative integer which is not 0 mod p.

(ii) If Py, is the place at infinity of Fm (2) and v is the corresponding valuation,
then there exists z € Fgm(z) such that veo(f — (29— 2)) = —m < 0 for some integer
m which is not divisible by p and vy (f —(29—2)) is not positive for any z € Fgm ().

The number m is uniquely determined and, actually, equal to deg(f).

Proof. For notational convenience, we will have K = Fym and F' = K(z) = Fym (z).
Places of the rational function field F' can be considered in two parts. The affine
places, which correspond to irreducible polynomials in K[z] and the place at in-
finity which corresponds to the element % € F.

Let P € Pr be an affine place corresponding to the irreducible polynomial

p(z) € K[z]. Obviously, one has
vp(f — (09— 0)) > 0.
Let z € F be an arbitrary function. Our claim is to show that z can’t satisfy
vp(f—(27—2))=-m<0 (1.3)

for any m > 0 relatively prime to p.
Since vp(f) > 0, one must have vp(2? — 2) = —m for some m > 0 and m #
0 mod p in order for (1.3) to hold. (This is due to the triangle and strict triangle

inequalities for valuations.) On the other hand, vp(2?) = ¢ - vp(z) and therefore if

13



vp(z) > 0, then vp(2? — 2) > 0 as well. Hence, we also need vp(2) < 0 for (1.3) to

hold. So, z € F must be chosen as

a(z)
p(z)’b(z)’

where a(z) and b(z) are in K[z], p(z) doesn’t divide a(z) and b(z), and ¢ > 1.

Z =

Then we have
vp(z) = —t
P(,) = vp(2? — 2) = —ig = 0 mod p.
vp(2?) = —iq
Therefore (1.3) can’t hold for any z € F at any affine place P.
Now let P,, be the place at infinity of the rational function field F and let v,

denote the corresponding valuation. This time we have
veo(f — (09 = 0)) = —deg(f) < 0

and this is not equivalent to 0 mod p by the hypothesis on the degree of f. We

want to show that the following can’t hold for any z € F":
Voo (f — (27— 2)) 2 0. (1.4)

Note that since veo(f) < 0, one must have veo(2? — 2) = veo(f) = —deg(f) for
(1.4) to have a chance to hold. This implies that ve(2) is negative and one needs
—deg(f) = voo(29 — 2) = q - Uo(2). However, the last equality is impossible since
deg(f) is relatively prime to p. Therefore (1.4) can’t hold for any z € F' at Pe.
Finally, we will show the uniqueness of the number m for the place at infinity.
The following equation holds for any z € F and is easy to see from the triangle
inequality, strict triangle inequality and some of our observations in the proof up

to this point.

—deg(f), if vo(2? — 2) > —de
volf— == ) Il g
< —deg(f) & =, 0, if vo(2? — 2) < —deg(f)
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Note that the case ve(2? — 2) = —deg(f) has already been ruled out by our
observations along the proof. By (1.5), —m is the maximal value of v, (f — (27— 2))

which is not divisible by p. In fact m = deg(f). O

Definition 1.19. A polynomial of the form
a(t) = a,t*" + g B Fuind apt € K[t],

where K is a characteristic p field, is called an additive polynomial.
Note that an additive polynomiai satisfies
a(u +v) = a(u) + a(v)
for any u and v in some extension field of K.

The following is taken from [29].

Theorem 1.20. Consider an algebraic function field F/K with constant field K
of characteristic p > 0 and an additive separable polynomial a(t) € K[t] of degree

p™ which has all its roots in K. Let u € F' and suppose that for any place P € P,

there is an element z € F' such that

vp(u —a(z)) 20
or
vp(u = a(2) = —m < 0

with m % 0 mod p. Define mp = —1 in the first case and mp = m in the second

case. Then mp is a well-defined integer. Consider the extension F' = F(y) where

y satisfies the equation

a(y) = u.

If there exists at least one place Q € Pr with mq > 0, then the following holds.

15



(i) F'/F is a Galois extension of degree [F' : F] = p"

(i1) K is algebraically closed in F'.

(iii) Any place P € P is unramified in F'/F if mp = —1 and totally ramified
if mp > 0.

(iv) Let g' (resp., g) be the genus of F' (resp., F). Then

g =p"g+ 19“__2—1(_2 + Z (mp + 1)degP).
PePrp

Recall that we are interested in curves of the form y? — y = f(z) over Fym,
where deg(f) is relatively prime to p. Note that our additive separable polynomial
is a(t) = t7 — t € Fy[t], which obviously has all its roots in F, C Fym. Also, our
curves are extensions of the rational function field Fgm (z)/F,» and they satisfy the
hypothesis of Theorem 1.20 by Lemma 1.18. Therefore, these curves have all the

properties that are listed in Theorem 1.20. We use this fact to compute the genus

in the next lemma.

Proposition 1.21. Let X : y? —y = f(z) be an A-S curve over Fym, where

f(z) € Fym[z] and (deg(f),p) = 1. Then the genus of X is
9= 5(a—1)(deg() — 1)

Proof. By Lemma 1.18 and Theorem 1.20(iii), the only ramification occurs at the
place at infinity, Py, of Fym (z) and mp,, = deg(f). Then using Theorem 1.20(iv),
we get the genus of X. O

If deg(f) is not relatively prime to p, then one can still compute the genus
assuming that the curve is A-S. For this, let’s assume that t9 —t — f(z) € Fgm (z)(t]
is irreducible over F m (z), which may be true even if the degree of f(z) is divisible
by p. Theorem 2.1 in [8] gives a formula for the genus of X, i.e., the function field

extension Fm (z,y) /Fym (z) given with the equation y? — y = f(z), in terms of the

16



genera of degree p intermediate fields of the extension Fgm (,y)/Fgm(z). There are

g—1_p' -1
s o1 such subfields and they are of the form
p — —

yﬂ _‘yu::uf(x)a NEFZ7 (16)

where

2

1— 1—
v = (uy)? "+ (uy)? T+ ()P + py.

If these degree p intermediate fields are denoted as E; for ¢ € J, then

9(X) = a(E).
ieJ
Note that since the degree of uf(z) is not relatively prime to p, we can’t compute
the genus of E; using Proposition 1.21. We show what could be done in such a
situation in the following proposition in which we will show that a certain curve is

A-S and we will compute its genus even though its degree on the right hand side

is not relatively prime to p.

Proposition 1.22. Consider the extension F' = Fym(x,y) of the rational function

field Fgm (z) which is deﬁned by the equation
« ’ ; )
Y-y =) Mz,
=

where \; € Fym, ptr; for any j, and the r;’s are distinct. Then F' is A-S and its

genus s
(¢—1)(r—1)
® 2 ’
where r is the mazimum of {r1,r2,... ,74}.

Proof. We will denote }_; )\jx’"ﬂ’i" by f(z) for simplicity. Assume, without loss,
that rgp' is the degree of f(z). Note that this is relatively prime to p if and only if
g = 0. In this case 74 is the maximum of all 7;’s and the result follows from Propo-

sition 1.21. Therefore we assume that 74 > 0. We will first show that the extension
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F'is A-S and for this, showing that the polynomial ¢? — ¢ — f(z) is irreducible over
F,m(z) is enough. Suppose this is not the case. Then, by Proposition 1.17, there
exists 8 in Fy such that ff(z) = 3, ,BijTf”ij is in ¥(Fym(z)). In other words,

there exits u € Fym(z) such that ff(z) = u? — u. Define

s | ig—1 -2, p—2 ig—2 ~ig \ p—td
z = PPNy o L BPONE TP e BRONR g

-1 p-1 id-1=1  p=2.p=2 o pige1=2 —id-1\p~Hd-1 ,
+ﬂp )\s_lxrd—lz’ +ﬁp )‘Z—lxrd 1P +,__+IBP ’\d—l zTe-1

-1,p-1 ig—1 -2, p—2 i1—2 —i1 | p—il
FBPTIAT g gt NPT maTE  gr N g

Note that z is in F,n(z) since p™ roots exist in Fm and hence all the coefficients

in z are elements of Fym. Also note that z gives the following nice reduction:
Bf(@) — (7 —2) = BN g™ + BPTINE M e NG e

Let r = max{ri,T2,...,7q} and observe that r is the degree of the above expression
and it is relatively prime to p. If v, is the valuation corresponding to the place at

infinity of the rational function field, we have

0 =0(0) = veo(Bf(x) — (u —u))
= veo(Bf(2) = (2 — 2) + (2 — 2) — (u — u))
= v (Bf(z) = ( — 2) = ((u— 2" = (u—2)))

= v (BN e+ BN — (= 2~ (u— 2))

Using the fact that r is relatively prime to p and Lemma II.7.7 in [29], we can
show that the last expression above is at most —r, which is a contradiction since
oo £ —r. This proves that ¢? — ¢t — f(z) is irreducible over F = (z) and hence the

function field F is A-S.
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The genus of F' is the sum of genera of the degree p intermediate fields. The
form of these intermediate fields is given in (1.6) and following the same reduction

procedure above, they can be reduced to the form
_yu f#( ) V/JG]qu,

where the degree of f,(z) is r for every u Therefore, by Proposition 1.21\,' the genus

- — -1
for each of these fields is (i);)z(r———l—) Since there are ;_ 1 of these the result

follows. O

A genus formula similar to that of Proposition 1.22 is not easy to write if the
r;’s are not distinct. This is because the reduction argument we apply to degree
p intermediate fields may cancel some terms with the same r; exponent and there

are many possibilities of such cancellations for different intermediate fields.

1.4 Artin-Schreier Families and Cyclic Codes
Our purpose in this section is to use the method described in Section 1.2 to come up
with an upper bound on the number of rational points of some family of curves.
These results will be used in our arguments concerning two-dimensional cyclic
codes in Chapter 3.

Consider the family
F={y!—y=Mz" + M2 + -+ X;3%; Aj € Fym, i; > 0}. (1.7)

We will refer to the right hand side of a curve in F as f(z) as before. Note that f(z)
doesn’t have a nonzero constant term for any choice of A, Ag, ..., A; in Fgm. Even
though we will call F an A-S family, note that not every curve in F is necessarily
A-S (i.e., elementary abelian p-extension). This is because t? — t — f(z) may not

be irreducible over F = (z)[t] for every f(x) that appears in F.
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The well-known Hasse-Weil-Serre (H-W-S) bound implies that for a curve X €

F, the number of projective Fym-rational points is bounded by

g™ + 1+ gx[2v/q™],

where gx is the genus of X € F, which may differ among the members of F. Since
the curvés’ in our ‘.fa;nily hzive onISI éne point at infinity, the H-W-S bound on their
affine F n-rational points would be one less than the above bound.

Now we will state another bound on this family which holds for any curve in F,
independent of the genus, and which is tighter than H-W-S when gx is big.

Proposition 1.23. For any X € F, the number of affine Fym-rational points is

divisible by q and it is at most g™+,

Proof. For a € Fym, if B € Fgm is 'a root of y? — y — f(a) € Fym[y] then all the
elements in {3 +F,} C Fym are also roots of this polynomial. Therefore if we look
at the number of affine F,m-rational points of a curve in F, this number will be
divisible by ¢ and it is at most ¢ - ¢™ = ¢™*! if y? —y — f(a) has a root in Fym for
every a € Fym. O

Remark 1.24. For the A-S members of F, one can give a simple function field

theoretic proof of this fact using the knowledge of ramifications in such curves,

which we described in Section 1.3.

A natural question one might ask is when does a family like F contain a curve
that attains the bound ¢™*!. We will answer this question in the next theorem but

before that, we need the following definition.

Definition 1.25. Let ¢ = p' be a prime power, where [ > 1, and ¢ be a positive
integer that is not divisible by p. If 0 < b < ¢ is an integer, then let 7 be the

smallest number such that ¢"*'b = b mod c. The q-cyclotomic coset containing b
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mod c is the set

B = {b,qb,¢%,... ,q"b},
where each ¢'b is reduced mod c.

As a convention, we take the g-cyclotomic coset containing ¢ mod c as the sin-

gleton {0}. The following is the main theorem of this section.

Theorem 1.26. Let F, and Fym be as before. Consider the family of curves
F={y?—y =Mz + X2 + - + \2*; \j € Fym, i; > 0}.

We have the following:

(i) If 41,42, ... ,%5 are chosen so that the g-cyclotomic cosets, Bj, mod g™ — 1
containing i; (j = 1,2,...,s) are all distinct with cardinality m = [Fgm : Fy),
then no curvé in F, except the “trivial” one obtained by letting A; = 0 for all
j€{1,2,...,s}, has ¢™*! affine F m-rational points.

(i) Otherwise, i.e., if either two i;’s are in the same g-cyclotomic coset mod
q™ —1 or |B;j| < m for some j € {1,2,...,s}, there exists a “nontrivial” curve in
F with ¢™*! affine Fym-rational points.

Proof. Observe that we can assume i, < g™ since otherwise one can use the fact
that 29" = z in Fym to reduce the degree.

(i) Let o be a primitive element of Fgm and consider o, a2, ... , o' in Fym. The
assumption on the |B;|’s implies that each o’ has m distinct F,-conjugates and
hence they have degree m over F, (i.e., [Fy(a¥) : F)] =m for all j = 1,2,... ,s).y

Let I be the cyclic code over F, defined by

I= (fa"l (t)fa"2 (t) <+ Jais (t)) c ]Fq[t]/(tqm—l - 1))

where f,i; (¢) (for all j) is the minimal polynomial of o over F,. Since the g-

cyclotomic cosets mod ¢™ — 1 are all distinct, the a’s are not F,-conjugate to
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each other and hence we have the following diagram from Delsarte’s Theorem

I RBes J
i i (1.8)
IJ. tr J.L

where J = ((t — &™)(t — o2)...(t — a&®)) C Fgm[t]/(¢t7"~! — 1). Note that tr is

defined as
tr(w) = (tr(wl) tr(ws), ... ,tr(wegm_1)), Yw = (wy,... ,Wgm_1) € b

where tr is the trace mapping from Fym to F,.
Observe that for any codeword b(t) = L 2b;t! in J, b(a¥) = 0, for all j =

1,2,...,s. These equalities can also be written as:

(bo, b1y ..., bgm_2) - (1, (2),..x (ail)qm_z) = {}
(bo, by, ... ,bgm—2) - (1, (a2)},...,(a?)7"72) =0

(bO, bl) e 7qu—-2) : (17 (ai3)17 ran gy (ais)q""—2) =0

for any b(¢) € J. Remembering the vector representation of cyclic codes, the above

equalities mean that the following vectors are codewords in J*:

3\

v = (1, (a)h,..., (a?" %))
Vg = (1a (0[1)12, co ,(aq’"—2)z2) ? € JL (19)
vs = (1, (a), ..., (a?"2)k) )

The generator polynomial of J reveals that the F,m-dimension of J* is s (cf.
Remark 1.4). We want to show that {vi,vs,... ,v5} C J* forms an Fm-basis for

the dual code J*+.
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Since « is a primitive element in Fym, 1, @, ... ,a? 2 are all the elements in Fim.

Therefore, as in [9] and [25], we have the following alternative representation for

the v;’s:
V= (2%)eeksns 5= 1,2, 8. (1.10)

Here (z% )x@p;m denotes a vector of length ¢™ — 1 in which the coordinates are

obtained by letting x take every value in FZ%,. following the order
Fpm ={1,0, a?,...,a7 %}

of elements. Hence, any F m-linear combination of the v;’s will be in the form

Z/\j’l)j = (/\I.Til + /\2.’lIi2 +ese 4 /\sxis)xelF;m ’ /\]‘ € Fym. (111)
j=l1
This means that for some ;... ,\; € Fym,

§
-Z)\jvj =0 < Mz + Aoz + A2 =0, Vo € F*.
i=1

However, a polynomial of degree i, < ¢™, which vanishes at z = 0, can’t vanish on

F= unless all the coefficients are zero, since the exponents are all distinct. This

proves that {vy, v, ... ,v,} forms an F m-basis fo; J+. Therefore J* is of the form
Tt =< vy, ... vy >= {Zs:,\jvj; Aj €Fpm}, (1.12)
=1
or
T = (gt Xz -+ AsT™)zerr; Aj € Fym}, | (1.13)

which gives the following representation for I+ by Delsarte’s Theorem:

It = {(tr(uz™ + Agz® + - -« + L") Aj EFgm}. (1.14)

ze]F;m 2
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Note that tr is an Fy-linear map from J* onto I*. If we view J* as an F,-
vector space, its dimension is ms, which is also the dimension of I+ over F,, since
deg(f,:;(t)) = m for all j = 1,2,...,s. Therefore tr must have a trivial kernel.

Equivalently, if v’ is an arbitrary codeword in I+, then v’ = tr(v) for some v € J*

and

[v|=0 & |v|=0. (1.15)
However, by (1.14),
v = (tr()qxil + Aoz? 4o+ )‘Sa"is))xem‘;m
for some A;’s in Fym and its weight, by Hilbert’s Theorem 90, can be written as
[¥'] = q"l’ -1- %(#qu (¥ — y = Mz + Mgz 4 -+ 4 A2¥e) — q). (1.16)

Here, #r,. (y? — y = Maz™ + Xz + --- 4+ A,z™) denotes the number of affine
F,m-rational points of the curve in paranthesis. Combining (1.15) with (1.16), we
see that

F#rm (YT —y = M2 + Mgz + -+ - + \yzle) = g™t

)
Aj=0 forall j=1,2,...,s.
This proves part (i).

(ii) If 4; and i; are in the same g-cyclotomic coset mod ¢™~1, then in the diagram
(1.8) from Delsarte’s Theorem, we have the same ideals J and J+ as before but
I will have one less polynomial factor in its generator since o and o' share the
same minimal polynomial over [F,. This will reduce the dimension of I* whereas
the dimension of J* is still the same. Therefore the surjective F,-linear map tr

will have a nontrivial kernel, meaning that for some s-tuple (p1, pia, ... , ps) # 0,
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the curve
Y —y =z + g + e ez
will have ¢™*! affine F m-rational points.
On the other hand, if one of the g-cyclotomic cosets, say Bj, has cardinality

§ < m, then this means that deg(f,;; (t)) = d and again even though J and J*

stay the same as in diagram (1.8), the dimension of I+ goes down. Then tr has a

nontrivial kernel and we get the same conclusion. O

We have an immediate corollary coming from the proof of Theorem 1.26, which

gives the number of member curves with ¢™*! rational points in the family F.

Corollary 1.27. Consider the family F. If there exists [ distinct g-cyclotomic

cosets mod ¢™ — 1 for the exponents iy,1s,. .. ,is with cardinalities
IBJI =6j Sm) .7= 172a"' 7:37

then F has g™ 23=1% members with ¢™*! affine T, g -rational points, including the

trivial member.

Proof. Remember again the diagram (1.8) from Delsarte’s Theorem. J and J* are

the same as they were in that diagram, but I is

I =(A®FE)... f5t) CF [t/ - 1),

where each f;(t) is the common minimal polynomial over F, of all the powers of
« that are in the same g-cyclotomic coset B;. Then the dimension of I+ over F, is
25:1 d; and hence the F,-dimension of ker(tr) is ms — Z]ﬂ.:l d;. This means that
there are qms_zﬁﬂ % s-tuples (A1, Mg, ..., \) over F q» which produce curves with
g™t affine Fym-rational points. O

The next corollary is a special case of Theorem 1.26.
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Corollary 1.28. Consider F over F,, where p is prime. Consider the family F
over F s and adopt the meanings of the B;’s from Theorem 1.26. Then the following
are equivalent:

(i) There ezists no nontrivial curve in F with ¢°** affine Fs-rational points.

(i) B; N By =0 for all j # j' and gi; # i; mod ¢° — 1 for any j =1,2,...,s.

Proof. Note that the cardinality of a g-cyclotomic coset has to be a divisor of
[Fg : Fg] = P, but the only divisors of p are one and itself. Observe that a g¢-
cyclotomic coset, Bj, having cardinality one means ¢i; = i; mod ¢° — 1. 'O

Our final corollary on A-S families will also be a special case of Theorem 1.26.
We state certain families that are similar to Hermitian curves in their appearance
and in the sense that they, tdo, produce maximal curves, i.e., curves that achieve

the Hasse-Weil bound. Note that every nontrivial member in the following family

is truly an A-S curve.

Corollary 1.29. Suppose m is even and consider the family
r— [, — \pd DL,
F={y!—-y=Xz ; A€ Fm}.

Then F has ¢% curves, including the trivial one, with g™ affine rational points
over F,m. For any even positive integer m, the number g™ is equal to the Hasse-

Weil bound for a nontrivial member of F.

Proof. Note that we can obtain F by letting the coeflicients \; =0forj =1,... ,s—
1 and choosing i, = ¢% + 1 in the family F of Theorem 1.26. Note also that the
g-cyclotomic coset containing the exponent g2 + 1 mod ¢™ — 1 has cardinality

% < m and hence there exist curves with ¢™*! rational points in F and their

number is, by Corollary 1.27, ¢%. On the other hand the genus of any nontrivial

m

. T (g—1
curve in F is g = 2__(22_2 by Proposition 1.21, and the Hasse-Weil bound on
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the affine rational points is

m
2

¢+ 2997 =q™+q%(g—1)g7 = g™

a

We would like to remark that in Example 1.3 of [7], the author studies maximal

curves similar to those in Corollary 1.29.

Observe that all the results we have had so far say whether an A-S family has
a nontrivial member with ¢™*! affine rational points or not. This is important
information for the estimates on minimum distances of certain 2-D cyclic codes,
as we will see in Chapter 3. We try to get some conclusions from our analysis so

far to answer the same question for a single curve in the family.
Proposition 1.30. Consider the curve X given by
Yy —y = Mz 4+ Az 4o+ Nz
over Fym, whefe A;’s are nonzero. Suppose we have the following:
(a) The exponents iy,... ,is have distinct g-cyclotomic cosets mod ¢™ — 1,

(b) The g-cyclotomic cosets of the first s — 1 exponents, mod g™ — 1, have cardi-
nality m = [Fym : Fy).
Then X doesn’t have ¢™** affine Fym -rational points.

Proof. Note that if the g-cyclotomic coset of 7, also has cardinality m, then the
result trivially follows by Theorem 1.26(i). Therefore, let’s suppose this is not the
case and assume that the cardinality is d . Consider the family obtained by letting

the \;’s take all possible values in Fym:
Fir={y" —y =Mz + Mgz 4+ -+ A2 \; € Fym}.
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By Theorem 1.26 and Corollary 1.27, we know that there are g™~ curves with

g™t! affine rational points in F;. Also consider the family
Fo={y!—y=2Az"; A€Fm}.

This also has ¢™~® curves with ¢™*! affine rational points. Observe that F, C F;
and therefore if \; # 0 for some j € {1,2,... ,s—1}, which is the case for X, then

such a curve doesn’t have ¢™*! affine rational points over Fym. O

Remark 1.31. Since we arrive at our conclusions mainly from Theorem 1.26,
which is about a family of curves, it is in general more difficult to say, using this

idea, whether a given curve achieves the ¢™*! points than to say it doesn’t.

Example 1.32. The following table shows “good” families of A-S curves.

Table 3. “Good” Artin-Schreier Families

Family q | g | # of pts. achieved
Fi={ +y=Xz%} [16] 2 33
Fo={y?+y=x"} [64] 4 129
Fs={y*—y=xz*} | 9|3 28
Fi={y*—y=x0} |81 9 244
Fs={y*+y=x2%} | 16| 6 65
Fo={y*+y=x"} | 64|28 513
Fr={y? —y= Xz} | 81| 36 730

For our considerations, a good family is one in which there is a nontrivial member
with “a lot of ” rational points. Having “a lot of” rational points on a curve will
mean achiéving the best known number of rational points for the given genus and
the finite field. Observe that, naturally, Corollary 1.29 provides all of the families

in Table 3. Also observe that all of the A-S families we are dealing with have one
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point at infinity and we added this point to ¢™*! in order to achieve the results
above. One can use the tables in [10] for the latest improvements on this problem.
Note that nontrivial curves in each of the families above are truly A-S curves and

in particular, the ones in F3, F5, F¢ and F; are Hermitian curves.

We finish this section with some words on curves of the form y? — y = f(=2),
where f(z) has a nonzero constant term. The following simple observation shows
that whether such a curve has ¢™*! points or not is also related to the same question
about the types of curves we have looked at so far, i.e., curves with constant-free

polynomials f(z) on the right hand side.

Proposition 1.33. Let X and Y be curves over Fym given, respectively, by the

equations

yq -y = /\0 +/\1$i1 +/\2$i2 + e +)\S$is

and

Y1 —y = Az + Xz + -+ Az,
where \;’s are nonzero and is < ¢™ — 1. Then X has ¢™t! affine F,m-rational

points if and only if tr(Xo) =0 and Y has ¢™*! affine Fm-rational points.

Proof. The curve Y has ¢™*! points if and only if
tr(Az™ + Azxif + -0+ X2%) =0, V2 € Fym.
If tr(o) is also zero, then using the linearity of trace, we get
tr(Ao + Az + Aoz + - - - + Asz™) =0, Yz € Fym.

This implies that X has ¢™*! points.

Conversely, suppose X has ¢™*! points. This means

tr(Ao + Mz™ + Az + - 4+ \,z%) = 0, Vz € Fym.
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If z = 0, then we get tr()\g) = 0. This gives us the following using the linearity of

trace:

tr(Ao + Mz + Aoz + -+ Aez%) = tr(Az™ + Aoz + - - + A2¥)

= 0, VZ' € qu.

This means the curve Y has ¢™*! affine points over F gm. O

There is another way to prove this simple result via a family of curves in the
form X. It follows the same steps that we had in Theorem 1.26.

With the above proposition, we can state results about families where the mem-
bers are allowed to have nonzero constants on the right hand side. For instance,

combining Proposition 1.33 with Corollary 1.29, we can say that the family
{yq —y=Xx+ )\lxq%_'-l; Ao, A1 € qu}

has ¢™~! - g% curves with ¢™*! affine F n-rational points. Note that ¢™! is the
number of elements in F,» with trace zero and ¢Z is the number of curves in the

family of Corollary 1.29 with ¢™*! points.
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Chapter 2. Two-Dimensional (2-D)
Cyclic Codes

2.1 Definition of 2-D Cyclic Codes

We continue our discussion on coding theory with two-dimensional (2-D) cyclic

codes. These are generalizations of cyclic codes, which we described in Section 1.1.

For more information on the theory of 2-D cyclic codes, we refer to [13], [14], [15]

and [24]. This chapter is an attempt to clearly summarize some of the results that

we need from the theory of 2-D cyclic codes. As before, F, denotes a characteristic

p > 0 finite ﬁeld‘with g elements.

Consider the set

( ( 9,0, 30,1y - -+ , A0,ny—1
410,011+ yA1,ny-1
m1Xng __ d ? ’ « ..
]F‘q = 4 3 az,J e Fq > 3
\ \ Ony—1,05 -+ + 3y Ong—1mp—1 ) )

where n; and ny are two positive integers. Note that Fglxn? is an nyno-dimensional
vector space over F, whose elements are written in n; X np matrix notation.

A k-dimensional subspace C' of Fy**"2 is called a 2-D linear code of area n; X ng
over F,, and denoted as an (n; X ng,k) code. Note that the term area is used

instead of the term length of Chapter 1.

Definition 2.1. For a 2-D linear code C C Fp**™ if (a;;) is in C' implies that
(@its,j+¢) is also in C for all s and t, where ¢ + s and j + ¢ are taken mod n; and

ng, respectively, then C is called a 2-D cyclic code of area ny X ny.

In other words, a 2-D linear code is 2-D cyclic if it is closed under row and

column shifts. Note that the dual of a 2-D cyclic code is also 2-D cyclic.
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As in the case of cyclic codes, we have an alternative representation for 2-D

cyclic codes as ideals in certain rings. For this, observe the following F,-vector

space isomorphism between Fp**"2 and F,[z,y]/(z™ — 1,y™ — 1):

1-1
Fp"™ —  Fylz,y]/(z™ - 1L,y™ - 1)
ni—1nz—-1 o
(ai) «— Z Zai,j:v’y’
i=0 j=0

Under this identification, codewords of C get sent to polynomials in Fg[z, y]/(z™ —

1,y™ — 1) and in this way, we can think of a 2-D linear code C' as a subset of
Fy[z,y]/(z™ — 1,y — 1).

Proposition 2.2. A 2-D linear code C in Fy**"* is 2-D cyclic if and only if C is

an ideal in F,[z,y]Y (z™ — 1,3 — 1).

Proof. Being closed under a row shift (resp., a column shift) in F;**"2 is equivalent
to beingclosed under multiplication by z (resp., by ) in F,[z, y]/(z™ —1,y™ —1).

d0

In short, we have two ways to represent a 2-D cyclic code: The matrix repre-

sentation and the polynomial representation. The context will make it clear which

one is being considered.

2.2 Zeros of 2-D Cyclic Codes and Seidenberg’s
Lemma 92
We assume, from now on, that n; and ny are relatively prime to p, which is the
characteristic of F,. In fact, for our results in Chapter 3, we will take both of these
numbers to be ¢™ — 1 for some m > 1.
Let a; be a primitive nt* root of unity and @, be a primitive n%* root of unity.

We take both of these elements in the smallest extension Fys of F; such that n;
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and ny divide ¢° — 1. Consider the following set.
2={(of,0]); 0<i<m—1,0<j<ny—1}

Remark 2.3. Note that if a polynomial f(z,y) € F,[z,y] vanishes at (o4, o3) for

some % and 7, then f also vanishes at
3 3 . 9 . 9 s om—1 s m—1
(e 03), (h", "), (0" " ), (2.1)

where m is the least common multiple of [F,(ai) : F,] and [F,(cj) : F,]. These
two numbers are the degrees of o! and aré over Iy, respectively. The pairs in

(2.1), obtained from (of,0d), are called F,-conjugates of (of,cd) and together

with (o4, 02), they form what we call the F,-conjugacy class of (o, o3) in Q. Our
notation will be [(o4, aj)] for an F,-conjugacy class. It is clear that €2 is a disjoint
union of such F,-conjugacy classes. From now on, we will use the letter U only for

either a single class or a finite union of F,-conjugacy classes in (2.

Definition 2.4. For U C Q, the ideal corresponding to U is defined as
IU) = {f(z,y) € Fo[z,y]; f(a) =0, Va€U}. (2.2)

Note that ™ —1 and y™ — 1 are in I(U) for any U C §. Therefore, I(U)/(z™ —
1,y™ — 1) C F,z,y]/(z™ — 1,y™ — 1) is a 2-D cyclic code, which we will denote

as I(U). In this way, we associate a 2-D cyclic code to a subset of 2. We can also

do the opposite.

Definition 2.5. Let J = J/(z™ —1,y™ —1) C Fy[z,y]/(e™ -1,y —~1) be a 2-D

cyclic code. Then
2(5) = {(1,B) € F%; f(y,8) =0, Vf € J} (2.3)

is called the zero set of the 2-D cyclic code J.
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Remark 2.6. Note that since z™ — 1 and y™ — 1 are in J, the zero set Z(J) is a
subset of  and, by (2.1), it is either a single F,-conjugacy class or a finite union
of F,-conjugacy classes.

Example 2.7. Let ¢ = 2, n; = 3, and ny = 5. If we fix a primitive element o in
Fy6, which satisfies o 4+ o+ 1 = 0, then we can take oy = o, which is a primitive

cube root of unity, and as = o, which is a primitive 5% root of unity. Then  is
Q={(c},0d); 0<i<2, 0<j<4}

Define C' in the polynomial representation as the binary 2-D cyclic code I=
I/(z® —1,y® — 1) C Fy[z,y]/(z® — 1,3° — 1) of area 3 x 5, where I is given with

the generator polynomials
Ay =@+ +*+y*+y+1) and  fo(z,y) = (@ +z+ 1)y +1).

Note that fi(z,y) is zero if andonlyifr =1ory = oz% for j = 1,2,3,4. On the
other hand, fo(z,y) is zero if and only if z = o for ¢ = 1,2 or y = 1. Hence, the
zero set of C is
2(0) = {(L,1), (o1, ), (03, 03), (a, ),
(od,03), (1, 0), (o, 03), (o1, 03), (o, o) }
= (1, )]V (1, 22)] U [(ers, O3))-

As noted in Remark 2.6, the zero set is a union of finitely many (three) Fo-conjugacy
classes.

Note that since a 2-D cyclic code is an ideal in F,[z,y]/(z™ — 1,y — 1), one
can define it by giving a (finite) set of generator polynomials. This is what we did

in Example 2.7. We want to show that a 2-D cyclic code can also be described by

means of its zero set. For this, we need some preliminary work.
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Definition 2.8. Let J C k[zy,Zo,...,Z,] be an ideal, where k is an arbitrary
field. J is called a zero-dimensional ideal if the set

Zi(J) = {(a1,az,- .. ,a,) € k% f(a1,02,...,an) =0, Vf € J}
is finite, where k denotes the algebraic closure of k.

Note that Z;(J) is the analog of Definition 2.5 for arbitrary polynomial ideals. In
fact, if J = J/(z™ —1,y™!) is a 2-D cyclic code over F,, then its zero set, Z (j),
is just Zg, (J). Similarly, we can define the ideal corresponding to a subset Z of k"
as the set I(Z) of polynomials in k[z1,Zs,... , %] all of which vanish on Z. Then
Hilbert’s Nullstellensatz (see [1] or [3]) states that for an ideal J C k[z1, %2, . .. , Zn),
one has

I(Z(J)) =V,
where v/J is the radical of J. In general, not every ideal is equal to its radical, i.e.,

a radical ideal. However, for certain zero-dimensional ideals this is true.

Theorem 2.9. (Seidenberg’s Lemma 92) Let k be a perfect field and J be a zero-
dimensional ideal in k[T, Zs,... ,Z,). Then, J is radical if and only if it contains

a univariate, square-free polynomial in each of the variables 1, %2, ... ,Tn.

Proof. See [27] or Proposition 8.14 in [3]. O

Assume for the rest of the chapter that € is a disjoint union of ! F4-conjugacy

classes, S1,Ss,...,S;, where S, is defined as
S, =, v=12,...,L (2.4)

Lemma 2.10. I(S,) = I(S,)/(z™ — 1,y" — 1) C Fylz,y]/(z™ —1L,y™ ~1) is a

mazimal ideal for every .

Proof. Recall that a; and ap were chosen in Fg, which is the smallest extension

of F, that contains primitive nf* and n&* roots of unity. Note that I(S,) C Fy[z,y]
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is the contraction of the maximal ideal M = (z — ai’,y - oz?) C Fglz, 9], ie.,
M = MNF,[z,y] = I(S,). Consider the Galois group G = Gal(Fys /IF,), which is
generated by the Frobenius automorphism ¢ : a — a?. Note that ¢ can be thought

as an automorphism of F [z, y] since it induces

Fes[z,y] — Fyelz,y]
Y agry = Y dlay)siy
1,J 1,3

When G is viewed as a finite subgroup of the automorphism group of Fy|z,y],

F,[z, y] becomes the ring of G-invariants,
ie., Folz,yl ={f € Fplz,9]; ¢(f) = f}-

Then, by Exercise 12 on page 68 of [2], Fy[z, y] is an integral ring extension over
F,[z,y]. It follows from Corollary 5.8 in [2], and the fact that M is maximal in

Fye [z, y], that I (S,) is maximal in F,[z,y]. Therefore, I(S,) is maximal, too.O

Proposition 2.11. Let U be a subset of Q). Then
U = Z(I(U)) = Zg,(I(V)).

Proof. Note that it is enough to prove this for a single I';-conjugacy class. This is

because of the following two formulas:

I(Sl U Sz) = I(Sl) N I(Sz)
ZFq (hnk)= qu (Il) U Z]F‘q (1)

Solet § = [(q’f, ag”)] C € be an F,-conjugacy class. We showed in the proof of
Lemma 2.10 how to view Gal(F,: /F,) as a finite subgroup of the automorphisms
of Fygs [z, y], which yielded the fact that Fys[z, y] is integral over Fy[z, y]. Combining

this with Exercise 13 on page 68 of [2], we see that all the prime ideals in Fg [z, y]
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that contract to I(S) are

o ) i . . ol . 5]
(@—ol,y—ol),(@—aly—ofl),..., (s — o y—aff ),

where § = |S|. Now we can prove our assertion for S.

The fact that S C Zg (1(S)) is trivial. Note that k£ = F, is a perfect field and
since m; and ny are relatively prime to p = char(F,), I(S) contains square-free
univariate polynomials z™ —1 and y™ — 1 in the variables = and y. Because of the
same reason, i.e., I(S) having 2™ — 1 and y™ — 1 in it, I(S) is a zero-dimensional
ideal. Therefore, by Seidenberg’s Lemma 92, I(.S) is a radical ideal. Now we show
the inclusion Z, (1(S)) C S.

Suppose that there exists P = (of, o ) in Zg,(I1(S)) that is not in S. Then I(P)
contains I(Zg, (1(S))), ‘which is simply I(S) since I(S) is radical and Hilbert’s
Nullstellensatz states that I(Zg (I(S5))) = VI(S). But I(S) is maximal in Fy[z, y]
(cf. Lemma 2.10). Since I(P) is not the whole ring F[z, y], this implies that I(P) =
I(S). Then, using the fact that I(P) is the contraction of (z—a y—a!;) C Fyslz,y],
we get (z— of ,y — a{,') in the list of prime ideals that contract to I(.S), which is
a contradiction. O

Another way to state Proposition 2.11 is that every subset U, in the sense of
Remark 2.3, of  is the zero set of the 2-D cyclic code I(U) that it defines. We are

now ready to state the following characterization result for 2-D cyclic codes.

Proposition 2.12. Let J = J/(z™ — 1,y™ — 1) C F [z, y]/(z™ — 1,y™ — 1) be a

2-D cyclic code. The zero set Z(J) uniquely determines J.

Proof. We can easily show that J is a radical ideal following the argument in the

proof of Proposition 2.11. Combining this with the Nullstellensatz, we have

I(Z(J)) = I(Zg,(J)) = J. (2.5)
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Therefore, the ideal corresponding to the zero set Z(J) of J is J and the corre-
sponding 2-D cyclic code is J itself. On the other hand if Z’ = Z(J') is another
subset of 2, which is the zero set of another 2-D cyclic code J' = J'/(z™ —1,y™—1)
by Proposition 2.11, then the ideal corresponding to Z’ is J' and the corresponding
2-D cyclic code is J'. Therefore Z(J) uniquely determines J. O

We finish this section with another useful result which will be used in the next

section.

Proposition 2.13. Let k be a perfect field and I C k[zy,22,... ,Z,] be a zero-

dimensional radical ideal. Then
|Zx(I)| = dimy, (k[z1, 22, - . . , 2] /T).

Proof. See Theorem 8.32 in [3]. O

2.3 The Dimension and The Dual Code

Recall that in the case of cyclic codes, we were able to relate the dimension of a
code to the number of zeros of its dual cyclic code (Remark 1.4(ii)). In this section,
we show that the same relation also holds for a 2-D cyclic code and its dual. We
start with a couple of preliminary observations, which are not only interesting but

also useful in proving the relation between a 2-D cyclic code and its dual.

Proposition 2.14. I(S,) = I(S,)/(z™ — 1,y — 1) C F,[z,y]/(z™ — 1,y™ — 1)

are all the mazimal ideals in the ring Fylz,y]/(z™ — 1,y —1).

Proof. Recall that the fact that I(S,) is maximal was shown in Lemma 2.10. Now

we prove there is no other maximal ideal.
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If we temporarily denote the ring F,[z,y]/(z™ — 1,y — 1) as R, the Chinese

Remainder Theorem gives us
R/(NI(s,) =[] B/1(S,), (2.6)
Y 4
which implies another isomorphism:

Fylz, y]/n I1(S,) = HFq[J'" y]/[(&,). (2.7)

"
By Proposition 2.13, the F,-dimension of each factor in the product in (2.7) is
|Zg,(1(S))| = |Z (I(S,))| = |S,|. Hence the total dimension on the right hand
side in (2.7) is || = nyng, which is also the F,-dimension of the right hand side
in (2.6). If there were another maximal ideal M = M/(z™ — 1,y™ — 1) of R =

F,[z,y]/(z™ — 1,y™ — 1), then we would have had

o R/ (ﬂi(sﬂ,) N M) > T[ r/I(S,) x R/M.

Arguing as above, we see that the F,-dimension on the right hand side of this new
isomorphism would be n;n, +dimg, (R/ M), which is strictly bigger than n;n, since
M is a maximal ideal and hence can’t be equal to R, whereas the F,-dimension of
the left hand side is less than or equal to nyn, = dimg, (R). Therefore, the I(S,)’s

are all the maximal ideals of R = F,[z,y]/(z™ — 1,y™ —1). O

Corollary 2.15.

l
[11(8)=0 mod (z™ —1,y™ —1).
=1

Proof. By the isomorphism in (2.6) and dimension computations following (2.6)
in the above proof, we have [, I(S,) = 0. This means N, 1(Sy) = 0 mod (z™ —
1,y™ —1). Since I(S,) is maximal for each -, intersection is the same as product.

O
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Remark 2.16. There is an alternative proof of Corollary 2.15. We will use R to
denote F,[z,y]/(z™ —1,y™ — 1) again. Suppose that there is an infinite sequence,
@ D ag D ..., of descending ideals in R. If we look at the zero sets of all the
ideals in the sequence, the first thing to note would be that one zero set is strictly
contained in the next. Otherwise, by taking the corresponding ideals of these zero
sets, and using the fact that ideals of R are radical by Theorem 2.9, we would show
that two ideals in the sequence are the same. Hence we get an infinite sequence of
ascending sets in {2, which is itself a finite set. Therefore, R satisfies the descending
chain condition on ideals and such rings are called Artin rings. On the other hand,
R is isomorphic to the group algebra F,[Z,, X Z,,], which is semisimple since
p = char(F,) doesn’t divide |Zy, X Zn,|, the order of the group (cf. Theorem 5.3
in [16]). Combining this with the fact that R is Artinian implies that the radical
of R is trivial. Here we use the Theorem on page 203 and Proposition 4.4 of [16].

But in an Artin ring prime ideals are maximal and hence the intersection of all the

maximal ideals in R, i.e., I(S,)’s, is zero.
The following is the analogue of Remark 1.4 for 2-D cyclic codes.

Theorem 2.17. Let U be a subset of Q and let U denote Q — U. Consider the
2-D cyclic code Cy = I({U) = I({U)/(z™ — 1,y™ — 1) corresponding to U. The

dimension of Cy is given by
dim;pq (CU) = IUI

Proof. We know that I(U) is a zero-dimensional radical ideal in F,[z,y]. Then, by

Proposition 2.13, we have

|28, (I(U))] = |2(I(U))| = dimg, (Fy[z, y)/1(1)).
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On the other hand, we have the following standard isomorphism:
Ffo,9/1(U) = F[z,3]/ (@™ — L,y™ = 1) /1(U)/(a™ = 1,y™ ~ 1)

Therefore, the dimension of the code I(U) is given by

dim(I(U)) dimg, (I(U)/(z™ — 1,y™ - 1))
= dimy, (F,lz,y]/(=™ - 1,y™ - 1)) — dimg, (F,[z, yl/I(U))
= mynp — |Zg,(1(U))]

= NnNg — IU'

= |0
u

Remark 2.18. This theorem also has an alternative, but longer, proof which can

be found in [13].

In order to say that this theorem relates the dimension of a 2-D cyclic code to
the number of zeros of its dual, we need to determine the zero set for the dual
code. This is what we will do in the remaining part of this section.

Consider the following subsets of €2:

y=r+1

r N )
v=8, ad U= {J S
7=1
where
Sy =[], v=1,2,...,L

Let Cy be the 2-D cyclic code with the ideal representation I(U) = I(U)/(z™ —
1,y™ — 1) and consider Cy with the ideal representation I(U) = I(U)/(z™ —

1,y™ — 1). The following shows that the product of the ideals I(U) and I(U) is
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zero mod (z™ — 1,y™ —1).

IU)-I(0) = U ) - I( U Sy)

y=1 y=r+1
!
= ﬂf(s,,) () 18
7—r+1
= HI(S» H 1($,)
= HI(S’Y)

= [ mod (z™ — 1,y —1).

Note that the last equality comes from Corollary 2.15. Hence for any a(z,y) € I(U)

and b(z,y) € I(U), we have
a(z,y)b(z,y) =0 mod (z™ —1,y™ —1). (2.8)

Equation (2.8) implies that if we carry out the product mod (z™ —1,y™ — 1) and
combine the same terms together, the coefficient of each term must be zero. In
particular, the coefficient of the term z%y® must be zero, where d (resp., e) is the

z-degree (resp., ’y-degree) of b(z,y). This coefficient is the following:

a0,0bae + 60,1bde—1 + + - + Go,ebap +

a1,0bd-1,e + 01,10d-1,e-1 + -+ a1ebi-10 +

ad0boe + @d1boe—1 + -+ + agebog

Note that we do not have a coefficient a;; of a(z,y) with i > d or j > e above
since for a term in a(z,y) with such a coefficient to contribute to the coefficient of
2%y in the product, b(z,y) would have to have a term with z-degree higher than

d or y-degree higher than e.
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Define the reciprocal polynomial of b(z,y) as
b*(z,y) = z%°bz,y7")
= bge + bie—1y+ -+ baoy® +

bi-1,e% + bg_1,e—12Y + ++ + bg—_1,02Y° +

bo,e.’Ed + b()’e_ll‘dy +-- 4 bo’o.ﬁl?dy"3

Note that the coefficient of the term z%y® in the product a(z,y)b(z,y) mod (z™ —
1,y — 1) is the inner product of the matrices corresponding to a(z,y) and b*(z, y)
and this is known to be zero, i.e., (a;;) - (b} ;) = 0. Therefore, the following set of

polynomials is contained in the dual of Cy = I(U).
J = {b*(z,y); b(z,y) € I(U)}
Lemma 2.19. Let U™ = {(u", 13"); (1, 112) € U}. Then J =1(U).

Proof. One inclusion is because if b(z,y) vanishes on U, then b*(z,y) vanishes on
U~L. For the other inclusion, let f(z,y) vanish on U~'. Then f*(z,y) vanishes on
U and hence it is in I(U). But then (f*)*(z,y) = f(z,y) isin J. O

So, J = I(U~') and the corresponding 2-D cyclic code J = I(TU~1)/(z™ —

1,y™ — 1) is contained in the dual of Cy. However, the dimension of the dual is
ning — dim(Cy) = ning — |U]| = |Q = U| = |U| = |[U}| = dim(J).
Therefore, the dual of Cy is J. We state this in the following proposition.

Proposition 2.20. For the 2-D cyclic code Cy = I(U) = I(U)/(z™ — 1,y" — 1),
its dual code is the 2-D cyclic code Cg- = [(U™Y) = I(U~1)/(z™ — 1,y™ — 1),

which has the zero set

Z(Cy)=Z(Cyr) =0 =Q-U",
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where
U™ = {(ur",13"); (w1, 1) € U}

Corollary 2.21. The dimension of a 2-D cyclic code is equal to the number of
zeros of its dual code.
Proof. By Theorem 2.17, Proposition 2.20 and the fact that |U| = [U~!]. O

We finish with two more definitions which are going to be used in the next
chapter.
Definition 2.22. Let Cy be the 2-D cyclic code of area n; X ny with the zero set

U C Q. Then the nonzero set of Cy is
NZ(Cy)=Q-U=U.

Definition 2.23. If the zero set of a 2-D cyclic code C' is the union of the F-

conjugacy classes S, = [(e}, ad")], where + is in some index set Z, then the set
{(e,0d); 7€ T}

is called a basic zero set of C and denoted BZ(C). Similarly, one can define a basic

nonzero set of C' and denote it by BNZ(C).

Since the zero set of a 2-D cyclic code uniquely determines the code, so does
the nonzero set, a basic zero set and a basic nonzero set. Note, however, that
zero and nonzero sets are unique whereas there can be different choices of basic
zero and basic nonzero sets. This can simply bé achieved by choosing different

representatives from the F,-conjugacy classes.

Remark 2.24. Let (oi',0d') and (0?,0d?) be representatives of two distinct
classes in a basic set (zero or nonzero) and suppose that of' and of’ are F,-

conjugate. Then, one can find another pair in the class of (a?, 03?) whose second
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coordinate is o' and replace (a2, 042) in the basic set with this new pair. This
means that we can choose a basic set for our codes in which any two members have
second coordinates that are not F,-conjugate. Note that the second coordinates in
the basic set can be equal among some of the members. Also observe that we can
easily make the same choice with respect to the first coordinates of pairs in the
basic set. In Chapter 3, we will always have this kind of choice on our basic sets and

unless otherwise stated, the choice will be with respect to the second coordinates.

Example 2.25. Consider the code C from Example 2.7. We found that the zero

set was

Z(C) = [(1L, D]V [(an, @2)] U [(01, 03)]-

Therefore, one can write the following basic zero set for C:
BZ(C) = {(1,1), (o1, @), (e, ag)}

Note that the second coordinates in the second and the third pairs are Fo-conjugate.
This can be avoided by choosing (a?,as) to be the representative of the Fs-

conjugacy class containing (@, o). Then, the following would be our choice for a

basic zero set:

{(11 1)5 (a'la a2)’ (OZ%, 012)}.

The dual of C has the zero set Q — Z(C)~* by Proposition 2.20. Since Z(C)™! =

Z(C), this set is simply the nonzero set of C and it is the union of two Fp-conjugacy

classes:

Z(C*) =1(1,02)] U [(e1, 1)]

Obviously, the following could be a choice for the basic zero set of C*, which is

also a choice for a basic nonzero set for C' by the above observation.
BZ(C*) = BNZ(C) = {(1, a2), (01,1)}
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In this example, it is easy to see that ¢1(z,y) = (z + 1)(y + 1) and g»(z,y) =
(22 +2+1)(y*+y3+y*-+y+1) are generating polynomials for the ideal corresponding

to C* in the polynomial representation.
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Chapter 3. Weights of 2-D Cyclic Codes
via Family of Curves

3.1 Trace Representation of 2-D Cyclic Codes

We will give several representations for a 2-D cyclic code starting from the zero set

of its dual. Note that this set is the same as the inverse set of the nonzero set of the

code itself (cf. Proposition 2.20). Our codes will be “square” codes, i.e., codewords

will be square matrices. This section will be the basis for our analysis in the later

sections of this chapter.

Unless otherwise stated, we will have the following assumptions in this chapter:
q = p' for some [ > 1, where p is prime, and consider ¢™ with m > 1. Let « be a

primitive element of Fym. Consider the following sets

*

Q = {(o,0); 0<i,j < ¢ -2} =Fyn X Fym, (3.1)

U = [(a*,0®)]U](a® a®)]U...U[(a*, o™, (3.2)

where i,, j, are in the set {0,1,...,¢™ — 2}. Note that we adopt the notation of
Chapter 2 and hence, [(a'7, a’7)] is the F,-conjugacy class containing (a7, a?7) for
every 4.

By Proposition 2.12, we know that the zero set determines the 2-D cyclic code
uniquely. We also noted in Chapter 2 that the same thing is true for the nonzero
set, a basic zero set or a basic nonzero set. We define C to be the 2-D cyclic code

of area (¢™ — 1) x (¢™ — 1) over F, which has the following zero set:

Z(C)=Q-U1=0" (3.3)
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If C' denotes the dual of C, then we have the following easy consequences from

Proposition 2.20 and Definition 2.22:

NZ(C) = Q-U1'=U"
ZiC) = U (3.4)
NZ(C) = Q-U=0U

We also have the polynomial representation for these two codes, as ideals in

F,[z,y]/(z7" ! — 1,49"~1 — 1), and the corresponding notations which were also

introduced in Chapter 2.
C'=Cy=1IU)=IU)/(z" " -1,y = 1),

C=Cps =10 =107/ = 1,y ~1).

For simplicity, we will denote C and C” as I and I’, respectively, in the polynomial
representation. OQur analysis will be on the weights of C. The method we employ

will be that of Section 1.4, which is bdsed on Delsarte’s Theorem and Hilbert’s

Theorem 90.
Let D’ be the 2-D cyclic code of area (g™ — 1) x (¢™ — 1) defined over F = by

the zero set
21D ) = {(ail,aﬁ), (aiz,ajz), ... ,(ai’,aj’)}. (3.5)

It is worth noting that there is a unique basic zero set for D’ and it is equal to the
above zero set. This is because each pair in Z(D’) has a singleton Fym-conjugacy
class that consists only of that pair. Let D be the dual of D' and denote these

codes as J and J', respectively, in the polynomial representation.

Lemma 3.1. The restriction of D' to F, is C'.
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Proof. We need to show that J' N Fy[z,y]/(z7" 7t — 1,49 ' —1) = I' in the
polynomial representation. If f(z,y) is in the intersection, then it vanishes on Z(D')
of (3.5) and since it has coefficients in F,, it vanishes on U = Z(C"). Therefore,
f(z,y) is in I'. The opposite inclusion is also easy since polynomials in I’ have
coefficients in F, and they vanish on U D Z(D'). O

Since D’ restricts to C' over F,, we get the the following familiar diagram from

Delsarte’s Theorem:

C' RBes D
i i , (3.6)
C.tr_ D

Note that tr is defined by applying the trace map from Fym to F, on each of the

entries in the codewords (matrices) of D.

If a(z,y) is an arbitrary codeword (in the polynomial representation) in J’, then

it vanishes on the elements of Z(D'). Hence we have
: s '
a(a’, ad7) = Z a;j(@)(a”) =0, Vy=1,2,...,s; Va(z,y)€J. (3.7)

1,j=0

When the s equations in (3.7) are translated to the matrix notation, we get

[Cto o o | [ @R . ()t )

a0 ... Gugm_g (@) (a) ... (a")Y(air)T" 2 0
\%m-20 - aq’"—2,q"‘—2) \(O‘iq)qm—Q(aj"’)O (ai7)qm_2(aj7)qm_2)
for every v € {1,2,...,s} and for every (a;;) in D', which are the corresponding

coefficient matrices (codewords) of polynomials in J'. Therefore, if we define v, for
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every vy =1,2,...,s as the (¢™ — 1) x (¢"™ — 1) matrix
[ (@ .. (@) )

(a¥) ) ... (a#)(od7)™ -2

(@) 200 . (@) a?)
then {v;,vs,...,vs} is contained in D, which is the dual of D’. Observe that the
Fym-dimension of D is s, by Corollary 2.21 and (3.5).

Since o is a primitive element in Fym, we can list all the elements of the multi-

plicative group F%,., which will also be denoted by A, as follows:

qm
(0 L 2 m_2 _
A=Fp ={a’,0’,0%...,a" ). (3.9)

Therefore, one can represent the first row of v, as (z%7)__,, the second row as
(abvair) 4> and do this for all the remaining rows of v,. For the meaning of the
above notations of rows, we refer to (1.10) in Section 1.4. If we put the above

representations of each row in v, together, we get the following representation for

U’Y:

= y=12,...,8 (3.10)

\(ai1)qm—2$ﬁ)

z€A )
We will call this the horizontal representation. The following will be the short

horizontal representation for these codewords:
vy = ((ai")"xh)z“,aa , y=1,2,...,s (3.11)

where Z = {0,1,... ,¢™ — 2}. In other words, & indexes the rows, i.e., § = 0 gives

the first row, § = 1 gives the second row, and so on.
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It is important to note that an analogue of the representations in (3.10) and
(3.11) can also be obtained vertically. For this, we look at the columns of v, in
(3.8). The first column is (z*)__,, the second column is (a"m”)ze > etc. Hence,

the vertical representation can be obtained by putting representations of columns

together as
Uy = (xi'y , adigh L (afv)qm—2$iv) , vy=12,...,s (3.12)
' z€A »
and the short vertical representation is
Uy = ((M”)"x“)%eA’aeI I pes LR iun (3.13)

Note that ¢ indexes the columns of v, this time.
Proposition 3.2. The set {vy,vs,... ,Us} @5 an Fym-basis for the code D.

Proof. We saw that these matrices are codewords of D and the F,m-dimension of
D is s. So we need to show that this set is F,n-linearly independent. Suppose there

exists uy, pa, . .. , pis in Fym such that
H1V1 + oV + -+ -+ HsUs = 6 (314)

Using the horizontal representations for each v, in (3.10), this means

)

( P+ puax?? + - 4 prg e

/jllaille + Mzalzsz R 'usaisxjs

i
=11

(3.15)

\Ml(ail)qm.ﬂxﬁ + #2(a‘i2)qm—2wj2 e + Ns(a.is)qm__2xjs}
€A

Suppose that the j,’s are all distinct. Then the first row in (3.15) gives
I + o + -+ poztt =0, Ve A= Fom.
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This polynomial expression has distinct exponents and its degree is max{7jy,... , js}.
This degree is strictly less than ¢™ —1, by (3.1). Therefore the polynomial can van-
ish on all of F if and only if it is zero, i.e., all the coefficients are zero. This would
imply the linear independence of our set.

Now suppose some of the j,’s are equal. Let’s assume, without loss of generality,
h=da=rre=4, for some ¢ < s. There might be other groups of J's that are
equal to each other, but the following argument can easily be applied to handle
them, too. Since the polynomial expressions in each row in (3.15) are of degree
strictly less than ¢™ — 1, the only way they can vanish on F; is if the coefficients

of the terms are zero. We list the coefficients of the term of degree j; in each row:

prt+pgt e+ pe=0

/»Llail +u2ai2 Foes _}_ucaic =0

(3.16)
(@) T2 4 (@) o (@) 2 = 0
Since o is primitive in Fym, the equalities in (3.16) are equivalent to
™ + pox? + - - + pez = 0, Vo € Fim. (3.17)

Note that the exponents in (3.17) are all distinct. Otherwise, we would have had
(a?,a91) = (', ") for some y # 'yf with 4,4’ < ¢. This would contradict the
fact that these two pairs are representatives of distinct F,-conjugacy classes in
(3.2).

By the above observation on i, yBey (3.17) holds if and only if gy = -+ =

te = 0 again due to the degree of the polynomial expression we have. This finishes

the proof. O

Theorem 3.3. With the notations and definitions so far, we have the following

representations for the code D over Fym and the code C over F,, where Ay runs
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through Fom for every vy=1,2,...,s

( ( )\lle S /\sx]’a \ ‘
_ ) Mtz 4.4 Xl f (318)
[\ Nle)maat oo oty | |

(/\1(04“ Sri 4 + -+ Ay (@) x”)zEA,&eI}

= {()\13’)“ +--- 4 /\siﬂi’ 5 /\lozjlccil + cee /\sajag;is ,e > }
z€A

J1N\0 .8 210 .22 Js\0 is
( al)xl_;_,\(aj)x + o4 Ag(a?)’x )zeA;JEI}

C = {i tr()xwﬁ}

3
( ( tr(Az# 4 oo 4 A aie) \

tr{\afigit 4+ ... As is s
_ ) r(Aaiz +' + Asotgie) f (3.19)

[\ tr(Ag (i)™ 2 4. +)\3(ai’)qm“2a:j‘) J

(tr (A (™)t + -+)\s(ais)‘5:cj3))

T€EA J

xGA,JGI}

{(tr (AMzh + -+ Asz®) , tr(Aiodiz® 4. 4 Asodszte) ,) }
zZ€EA

(tr /\l(ajl)dxu + Ao (ajz)dxzz + . +A (oﬂ.:)é h))'eAaez}

Proof. This is a direct consequence of Proposition 3.2 combined with the fact that
C = tr(D) and the notations introduced in (3.10), (3.11), (3.12) and (3.13). O
Note that the order of representations, after the first one, in (3.18) and (3.19) is

horizontal, short horizontal, vertical and short vertical. Recall that our goal is to
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investigate weights of C. We finish this section by stating the first remark on the
weights of two different codes. This is an easy observation provided by two different
ways of looking at codewords: horizontally and vertically. We will continue more

detailed discussion of weights in the following sections.

Corollary 3.4. Consider the code C' of area (g™ — 1) X (¢™ — 1) over F, whose

dual has as a basic zero set -
BZ(CY) = {(a®,0), (@, a™), ... , (a*, a™)}.

Let C be the code of same area over F, for which the dual has as a basic zero set
BZ(CY) = {(a™, a"), (o, 0?),... , (o, a*)}.

Then the weight enumerators of C and C are the same.

Proof. Consider the horizontal representation of the codeword c in C determined by
the s-tuple (p1, po, ... , ts) in ]F;m and the vertical representation of the codeword
¢ in C which is also determined by the same s-tuple. Rows in ¢ are identical to

columns in ¢ and hence these codewords have the same weight. O

Remark 3.5. By this observation, we need to keep the foliowing in mind for the
rest of the chapter: Any statement made on the weights of a certain 2-D cyclic
code C remains true for another 2-D cyclic code C whose defining set is obtained

from C’s by switching = and y coordinates.

3.2 General Lower Bound on the Minimum
Distance

Note that we didn’t need any assumption on the set U of (3.2) in order to get

the representations for the codes C' and D in Theorem 3.3. In this section, with

convenient assumptions on U, we will state a lower bound for the minimum distance
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of C. Recall that one assumption we always make is that of Remark 2.23, which

is easy to achieve as we observed in that remark.

Consider the code C in the horizontal representation in (3.19). If c € C is a

nonzero codeword corresponding to the s-tuple (p1, pia, ... , fts) € Fgm, then the

weight of any of its rows is given by Hilbert’s Theorem 90, as was the case in

Section 1.4, and it is

1 #Hrm (! —y = f(2))
g™ -1~ 5(#;&, (¥ -y=f(z)—q) =¢" - —* = , (3.20)
where f(z) is what is in the trace function corresponding to this row. In particular,

for the (r + 1)** row for any r € {0,1,... ,qm — 2}, we have
f@) = (o) ™ + - + py(a®) 2.
In other words, the weight of a codeword in C' is determined by the number of

affine F m-rational points on ¢™ — 1 curves in the form y? — y = f(xz), where f(z)

is determined by the particular row. Therefore, the whole weight enumerator of C

is related to the following family from Section 1.4:
oF = {yq -y = )\1.’1,’jl + )\zsz E ahbbl o /\s.’L'j"; )\j € ]qu}.
Proposition 3.6. Let C’ be the 2-D cyclzc code of area (¢™ — 1) X ( — 1) over
F, whose dual has as a basic zero set
BZ(CY) = {(o®, ), (o, a®),... , (o, a?)}.
Assume that the g-cycloctomic coset mod ¢™ — 1 of each j, has cardinality m =
[Fgm : Fy]. Then we have
(i) The mapping tr of the diagram (3.6) is an Fy-vector space isomorphism.

(i) Let v be a codeword in C and v' € D be the unique codeword with tr(v') = v.

Then, a row in v 1s identically zero if and only if the same row in v’ is identically

zZ€ero.
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Proof. (i) The fact that tr is surjective is known from Delsarte’s Theorem. F,-
linearity of the ordinary trace map implies the F,-linearity of the mapping tr.
The cardinality of the F,-conjugacy class for each element in BZ (C*) is m by the
assumption made in the statement. Therefore, by Corollary 2.21, the F,-dimension
of C is sm. The Fym-dimension of D is s and hence over Fg, it is sm dimensional,
too. Therefore, tr is injective. Combined with the above observations, this shows
that tr is an F,-vector space isomorphism between the codes D and C of the
diagram (3.6).

(ii) Recall that the weight of a row in v is given by the formula (3.20). Since the
g-cyclotomic coset mod ¢™ — 1 containing each j, has cardinality m and we choose
Jv’s to be not F,-conjugate (cf. Remark 2.24), we can use Theorem 1.26. Note that
since some of the j,’s may be the same, we can’t conclude that the curve in the
formula (3.20) has ¢™*! rational points if and only if every A, = 0. However, we
can say that there are ¢™*! affine F,m-rational points on y? —y = f(z) if and only
if f(z) = 0 on Fym, which is enough for our statement to be true. O

The hypothesis of Proposition 3.6 gives us a bit of control on the behavior of
the tr map. Namely, a nonzero row in v € D will not be mapped to a zero row
under tr. In order to say something effective about the minimum distance of C,
we need to know the maximum possible number of zero rows in a codeword of C,
which is equivalent to the same question about D. However, a quick look at the
representations of Theorem 3.3 makes it clear that answering this question in the
generality of Proposition 3.6 is fairly difficult due to the complexity of the system
of equations one has to deal with. One additional assumption will avoid any of
these zero row considerations and provide us a minimum distance bound. This is

what we do in the next theorem.
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Theorem 3.7. Let C be the 2-D cyclic code of area (¢™ — 1) X (¢™ — 1) over F,

whose dual has as a basic zero set

BZ(Ch) = {(a*, %), (&, a®), ..., (a®,a%)}.
Assume that the j,’s are distinct and the g-cyclotomic coset mod g™ — 1 containing
each jy has cardinality m = [Fgm : Fy]. Then
(i) dimg, (C) = sm.
(i) If d denotes the minimum distance of C, we have

42 @ -~ ),

where N is in the set {q,2q,...,(¢™ — 1)q} and it is the tightest upper bound that
applies to the number of affine Fym-rational points of all the curves in the family
F={yl—y= Mz + Xoz? + -+ \zP2; A\, € Fym}.

Proof. (i) The F,-conjugacy class of each (a7, a7) has cardinality m by the as-
sumption on j,’s. The result follows from Corollary 2.21.

(ii) We adopt the notation of Proposition 3.6. Note that the hypotheses of this
proposition are satisfied. Hence, if v € C is a nonzero codeword, then it is the image
under tr of a unique codeword v’ in D, where both codewords are determined by
a nontrivial s-tuple (Ag,...,A;). Furthermore, a row in v is identically zero if and

only if the same row in v’ is identically zero. The rows of v' are in the form

(Al(ail)ale 4 )\s(ai‘)‘sxj’) 0=0,1,...,¢" —2.

T€Flm
Since the j,’s are all distinct, the polynomial expression of degree j, < ¢™ — 1

(see (3.1)) can be identically zero on Fy. if and only if every A\, = 0. Therefore,

a nontrivial codeword in D, and hence in C, will not have an identically zero row

under our hypothesis.
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We know that the number of F =-rational points on any member of F is divisible
by ¢ and can’t be ¢™*! by our hypothesis (cf. Theorem 1.26). What we want
to understand is the lowest possible weight in a row of v. This is equivalent to
asking what is the maximum number of affine F =-rational points that a nontrivial
member of the family F = {y?—y = Azt + Aoz’2+- - -+ \;27; \; € Fym } can have.
Let N be this number, which has to be a member of the set {g,2g, ..., (¢™ — 1)¢}
by the above explanation. Then, the minimal possible weight in a row of v is, by
(3.20), qm—-g. Repeating this minimal weight in each row gives the lowest possible
weight that can occur in C. O

There are couple of things that need to be addressed about this theorem. The
main difficulty is the determination of the number N if the family we are dealing
with is as general as it is in Theorem 3.7. If we attempt to use the Hasse-Weil-
Serre (H-W-S) bound in place of N, then we need to be careful since the genus
varies among the members of the family. To guarantee that the bound applies to
all the curves in F, we should compute the H-W-S bound that corresponds to
the highest genus in F. However, the genus computation for the members and the
determination of the highest genus in the family might also be troublesome (see the
end of Section 1.3 for possible difficulties). The following corollary is an example

of a case when we are able to overcome these difficulties.

Corollary 3.8. Let C be the 2-D cyclic code of area (¢™ — 1) X (¢™ — 1) over F,

whose dual has as a basic zero set
BZ(CY) = {(a™, o), (a2, a%), ... , (o, a%)}.

Assume that the g-cyclotomic coset containing each Jv has cardinality m = [Fym :
F,]. For every v = 1,2,...,s, write j, as jy, = r,p™, where p doesn’t divide r.,.

Suppose the r’s are all distinct and let r = max{ry,rs,... ,rs}. Then
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(Z) diqu (C) = s8m.
(i1) If d denotes the minimum distance of C, we have

N

d> (g™ -1)(¢" - ;),

where N is the mazimum of the set {q,2q, ... ,(¢™—1)q} that is less than or equal

to

"+ (¢ - I)Q(T_' 1)[2\/(m'

Proof. (i) As in Theorem 3.7.

(i) Note that we require the r,’s to be distinct, which guarantees that the j,’s
will be distinct. Therefore, everything follows as it did in Theorem 3.7 and we only
need to show that the number N is what we assert it is. Note that our family is
F={y'-y=3, Ayz™P"; A, € Fym}. By Proposition 1.22, we know that the
curves we are dealing with in this case are all Artin-Schreier and the biggest genus

Therefore, the corresponding H-W-S bound is indeed a universal

bound on the family of curves, i.e., it bounds the number of rational points of every
curve in the family. O

Note that two things might cause this bound to be ineffective. First of all, the N
we find by the universal H-W-S bound may not be a good estimate for the largest
number of Fym-rational points in the family. For instance, if the universal H-W-S
bound is greater than or equal to ¢™*!, then N will be (¢™ — 1)¢ and hence the
minimal weight we find for each row will be qm——];r— = q™—(¢™—1) = 1. Therefore,
we would conclude d > ¢™ — 1, which is the number of rows. This is already known
since the assumptions we made guarantee that a nonzero codeword in C doesn’t
have a zero row. Therefore, to get more meaningful estimates for d we should look
at examples where the universal H-W-S bound is as small as possible compared

to ¢™*1. Secondly, we repeat the same highest number N (or the smallest weight
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qgm - —]Y-) in each row whereas this is not necessarily the case in reality. This is
q

caused by our inability to use the relations among the coefficients of rows in the

representations given in Theorem 3.3. Therefore, the bound has a chance to be

reasonable for small genus and small finite field Fym.
In most of the remaining examples, we find the actual minimum distance using
Macaulay2 ( [12]). In fact, a short routine we wrote in the program (see the Ap-

pendix) can compute the weight enumerator for small extensions F,m of F, and
small number of basic zeros in the set BZ(C*).

Example 3.9. Consider Fy over F5 and let o be a primitive element in Fg which
satisfies a2 +a—1=0.Let C be the 2-D cyclic code over F3 of area 8 x 8 whose

dual has as a basic zero set
BZ(CJ_) = {(&, @), (o, a2)}'

Note that the cardinality of Z(C*) is 4 and hence C has dimension 4 over F3. The
number N is a multiple of 3 that is less than 3 -9 = 27 and r = 2. The universal
H-W-S bound is 9 + [2\/5] = 15. Hence N = 15. Therefore our estimate for the
minimum distance of C' is d > 8 - 4 = 32. The actual minimum distance is 42. For
this example, we don’t need Macaulay2 to obtain the actual minimum distance.

We will compute the complete weight enumerator in Example 3.14.

Example 3.10. Consider Fg over F, and let « be a primitive element in Fg which
satisfies &® + a + 1 = 0. Let C be the 2-D cyclic code over F, of area 7 x 7 whose

dual has as a basic zero set
BZ(C*) = {(a, ), (o?,0®)}.

The cardinality of Z(C*) is 6 and therefore C has dimension 6 over F,. N is a

multiple of 2 that is less than 2-8 = 16 and r = 5. The universal H-W-S bound is
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8 + 2[2v/8] = 18. Therefore, N = 14 and our estimate for the minimum distance
of Cisd > 7-1 = 7. Observe that this is just the number of rows and what
is happening here is exactly what we mentioned in the paragraph that follows
Corollary 3.8 and the cause for this poor estimate is the fact that the universal
H-W-S bound is too big. However, we can do a little bit better if we just choose a
different second representative in BZ(Ct). Namely, replace (o?, a’) with (a®, a3)
and observe that all the hypothesis of Corollary 3.8 are still satisfied. Then r = 3
and the universal H-W-S bound is 8 + [21/8] = 13. Since N has to be a multiple

of 2, N = 12. Then our estimate becomes d > 7 -2 = 14. The actual minimum

distance of C is 24.

As seen in these two examples, even with very small codes our estimate is not
very effective. However, as the following example will show, if the basic set is nice

and we know more about the family of curves in the problem, we can do better.

Example 3.11. Consider Fg over F, and let o be a primitive element in Fg which
satisfies a® + a + 1 = 0. Let C be the 2-D cyclic code over Fs of area 7 x 7 whose

dual has as a basic zero set
BZ(C’l) = {(o, @), (&, a3)}.

The cardinality of Z(C*') is 6 and therefore C' has dimension 6 over Fy. N is a
multiple of 2 that is less than 2 -8 = 16 and r = 3. The universal H-W-S bound
is 8 + [2\/§] = 13 and hence N = 12. Our estimate on the minimum distance is
d > 7-2 = 14. Note that for an arbitrary codeword in D, where D is defined as in
Section 3.1, we have the following representation (cf. Theorem 3.3):

(Al(a)% + )\z(a3)5x3) s Aty n & W

T€F},6=0,1, ,6
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Let v’ be the codeword in D which is obtained by the coefficients (u1, 2) # (0,0)
in (Fg)%. For every d, i.e., for every row, if we replace o’z by z;, it changes the
order of elements in the corresponding row but certainly doesn’t change the set of
elements of Fg that appears in that row. After this modification, we get the matrix

M —_-( 1T5 + ﬂ2$3) .
H ¢ z5€F;,0=0,1,---,6

If v = tr(v') is the codeword obtained from v’ € D, then its weight is the same as
the weight of tr(M), by the above observation. The curves corresponding to the
rows of tr(M) are the same and given by the equation Y2+ Y = p; X + pp X3.
Using Table 1 and Proposition 1.16 of Chapter 1, we see that there is a choice of
(u1, po) for which N = 12 affine Fg-rational points is achieved. Therefore, for such
a choice of (1, u2) we get a codeword in C of weight 14. Since we already showed

d > 14 by our general bound, d = 14.

Remark 3.12. Two things make it possible to find the exact minimum distance
in Example 3.11. The first is the knowledge that N of Corollary 3.8 is exactly
the maximum rational points that appear in the corresponding family of curves.
The second is the convenience of the basic set which guarantees the existence of
a codeword for which the same lowest possible weight is repeated in every row.
Therefore, we can get the minimum distance of similar binary 2-D cyclic codes
where « is a primitive element of the extension F,» that is dealt with in the
problem. The importance of the basic set is justified if we look at the binary code
of same area whose dual has as a basic zero set {(«, ), (a,a?®)}, instead. Note
that the family of curves we deal with is the same and we will have a good bound,
N = 12, for the family again. Our estimate is d > 14 but the actual minimum

distance of this code is 24.
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3.3 Special Classes of 2-D Cyclic Codes

Our goal in this section is to investigate special classes of codes which are not
covered by Theorem 3.7. In order to stay out of the scope of Theorem 3.7, we
will allow some (or all) of the second coordinates of pairs in the basic set to be
the same. Therefore we will no longer have the comfort of knowing that a nonzero

codeword can’t have an identically zero row.

We start with codes with two basic nonzeros. This will be followed by consider-

ations of certain cases of three and four basic nonzeros.

Theorem 3.13. Let C be the code over F, of area (¢™ — 1) x (¢™ — 1) whose dual

has as a basic zero set
BZ(C*Y) ={(a", a), (e, a)}.

Then we have

(1) dim(C) = 2m.

(ii) If 6 denotes the order of o2~ in the multiplicative group Fiym, then the
weights and their frequencies for C' are given in the following table:

Table 4. Weights of C

weight frequency
(@™ =1-%5) ("~ ™) 0-(¢"—1)
(@™ —1)(¢™ —g™) @™ —0-(¢"—1)-1

Proof. (i) o is primitive in Fgm and hence its degree over F, is m. Therefore, the
cardinality of the Fg-conjugacy classes for both pairs in BZ(C*) is m.

(ii) We know that C = tr(D) and tr is injective (cf. Proposition 3.6). Therefore,
for a nonzero codeword v in C, there exists a unique codeword v’ in D such that

v = tr(v’) and a row in v is zero if and only if the same row in v’ is zero, again by
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Proposition 3.6. In fact, by Theorem 3.3, we have the following short horizontal

representations for these codewords:

g = ((/\1 (@)’ + Az (aiz)é)x) z€A0€T

9= (tr[(/\l(ail)‘s + /\z(ai"’)‘s)x])

z€A €T’

where A1, Ay are in F,m. Note that the weight of a row in v is

#]qu (yq —y= ( )iL‘)
q b

where the empty parenthesis in the formula is the coeflicient determined by the
row number. Since ‘the curve in the formula is a rational curve, provided that the
coefficient Iﬁentioned above is nonzero, it has ¢™ affine Fym-rational points and
hence when a row of v is nonzero, it has weight ¢™ — ¢™ 1. However, there may be
zero rows in v and these are the same as the zero rows of v'. Observe that v’ can

also be written as

v = (()\1 + Ag(a™71)?) (ail)%) v€A0ET

and a row is zero if and only if \; + Ap(af27%)% = 0.

If \; = 0 and A3 # 0, then no row in the corresponding codeword v’ € D
is zero. Therefore, ¢™ — 1 codewords in C obtained with such coefficients will
have rational curves corresponding to each row, meaning that their weight will be
(g™ — 1)(¢™ — ¢™'). The same thing happens when Ay = 0 and \; # 0.

Now assume that both coefficients are nonzero. Let 6 be the order of a2~ in
Fym. For any nonzero A, € F,;m, there exists a unique nonzero A\; € Fym such
that A\; + Ag(e@®>~")? = 0 for one and only one ¢ in the set {0,1,...,6 — 1}. This
means that for each Ay € Fjn, there exists 6 choices of A, € Fjn satisfying the

equality for some 6 € {0,1,...,0 — 1} (i.e.,, 0 - (¢™ — 1) pairs (A, A2) € (Fjm)?).
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Note that this unique zero row is repeated with period 6 and hence all of these

m

codewords will have total of : [ Zero Iows. That means the corresponding

codewords in C will have the same number of zero rows and hence their weight

m
~1
will be (¢ =11 ;

choices of (A1, \2) in this case lead to words with no zero rows and hence codewords

)(qm — ¢™!). All the remaining (¢™ — 1)2—0-(g™—1)

with weight (¢™ — 1)(¢™ —¢™ ') in C. O

Example 3.14. Refer back to the code C of Example 3.9. The weight enumerator
of C is the same as that of the 2-D cyclic code C, whose dual has as a basic zero
set BZ’(é’l) = {(a, @), (?, @)} (cf. Corollary 3.4). The order of a*~! = oin Fj is 8
and hence the nonzero weights of C are 7-6 = 42 and 8-6 = 48 with frequencies 64

and 16, respectively. Hence, the minimum distance of C' in Example 3.9 is indeed

42.

Remark 3.15. Theorem 3.13 produces two-weight codes over any field F,. These
types of codes are interesting for Graph Theorists and Finite Geometers due to their
connection with the so-called strongly regular graphs and certain sets in projective
spaces (see [4]). We must note that one needs two-weight codes to be projective
in order to establish the connection with these subjects. A projective code over F,
is a code for which the columns of the generator matrix are mutually F,-linearly

independent. This is equivalent to saying that the dual code has minimum distance

at least equal to three.

Example 3.16. Let C; be the 2-D cyclic code over F, of area 7 x 7 whose dual
has {(a, @), (@?, @)} as a basic zero set, where « is a primitive element of Fg. Let
Cs be the 2-D cyclic code over Fy of area 15 x 15 whose dual has {(8, 8), (8%, 8)}

as a basic zero set, where £ is a primitive element of Fi. Both of these codes are

projective by the MacWilliams Identity.
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Observe that what made it possible to obtain the weight enumerator in Theo-
rem 3.13 was the second coordinates in the dual’s basic zero set, which produced

rational curves in our argument. We now give a minimum distance bound on other

codes with two basic nonzeros.
Proposition 3.17. Let C be the code over F, of area (¢™ — 1) x (¢™ — 1) whose
dual has as a basic zero set

BZ(CY) = {(a", ), (a*,0)}.

Let 1 # j =rp", where p doesn’t divide r and assume that the g-cyclotomic coset

containing j mod ¢™ — 1 has cardinality m. Then

g™ —1 N
d> (g™ —1— m_ 2
> (g (e q)

m

where d is the minimum distance of C, N is the mazimum of the set {q,2q, ... , (¢™—

1)q} which is less than or equal to

g+ @ =

and 0 is the order of o>~ in the multiplicative group F...

Proof. Note that both C over F, and D over Fyg= have dimension 2m over Fy, where
the meanings of D is as in Section 3.1. If v/ € D is the nonzero codeword obtained

from A1, Ay € Fgm and v = tr(v') € C, then they are of the form

¥ = ((Al(ail)‘s + )\g(a”)")xj)

z€A,0€T

v = (tr[(A(@™)? + Xo(e))o))

:BEA,(SGI'

By Proposition 3.6, a row in v is zero if and only if the same row in v’ is zero. The
i qm _—
maximum number of zero rows in a codeword of D is 7 following a similar

argument to that we had in the proof of Theorem 3.13. For the remaining nonzero
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rows, we choose the lowest possible weight. This means, the highest number of
Fn-rational points among the nontrivial members of the family F = {y? —y =
Az?; A € Fgm}. By Theorem 1.26, F doesn’t have a nontrivial curve with L

points. The universal H-W-S bound for this family is
—-1)(r—-1
g =Br = )2( oy,

This is because every nontrivial curve in F is Artin-Schreier with the genus g =

£‘1_"1_)2(L‘_Q. Hence the result follows. O

Example 3.18. Consider Fig over F, and let a be a primitive element in [Fi6

which satisfies o* +a+1 = 0. Let C be the 2-D cyclic code over F, of area 15 x 15

whose dual has as a basic zero set
BZ(C*) = {(a,a®), (e o®)}.

Note that the cardinality of Z(C') is 8 and hence C has dimension 8 over Fy. The
number N is a multiple of 2 that is less than 2 - 16 = 32 and r = 3. The universal
H-W-S bound is 16 + [21/16] = 24. Hence N = 24. On the other hand, the order
of a®~! = o’ in 4 is 3. Therefore our estimate for the minimum distance of C is

d > (15 —5) - 4 = 40. The actual minimum distance is 60.

This doesn’t look like a good estimate but compared to examples of Section 3.2,
it isn’t terribly bad considering the size of the code C to the sizes of the examples

in Section 3.2. In the next example our estimate is as good as it can be.

Example 3.19. Consider Fy over F3 and let « be a primitive element in Fg which
satisfies a? + a — 1 = 0. Let C be the 2-D cyclic code over 3 of area 8 x 8 whose

dual has as a basic zero set
BZ(Ct) = {(e, 0?), (a®, a?)}.
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Note that the cardinality of Z(C*) is 4 and hence C' has dimension 4 over F3. The
number N is a multiple of 3 that is less than 3 -9 = 27 and r = 2. The universal
H-W-S bound is 9 + [2/9] = 15. Hence N = 15. The order of a®~! = o* in F§ is
2. Therefore our estimate for the minimum distance of C' is d > (8 — 4) - 4 = 16.

This is the actual minimum distance of C.

We now move on to codes with three basic nonzeros. Our choice of a nonzero

set will be explained after the following proposition.
Proposition 3.20.. Let C be the code over F, of area (¢™ — 1) x (¢™ — 1) whose
dual has as .a basic zero set

BZ(CH) = {(a", o™), (a®, a®), (a*, a?*)}.

Let j, = ryp™ (v = 1,2), where p doesn’t divide r, and suppose that the g-
cyclotomic coset containing j, mod ¢™ —1 has cardinality m. Let r = max{ry, 2}

If r1 and ry are distinct, then

a> (@ -1- TN @ -3,

m

where d is the minimum distance of C, N is the mazimum of the set {q,2q, ... ,(q

1)q} which is less than or equal to

g+ =D

and 0 is the order of o*~* in the multiplicative group F*..

Proof. Both D, which is as in Section 3.1, and C have dimension 3m over F,. A

nonzero codeword v in C is of the form

Y= (tr [Al(ail)‘sle ex (/\2(ai2)6 + )‘3 (ai3)5) sz])zeA,JEI,
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and it is the image under tr of a unique codeword in D, which is

o' = (M(e®)Pa? + (ha(a®) + As(a®)?)a* )

z€A,0eZ ’
where A1, Ao, A3 are in Fym. We get a zero row in v if and only if the same row in
v' is zero. So, we look at the maximum possible number of zero rows in a nonzero

codeword of D. If we choose A;’s as
/\1 =0 and )\2 = _)\S(aia—iz)(f,

for some ¢ in {0,1,...,6 — 1}, then the row corresponding to this ¢ value will be

m

zero and there will be g total zero rows. It can be shown, as it was done

in the proof of Theorem 3.13, that two distinct § values in {0,1,...,6 — 1} can’t

yield two zero rows. Therefore, the maximum number of zero rows in a codeword
m

. The fact that the H-W-S bound is

of D, and hence in a codeword of C, is
a universal bound follows by the assumption that r; and r, are distinct. Therefore,

repeating the minimum possible weight in the remaining nonzero rows finishes the

proof. O

Remark 3.21. Note that if we assume all of the second coordinates in the basic

set are equal, then we run into difficulty of determining how many times the set

of equations of the form
)\1(0!2.1)5 = )\2(ai2)6 + )\3(017:3)6 = 0, § = 0, 1, iwa ,qm -2

are satisfied for (A1, Az, As) € Fan.

Example 3.22. Consider Fg over F, and let o be a primitive element in Fg which
satisfies ¢® + @+ 1 = 0. Let C be the 2-D cyclic code over F, of area 7 x 7 whose

dual has as a basic zero set,

BZ(C-L) = {(a’ a)a (O!, a3)1 (013, a3)}'
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Note that the cardinality of Z(Ct) is 9 and hence C has dimension 9 over F,. The
number N is a multiple of 2 that is less than 2 -8 = 16 and r = 3. The universal
H-W-S bound is 8 + [2v/8] = 13. Hence N = 12. The order of a®~! = o? in Fj is
7. Therefore our estimate for the minimum distance of C'is d > (7 - 1) -2 = 12.

The actual minimum distance of C is 14.

Finally, we look at codes with four basic nonzeros. Due to reasons similar to
those of Remark 3.21, we restrict our attention to the case below. Since the proof

is very similar to the ones we have given so far, we omit it and just give examples.

Proposition 3.23. Let C be the code over F, of area (¢™ — 1) x (¢™ — 1) whose

dual has as a basic zero set
BZ(C’J') = {(o™, o), (ai2, o), (aia, o’?), (o, ajz)}.

Let j, = ryp™ (y = 1,2), where p doesn’t divide r, and suppose that the q-
cyclotomic coset containing j, mod ¢™ — 1 has cardinality m. Let r = maz{ry,r2},
9 be the order of o>~ in F}., and assume this is the same as the order of a*+™™.
If r1 and ro are distinct, then

q" —1 N

a2 @ -1-C -5,

where d is the minimum distance of C, N is the mazimum of the set {q,2q, ... , (¢™—

1)q} which is less than or equal to
- —-1)(r—1
g+ _—__(q )2( )[2\/ qm|.

Example 3.24. Consider Fy over F3 and let « be a primitive element in Fg which
satisfies o + a — 1 = 0. Let C be the 2-D cyclic code over F5 of area 8 x 8 whose

dual has as a basic zero set

BZ(C") ={(&, ), (0%, ), (@, 0%), (o?, 0?)}.
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Note that the cardinality of Z(C*) is 8 and hence C has dimension 8 over Fs. The
number N is a multiple of 3 that is less than 3 -9 = 27 and r = 2. The universal
H-W-S bound is 9 + [21/9] = 15. Hence N = 15. The order of o®>~! = « in F} is 8.
Therefore our estimate for the minimum distance of C'is d > (8 — 1) -4 = 28. The

actual minimum distance of C is 32.

Example 3.25. Consider Fig over Fy and let a be a primitive element in Fyg
which satisfies o* +a+1 = 0. Let C be the 2-D cyclic code over Fy of area 15 x 15

whose dual has as a basic zero set

BZ(C*) = {(@), (2%, a), (0%, (0%, @*)}.

Note that the cardinality of Z(C*) is 12 and hence C has dimension 12 over F,. The
number N is a multiple of 2 that is less than 2 - 16 = 32 and r = 3. The universal
H-W-S bound is 16 4 [2v/16] = 24. Hence N = 24. The order of a®~! = o? in %y is
15. Therefore our estimate for the minimum distance of C is d > (15— 1) -4 = 56.

We now show how one can say more about the minimum distance of this code

using an argument similar to that of Example 3.11. Namely, the codewords in C

are of the form

(tr[(/\1 (@)? + A2(@®)®)z + (Ns ()’ + A (a3)6)$3])zeF;6,6=o,1,...,14 Ay € Fye.
Consider the codeword v € C which is obtained by choosing A3 = A3 = 0 and
(A1, A1) # (0,0). Following the steps in Example 3.11, we can show that such a
codeword has the lowest possible weight of 16 — 12 = 4 repeated in all 15 rows.
This shows the exisfence of a codeword of weight 60 in C' and hence gives us
56 < d < 60. On the other hand, by Table 1 of Chapter 1, all possible weights for

the rows of a codeword in C are even and hence we conclude d = 56, 58 or 60. The

actual minimum distance is 60.
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Once again, this shows the possible improvements we can make on the general

bounds of our results when we look at specific examples.

Examplé 3.26. Consider Fg over F, and let o be a primitive element in Fg which

satisfies @® + a + 1 = 0. Let C be the 2-D cyclic code over F, of area 7 X 7 whose

dual has as a basic zero set
BZ(C’l) = {(e, 0), (?, ), (o, a3), (a3, a3)}.

Note that the cardinality of Z(C") is 12 and hence C' has dimension 12 over Fs.
The number N is a multiple of 2 that is less than 2-8 = 16 and r = 3. The universal
H-W-S bound is 8 + [2v/8] = 13 and hence N = 12. The order of o®*~! = o? in F}
is 7. Therefore our estimate on the minimum distance of C'isd > (7—1) -2 = 12.
Using thevargument in Example 3.25, we can prove the existence of a codeword of
wéight 14 and we can show that the weights of codewords are even. Therefore, we

end up with d = 12 or 14. The actual minimum distance is 14.

Remark 3.27. Jensen gave a lower bound for the minimum distance of multi-
dimensional cyclic codes based on decomposing such a code as the direct sum of
concatenated codes (see [17] for details). Using the algorithm of Sabin ( [23]), one
can show that the code C of Example 3.26 decomposes as A;0B € A,0B, where
A; is the binary [7, 3, 4] cyclic code with the generator polynomial z* + 22 +z + 1,
A, is the binary [7, 3,4] cyclic code with the generator polynomial z* + 23 + 22 +1,
and B is the cyclic code over Fg with zeros 1, o, o2, a®, a®, where o is a primitive
element of Fy. The minimum distance of B is 6 and the Jensen bound here gives
that the minimum distance of C is at least 12, which is the same lower bound as

we found in Example 3.26.
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Appendix. Macaulay2 Routine

We present our Macaulay2 routine which can be used for weight computations
of 2-D cyclic codes in Proposition 3.23. Obvious modifications can be done to
apply it in other cases. We would like to note that the following code takes ¢ = p
for some prime p and it computes the weights of the codewords _corresponding to
(A1, A2, A3, A1) € (Fpm)*, where none of the \,’s is zero. Note that f(t) is a primitive
polynomial of degree m over F,. Hence, k = Fy=. For the ease of the reader, we
give the exact Macaulay2 syntax for this input. For instance, il: is what is used
by Macaulay2 as an input prompt in the first line.
il: k = GF(ZZ/p[t]/(f(?)))
i2: R = k[z, y]
i3:a =10
i4: while a < p~m — 1 do(
bh=0D;
while b < p™m — 1 do(
c=0;
while ¢ < p™m — 1 do(
d=10
while d < p~™m — 1 do(
weight=0;
g = 0;
while § < p~m — 1 do(
I=ideal(y"p—y— (t"(a+41%0) + 1" (b+ixx6)) %2 jy + (¢~ (c+izx8) + 1~ (d+

i % 6)) * " j2,x"(p"m) — z,y~(p"m) — y);
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" count=+#Hlatten(entries(basis(R/I)));
rowweight=p~m — count/p;
weight=weight+rowweight;
d=406+1);

<< weight;

d=d+1);

c=c+1);

b=>b+1);

a=a+1);
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