Louisiana State University

LSU Scholarly Repository

LSU Doctoral Dissertations Graduate School

7-16-2024

Asymptotic Formula for Scattering Problems Related to Thin
Metasurfaces

Zachary Jermain
Louisiana State University and Agricultural and Mechanical College

Follow this and additional works at: https://repository.lsu.edu/gradschool_dissertations

b Part of the Analysis Commons, Other Applied Mathematics Commons, and the Partial Differential

Equations Commons

Recommended Citation

Jermain, Zachary, "Asymptotic Formula for Scattering Problems Related to Thin Metasurfaces" (2024).
LSU Doctoral Dissertations. 6563.

https://repository.Isu.edu/gradschool_dissertations/6563

This Dissertation is brought to you for free and open access by the Graduate School at LSU Scholarly Repository. It
has been accepted for inclusion in LSU Doctoral Dissertations by an authorized graduate school editor of LSU
Scholarly Repository. For more information, please contactgradetd@Isu.edu.


https://repository.lsu.edu/
https://repository.lsu.edu/gradschool_dissertations
https://repository.lsu.edu/gradschool
https://repository.lsu.edu/gradschool_dissertations?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/177?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/122?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/120?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/120?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.lsu.edu/gradschool_dissertations/6563?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F6563&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:gradetd@lsu.edu

ASYMPTOTIC FORMULA FOR SCATTERING
PROBLEMS RELATED TO THIN
METASURFACES

A Dissertation

Submitted to the Graduate Faculty of the
Louisiana State University and
Agricultural and Mechanical College
in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

n

The Department of Mathematics

by
Zachary Jermain
B.S., University of Missouri, 2017
M.S., Louisiana State Univeristy, 2020
August 2024



© 2024

Zachary Jermain

i



This thesis is dedicated to Marylin Jermain and Lori Bray.

iii



Acknowledgments

I would first like to thank my advisor Robert Lipton for his guidance and support
throughout my studies. His thoughtfulness and wisdom inspired my work in mathematics
and further sparked my curiosity in the field. I am grateful for our many fruitful discus-
sions in mathematics and more lighthearted discussions involving the everyday topics of
life. Additionally I would like to thank Rob for his support through NSF DMREF grant
1921707 which made my work possible and allowed me many great opportunities.

I would also like to thank Shawn Walker and Stephen Shipman for serving on my
dissertation committee and their dedication to sculpting me into a better mathematician.
Stephen also served as my first advisor and was instrumental into my continued interest in
mathematics and pursuit of my doctoral degree.

My journey to LSU would not have been possible without Beth Torina, Howard
Dobson, Lindsay Leftwich, Sandra Moton, Quinlan Duhon, Matt Karin, and countless oth-
ers in the LSU softball program. Your support and mentorship helped me achieve goals I
never thought possible and shaped me into the person I am today.

Lastly, I thank my fiance’ Amanda, parents Tim and Terri, brothers Ben, Nate,
and Matt and the rest of my incredible family. Amanda was my pillar of support through
this journey and without her it would not have been possible. My parents and brothers
were instrumental in fostering my curiosity for math and science and the backbone of love

and support I needed to shoot for the stars.

v



Table of Contents

Acknowledgments . . . . . . L. iv
Abstract . . . . . . vi
Chapter 1. Introduction . . . . . . . . . .. . . . . . 1
Chapter 2. Preliminaries . . . . . . . . . . . . . 7
2.1. Weak Formulation and Quasi-Periodic Green’s Function . . . .. .. . .. 7
2.2. Polarization Tensor . . . . . . . . . ... 13
2.3. Well-Posedness of first and second order corrector problems . . . . . . .. 14
2.4. Use of single and double layer potentials . . . . . .. ... ... ... ... 15
Chapter 3. Asymptotic Formula for Hs . . . . . . . . ... . ... ... ... ..... 21
3.1. Asymptotic Formula for Hy . . . . . . . ... ... ... .. ... ..... 21

Chapter 4. Far-field Scattering: Reflection and Transmission from an Impedance Sur-

face . .o 27
4.1. Impedance Formulation for Scattered Field . . . . ... ... ... .. .. 27
4.2. Reflection and Transmission Obtained from Asymptotic Formula . . . . . 30
Appendix. Proof of Proposition 3.1.1 . . . . . . . . . ... ... ... ... 33
AL, Setup . . . 33
A.2. Asymptotic Behavior of us — ug around the inclusion . . . . . .. ... .. 34
A.3. Uniform asymptotic behavior of us —upin Qg \28B . . . .. ... ... .. 43
Bibliography . . . . . . . 49
Vita . . . e 51



Abstract

The goal of this work is to develop an asymptotic formula for the behavior of a
scattered electromagnetic field in the presence of a thin metamaterial known as a metasur-
face. By using a carefully chosen Green’s function and the single and double layer poten-
tials we analyze the perturbed scattering problem in the presence of the metamaterial and
a background scattering problem. By using Lippman-Schwinger type representation for-
mulas for the two fields we develop the asymptotic formula for the perturbed field. From
here we prove the asymptotic formula holds up to a specific error term based on the size
of the particles comprising the metasurface. Arising from this asymptotic formula is the
polarization tensor which describes how the metasurface interacts with light based on the
component particles’ dielectric permittivity and geometry. We then use the polarization
tensor to derive key optical constants for the metasurface such as the reflection and trans-

mission coefficients for normal incidence.

vi



Chapter 1. Introduction

Metamaterials have been an active area of research for some time, with various ap-
plications in acoustics, infrared and microwave technology, and other engineering endeav-
ors. The intrigue surrounding metamaterials stems from their novel properties, which are
not found in naturally occurring materials. Examples dealing with electromagnetic radia-
tion include waveguides, negative index materials, and plasmon resonances [6], [25]. Meta-
materials also present a unique framework for new mathematics in scattering problems,
homogenization, and numerical techniques such as finite element methods. Mathematics
offers a unique perspective on the problem, often handling scattering problems by describ-
ing the metamaterial as an effective medium or effective material parameter that approxi-
mates the real problem up to a rigorously proved error estimate which tends to zero as the
size of particles go to zero.

The focus of this work lies in the intersection of the physical need to model and
construct new optical metamaterials and the rigorous mathematical framework for scatter-
ing problems involving small particles and metamaterials. As new fabrication techniques
have arisen, nano-scale geometry of the small particles of a metamaterial allows novel in-
teraction and control of electromagentic radiation in the optical range [6], [7]. In addition,
new materials such as noble metals (gold, silver, etc.) are being investegated. The chal-
lenge of modeling nano-scale geometries with materials such as noble metals is two-fold.
Firstly, the small geometry requires extremely fine meshing for traditional finite element
methods and Maxwell solvers, causing these methods to become more computationally ex-
pensive. Secondly, noble metals are dispersive in optical wavelengths and can possess a

negative real part of the dielectric permittivity. For dispersive materials, a range of inci-



dent wavelengths must be modeled, and where the permittivity becomes negative in the
real part, we lose ellipticity of the governing partial differential equations. Here traditional
solvers such as RCWA require a large number of Fourier modes to converge, and in some
cases convergence is lost all together [15]. In this work, we present a first step towards a
mathematical solution to some of the above problems encountered in modeling these op-
tical metamaterials. We develop an asymptotic formula for the scattered magnetic field
from a periodic arrangement of inhomogenities which approximates the actual solution up
to certain error estimates. The asymptotic formula depends on the the polarization ten-
sor denoted by M, which is determined by solving a simpler partial differential equation
(PDE).

The polarization tensor is well studied and describes how waves behave in the pres-
ence of an inhomogeneous material, in this case small periodic particles [14], [20]. Because
the PDE for the polarization tensor is easier to solve, by using the asymptotic formula the
computational cost is reduced making it easier to inform design of new systems. Further-
more, by using techniques such as topology optimization and machine-learning techniques
one can predict the optical control over an entire design space [24], [26]. Using M we are
able to treat the metasurface as a scattering problem with an impedance surface similar to
the work in [1]. This formulation also allows us to represent the original scattering prob-
lem as scattering by an open waveguide. Lastly, we are able to derive approximations for
the radiating far-field reflection and transmission coefficients. Using approximate optical
constants or material parameters, we are able to aid in the design and inverse design of
new metasurfaces [24].

We start by considering a thin metamaterial consisting of a single layer with peri-



odically spaced particles with period d and dielectric permittivity €,,. The height of the
particles is of order ¢ with d > ¢ and the width is similar scale with w = a¢d. Thin meta-
materials such as these are also known as metasurfaces. The periodicity of the particles
lies in the x; direction and the particles are centered on the x5 axis. The particles are uni-
form in the x5 direction, so we can simplify the geometry to the 2D case. We denote each

individual particle as B; and the collection of particles which make up the metasurface as

Bmeta — U?:1<d+8j) (1‘1>

One key distinction for the metasurface of interest is the period, d, is not assumed to be
significantly smaller than the incident wavelength. Instead the height of the particles is
assumed to be small compared to the period as stated above. This allows the analysis to
hold for a wider range of incident wavelengths compared to traditional homogenization
techniques. With this in mind we shift from homogenization techniques seen in similar
problems [8], [21], and instead proceed with our formulation which is similar to works in
31, [9], [17], [18], [23].

For now, we simply embed the metasurface in a domain denoted 2z, where R is
some positive number which represents the distance the region 2z extends to the right
and left of the metasurface respectively. The domain g consists of a homogeneous
medium which we take to be air, so g = 1 (see Figure 1.1). In this work, we only consider
materials with a positive real part of their permittivity (Real(g,,) > 0), but otherwise the
permittivity can be complex-valued. Materials with negative real permittivity can also
be handled, but require careful treatment for existence proofs, so they will be handled in

future work.
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Figure 1.1. Material Geometry

The metasurface interacts with an incident electromagnetic wave propagating from
negative infinity in the z; direction. The governing equations for the system are the classic
time-harmonic Maxwell equations with no source charges or current in the presence of an
inhomogeneous material [4], [16]. Here E will denote the electric field and H will denote
the magnetic field. The material is assumed nonmagnetic, i.e., p = pg, and € = gpe5 where

the relative dielectric constant €5 can depend upon .

V x E =iwuH V x H = —iwegssE

V-cE=0 V-H=0 (1.2)

We are interested in the case of Transverse Magnetic (TM) polarization which gives

E = Ei (24, xQ)ei(kx_Wt)eﬁ + Fyelthz—wtg
(1.3)
H= ngi(kxfwt) e—é
By using the TM polarization we ensure the electric field has a component which is paral-

lel to the direction of periodicity which provides the potential for plasmonic behavior and
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resonance in the metasurface [6]. We note that with the TM polarization we can write the
curl equation to give the relationship between Hj3 and the electric field components F; and

Es
8x1H3 - _ZEEQ (9x2H3 == ZEEl (14)
C c

This allow us to solve for the magnetic field and then find the electric field using the curl
equation above.
The piece wise constant dielectric permittivity €5 describing the metasurface is de-

fined by

1 T e QR\B
Es — (1.5)

Em T € B.
Recall ppgg = ¢* and set k = w/c. Using the assumptions of TM polarization and some
vector identities we reduce the Maxwell system to the scalar Helmholtz equation in terms
of the magnetic field, Hs. For notation, we will denote this field Hs as it represents the
magnetic field in the presence of the metasurface, which we will also call the “perturbed”
field. The incident magnetic field is H;,. and Hs = H;,. + Hj where Hj is the “scattered”

magnetic field. Hy is the solution of the Helmholtz equation
1 2
A\ ;VH(; + k“Hs =0, (16)
5

where Hj satisfies the out going radiation conditions given by: There exists an R > 0 for
which

oo
Hj = Z P FImeLeifne2 4 R (1.7)

m=0



and

[o¢]
Hj = Z te FImTeibme2 0 5 R (1.8)

m=0

where r,, and t,, are reflection and transmission coefficents. We also define the “back-
ground” magnetic field, Hy which solves the Helmholtz equation in the absence of the

metasurface,

In the absence of the metasurface we just have the homogeneous region g, so in this case

Hy is simply just the incident field Hj;,..



Chapter 2. Preliminaries
2.1. Weak Formulation and Quasi-Periodic Green’s Function

In the first step of our analysis we utilize the periodic geometry of the domain and
simplify the problem to a single particle on an infinite strip with —oco < 77 < oo, —d/2 <
x9 < d/2 and quasi-periodic boundary conditions in the z; coordinate. The periodic do-
main has width d with a single particle, B, centered at (z1,x2) = (0,0). We denote the
truncated domain by g, which extends to a distance R above and below the particle in
the x5 direction. We denote the periodic strip with width d which contains (2r and the
particle as Ri. We recall that the height of the particle is denoted by d and here we will

also take the width to be .

N|

Hs = Hipo + Hg

Hinc — eikgoxleinZ I

A‘C aB Em F) L0

Figure 2.1. Periodic Domain

We define f = ksin(f;,.) as the incident wavenumber for a prescribed incoming



wave with angle of incidence 6;,.. The incoming wave is from the left and is of the form
. ‘ 1/2
Hipe = 907163872 where gy = [1 — (%)2} . The solution of the scattering problem is
written as Hs. The variational form of the scattering problem (1.6)-(1.8) is given by
/2 g5 'VH;(y) - Vo(y) + k*H(y)v(y)dy = 0 (2.1)
R
#

where the solution Hs belongs to Hj (8, R%) which is the Hilbert space given by
Hy(8,R%) = {v € H,(R*) : v is 3 quasi-periodic} (2.2)

and v is any function in the space C5%(R%) of infinitely differentiable functions with com-
pact support on the closure of Ri and that satisfy the same quasiperiodic constraint as
functions in H(3,R%). We set p = 27 /d and define 3, = 8 +mp for m € Z. The solution
is of the form Hs = H;,. + H§ where Hj satisfies the out going radiation conditions given

by: There exists an R > 0 for which

oo
Hj = Z e kImeLethm2 4 R (2.3)

m=0

and

[ee]
Hj = Z tne kome1gifmez 4 5 R (2.4)

m=0

where r,, and t,, are reflection and transmission coefficients. Here

== ()] 25

. . . . 211/2 . .
and g is associated with the incident wave and gq = [1 — (%) ] . Existence of unique

solutions for all wave numbers k with the exception of a countable set for the scattering

problem are proved in [5], [25].



For completeness, we relate the weak formulation to the classic strong formulation
by a proper choice of test functions. By choosing v with support in ]Rféﬁ \ B and using inte-

gration by parts on (2.1) we have

/Rz s [BHs) + R Hs ()] oly)dy = 0

Similarly taking v with support only in the particle B we have

/B e,  AHs(y) + kK*Hs(y)] v(y)dy = 0

Finally if we take v with support only on the boundary of the particle, 0B we have

/azs e [0nHs(y)|™ — 0nHs(y)|[*] v(y)ds, =0

Combining the above variational forms we have the strong from of the scattering problem

on each domain

AHs(x) + k*Hs(z) =0 for x € RL \ B

e 'AHs(x) + k*Hs(z) =0 for z € B (2.6)
with the flux continuity boundary condition on 0B
e 10,Hs|™ — 0,H;s|" =0 on OB (2.7)

and the continuity of Hs across 0B follows from our choice of weak formulation. Equations
(2.1), (2.7) together with the incident wave and outgoing radiation conditions constitute

the strong form of the scattering problem.



The main tool of our analysis is the representation of solutions by the Green’s func-

tion as formulated by Linton [19]. We introduce X = (z1 — y;) and Y = (25 — y2) and the

quasi-periodic Green’s function, G’;p, satisfies
AGE(XY) + EGE(X,Y) = =6(z1) Y 6(za — mp)e™ in Qp (2.8)
where y = (y1, y2). The formula for G’;p given by,
1 © Q_Vm‘XleiﬁmY
FX)Y)=—— S — 2.
GolY) = =575 29)
where
Bm = ﬁ +mp
Y = (B, — )12 = —i(k? — 3,)12. (2.10)

As before d is the period of the metasurface, and we define f = ksin(6;,.) as the incident
wave number for an incoming wave with angle of incidence 6;,.. Note if ¥* < (32, then
Ym = |k* — 82] > 0 and the m™ order mode decays exponentially in |X|. On the other
hand for k2 > 2, the m'™ mode is oscillating in | X|. The first case corresponds to (k <
B < p— k). The second consideration shows that as |X| — co, G%, behaves as

7 N eikgm |X| eiﬁmy
)
2kd ~ Jm

k
GE ~ — (2.11)

where M is a non-negative integer such that _,; 1 < —k < f_j; and N is a non-negative

integer such that Sy < k < By41 and g, is given by (2.5)

10



The Linton’s Green’s function is essential to the analysis of the metasurface. The
leading order theory is found by relating decay properties of a suitable Dirichlet Green’s

function and the free space Laplace Green’s function to G’;p. We start with the periodic

k

pers Which can be written as the Green’s function for

Green’s function given by Linton, G
the Helmholtz equation G with zero Dirichlet data on the truncated domain Qg plus

a smooth kernel. Similarly, we can write G§ as the sum of the Green’s function for the
Laplacian, G°, plus another smooth kernel. The use of successive Green’s functions de-
livers explicit formulas for the leading order theory and bounds on the higher order error
that are valid when the scatter dimensions lie below the period length.

The Green’s function for the Helmhotz equation with zero Dirichlet boundary data.

For any x € Qg

AGE(z, ) + K*GE(x,-) = —6, in Qg

GE(x,-) = 0 on 0Qg (2.12)

We note here that G is symmetric for all z,y € Qg with 2 # y, as well as the following

relation between G& and G§

Golw,y) = Gyl y) + Ki(z,y) (2.13)

where K (-,-) is a smooth kernel belonging to C*®(2z x Qz). We also can express Gf in

terms of the free space Green’s function for the Laplacian, G°, by
Gy(z,y) = Gz, y) + Ko(w,y) (2.14)

11



where

1
G°(,y) = 5 loglz — y] (2.15)

Again Ks(x,y) is a smooth kernel for x # y, belonging to C* (Qr x Qr \ {(z,y) : © = y}),

where for fixed x € Qg, K, satisfies
AKy(z,-) = AGH(r,) — AG(w,-) = —K*Gi(x, ) (2.16)

Lastly, we can relate the Linton Green’s function to the Green’s function for the Laplacian
by

Gh(w,y) = G(z,y) + Ks(x,y) (2.17)
Due to the definition of G’;p and the fact that K3 is uniformly bounded on any compact
set [27], we have that GE(z,-) is in LP(Qpg) for p < oco. Also since Ky € C®°(Qp x Qg)
for x # y we have Ky(x,-) is in W?? for any p < oo. Therefore ||Ky(z,-)||jy2» is uni-
formly bounded for any x in a compact subset of {z. Now by Sobolev’s Imbedding Theo-

rem [11],[13] for any compact set K C Qp there exists a constant C' such that
| Ko, ) || (m) + IVy Ko (2, ) || Lo (ap) < C forallz € K (2.18)

Here we note that Hy belongs to C*(2z) and Hs belongs to C%? for some 8 > 0 due to
elliptic regularity estimates [13]. We also have that Hs is C™ in each domain separately,
i.e. Hy € O=(B), and Hs € O=(Q2y \ B) with the normal derivative of Hs; having the jump

relation across 0B given by (2.7)

12



2.2. Polarization Tensor

Here we introduce the well-known polarization tensor which describes how the par-
ticle interacts with the incident electromagnetic wave [14] [20]. First, we define the vector-
valued potential ¢ = ¢1e1 + poes which solves the following equation. We note {ey, es} is
the standard basis in R?

A¢ =0in B and RZ \ B

¢t = ¢~ across OB
(2.19)

cn 22l — 827 =

klim|z_,oo| |¢(Z)’ =0

The existence and uniqueness of ¢ is established using single layer potentials with appro-

priate densities [14]. The polarization tensor, M, for the inclusion B is now given by

M) = BT+ (en =) [ nly)o(w)ds, (2:20

oB
We can see for a given inclusion, the polarization tensor is dependent upon the ratio of
the dielectric permittivity of the particle and the surrounding medium, in this case just ¢,

since the background medium is air. In general M is a 2x2 matrix given by

mi Mi2
M = (2.21)
Ma1 M2
Furthermore M is a symmetric and positive definite [14]. As we shall see in chapter 3 we
derive an asymptotic formula for the magnetic field with the only unknown being the po-

larization tensor. Therefore we just have to solve the simplified PDE (2.19) to find the

scattered field seen in chapter 4.

13



2.3. Well-Posedness of first and second order corrector problems

We begin by asserting the well-posedness of two auxiliary problems posed over the
truncated domain Qg. The first problem is standard and is the Helmholtz problem over
a domain with dielectric constant ¢y = 1. The second problem is a Helmholtz equation
for a domain with dielectric constant one containing an inclusion of dielectric constant
em- For each of the two problems well-posedness for the problem with nonzero right hand
side and zero Dirichlet data on the boundary is asserted. From there the well-posedness on
the truncated domain with zero right hand side and non-zero boundary data follows as a
corollary.

Define the background field ug to be the solution to the following Helmholtz prob-

lem

AUO + kQUO = Fin QR
(2.22)

uw=0on dg

In order to assure well-posedness we assume
—k? is not an eigenvalue for the operator A with Dirichlet boundary conditions — (2.23)

With the assumption (2.23) it follows from standard elliptic PDE methods
[11],[13],[22] we have that (2.22) is well-posed, i.e. for any ' € H '(Qz) there exists
a unique solution and a constant C such that |ug| g1(0,) < C||F | g-1). Now we perturb
the background problem by adding an inclusion of dimension § < k. The field us is the

solution of the perturbed problem

V. (%vw) ¥ ks — Fin Qp
(2.24)

us = 0 on 0g

14



We state the well-posedness for this Dirichlet problem when § is small relative to p
which is given in [27]
Proposition 2.3.1. Suppose condition (2.23) is satisfied. Then there exists constants
do > 0 and C such that for any 0 < § < 8y and any F € H '(Qg), (2.24) has a unique

variational solution, us € H&(QR). Furthermore, us satisfies

usll ) < ClIFa-1(00) (2.25)

To extend the well-posedness for the background problem to the scattering prob-
lem in the presence of the metasurface for given Dirichlet data f we apply the corollary of
Proposition 2.3.1 which is also given in [27]

Corollary 2.3.1. Suppose condition (2.23) is satisfied. Then there ezists constants dg > 0

and C such that for any 0 < § < & and any f € H'/?(Qg) the problem

V. <%VU5) + ks = 0 in Qp
(2.26)
us = f on 0Qg

as long as § is sufficiently small has a unique variational solution, us € H*(Qg). Further-

more, us satisfies

lusll i @n) < CllFllarzp (2.27)

With the well-posedness in hand we now obtain the leading order terms and bound
the error for inclusions of size §/p < 1. This is done in the following sections.
2.4. Use of single and double layer potentials

The leading order theory and error bounds follow from integral representations of
the solution to the scattering problem using boundary layer potentials [2], [10]. The single

15



layer potential S acts on an element v belonging to the Hilbert space, H~/2(0Qg) and

sends it to an element of the Hilbert space H'/2(09g), i.e.
S HY2(0Q5) — HY?(0QR) (2.28)
The single layer potential is defined as

S — ., G';p(x,y)l/z(y)dsy (2.29)

The double layer potential operator,D, is given by

D : H'Y2(0Qg) — HY*(0QR) (2.30)
where D is defined as
9Gy,(x,y)
D:p— —ap ds 2.31
© o On(y) w(y)ds, (2.31)

Here we also note the boundary relations for the single and double layer potentials [10].

For x € 0€Qr

054 (2) = o) oG, (2, y)

1

where the normal derivative is understood as a limiting value approaching the boundary

AR (x) := limn(z) - VS(z £ hn(x)) (2.33)

on h—0

For the double layer potential

G (z,y) 1

Difa) = | ol s, £ gela) (2.34)

where D is similarly understood as a limiting value approaching the boundary

Dy(z) := lim D(z &+ hn(z)) (2.35)

h—0

16



We also define the Dirichlet to Neumann map

Ns : HY2(0Qg) — HY2(0Q5)

o 8U5

N5(f)_8_n

where u;s solves
1 9 .
V- | —Vus | +kus =0 in Qg
€s
us = f on 0Q2g
We also define the Dirichlet to Neumann map for the background problem

Ny : HY2(0QR) — HY2(0Qg)

. 8U0

NO(f)_a_n

Similarly ug solves

AUQ + kJQUO =01in QR

up = f on 0Q2g

(2.36)

(2.37)

(2.38)

(2.39)

We note that n will always denote the outward facing normal component on the bound-

ary 0Qp or 0B. Without loss of generality we have assumed k? is not an eigenvalue of the

operator —A in 2 with Dirichlet boundary conditions on 0€2g.

Using the operators defined above we can derive the Lippman-Schwinger equation

seen in [10] using the variational form (2.1). The Lippman-Schwinger equation recasts our

problem in terms of the double and single layer potentials, setting up the framework to

derive the asymptotic formula for Hy in terms of the polarization tensor.

17



First, we consider (1.6) on R% \ Qg and define the rectangle Q; C R such that
Qr C Qp with L > R. Here we suppose z lies inside %, = Q \ Qg. Using G’;p as our test

function and integrating over 2% we have
| (@) )G )y =0 (2.40)
7
Here we proceed by using integration by parts which gives
5 VH;(y) - VGE(2,y) + K Hs(y) Gl (x, y)dy
R

OH;5(y) k / OH;5(y) k
_ G d ds, = 2.41
/BQR on qp(l‘,y) it o0, On qu(x’y) % =0 ( )

We note the boundary integral on the vertical boundaries vanish due to the quasi-periodic
boundary conditions. Applying another integration by parts to move the derivatives onto

k .
G, gives

| 1AG o0) + Gl o, )] Hstw)dy

c
R

+/ <8G§p(l’,y) H5(y) . aH&(y) G’;p(ﬂf,y)> dSy
121977}

on(y) on
i /aQL (811(;(;53/)(;%(% y) - %ﬁ?wh’a(yo dsy =0 (2.42)

Using the definition of G'gp on (), gives,

OG* (z,
— Hs(x) + /8 o <%H(5(y) - 8H‘;§y) G’;p(x,y)) ds,+

o f <—‘9H5<y>c’;p<x, y) - Loltd) ”Hm)) dsy = 0. 243
o0y

on on

On the other hand choosing €y, Hy = Hiy., and = € Q% gives

/Q (AHo(y) + K2 Hs(y))GE (. y)dy = 0, (2.44)

c
R

18



and proceeding similarly we obtain

— Hy(z) + /89 <8H5(y) Gop(,y) — wﬂa@)) dsy = 0. (2.45)

Subtracting (2.45) from (2.43) gives

0G*E (z,
— Hy(x) + Ho(x) + /8 N (# Hy(y) — 8}2‘575y)@’;p<x,y)) ds,+
0H;(y) aGlgp(x,y) . B
+ /BQL ( 3571 Glgp(xﬂ) - on Hg (y)) ds, = 0. (2.46)

where Hj = Hs — H, satisfies the out going radiation condition and passing to the limit
L — oo gives the Lipmann-Schwinger equations for x € Ri \ Qg. The Lippman-Schwinger

equations are common integral representation tools seen in [10].

OG* (x,y) O0Hs(y)
gp\"" . k
an(y) H6(y)d3y /QQR an qu(x7 y)dsy (247)

Hs(z) = Hy(x) +/

g
This integral equation holds for x € Ri \Q_R where n is this unit outward normal to 0.
We note (2.47) holds up to the boundary of Qg, but not for z € 9Qg. However, we can
take the limit as ¢ — 0Qpg and use the double-layer potential relation (2.34) to give a

boundary integral equation for x € 9Qr

1 G (x,y) k OH;(y)
Hilon, = Holony + /8 ), ~ /6 R

Now we can use the layer potential definitions to recast the boundary integral equation

(2.48) in operator notation as,

I
(5 — D+ SN(;) <H§|8QR) = H0|3QR (249)

Similarly, H, satisfies

I
(5 D+ SN0> (Holoa,,) = HolR (2.50)
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Using the two operator notation equations we can define two new operators which describe
the full scattering problem and background scattering problem in terms of layer potential

operators. First we define

I
Ty =5 = D+ SNs (2.51)

where T sends an element from H'/? on the boundary of Qp to the same space, i.e.
Ts - HY*(0Qg) — HY*(0R)
Similarly for the background problem we define
1

where

Ty : HY?(00R) — HY?(00R)

If we subtract (2.50) from (2.49) we find that
Ts5(Hsloay) — To(Holoa,) =0 (2.53)
Furthermore, we have
T5((Hs — Ho)loay) = S(No — Ns)(Holoqy,) (2.54)

We now have everything we need to state and prove our main results provided in the next

chapter.
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Chapter 3. Asymptotic Formula for H;
3.1. Asymptotic Formula for H;

In this chapter we derive our main result giving the desired asymptotic formula for
Hjs. We begin by stating an asymptotic formula in terms of the operators Ty and 7.

Proposition 3.1.1. Let Ts and and Ty be defined by (2.51) and (2.52) respectively. Then

the following hold:
(a) Ts converges to Ty pointwise

(b) For o sufficiently small, there exists a constant C' that is independent of 0 such that for

any f € HY?(0Q), T; ! exists and

175 fll 20y < CUF oo
(c) The following asymptotic formula holds:

(To — Ts)(Holoo, (x) = S(No — Ns)(Holoo(z)

) (3.1)
- (1 - _m) 529, Gl (2,0) - M{em) V Ho(0) + O(6)

The asymptotic term O(537") is independent of the point x € 99

The proof of Proposition (3.1.1) is involved and the full proof is provided in the Appendix.

We define the leading order term in (3.1) as §2H") where
1 3
HY(z) = (1 — 8—) VG (2,0) - M(g,)V Ho(0) (3.2)

Using the above notation we can use (2.54) to restate part (¢) in Proposition 3.1.1 as

Ts5((Hs — Ho)loay) = 6°HW |oq, + O(5*"). (3.3)
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Lemma 3.1.1. Let the correction term HY be defined by (3.2). Then the following equa-
tion holds

To(HV|oa,) = HV o0,

Proof. Let uY be the unique solution to

Au® + B2y =0 in Qp

(3.4)
v = HDO on 0Qp
In terms of the Dirichlet to Nuemann map,
Su®
on No(u™M]oqy,) (3.5)
Then we have
/ GE(z,y) (A u® + kM) dy = 0.
Qg
An integration by parts gives
u(l)(x) = an(y)Gl;p($vy)u(l)dSy +/ Glgp(x, ?J)an(y)“(l)dsy
12,953 (0954}
and sending the sequence x,, € Qi to any = € 02 gives the desired result
&) [ &)
U ’aQR = 5 — D+ SNy |u ‘QQR. (36)
m

Lemma 3.1.2. The following estimate holds on the space HY? on the boundary of Qg

|Hy — Hy — 6 HO 111200 = 0(5?) (3.7)
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Proof. From (3.3) it follows that
Ts((Hs — Hy — 0*HW)|pq,,) = 6°HY — T3 (HWoq,,) + O(5577). (3.8)
Lemma 3.1.1 gives
T5((Hs — Ho — 0°H"W)|a0,,) = 0°(To — T5)(HW|a0,,) + O(5° 7). (3.9)
Since T — Ty — 0 pointwise in H'/2(02z) we can write
Ts((Hs — Hy — 0°HM)|50,,) = 0(6%), (3.10)
and from part (b) of Proposition 3.1.1 we conclude that
1Hs — Ho = 6*HW oo )| m1/250,) = T3 0(6%) 1120000 < Cll0(6%) o) (3.11)
and the lemma is proved. O

We now arrive at the explicit expansion for the solution Hy of the scattering prob-
lem for points z € R, \ Qg bounded away from 0Qp.
Theorem 3.1.1. Let Hs be the solution to (1.6), and let M(e,,) be the polarization tensor
for the particle B defined by (2.20). Then for x € Ri \ Qg bounded away from 0Qg, we

have the expansion

Hs(x) = Hine() + 02 Kl - i) V,GE (2,0) - M(2,)V Hine(0) | + 0(6?). (3.12)

Em
where the remainder term o(6%) is independent of x.
Proof. Using Lemma 3.1.2 we have H; — Hy in Qp, \ Qp satisfies
(

A(Hs — Hy) + k*(Hs — Hy) = 0in Qg \ Qr

(Hs — Ho) = 6°H™W + 0(6%) on 0Qp (3.13)

outward radiation conditions (1.7), (1.8)
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Next we define the outgoing Dirichlet Green function, G, on the domain Q0 \ Qg

;

Ag(x,y) + k:zg(x,y) = _5:13 in QL \QR

G(z,y) =0 on d0g (3.14)

outward radiation conditions (1.7), (1.8)

Multiplying (3.13) by G, integrating over €27, \ Qx and using Green’s Theorem and sending

L to oo gives the representation for Hs — Hy

(Hs — Hy)(z) = /a ) %@,y)(m — Hy)(y)ds, Yz R\ Qg (3.15)

Choosing x € Ri \ Qg bounded away from dQp we can apply the boundary estimate from

Lemma 3.1.2 on (Hs; — Hp) inside the integral of equation (3.15)

(x, y)H(l)(y)dsy + 0(6?) (3.16)

where the error term o(§?) is independent of the point z. We now follow steps identical
to identifying (3.15), i.e., integration by parts and the definition of the outgoing Dirichlet
Green’s function, to derive the following identity for any x € Ri \ Qp and 2’ € Qp

oG
o0p 8”(9)

(z,y)VoGe,(y,2')dsy = Vo Gi (z, 7)) (3.17)
Application of this identity to H") in equation (3.16) gives desired asymptotic expansion,

completing the proof. O

Our last result in this section is to give an energy estimate on the norm of the scat-
tered field Hs — Hy in H'(QR).

Proposition 3.1.2. The following energy estimate holds,

||H5 — H0||L2(QR) + ||VH5 - VH0||L2(QR) = 0(5) (3.18)
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Proof. Let us be defined as the unique solution to

Aus + E*us = 0 in Qp

(3.19)
Us = H(; on 8QR
Since H{ also satisfies Helmholtz equation in 2z we have
A(u§ - H()) + ]{?2(U5 - Ho) =01in QR
(3.20)
(us — Ho) = Hs — Ho on O,
which leads to
lus — Hollr(ap) < CllHs — Hollgirzo(az)- (3.21)

Moreover from Proposition (2.3.1) it follows that C' is independent of 6 for 0 < § < dy.
Using Lemma 3.1.2 we see that Hs — Hy is of order §2 in the H'/2(992) norm. Note that

Hjs — us belong to H}(2g) and for any v € H}(Qr) we can write
1 2
—V(Hs — ug) - Vodr — k (Hs — ug)vdx
Q Qr

R€5

1
= / —VH; - Vudzr — k* Hsvdx
Qr 65 Qr

— Vus - Vodx + k:Q/ usvdx

Qg Qg

1
+(1——)/ Vus - Vodx
B

Em

=(1- i)/ Vus - Vudz. (3.22)

Em

Now we can bound the last term using the Cauchy-Schwarz inequality giving,

/ VU§ - Vudzx S ||VU5||L2(B)||VU||L2(QR). (323)
B
Applying the triangle inequality

||VU5||L2(B) S ||VU5 - VHO||L2(QR) ‘|‘ ||VHO||L2(B)a (324)
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and

||U5||L2(B) < us — H0||L2(QR) + ||H0||L2(B)-

Since
lus — Hollm o) = O(5%),
[ Hollzr1(m) = O(6),
we get
[usl| 218y = O(9),
and

= 0(5)HU||H!(QR),

1
/ —V(Hs — ug) - Vodzr — k2/ (Hs — ug)vdx
Qr €5 Qg

for all v € H}(QR). So from Proposition (2.3.1) it follows that

lus — Hs|| 1) = O(9).

Collecting results and using the triangle inequality gives

| Hs — Hollmr(y < [|Hs — usl| i p) + lus — Hollm1 ) = O(9),

and the theorem is proved.
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Chapter 4. Far-field Scattering: Reflection and Transmission
from an Impedance Surface

4.1. Impedance Formulation for Scattered Field

We reformulate our asymptotic expansion in Chapter 3 as an impedance boundary
condition at 1 = 0. We recall from Theorem (3.1.1) that the perturbed field, Hy is given
by

Hs = Hy+ 6°HY + 0(6?) (4.1)
where HW is given by (3.2). We first have that

1
AHO — (1 — _) A,V,GE (2,0) - M(,,)V H(0)

Em

Em

- (1 - i) VA Gh (2,0) - M(e,,)V Ho (0)

= —k? (1 — i) VG (,0) - M(g,)V Ho(0)

= —k*HW (4.2)

k

op(T, ) satisfies the outgoing radia-

Therefore H solves Helmholtz equation and since G

tion condition we have

AH® L2 —
(4.3)

H® satisfies outgoing radiation condition

From here we will show H(!) = Hfl) + Hél) where Hl(l) is driven by a source term and Hz(l)

is driven by a surface current. We define A 1(1) HéQ) respectively as follows

HY = 0, (,0)0),, Ho(0) (mus +miz) (44)

HY = 8,,G" (,0)8,, Ho(0) (ma1 + mas) (4.5)
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We note we can replace the derivatives on Hy(0) with the electric field using the curl equa-

tions (1.4), which gives

V= 9,Gk (x, 0)%133(0) (M1 + M) (4.6)

= 83/2Gl(;p(x7 0)%Eé(0) (a1 + mas) (4.7)

where Fj is the e; component of the background electric field and E? is the e; component
of the background electric field. We first set y; = 0, then by the definition of G’;p we can

write down the y; and y, derivatives of Gl as

[e.9]

1

Oy G’k o(7,0) = 2d e ImTeifmT2 for x> () (4.8)
0y, GE (2,0) =3 dZe Ym1 ibm2 for g1 < () (4.9)
k 1 - e mu iBmx
0y, G g, 0) —dz 1fme" ™ for x1 > 0 (4.10)
—TYmT1 .
0y, Gl (2, 0) =24 Z c 2Bmezﬁmm2 for 1 <0 (4.11)

Now if we take the limit as x; — 0% and 21 — 0~ we have the following jump relations for

the y; and gy, derivatives of G’;p respectively

1 ,
aylG];p(Ov 2,0, 0)|+ - aylG§p<07 T, 0, O)|7 = _E Z elﬂmm (4'12>
0y, Gl (0,22, 0,0)[7 — 8,GE (0,25,0,0)|” =0 (4.13)

Therefore using the jump relations given by (4.12) and (4.13), we have the jump condition

at z1 = 0 for Hfl) given by
— 1 - 1 x
HOF — HO|- = _82 2 (m110,,, Ho(0) + mi120,, Ho (0)) (4.14)
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Considering the jump condition for 0,, H 1(1) we have
Op HiV " = 8, HV |~ = 0 (4.15)

Therefore we have that H {1) solves the following system,

.

AHY 4+ k2HY =0 21 < 0,2, >0
H [ = B[~ = =5 305, €9n720,, Ho(0) (may +mia) w1 =0
(4.16)
O HY 1T — 0, HY |- =0 21 =0
Hfl) satisfies outgoing radiation condition (2.3), (2.4)
\

We note that the term on the right hand side for the jump condition of H 1(1) at x1 = 0 is
a source term. Equivalently, we can use the curl equations (1.4) to again replace d,, Hy(0)
with the electric field term. This formulation presents the source term as an impedance

boundary condition since it relates the magnetic field to the electric field.
(

AHWY £ 12gM — 2, < 0,2, >0
1 1

H{VPE = B ™ = 530 P (1) Bf (may + may) a1 =0 17

O HY* — 0, HY|= = 0 21 =0

Hfl) satisfies outgoing radiation condition (2.3), (2.4)
{

Following the same process as above we can derive the system for H2(1). The jump

conditions for Hél) and 83;1]:12(1) at x; = 0 are

HPIH — HY| =0 (4.18)
and
— 1 - . 1BmT
8:51 Hél) ’+ — GIIHQ(D\ = _E Z zﬁme Bmwa (mglango(O) -+ mggayzHo(O» (419)
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Therefore H2(1) solves the following system,

(

AHY + k2HY =0 21 < 0,21 >0
HV 1= HV |- =0 71 =0
O Hy[* = 0y HP|™ = =3 32 iB,neP720,, Ho(0) (mo + ma) 1 =0

H2(1) satisfies outgoing radiation condition(2.3), (2.4)

\

(4.20)

The term on the right hand side for the jump of OleQ(D is a surface current term. Again

using the curl equations (1.4) we can write the surface current term in terms of the elec-

tric field £} which gives us another impedance boundary condition.

;

\

AHY + K2HY =0 21 < 0,21 >0
H| = H|" =0 =0

(4.21)
Oy HYV [T = 00 HY |~ = 5307 B2 (2) Ef (may +mas) a1 =0

Hél) satisfies outgoing radiation condition(2.3), (2.4)

Using the properties of the Green’s function to derive the various jump conditions and

with

the asymptotic representation of the perturbed magnetic field, we have shown the

metasurface can be reformulated as an impedance boundary condition and surface current

in terms of the polarization tensor, M, at x; = 0. Next, for normal incidence we derive the

reflection coefficient in terms of the polarization tensor.

4.2.

Reflection and Transmission Obtained from Asymptotic Formula

Here we will derive the radiating reflected and transmitted waves up to order §2

using the asymptotic formula and the correction term H®™. We note this represents scat-
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tering by an open waveguide. In this section we will assume the period is sub-wavelength.
With this hypothesis we have only a single diffraction order so the far-field behavior of the
scattered field is given in terms of a reflected and transmitted wave i.e. in equations (2.3)
and (2.4) we only have m = 1. With this in mind denote the reflection and transmission
coefficient of the reflected and transmitted wave as r and t respectively. We also assume
that the incoming wave is normally incident upon the particle. We note for normal inci-

dence Hél) = 0 so we have H(M) = Hfl) and Hy = e~ 1. Therefore, we can write
Hs = e ™1 4 82D 4 0(5%7) (4.22)

Motivated by the outgoing radiation conditions for x; > 0 we set Hl(l)]+ = H,e™™ where
H, = r and r is the reflection coefficient. For x; < 0 choose H1(1)|_ = H,e **1 where
H;, = t and t is the transmission coefficient. Using the jump conditions for Hl(l) at the

x1 = 0 boundary we have

ik ik
H1(1)|Jr - H§1)|_ = —E(mn +mig) = — (4.23)

since m12 = 0 for normal incidence. For the second jump condition we have,

O HV |t =0, HY|" (4.24)

Equation (4.23) gives
r= %mn +t. (4.25)

Equation (4.24) gives
r = —t. (4.26)
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Plugging this into (4.25) we obtain the formula for the reflection coefficient

vk
r = ﬁmu. (427)

Since we have the reflection and transmission coefficients we can rewrite the perturbed

field in the far field using (2.3) and (2.4) as

H(s = Biikml + %mnei’m + 0(52) T < O
(4.28)

Hy = e tho — %mne“'k“ +0(6%) x>0
Now we have the behavior of the scattered field in terms of of the reflection and transmis-
sion coefficients. So we just need to solve (2.19) numerically to obtain the polarization,
my1, for a given metasurface. Thus periodic arrays of particles can be approximated by a
metasurface up to error O(6>~7). This provides a rigorous reduced order model for control
of light sidestepping the need for more computationally expensive methods. The reduced
order model allows one to efficiently explore the universe of particle geometries for devel-
opment of new materials. Additionally we can handle more complex geometries made with
multiple particles in a period cell, by computing just m;;.

In future work we wish to show that the mathematical theory holds up for for ma-
terials with negative real permittivity so the model can handle noble metals which present
intriguing phenomenon such as plasmonic behavior for optical frequencies. Additionally
we would like to introduce geometries which include a substrate of a different material un-
derneath the particles or multiple layers. Once we can handle cases like these we can use

topology optimization techniques or the physics-guided machine learning techniques seen

in [24] to inform the design of novel optical metamaterials.
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Appendix. Proof of Proposition 3.1.1
A.1. Setup

We start the appendix by proving part (c¢) of Proposition (3.1.1). We extend the
boundary data f on 92 onto the subdomain 2p containing the inclusion B by the scalar

field u s which is the soution of

V- (LVus) + ks = 0 in Qp

(A.1)
us = f on 0Qg

We then extend the boundary data f on 0€2z but in the absence of the inclusion B to ar-

rive at the background scalar field ug, i.e.,

AUQ -+ k2u0 =01in QR

(A.2)
up = f on 0Q2g
Recall Ns(f) := % and No(f) := 2% and from Section 2.4 we have,
(T5 = To)(Ho)loay) = S(No — Ni)(Holoay,)- (A.3)

Hence to complete the proof of part (c) of Proposition (3.1.1) we establish the following
Theorem

Theorem A.1.1 (First term and error estimate). For x € 0Qg and any boundary data

f e HYV?2(0QR),
1 _
S (Ny — Ns) (f) = (1 - —) 8V, G (2,0) - M(em)Vug(0) + O(6*77), (A.4)

Em

where this expansion holds uniformly for x € 0S)g.
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With Theorem (A.1.1) in hand we may conclude from (A.3) that for f = Hy on 0€Q2x that

T5((Hs — Ho)loay) = S(No — Ns)(Holoay) =

= (1 — }) §°V G (2,0) - M(2,,)VHo(0) + O(6°7), (A.5)

and part (c) of Proposition (3.1.1) is proved.

We now use part (c) of Proposition (3.1.1) to establish parts (a) and (b) of Propo-
sition (3.1.1). Part (a) follows immediately from part (c) and noting that Hy can be any
entire solution of the Helmholtz equation on Ri. Part (b) follows immediately from part
(c) noting that the set of bounded invertible linear transforms over H'/2(9Q) is an open
set and Ty is invertible.

The proof of Theorem (A.1.1) is carried out over the next two sections and is based
on an expansion of the difference us — ug in 9; first near the inclusion B in Section A.2 and
then extended uniformly to an expansion in the domain Qg \ 2B in Section A.3.

A.2. Asymptotic Behavior of us — uy around the inclusion

We find find bounds for us — up in a neighborhood around the small inclusion. This
is done using representation formulas for us — ug posed in terms of Green’s functions. The
field ugy belongs to C°°(Qg) and us belong to C%? for 3 > 0 from elliptic regularity theory.
We also have that us is C* in each domain separately i.e, us € C*°(B), and us € Coo(Qp \
B). Here, n represents the outward directed unit normal vector to boundaries Q2 and

0B. On the inclusion the normal derivative of us has the jump relation across 0B

8U5|+ _ 1 8U5
on
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We start by deriving integral representations for us and ug. In Qg \ B we have
Au(;(y) + kQU(; =0, (A6)

as an identity in L2(Qx \ B). Taking z € Qg \ B, multiplying this equation by G% integrat-

ing over Qg \ B, together with Greens second identity and the definition of G’;p gives

k s U
us(@) = /99 {_“a(y)aGO( y) 4 9 a(y)G’S(w,y)] dsy+

on(y) on
OGE(z,y) B Ous(Y) & ) .
o [ [ T - i) s (A7)

Observing that ug satisfies
Aug(y) + k*ug = 0, (A.8)

in Qr, taking * € Qg \ B, multiplying this equation by G¥ integrating over Qp and pro-

ceeding as before gives

B Ly OGE(z,y)  Ouo(y) ki .
o) = [ [-uin G+ oGy s (A9)

Noting that G§(z,y) = 0 for y € OQp the representation formulas become

0Gg(x,y)  Qus(y) 4
+/azs {w(y) on(y) ~ on ’GO(m’y)] dsy, (A.10)
and
(x

Taking the difference of equations (A.10) and (A.11) and noting us = ug on 92z we have

the representation for us(z) — ug(x) for x € Qg \ B

(o)~ o) = [ st ZE Pt as, ()
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We are now ready to prove the following the lemma

Lemma A.2.1. For x in the open set 2B\ B

@) = (1 LY [ w @Gy 2110
o)~ o) = (1= 1) [ st 8D s, o@logsl) (A1)

The term O(6%|logd|) is bounded by C?|log 8| uniformly in x. The constant C depends on
the shape of the particle B, the domain g, the constant e, and the frequency w.
Proof. Starting with the boundary integral representation for us(x) — ug(x) and using the

jump condition for us on 0B we have,

Ju 1 Ou
/ Qusl) 4 G, y)ds, = —/ W) -G, y)as,
OB oB

on Em on

Now we use integration by parts to put the derivative back on G%(z,y) in order to obtain
the double-layer potential for us(y) for y on 0Q2g

1 ou _ 1 1
— W) |-Gt (e y)ds, = = [ Vus(y) - VG (e, y)dy + / — Aus(y) G, y)dy
Em Jog On Em Jon oB €m

= - iAG'S(!JE,y)u(s(tl/)aly+/BLV- (VGh(,y)us(y)) dy—/lgkfnuzs(y)G'S(fE,y)dy

BEm Em
1 aGlg(l’: y) 2 2y 1 k
_ N\ I — - G A.14
em Jom U(s(y) 8n(y) dSy + (k km)gm /Bug(y) O(xa y)dy ( )

Now we show the second term in (A.14) is O(6°[log d]) for z € 2B\ B. First we have by

using the Cauchy-Schwartz inequality,

[ ust) G i < sl ( / |G§<m7y>2|dy)

From (2.14) and (2.15) and making the change of variables r = |z — y| we have,

3 cs 1/2
st ([ 168 0P1an) " < Cllusna ([ rtourar)
B 0

< Cl|us||2(s)0|log d| for x € 2B\ B
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Now we give a bound for ||us||z2(5). Adding and subtracting 1y and using the triangle in-

equality gives

lusllL2sy < |lus — wollz2s) + [lvollz2s)
< fJus — uol| L2y + CO
<Cd
To estimate ||ugl/z2(3) we use have used standard interior elliptic regularity first noting
that ||uol|L2(s) < Col|uol|cei) < Col|uol|mr(n) < C6||us|| 1 (90,)- The scattering problem

can be viewed as a transmission problem on 0{2y and one has

sl mr1r2060,) < Cllu™ | 12060, (A.15)

which is bounded and independent of §. Following the arguments of Propositions 1 and
2 of [27] but using our hypotheses on inclusion geometry allow us to appeal directly to

Proposition 2.3.1 and Corollary 2.3.1 and write
s = woll a1 (wr) < Collusllramrz oy < C5HUmCHH1/2(aQR)a (A.16)

and the Lemma follows. O

Now we would like to replace G¥ with the simpler Green’s Function for the Lapla-
cian, G°(z,y), see (2.15). For this we have the following Lemma

Lemma A.2.2. For x in the open set 2B\ B

@) = (1= 2 [ w20 /1o
o)~ ) = (1= =) [ w5 D as, 4 oioga) (a7

The term O(6%|log d|) is bounded by C'6*|logd| uniformly in x. The constant C depends on

the shape of the particle B, the domain (2g, the constant €, and the frequency w.
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Proof. Let K be a compact subset of Qg such that 28\ B C K. First we recall the relation

(2.14), and bound on the L*™ norm of K, and VK,. We also have formula (2.16) which

simplifies to,

AKs(z,-) = —k*GE(x,-) in Qg (A.18)

Therefore, using the Divergence Theorem we have

Ky (
/82 /AKgxy
oB

= —k2/BG’5(x,y)dy (A.19)

= O(6%1logé|) for z € 2B\ B
Using (A.19), and by well-posedness of vy and (A.15) we have the bound, |[ugl/z=@8) <

Clluoll /20, < C’HU”‘CH - and for x € 2B\ B we have,

2(0

0Ky (z,y) B 0Ky (z,y) 9
/88 u5(y)T(y)d5y = /as (us(y) — uo(z)) T(y)dsy + O (6%|log 4] )

~ [ st - walo) B, (A.20)

aKQ(xay) 2
[ ol = uolo)) A s, + 0 (3o )
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The first term is bounded by,

8K2($, y)

(U(g(y) - uo(y)) an(y)

| ds,| < \—kQ/ (us(y) — uo(y)) Gz, y)dy|
oB B

+ | /BV(Ua(y) —ug(y)) Vy Ka(z, y)dy|

1

< Cllus — w0l 2s) ( / |G’5<x,y>2|dy)
5 (A.21)

IV (= )l ([ 1Vale )Py
< O8%|log §| + C§?
< 06| log |

Here we used the energy estimates from Proposition 3.1.2 as well as the formulas for G&

and K. Now we can bound the second term by

OKs(z,y)
In(y)

We can now insert (A.21) and (A.22) into (A.20) to get

(uo(y) — uo(x)) dsy| < C6[|ug(-) — uo(@)| 1 (om) < CF° (A.22)

|
oB

OK5(z,y) 2 7
i et A = f 2
/aBu(g(y) n(y) dsy = O (0°|logd]) , for x € 2B\ B

With this estimate, we plug the relation (2.14) into the result from Lemma (2.1) to obtain

our result
AN [ e,
u(g(aj)—UO(m)—(l gm) /86 o) 5, -+ O(@?logl)
N _i u (9G0(:L‘,y) u OK5(7,y) s 2o
Y [ a0 o
_(1 m)/ o) s, + 0@ logal)

]

Now we consider the behavior of us — ug as z € 2B\ B tends to the boundary 9B.
Here we take lim,_,s5 and use the jump condition for the double layer potential

39



. 1 0G°(z,y)
i (=) [0 s

0
/88 u(g(y)%(ggy’)y)dsy + % (1 - i) ugs(x) for z on OB

Em

Therefore for z on 9B

1

- (1 + i) us(2) — up(z) = (1 - i)

We note here that

0G°(x, y) )
/83 Usly) gy G+ O logal) - (A.23)

IG(z,y) 1
/azs 8n(y) Y 2

So by adding and subtracting by [, uo(x)agz(é’)y) ds, we can rewrite (A.23) as

! (1 N L) (us(x) — o)) =

m

- 1 IG(z,y) )
= (1 - ;) /88 (us(y) — up(x)) 8n—(;g)d8y + O(6°%|log d|), z € OB (A.24)

Here we recall the vector valued function ¢ which corresponds with the polariza-

tion tensor. First rescale z = x/4 so that B* = 6~'B and R} is the strip —1/2 < 2 <

1/2, —00 < 23 < 00. We have
)

A¢ =0 in B* and R \ B*

¢+t = ¢~ on OB*

(A.25)
%ﬁ _ 100
on

L %27 =—LnondB
Em ON Em

Using ¢ we can show the asymptotic behavior of us — ug on the boundary of the

particle
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Proposition A.2.1. For z on 0B
us(02) — up(62) = 6 (€, — 1) B(2) - Vug(0) + O(6?[log 1)
The term O(6%|logd|)) is bounded uniformly in z by C6%|logd|. The constant C depends on

the shape of the particle B and the domain Qg, the constant €5, and the frequency w.

Proof. Using the explicit formula for G°(x,y) we know,

0G(z,y) 1 y—=z

ony) ~ oxly—af "V

Rewriting us(y) — uo(x) as (us(y) — uo(y)) + (uo(y) — uo(x)) and using the above two

equations in (A.24) we have

3 (1 ) ) = o) == o (1= ) [ st = ol 2,

+ O(8*|log 6]) for x € OB

(A.26)

We now introduce the re-scaling z = ¥, § = £ and B* = %B. From (A.26) we immediately

have,
3 (1 ) twstos) w0 == - (1= ) [ quston) — watoi) T2 s,

+ O(6*|log 8]) for z € OB*

(A.27)

From the regularity of uy we know ug is C? in a neighborhood of B with norm
bounded by C/||f|| g1/2(q,)- Taylor Series expansion for (ug(07) — uo(dz)) gives
|uo (85 — uo(92) — 6Vue(0) - (§ — 2)| < C (6%g — 2[* + 6%|2|g — 2|)
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Inserting the Taylor Series expansion into the second term from (A.27), we have

5 (1 =) wst02) w0 == o (1= =) [ quston) - watom) 25 s,

2 N o Em 7 — 2|
J 1 _ (7 —2)-n(y)
(1= = . ANV C Y P
o ( m) Vuol0) /aB*(y Do

+ O(8%|log §|), for z € OB*
(A.28)

Examining the second term we have,

R S N ¢ S R IC) I BN G CTY')
o o T /azs*(y )" on@)

- /B Vol — 2) - VGO (= 5)dj

ng

= | a6

1

= 5= [ nl@)toglz ~ glds,

so we can rewrite (A.28) as

5 (1 ) s02) — w0 = —5- (1= =) [ wston) = watom U2 s,

m g — =7

~ 5 (1 - ;) Vuy(0) - /aB* n(y) log|z — y|ds;
+ O(8*|log ), for z € OB*
(A.29)

We have for the ¢ solution of (A.25) on 0B*

: (1 s i) Be) =5 <1 - %) - ‘MWCZ% (A.30)

_ %; - n(y)log|z — gj|d5‘g for z € OB*

We know that ¢ is the unique solution to (A.25), therefore ¢|ss- € C°(0B*) is the unique

solution to the above integral equation. The Fedholm Theory ([12] Chapter 3) now implies
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that the bounded linear operator ¢ 3 C°(9B*) — (c+ L)y € C°(0B*), given by

et =5 (14 =) e+ g (1- ) [ w2 s,

2 m 2m Em ‘g - 2’2
maps C°(9B*) onto C°(9B*) so has a bounded inverse. Now multiplying (A.30) by

dem <1 - %) Vuo(0) and subtracting this from (A.29) gives the following equation for

U7 () = u5(02) = 1 (92) — b2 (1= ) Tug(0) - 6(2),

et =5 (14 =) g (1- =) [ we L

m m Em |g - Z|2
— O(s?logd])

Since ¢+ L is a bounded linear operator which is onto, we have a bounded inverse for ¢+ L,

thus
Jo5(6) = () = 82 (1= ) Fua(0)- ) oo = 14 v
= [(c+ L)7'O"* ) [l cogomey
< O(6°[log 3])
This inequality gives us the result of the lemma. O]

A.3. Uniform asymptotic behavior of us — ug in Qg \ 28

Here we derive the asymptotic behavior of us — ugy ”sufficiently” far from the parti-

k

cle using the Linton Green’s function, G¢,

(x,y). Using the same methods as the previous

section we can derive the integral representations for us and wug for any » € Qg \ B

GE (x,y)
on(y)

Sy
] (A.31)
]+Gk (z,y)| ds,

qap

win) = [ lalgéy)G’;p@,y) )

) / OGh,(w,y)  Dus(y)
oB

us(y) on(y) on
up(z) = / lﬁuo(y)Gk (x,y) — uo(y)ang—g;w ds, (A.32)




Subtracting (A.32) from (A.31), we have

us() — up(x) = /89R (ug(g) — &g)éy)) G];p(x, y)ds,

ala) oty
“J.

TGk d
Ua(y) an(y) ’ qp(x y)] Sy
Here we note the boundary integrals on 02 involving G’;p(x, y) do not vanish as

(A.33)

in the previous section since G qp(x y) does not satisfy the zero Dirichlet boundary condi-
tion GE(z,y) satisfies. As before, we rewrite the last term involving the boundary integral

on 0B in terms of the double layer potential for us. Using the jump condition 8“85( )|Jr =

L 6“5 |_ for y € 0B and integration by parts we have,

Em

8u5( ) n - 1 8u5( )
/azs o | qu(x y)dsy—gm s on —" qu(x y)ds,

1 OG* (x,v) 1
s, + (02 =) [ us)Gly(o )iy

As before k2, = ¢,,w?. Substituting the above expression into (A.33), for # € Qp \ B
us(y)  Ouo(y)
us(z) —up(z) = /893 ( 5 " on G’;p(yc, y)ds,

(1o ) Lm0 (h34

1
- 02 12— [ ws)Gly(o )iy

Now we can use Proposition 2.1 to derive the asymptotic behavior of the integral on the
boundary of B and the integral in the volume of B.

Lemma A.3.1. For any fized v € Qp \ 2B, with 0 <n < 1,

/Bu(;(y)G’;p(x, y)dy = 52G§p(x, 0)|B*|uo(0) + O(53~)
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and

/8 ) ug(y)%gz—sty = §°V,GE (2,0) - M(e) Vg 0)

— 52k2G§p(x, 0)|B*|up(0) + O(6*1)
Recall the impedance tensor (or equivalently the polarization) tensor is defined as,

M(e) = B\ + (5 — 1) / n(y)(6(y)) " ds,.

oB*
There exits a constant C such that the remainder terms and their derivatives are bounded
by C&>" uniformly with respect to x € Qg \ 2B. The constant depends the shape of the

inc

particle, the dielectric constant €,,, the frequency w, d, and u

Proof. Since Qp is a bounded, Lipshitz domain in R? it follows from Sobolev’s Imbedding

Theorem [11], [13] that
lus — wol|Lr(an) < Cllus — uol| a1y for all 1 < p < oo
Using the energy estimate for us — ug gives,
|lus — wollLr g < CO

Using the Holder inequality we now have for any x € Ri \ B

!/(ua(y) — up(y))GE (2, y)dy| < Cllus — uol| Lo () </ \G’Jp(x,y)\p’dy)
B B

1
7

< Cllus — uoll Lo g (6%)7

1
7

< C§(8%)»
By Sobolev’s Imbedding Theorem we are free to choose any p < oo, so for 0 < n < 1 we

choose p = %, which gives 1% = 1 — 1. Therefore we have the estimate,

| / (us(y) — uo(y))CE (2, y)dy| < C5> (A.35)
B
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Using the fact that u(+) is and G¥ (z,-) is smooth in Qp for z outside of B we expand in

Taylor Series expansion for uy and G’;p about the point y = 0 to get
[ w0)Gly . v)dy = 1B o 0)Gly .0) + 05 (A.36)
B

Using (A.35) and (A.36) together with the triangle inequality we obtain the first result of

the lemma
/ us(y)GE (2, y)dy = 6|8 uo (0)GL (1, 0) + O(6)
B

For x € Qg \ B the divergence theorem gives

oGy (z,y
/aguo(y)T(y) / V- (VG (,y)uo(y))dy

/Vuo -V, Gk o(2,y)ds, —i—/uo(y)AGsp(:ﬁ,y)dy
B
= [ Vo) - VGl s, ~ 1 [ )Gl )y

Since z is outside the particle ug and G’“ are C? in y for a neighborhood of B, we use Tay-

lor Series expansion about the point y = 0 to obtain,

OGF
/ ug(y) — % = 62\B*W G ( 0) - Vue(0) — (5218*\k2G’;p(a¢,0)u0(0) + 0(53)
B on(y)

anp (l’ y aG’;p (J?,y)

on(y)

Now we can give a bound for |, o5 Us(Y) =5 ds, by adding and subtracting |, o Lo (Y ds,

oGE (x,y) OG" (z,y) oG; ()
[ w5 s, = [ (st — o) s+ [ ol s,
_ ) E B g L2 Gh (40) - 1BV
_/83(%(@,) o) g5y 07V, Gl (2. 0) - B Vo (0)

— 8B [GE (2, 0)up(0) + O(6%)

(A.37)

46



By Proposition 2.1 and re-scaling, for any = € Q \ 2B

oG (z,y)

| (wst) = wolo) =2

c@=6éwwmm—w@mmﬁma@»mwmg
= §? /88* (em — 1) ¢(7) - Vue(0)V,Ge (2, 07) - n(§)ds;

+ 0 O(6%|log 5\)VyGZp(a:, 3y) - n(g)ds;
B*

= (52/ (em — 1) ¢(7) - Vue(0)V,Ge (2, 07) - n(7)ds;
oB*
+ O(8*[log )
(A.38)

Using a Taylor Expansion for G¥ about zero, for # € Qg \ 2B we also have
vszp(x7 6y) = VyG];p(I, 0) + O(9) for § € OB*

Using this expression with (A.38) gives

8G’;p(x Y)

[ st =) 2 s, = 2~ 1) VG000 | [ )00 s, | Fua(0)4065)

B*

Applying the definition of the Polarization Tensor M in (A.37) gives

/88 ug(y)wdsy =2 (em —1) VyGZ"p(x, 0) - [/a

an(y) n(y)(o(y)) dsy} Vo (0)

B*

+0°V,GE (2,0) - |B'|Vug(0) — k2GE (x,0)|B"[ug(0) + O(5*™)

= 9,600 1B+ =) [ )67 ds, | Tua(0)

B*

— 8°K*Gh (x,0)|B*uo(0) + O(5*)
= 6°V,GE (2,0) - M(e,)Vuo(0) — 6°K>GE,,.(x, 0)|B*|uo(0) + O(5* )

per

which gives the second result of the the lemma. O]

Using the result of Lemma 3.1 in equation (A.34) we arrive at the desired result,
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giving the field us in terms of the polarization tensor and the double layer potential ap-

plied to us — uyg.

us(z) — o) = /8 . (“g(g) - &gﬁy)) G (x,)ds,

+(““L)va%uﬂwM@MVwmww%%%@ﬂWﬂwwﬂ+mﬁ”>

Em

1
-k — B2 )5, (,0)[B g (0) + O(6*7)

Em

Combining like terms we have

us(z) — up(z) = /sz (ug(;j> — 81457(1@) G’;p(x,y)dsy

+ (1 — i) 52Vyé];er(x, 0) - M (em)Vue(0) + O(8°7)

€m

(A.39)

We can now recast equation (A.39) in terms of the boundary integral operators and the

Dirichlet to Neumann map. Since us = ug = f on 0{Q0g taking the limit as x — 0Qg gives

0= /8 ) (“g(g) - 8"275”) GE (2, y)ds,+ (A.40)
+ (1 — %) §°V G (,0) - M(em)Vug(0) + O(6*77), (A.41)

and we arrive at the desired formula,

S (No — N3) (f) = (1 — i) 5V, Gl (2,0) - M(m)Vug(0) + O(6*) (A.42)

and this proves Theorem (A.1.1).

48



Bibliography

1]

[10]

[11]

H. Ammari, M. Ruiz, W. Wu, S. Yu,H. Zhang. Mathematical and numerical frame-
work for metasurfaces using thin layers of periodically distributed plasmonic nanopar-
ticles. Proc. R. Soc. A 472: 20160445, 2016

H. Ammari, H. Kang, H. Lee. Layer Potential Techniques in Spectral Analysis. Amer-
ican Mathematical Society, Providence, RI, 2009

H. Ammari, E. Takoleva, S. Moskow. 2003 Recovery of Small Inhomogenieties From
The Scattering Amplitue At A Fixed Frequency SIAM J. Math. Anal. 34:882-900,
2003

C. Bohren, D Huffman. Absorption and Scattering of Light by Small Particles. Wiley-
VCH Verlag GmbH & Co. KGaA, Weinheim, 2004.

A. Bonnet, F. Starling. Guided Waves by Electromagnetic Gratings and Non-
Uniqueness Examples for the Diffraction Problem. Mathematical Methods in the Ap-
plied Sciences. 17:305-338, 1994

M. Brongersma, J. Groep, Y. Li, A. Talin. Dynamic Tuning of Gap Plasmon Reso-
nances Using a Solid-State Electrochromic Device. Nano Lett. 19:7988-7995, 2019

M. Brongersma, J. Kang, S. Kim, X. Liu, J. Park. Dynamic Reflection Phase and Po-
larization Control in Metasurfaces. Nano Lett. 17:407-413, 2017

Y. Chen, R. Lipton. Controlling Refraction Using Sub-Wavelength Resonators. Appl
Sci. 8:1942, 2018

I. Cipuperca, M. Jai, C. Poignard. Approximate Transmission Conditions Through a
Rough Thin Layer. The Case of the Periodic Roughness. Furopean J. of App. Math
21:51-75, 2010

D. Colton, R. Kress. Inverse Acoustic and Electromagnetic Scattering Theory.
Springer, New York, 2013

L. Evans. Partial Differential Equations. American Mathematical Society. Second Edi-
tion 2010

G. B. Folland, Introduction to Partial Differential Equations. Princeton Academic
Press Second Edition, 1995

D. Gilbarg, N. Trudinger. Elliptic Partial Differential Equations of Second Order.
Springer, 2001

49



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

23]

[24]

[25]

[26]

[27]

D.J. Cedio-Fengya, S. Moskow, M.S. Vogelius. Identification of Conductivity Imper-
fections of Small Diameters by Boundary Measurments. Continuous Dependence and
Computational Reconstruction Inverse Problems 14:553-595, 1998

E Harper, E Coyle, J. Vernon, M. Mills. Inverse Design of Broadband Highly Reflec-
tive Metasurfaces Using Neural Networks Physical Review B 101: 195104, 2020

J. Joannopoulos, S. Johnson, R. Meade, J. Winn. Photonic Crystals. Princeton Uni-
versity Press, Princeton, NJ, 2008

J. Lin, H. Zhang. Scattering and Field Enhancement of a Perfect Conducting Narrow
Slit. SIAM J. Appl. Math. 77:951-976, 2017

J. Lin, F. Reitich. Electromagnetic Field Enhancment in Small Gaps: A Rigorous
Mathematical Theory. SIAM J. Appl. Math. 75:2290-2310, 2015

C.M. Linton. The Green’s Function for the Two-Dimensional Helmholtz Equation in
Periodic Domains. Journal of Engineering Mathematics 33:377-402, 1998

R. Lipton. Inequalities for Electric and Elastic Polarization Tensors with Applications
to Random Composites. J. Mech. Phys. Solids 41:809-833, 1993

R. Lipton, A Polizzi, L. Thakur. Novel Metamaterial Surfaces from Perfectly Con-
ducting Subwavelength Corrugations. SIAM J. Appl. Math 77:1269-1291, 2017

W. McLean. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge
Univerity Press, New York, NY, 2000

C. Poignard, et all. Approximate Conditions Replacing Thin Layers. IEEE Transac-
tions on Magnetics. 44:1154 - 1157, 2008

S. Sarkar, A. Ji, Z. Jermain, R. Lipton, M. Brongersma, K. Dayal, H.Y. Noh. Physics-
Informed Machine Learning for Inverse Design of Optical Metamaterials. Adv. Pho-
tonics Res. 4:2300158, 2023

S. Shipman. Resonant Scattering by Open Periodic Waveguides. Wave Propagation in
Periodic Media M. Ehrhardt Ed. 7-49, Bentham Science Publishers, 2010

0. Sigmund. Systematic Design of Metamaterials by Topology Optimization. [UTAM
Symposium on Medelling Nanomaterials and Nanosystems. Springer, 151-159, 2009

M.S. Vogelius, D. Volkov. Asymptotic Formulas for Perturbations in the Electro-

magnetic Fields Due to the Presence of Inhomogeneities of Small Diameter. ESAIM:
Mathematical Modelling and Numerical Analysis 34:723-748, 2000

50



Vita

Zach Jermain was born in Missouri and raised in the small town of Conception
Junction. He earned his dual Bachelor of Science degrees in Physics and Mathematics
from the University of Missouri in 2017. Zach first came to Lousiana State Univeristy in
2018 where he served as a graduate assistant for the LSU softball program while working
towards his Master of Science in Mathematics which he earned in May of 2020. The fol-
lowing fall he started his doctoral work under the advisement of Robert Lipton. He plans
to receive his Doctorate in August 2024, after which he will serve as the Director of Player

Performance and Analytics with the LSU softball program.

o1



	Asymptotic Formula for Scattering Problems Related to Thin Metasurfaces
	Recommended Citation

	tmp.1721929020.pdf.yE0R5

