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ABSTRACT

A number Of papers have dbeen written concerning
the characterization of sets homeomorphic with a subset
( proper or improper) of the plane or sphere. Aamong
these are R. L. Moore, who gives seversl characteriza-
tions of the plaﬁ;. Leo Zippin, Re L. Wilder, D, %, Hall,
G, S« Young and R, H, Bing.

The main result of this paper is the following

theorem: A necessary end suffioclent gondition that a
spage S be homeomorphio with s ¢losed, gompag$, gonneoted

subset of the plene bounded by & finite number, n, of
moninterseoting oiroles, where n 2 1, is that S be &
nondegenerpte, eompact, continwous gurve gontaining a
eolleotion o of 2 popintersmecting aimple glomed gurves,
suoh that S 1s Dot separated by eny pair of peints or by
any element of 1p but 2 ia separated by any simpie closed
ourve which is not an element of gv» The necessity of
this condition being obvious, 1t is only necessary ﬁo
prove the sufriciency of the condition,
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The proof of the sufficlenoy is divided into
four parts. In the first part is proved the theorem:
Let M be a locally compaot, connected, metrio
apace which ¢an de eovered by a finite number of
oonneeteod open seta of diameter less than & when e
is positive. Suppose further that M gannot bs
separeted by the omimssion of any palr of pointas.
Let C be a compact subset of M and let x and
Y be common limit points of two components D, and
Dp of M=C suoh thas:
(1) ©C is loeally connected at x and at yj
(2) There is a positive {3 such that C«(0x
+Cy_4) bas a finite number of ecomponents
when d<dy (Gg 5 is the ocomponent of
¢*U(x,6) whioh oontains x).
Then given a positive number ey, there are:
(1) & do less then or equal %o 33
(2) oonnected open supersets UQO( Cx, JG)
and U.o( c,'%) of 01"0 and Gy’% whiokh
4o not intersect C] where C{=C-(C, g,
*Cy,s o” and
(3) & simple olosed ourve J in D, +Dp+Uy Og 4,
+U,003’Jo such that J interseots cxw%,
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Cy,do¢ Pa and Dp and J does not assparate
any point of MeJ from Cf.
The proof of this theorem follows closely Bing*s proof
of the Kline sphere ocharadterization problem.

In the seeond seotion it is nlmw:n that if Oy, Cp.

*y Cp are the elements of 77, mns-»}:'c,, is homeo-
morphic $0 a sudbset of the plane, This u aocompl.ished
by showing that S- :: C; is a Peano space whieh sontains
at least one simple closed surve and thet every simple
elosed eurve, but no are separates a—éc,.

In she third section it is shown that 8 does not
eontalin any primitive skew ourve of the first or second
types and hencs, by a theorem of Ciaytor, S is homeo~
morphic to a subset of the plans. In the last section
1%t 1@ showa that S is homeomorphic to a region of the
Plane bounded by n nonintersecting eirales.
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INTRODUCTION

A mumber of papers have baen written svncern
ing the charsoterization of sets homeomorphic¢ with a
subset { proper or improper) of the piane or sphere.

In [11]* R L. Moore gives three systems of
~ axioms for plane topology and in [32] he proves that
the spaces dstermined by his eystems are rsally homeow
morphic with ths plene. In [6] Miss Gewehn proves that
gertain oonditions will define a 2«dimensionsal manifold
without boundary among arbitrary Housdorff spaces. In
[16] Leo Zippin shows that in looelly compaoct, locally
eonnscted, gonneoted spaces satisfylng the Janiszowski
theorm, the nondegensrate eyclic elements are homeo-
morphic with a 2-sphere (or a region of a 2-sphere).
In [10], E. R. van Kempen shows that a P-space which
contains at least one simple olosed curve and whish is

separeted by every simple closed scurve but by no cloased

L See appendix for footnotes.
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are is homeomorphic with & region on a sphere., 1In [S]
Se Claytor shows that a neoeassary eand suffieient von-
dition that a P~gontinuum K be homeomorphio with a sube-
set of a aspheriocal surface is thats
{1) K doces not ocontain any primitive skew ourve of
type one or type twoj
{2) each out point P of K 13 a boundary point of
the sclosure of every scomponent of K-,
In copnection with Shis theorem, Hall in [9] shows shat
1T ¥ i3 s l00ally aeonnected eontinuum which 1s separa-
ted by no pair of its pointa end contains no primitive
skew ourve of type one, then i contains no primitive
skew curve of type two. Further characterizations of
the sphere and regions of the sphere are given by Wilder
123, 24] ena zippin 17, 18] .

In [B, 9] Hall gives a partial solution to the
problex of J.R. Klein: Is a nondegenerate; looslly ocon-
neoted, compasot continuum whioch 1s separeted by each of
its simple closed curvee dut by no pair of its points
homeonorphic with the surfaae of a sphere? In [&J Bing
gives a complete solutiocn to this problem. In [15]
Young gives a simple charsoterization of 2e-manifolds,
with or without boundaries, using Bing's solutlion of the
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Kline preodlem s a tool, For further bidbliographical
refrences to other work of this nature see [}, &0]a

The purpose of this paper is to prove the fole
lowing theorem: A neoessary and suffiocient condition
that a space S be homeomorphie with the closed, con~
neocted, ocompact subset of ths plane dounded by & Linite
number, n, of nonintersesting circles, when n Z 1, is
that S be a nondegenerate, sompast, continuous curve
sontaining a oollsotion 17 of n noninterseocting simple
closed surves, such that S is not sepsrated by any paly
of points or by any element of 77, but 8 is separated by
any simple curve which is not an element of T .

It is easily seen that this condition is necesw
sary. The problem has been handied nicely by Bing in
[4] when 77 18 empty. 1In the ocase that 1Tia not empiy,
it is oasily soen that 8 oannot be homeomorphic to the
entire 2-sphere, and hance 4f it is homsomorphic to a
subzet of the sphere, it is homeomorphie 0 a bounded
subset of the plane,

The proof of the sufficienoy of this ocondition
is given in four sections. In the first section is given
a generalization of en argument used by Bing [4]. This
generaligetion provides e valuable tool for dealing with
certain sets whioh are seperated by all but a finite num-
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ber of simple closed curvesa, bhut which ars not sonavated
by any pair of points, In the seennd mection it is shown
that if cl,,f.}::.,,;,,.‘.M,,GﬂL are the elemsnia of 7, theon $f~%’01
is homeomorphic %o a subset of the plene, In the third
section, it is shown that S is homeomornhic to a subset
of the plane and in tha fourth seation, it is shown that
S 1is homeomorphio to e region, i, @, a olosad, connacted,
conpact subset; of ths plane bounded by n nonintersecting
oirsles.

In ths arguments of the first section, the word
disrupt is used several times. It ahell he =sid that the
point set M disrupts x from y 1nAD if thers 18 an arc
from x to y in D but sach auch ars coontains a point of M,
Also, extensive raference is made to Bliug’s lemas whioh 1is
giver bslow.

Bing's lemna: Suppose thet space 1z ilosally ocone
nectsd and cannoit be separated Ly the onission of
any palr of its points, that the dboundary of the con-
nected dowmain ¥ 18 equal to the sum of the mutually
exclusive sets M, N and 7, each ol which is acceassi-
ble form D, and that »' is a connectod subdomain of
D sueh $hat mo point ¢f » elthier dizrupts D' fronm
E+¥d in DrE+*M or disruptis D' from I+W in O+E+N. Then

there is an open arc from il to I in U that does not

X



disrupt D* from B in D+X,
The following notatiocns ere used throughout the
paper:

8 1s a set satiafying the hypothesis of the problemg

77 is a collection of n nonintsreecting simple olosed
curves such that no elemenit of 1 separates 3;

G (1232 n) 1s sn element of T}

X, J end 3 are always poiants of 8j

W x) is eny open subset of 3 whioh contains %}

Wx,d) is the set of all points of 8 whose distance
from x i3 less than J'}

Bi’J.ta the componment of Ul x,4) whaich conteins x}

Cx,o (vhere O is a subset of $) 1s the component
of G*U( x,d) wiish contains xj

0§ is the set 0—(cx’£fcy.49 where x end y ars two points
of Cg

B.Gx' g, is an open set containing C, 4, whieh i3 of
diameter less than & but which does mot in-
$ersect qi;

Xy 12 an ars from x %o ¥y including the eadpoinis x
end yj

<xy> 1s the open ars xye{x+y).

All other notations and theorems used are convente

ionel.
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CHAPTER I

$l. Lemma: Letv M be s locally counected metric
space, and let L be a closed subset of e Lot D Ve a
conneoted open subset of M containing a singie component
L, of L, such that DU 1s compacts If My is a component
of NM=L thsn M1-D has a finite number of componentse.

Prooft If My = D then the conclusion is obvious.
Suppose then, that mi is not e subset of D.

The proof will c¢onsist of four steps,.

(1) To show thet every component of Mj*D=lifj eDeLy
is open.

(2) To show that every component of MyeDL hes a
limit point on Ly,

(3) To show that every component of My~D has @
1imit point om iy =~L.

(4) To show that, in the ilgut or {2) and {3),
the assumption thet Mj.D has an infinite number of com=

ponents contridiets {1).



Let D%eD.H,.

{1) Xet x be any point of & somponent Dbl of
D*=L, Now D¥-I. is an open subset of a loeally connested
metric space snd thus 1t is loeslly oconnected,. Thereew

fore there iz & neighborhoed U of x vwhich iv = subset of

Dp;» and Dbl is open.

(2) suppose By <Ly = . Set D=Dy, + [{ D-p™*)
*{D*-Dy,~Lg)*Lg]s Oonsider KDy [( D-D*)+( n*«nbl-:.i) +L,
+ Dy [(D= F)ﬂn*-nb L Lg)*Eg] . Now Ty oL amy Ly = 4
Also, Dp, £ My , D~D* S Nelly , D=D¥ C DeD¥*+L, +TBeMaD o
Therefore, Dy, £ ¥, and nbl[n-nn"fl "’%1' Deai® ].,

NHow Db ia a component of D"’-—Lg‘ and hence ml'[n*-l.j_*«%gs ¢.

Also, tram pert 1, no point of Db i a limit point of
M-Dy . Therefore, Dy [n*s-x.i-nbl]c . Thus X= Qand D
has a partidion. This ig = sontradiction.

(3) BSuppose 3@1"( Mp~D) = Qo Then My»{ify~D*)
» D*-L'fﬁ )*Dy o Consider Kme [ 36 =D%)+( D*oL=Dy, ]
*Dy,* [(nl-n*M D"'-L-Dbllj As a‘bmm nbloi n*«x.,-nb )
+D,, .(m) = ¢+ By supposition Dy sfifg=D*)= 'Bhl»( My
-»D-'ﬁl)'ﬁblc( M;~D)= ¢ s MNow Dbl £ D%, and nhonse, Mle-i’*;)*

— - 1% 7 }_ 0 -
= M D-bl. But no point of Dbl iz a Linlt noint of M Dbl@

Therefore Dblo( ml..n*) gnblo( Monl) = qb. Therefore,



K= ¢ and ¥; has e partition. But M, is a component.
This is e contradiction,

Now Li and My~D are closed disjoint sets and
hence, C({Ly, Hi-D) = Kk > 0 Since esch component of
D*—L1 has a limit point om Ly and a limit point on M, =D,
then eaeh gomponent has & dlameter greater than or equal
to X. Then each compoment has a point at a distance k/2
from Ly. Now suppose D*GLi has an infinite number of
components. Then there iz en infinite set of points {an
such that, (1) each x, belongs to a different component
of D*-L; and (2) P(L;, xp)=k/2. Now esoh x, € D and
henoe thercexists an x such thet x iz a limit polnt of {x,j.
Now esach x, belongs to E& 80 that x bslongs toiﬁi. Also,

P{Ly, xn)=k/2 for every x, and hence x does not belong
to Ly and x does not belong to iy~D. Therefore, x belongs
to D* and hence to some component Dy of D¥*. But by (1)
there 42 a neighborhood U of x which is a subset of Dy
But U contains en infinite number of pointe of { X,§ end
hence Dy contains points of an infinite number of ecom~

ponentas. Therefore, MloDéﬁi-(D-Li) hag only a finite num=-

ber of components.

§2, Lemma: Let M be a locally connected, locally

compact metric space which can be covered by a finite
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number of connected domains all of dlameter less than e
for every @ > O« If 2 1s a point of M and M-z is conneoct~-
ed, then M-z oan be covered by a finite number of cons
nected domains of @lameter leas than e, none of whish
contaln =,

Proof: By theorem 3.9, page 106 of Wilder [2] ,
N 4s loecally connected. Since M is loeelly compast, Ffor
each x belonging to M, there is a positive 4, such that,
for § less than d,, W x,d) & 18 compaots

Let % be any polint of M for whichk M-z ia connedgt-
ed, and let o de any positive number. Let 0, be a positive
number less than min{ ¢/2, d;/2). Then M osn be covered
by a finite number of connected domains of diasmeter less
then e,. Let nl.ng,.u,nj be those whieh do not contain
z and let DJ*‘I* D:...g.u., D, be those which do., Set
D= Djﬂ. *Dis2 *ess*Dpe Then D 18 a connected open set
containing 2z such that (1) %the diameoter of D is less
then e end (2) D 1s eompact. Then by §1, De(M~z) has a
finite numder of compousnts. Theas with DI,DBQH.,B 3
give the required covering.

Definition: If x € C then cx,,f shall be the
component of U{x,d)}+0 whizh containe x.



§3. Theorem: Lat M be a locally compaol,
connected metric space whioch can be covered by a finlte
nunber of ¢onnected domains of diameter less than @ when
e >0. Suppose further that M esnnot be separated by the
omission of any pair of polints,

Let C be a compact sudbset of M and led x and y
be eommon limit points of two componsents 1; and Dp of
M«C such that:

(1) © is locally vonneoted at x and at y;
(2) There is a pesitive 4y suoh that C-~{Ty +Cp ,)
has a finite number of ocomponents whenm s =<J4.

Then given a positive number ey, there are:

(1) a 4, less than or equal %o 43
(2) connested open supersets U, (Cy , )} and Ug (Cy ,.)
of Gx’db and Gy,&b which 3o not interseet C{
where Ci=C=(Cy ., +Cy . )3 and
(3) a simple closed curve J in Q&*DB*UQQGx’Jb*Uﬁawaib
such that (a) J intersests Oy 4 s Cy, 40 Dy and
Dg; and (b) J does not separate eny point of
M~J from Qi.

Proof;
Before giving the detalls, & brief outline of the



procf will be given.

4 finite colleotion H, of conneciod domains will
be obtained sush that their sum, H{, doos not seperate any
point of MSH{ from Cf in Mpng, and such that the sum of
any pair of nomintersecting elements separates Hf.
Collestions Hp, Hy,*++ will be defined whioh satisfy core
responding conditions and which sre such that the closure
of an element of H,,; iz a subset of His The colleations
Hy oHgyoee will be desoribed in suoh & way that the ocommon
part of their sums is a simple olossed ourve J whioh i3 a
subset of L *DytUg Cx, d’g""ﬂa OF, fp that does not separate
any point of li~J from Q£ in M,

Now consider the detalls of the proofs

Desoription of soliection Hy. Let oy £ o, be e
positive nuzber less than one one~hundredth of the dis~
tance from X to ¥« 4 eollection Hy; of connected domeins
-will be desoribed. The sum of the elexenis of H; will
be denoted by Hi‘. The golleotion H, of connested domuins
Ry 19 By gevsees By 4 (% > 100} will satisfy the fol-
lowing oconditions:

(1) By g intersects hl,j {1£€42%, L=3s51%)
if and only if i=j=1 or i=J or i=j+l (hlg-t*l

= by,1e B3,1.3 = B1,t)e



(2)

(3)
(4)
{s)

7

If % ¢ M«'-Ei‘ then 3;‘ does not separate z from
'] - 3
31 in M ng
som int of M-H" 1 88 p
e poin wxq 8 avcsssible from hl,i 3
the diameter of h}.,i is less than ©y 3
no connsated subset of Hi" that intersects By 4
. o)
<
end by .9 (1 21 =4%) is of diameter less
than 91/4t

Denote by Dy yDpyesn, Dy the elements of a finite

colieotion of eomnected domains covering M<{ x+y) such

that the diemeter of sesch is less than 31/300.3 Suppose

that each of the domains Dlgﬁaggo‘o.nj intersects the

complement of D,+Dgy, each of the domains Djﬂ,,l. Dj.,as»u,

D i3 & sudset of Iaa and eech of the doxalns Dy+1v Digenoe
ssey Dn 48 a subset of DB'

Let 41, oAgresey ".1 be a ecolleotion of arcs in

the complemant of D, +Dp+x+y suoh that o, (1=1,.004,]))

intersects Di. and C«{ x+y) o2 AlLso there are eollestions

of arecs @1,,7(1".1*1,.“,:1 i M =l,2,3) such that:

(1}
(2)

(3)

By m intersects Dy and Cj

9

ﬁia]_ E I’A“”Y)( i=J+1,e00.k);
Fi’l =) %.‘ x"‘?) ‘1”k"’lg Googﬂ) 3
Dy~x  (1=3+1,000,k) 3

nh

81,2

Pi,2

Dpex (1=k+l,404,n) 3

i)



(4) @1 3 Jﬁ ﬁ(i“.}*lgaen.k) H
pi.3 _-c_-'BB“"y ‘&“k*lgéanpn) b

* » & Y L &
(3) 83,1764, "€1,1" 01,0 "8y 0 P15 " BT
(x, and y, are endpoints of ?iw}

3 n n
Sino nd 1
e }_'{0(1 ’ 324-11@1'1 3*163_ g v 8 5},€1o5 are al
closed compeci sets there are three positive numbers
dgy £ 5 and §, such that: y n

(1) (mx,u . mywa)) z?q + 26y 0) = &

J+1

(8) Uly,d,)e 2(31 == O,
Now supposs 0({ < min {Jlg Y J‘sg .5‘4, ®9/600). Then

J
(1) (0 d.°+c Jo)'(2x1+2':‘€1 AT

J+l
(2) Cy g %:'(91 2=
(3) ¢y, £o" %;'}9 = ¢ 3
({4) diameter of C, end of C is less than
Ofo Ve J,Q
e1/300;
(5) Gi s Ceof c"t‘ro +0Y9JQ) has a rinite number of
components.

It will be noted that since C ias locelly connect-
ed at x and at y, there is a neighborhood U{x,{) of x and
a neighborhood U(y,A) of y such that U{x,()*C is a subset



of Gx"b' and Uly,A)*C 15 a subset of Oy, §o* But since,
by theorem 2 page 89 in Moore [2], the acoessible limit
points of D, and Dy are dense in CsD, and C»Dp respec-
tively, then U{x,A)+C snd W y,A)«C both contuin accessible
l1imit points of DA and of Dge Henve, Cx’ o contains
accessible limit points of Q& and of Dy and CY»Jb con=-
talns accessible limit poilnts of D, and of Dg.

B
Owing to the existancg of the aros @E+1’l, §J+1,2
and @1*1’3. no point of D, disrupts Dyey either from
—— ) ‘ - '3
Dyl Cx, Jo-*cl) or from Dyl Cy, JJGJ.)' Conaldering D,y Dj43,
- )
Da*Cx, g0 Dae0y, g, end D,C) a8 D, D', M, N, end E of
Bing's lemma, 1t is seen that there 1s an arc qﬁ*l from
Gi to Dy+j 1n Qa¢ci that does not disrupt cx;da
in Dy*Cyx,q *Cy, 4, & Let D' be a component of D =e(yyy

from Gr"b

that contains an open arc from C; . to Oy’db. If Djyep

* %o
] Dt 401
i8 not a subset of D', let dﬁ+2 be an sro in DA D +01
from a point of DJ+2 to a point of Ci.5 Ir Dg+a is a

subset of D', Bing's lemme can be applied to get an arec
a(:,z from DJ+2 to Ci in DA*O]: sueh that "J*l *a(j+3 does
not disrupt Cy o from Cy, fo in D, +Cy d'o"cy. fo° TIhe pro=
cedure is described in the following paragraph.

Let R be a point of D', Sincee no polint of DA
aisruptis Dy.g from C+Cx g4, 1n Dy*Cy+0x, 4, ‘there is an

aro P from Dj,, to Gi-rcz. ‘, in DA*Gidrcx’ Jo-ﬁ. A subarc of
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Gin D'+Ci+a(j,l+cx"o~}3 intersects D,,, and Gi*cx’fo"' o341
Hence, R does nol disrupt D4,, from Ui+“§+1+cx,db in D°
*3'(01*“%+1+cx,€0)' Similarly, R cdoes not disrupt DJ+2

Y -‘-l L ] A
from °i+°ﬁ+l+0x.60 in D'+D (Cl+fﬁ+l+cy,Jb)' Applying the
lemma, 1t is found that there is an arc from cx,db to
. k4 ”' 2] v
Uy,q, 10 D7D (ux"b+c?3‘o) which does not disrupt Dj.p
from Cl+eg,y in D'+D'(Ci+q3+l). It follows that there is
an are oj.p from Dy.p to Ci*dj,; in D'+D'(C{+«(y4q) which

; 8] '-'
does not diarupt Cx,db from OV'JB in D'*+DY(C +C

X ydy Y:Jb)'
If &), intersects Ci, set oy, pdysge If offsp°Ci= ¢, 1et
dj+2 be the arc in 43+2+«3*1 from D' to C{. in either ocase
*J*l+*3+2 does not disrupt Gxodb from Cy’dbin Qﬁ+cx’€b
*th‘o°

Likewise there 1s an arc LT from DJ+3 to Gy in
D, +C{ such that qﬁ+1+qa*g+dj+3 does not disrupt Gx’fofrom
Cy,do in Q&+CI.JO*CYodB' 4 oontinuation of this process
provides arcs 45+1!‘“J+2""-*n in D;*Dyu+C{ whose sum
does not disrupt Cx,db from Cy,dbin DA+Cx,Jb+Cy,JO and

does not disrupt CJ,K’J.0 from C C

¥ebo in DB+cx,db* Vrdo’ and

such that o (1 &+ Jtl,ees,yn) interseocts Dy end Cf.

Let G' be the c¢ollection of all domalns g such
that g is a component of the commou part of some domaln

of a » Dz, sesy Dn and the eomplemen’t; of O+ q’l+°(2«§ e o_,,_q,n.
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It P is =a point of D&' thers is an ere in ni from P to
o 4o Hence, if g is an element of G', some point of

G*(l*dé*...+qh is sccessible from g.

Let g} and g} be conneocted domaina which scover
Cx,4, and CY.JO’ respeotively, such that p{x; Gx’;b}< e}/300
and ¢ vy, Gy’co) < 31/800 for every x'e g} and for every

Y e ;;, but which contain no points of Ci+dl.+...+dh.7
Now let g, be the union of gg and all members of G' which
intersect g; and which 4o not have accessible limit points
on Gi*41+...*4h and let 8y be the union of g; and mem-
bera of G' which interseot g§ and whioch do not have acces-
sible 1imi¢ points of Gitdl*...ﬁ{n. Since every g' has

an acoessible 1imit point on cmx1+42+,..ﬂgn, every g!
added to qé and every g' added to g} must have accessible
1limit points on Gxolb and on uyi‘b' respectively. 3ince
every element of G' is ef diameter less than e3/300 and
since Ox.db and Gy"b are of diameter less then 31/300

and since ¢ x, cxa‘o) andef y; CY"'o) ere less than e;/300
for every x' € g} and for every v e g;, then the diameters
of gy and gy are both less then e1/100. Let G be the
collection of all elements of G* which have aoccessible

1imit points on Gi;q1+...%dn. If g is an element of G
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then soms point of Ci*«af...*qh is socessible from g and
either g & p&, & é;DB or g £ mn(DA+DB).8 There exlists a
finite collnotion,c& of domeins of G such that this colw
lection but no collection of fewer elements of G satis-
fies the condition that the sum of the slements of Gy is
& gonnected subset of DA and intersects both g, and gy.g
Denote the slaements of GA by 33,53,....gq,1 where By ine
tersects £, &, (1=2,...,9~2) intersects g,43 and €ge1
intersects gy but 8 does not interseoct 83 for J 2 1+a.1°
Similarly, there 1s s socllection GB of elements of G such
that this oolleotion, but no colleection of fewer elements
of G, satisfiles the oondition that the sum of the elements
of GB is a comneoted subcet orADB and interscots both By
and gy. Denote ths elements of “B by Eq+is Bq+Breces &,
where 8y intersects Bq+r1) 8y (1=g+), ese,r=1) intersects
€1+1» 8nd g, intersects gy but gy does not intersect g4
for j21+2, Denote 8x by &y and gy by gq.

Let E denote the set gl+33*o.-4gr Plus ell points
of M~(g&+8g*ess*gy) that it separetes from 0! in thﬁ;:;:

3
+ EVMJQ)' Zackh component of the common part of K and an
element of G intersects an element of gl,ga,...,gr.ll
However, 1t is8 to be noted thet no such components inter-

sects two g4's that do not belong to a consecutive set of

three domains of &3, €sy.4, Erbla Denote by gi the sum of
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g8, and all such components that intersect By It will bde
noted that g is of diameter less than e,/33,

If three is a factor of r, denot» the sum of the
first three elements of gi,gé,...,g; by hl' the sum of
the next threo elements by hg, «ss , and the sum of the last
three elements by h,e. If three is a faotor of rel, then
hl'hS""'hs are defined as before except that hj 1s the
sum of the last four elements of gi,gé,....g; instead of
the last threse. If three is a factor of r-2, sech of h,_,
and hg is the sum of four elements of g',g’..‘¢,g;'

b R

3ince each element of hi oontains an element g of G,

then a point of ci*dl*dﬁ*"’*“h is accessible from hi‘
Now hy is of dlemeter less than 01/3 and the collection
hyshpy ees,hiy satisfies conditions enslogus %o conditions

13
(1)' (2) &nd (5, tQ bG 8&13181‘106 b‘,‘f hl’l’ hl'g.“"hlgx.

Let hl,l be the sum of hlihgi“'vhn where socme
connected subset of hy+hotesath, of dlameter less than
e1/4 intersects h; and h, but no such subset intersects
both h, eand hn+15 let hl,a be the sum of hpsyy Bpipeecey
h, where some connected subset of dlameter less than e /4
interseots hy,; and hy, but no such subset intersects
both hp,3 and hpyy, ese , and let hl,t be the sum of hpy),

hp+3!""hg where some connected subset of diameter less
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than 01/4 intersects h, . ehy.peeseelige Then the collection

hl.l. hl'a,tcoghl,t 3&1318!‘5.65 conditions (1)' ‘g)t (5}3
{4) ana (5).

Deseription of gollection Hoe Choose a positive

nundber ey less than one one~hundrsdth of the d4diameter of

any comnected set in HY that intersects by ; and hy 4.

1

‘1'1,0'-,t§ hl,t+l“hl,13 hl,t*%‘hl,a)‘ A oolleotion Ha
of connected domains hz,l' hgtg. h3.340~¢. h2u3 will be
obtained such that:

(1)

(2)

(3)

(4)

(5)

(e)

h, 5 interseets hg’J if, snd only if, i=j-1 or
b

i=]} or i=j+1 (hg’1‘1°h3'$3 hﬂ,s*l”ha,l)‘
if = € Mpﬁg then Hj does not separate z from
Gi in M3
some point of M-Hg is aecessible from hﬁwi;
the diameter of hp ; 1s less than ep;

no eonnected subset of Hg that interseots hg,i
and hg 4.3 1s of diameter less than ep/4;

if K n;i,J) denotes hn,i-100*°'**hn'1*--'
*h'ﬂ., J‘l"'oa'hn' 3+100 where (hn' t+ f“hn' f) and

ir hl.lo interseots hg’mo and if hl’jo

intersects hﬁ,no then eltner Bl 2im,,n,)
SH(131,,J0) and W 23n,,m,) €8(133,,1,) or
else M 2id ,ny) € H(l;joel,) and HEETHGT,)
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€ Hl1314,50)s

Denote by L the component of the common part of
by ,2*Ry s*esetly g &nd the complement of the closure of
by ,1*hy 10 which contains hy g+ly g+ It will be shown
that if P is & point of‘hl,s*hl’s-and if R 43 a point
of L-P then R does not disrupt P from M~3§ in m»nfwx.

If R is not e point of by g+h the result is evident.

1,8
Let PQ be en arc in M-R from P to a point 4 of M-H*,

Let Q' be the first point of PQ in order from P to ; on
M-L, If PQ' intersects hx,s then there 1s an arc from
PQt=Q' to ﬁ-H{ in M»gf*hl’a because & point of Mbﬁf ie
accessible from h1'3. Also, 1f PQ' interseots hl.&’ R
does not disrupt P from H-gf in m~3f+L. If PQ' inter=~
sects neither by o nor hy g then Q' is a point of Mbﬁf.
This demonstrates that R does not disrupt P fromLM~Hf in
MeH¥+L,

Let Gy be a finite colleetion of connected do-
mains of diemeter less then e,/1200 whioch éovar M. Let
G be the collestlon of all elements of Gl whieh intersects
hl’5+h1,6' No point of L disrupts an element of G from
Mwﬁf in M-H{+L. Repeated appleocations of Bing's lemma
give thet there 1s a collection of arcs K in MwH{+L such

that for ezch element g €G there is an element (& K auch
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t -t -
hat « interseots g and M-Il but such that dﬁﬂm fl
— —_— 14
does not disrupt hl,l fron hl.lO in hl,l*"‘*h1.10°
Let G' be the set of sll domains g' such that g' is a
component of (1) the common part ot hy pteeethy g, the
complement of K*, and an element of G, or {2) the common

part of the complement of K*+C and by 4y (1=2,3,4,7,8,9).

There exists z finite collegtion G" of elements
of G' such that the sum of the elements of G" is a con~
nected domein intersecting hl,l and hl,lo but the sum of
no subecollection of CG' having fewer elements then G" is
a connectcd domain intersecting hl i (i=1,¢..,10)o15

?
Assume that g; of G" intersects hy 1» & (=1l,000yr=1)
intersects gj,3 and g, intersects hl’10-16

There exists a collection gi,gé,...,g; ol con=~
nected domeins such that si interseots hl,l’ gi inteprw
sBects 5{*1 (1=1,40e,2=1), g; intersects hl,lO' and the
closure of gi is a subset of gi.lv

Let E denote h1’1*8i+0~-*g£+h1,10+.¢o*hl’t Plus
ell points of H; which it separates from M—H{ in ¥. 2Rach
component of the common part of £ and an element of G
intersscts one of the domains hl,l’gi""*gf'hl,109 but

no such component intersecta two of thaese domains thet

do not beloung to a conseénsutive 3ot of thrse of these
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dowsina.ls Add such components to the ones of hl,l’
si. hl,lo that they intersect to form the sets hl’gf‘h10°
It 18 noted that the diesmeters of esch gg not intersect-
ing hl’B*hl’s"hl,&"'hl'?*hl’a""hl’g is less then 33/400.

Consecutive elements of g{,gg,...,g; may be som=
bined by threses and fours in 2 manner previously describ-
ed so as to get a c¢collesction 81,1'31,2""’31,u such that
the collection hl.gl’lggl’apoooggl’u'hlo.hl’ll'coc'hl’t
satisfies conditions anelogus to conditions (1), (2) and

- 19
{3) to be setisfisd by ha’l,ha’z,.a¢,h3’s. It is
noted that the olosure of each g is s subset of h N
1,1 1,1
“"hl,lo when 1,< 1<, ( where gl,io is the last ele=-
ment of 31,1""'5l,u which intersects hl'3 and gl,il is
the first element of 31,1”"'51,u which follows g1’1°
end intersects h ) .20
1,9

In a manner similar to that in which hl,l*"‘+n1,lo
wes replaced by h1+31,1*"'*31,u+h10’ replace hl,ll+"‘
*By,20 DY Byy*81 3t ecetey) vt hpgseees 80 Dy ypoptees
"'hl.t (9 £me< 18) by h.t_m‘fgt__m. 1+¢o a"'gt_n&w ""ht »

Let 31,0 be the fourth element of 81,1’51,2""

g whioh follows all of those elements thst intersect
i,n
?
¢ Note that g s the three domains immediately
h,1+3 1,0
preceding 31,0’ and the three domains immediately fole-

lowing 31,0' are eaoch a subset of hl,i+4 of diameter less
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than ep/100.

In the manner desoribsd sbove, replace 81,0

*8y u'BrotP11%811,17 000 81,0 T 6], 07hG gteretBY 1*6, 0
replaae gil o+ooc*8§l 0 by hé i..'.l*woo"’hé v““@;él 0; sos §

and replace g} _ ~m,0 ...+g1 o DY BL _+e..+nl 4 2l Phe

2,1 u'Bz,10
Closure of h} ...+na'r is a subset of h .a»+h1 20°

eses 5 8and the closure of hé ﬂf...+h +hé 1 ia a subset of
by t-nm?* "'*hl,lo' Conseoutive @lesments of hz,l'ha,z"*°s
hé'“ may be cowbined in a manner previously desoribed so
as to form a collection Hy of connected domains hz.li hz’z,

""hs,s satisfying conditions (1), (2), (3), {4), (3) and

Lesoription of simple olosed gurve J. For each
positive lnteger i greeter than one, a collection Iy of

connected domeins hi,l' hi’a,..., hi,ni can be described
satisfying conditions analogus to thuse satisfied by Hg,

where e4 is & positlive number less than one one~hundredth
of the diameter of any comnected set in L _; intersecting
hi 1,3 and h1 1, J+2‘ It wilil be shown thet the common

pert J of Hl, os 18 & simple closed curve iu L, +Dp

2"

+LQ°GI"° ercy"o that does not separete any point of

L '.
M-d from cl

4Ls the closure of IJ,, 18 a oconnected subset of
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H; (condition &) mnd as ecah hy ; contaeins sn element of
]

Hi'l,as then J is & nondegenersate continuum, This oon~

tinuum does not separate any point of MN-J fram‘ci because

no H; separates any point of MmH; rrcm.ci. Also, since
J £ 3;, and since H{ £ Dy*Dp*gy+ey (where g, snd gy are
open sets of diemeter less than e,/33, containing Gx,db
and cy’Jb. respectively, bui not intersecting C]), then
J & QA+DB*Ue°°x,J°+UaQGy.Jb' Let P and 4 be any pair of
points of J. Suppose that hi.p1 and h1'Q1 are elements
of hi,l”"'hi.ni that contain P and Q, respectively,
For convenience in notation, it will be mssumed thet it
is H(1;P;,Q ) that covers the closure of H(1+1l; Pie1ogey)
and that it 1s H(i; Q,,P;) that oovers the closure of
H(2; PyQp)seee and J p is the common part of H(1j 2;,P, ),
H(2; Q;yPp) ees, 1t 18 found that J'JPQ*JQP where Jp,
and JQP have only the points P and { in oommon.84

Hence, J ia a simple closed ourve 1n DA*DB+Ué°°x.JB
+U_C which does not seperate sny point of M«J from

g ¥ido

C{. Also, since J oconteins points of D, and points of

Db 1t must intersect cx'Jh end cy.db’



CHAPTER IX

$4e Lemma: Let o de en are in 3 which separates
the points 4 and B. Let xy be s minimml subarc ofaf, its
endpoints being x and y, which sepsrates 4 end B, Then

there is a member Gy of 7 such that XyeCy = X*V,

Prooft: Sexy has twe components Sl and .&‘53 whieh
contain 4 and B, respectively, Now thers exists = Jo
such that U{x,{) intersecots st most one slement of qand
Ul x,d5) U y,d,)= ¢

Since no subare of xy separates A end B, then x

and y are common limit points of S, and S,. Ther by §3,

1
there is a simple olosed curve J in 3 which ilntersects

Cx,4 8nd C (Cx,s and Cy 4 are components of U(x,s)exy

Y
and Uly,§)esxy, and which contcin x and y, respectively)
when J<J‘o which does not separate any point of S~J from
xy=~{Cx g+Cy ). But the latter is s conneoted set, and

thus 3-J is connected. Therefore, J must he =zn element
of /s Let 1% be Cy . 3ince U{x,/p) interzects only one
element of 7T, then there is no otsher element of W which
intersects Cx 4 @aand Cy s+ DBul since Cio intersecta CX,J

20



and Oy o for every J(J;, then Qio must ocontain x &nd y.
Now let = be any point of xy~{x+y). Then there
is & J, less then ;Q such that 2 ¢ xy»(cx,Ji,Gy'Ji).
But by § 3, 010 does not intersect xy-( cx’Jl+Gy’ J‘l), Hence,
z ¢ 010. Therefore, x gnd y ere the only points of xy
which belong to 01 and xy has endpointes only on 01 .
o 0

§6. Lemma: Let ab be any arc in S with endpoints
only on an element C3; of ¢ such that no proper subarc of
adb has endpoints only on any element 010 of ‘s Then ab

separates S,

Proof: Suppose sb does not separate 3, Let aoyb
end acgb be the two different aros of Cy with ends a and b,
Now consider S~( ab+acyb), a set which has & partition.
Let x be any point of ab+aclb eand supposs that x is not a
1imit point of some component S, of S~(ab+a¢lb). Then
there i a neighborhood U of x which contains no point of
Spe But then a minimal subaro of (ab*aolb) sebarates Se
This subarc nuat have endpoints only on some eleuwesnt of 77
(§4). But ab 1s the only such subaroc. This is a contre-
diction. Therefore every point of ab+ac,b is a 1limit point

of every component of S-( ab+ao1b).
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Lemma B.13 Let S; be the component of 3«(ab
*ac;b) which contains <Jac,b> . Then one component
of Sj=seyb has limit points on <(acyb) and on <abde

Proof of lemme 5.1t Let Z be a point of (acb).
Now there exists a cfl_ suoh that U(Z,d;)*(acgb+abl=¢.
In U(2,d,) there is a point which 1s an accessible
1imit point of S;. Let such a point be Zf. Let 3Zp
be & point of S;. Then there is in S;+Z{ an arc
Ziza from Z] %o Zg. Since 2] does not belong to
ebtac,b, there is a subarc Z.iZé of Z"Pi?.’.8 which does not

1
interseet ab+acgb. But then 21Z!-2) S Sy «(acgd)

which has Z} as a limit point.l gutIZiZéaZi is oon-
nected and belongs to some gcomponent of Sy~ lacgby .
Therefore, some component of §,~ {acyb) has a limit
point on {ae;bd o« Csll this compoment S*, Suppose
S* has no limit points on (ab) . Let S<(ab+ao;b)
=8,+8,. (Sy°Se=(). Consider 9-Cy=s*+[S1-(5%+¢,)]
+84+ (ab)> o Let E=5%, {[sl-( S*+Cy) [ +8g+ <ab>}
+3%e {[81—(8 *0177;33* {ab) }. Since 3* has no limit
points on {ab) then 3* ¢ 6"‘+Gl. But then Ex-{[sl
~(S*+G, )] +5,+ (ab)}* ¢. Xow S"‘-{[Sg_w( S‘**Cl)]*sa*<ab)}
~(s"‘+015] +Sa+<ab)}~ ¢. ¥ow S"‘o{[Sl-( Sf*(}l)]*sa*@b)}
< s*-)_?slscl)osﬂ+sl~(sa> +3,+(eb)s  Now 5,~C; 1s

locally comnected and thus 5¥*e [(J -'01’-»‘3’] = cP.
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Also, S-{abtae,b) is locally oonnected and thus
Sleig‘f’)w ¢ » and sinoe 8y £ S-(ab), then 3ysad - @ .
Theretore, K= d) .

But then 5-C; has a partition. This is & conw
tradiction and thus S* hes limit points on <abd .
This ends the proof of lemma Hel.

Now let S, be 8 second component of S ab*ablc).

2
Since 3g° <aegb> = CP, then Sg is also a component of
5-(Cy+ab). Therefore S~( cl+ab) has as two components

S* and Sg. Now let x € eb=~{a+b) and let y & acyb~(a+h)

be such that x and y are 1imit points of 3*, Since every
peint of ab+aolb is a 1imit point of Sg, x and y are
common limit points of S* and Sg. Now let J, be such that
[U(x,85)+0(y,d5)) +(atb) = ¢ . If C=0y+ab, then it is
easily seen that C-f stlo*cyﬂfo) i8 a connected set. Now
by § 3, there is a simple closed curve J in S which inter-
sects Gx’d.o'and Cy' dy such that J does not separste any
point of SeJ from Ce( cI‘d“o*cY. J-o). Thus S5=J is connectad.
But J ;ntersects Cx’d'o and hence ¢annot be Cij; and J in=
tersects Cy"‘o end hence o¢ennot be any element of 7

different from 01. This 12 a oontrediction. Therefore

ab separatea S,

$6, Lemma; If ab is an arc in 3, then ab separates
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S 1f end only if there is a subare of ab with endpointas

only on some element Cy or T,

Prooft Suppose ad separates 38, Let x and y be
two points of S«ab which belong to different components
of S-adbs Let a'b? be a minimal subare of sb which sep~
arates x and y« Then by §4, the arc a'b’ has endpoints
only on some element Cj, of 7.

Suppose ab has a subarc a'b' with endpoints only
on en element Gy of T« It csn be assumed that a'b?®
does not contain a proper subarc with endpoints only on
gsome other element C1 of‘ﬂ".25 How a'b' separates 8 bdy
§85, (1., e. S-a’b'-sll82). Now Sy~{eb) cannot be empty,
else it would be possible to show that a palr of points
would sepsrate S. Also, Sa~(ab) cannot be empty., Then
(S1-ebM(S,-ab) 18 a partition of Seab,

§7. Lemma: Suppose S* is s domein of S not
separsted by any peir of points and such that S=3* hes a
rinite number of components.

Suppoae C1 is a member of 4 which is a subset of
5%, Suppose every component of S*-C; has limit points on
every component of S-5%,

Then S*-Ol i3 conneoted.
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Prooft Let S; be a component of §%=Cy and sup=
Pose that 5*~C; hes another component Sg. There are two
pPoesibllities, In osse I will be oconsidered the possi-
bility that every point of Cj 1s & common limit point of
S, and 3g. In case II will be considered the pos=ibility
that some point of 01 is not a common limit point of Sy
and Sg.

Case I, Let xj and x5 be two points of Gl' lLet
& and b be two points of 01 which gre separated (on Ql)
bY X)*Xge Let d= 1/2p(x;+x,, ath)e If C=Gy+5~3%, then

Cxy,q 204 Cx, o are both subsets of 0y and G"(cxi.d*oxg.d)

xg.
* - | -y A

= (3=S%)+Cy ‘czi.d’exg.d" Since Gy (Gxi.fécxa.f) oon

sists of two arcs, and sinoee S-3* has a finite number

of componenta, then by § 3, thers 13 a simple closed ourve

Jd in slfsﬂfgapxi,f*gepxg,a such that no point of S«J is

separated from G~(le’(*cxz,l) by Je Now in S5+Cy there

is a subarc J; of J which has endpoints only on Gie Since

J—Ji contains limit points of S~J, then no point orf Se=dy

is separated from C“m"pfc‘z'ﬂ by Jie Bub 3y07)= ¢,

and S, conteins limit points on every component of 0~(0x1'{

+C )o Therefore 3-J; is comnneoted, But J; 1s en arec

IE,J

with endpoints only on an element of 77, Hence, by 6,
S-Jl haes a pertitions. 4%his 13 a contradiotion, and hence

soms point of C; 1s not a common limlt point of 3, end Sy,
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Case 1I. Some point of C; is not e common limit
point of 83 and Sg.

In this case some subarc of C, separates 5%, Let
A be a point of 31 and let B be & point of Sgs Let xiaxa
be & minimal subare of G, whioh separates 4 and B in 5%,

Let Si and 53 be the components of S*~xiax2 which contain
A and B, respectivesly. DNow S{ and Sé must have xy and x,
as common limit points, also, Si and s; have additional

1limit points on x,axg for otherwise 3% sould be separated
by the omission of a pair of points. Let Xz be such &
1imit point of Si and e be such a limit point of Sé.

Let d= 1/2°p(xy+xs, xg*xzy)e If CoxjaxgtSg*
single sre which cgontains e limit point of Si and & limit
point of S!. Therefore c-lcxl"*cxgd) has a finite num-
ber of components, each of which eontains a 1imit point
of S!

1l

1 ¢
$3, there 1s a simple closed curve J in sl*sa*ueaxl,J"

g such that no point of S=J is seper:ted from

end each of whioh containe & limit point of Sé. By

Uchg ’
G-(Gzl.540x2'g). Now some poilnt of J does not belong to

i+ Suppose that such o point lies in the complement of

l.
Si. Ther as in case I there is a subarc Jl of J in the
complement of 3] suoh thats (1) J; hes endpoints only

on C,j end (2) no point of SJ, 1s separated from c«bx
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*912’6) by J,. {(Note that J; may not have endpoints on
cxl’; or on cxa”‘). But C«( Gx& ’;-*wa;)*s;_ is a connected

set in SeJ,, Therefors, S-J, is connected. But by §6,

S'J}. has a partition. This is a ocontradiction and hence

S*-cl is conneoted.

§8, Lemma: If 3 cannot be separated by any cole-
leotion consisting of kK elements of 1 and any finite num=-
ber of points, then 3 ocannot he separated vy any collsction

consiating of k+l1 slements of M,

Proof: Qonsider a collection of k+l elements of

M. Lot these elewents be Gl, 08"'"‘02{*1' How suppose
k+1

S*s5- 27 C4e Then by the hypotheses 53* is a oconnected open
2

subset of 3 which cannot be separczted by the omission of
k+l

any pair of points. 4lso, 3'2701*010 is connested for
i

i< 10 S k*l,
Now if M 1s any connegted open subset of S5 and

K 18 any closed subset of M, then every component of M=K
k+l
will have limit points on K. Therefore, since S-E"Ci—*ci
1 (o]
is comected for 1 <i,2k+l, then every componeant of

k+1
5*=C,=3~-Z/C, has limit points on C, {1<i Tk+l),
1

i

o

(This property will be used several times 1n subsequent
k+l

theorems.) Since S=S*= Zai'ci, then S=3* has a finite

number of components, and every component of Sﬂ*-cl has
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limit points on every component of S-8*, also, Oy is a
subset of S*. therefore, by §7, S*«C, 1s connected, and

thus no golleotlion of k+l elements of JI separates S.

§ 9. Lemma: If S cannot be separated by any oole
lection econsisting of k elements of 7 ané any finite
number of polnis, then S cannot be separated by any col=
leotion gonsisting of k+1 members of W and any finite

number of points.

Proof: By induction.
Let Cy5 Cgy Cypeeey Op,y Do anykfil elsments of 17
and let X, be any point., Suppose S*=S=( ] 0,+x;)s Then s*
1 Z i
is a connected, open subset of S which ga:mat be separated
k+
by any pair of points. 4ls0, S=S* = Za' Cy+xy , and has

k+1
a finite number of components. Since 3«{ ZE Gi‘*xl)-fxlis

connected (f8) and since S kz:;’lci*-xl)*fﬂio is cugffoted
(1 ¢ 1,£k+1), then every component of S wCq =S Zl"ci+xl)
has x; as @ 1limit point and hes a l1limit point on Gio

(1L<1 % k+1). 4Also, it can be assumed that C, is & sub-
set of 3*, But then by §7, 3%«C, is conneoted. Therefore
S is not separated by any eollection consisting of k+l1

elements of M and a single point,
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Now suppose that 3 cannot be separated by any
sollection vonsisting of k+1 elements of 7 and by eny g
points., Let Cis Cgeoeeey Cxayoe X1 Xppeoesy xg, Kg+), be
any collection eonsisting of k+l elements of ]I end any
g*1l points. Suppose S¥*=mSe ( %;"lci* g}::'lxi). Then 3* 13
a oconnected, open subset of S whiech cannot be separated by

any pair of points. 4also, S=S* has a finite number of

componsents.
k+1 g+l
Now S- 21 c,;*% x4/ +Gy, 48 oonnected when

k+1 g+l
1< i,%2k*l and S- 21 G,_'*%‘ Xy |+xy 18 counected when

1 ¥ 1,¥ &*l. Therefore, every component of S*«Cy has
Xj, @8 a limit point when 1 % 1,2 g+l, and has & limit
point on Gy  when 1 < i, ¥k*l. 4leo, it cen be assumed
that C; 1s a subset of S*. Then by §7, S*~C; is connected,
and thus S cannot be separated by any collection songist-
ing of k+*1 elements of 77 end any g+l points.

Therefore, by induction, 5 oannot baseparated by
any collection consisting of k+l elementis of U and any

finite number of polnts.

§10, Lemma: S cannot be separated by the omission

of any finite number of polnts.

e

Proof: 3Suppose that 5 cannot be separated by the
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omission of any set of k points when k 2 2. Let Xy sXp

v caXy be any set of k+l distinct points, Suppose that
XTys Xpserey X,y all belong to the same element 010 of m
for some i,, when 1 =< i,<n., Then §=Cy & S=(xptxgree.
+*Xp+1) £ S«Cige Sinoe 803, 1s connscted (definition of
cio) then so0 is Se{x; +x +eeetx .,).

Suppose that two points, say xyend x,, do not
belong %o the sams element cio of T+ 'Then any simple
closzed curve contelnlng x; and xg is not a member of 7r.

Suppose S~ %111 hes a partition., Let 3; and
Sp be two oomponentsf Since né set of k points separates
S then x and xp are common limit points of S, and Sg.

Now conslder S« xy+xg+**e+x.,,) (note that
X tXgtetetX ) maY be empty). By a repeated application
of §2 to S, 1t can be shown that S-{xy+xgrecs+xy,y) is
a locally compact, connected metric spmce which oan be
covered by a finite number of connectsd domains of
diameter less that @ for every positive e. 4lso, S=(x,
*xs*"'*xkﬂ) cannot be separsted by the omission of any
pair of poinis., ‘fherefore S«=(x +Xg+...*X,1) satisfies
the condltions of I 1n$3. Also, X;+Xp+Xz satisfies the
gonditions for C in §3. Now uxl" and ng,fs are Jjust the
points x; and x; for end 4 « 4lso, U"(le,a‘*cxg,d') is

the point Xz. Now by §3, there is in Sy+8pUC, ULy o
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a simple olosed ourve J whieh interseots x;l and X but
whioh does not separate any point of Se{X +Xg*ese+Xy,q)

from X, Henoe, S=(x +Xg+*e..¥x ,1)~J 1s connected, But

S=-J = §-Tx4+...*xm1)~3'. Therefore, S«d is sonnected,
This 1s a ocontradiotion. Therefore no set of k+l points
separates S, 3inece by hypothesis, the lemme is true for

k when k=2, it is true for any finite number of points,

§1l. Theorems S8 cannot be separated by any
collection consisting of k elements of 177 and a finite

number of points,

Proof: S cannot bc separated by any element of
U by nypothesis. By §10, S eannot be separated by asny
finite collection of pointse Then by $9, S cannot be
separated by any element of I end a finlite collection of
points., By §8, S cannot be separated by any two elements
of T »

Therefore by mathematical Induction using 68
and §9, 3 osznnot be separstad by any colleotion consiste
ing of k elements of T {k £ n) end a finite number of

P ointsa.

$12, Lemma: Let o' be an arc in 3 with endpoints
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al and bi' If S* 1s a component of S=%', then S* cennot
be separated by the omission of any finite number of

points,

Proof: Let S* be a component of S-etble Let x
be a point of S™ and suppose that $3*=x hes a partition.
Then there are points A and B of 8*-x such that i and B
are in separate components of S={ a]'_bl'-fx). Suppose that
A belongs to C3 (1 54,%n). There is an e such that
Ua,e" aibi*x)= ¢ . But then IZI&.e is a subset of the com=-
pontnt S; of S=( a]'_bi-;x) which contains A. However, L
contains points ofs)_) C,s Hence, an A' can be picked in
3, such that a* ¢ cil Lial,...,n). Therefore, it can be
assumed that A+B £ Se 3 Gi.

Since S-x 1is c]énnectsd, then aibi separates A and
B in S=xs Let «(=a;b; be a minimal sudarc of aibi which
seperates 4 and B in S~x. Let SA and SB be the components
of S={a;by+x)} which contein A and B, respectively. It
will be noticed that, since no palr of points separates
3, «is not e degenerate srce. 3Since o 1s a minimel aroc
seperating 4 and B then a;, and ‘b1 are both common limit
points of SA and SB’

Now S~x setisfies the conditions of $3, and there

18 & Jo such that when o« ;= o(«-(ntal’; “(bl’{)’ then o is
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oonneoted when J(JQQ Therefore by §3%, there is a simpls

closed curve J in SA+SB*U9¢( *Ue"(bl.f that does not

of
seperate any point of Sex=J irom 0(1. Since a(l is aoon~-
nected then Sex~d is connected and 5~J is conneoted
(S=~J S S<x=«J). Therefore, J must be one of tha simple
closed ourves that doces not separate 34 Since there ics
such a J intersecting o

e
than Jo' and since there is a d’l such that d“l"" inter-

,é and c(bl ¥ for every 4 less

sects at most one element of 7 when J<d'1, then oneelement
C, of 7 must contaln e, and by.
Let z be any point of a1b1~€ al*bl). Then there

is = 6‘3 such that z doeg not belong to .( ’;2 bl"fa‘

But Gl belongs to 5, +S4+Ug a(l’qr +U dbl"f » 8nd hence =z
does not belong to Cl' Therefore albl has endpolnts
only 2n Cl.

Also, e and § oan be made sufriciently small so
thet er(al’;*ve-(bl’; does not ocontain x. Hence C; £ Sex
and x does not belong to Gl‘

Now 8y end x ere both common limit points of SA
and Sy and tha component of U{x,e)+(<+x) which contains
x 18 jJust x 1tself, 4lsco when J'<.fo ol =ol ;is an arc.
Then by §3, for any e there is 1in SA*MB“UM(&]_ o Uz, 0)

a simple olosed curve J which does not separate any

point of S-J from of =« « DBut N’-a;il’J is oonneoted

106
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and hence S»J is cornnecied. Now J and e oan be chosen
sufriciently small that: (1) Ugra, 501" @ (1=2,.00,n0)}
ané (2) Ulx,e)eC3= ¢ « Henoe J is nout en slement of .
This is a contradigction. Henoe, nc point of S* gseparates
8%,

Now suppose that the lemma I8 true for any set of

k points. Leb X;,XppeesyXy,q be k+l points of S¥, such

I+l
that S"‘«—E:,":a::IL hes a partition, Then there are points A
k+1
and B in 8%~ 3 'xl suoh that A and B are in separate
1 K+1

components of Se{ aib{*'Exi). 48 before, it can be
1
assumed that 4 and 3 do not belong to eny element of 7T «

k+]l
Since S-3_x, is oomneated, by £10, alb! separates
1
k1
A and B in S-; x,. Let & =ayby bg*i minimal subare of
a'b' which separstes 4 and B in S« 'x, . Let S and S
11 k1 14 A B

be the components of Se( albl*—zl‘xi) which contain A and
B, respectively, It will be noted that since no finite
number of points separate S, by §10, <K is not e degenerste
arce 3ince o is the minimal arc seperating 4 and B, and
since 3* 1s not sepsrated by any k points, then ay, by, Xy
(1=1,+e0,k+1) are ell common limit points of &, and Sge
It cen be shown, by repested application of $2,
that 3-%:1 satisties the conditions of 93, and since
there .‘;.sla o suoch that when o(1=-<-( (alp 5*'(1,1’ ‘) then el

is connected for every J<d,, then by $3, there is a
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simple ¢losed ourve J in 3&"'313*“@”@1, J*ge“'bl. g Bhat does

K+
not separate any poirglar S-E;'xi-a rrom ’(l' Since 0(1

is connected then S-? xi--.T is connected gnd S=J is cone

nected (S~J & Sngz;lxifn-! }e Therefore, J must b2z an element
of s Since thire is such a J interssoting p(al‘d. and
e(bl’; for every 4 less than d,, and since thers is a J'l
such that .(al" intersects atr most one element of 7" when
d <d;, then en element C; of 7 must contein a, and by,

Let 2z be any point of albl"'( al*bl)o Then there
are numbers 52 and e, such that X;,Xpyeee;Xy,q 8nd 2z do
not belong to U32°<31- J‘z+U52°(b1sfa' But C; belongs o
SA*SB*Uegfal,fa*Ue;bl,a’z and hence Xy,Xp,e+e,X .y and
z do nnt belong to C;. Therefore, &1 b; has endpolnts

only on Gl and the points X} sZEgyvee X, G0 not belong

to 01.
Now &y and x are both common limit points of S
A
and Sy and the component of Ulx,e)*(«(+x; ) which contains

x; is just x; iigfielf. Also, when J'<Jo, 0(--0(&1"- is an
arc. Sinoce S---é,"x1 satisfies the conditions of $3, then

for eny e there is in S&'*SB"UQ'(:&”J*U‘ X1se) & slmple

closed curve J which does not separate any point of
k+1
s-g’xi-a‘ from a(-“%l"r » Bub <~ Ay, 4 1s conneoted and

k+
hence S-iji-.f is connected, O3ince 3-J £ :Sugii-;f,



then 3-J 1s conneotoed. Now d and e can be chosen suf-
fioclently small that: (1) uea@l,,oci = d?(iﬁz,...,n);
and (2} Ul(x;,e)eCy = ¢. Hence, J i3 not an element of
T . Thie is a contradiotion and hence, no finite set of

pointe of 3* separates 3%.

$13, Lemms: Let « be an arc in :3-En 01 and let
3* be a component of S~e Then if 3* cunno:‘ti: be saparate
ed dy the omission of any collection consisting of kwl
elements of M and any finite number of points, then 8*
is not separated by eny collection consisting or k sle-
ments of T .

Proof: Notioe first of sll that S=3¥% is connect-

edse Now let C;,Cp,eee,C) be any set of k elements of 7,

k
Set S'=S%*=J7 Ci« Now comsider 3'~C,.
2 k

Since ..;-Z’G is connected, by §11, then every
component of 3 "Cl has & limit point on S5-3*%, Since

ct-{}Cfci 13 connected when 1< i #k, then every oom=-

ponent of S'-Gl has a limit point on C It may be

15°
assumed that C; is a subset of 5'¢ Also, 3' ia a cone

nected open subset of 3 which cannot be separated by the
omission of sny pair of points. <Then by §7, 8-Cy is con=-

nected end hence 3%- 217 C4 im connected.
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n
§14s Lemumss: Let  be an sre of sz O; snd let

3% be a component of S=«e If 3* canuot be m parated by
tie ouission of sny collection consisting of k-1 elemenis
of Jf and &ny finite number of points, then 3* cannot be

separated by the omission of sny oollection consisting of

K elementis of [ and any finite number of pointa.

Proof: (by induction). Note that S=3* is just
« itself and asince S-%Gi-x is comnected, then every
component of S*-Z% ci-}:;; has limlt points on every component
of Se3%, .

Let 01,02,...,01‘ be any colleetion of k elements
of 97 and let x be any point, Then S*=- Z‘ G; is conneoted,
by §13, and 8% (2%,'{' 01+x)+01 is connact]éd whon 121 2% ke
Set 3'=3 E C *z} This 1s a connected open subset of
S which oarmo'c be seperated by the omission of any pailr
of points, 3Since S*-%’ 01 is comnected, then every com-

1
ponent of S'-—Cl has x a8 a limit point, end since 3*"‘(2731
T

1
a 1imit point on Ci when 1< i, ke It may be assumed

+x)+01 is connected, then every componsent of I'«(, has
o

that C) is a subset of S' and hence by §7, 3'«Cy 1s con=
neoted. Therefore, S*~ (Z' Gi+x) is connected,
1
Suppose that 5% - (Z‘ 01) is not separated by any

1
colleoction of m points. Let Xy9Xgseees Xy, be any set of
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n nt+l
m+l points, Since S-Z‘ci-rxi is connected, then every
1 1
k ntl
componert of $*=-3' C G~ Z:‘x has & linit point of o , and
1l
henoe on every camponent of Sei¥*, Let 3' equal to ST~
m+l m+l
(Z‘, c *Z‘x) Sinoce S¥- (Z," Gyt S’x) *G, 1s connected
o
when 12 i3 Zk, then every oomponant of 3° -Cl has & l1imit
m+l
point of Gy, e Sinoce S¥m (};b +§:‘ Xy is conneocted
1,

when 1§i°§ mtl then every oomponent of S'-Cl has xio as
a limit pointe 4lso, 5' is a comnneoted open subset of S
which cannot be separated by any palr of points, and it
can be assumed that C. 1s a subset of 3', Then by §7,
1 kK mel
3'«C, is connected and hence S*-[3]C +z'x‘) is comnected.
1 Ky 1§ 1
Then, by induction, 5%-3 C; cannot be separated by
1

the omission ot any finite set of polints,

n
$15, Theorem: Let of be any arc in S= 37 G, and
1l
1et 3* be a component of 3-oe Then 3% cannot be sepa=
rated by any collection oonsisting of k elements of T

end any finite set of points.

Proof: By §12, S* cannot be separated by the
omission of any finite number of points. Hence, the lemma
18 true for k=0, Now asuppose that the lemnaa is true for

k=m., Then by §13 and §14, the lemme is true for kem+l,

Hence, the lemma is true for any finite k.
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n
§16. Lemma: No subars of $-37 C, sevarates
n 1
i

n
Proof: By §6, Af « A8 an arc of S=Y/ Gi then
1 n
Se & 1s connected. But by §15, as S*sS=e(, S=ol= Zi' c,

= °'2 c -a( is conneoted. Hence, « does not separate
..)-I« c R
n .
f 17. Theorem: The aet 3= }_’,‘ci is homeomorphic
1

t0o a reglion on a sphere,.

Proof: (1) The set S-}_',‘O is comected, by§ll,
locally ccmpact and looally oonnected. Then B-‘Tf" 01 is a
P-gpace in the sense used by E. R, van Kampen, (2) The
sot S-‘E’ Gi is a locally compact, looslly connected set
which ctnnot be separsted by the omiasion of any noint,
by $11. If x is eny point of Cy then every Ul x,e) con-
tains points of S«C;. Thus S-Zi;’ Cy is nondegenersate,
S3ince 3 1s a continuosus curve, S 13 separable, Then by
1.25 chapter III of #Wilder, [5_] s S 18 perfectly separ-
able, and hence any subset of S 1ls perfsctly separadble.
Al30, 35 1le normal. ‘hen S«-}i%' C4 13 a nondegenerate, per-

fectly separable and normel, locally compact, 1lncally enn-

nected and comected set. Fence, by 3,32 chapter 1III of
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n |
Wilder [3], sS-3 C, is oyclicly connected. Therefore
n 1

3= Ci sontains at least one simple closed ocurve,
1 n
(3) Let e be a simple closed curve in S- 37 C,.
1
S o 3. = W
Then.@ £ S and ; F 31132. Now@ contains a l1limit point of

S Since $5=Z! G, is opum, there is an e, such that

1° 1 1

ol x];le )c Sw z: Cys But ulx,, elx)]l *Sy ;‘qﬁ. Therefore

(s-;:,' Cy)esy f¢ Similarly (S=37 Cy)esS, F ¢ « But then
n _ n

(s-37¢c,)-8 sn( a—zl’ 61"31 (s-zl‘,' C4)*3p. Theretfore g

1
separates 3~ 3 C
1

[ ]

1
(4) Let ab be a closed arc of a simple closed

eurve @ of >-2 C Then by §16, ab does not separate
S-Z‘ c .

Then by & theorem of Z. Re van Kampen [10] ,
S-Z:" 01 is homeomorphic with & region on e sphere, and

hence, to a reglonm of the Euclidean plane.



CHAPTER IIIX

§18. Lemma: Let C be a finite collection of aros
o3 (1=1,...,n) such that: (1) o y*=(y € 8;*b; where ay
and b; are endpoints of &y (1l.es, the only points of in-
n
tersection are endpoints); and ( 2) Z’o(j is connected. Then
the arces can be rearranged into the order .(pl. o< pgt e
e(pn so that &Pi 1s conneoted when 1 = k £ n,

Proof: Pick any ere and lazbel it o(pl. Suppose

that, for some Kk, less than n, k, srcs have been labeled

0
K
(.(pl..(p ,...,xpk } such that Z’a(p is connected whan
l"k;k * anppoae that no other are intersects z'?’(pi
n®
Then 2’(1 is not connected, contrary to hypothasis.
k:
Therefore some aroc must intersect Z‘g(pi. Label this
ol

arc olp e ‘then Z‘o(p iz counected when 1L Ik Fk +1l.
Sinece the couditi: )ns of the lemma are obviously satisfled

when k =1, they are gatisfled, by mathematical induction,

when ko-n.

$19, Lemma: Let C be a colleotion of & finite

m
number of arcs &, (1=1,ee0,m)} such that 3 (1) 2{-(1 is
41
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oonnected; and (2) eof* —(j £ a;+b; where e; and b; are
the endpoints of «3. If 8* is a component of 3-0* then

no pair of points separates 5%,

Proof: By $12, the lemma is true for m=l, Supe
pose thet the lemma 1s true when m=k«l, Let C be any
aollectlon of k arcs ssatisfying the hypothesis, Let x be
any point of S* and suppose that S*-x has a partition,
Thers are threa cases.

Case I. The colleotion C contains two arcs .(1
and o/, where «,= aib, end «p= ajb, such that aie «4
(1=2,650,k) end a’ ¢“'1 (1=1,3,000, i) smcee(l and
« 5 each have only one pcint in common with 2’<i’ it is
obviocus that Z'a(f.{l and }.’,‘-(i are both conneoted.

Ir S"‘-x has a partition, then there ars points A
and B in 3%-x such that 4 and B lie in different compo=-
nents of S«{ C*+x}., It may be assumel that A and B belong
to 3-%‘01. Since i"(i} (1=2,4,45k) 48 & collegotion of
k-1 arcs which szilsfies the conditions for C, and since
S* 45 & subset of component of S= Ea(i’ then A and i are

K

in the same oomponent of Se Z'(f-x. Therefore, e, sep~
2

arates 4 and B in 8- Z'-(f-xo

Now let a b, be the minimal aubaro of «) with



endpoint b, whioh separates 4 and B in 5~ Z‘a(iax. Since
{a 1"’(33 {1=3,4,4,k) 15 a collection of !c»l arcs which
satisfies the conditions for C, and sinoce 3¥ is a subset

of a componsnt Of 3= Eo( 4~81bys then 4 and B are in the

same component of S Ba(i albl-x. Therefore, o , separates
4 end B 4n S~ 2‘(1"“1” ~Xe
Let a b be the minimel subarc of «,, with end-
2 X 8

point b, which separates 4 and B in 8-\ 481y ~x. Then
3

K

A and B belong to separate oomponents of S-—Zf.'a(i*albl-aaba
3

-X. Gegll these componsnts S, and SB’ respectively. Now

al, ag and x sre all common limit points of .'3& and SBo

3uppose that G'E},}':Ai*albl*'azbz-‘-x and set Jo equal to
1/2 min[f(al,bl). 4 aa,bal-]. Thon C'={ Géli;‘m,’[’;) is
coanaected and G'—(G' ,£+G£ g} 18 connected when Jfdge
zlso, there 1s an e such that {UgC} 81 f)“Uecag,J)“ @
when J<a’°. Then by ¢3, there ars tw> simple clossd curves
J; and J, suchu thats (1} J; g S4*95*UeCa, ,s*UeCk,s 814
J, £ SA+SB+UBC§2'J+’JQG£J; end (2) S~y is connscted and
S-Ja is connected. NOW Jl contalins polnts of Uec”al,d‘ and
J5 contains points of Uega'aa,d" Hence, Jy # Jg» But Jy*dg
contains xe Tharefore, one of Jy and Jg, say Jye is not
a member of e ‘“his is a contradiction.

Case LI, ‘he colleotion O ccntains one are Ly

where o(1=a]b; such that aj ¢ a( (1=2,,..,k); and for
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every other arc oy, of G, wiere «y =a; by (i A 1),
aiog °(31 and by € o(jg for soms J; 4ifferent from i, anad
jg different from 1,5+ Again, let A and B be points of
S*-x such that 4 and B belong %0 difterent gomponents of
3~C%-x, Now ixiﬁ {1=2,4s4,k) 13 a oollection of kel aros
satisfying the conditions for O. Sincae 5% is a subeet of
a component of S= f‘-( jr & and B belong to the meame com=
panent of S-}%'o( ~Xe Therefore, o« 1 Scparates A and B in
8-—24 -Xo '%’cuv let ayby be the minimal subarc of 0(1, with
bl is one endpoint, which aeparates A and B in S'-go(i-»x. If
S, and Sy are the components of $~Z'/1ma1b1-x whioch eon-
tains 4 aud 3, respectively, then a, and x are bvoth gommon

1
limit points of SA and Sge .
Suppose that 4, <€( 89sby)e I Of= 3, tayb +x,
2
then C'=(CJ .6 1 ox, §) 13 comnneated when J<¢J, . But then,
b
8 od

+UgCk,s such tiat 5-J 1is counected. Then as in the proof

by §3, there is & simple closed curve J in S,+3g+U 0}

of §12, it cen bc shown thet J is one of ihe elements of
a7 , oall it Cqs and that C; contains ay and x but does not
contein any other point of CY,

Due to $13, it can be assumed that }%l,(l is con=
necieds Cinse fu4f (d=1,4.4,k=1) is a avllsotion of
k=l arcs satisfyiang the conditiona for G, and since SF

13 a subset of z comporent of 3 Zl){o( 10 then A and B belong



¥ g,
A

K~
to the same component of b"'z}e(’i"x‘ Therefore, o Bepa=
K1
rotes A and B in S- Z’J ~Xs Lot the oompouents of S~C¥ex

which contain £ and L be SA ant¢ Uf, respectively. Nouw
let z be a polnt of x| =g +by) where o =acby.

Suppose that z is e common limit point of S;
and S§e Set 4, equal to 1/2 min [f’( ak,z),\o(bk,z)] .+ If

C'=C*+x, then c'-(c' } is connected, Then by § 3,
:Jo 3:. o

there is a simple closed curve J in Si*oﬁ*v +J_C!

z fg © X3dq
sugh that S~J is connected., But J containe z and hence,

i3 not identiocal to C,, and elso, J contains x end, hence,
intersects Gl. This i3 a oontradictlion, hence, z is not

& common limit point of 3 jﬂ andé S"B.

Now consider the subare akz of i If A and B
Kwl
belong to separate components of 3= Z‘e(’ -zbk-»x, then

{41, be} (i=1,e00,k~1) i3 & nollection of kK arcs which

fall under case I, Hasnce, 4 and B must belong to the
k=1
same component of oS- 2—/1-zbk-k and &% separates A and B
Ke=l
in S- Za/i-zbk—x. Le*‘ agz' be the minimal subarc of e,z

with ak az en endpoint which does this, Let 8, and 8_ be

a B
k-1
the components of 3~-5«,-zby ~az'=x whioch contaln 4 and
1

B, respectively. Then 2z' and x are common limit points of

S, and 3ge A8 before, it cen be shown that there is a

A

Jo, and a simple closed curve J in B,vSytU 0l YU Gl

Z"J a9 I,
such that 3-«J is connected, where C'Z E a(1+akz'+zbk+x,



48

But J contains z' and x, and hence, J is nelither C, nor
Cy, (i=2,...,0). This is a contradiection.

Case (I, If -(io i®s any arc of C with endpoints
ay, and blo_’ then there is an 0(31 and an 0(32 belonging
to C such that: (1) Jy # 1, end 33 /& 1,; =2nd (2) 8y
6"(31 and by € 0(32 Because of $18, it cen be assu.med
that ;q’ is connected. Let the components of S-Z‘v(i
=X which contein A4 and B be SA end oﬁ, ragpectively. AS
before, it ocan be shown that «}. separates 4 end B in

K-l
S-}E_,"e(i-x, and hence, contains limit points of both 8]

and Sg.

Let o(k be an arc suweh that a(kvakbk, and suppose
that there are two distinot points z; and zg of a b, ~{ a +b,)
whioch are common limit points of Jj; and :31'3. Setog
equal to 1/2 min[r( Bty 2y t25), \o(zl,zzﬂ_. If C'eC¥*+x
then C'~(C} _, +C} ) 1s comnected and C'~(Cf 0 +Ch )
is conneoted. Aalso, (Cél’ fo).(c;,dz, Jo)- 4’- Then by § 3,

there are two simple closed curves J; and J, such that:

o
(1) ;1 S'*Sﬁ*"ecél, Oo Uacx,a‘o and .)'3 = TS'B*UeCzB,J‘
*U,C) o 3 and (2) 8~J; 1s connected and 8-Jp is connect-
’%n -

eds Now J; intersecis c%’l’fo and Jp interseots Céwo%
and, hence, J) # Jz. But J; and Jp both contain x; hence,
J1eJdg# @« This is a contradiotion. <therefors, there are

not two distinct points of akbk-( 8, .*bx) Wwhich erc common
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limit points of S& and Sé.
Let 2z be a point of akbk"(ak*bk) whioh is not a
common limit point of SL and Séu Consider the two sub-

aros &2 ahd zb;,. of akbk. ir aka or b separates & and

Kk
B in Sw %§i<i~x, then thias ¢ase reduces td case ifi There-
fore, A and B belong to the same component of S« Xel{=x
-8, s Let z b, be the minimal subarc of ab, whiogi%as by
as an endpoint and whioh sepsrates A and B in S-—?o(i-wx
-akz. Similarly let ApZs be the minimal aubaroc of ez
whick has a, as an endpoint and which separates A and B
in S-%éi(i—x-zlbk.

Let S& and Sp be the usual ocomponsnts of S-C!
where G';%%ﬁ(ﬁ tayz +zybptxs Then z,, %, and x are
common 1imit points of 5, and Sg. Let 4, be less then
e (ay*ty, 2z3+23)s Then, as before, there sre two eimple
closed curves J;, and Jy such that: (1) Jy # J,3 anad (2)
JyeJy contzins x; and (3) S-J; and S-Jg are both conneet-
ed. This is a contradiction., Hence, in sll cases, S¥*-x
is connected.

Now suppose that x and y are two points of S¥ such
thet 3*-(x+y) has a partition. Let 5] and S} be two come
ponesnte of S*~(x+y). Then, since no point separates S¥*,

x and y are common l1imit polnts of $A and Sé. Now 1f
C' = C*+x+y, then for eny d,, 0'-(6%’Jo*0&’db) is con-
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nected. Hence, by §3, there is & simple closed curve ‘Tl
in S3+SH+U C3 X, 6 vec;,”, sugh that 3~Jy 18 connected.
Since this is trua for any 4o and s, it oan be sssumed
that Jy+C*= ¢ ., There are now two ceses.

Case I. There is in C en arc d,, where o(fa{blg
such that a;_tidi (1=2,.04,k)s Now 2 «; 1s conmected
and ‘{5(13 {1=2,4.4,k) 18 e oollection of k=l arcs satis-
fying the conditions for C. Sinoe S* 1s & subset of a
component of 8= Eo( then A and B are not ssparsted 1in
b-2°(1-x~y, where A and B are points of S¥={xty) wnlch
belons to different components of S~{C¥*+x+y), Therefore,
«, separates A and B in 8- i’* -X=F o

Let a;b; be the 'ninimal subarc, with bl as an end-
point, of alb, which separstes 4 and B in ‘3-2'0( wXwY o
Let S and aB be the components of a-y«C' which ¢ontaln
A and B, respsotively, wherec C? Z:"( +albl+xg Now set
§, = 1/2 f(albl)‘ Then G'«-(G’l’;o Ox“o) is conneected.
Since S~y satisfiss the conditions for §3, then by §3,
there iz & simple olosed curve J, in §,+3Szp*U G?al JQrUQCx,Jo
such that S-y~J, 1s c¢omnected. But S=J, £ 8~y=J; end
hence, 3~J; is conneoted, and Jp intersects C* and con-~
tains x, hence J, £ Jy and JpeJy # ®. This 15 & contrae
diction.

CaseIl, If 9(5_0 is an arc of C such that 0(10
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= aiobio then there is en «3, end an °(Ja suoh thats (1)
Jy A 1, and Jg A 155 and (2) a4 eo(:il and by eo(JE.

- Because of §18, 1t oan be assumed that

Eji¥1 is connecied. Also, it 4 and B are puinis of g*
-(x*y) which belong to different components of S-(C¥+x+y)
then it can dbe shown as before that a( separates A and

B in S~ Z;’a( -x~y. Lot the components of S-(C*+x+y) which
contain A and B be a' and Sﬁ 3uppose that there is a
point z on a(ku(ak*bk) which ims e common limit point of

S*' and St.

A
Suppose that J‘ iz given such that J'<;€(ak+bk,z).

If C*' = C*+x then C'~( c;a +CY A ) 18 comnected, Then by
do

§3, there 1s a simple closed curve Jp in SA*SB*UEQE,J
o

+Ueci,a‘ such that S-y-Jg is comnected, But then Swd g

is oconnected., However, Jatcé’gs ¥ ¢, and Jy conteins x.
Hence J, # Jy and Jgedy # ¢, 8 contradiction. Therefore,
no point of & ~{ &,+by) 18 a common 1limit point of 8! and
She
Let z be any polint of ayxby and let apz and 2b
be the two subarcs of ak‘bK determined by z. If A and B
are separated in Se o( 1*8,2-x-y then the case reduces to
case 1. 3uppose, thtrefore, that 4 and B are not sepa-
rated in 8= %:£<1-akz-x-y. Let z,b, be the minimal sub-

arc of zb, which has by, as an endpoint and which sepsrates
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K=l K=l
A and B in S~2:?a(1~akx~x~y. Set G’#EE}(i*aKz+zlbk*x and
1 1

let Sﬁ and SB bs tho ¢omponents of S=-y-C'® which contain A
and B, rsspeotively, If d; is less than.f(zl,bk), then
G’-(cil'dB*c&'Jb) is connected,

Then by $3, there is = simple closed ocurve Jg in
SA*SB*C%1’45+Gi’56 such that Sey=J, is comnectsd., HOw=
ever, as before, this can be shown to lead to a contra~
dioction.

Therefore, 1 the lemma is true for n=kel, it is
true when n=k, OSince the lemma is true when n=l, then by

induction, it is true foxr sny finite n.

§20. Lemma: If G is a finlte collection of arca
A4 (1=1,...,n) where «z=a af such that dﬁ*«& hes &
finite number of components, then there is & finite col=~
lection C' of arcs qi (i=)l,40¢,n?} such thats (1)
teo/t S mt+bh!?
(z) C¥=C**,

where ai and hi are endpoints of 42; and

Proof: Let K be a collection such thet every
member of £ is a component Oof soOme 41'43. Then K has &
¢ inite number of members. Now every component 0f‘¢3o¢5
i3 a point or an arc. Let bpl,bpa,.,.,bPK be those members

of K which are points and let b seo0yDp be the
m

b
Prs1’ Prag
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first and last points of those members of K whioh are arocs.

Now let b}, bl,..-, b;‘i be the points ihpj ,“b
Ge(,j arranged in the order of occurance on &y from &i

i 1 % i

to ai. Consider the ares a,b,, bqiai’ bjbjﬂ.' for all
1$15nand 1£§<q. This 1s & set of at most n(m+l)
distinet arcs (some arcs msy be represented by two dif=-
ferent representations). Let the arcs be lsbeled 4i,,<é,
""“;1’ where each distinet are 1s oounted only once. If
C'= {.4;} (1=1l,¢0e,n') then C' satisfles the necessary

requirements,

§31. Lemma: Let M' be a comnected subset of S
eonsisting of the sum of & finite collection C of arcs
o, (1=1,..,m) such that: (1) M'+C; has & finite num=-
ber of components when i=l,ee.,n3 and (2) if «y and °(;]
are two members of C, then a(it 0(3 f:‘-ai*bi where a4y and
by are the endpoints of o3, Let A1B;, A{4, and A B,
be arcs such that: (1) A ByeM'=B; (1=1,2); (2)
41B1°h2Bp=@; (B) Ajhy 5013 (4) AfApe(a)B) +a,ByeM)
= Aytag; (5) (ayvag)elaj+ay) =@. Then in se(u’+ %ci)
there ia an arc ,.le joining a point of “131 and a point
of 'AEBE'

n n n
Proof: If M' £7) G4, then S-(M'+370Cy)=5~3] 04
1 1 1
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which is connected by $1l. Since aJA} £0,3 AfALe( Ay By V=g
and (4 +ap) Al*.&') =¢ , then 4 B and A,B, each sontains
points of s~2 Cye Let Pl be such a point on AiB,and let
1 n
P, be such a point of 4 B.,e Then since S~J, C, is conneot-
2 22 n 1 i
ed, there 1s an arc FyP, in S-Z’Oi.
1 n

Suppose, therefore, that M'¢ 37 C;. Set M, equal
\ 1 .
to M®+( 5131“&1)*“**332“*3)' Ir M e(C -AiAé)}‘¢, let «(p,q be
emply, and if M, « 01-.&14&8)*¢ let «,,,y be en are in Se
(Z‘ Gi*Alaa) from C -{ AlAg) to M such that ‘(m-'rl'cl and
X1 *M, oach consists of a single point. Set M].“Mo”‘m*l'

Now suppose that M1 has been defined when 1= i< k.
If M_3°Cy ¥ b let oy be the null set, snd 1f M) Cy= ¢
let ofps b® an arc in S-Z’ C4*C) from G to M.y such
thsat & ik *C) and "(m‘*k'mk'l each consists of a single
point. Define M_ to be My.3* «“mexe Then, by induction,
M oan be defined such that: (1) M, conteins M'; (2)
M +(Cy-atal) AP ; and (3) MjyeCy # P (i=2,..0,m)0

Let Bi be the first point of intersection from

n n

Ay to By of 4;B, with m'-rzf'o( m+1 ¥ Cl-.&iAé)*}_g Cye Then

n
the set & consisting of Mu+( Cy~ <Ai&.§) )+§ Cy=( A;B]~B})
-(528:2-5'2) is a closed conneocted set consisting of the
sum of & collection of a finite number of arcs °<3'.

(1=1, oseyp') such that 4;.-’(3 has a finite number of
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components. Then by $20, there is & finite collection C
of arocs {%13 (i‘l,oou’p) such that: (l) ﬂli‘ J =
where ay and b, are endpoints of « 43 and (2) C*=M,

+b1

Also, S-M-Ai&é e s--M'-Z’ C, Let Py be a point
of AIB' A1+B‘) and let Pg be a point of AaBamlA +B‘) and
suppose that Pl and P3 belong to different components of
S~H-Ai&é. jow ngi+AiA§*3ﬁB§~(Ai+Aé*Bi*Bé) is & conmnected
subset of S=~M and hence Pl and P, belong to the same com-
ponent S* of S-M. ILet &;A; be a minimal subars of Afal
which separates P, and Pp in S*. Let 3, and Sy be the com-
ponents of S-MbA£A§ which contain Pl and Py, respsctively.
Since by §19, no palr of points separates 3™ then:
(1) Ay ¥ a3 and {2) one of the components, say 3y, has an
aoccessible 1imit point on AQA"-(A“*A"). Let x be such a

1 2
point,. Sinoce S~(A;A§} is eonnectad. S, also has an acoces-
sible 1limit point on 1, Let y be such e point. Then
there is an arc xy in Sl+x*y which Joiuns X and ¥ye

o
Since ‘E%b(mﬁi’m')'aiﬂé =<?. there is =a db such
n
that [O(4] o uag ] o(x+ 3o eyt M*) = P I Gl'= M+
’ o 1
4{43 then c'-( CLy,do lﬁ,&o)‘m“ Cly, 6, Chy, s, ) tALAE

-{c!
afsdo %'J6
Then by § 3, there is a simple closed curve Jjin S;+Sy

} which consists of exsctly twn ocomponentis.

+7 QA J U C J such that ;l does not separate any point
1

2!
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of 3-J7 from G'=(C!, f g, )s» Sinoe this is true for
I l
any o, it can be assumed that (U G‘An or)cx.w d7 {i=1,2),

Now there ia an arc x;yl of J‘; in Szﬂ-xl_*yl suoh that x_l

and Y1 belong to cl and xlylvxy* CP . But then xy is an
are Joining M-{(C! . df ﬁ., { ) snd Alﬁ.“-»{ OA{ J*Oﬁﬂ’d—)
in S-xlyl. Sinoa :fclyl does not geparate any point or

- ' P S -
S X, ¥y from C -(GA,, °+0A" {)ﬂ-xy then S~x,y, 1s connect
ed. But by §6, this 15 a eontradiation-

Therefore, Pl and P, belong to the same component

of S-x-AiBi and there is an aro Pl?a Jo;ning Py and Py in

- By i 1 - ¥ -
S H-AlBl which is a subset of S - M ZE Cqe

§22. Lemma: Let 8;by be a minimel separating
arc with endpoints only on G, and let < alrlbl) and <a1r2‘b1>
be the two components of Cy=( @1*by)s Then <a1r1b1> and

<a1r2b1> belong to different componentis of Se=a;b,.

Proof: Since ayby is a minimel separating aroc,
a; end bl are common limit points of ell components, Sup-
pose <eg,r\b,> andda;rgb;7 belong to the same component
83 of S~a;b;. Then C, £ 31%a1*tby. Let & be suoh that:
(1) §,< 1/23pl &) ,by) 3 and {2) Eo < (‘”‘1*"1'0‘1’ (1 # 1),
ay syt %oy ) G ¢ (1 4 1) ana
ol =l of J*a(blof ) is oonnected. But then by § 3, there

9

If o =8,b,, then (x
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is a simple closed ourve J which intersects ‘(alﬁ" and
o

°(b1vdb and S, such that S~J is connected. (33 is a
seoond component of Swalbll. But this is a contradiotion.
Therefore -(alrlb§> and<hlrébi>' belong to different
components of Swalbl.

§23. Lemma: Let ab be an arc with endpoints only
on some element Cy of 7, and let (&rlb> and <Jargbh)
be the two components of Gld(a*b). Then <arybyand <arab)
belong bto diffserent components of Seab,

Proof: Let o be an ar¢ with endpoints only on 01.
Let these endpoints be a and b. Let r1 and Ty be pointe
of Gl which are separated in Gl by a+b, Supposs that ry
and T, belong to the same component of S~-ab, Suppose that
O, is the first element of 77 that is interseoted by ab
from a to be Let &, be the first point and by be the last
point of abeCy from a to be Then ry and r, belong to the
same component 8% of S~{aaj+ta;b)e.

Let a,yb; be a subare of Upe Suppose that a,yby
separates r, and ry in 5%, Obviously ey3yb) ¢ o« Let 54
and 5, be the two components which contain ry and ry,

respectively. Suppose that every polnt of a;¥b,; is a
common 1limit point of 3y and Sp.
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Let y, and Yq be two points of alyblw(al+b1)
and set Ji equal to 1/2 min[%(yl,ya),-f(yl+ya, a1+blizo
If C=aa;+ayyby+byb, then OYi’J-and Gya‘g iz 2 subset of
a, ¥b, whsn.&<di. Since a and b are both common limit

points of 3, and Sy, then G~(0y1.5+0 §) consists of

thres components, sach of whieh eontii;s a limit point of
Sl and a limit point of SS.

Now by §3, there is s simple olosed curve J in
31*32*36611¢Y+UGGY3;J such that no point of S«J 18 sep~
arated from G*(Cyi’g*cy2.41¢ Now c“(cyi,5+°yg.J’ contains
points of C, and hence J is not equal %o Oys Theretore,

J contains & peoint whioh dces not belong to 02. Let = bde
such a point, Then z lies in the complement of Sy or in
the complement of Sy, say the firat. Silnee CYI’J*GFa'{

is = subset of C,, then there iz a subarc Ji of J in the
complement of Sl whioh has endpoints o?ly on 02. Then ;1
does not secparate eny point of 8~-Jy from sg+c“(cy1¢,*ay2v{).
But this set is connected and hence S«J; 1is conneoted. But:
by §6, S-J; is not connected. This is a contradiotion,

and thus some point of alybl i3 not & common 1limit point

of S, and Sp.

Let y be such a points Let ay, be the minimsl
arc of aajta;y with endpoint a whioh sepasrates ry and rg

in S~{yb;*b;b)y and let y,b be the minimel are of yby+bb
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with endpoint b whioh separates ry &nd T 1n»8-ayi. Let
81 and S] be the two components of Se{ ayl*yab)- which con=
tain r; end rz, reapeatively. Then yp and ya are ocomnon
1limit poinis of S{ and Sé. Supposs that ¥y an&‘yg both
belong to < ay¥%1> o

Set gi equal %o 1/2 (( ¥1+Tps alﬂal). If C=ay,
+ygb, then C~(Gyi';+cy2,5) conslsta of two components
when JQJI. One of these components contalns a and the

other contains be Therefore, both 3! and 8! have linlt

2
points on every component of Ce{ Oyl !“1*63’29 ;). Now by 63,
there is a simple closed curve J in 51*'85*13@03&' J*Uecyg. S
such that no point of S=J is separcted from cutcyi,;*cykaJQ.
Now 6-(0y1¢;+0y2'() conteinas points of Cp and hence J
contalns at leasat one point which does not dbelong to Coe
Let 2z de such & point. It c2n be assumed that 2 lies in
the complement of Si. Since 031!3*0729

there is a subare Jl of J in the complement of S{ whioh

hes endpoints only on 02, Then 3‘1 doss not separate any

P iz a sudbset of Coe

point of 8-J, from S%*C-( Gyl.J-*OyQ’;). But this s-t is
connected end hence Sw~Jy 18 connected. Since this is s
contrediction, by §6, then at least one of y, and y, must
l1ie in the complement of <&y ¥b) . However, since aay
+b1d does not separate ry and ry in 8, then one of y; and

Yos BaY ¥p» 8%111l belongs to <&;¥by>+ Now suppose that



58

every point of 8 ¥ -8 is a common limit point of 3! and

i
Sé-

Let yy be a point of <a;yy and set Jg egual
to 1/2 min [e(y,,75)s f"%taxﬂ ¢ IT C={ay;+yzb), then
c-(‘cyl‘é w%"‘) consists of three components when J<dy.
Two of these components oontain & and b, respectively, and
the third contains points of ylys. Now &, b and all points
of ¥,¥5 &re 1limit points of Si and Sl.

By §3, there 1s s simple olosed curve J in S1+3!

1 2

*Gecyl.J+Uecy3’; such that no point of S«J is separcted
from C=( Cy, 46 *Oy, §)e Now C=( Cy, 16*Cy, ,§) contains pointa
of C,, and hence some point z of J does not belong to Gg.
Agsume that z belongs to the complement of Bi. Then as
before, there is a subarc J’l of J vhioch belongs to the
complement of Si and has endpoints only on Cge. Also, no
point of S=J; is seperated from S8 +0( cylt‘*cyaﬁﬂ' But
this set is oonnected end so S=J; is conneoted. Sluce,
by §6, this i3 a contrediction, then socem point of €y ¥y =8y
is not ¢ common limit point of Sl' and Sﬁg.
Let y' be such & point. Let ylyi be the minimel
subare of y,y' which separates r; and r, ’:l.n Sl ay'+ygh),
and let ayé he the minimal subarc of ay' which separstes
ry and Ty in S ylyi*yab). Suppose that yé belongs to
<8,¥b;> o Let 8] and Sg be the oomponents of 8-l ay3+y v,
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+ygb} which contain r; and rg, raspectively.

Set dJ, equel to Ply}, a;). IFf Cmayb+yiy,*v,b
then, when dJ<dy, C°(Cyi.;+0y§.5) will consist of at most
three ocomponentis, two of which will contain a and b, Ire=
spectively, and the third (1f it exists) of which will
oontain y;. Therefore, every somponent of ca(cyi,;+cy%.;)
contains a limit point of S{ and & limit point of 3;.

By ¢3, there 1is a simple oclossd curve J in S;fsg
*uep?i.€+u90¥évf such that no point of S=J iz separated
from c“cyi,i*cyé.J)' Now C-(Oyi.J*Gyé'JJ containe points
of Cg, and hence some point 2 of J does not belong to Cpe
Assume that 2z belongs to the complement of S;. Then es
before, there 1s a subarc Jl of J which bvelongs to the
complement ol S; and has endpoints only on Cge 4Also, no
point of S~J; 1s separated from s"+c‘(cyi,6+°yé,61' But
this set is conneetesd and so S~J; ls connected. Since dy
§6, this 1is a contradiction, then v} does not bvelong to
<alyhi> » Then ay} end ygb are boih subsets of .,

<a1yﬁf% suppose yl+yi separstes - end Ty in Sn(ayk

1
+72b). Then y;+y] would separate r; and rp in S~«. 3But
by §19, no pair of points separstes any component of Se o .
Therefore: (1) ¥y # Yi and ( 2) mome point of ylyi-(yl

N ‘ ' ? *
*yi) is & limit point of Sl. and soms polnt of ylyl.‘yl+yl)

ig 8 limit point of Sg. Let Ve and y& be such limit
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points or Si and of Sg, respectively.

Set d 4 ®qual to 1/8 el Y4tV Yqt¥{)e If C=ayj
*¥ F{*7 b, then, when J<d,, the set G @yl’; m,.i’_ §) von~
sists of thres ocomponents, two of which contain a end b,
respectively, and the third of whioh containa ¥q and 73.‘
Therefore, every component of C=( ng_, P *Gyi' ) contains &
limit point of s‘i and & limit point of 3;.

By §3, there 1is a simple closed curve J in 81+83
+U.cyl' J*Uocyi.é” such that no point of S~J 1s separated
from C-{ 6719‘+°71*"' Now G«( oyliﬁayi ,4) eontaine
points of Cg, end hence some poini:y of J does not belong
to 08. Assume that z belongs % the complement of 8{.
Then as before, there 1is g subare ‘Tl of J which belongs
%0 the complement of 3{ and kas endpoints only on Gz'
Also, no point of S=J; is separated from S3+C( Gyl WA
c,i,6). But this set 1is oomnected and so S-J; is con~-
neoted. But by, §6, this is a contradiotion, and hence
8, yb; does not separate r; end rg in S=( aay *yb).

If oy is defined to be aay*ajyby*byb, then op;
(1) has endpoints only on G35 (2) doee not have any
subare with endpoints only on Cp, end (3] d&oes not sep~
arate I, and Ty e

Since there are only k elements in T, this process

need be repeated at most kel times to yield an arc °(1c
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such thet (1) «, haes endpoints only on C;3 (8) o\
doe® not have eny sudare with endpoints only on Oy {i=2,
sespk); and (3) a(k:dmas not separate r; and r,. But as
a result of §6, &, 1# @ minimel separsting arc. There-
fore by §23, « ) Wust separate r, and r,, This is a eon-

1

tradietion and hence must separate ry and Tse There=
fore, Carmb) end (er,b> must lie in separate components

9:3‘-« »

§24, Lemme: If albl iz a minimel saepereting erc
then S—albl has only two ocomponents.

Proof: Suppose Swalhl has at least thres come
porenta 3;, Sy and 3,. Then a; and by are oommon limit
points of S,,Sp and Sy, If «ma;b, then there is a &
suffieiently amall thats (1) o« =« +oly, } 13 ¢on=-
nestsd; and {(2) °(algd‘ intersects only one element of

o
. But dy §3, there are two simple closed curves Jy and
Jp sush that: (1) J; & slmgmae(ap ,«J%"‘bl,,fa? {2)
I, £ 31*82+Ue’(algfc*vﬁo<blvfoz (3) 8«Jy is connectads
and (4) S=J, is conneocted.

Now J7 and J, interseot dirferent components of
S-gy by and hence J1 # Jge Bubt J) and Jg both interseot
« g, .4 ond hence they sannot both be an slement of .

1*Y0
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This is a contradiotion, and hence Swayby hes only two

somponents,

§ 85, Lemma: Suppose that the arc xay separates
Se Suppose that M is a conneoted set oontaining xay such
that M= {xay)> 18 somnected., Let 8, b& any oomponent of
S-xays Then therse 1s an are xby in sﬁﬁa with endpoints
X and y such thest xby does not B@P&rﬁt@*3@

Proofs Let agby be a minimal separating subarc
of xay whesre a, is the first point of ezbp from x to y.
Then by {4, azb; has endpoints only on sn element of T
(eall it Cy). Also, by §5, 4t is seen that no proper sub-
are of agd, hes endpoints only on any element of 7/ .

Let °1b1 be the maximum subare of xay with the
properties thet: (1) apbp is a subare of a;bg (2) ay
and by belong %o C1» Let apgridbz and aprsbs be the arcs
into which eg*h, divides Cy. FNow if aymag and by=b,,
then by €23, end §24, S-a;b, contains exaotly two eomw
ponents, Sy and 8y, one of which, say 3;, containa Jayryb,»
and the other of whioh, 8p, Contains <n3r2bé> o

Any eomponent of Sexey 1is & subset of either 34
or 8. Let Sp be oonponentsofl 3-xay and supposes that

So £ 8,. Now ocnsider the ars xegrgbpy. This lies in
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S=3 s has x and y as endpoints, and intersects 0, only in
& single are,

Now suppose that a, # 8, or by o b, or boths

Lemme 25,1+ Both of the points ay and by
belong to the same one of agrybg or agrghy, say to
the first.

- Proof of lemma 28,13 Other cases being obvious,
suppose that a;, € Jagriby? eand by € {agrpby’e
How S-agb, has a partition and by §25, there are
components 3, and Sy of 3wagby such thet »y € 84
and rg € Spe But M- {xey, *xs, +by¥ is a connested
set whioh does not intersect “aba and thila set Joins
a point of 81 and & point eof 53, This 1s a contra=
diction and hence ay and bl belong to the seme are
agribg of C . The lemma is proved.

Let Olnalslbl*alssbl where alalbl and alsabl are
the two arcs into which e,4b, divides Cys Since a; and by
both belong to aprybz then ap and bg both belong to one
arc of C;, say &;8;b;. Since aghy is a subset of a;b,y
then every component of Sea;by 18 a subset of & component
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Suppose thaet s_é- [-_x' lx’é Sea;by and there ia en
are xty' in 3’"‘1"1”" which joins x* and a pelnt y? of
oy 5gb ~( 8 +0y )] and 8= [x' | x* € S~ayb) snd x* ¢ 53] .
It i85 to de shown that Silsé is & partition of Sﬂamblo

First suppose a;spb; € @1Py« Then ajaghy= ajbj.
But agbhg 18 a subarc of alhl which has endpointe cnily on

c This 13 a contradiotion and thus there is an xy in

.
aieab]_ such that x5 € S=a; by« Therefore 33 is not empty.
Now since a; and bg are doth points of al.“lbl then
either a,r b, 2 a;8,b; or a;r b, g a,8,b, . But since 8y
end b; are points of a,r,b, and since either 31;‘ 8y or b,
¥ by, then apraby € 898,by. For similar ressons to those
given sbove, agrgbp conitains at least one point x; of
S=~a;by . Let xly' be eny are J Joluning x and a point y°
of <a;sgby> o Since eprabs S a8y by, then ayspbpp €
{agrybpy » end J Joins a point of <ayrghy’ and a polunt
of Cagryby> o But by §23, {ayr;by) and agrgb,> are
subsets of dirferent ocomponents of ﬂ*asbaq Hentce J inters
seots agb, and henoce, ajb;+« Therefore J ¥ Se=gy b, +y7,
Therefore X) € 3/ and hence 3! and 8, are not empty., Now
S~a;b; 1s locally connected, and hence, noc point of one
component oan be e limit point of any comdbination of other

components, Obviously, if any point of a oomponent of

S-a;b; belongs to 8%, the whole component does. Therefors,
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if any point of & component of 3-&1'&}‘ belongs to Si then
the whole somponent 8oes. But then syé"yﬁy% o 45 ®

Therefore, S-a;b; = 5| Si.

Leame 25,28 I P 48 any point of al‘blﬂal then
P belongs to al“lbl'

Proof of lemma 25.8: Supposs that P belongs to
Saysgb;) « Since aybyo<aysb# @, there is a
subarec PQ of <a1b1) such that P & <alsabl> and @ €
(alslb1> « Let Q' be the first point of PQ from
F to Q on al‘lbl’ Leét P' be the first point of PQ?
from Q' to P on a;sgby. Since PQ §“<a1b1> e then
a, ¢ P'Q’ and by ¢ P'Q's, Thaen P* # Q' and P'Q' is
en arc with endpoints omly on Gy. Then by §6, P'Q’
separates S. 4lso as a result of §28, a, and b, are
in separate compoments of S~P'q?, But Ms (xzay) *:xal
+0,y is e connected se% Joining a; and bl which does

not intersect P'('., This is & contradiotion, and hence

P belongs to alrlbl' Lemma 25,2 1s proved,

Lemne 25.3: The set &) spbyes! = ¢ and the set

alslbl’S% = 4) *
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Proof of lomms 25,3: Qbviously alsablosim LP.
Now suppose that P é7alslp1o If P € ayby then ob=-
viously P ¢ S!e Suppose then that P& a;b,e Let
< P,PP,) be the component of a s8,b,=a;b, whioh

contains P, Then P, and Pp belong %o a Sup=

1%y
pose that Pl belonge to the subarc alP and the subare
Pib; of aby intersects Pb;, where a;P and Pby are

the subares of ays;bj. Let Pé be the first point of
intersection of Pibl with Pbl from Py to blo Let Pl

be the last point of interseetion of P P! with a.P

12 1
from P1 to Pé, Since by lemma 25.3, PiP% does not
interseot a;sgb;, then PiPé hes endpoints only on Cy

end by § 6, S-PJP} 1s not conneated. 4lso, it is
easily seen thet by $ 23, P ond a;sghy belonz to sep~
arate oomponents of anPiPé. Henoe any are Joining P

and & poin% y of <alsgbi> nust intersect PiPé end

nence ajbye Therefore P 5 Lemma 25.3 1s proved.

2

Now let 5, be a component of Swrxaye. Then 84 ie

£ subzet of a compon=ni of S&albl which 13 & subse? of
nne of ?i or Sz’ sa2y Si. Then by lemma 25.3, a&;8gby does
not intersect 3,. Yow aonaider the snro xalagbly@ It
contains no subarc with endpoints only on 01‘ &lso, 1t

does not intersect S,
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Hence, in all cases, it is possible tv oblain an
arc xb'y in S-S, which does not heve a subarc with end~-
points only on C3. If xb'y separates & then the srgu-
ment can be repeated with Cp, etos In a finite number of

ateps an arec xby will be obtaimed in S«3  suchk that xby

0
does not have & subarc with endpointa only on any Ci

(1=1,...,n). Therefore by $6, xby does not separate S.

$28., Lemma:s If © is s primitive skew curve
( ax) ™ xb)+( ay)+{yb)+(az)+( ab)+{xu)+{yu)+(zu) or type ons
in S, then there 1is a primiti#evskew curve © 4 of type
one such that &, = (ax)t+{xv}*+(ay)t+(yb)?+laz)®+{zb) "’
+(xu)*'+(yu)’'+(zu)’ and © has the property that neither
(ax)*, (xb)*, (ay)*, (yb)?, (ez)t, (zb)’, (xu)', (yu)*

nor {(zu)' separates 3.

Proof: Consider any one o the sres; say ax, &and
suppose that S=-ax is not connected. Now O =sx+a+xz is ocou-
nected and by §25, there is an are {ax)' in 35-3, which does
not separate S, whsare Bo is eny oomponent vf S=uXe

Sinoe ©=ax is connected, then it belongs to one
component of S=ax. If this component is chosen as 5,,
then (ex)' does not intersect ©-ax. Honoe, S-«{ax)+{ax)’

18 a primitive skew curve of type one such that (ax)’
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does not separate 38,

This prosess oan be repested for esch of the
Oother eight aros.

§27, Lemmzs: If €~is a primitive skew curve of
type one in S, then there is o primitive skev curve 46_{,
n
of type one in S« oi.
1l

Proof: Supposze that O = ax+xdray+ybtaz+zgbruxiuy
+uz and lot © be a primitive skew ocurve of type one in S,
Ther by §26, it can be assumed that no ome of the nine
ares of O separates 3., Note thet sach of the peints a, b,
X, ¥y 2 and u 18 the endpoint of three arcvs. Therefure
in smell neighborhoods of these points, thers are esso-
ciated points a', d', x', y', 2' and u' bslonging to ©
such that: (1) sach primel point belongs to &-}% Sy
and (2) {using a and a' as examplas) elther a*ia or
elss a'a~-a = S-E;_"} 01, where a'a iz a subare of either ax
or ay or acZ.

The proofl of the lemms will be dlvided into two
parts. In pert & it will be skown thet -©-can be replaced
by a &' whoss vartions ay, by, X3, ¥y %y and wy all lde
in 3-%01. In part B it will be shown that €' can be
replaced by & 6‘;_ which lies in 3-5‘:’ 01‘
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Part A: Now considerthe point a, If a e $~ZJ 3
set a=a; . Suppose that a does not belong to aaz Gi'
Then a' Belongs to one gf ax, ay, or az, say am There
are now two possibilities.

Cese Xt The point X' belongs to &X. Now ex does
not separate S and herm_e‘ the interseation of ax with any
element of 77 is a point or an are or empiys Since x'a is
a sudset of xa and since aa‘«a is a subset of 3-2?' Gy
then the intersection of x'a' with any element M‘lﬂf is a
point or an ave or empty.

Let AB be suoh an intersection, say with ":.*
wvhere A precedes B on x'se' from x' to a%, Consider the
set MmpVz+x? vxb+yb+3b+wtw+ﬁz¢ This 1s a olosed conw
nected set composed of a finite number of ares whioh in-
tersest only at the endpoints, Also, there is an are AVB"
in O; such thet: AT # A, B" # B; (a) AB £ A"B"; and
(3) A"B"«M= ¢ , Now the eres x°A and Ba' have snd-
points only on A"B" and each intersectz M. Hunce, dy §21,
there i3 an are Alsl in 3~(M+2: 01} which joins x'A and Ba',
Hence, the arec x'a’ can be replaced by an arc x'A; B a’
whioch &oea not interasec?t Ol. Since x'a' interseots only
a finite number of elements of 7, theun by repeating thas
process, an arce (x'a®)’' will be obtained which is & 3ubaet

n
ef 8-21::' 010
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Now ¢onsider the erc yae‘', Let 24 be the first
point of intersection of yaa' and {(x'a’)' from y to a'.
Note that ey may still sonsain a, but e,y oontains no
point of any element of 7/ not previously ocont ined by ay.
Then the seot xx'a1+alz*a1y*xb4yb+5b+xu*yu*zn is a primi-
tive skew curve of type one, no arae of which scparates
S, such that a; € 5-713’ Cj»

Case 1II: The point x' doses not belong %0 ax, In
this ease x' € xb or x' € xu, say x' € zb, Since the
interscciion of xa and sny 01 is @ point or an are (if it
is not empty) and sinece x'x-x and aa'«a are subsets of
S—i‘ 01, then the intersection of x'e?, where x*alsx"xea’,
w££i any element of 7°is either a point, en are, or empty.
If M=x'bta'st+ybtzbruy+yz, then &8s 1in oase I, the are x's?
cen be replaced by an are {x'a?)’ in s«a(m% 31)' ow
let xi ba the first point of intersecgtion f;am u to x' of
the are uxx' with (x'a®)’' and let @3 be the first point
of intersection from y to a' of the are yasa® with (x'a’)’,
Note that while a;¥ and ux, may 8%ill contsin a end xa Te-
spectively, a1y and ux, do not contain any point of %E Gy
not previously contcined in ay and ux. Then the set
+aly+glz+x1b+yh+zb+xlu*uy+uz is a primnitive skew curve

11&1
of type ons, no are of which separates 3, suoch that a,

n
Se 37 cio
1



3ince this can be repested Lfor each of the six
points &4 b, x, ¥, 2 8nd u it cen be assumed that there
is = primitivec skew ocurve &' of type one in S such thut:
(1) no one of the nine arcs of ©' separautes Sj and (2)
eaoh of the points a,b, x;, ¥, 7 and u belongs o Bn?ﬁ 01.

Part B, Oonsider any are of &%, say ay. Now
ey does® notl separste 8 and henee its intersection with
any element of 7 is either sn are, a point or emptys. If
M= © -ay+s+y, then as in esse I of part 4, sy can be
replaced by an aro {ay)' with endpoints & end y such that
{ay)® £ S-Z:} Gi' Since this can be done for each of the
nine arecs of -© ', then there 18 a primitive skew ourve of
type one in %Zf} Gio

§ 28, Theorem: The set S is homeomorphic to a

subset 0L the plane.

Proof: By §17, Se zn‘ Cq is homeomorphie o e sube
set of the plane., Then aeeclzrding to a theorem by B
Claytor [5] 3 S«Z%’ Cy does not contuin a primitive skew
curve of type eme}

Now suppose S contalns a primitive skew curve of

n
type ous. Then by 527, S~ 270y ocontains a primitive skew
1



surve of type one. This is & oontradiotion and hence 32
cannot contain e primitive skew curve of type one.

Hence, by a theorem of Hall [9] , 3 does not conw
tein a primitive skew curve of type two, Therefore S is
a Peanian ocontinuum which does not have any oul points
and which does not contein any primitive skew curvea of
type one or two, Then by Cleytor's theorem [5] , S is
homeomorphic to a subset of a spherical surface,

If the collection 77is empty, then Bing [4] hep
shown that the set S is homeomorphie to the entire sphere.
Assume that 77" is not empty. Let C; be an slement of 7/
and let ci be the homeamorph of O, in 85, the B~sphere.
Then, by Jorden's curve theorem, aa-ai sontaine two oom=
ponents D, and Dg. Then the homeomorph of S-Cy in Sy
must de a subset of Dy {or Dy) else 1t is easy to show
that S-C, is not econnected, Therefore S is homeomorphic
to a subset of T; and hence to a subset of the plane.
Hote that S 1ia homsomorphioc to a2 bounded subset of the

plane.



CHAPTER IV

§ 3+ Two theorems and a lemme by iA. Gehmen [7] .
Definition: Let M snd M* be point sets in the planes R
and R', respectively. Let £ be a homeomorphism whioh
earrles ¥ into M'., Then it is said that £ gen be extends
ed in the sense of Antoine ( A~extended) to & correspon-
dence betweon R and R' if there is & homeomorphism F of
R into R' such that F(M)=i'., Note that ¥ x) is not
necessarily equal to f{x) when x belongs to M.

Definition: Two plane aontinuous ourves M and MY
are in the same interior class with respect to the planes
8 and 8' in whioch they lie if there exists: (a) a con-
tinuous 1-1 ocorrespondence T suoh that T(M)=i{*j; and (b)

a 1~1 gorrespondsnce between the set of all simple cloased
curves in ¥ and the set of all simpls clomed :urves in
¥', which 18 such that 1f J 18 & simple closed ¢urve in
¥ and J' is the corresponding simple closed surve in M,
end 1f ¥ 1s ths set of all points of ¥ which are interior
40 J and 1f N' ia the set of all points of M' whieh are
interior to J', then there exists s continuous lel

75
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correspondence W sudh that W N)sN',

Of course if M and K'Y are two simple closed
eurves, as they are in all appllieations in this paper,
they sre in the same interior class.

In the following theorem and lemma the aulhor
lists several aets-ér sonditions involving the number of
simple closed curves, endpoints, and cutpointa, any set
of which will satisfy the theorem {(or lemme)s Only the
set of conditions applicadle to the situation in this
paper have been copled,

Theorem Gl: If M is a continuous curve lying in
a plane 3, and T is a continuous lel gorrespondente such
that T(M)=M', where NM' lies in a plene 3', then T can be
Aegxtended to a c¢orresponlience between the plenes S and S°*
provided that: (1) M and M' are in the same interior
class with respeet to S and S*'; and (2) M has one simple
elosed curve, less than four endpoints; snd the same num-
ber of bdranch points as endpointe.

Lemma G: The plane continuous ocurve M iz rever-
sible if M has one simple closed ourve, less than three
endpoints, and the same number of branch points ss endw

points.
Note: The general notion of reversibility of

oontinuous curves 1s complicated. 4ll plane simple cloaed
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curves are reveraible and are the only type consldered
below,

Theorem G2t Given (1) a point set M lying in a
pPlene S, and a oontinuous {1-l) eorrespondsnce T such
that T(M)=li' where M' lies in & plene S'; (2) esch com=
ponent of M 13 dounded and except for at most one com-
ponent, 6ach iz reversible; (3) if O denctes a simple
elosed curve in either 8 or 3', O encloses points of at
most a finite number of componentz of either M or M3
(4) for eaoh component My of M, the sorrespondence T
betwoen My and the compoment T{M,)=M] of M' can be ex-
tended to a eerres»enaanqe'bstween the planes 8 snd 38
and (B5) if M, and M, denote any two components of M, then
M, lies in the domain®® or S~y bounded by the subset B
of My, if and only if T(M;)=u{ lies in the domain®® or
8~} bounded by T(B), Under these eonditione, the cor-
respondence T detween M and M' cen be A«-extended to a

correapondence between the plenes S and 5°,

§30, Lemma: Let 3' De the homeomorph of S in
the plene R, Let D be a somponent of R«3', Suppose that
the boundary of D contains & simple oclosed ourve J. Then

J £ 8' and 3'~J 18 oconneoted.
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Proof: Since D is a component of R«3', and since
8' 45 elosed, then J is a subset of 8', Let 7" be the
sollection of elemsnis {G‘ } such thal 0‘ is the homeow
morph of G, {1=1,.00,0)¢ Suppose that s*-: has u partie
tione Then J is not identical to any member of Y,
anoa, there are two poinis Py and Pg of J such that PI
&g s'-Z’ G’ Now let e, > o be sufficiently omall that (1.)

,el)-U(Ps.es}- ® 3 end (2) UIP+F,, o )¢ 2 01= ¢ .
hy $heorem 8, chapter II of Mpore [2] , there 13 & point
Pi in (P, ,e )+B such that P} is en acoessible limit point
of D, where B 1s the boundary of D and i=},2,

By fll, S’-Zi',n’ Gi cannot be separated by any
finite number of points, and hence there are three ares
Piz“Pé, P'ng’ and P':BP' Sza%n’ G; such that (PixiPé)
e(P'z P') = P!+P! whenever i ¥ J. 4lso, since P! and P!

1732 1 2 b § :
are accessible limit polnts of D, there is an arec Pin?
t+Pp?
in D+P1 Ps.

Now one of the three ares {P{x,Pp§ (1=1,2,3),
say P{x, P}, 1s such that <;>' ) end <Plxsp;z> 1ie in
different csomponents of Re( P‘* %«rPile%). Since p‘m yo
end < x5P'> are subsets of $*, then S'a={ PlyPNPixl
has a partivion., Since <)?in;3> is a subset of D, then
3'«Pix,P; has a partition,

But P'x_ P' is a subset of s’«-ﬁ c; and no subarc
112 1
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of Pixl?'g has endpoints on any elemsut of 7', Thersefore,
by Js, $*«Pix,P} is connected. This is e contrediction

and hence S%«J is comnected.

§%1. Lemmast Let S' be the homeomorph of 3 in
the plane R, If 7 eontains more tha one element then:
(1) the boundary of 3! is the set 2%' Oi where 0; is the
homeomorph of oz; (2) there is an oltms:t, say Oy, ot T

such that S'~C] is in the bounded eomponent of R«G!; {3)

1
C] is interior to Gi when 1=2,.,.,1; and (4) 6\3 is
exterior to C! when ih43, 31 ,

Proor: (1) Let 7' be the eollection of simple
elosed curves which are homeomorphs of elements of Ve

Let C! be any element of mTe*., Since G{a is a simple
o

1
- & B L
and Dy, such that O £ B, ena o}, € Dy Mow S Gia must

closed curve, then R—-Gi has exadatly two components, D
o

be a subset of ons of B or Dy, #ay Dy, else S-Qio would
have a partition. Hende, Dg £ R-8', Thus Giog 8 and
O;_’u? R=8¥, Therefore, C{, & B(S"l)h. Sines this 1s true
for every i, (1 £ 4, 2 n), then Efgia € Bls).

Let D be any component of R-3! and let y be any

point of B{D). Kow by theorem 41, psge 261, of Moore [e] ,

B({D) conteins & simple closed ourve J. By §30, J =g¢
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and S'«J is comnected. Since J is a simple closed ourve
then ReJ = D’J Dye Because J & S' then D is a subset of
one of Dl or Da. say Dl'

It is possible to draw arcs x;xp end ajeg such
that: (1) <xyx,> £D and <&y8,> =5'=J3 (2) a4ty
*X,*Xp € J} and (3) ay*ay, separates X;,+X, on Jo If Stad
were a aubset of Dl then <ajag> and '<xlx2> would
both be subsets of the same component Dy of R=J. Since
< 818> ¢<X;Xz> = ¢, this is impossible. Thus 8'~J is
not a subset of Dy, Sinoe S'«J is oconnected then it must
belong to Dgs Therefore S* € Dy and Dy € R=S'. Thus Dy
is a component of R=S?' which conteins D. Since Dy and D

are components of R-S' and contain points on common, then

Dy=De Therefore y €Je. Since 3'~J 18 connected tnen J is

n
an element of 7r ', and therefore ye ? C;.
n

Now let y € B(S') and suppose y ¢ 21,’ C!e Then
there are an infinite number of components D].‘Da""
of R=-3' and a sequence {yi} such that yi [ Di and
{y{ﬁ — y. Since for every i Zz 1, y; belongs to D, end
y belongs to S' and hence to R-D,, there 1s a sequence
] 9 a L
{yp’.} such that yl’i belonga to B( DP:L) an {ypi; > Yo
n
But this is a sequenoe of points of :_»’_’,Gi which converges

n n 1
to a point of R=35] Cl. Since 3 0{ is glosed, this is a
1l 1
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aon:radiot:lon. Hence, B(S") g%c;, But then B(SY)
= 2 of.

{2) Sinee 8! 19 bdounded, then Re38' contaius one
unbounded component D', Then, as in (1), the broundery of

D' 18 an element Gi ef r*y Then S'-Oi is interior %o 01

(3) This followas from ( 28).
(4) Let Gi be any element of 7' different from Cf,
Let O' bde eny element of ' different from O Sinoce

3 1°
s-ci is cannected and since Oi is exterior to Gi then
S-Gi 1s exkerior to ci. But 05 S 3*4{ and thus 03 is

exterior to 0{.

§ 38, Lemms: Let ¥ be the sum of a colleetion
of n nonintersecting simple closed curves 01'03"‘"‘03
in a plens R,

Let K' be the sum of a ¢olleation of n noaintere
secting simple closed surves 01',1, Ci,a, ve "cg’n in a plane
R? gueh that if C' and C' are any two ourves of MY,

Py Pj

then Gi is in the interior of Oxf, if and only 1f C4 is
1 3

in the interior of CJ’
Then there is s homeomorphism T gerryisg R into

R' such that T(C )=C} (i=1,...,n), where Gi is one of
' ' I L
cpl’ OPZ’ *e .cpn
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Proofs (1) Let Gy be one of the simple closed
ourves of M, Then there is g homeomorphlism x‘i sarrying
€4 into Qsi. Now C3i end 051 ars in the same interior
¢lass with respeet to R and R's Therefore by theorem GL
{Gehman), there is a homeomorphism fy esarrying B into R!
such that rg(ex)scﬁi. Now define T':M —> M' as followss
T*(x)=f4(x) (x € ¢y). Now T' is a bomeomorphism carry=
ing M into M*,

{2) By lemma G a simple olosed curve is revere
sibvle. Also, every simple closed ourve 1n the plane is
bounded, Therefore every component of M is bhounded and
reversible,

{3) Since ¥ and ' have only a finite numdbar of
gcomponents, obviocously sny simple closed curve C ¢sn cone
tain points of only a finite number of components of M or
of ¥',

(4) TFor each compuuent Cq of Y, T’(01)”f1(61}¢
and thus T'(C4) (the notation of Lefschetz, page 2, is
T' C4) can be extended to the plane R.

(8) Let C; and Cy be two components of M. Now
since GJ is & simple closed curve, there l1ls only one bound-
ed somponent of H-CJ and that is bounded by 03. iny
point whioch belongs %o this bounded component of RwQa is

interior to 03. The same is true for Gé o Slnos Gi is
J
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interior to G; if and oniy it G,gi is interior to c;J, then
Gy belongs to the bounded couponent of Rel P if and only
ir 0;1 belongs to the bounded componsnt of R-cé 3 Hanoe
by theorem G2, there is e homeoworphism T:R —2R' whioch
carries M into M', Now each of the simple closed curves
of M must go into a simple closed curve of M'. Let the

curve of M whkieh 01 goes into be lsbeled G{. Then T

le

carries 01 into f:1

$33. Theorem: The set S is homeomorphic %o the

Plane reglon bhounded by n noninterssoting circles.

Proof: The prool will oonsist of two parte.
Part I will consider the dase when 77 gonsists of a single
element. Part II will consider the cese when 77 consistis
of more than one eleument.

Part I. The colleccion 77 conazista of a single
element cl.

In ¢ 28 it wes shown thaet S wes homeomorphic to
a proper subset of the sphere and that 3«C,; was connected.
It 18 easily shown, by projection, that 5 is homeomorphle
t0 & subset of the plane R suclh thut 3'-Gi is in the
bounded domain D' of R=C{. Then 8'¢E D¥. Now suppose
that there 18 a point x of D' which belongs to R«37, Let
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Dy be the component of R«3' which contalns x. 3ince

Qi € S* then Dx S D'. A4Also since S'oci is not empty then
D, ia a proper subset of D'. Now by theorem 41, page 261
of Moore [8] $he boundary of Qx sonteins & simple closed
ourve J. 3Since Dx is a proper subset of D' then the
boundery of D' cennot de identical with J. But by §30,
St=J' ie connested, Since 7 contains a single element,
this is impossible. Therefore D' £ 3', But then D' £ s?
and S'=D'. Let Oy be a oircle in R, Then there iz a
homeomorphism T of R with itaelf which carries a7 into Of.
If D" is tbe bounded component of R»Q{, then T ¢erries D*
into D", But then T carries DY into O" and S is homeow
morphis to D", Therefors S is homeomorphic to the plane

reglon bounded by e eircle.

Part II. The oolleotion 7 consists of more thaan

one element,

Let 3*' bde the homeomorph of S in the plane R and

let c; be the homeomorph of C1 for every element Gi bo=

longing to W, Then by §31: (1) S’-Ci is a subset of
the bounded component of R-C] and {2) 05 is extericr to
c} when {141, 3# 1. Nowiet O sesesCp Do nonia-
tersecting ciroles in R auch that: (1) C;i is interior

to c; when 1 i3 different from 1 and (2) Gg is exterior
1 J
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to 031 when {4 # 1, J# i}. Note tnat Gr 1e interior
1

to G5 if and only if c; is interior to Cjs Then by § 52,
there is a homeomorphism Y:R — R sueh that T(Di}nczg Gg
being one of CY ,...,ng.

Suppose 3" is the set into whioh T oarries 5%
Then 5" is hometmorphie to 8. By §31, B{s")= Z‘ cr,
Sinee s"-Z' c; 1: oconneoted, then 8" £ DV whern D' is %he
somponent ot‘ R-E C; whose boundary is Z' Cl'» Note that
there 18 only ona suoch eomponent and that it is bounded.
Now suppose that x is e point of D' whioh does not belong
to 8", Then as in part I, it oan be shuwn that there is
in S" a simple closed curve J which is not a subset of
25’0; such that 5"«J 1s connedated. Since this is a
oﬁntradiotion then every point of D’ belongs to 3". There-
fore D’ £ 8" and S"eD', Therefore S is homeomorphic to

the plane region bounded by n nonintersecting oircles.
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83ince M van be covered by a finite number of
conneoted domains of diemeter less than e for every e > 0,
M is locally connected ( Wilder [3] s Page 108, theorem
3.9)¢ Then by a repeated application of ¢8, M«{x+y) cen
be covered by a finite number of comnected domains of

diameter less than e for e > 0.

SLet x; be @ point of Dys Let y; be a point of
C«{ x*y)., Since no pair of points sepsrates M, there are
three ares o« 31s (1,28 3 5 from zy %o y4 in M such

| 24 Kk £3,

that o, ooy g0 = Xy*yy (1%2J, k€3, J # k), Then »ms
least one on 0(1 j does not intersect xtys. Then let di.l
be this arc, Let y; be the first point @f‘ 0(1'1 from x,
to y, of Ce If x; &M=( D.a*DB) vhen xiy;'m'y;‘ is a subset
. of M={D *Dp)e If X €D, then X yf»y) €D ;3 1f x €Dy,

then xiyi~y;_ b DB'

86
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4ret q':l.l’ 'di.a and di,s {1=j+l,sea,n] be the

seme ag in 35, Let }'; « be the first point from x, to Yy
]

of o, ,onC'e Let @ 1,k be the subarc of oy x from

. |
Xy t0 y] o Then at most one of 61,1: contains x and et
most one of §, . contains y. Let @1“1 be the are which
contains neisher x nor y, éi"g be the are which does not
contain x but may contain y and let § 1,3 be the arc which
does not eontain y dut may eontaln x. Then these are the

desired arcse.

Ssupposs Dysg ocontaine a point x, of D' and a
point xy of M~D', Then thers 12 en are x,x, from x, to
Xp 1n D' which does not inltersect C. Since Xy Xy does not
intersect C it must intersect afjﬂ_, as B(D') £ O+ oyyq e
Then in o443 %X} X3 there is an aro oy, from X, to N
whioh lies in D,~D'+0).

Suppose Dy, € B=D', Let x;, be the first point

’ ! ;
of éj*z.l fron I):W2 to Cy on Cy+ o(:“:“ and led Ps-’B be
the subarc from Vj.g %0 Z. Then in ‘95+8 *‘(3-#1 there
]
is an ars o(j*g from Dy, p %0 C;. Bub P5+2*a(3+1 < PA
-=D'+Cy . In either case, 0(J+3 is the desired ara,.

8In the following discussion i1=j+l,,.s,ke Let R
be any point of D,. If R & £, ; then £i,1 doins Dy and
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C}o Suppose R ¢ f, 1o IFRFEx then R ¢ f, o+ f ..
Therefore, R does not disrupt Bi from eimx 2o anl R does
not disrupt D, from Gi*-cy. by If Rex; then there is a
subare of 61.1 which joins D; and Cj« Im any case R does
not disrupt Dy from ci_«rcx, 6o 804 R does unot diarupt Dy
from Cy+Cy s5g¢ DY Bing's lemma there is an erc J from

b‘-hd'o to cy’[e in BA*cxad”o*chJo whioh does not dlsrupt
Dy from C) im D,+0je Let o4 be an are from D, to C{ in
D,*+Cy~J. Then oy does not interseat J and hence « ,

does not disrupt 02.56 from ci’f‘fo in BA*C%J‘@"'GY; So°

"Gonsider Cx, & Sinee 0i+¢(1*.u.,.+ <y 18 a
elosed compuct set, then for every x’écx' b there is =a
dx1< ©3/300 such that Uy, g #{C01* ofy¥eseat () = @ 4 wWhere
Uz, 5,18 the somponent of U(x;sp) which contains xi Let

x

g; be the union of Uyx; ., , for all x' €0 Then g, is a

Xs 5o *
connected domsin of dlameter less than 31/100 whieh con-
tains C, ., but does not interseot Gy+ of3+eset o{pe

A set gy' sontaining OYofo san be obtalned with

sirilar properties.

83uppose g 13 on elemens of G. Suppose also that
g-D‘ # (P and ge[ﬂ-DA) # (p s Thsn goB(})A) £ Cr, But B{D‘&’)

S C and g¢C= $ o Therefore, elther g €7, or g M-D,.
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Ie 8 = unn‘, the same argument gives that g < B-B or g <
M=Dpe Hencey, g < Do Or g £ Dy o g £ mw(nkﬁnﬂ)_

¥3ince of 4* Cgteoet o« y B0e8 not Alsrupt O o
from c,“, in- DA’“:.J w-y..'d, « there is an are J from Cy %
to Oy do 1n D‘mi °'o y, -!o(_l-* Agtaset a(n,a Bvery
poins or JeD; belongs to some element of G. Lot 2 be
the set of all elemonts of O whioch sontain a point of
deD,o Then G'*gxm, is an open covering of J., 8ince J
is ocompaot, there is a finite number of elemants or G°*
vhﬁeh; together with g, end 8y eover J, These elements
must all de subsets of D,, Therefore, there is a finite
evollesction of elements of ¢ whose sum i3 s connected sub-
set of D‘ Joining &y 8nd gy. 3inos there 1s a finite
number of domains with this property, there iz a small-

ost nnmber‘whieh does thlis, Let GA be such a collection,

10notationt Let G,_ . ; be the collewtion of all
.elenents of G, exsept those whioch have preassigned sub-
sceripts belonging to the set fa(’f « Now suppose g, inter~
sects more than one element of G, Let these elements be
5"1 'skz ““'“p e Let 0»1‘1,1 be the union of all somponents
of A”ik]_nkzne-pk 3 which inteérsects gki. Then one of
the Gki, sey G"i must interseot Eye But then Gx“fkgswukpf
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eonnects g, and g, (1. es the union of all elements of
GA_{kzi".’ka sontains a oonnected subset whioh interw
seots g, and gy}. But this 1s a contradietion, for G,
is the smallest possible oollsotion of domains which does
this. Therefore, 8y interseots only one element of G@V
Call this element 8ge Now suppose g, intersects Y but
no other ;i:nent or G ~{i,ao.,k} for soms K< qe2 (gl- &y Yo
Set K, = Zl." &4+ Suppose K, interseots more then one
eleaent of G f8qasep,kt13 Denote these elemants by 8?‘1'
sxi,...,gkp. Suppose one of sk’., say gkl, intersects Sy'
Then {gg,’....sk,,l.gk} is a subsollection of G, wnich
Joins &, and sy. This is & ceontradietion, Therefore, no
- ?
s“i intersects &y But then if cki i3 the union of all

eomponents of GF —{a,...,kﬂ., kpfs whioh intersects

klgooay
5“1’ ‘one of the '.'}k1 interseats €y Say Gél i8s the one.

Then Gl-{kg.n-.kp} is a subeollection of (} which Joins
x end 8y, @ contradiction, Therefors, by Induotion, the

collection GA may be numbered in the desired manner.

llsnppoaa thet g} is a ocomponent of Beg, (g, an
element of G) which does not intersect any element of €y
BpseresBype Let x be a point of g' end let J be an are in
gk+y from x t0 a point y of le(l'f..o-l-e( e Sinte x € O=-

Zj g4 then J must intersect 231' Let y' be the first
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point of J rfrom x to y on B Er 31)' Then xy' 18 & eon~
neated subset of W Also, ndlpoint of xy' can be Joined
to 01 in ﬂ-Z:} 8y Therefore, xy* £ g{g«. Since y' £ g&
there is an Mo such that ﬂyvtqggé Tor Y< B ye It every
point of Uy"ql belongs to E for some ;71;<47@ then ﬂ&’!ql
s sl':. But .By. oy contains points orzl' g;+» Thersfore,
uy,q eontains points of M«E for every m<« . Since C,
has only a finite number of components, and sinoce every
poins of M~E san be joined to cg_, then me«vci has a finite
number of components., Let Mi,mg,.ao,mn be the zomponents
of M-E+C,. Now there is an imfinite sequence of points
{71} in M~E which converges to y', 1t osn be assumed
that {yy} belongs to M . But then y' € Ty ena xy'+i
is a c)mected set which joins x end Gi but does not ine
torseot }é;gi. a eontradiction, Therefore, gé intersecis

some &4 {i1=1,40447)0

125uppose g, 1s an element of G end g! is s com-
ponent of Eegye. Suppose that g{c interaseocts g; and EJ
whers J 2 1+3, 8Singe one of g4 OT & is different from

g, OT & then g} {and hence gk) is @ subset of D, or of

BB' Sey DA. But then 51.82.c¢.,81‘8k’g$.35+1pDomggq SOonNe-

tains e subcolleetion of a% most r=3% elements of G wirlch

l1ie in I)A and join 8y and gy. But 'G‘r‘h containg the smalliest
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number of such elements and it contuins r«2 elements,
This is a contrasiotion, and thus gﬁ does not intersect
two elements of 51'38""'3r that do not lie in a conseo~
utive set of three.

13the only condition thet is not obvious is (2),
Suppose x € M and x ¢ (hy+ho*e,ethy)s Then there 1s a
connected set X in M whieh joina x and some gomponent of
ci but does not intersect g3+gg*tscs*fpe Suppose y € K(E~
(31+38*.¢.*3r)). Then 81 *Bg*tee0*E,, does not separate y
from Gi. a oontradietion, Therefore, KeE= dD and h, +hyt
..-*h. does not separaete x from Git

l4Let 8,800 408 3 be the elements of G whish
intersect MAB; and 16t 844198 42000008y be the elements
of G which are subsets of HI. For each 1 (1=1,0¢0,J)
let e%, be a degenerate ars conaslsting of a point of
gio(NPBI). These arcs do not interseot I and hence can~
not disrupt S;:l frome;:;; in Hfiﬁ.

Now let L, & j43s Tof E:;)‘H’{ ' f'o(mﬁﬁi and
'i-lﬂpgf) be the sets D, D', M, N, and E, respesctively, of
Bing's leama, 3ince no polint of L disruptis &3+l Trom
Le(u=H{), there 1s an are from Le(hy )eHY to Te(hy ;q)eH}
whioch does no>t disrupt 8441 fromfzc(MhH{). Therefors,
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there is an aro o §+1 “from 33.,1 g 15 fﬁtﬂwﬂf} that does not
disrupt f*(iﬁ'{) 'H’{ from Ta(m) ~H;‘ in L*klgl*hlnlﬂ’
Let L' be the component of I""(ju which contains an open
arc from qfﬁi‘ to (m-n{.

Suppose x € (gj\.a}-(w&.'}. Let ¥ be a point of
H-H;. Let xy be an arc Joining x and ¥y« Let y' be the
firet point of xy from x %o ¥y on M*Hi“ 0(3"'1' Then in
xy'+ « g,y there 1s an srec from gy4p to M~HF whioh does
not interseot L'. Suppose Egez € L' Let R be any
point of L', Then there is an arc in I&-Hfth-ﬂ trom 8449
to M-AY, and hence there is in L!=R+{M=iiF}+ «( 4,1 an are
from g4,5 to (M~HY+o( 5,y )e Therefore mo point of L' dls-
rupts g4.g from (H—Bi‘* o(Jﬂ_). By an epplication of Bing's
lemma, there is in L an open are joining 'EI:'l-H;‘ and
‘i;:'{o-)z{ which does mot disrupt gy,p from M=H+ o g,.
Thus there 1is in H-H{‘-*I. an are a(J +g Trom €342 to M=g¥

1
such that «(§+1* «44g 40es not disrupt Ez.:.'“i‘ from By 1o H’

in L+§1.1+h1'10. -
Continuing this process provides aros °"J+1"“"
Apn such that o3+ o(gtese? "(.1"' 0(1’_‘,1"'“10*0(!1 does not
«q—-\ * 'ﬁi" she
di'rupt ﬁpl.q Lrom ’lo-‘Hl in L+ ’l"' 1,t° It is

n
obvious that Zl‘ o g+ (M~HY) does not disrTupt Iy g B from

*
from E; ’100 Hl in h}.,1+'°'+hl,"b'
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15716t 7 ba an aro from Eiji«ﬂi to E;:;bﬁﬁf in
L*hl,l’hi.lo whieh lies in L except for endpoints and
whioh does not intersect K%, Since J is connected, J
intersects By 4 {1m2,04049)s DNow every point of J Lies
in hl,a*"-’hz,p‘K’ and henge belongs to at least one
elemsnt of G', Since J is compast thers is a finlte
covering. Singe J intersects ﬁ;:;'and E;j;g'at least one
element of any open oovering of J interseots h1‘1 and at
lesat one element intersevcts hl.lﬂ' Also, any covering of
d dy open eomponents has for 1ts sum a conneoted domain,
Henoe, there is at least ome finite eollaection of slements
of G' whose sum i3 & connegtsd domaln interseating hl,l
(1=1,.00,10)s Since there is one finite collection whieh
will &0 this, there is a colleetion G" sush that the sum
of the elements of G", but the sum of no suboollection of
G' with fewer elements than G"y 18 & connected domain in-

sterseoting h1,1 {(i=),00¢,10)0

16The proof that such an assumption esn be made
is identical, exoept for obvious changes in notation,

to that of 10.

17Let x; be a poilnt of hy ;+g& and let yj be a

point of §)+8ze¢ Since g; is & commected domain, there is

<.
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&n are x 7 in gl Jeining x, and yin Since Megy is
olosed and x,y, is olosed and oompact, then there 1s a
dy such that plxyy,) = 284, Now let U 5, Do the som-
ponent of U(x,Jl) which contains x. Set g{ aqual to

2. U o Then g' is a connected open set whose
x€x ¥y nd B 3
eloaure 1s a subset of g, A4Also, q{ intersects h and
1 1,2 ©
63'

Now suppose that q{ has been defined for 1 less
than or egual to mel when m £ r. Let . belong to 5&*1’3m
and led Ya belong to 8" 8u+) where @y.1 = hl.lﬁ if mer,
Then as bdefore, a scomected open set q& can ve aonstruote

ed sueh that g is a subset of @, end g} intersects g _,
and gp4ye

187ne proof of this stetement is identicel, except
for notation, to 11 and 12,

19 (1) Evident,

{2) Suppose Z € M=E, Then there is e sonnested
got N Jjoining Z aend Gi in ﬁl“’i“ hl*glil*sow*sl’u*hlo
_ +h1'11*...4h1't). Sinae no point of N is separated from

Cf in D *Cy by By +@y 1%eca?q)  *hygthy q3tecctly 4o Then

NeE= ¢ o Therefors, Z i not separated from Gi in ¥ by Es
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{3) Let g'" be an element of G', Then either a
point of X* is aocessible from g' or else a point of M&g:
is accessidle from g', Sinece (Mhﬁg)*x* S M=-E then a point
of M~E 13 accessible from gv,

Let 31*1° bs any element of 31’1@.»~.$1tu. Then
31.10 is made up of at least thres sousesutive olements
830_1' 8303 530’1 of Bi' (iﬂl,.".r)’ ¥ow by the method
of sonstruction, 83°~1 contains a subset of saaﬁaﬂ-ggo
eontains a subset of g¢ and g¥ sontains & subset of
81 +1* Suppose thet x is a point of gg whioh belongs to

o [

gjo. Since 3J° is an elament of G' then there is sn are
xy' in gje-ry' frem x to a point y* of m-uiﬂrx"‘. Let y be
the firet point from x to y' of xy' wkich belongs %o M=K,

Suppose that there is a point z of xy-y whioch
belongs %o n"l.io’ Since 830 intersects only 3ja~l and
310*1. then xy~y does not oontain any points of hl,l' g{,
85.0003 83°‘2j ‘jo...agoma.g;.. hlglﬁ""’hlat. Thus z must
be a point of a component g" of the intersection of an
olement g' of G' with E such that g" does not intersect
530_1. 330 or 330+1. Let Z be the set of all points 2
of xy-y which belong to E~31‘&°. Let 2' be the firast
point from x to y of xy which belongs to Z. Suppose u'
belongs to 31’10. 8inoce 51.10 is open then it contains
points of Z, This is a oontradietion, and thus z' ¢ &) 4 .
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Then g' € 4, But from adove, ®' bhelongs to some component
&" of the intersection of an element of g' of G* with B
such that g* 6 g " ¢® « Since g" is open then it contains
points of xx'-3x', But then 8' is not the first element of %
*xy from x %o Y.

Thus the assunption that soms point of xy-y be=
longs to B~§) 4, 1ends to a contradietion. Therefore, ¥
is a point of M-E which is accessidblie from glaia.“ Thera-
fore (3) is true for 81,10°2%18 ye Obviously, the cone
dition 1s true for h;, hyq, hl,i (d21),c00pt)e

20g1nge €, (1g<1<1,y) and By g {(J=12,00uyt)
are open sets which do not intersect, then El,i’”*l,d“’ d).
Suppose that El,i.m-np Fd. Lot y€ €, go(M~1}).
Now there exists a connected open set Uly) of dlameter
less than e;/4 containing y which does not contain any
point of 3_? gi since 'E{ T H;. Since W y) ia open
there is a point x belonging to U( y)'gl,i' Since Uly) 1s
gonnected there is an are xy in UWy) which Joins x and y.
Let y' be the first point of xy from x to y whieh belaongs
to M-Hi"».. Now eonsider xy'~y's, Sines 81,1 (1 <1< 4y)
is a subset of hj szteseth; g thez no eonnected subset of
E* of diameter less than gl/’& joins g 1 and hl,;] (1=1,

1
10,11,..0,#)- Hence, sincse zyley? iz a aubseti of R’{
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which 13 of diameter less than e;/4, erd singe xy'~y’

intersects g, 4, it cemnot interseet by 4 {J =1,10,11,
esest)s Sinee xy'=y' 1a a subset of U(y), then it does
not interasct %’P &'

i
which joins x and y' and does not intersect hl,l"g{*'“

But then xy°-~y' iz a oonneoted set

*g'*h]_ 10 .u*hl ¢* Therefore, x does not belong 10 K.
But this is & oontradictions Therefors, gl 1 o(kﬁﬂ-}?\l) 4’

Thus Gl'x -3 hl.l‘*ooo"'lll'loq

2lNote bere that all of the g's have bsen ro-
' p p
placed by elementa of hz.,‘. Also, nate that h%.l is
obtained in the last step Of the process.

Z2Tne proots of (1), {(8) and (8) are the seme as
1n footnote 19. Properties (4) and (5) follow from the
method of combining the sets to form ha.i'

Now consider property (8} Leti hlaio intersect
hz,no and let nl. Jo interseot ”‘a,no and suppose n, 7 mye
.lHow either (h1 1 *"'*hl iq )*(}12*’“*-}12 n, ) oonteins a
connected set Jjoining hl 1o and Ly, Jo or else ():x:,"w.1 490w
*hl,io)'(hz.no""*hﬁ,no) oontalus a connected set Joining
hl.io and hl'Jo' Suppose tne first is true.

Consider Wl L3igpdy) &nd Hl 2jmy,n,ls  There are

elements ng'ko. thkl’""hZ,k of g whers ha"‘“"o cone

P
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tains hg'lg ha.kl ¢ontains hé,wi‘ sen} Gnd b‘ﬁ.kp Sonw
tains hé.n‘ Fotice that ky+100 < K4py+ Then

hs‘k;ia’kfﬁ'"4):‘3']‘3;1 g 1‘1,163*1‘“"‘“‘11,10@5‘1*
Let J; and Jp be suoh that ha“kslvana,nggmj

of
are aot elements of H( Bim,e8,), but hﬁukg is ap element
of H( 2;m,,n,) when J; < J <Jge Then hﬂa%
of {ha',j when k’1< 1<k31+g and hz.n@ is an element
of {hs'ﬁ when kg _p<1<ky . Therefore by 4 1s an

is an element

elanent of 111.1031. hl.lojl“‘l. tooghl.lojl_*mu' AJLQOQ nx*jo
is an element of hl.lojg'ae’ hlplg,ja‘f'lg’ TIY hlgloss‘_a&o
i @3 ' = , o @

Now mge8,) S hl-lﬂjl*l ?h1’1031+3 Touot

By 10j.+30° PBUt By 105, +1¥ece*My 103,430 S Bl,i =100
1104, 1 0

+...0h1. 15+100 and thus §V;m°,na) S Bllys,,3,)e Similare
iy miinoa%, s mlljgoio)o

23Let hy 4 be any element of Hy. Then there are
elements hlsig and hif’l sush that: (1) hi,J is an
element of h1'30+1, h1019¢3;...,h1331‘13 and (2) there is
a subchain E& of Hg in hl' Jo.yl"’aoa*‘hlg;]l*l Joining hls 30
and by 4. ° 3ince the sum of the elemsants of H% is a cone

i

nected subset of hl, Jo_,l*.. .*hl' 3~1 Joining hl’%' and
then some element of H’a Inverscots nl,:!. Por every 1

h
1,3
between Jo and Jl. Let hﬁ,nﬂ be the first elemant of HJ
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from hliﬁa %o h&.jl which 1ntexa@&ts By, j+1e Let hg m,
be the firat element of H} from h&,ng to nlasm which
intersects h1t3‘1° Then nﬁummfhﬁ.m”*l’*"?*hﬁgnﬂ<1ﬁ &
oonnacted set Joining hl,&-l and n1’$*1. Singe the
dismeter of any such set 1s greater than or esqual %o
100e,, then the collestion hgﬁmo, ha'mn*lpqﬂ0w By, n, 2uat
eontain ajt least 100 elements., Wow consider hyg pBg+1e
This element camnot interseot hy , (1 < J) end 1t can~
nos intersect By 3 (1 > 3)s Therefore it is a subset

of hl' 3

8474t R be any point of Jp, different from P or Q.
Then there exists en i, such that p(R,P+Q}< 019/300.
Therefore R does not helong to hia'?io‘lgﬁh.”hiovPio"loﬁ

+h1°.qlo-1og +.-.*h1°' Q1°+100. But B 1°§P10‘Q10)n

Bl153Q10P1 ) = By, py ~100%e7+*By,,py +100°P4, 4,,~100

+esethy ,Qq _+100° Therefore, since R belongs to H{io;Pi@,
o? o
Qio)' R does not belong %o Hl iD;Qia,Pio). Therefore,

B does not belong to JQ,P'

25Let albl be an arc with sandpoints only on CGp.

Ir albl does no% contein any subare wiith endpoints only
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on Cg set aphbp equal to ayby. Ir albl does contain a
subare with endpoints only on 03 set aghy, equal to tals
suberc. Then a b *Cy= ®+ In either case aghe has end=-
points on one element of {61. Oé} and no subarc of a&ba
has endpoints on the other element of {bl'cz} o

Sinoe T econtains only & finite number of elements,
there is obtained in a finite number of stepsa an aro aubn
whioh 13 a subare of albl with endpoints only on some
element of 7T’ such that no proper subarc of a,b, has end-

points only on any element of 7,

26The author evidently meens the bounded domein.
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