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ABSTRACT
“0

Dr. H. L. Smith in a paper which has not been
published as yet 3hows that by starting with a general
function satisfying Caratheoacry®s first two postulates
on an outer measure function, it is possible to construct
a function which satisfies all four postulates. In this
dissertation we have stuuied some of the characteristics
of this._function, principally those which are of use in
deriving our ‘theorems on density.

We have set up three general density functions,
and nave succeeded in showing- tnat for the most general
of these, it is true thac the Smith measure of the set
at which the upper density is less tnan 1, and the one
at which the lower density Iis greater than 1, is zero.

We have also established tnat under certain circumstances
there is a definite relation between this function and the
density function defined by Besicovitch.

Considerable attention nas been devotee to certain
fundamental geometric theorems, which have led us to a
generalized form of tne Vitali tneorem. We have also
uerived a set of sufficient conditions for the validity
of this theorem, including the one for the Smith function.
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DENSITY PROPERTIES OF BETS

INTRODUCTION

The past seventy five years have seen a great deal
of research into the fundamental concepts of mathematics.
In the course of these investigations the theory back of
our concept of measure has come in for careful scrutiny.
Various theories have been proposed during this time,
culminating with Caratheodoryls general theory, based on
the four postulates incluued in tne body of this tnesis.

Dr. H. L. Smith in a paper which is as yet unpu-
blished generalizes this concept further, by showing how
it is possible to start with a function satisfying only
the first two postulates ana then builaing up one which
satisfies all four. In this paper we aerive some of
the essential characteristics of this function.

A. S. Besicovitcn using Cartheodoryls measure has
shown that tne geometric nature of a measurable plane
set depends on the value of his density function. We
have constructed three new density functions using the
Smith measure function in place of Caratheoaoryls, and
have derived some of their essential relations.

1



a
In addition to this we have incluued in this dis-

sertation a section on elementary covering theorems in-

cluding a generalized form of the Vital! theorem and

certain sufficient conditions for its validity.



COVERING THEOREMS

1. PRELIMINARY THEOREMS ON THE SUBSETS OF
AN ARBITRARY CLASS.

There are a number of theorems closely related to the
covering theorems for which no special hypotheses are
required on the space, that is they are true for a perfectly
general class O* of elements” . This section shall? be
devoted to these theorems. In the interest of simplicity
we lay down the following definition:

A family N of sets S is said to be separable if
i > (the set of all points or elements that belong to the
various classes that make up 5" ), contains a countable
subset P such that every set S of 7 contains at least
one point of P . In this definition and throughout this
paper we use the word countable to mean either Tfinite or
countably infinite.

We now state:

Theorem 1. If F is a separable family of sets 5 ,
then contains a countable subset 5, ,S*,.... such that
a.n S~A-S,,.= 0 (m.<*)

1.3) S (s,+Si+— -)"o Tfor every S of .

e 3



Proof: The proof will be divided into two cases.
Case 1. There exists a finite set s , « n sets

of such that

a) S>*v Sx =m0 Mm-<n)
n

b) S (= 6tv) >0 for every 5 of -
The theorem is clearly true in this case.
Case I1. There is no finite set Si,... S*. satisfy-
ing the conditions of Case |I.
Let S& ~N2,____  be a denumeration of the points

of P , wnere P is the countable subset of the definition

given above. Let >/ be the smallest value of »* euch

that belongs to some set say S, of . Let~rbe the
smallest value of > sucn thatbelongs to some set say
Sx of and such that S, *SX»0 = By induction we secure
sequences {**). M such that

@.3 n,< <u3<.....

Q.49 Sfc* o

s s =0 (*>])
@6 (G, +e....tHI)s-0,
Now let 5 be any set of ~ and tE&XefatS, Let &0
be the smallest value of £ such that
Then( S 5 > 0 for otherwise we would have A |

which is contrary to fact. HenceSZ5n>0 for every *5

in »



There is now a question of notation which we wish to
make clear. if *F is any family of sets S and f(S) is a
function of the sets S we represent by B f(?) the least
upper bound of all T (® such that S 67*. general we
will use and B to indicate the least upper bound and
greatest lower bound, respectively.

Using this notation we are now able tO prove

Theorem 3. If iS a separable family of sets 3
and f(s) is a function on S 9uch that
c.1n TFTO>0 (seTl
2.3) TSF(s)<+00

and 6 is any positive number, then there wxlsts in a
countable subset &inZy_ whioh satisfies the following
conditions:
Al \smesn =0 (m< w)
Ax (e, T) S-
N E,1): ser, 0 = i
Proof: bet jiis*se fe)* de BT (?E[

This bracket notation will be used at all tim.e3 to indicate
the set or class of all points or elements whose description
is contained within the bracket#3hus 7l is the class of
all 3ets S such thatSsT and/(s)E-rfc Bf(T)

Now by theorem 1, contains a countable subset

SI> Sj.,.--auch that A is true and



(B.3) SfT. »s2as~>o0 6

In order to prove AiCe.T") , Wwe take

then e rm
and since Sw. t 7p» we have
BFf(F)

from which it follows that
f(s)4d+e)f (&9 W
Ae follows from the fact that if

then S does not belong to 9* and therefore

Theorem 3. Under the same hypotheses as in theorem Z
there exists a countable subset £],s*,.... of y such that
(3-1) Snv*Sh.—0 Gh N >5)

(3.3) If S is any set of 7 there exists an * such

that S* Stv > 0 and ff) *04e) f (i~)

Proof : Set57s , then by theorem 3, there is a
sequence of sets [Son } satisfying A,, Ax A» (e, T)
Now set

77s frit ST hiT0, s1 sen- =0]
On applying theorem 2 to » we obtain a sequenoe {Si*}

which satisfies A* , Ax (e&), a,

On continuing this process we obtain a sequence of
sets "SSn.n. |V (c* 0t )2— .)satisfying Al,
where (’*."*O,L Z,... .) are subsets of such that

Gc3 %>T,* ...



Now since /A3 (e,9>*.) holds we see that
B f("ﬁ} rta BT (TA- ,)
and therefore
Bf  &*)=(77ir BF(®)
so that
(3.4) =0
Now
(3*5) s # B0 (MPY) Gt )

For if " —t? this is clearly true since

satisfies Aj . i1f M’ we may suppose m*< f'" .
Then 32~ 6 and hence S 6 +/ since
mEm® «1 - But every 3 in E»»/ has no point in

common with any Sw * by the definition of 5*<"4/ and 80
(3.5) 1is proven.
Now suppose 3€T (—%) and let M. be the smallest

integer such that Se¥_- 9N It is evident that such
an integer exists by (3.4). Then 3 does not belong to
ana hence ; Ffurther, since S belongs to
but not to 52 >0 . It is also true
that ~S-nt-nn.} satisfies and therefore
'f(s)E (1+c)f @K-t]_s' Hence the double sequence n 2t]

satisfies conditions (3.1) and (3.2) which completes the

proof of the theorem.



3. COVERING THEOREMS FOR A METRIC SPACE

Up to the present the only thing we have used is that
our space was a completely arbitrary class G but now we
are forced to have some additional postulates on it. We
shall assume that we have a metric space 51:-@0\) that is

a class @ of elements ~ and a real-valued function A on

@P such that

n A - A
m A ("~ 2D+MA)gAC ,7,)
IT S 1is a subset of @and]) is any element of @ we
define
4(n~s)2g | 7Y
Tne e -neighborhood of a subset 5 of (P is defined
by the equation
N (fe,e) = [o/E ,5)6 €]
and the diameter of a set S by
d =8 A ~fa |, pES]
We have the obvious inclusion N (6,c)£E S
Theorem 4, If S] «S*> 0 then
s,i n (sx,a(i,))
Proof : Let $s], £Sj «Si then
A ~A BDDN d

and so TfEN d &™) which proves the theorem,

LLLY
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Theorem 5. I1f ? la a separable family of sets S
such that Bd(r)< + and e s a positive number, then
there exists a countable subset S¥,52---of such that

G.1D) S* S =0 D)
G3 £NG, @IdE@ix/

Proof : Let the sets S, fS2*_ _ be determined by
theorem 3, with f(S)» 4G , then ifS€ L , there is an 5*
ouch that
G.3) 5°5h>0 and 0 (9~ @+ d >0
But by theorem 4 we have

SSN &= @) SNE,E)A)SIN X, @9d GY)
which proves the theorem.

The closed sphere with center at cl , and radius /V
is defined as follows:

5(a,a)*. \_tilp3 A (»,p)EA]
As an immediate consequence 0f this definition We have

Theorem 6. For every sphere S , It is true
that

d (S (@, a)&zn

We may further state

Theorem 7. For every A€ @ and /1>Q}e>0 it is

true that

N (5(a,ae 15 (a, Ate)

Proof! Suppose fﬂ (S(a,a),e) 8

Then



Hence there is a sequence ™ J such that

@.1 CD and A (2.75*.)ke )

Then

G AEDHAA (Jb,F) A €rerx
so that

7.3) A (b)* eF®r ~ f5 fa,

which completes the proof.

Theorem 8. If 7 is a separable family of spheres
such that B/t [l’)<+-oo and 6 1is a positive number then
there is a countable subset 5j,62---——- of /N such that
(6.1) 57* 6K =10 6~ < k)

(8.2) If SE£ is the sphere concentric with 6k and with
radius (3+*€) times as great then
I Sk 227
Proof : Let S,, 5tT___ be the set of spheres obtained

by applying theorem 5 with € replaced by \ . Tnen
X7S IN@&EH,(HDAM  SIN &, C+H* ()
mz s 7L &) m i) K ~r 5~

where Z (8*.) is the center of S*. ,
3. COVERING THEOREMS FOR A METRIC SEPARABLE SPACE

If we strengthen the hypotheses on our space and
assume it to be a metric separable space, that is, one

which contains a countable subset whose closure is Che space

™



11
itself, we may weaken the hypotheses in our theorems.

Thus we may state:
Theorem 8. IT 7 is a family of spheres, then there
is a countable subset of 7 such that
(9.1 5*_*5h.= 0 Gr<m*.)
(9.3) S(s,+sx4-...) >0 for every S of 7
This theorem is an immediate consequence of theorem 1.
Theorem 10. If T is a family of spheres with
B i(?)< +00 ana e is a positive number, then there is a
countable subset SftSx__  of 7 which satisfies the
following three conditions
Al = s**su-0 (H< o)
KX [eth)\ s > Aire) =) @)
Aj (6,T): SeP, SE&».=0 & << Bd(T)
This is nothing but a restatement of theorem 2.
Theorem 11. It is a family of spheres with

B A@) <+00 and C is a positive number, then there is a

countable subset 5,, 5~—— of 7 such that
(11.1) 5mes*=0 (tw<>0
(11.3) ZSet ZT

where Slis the sphere concentric with S and radius

(3+c) times as great.

This theorem 1is merely a corollary of theorem 6.
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4. THE VITALI THEOREM
We shall now devote our attention to the most useful
of all covering theorems, the vitali theorem. We shall
assume our space to be the general metric space of section
3. We now make the following definition:
A set A is said to have the vitali property W*,V,
that is, relative to an outer measure function/”~* and a
family T* of cloBed sets F if there exists a between
O and 1 such that to every open set Gr there corresponds
a Finite subset of 5 S such tnat
1 A *F.=0 = ®
n R =oc fis/ i,...w)
- M* (AGG~avRA)4 &M* (AG)
It would be well to note at this point that if a set
A has the Vitali property Q\/fk,*j) then A
has the vit"uli proper ty @4*, %)
In proving the Vitali “"theorem we will need the
following :
Lemma: If a set A has the vitali property (M\r)
and also ('\I'*Q") then there exists a number ©~ between O
and 1 such that to every open set G there corresponds a

subset F,------ fv of T such that

() F. KG = 2. ...0
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@ JOP(AG-lire)~ —&/U~(\)
@ V= A<k-"Ri)= -&y* (AG)

Proof: Let 17" be the numbers between O and 1
which are given by the hypothesis. Take to be the
larger of the two. Then to any G there corresponds a
sequence F,,— ... P~ in T such that
& KT O0

® F%e (i~1,...>0

(?  ytf*(AG-g, FI)E£ i52* (AG)*tM/VAG)
Now take

® G.-G-~F;
Then to G\ there corresponds a sequence PrHi*———— 7

in , such that

©@ Fc’Fr-0 (i A9. Ksp

(0) Fi a Gl =>41,... w)

€k A X AV # (AG,)* MV T (AG)
It now follows from (6) and (Id) that

12 Fi-F-0 Gag<m., n

which with the help of (6) and (9) proves (1).
We also have from (6) and (10) that

an») Fi Kglso (—>n+),...n)

which iIn connection with (6) gives us (2).

In addition to this it follows that

M* (aG-£(F)EM* (AG-|(F)E »G)



and 14

* (AG'I, Fi) 4 -z~ (AG, * 2S+(AGD+xIV*(AC™)
which completes the proof of the lemma.
IM orem. 13, (vital!) if A haa the Vital! property

anct also 1'y'>F) then tnere is in 9~ a countab
et (P I"-} of sets such that

(13.1) F*- K= O (>*.<¥)

(13.2) M“E fv) = 0
(13.3) (A F*) =0
Proof : Let Gp be the entire space. Then by the

lemma tnere corresponds to GO a sequence F,————-
from *Fsuch that

(12.9) F*“Fj~0 (\Eji,<j+rLO)

(13.5) M'U -1, ri)=/a'<A&.-f,K} | 1W (A)
(13.6) j/’in-t Fl)» V CAS.- £ h) 4«>V<A)
~ow take

(13.7) G,* 6.- £ Fi
Then to Gl there corresponds a sequence >- FI,
from 9~ such that
(12.6) Ft"F|»0 (u.+t
(12.9) Ft 8§ Gi *=n0t+ti, ... T
(12.10) ytf* (AG, "G,)

(13.11) (AG .-jj~ Fi) 4
From (12.4), (13.8), (13.9) we have



(12.13) F% B.“0

It is further clear that
(13.13) /«'(A-],Fi)S/<f*rAGF ™ +Ri)AtN"'(AGQ4AN U™
ad. similarly
@z V¥ (K-3,Fi)a txv*(A)

On continuing this process we secure seguences

{wt} such that
/4% (A-1FJWCA-fcr.i)&
\Y(-JFO *-*= #0

from which the theorem follows.

5. SUFFICIENT CONDITIONS THAT A SET
HAVE THE VITALI PROPERTY (M*> T ».

The question now naturally arises as to when a setAg
has the vitali property. We shall answer tnis by the
theorems in this section. Our space will be taken to be the
3ame metric space that we had. in the development of the
vitali theorem, itself. We start with

Theorem 13. If A has the Vitali property (//* 7) and
if% is a family of closed sets and a positive number
such that to each F in there corresponds an F, in 7[
such that *F and M* (AF)\/M4A* CAF) , then A
has the Vitali property GIA\%) .

Proof : Let Ci be any open set. Then there are



sets FlI,-——PF<. of 7 suchcihat 16

(3.1) Fi’F~-0 ( a,
(13.3) F* = ....50

@3.3) M* (ate-3, FiDe W(CAL)
Now take FRJ|,...R¥ 1in , 0 that
(13*4-) Fii a RE m o h )

(13.5) ~*(AF*,) >4M* (B u - L )

Ve notice that necessarily 0 <£< |.

Now
(13.6) IV* ' B (f(AF*,)
sc that by (13.5) and (13.6) we have
3.7 [A* (A(>-%J )~M *(AK)'M*(1.An,)

&, AFi)

Similarly by (13.2), (13.3) we have
(13.6) CE(AF.) = M® (AG)-AA*(A6- | <(Fi)

£ (1-t?-)/C/# (AG)
to that we have from (13.7) ana (13.6)
(Afi-J, A,) * {1-4 (AG)
which completes the proof of the theorem.

Theorem 14. Let A and M be such that
(14.1) for every G it is true that the set T of all F
of y such that F»G , covers A J
(14.3) there exists a positive number situ to each F
of 7 there corresponds an F* not necessarily in 7

such that
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ay FSF*
1) M* (KF) ZK/O0F (AF)
c) any subset of 9" contains a countable
sequence F,, F5=....- such that
1=y Fi- Fr-0  (1*p
2’) ~"F/ N
Then A has the Vitali property (%, )m
Proof ¢ We observ# that as given in (b) is
necessarily less than or equal to 1 - Now let Gr be

any open set and consider 7N \by (14,1) we have
4.3) z ~ i AG
and by (c) there is a countable subset of ¥Q\FJ,F2,....

such that

4.9y FHFJ-0 (e

(14.5) A*2zrs
from which it follows that

@aa.6) HAG

so that

14.7) E/6T(AFV.*)>/tF*("A6)

which in connection with (b) gives

(14.8) \M*(AFi) ZAM*(AG)
Therefore there is an n. such that

(14.5) (AFY) > 1AM*(AG)
But

(14.10) V4* (A 1o



o 18
so that

@4.10) M * (AG-£EF;)-"(AG)-E/tF*(AF,r)E (1-t *.)"*(AG)
which is the theorem.

Before continuing we make the following definitions:

A family of spheres 7 is said to cover a set A in
the strict Vitali sense if at every point d € A there is a
sequence of spheres {S {aA‘. ()} such that AP K, (a)—O -

A Family | of spheres is said to cover a S A in
the strict vitali sense relative to AA* if there is a
positive number N such that to every open set O and
positive number e there is a Ue such that

X AG~”™Ue (e)

i AA*(U*)i JI*(AG) te  (e)
11 the class of all 5 of 7/ such that AA* (Uch) « AAN* (UeS™)
covers AG in the strict Vital! sense. (Here S* as usual
denotes the sphere concentric with 5 and having radius 4
times as great¥®)

A family T of spheres is said to cover a set A in
the strict vital! sense strongly relative to AA*  §F there
is a positive nutber K such that the set of all spheres 5
of 1 such that AA* (as)~ AA* (AS*) covers A in
the strict vitali sense.

Theorem; 15, If a family / of spheres covers a set A
in the vitali sense strongly relative to AA* then it covers

A in the strict vitali sense relative to AA**



Proof; Tt *> ~
- * N denote tne class of all 5 of

bucti that 44* (AS) a ~ AS® < Then covere A

in the strict Vitali eenee.

NowOeet

@5.1) £ S>5€9T , S™’SE0

Inen , covers AQ in tlle 8triO§ vitali sense. But if
5

@5.3) M* (AS)i*"# (AS»)

since Se”~f and aiao

W@y (3D
9inc9 51 S *c (i) 80 chat
@5.49 /**(A<iS)*"(AGS*T)
Hence if we set Ue * AG conditions 1, II, 11l above
are satisiied and the theorem is proved.

Theorem 15. it A4*(A) and a family *F
of spheres covers A in tne strict Vitali sense relative to
AA  then A has tne Vitali property 5%),

Proof : Let Q be any open sec such that/#* (AG) >0.
Take Ue so that
(16.1) AG 8Ue, M* (Ue) £ RKEG)+e
Bet
(16.3) % s 6«SasS4~r*(0esS)2r""*(U«S*3
Then 9~ covers AG iIn the strict vitali sense; in

particular
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16.3) | % 1 AG .

Now by theorem 11 we may take in 80
(16.4) 5m' "0 (AKAMAN Gt =~
then
-~ AA*Q4 Ue s,
Hence

AN (AGZB«) 5 (AGZ Sel £~ (Ue-1 WeS*0

2 AQe)-AA* (I Ue S.O

(16.6) (AG"e-"MTAG)
® (-N)H)N*(AG)+e
+ (\-KAL,)AA* (AG)

if e B0 « Wataa (a G) » 3K since

(16.7) (AG-1 S.O«% *# (AG-f 5e~)

it follows from (16.6) au. (16.7) that there exists an Yi(

such that
AA* (AG-JNS*™*)) EON\~K™M4A* (AG)
which proves the theorem, since if We 8et we

have t ~ rB~<-1.



THE SMITH MEASURE FUNCTION <pr >

Caratheodory defines an outer measure function
as any set function satisfying the following four postuiate3
| 04 E+< M* (0)=0
11 BSA =
11 IM* (Ai)SrfJAx)
v A (A,B)>0 -YMU k+&)-M*(A
Dr. Smith in his general theory starts off with a
function (p satisfying Caratheodoryls first two postulates
and then lays down the following definitions:
(or ®s s [(XZ o yast Ay
¢a | HA-AT)]
where 0O~ 1is any partition cf the space into a countable
number of cells measurable Caratheodory and A are the
cells of the partition. He then shows that by performing
the <T and A operations successively we obtain a function
(pr< (&) which satisfies Caratheodory”s four postulates.
He further defines a function,
fa/r)= 8B SPOo, ASIA*, d(AjS/r
and shows that
£~ PAA) = pre).
Above we mentioned a set being Caratheodory mealiyy¥kle>

31



33
it would be well to say what is meant by the expression.
We say a set A is measurable Carathe(OJaory if it is
measurable for every measure function./"* whicg@h satisfies

Caratheodoryls four postulates.

We are now in a position to continue witn our work.
V,e first lay down the following definition
f RB), B2A, Be
where fI is some class of sets.
Theorem 17, If 0 is an additive class that includes

every closed set, then to every A  »there corresponds a

such that
AS Ba, Bat B, d(Ba)- d(A), (A*  (Ba).
Proof« Take B*. so that
ASB,,,
Then take
Ba® ATT Bk

where A is the closure of A . Then
A i Ba, FANNN(BA)= <P (M =~"(A)+~
/. P*(A)~ &B2).
AISO
d@ASd@)Sd@B®*d®
d(A)= d (Ba)
Theorem 16. If @ is an additive class that includes

every closed set, then



(18.1) (p*r ®A* B e <pizoen w1
(18.3) ~',(A,a)=B [«010>(B*.hAilB,., BkJ(3 W,d(BO<A (*0

Proof: Me prove (18.2); the proof of (18.1) is
similar. Let K,denote the right member of (18.3).

show first that,

(18.3) R\,/») 6
To this end take { Be-w-I"-} so that
(A SI. Bk, d(Bex)4>t (%)
18,4 @+
Set
(18.5) AC*. = A-Ben
Then

8.6) A Aet, d A<)=d (Ben) A1
Hence
(18.7) P*"(A-.)4 0" (B.*)« (P(Bex)
Ye have by (18.4) and (18.6)
(18.6) <p4(A a)i
and (18.3) follows frori: this.
We now prove
(18.9) 07?'(A,/7t)2 -A

In order to do this take ~Ae* I'*'} so that

(s W*CA,*) 4 S a a+)» 0(A,a)+*,

Take so that



»

(8*11) Aik =Be*, d (Be*) =d (Aen), Be* 6 @ (Ey* (Be®
Then
(16*13) Be*., d @*.)=A ,Be~. =P, (Nn), Ben* Be*=0 n)
so that
(18.13) £* 1~ (&eK)y=£ ~ ( A.H)<0>"FA,/>>e (&)
which proves (18.8), The theorem follows immediately from
(16.3) and (18.8).
Theorem 19: if fl is an additive class that includes
every closea set, then
(19.1) ~(A)-£[~"x0?(B*UASIB,c, EwW&”™"0 @G**}
(19.2) PP ()i K3
Proof : Vie prove (19.3) ; the proof of (1S.1) is
similar. Let denote the right member of (18.3), and
the right member of (18.3) theorem 18; then clearly
(19.3) *./fmE».

In oraer to show

(19.4) 4 Al

take {b"m.1"*} so that

, TA%E B,~,d Ba) =A, 60

set

(@18.6) Be, - Be,9Bex=* Be, ,— - Bex* £ex- (Be,+ "Bex_/)
Then

A=1B=*XABz=>d B> =dBe™)i A
19.7
(¢ ) Be» tO, C‘.), B«>"=0 =)
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We now have from (19.7)

(19.8) 4, AFAIMm - . ~s~+e.
from which (19.4) follows, and (19.4)..,afcd (19.3) give the

theorem.

Theorem 30. IT z"is an additive class of sets

which contains every closed set, then

(30.1) B AiZB*, Bx<~ M

(30.3,)8 A (AA)-ft &ENTA*B*)> ASI d (Bx)** frq]

Y Proof : Let the right member of (30*3) be denoted by

4t and the right member of (16.3), theorem 16 by -

Clearly

(30.3) .a) 4 4,

But since MR- = ©ge have

(30.4) %p'(A+&%) £Z 0(K)

It follows from -chis that

(30.5) ~7 A
But ~2" by theorem 17. Hence (30.3) is
proved.

We now lay down the following definition
P Be)sia A>0 fA,A) >ej
In view of the definition we have the following obvious

relationships.
- PRRe>>o
no x4 ppAD > PleaPr= @

i A-TAx, a(Ax)ipWA,e) 21 ~ (CAO0~™Nr~r(A)-e.



Theorem 31. If B is Oaratheodory measurable then
p(iP.AB.e) 2 p ©,A.€)
Proof : Ve have
@10 > A-Er @)= @D
(31.3) PiA,A)$ PAB,AKp(A-B>,»)
The second of these equations follows from a theorem in
Dr. ymith” paper in which he shows that A*.,a)

From (21.1) and (31.3) we have

(G1.3) (P> (A)-"(A,A)5{0)"r*(AB)-"(AB.4)}+{"" , CA-B)-"(A-B./Q}
2 p™ (aB)- (AB, /i)

It follows from (31.3) that

(31.4) [U A TItp™*(A)-p(A,A)>4 i

and from (21.4) we have ]

] CP A& DB, €)

Theorem 33. If {&»=} is such that

(23.1)) A’IBkSAB where B is Caratheodory measurable,
@2.3) d@eo: pdPk,e)
Then

ZtpiAbjz P*"%kBh) - «

Proof: By (33.1) we have A" B*~"~ABK . This in
connection with (33.3) and theorem 31 gives
d (aB%) »d Bn) 4 P(<pAesP ((M'B.e)
Hence by 111 in the definition we obtain

l.BB)5 (A-B)-e=
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Theorem 33. To every A,/t,e thereOeorresponds d

sequence such that

(33-1) A = ,d@re) Ay 61t BBy O\ ()
where ft is the class of all Caratheodory measurable sets.
(23.3) If is any subsequence of {BAexJ"}
then °e

? P (B (A-£B " ~) +e
Proof: Take A{ to be the smaller of AT

Then take { %} so that
(23.3) A *£ 1 BD- 4, A, Per =0 e
(33.4) PP

This is possible by theorem 19. From (33.4) we have

(33.5)
Now let { be any subsequence from {
and let be the complementary subsequence.
Now
33.6) h Fc.0=1 +\ g (*<¥)

TA. 2 BX,H)= Pe- (Az B";,0
since £ B'.,*. =1 -0,1 {ft, 1 ft .Now by (33.6)
(33.7) TPE\.J<P™"r*

(AZB,.0}+«P "~ (A.]
so that the theorem follows from (23.7), (33.5), and

theorem 23.



Theorem: 34. If {Bx.} is such that
(34.1) BHEE@ M, Bn“B~"=0 (x<*.)
(34.3) " ft(A-B,)< (1-~")~"~A(ABO )
(B4.3) d (B0 & C (7, A, ™)

then
(EAB] £ d
Proof: We have by (34.2) ana (24.1) that
L<p* ABO-(a -*) ™
Hence by theorem 33 we obtain
0?"""* (LABOA~* (£EABO-1<p* " (ABO} ~d
Theorem 35. To every A ,A,d,4> there corresponds
a sequence { ™) such that
(35.1) ASX A 1d eadao »a F
(35.3) If { K-} ie the subsequence of
{ Ar. } maae up of its elements which satisfy the
inequality -
(B0.0) <" (A*Bt,*J> (I+i

then
P*” (1a-BhiJ =d
Proof t By tneorem 3b we can choose { B,d4~]"""}
ao as to satisfy (35.1) and the condition
(35.4) PEe-Bh~)i P ""*(EA* B/~ O + I
Eut by (35.3) and (35.4) we have

38
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Before going®™ any further we need xhe following definitions.

if F(A) is.a function of a set A >we define
(A)s”B [«af(A), A,d (A)4al
f (A,«)s2~f (A-B)

With similar definitions for the lower limits.

Theorem 36. If are such that there exist
sequences {e”}, {B/rd*>""} such that
(36*1) ligv =0
(26.3) Aot tP190(Atn. )*AF

(36.3) 07" r * fFAE* &**>,)«d where {B*«h u )*"}
is the subsequence of { 1% made up of the

elements which satisfy the inequality f(A* B/td**.) < ~

then
(Pxr*(Lott a*aea,f (A,a,)<0])~0
Proof : If in the sequer*ce { 1"} of the
hypothesis we replace by and d by we secure
sequences which we represent by { 1>} and which

are such that

©6.4) A B6A >Ba*>«V * s~ ~
(36.5) d

(36.6) (AIC.)if- (a,*,»*n)

where { i Lei s Is the subsequence of {

made up of those elements of it which satisfy the inequality

(36.7) T (A*Ba*.~0 <«~ef
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Set

(36.6) Ah =I"AB*~h

Then by (36.6) we get

(36.9) L r*(

Now suppose A-Ajn~ . Then A ani

and for some value of abAe us “snote
the corresponding B j*,~ by the symbol so that
df B,*~ but B<U*v- is not in the sequence

= On aooount of the latter we have
36.10) T (A~ B4A
By (36.5) ana (36.10) we see that
(36.11) f S"eA @anj>)

Nov/ set
/AIS Pif«» A, fQ,A)<—eA]

(36.13) | ~_ avi<ifA , f(A,«)t(B

so that
(36.13) AO=] aA
i-rom (36.11) and (36.13) we have

(36.14) A-AeU » A-A*.
which gives

(26.15) A* w Ax*  (dy)
Now by (26.15) and (26.9) we obtain

(36.16) =d (~'d)

and so we have



(36.17) (A*) = 0

The theorem therefore follows from

(36.13) and (26.17).
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DENSITY FUNCTIONS

If M and I/ are set functions we define the
following density functions*

& -l B)
[ A~L
<*’3)

c.f S7- >)

with corresponding def|n|t|0ns for the lower densities

Pro djl9,a)) B0 (I6C, il /1, a-)j 2% (sU)'H,  a%)

We have the following obvious inequalities

@ Voo, PUAN < m* FmW)* »*(*e

and

(2) 3>*0 ('& ™', *,*-)E Vioo (sUj'*',**); 7>#.(*itAt+)EV+0a(pU,'9'4ta.)
Theorem 27*

(271) «,***’ Ml**TM <?*,A,*')<O)=O

(27.2) tfrdaU **«.£%, “)>[]) = 0
Proof of (27.1)S  Set

LL7-3> w g - f

s0 that

(274) |*|/*.f**A> T(**)<C]*k**» «**>*.

[f we further set

(27.5) <24=N17

A and [ ntirely ew, [l reduaes to that of Besjcovitch
f]acetf th ? h

e r measure function of Caratheod or
anA rep?ace by the d meter* Y
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¥I¥en T (A*E)S’\-eE is equivalent to 3
(37.6) BeB)> (1+i) 027" "\(A-B)
Therefore (37.1) follows from (37.4), (37.5), and (37.6)
and theorems 35 and 36.
Proof of (37.3) : bet
(37.7) f prjfipll
then (A @»1- D*0([*™*%, A,a) , so that
(37-8) Ia/la) aA ,f(A,«) *0j=|V«a ,«gA,D*0 ~A
Also if we set
@7.9) e*=*Tj
we have
(37.10) f (A*B)*—- @) <0“i) A

and hence (27.3) follows from (37.8), (37.9), (37.10) and
theorems 34 and 36.
Theorem 38. If (r*@®<+@ and @ then

(8.D) <pr*(bli<, «€A, D»0 (p"""\ 0.A,a)>1]) =0
@3 p* (*UaiiabA, U™\, A, )<-\])=0
(38.3) Q™ (el &« tA ,D»0 «P

Proof: It is clear that (38.1) and (38.3) are
immediate consequences of theorem 37. To prove (38.3),
let AgqjAvjAo denote the classes oocuring in (38.1),
(38.2) , and (38.3) respectively. ©)
Then A » A0+ Ao + Ao and h$£ce we have

(389 P PO EoPT(om o)



but AO»A so that

(38.5) (pr *(/\)Z<pr *(A0Q
and (38.3) follows from (36.4) and (38.5).
Corollary ; If pl%(A)« o, - tnen
v VAO(<Prh,«)-D
=pr* ZVUamp(p'\ P,A,«)-D,o(0'*, P,

We will now consider a particular case of the above,

and derive a relationship between \$ A, and
DO« r \p *A, 1) , in order to do this we will

first set
(6.6 <f9f(«<,A)sEB A JK€EA]

tS M JiCa A)

Theoreir. 39. If <P is such that there exists 4>0
such that
9.1 (p CoApit (p(A) (A, a€A)
then

D*<0'\0,A,«) ZiVo((pr \<p,k,a) A)

Proof: Take {8k} such that a€B* (), d B-)=T

and “Smx< (ABY) p*
~  (p(AlZ) Do("

Then oo (avc(a.ABY). ~ <X (ABO IP(A-BX)
tf2(C(«,AB*)) @ p(C(*f*B*) “ (p(ABX)  ccca,aBx))

P 7aBx)
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Hence

* -k
D {O Al PSS 9) m)> (@ (a, ABO)

Theorem 30. If
G0*1) is a metric separable space
(30.3) is suoh that there exists a so that”
Py * * Go for every sphere S , where S*

is the sphere concentric with S and with radius 4 times

as great
(30.3) A1B ;. (30.4) Po< +
Go.6) o (@ ",<P,A,ad *€£B
Then
acfti

Pl?oof: Let % be the family of all spheres S(a,A)
such tnat
0.7) ats : (30.8) 2A E* L (P, A L0
@0.8) A (b-C(@,n))apC @A)
Then
(30.10) b
Wow by theorem 11 there IS a set S«i>Sdx,-----— of spheres

from 1€ such that
(30.11) S/ SGK=0 En.<>) > (30.13) lBen. £ E
We have by (30.10), (30.11), and (30.13) that

(30.13) B = BISS i A£9i
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Hence by theorem 33 and (30.3) we get

(30.14) P*F@)4 T (axseo *\<P (a*s*eo+e
t 17?2(SU) +e § Fx) +
Also by theorem 33 and (30.9) we have
(30.15) E~(5,K)+tei Or>(AIS«H)-10r , (ASeH)2d 2 (O(sel)
or
(30.16) (d-D 1~ (5dk) = e
and from (30.14) we obtain
©0.12) I<pMzi{p~"(B)-e)
so that from (30.16) and (30.1?) it follows that
(30.18) (@-D { <fT(B) -e} £ ite (e<r*(B))
It is to be noted that (30.18) is obviously true if d4 1
since then the left member is negative or zero, while the
right member is positive. If d>1 then (30.18) follows
from (30.17) and (30.16).
We have from (30.1S)
(30.19) (@D Fr{e)yio
which together with (30.14) gives d-1 40 as was to be
proved.
Theorem 31. Under the same hypotheses as theorem 30,
it is true that (U‘* A3 acA, D*(@ ,G,A, a)> =0
Proof : set En.® A, @(h)> +rd
Then
E,EExEE3E __....
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and

Ao —{oMd *A. 6A ,D* (@ A,a)>0" n%
But by the preceeding theorem we have

<T*(Ex)=0 M
and hence

0 4 [@@*(ro) 4 Z(pr®-)=0

which completes the proof of the theorem



FURTHER SUFFICIEHT CONDITIONS THAT A SET
HAVE THE VITALI PROPERTY

In a previous chapter we have discussed the sufficient
conditions for a set to have the Vitali property QW*,?)-
Now that we have completed our discussion on density
functions we are able to determine some further conditions,
in particular the sufficient conditions for a set to have
the Vitali property (@ ¥)-

Theorem 33. If QD is such that there exists a
positive  such that

<p(S(a,A))*™ <p($(adll)) (aA)
if A is any set with (Pr*@) 4-+ °° and there exist

positive numbers M, M such that

ana if is any family of spheres which covers A in the
strict Vitali 3ense, then A has the vitali property (@’7%/7),
Proof: It is sufficient, in view of theorems 15, 16,

to show that T covers A in the strict vitali sense

strongly relative to @‘* - We have the identity
(33.1) BS («,/5>)- Rfa,/.) 0T*(A-S0,4A))
where

. _ (P'UA'Sta.A)) (p($(a,4A)) (PCS (a, A))
@3- R = g5 +,a) FT*(ASCc,4/r)) (PCS fa, ¥1)Y)

38



But

(33.3) R (a,*)* CM) (1 k) ="

Hence there exists an (/fele) such that At £ e ana
R (fttAt) ="1("m)

ana henoe the set of all S of ¥ such that
@33.4) <P KSS)HKC/20°kP""(\$H)
covers A in the strict Vitali sense, which proves the
theorem.

Theorem 33, Let AA* be such that QW‘($) + (P
for every sphere and there exists a positive number “f
such that for every sphere
@a.1y AAX(S)E -it’U* (vy
ana further let M* be such that for every set A

(33.3) A* ® =B Qitf aaxe) *G 2A,G**~]

*
Then if A is such that AA (A) @ and A is covered

the strict Vitali sense by a family T of spheres, it is

true that A has the Vitali property @4*}7)-

3

in

Proof: It is sufficient to show thbt * covers A

_ _ _ _ _ *

in the strict Vitali sense relative toAA , Let G
our open set. Then by (33,3) there exists for every e
an open set Ue such that

3.3y AGSUe, ~*(Ue)E/ M(ACHe ®

bet o



Then covers AG in the strict Vitali sense. Also ?9

5« 9

(33.4) UeS 5%, Ues*=s*

so that by (33.1%

(33.5) [Of ([Je 5.

Hence the class of all S Of ~ that satisfy (33.5) includes
and thus covers AG in the strict sense of vitali,

which completes the proof of the theorem.

Corollary? |If a set A of the -dimensional
Euclidean space is covered by a family Jk of >t -dimensional
Euclidean spheres in the strict vitali sense, then A has
the Vitali property relative to the x -dimensional Lebesque

outer measure function and the family T .
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Comment on paper by Harry T. Fleddermann»s Density Pro-
perties of Sets.

The paper of Fledderman is an interesting and
very illuminating discussion of the components of the
Vitalifs theorem in the theory of measure. The enunciations
are made to fit very general assumptions on the underlying
space and Vitalil!s own assumption that the space is finite
dimensional is reduced to certain inequalities whose formula-
tion does not depend on this assumption explicitly. The
results of the paper were not intended to be novel in its
implications. Nevertheless the present study is a valuable

contribution to the present knowledge and future study in

the field.

S. Bochner.

Princeton, N.J.
May 10, 1940.
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