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Abstract

In this work, we determine the wavefront set of certain eigendistributions of the Laplace-
Beltrami operator on the de Sitter space. Let G’ = Oy,(R) be the Lorentz group, and

let H = O1,-1(R) C G’ be its subset. The de Sitter space dS" is a one-sheeted hyper-
boloid in R isomorphic to G'/H'. A spherical distribution is an H'-invariant eigendistri-
bution of the Laplace-Beltrami operator on dS". The space of spherical distributions with
eigenvalue A, denoted by D) (dS™), has dimension 2. We construct a basis for the space of
positive-definite spherical distributions as boundary value of sesquiholomorphic kernels on
the crown domains, which are open complex domains in dS¢ containing dS™ on the bound-

ary. We characterize the analytic wavefront set for such distributions.



Notations

[z, w] = —20wg + 21wy + ... + 2w, for z,w € CH™,

R = (R, [, ]),

G' =01 ,(R),
H = Ol,n—l(R>7
G = S0, (R),,

H= SOLn_l(R)@ C G,

K¢c = 50,(0C),

dS" ={z e R""" | [z,2] =1} ~G/H ~ G'/H,

dS¢ ={z € C'"" | [2,2] = 1} = G¢ /K,

H" = {iz € iR™" | 2y > 0,—22 +x* = -1} ~ G/K C dS¢,
H' = {iz € iR | 20 < 0, -2 + x> = -1} ~ G/K C dS,
S™ = {(ixg,x) | x5 + x> = 1} C iReg + R™,

St = {(ixo,x) € S" | £x9 > 0},

I'*(z) ={y edS" |forz € dS™, [y — z,y — 2] <0, dyo > z0},
P(a) =T+UT,

L, 1= {veRY!|[vv] =0}

Q={veR"™|[vv] <0,vy > 0},

To = RY™ 4+ 40,

vi



° U(U) =7

e p=(n—1)/2forn>2.
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Chapter 1. Introduction

For x € R'™ the Lorentzian bilinear form is given by [z,z] = —z2 + 2% + ... + 22.
Let G = O1,(R) be the group of isometries preserving the Lorentzian bilinear form and
H' = O;,(R) be its subgroup that fixes the point e,, = (0,...,0,1). The n-dimensional
de Sitter space dS"™ is a one-sheeted hyperboloid (see Fig. 1.1) and a Lorentzian manifold.

Mathematically, the de Sitter space is given by
dS" = {x e R""" | [z,2] = 1} 2 G - e,

A distribution © on dS" is said to be spherical if it is an H'-invariant eigendistribution of
the Laplace-Beltrami operator on dS". The space of such distributions with eigenvalue A €
C is denoted by D'(dS™). In [D08], Van Djik has proven that the dimension of this space
is 2. In this thesis (see also [0S23]) we will construct the basis of D#'(dS™) for specific

A as boundary values of some sesquiholomorphic kernels defined in some open complex
domains. We will study the singularities of the basis distributions and characterize them
based on their singularities.

The de Sitter space is simple model of universe in special relativity. There have been
several works done to understand the quantum field theories on dS™ including the papers

[BM96, BM04, BV96, BV97] where the authors studied free fields and the related two

Zo

Figure 1.1. dS?



point functions W, (z1, x2). The theory of interacting quantum fields on the de Sitter
space is discussed in the paper [BJM13]. On the other hand, the authors in [N()QQ] study
some aspects of algebraic quantum field theory on casual symmetric spaces of which the
de Sitter space is an example. One of the tool used in [NOQQ] is an open complex domain
called the crown domains = .

In [N 018], the authors showed that the de Sitter space lies on the boundary of the open
complex domains = and its complex conjugate = which are subsets of open complex unit
sphere. The crown Z is holomorphically equivalent to the Lorentzian tuboid 7 in the
complexified de Sitter space dS¢ defined in [BM96, BM04, BV96, BV97]. Similarily, = is
equivalent to the tuboid 7~ in dS¢.

For p = (n —1)/2 and A € [0,00) U (0, p), the distribution Wy (x1, x2) given in [BM96]
satisfies the Klein-Gordon equation A + (p> — A?) = 0 in both the variable. Moreover, this
distribution is the boundary value of some analytic kernels in 7+ and 7~ called “periker-
nels”. In parallel to perikernels, the authors in [NOlS, NOZO] have introduced the kernel
W, upto a constant and showed that ¥, was represented as a hypergeometric function.
Analogous to W, the boundary values of the kernels ¥, and U, defined below are studied

in [0S23] where

a(zw) =oFi(p+ A p- X ) s wez,

and

‘i)\(zaw):2Fl<p+)‘ap_)‘a37%> Z,U)E

(1|

These kernels were obtained by reflection positivity on sphere. Reflection positivity is one
of the Osterwalder-Schrader axioms of constructive quantum field theory. It is a necessary
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and sufficient condition for a Euclidean field theory that has Euclidean symmetries to an-
alytically continue to a relativistic field theory with Lorentzian symmetries. The initial at-
tempt was done by E. Nelson in the paper [N73]. The breakthrough was done in the paper
[OS73, OS75]. Reflection positivity implies that the kernels ¥, and U, are well-defined
sesquiholomorphic, positive-definite, G-invariant kernels.

The “perikernels” are holomorphic in the cut domain of dS™ x dS™ of the form dS™ x dS™ \
5. where, ¥ is the set of tuples (z,y) with [z — y,2 — y] < 0. In the paper [0S23], we
showed that the boundary values which are defined as W2 = lim,_,, U,(z,-) in Z and ¥} =
lim,_,, Ux(z,-) in =, are real analytic on the cut domain dS” x dS"\ {(z,y) : [z —y, z—y] =
0} and have jump discontinuities along the cut. The cut is where the distributions have
singularities and studied these singularities in terms of analytic wavefront sets.

The wavefront set of a distribution was introduced by L. Héormander in [H70] to study the
propagation of singularities of pseudo-differential operators. For a distribution © on a real
analytic manifold, the analytic wavefront set W F4(©) describes the set of points where ©
is not given by a real-analytic function and the direction in which the singularity occurs
(see [HI0]).

The wavefront set is a crucial concept in quantum field theory(QFT). One of the initial
papers using wavefront sets in QFT was [Di79]. Later the wavefront set was brought into
the context of Hadarmard distributions in [RM96]. It was shown that the Hadamard con-
dition of a two point distribution of a quasi-free quantum field is equivalent to a condition
its wavefront set. In algebraic quantum field theory, the condition on the wavefront set of
the states of quantum fields is related to Reeh-Schlieder property (see [SVWO02, V99]). It
was also conceptualized in the context of unitary representations of Lie groups in [Ho81]

3



and studied for induced representations in [HHO16].

In this work we will show that for each # € dS", the boundary values ¥ and U define
distributions on dS". These distributions are eigendistributions of the Laplace Beltrami
operator A. Moreover, U2 + W2 and WA, +0*  are H'—invariant distributions and span

DM, (dS™), the space of H'-invariant spherical distributions with eigenvalue m? = p* — X2,

We will now state the main theorem.

Theorem 5.3.6. Let n > 2, then

1. The distributions ¥} + \/Ivfé‘" and U2+ oA ., are H'- invariant spherical distribu-
tions and span DX} (dS™), where m? = p? — A% and, A € C \ ({p + N} U {—p — N}).

2. The distributions U -+ \T/Qn and A+ oA ., are positive definite for A € [0, 00) U
(0, p).

3. Moreover, the following holds for a non-zero spherical distribution © € DX, (dS™):
() WEA(0) C WEA(T) + W) YUWF, (¥, + 02, ).

(b) If WF4(©) = WFEA(F) + ¥} ) then there exists a nonzero constant ¢ such
that © = () + ¥} ).

(c) EWF4(©) = WFa(¥Y, + \T/ien) then there is a non zero constant ¢ such
that © = (U2, + 02, ).

The flow of this thesis is as follows: we will give a geometric description in Chapter 2 of
the spaces: the hyperboloid, the crown and the de Sitter space. In Chapter 3, we will

briefly recall reflection positivity and introduce the kernels ¥, and U,. We will also dis-
cuss the relation to representation theory. In Chapter 4 we discuss the boundary values.
The main theorem will be proven in Chapter 5 along with discussing the singularities of

the boundary values.



Chapter 2. The De Sitter Space, The Hyperboloid and The
Crown

In this chapter we recall some basic geometric facts about the hyperboloids H", H" and
the de Sitter space dS", the two main spaces that we will discuss in this article. The mate-
rial is well known. We are going to follow the geometrical setup which is also described in
the paper [0S23]. However, the setup in [NO20, BM96, 0S23] are all equivalent.

We write elements in C"*! as 2 = (29,2z) with 20 € Candz € C". We write z - w =

> 5y zjw; and 2 = z - z. The bilinear form [-,-] on C'*™ is given by
n
[z, w] = —zowp + E Zjw; = —2Wo + Z - W.
Jj=1

We denote by RY" the space R1*" viewed as a Lorentzian space with Lorentzian form [-, -].
We say that a vector v € RY" is time-like if [v,v] < 0 and space-like if [v,v] > 0.
2.1. The hyperboloids and the de Sitter space

The hyperbolic spaces H" and H' are given as follows:
H" = {z € iR"™™ | [z,2] = 1,20 > 0} and H = {z iR |[z,2] = 1,20 < 0}.
The de Sitter space dS" is described as
dS" = {z e R"" | [z, 2] = 1}.
All the spaces defined above are closed submanifolds of the complex manifold
dSg = {z € C'"*" | [z,2] = 1}.

Let o be the complex conjugation ¢(z) = z. We also write V = iR and oy = —o, the

conjugation w.r.t. V. Then H = o(H").

This chapter has appeared in the article: G. Olafsson, 1. Sitiraju. Analytic wavefront sets of spherical
distributions on the de Sitter space. arXiv:2309.10685



We are mostly interested in the de Sitter space so we restrict our discussion to that case.

Let x € dS", then we denote the future (past) cone of x as T'"(x)(T'~(x)) where
I=(z):={yecdS" ||y —mzy—2] <0,£(y—x) >0}

For z € dS", the set {y € dS" | [y — x,y — x] = 0} is called the light cone of x in dS".
Definition 2.1.1. Let G be a semisimple Lie group and 7 be an involution on G, such

that 72 = id. Let G° be the fixed point group and H an open subgroup of G° such that
(G%). < H <G°.

Then the space G/H is called a symmetric space.

Let G = O1,(R) be the isometry group of [-,:] and G = SO(1,n). be the connected
component of identity of G'. Let 7 : G’ — G’ be the involution given by 7(g) = JgJ,
where J is the orthogonal reflection in the hyperplane x, = 0. The restriction 7|g is also

an involution on G which will be denoted by 7 as well. Let

h 0
H={heG |h-e,=e,}= heO(l,n—1)
0 1
=0(L,n—1),
and
h 0
H={heG|h-ep=en) = heSO(l,n—1).
0 1
=SO(1,n —1)..

Then H = G7 is the fixed point group of 7 in G and H' = G'™ is the fixed point group in
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G’ of tau. The de Sitter space dS" ~ G/H ~ G'/H’ is a symmetric space with Lorentzian
metric on the the tangent space.

Furthermore, we have
g=boq,

where g is the Lie algebra of G and G’ with h = ker(7 — 1) and q = ker(7 + 1). It is easy
to see that b is the Lie algebra of H and H'.

We now describe the following groups:

10
K={keG|g-ep=e} = a€S0(n) p,
0 a
10
K ={keG |g-e=e}= a€0O(n)p,
0 a

cosht 0O sinh ¢

A=Ca = 0 I,, O teR

sinh ¢ 0 cosht

and by
( 3
Lt glll? ot =3l
N=<n,= v I, . — veR!
sl ot 1=l

The following lemma has been proved in [NO20, Lemma 6.3] and in [DOS].

Lemma 2.1.2. We have the decomposition G = HAK = KAH and G' = K'AH' =



H'AK'. Moreover,

G/H = KA.e, = dS"

G'/H = K'A.e, = dS".

There exists unique upto a constant a G-invariant and a G'- invariant measure on dS" (for
more discussions see [D08, p. 159]).

Further, the Iwasawa decomposition (see [D08, Theorem 7.5.3 and Sec 9.2]) is given by
Lemma 2.1.3. G = KAN and G' = K'AN.

Remark 2.1.4. Let

1 0 0
~1 0
A = : =10 -1 o0
0 Id,
0 0 Id,,

Then Ol,n(R) = SOl,nGR)e L A15017n(R)e L AQSOLR(R)E L AlAQSOLn(R)e
The groups G’ acts transitively on dS™ and G acts transitively on H?, H and dS". We
have that

H" = G -ieg ~ G/K ~H' =G - (—iep).

From now on we will consider the connected group G until Section 5.3. Since K is a max-
imal compact subgroup of GG, the hyperboloids H" and H" are Riemannian symmetric
space. The metric at a point p € H” H" is given as gp(v,v) = [v,v]. The tangent space
at the point p is given as

T,(H") = {v € R""|[p,v] = O}.

That is, povg = p1v1 + ... + ppv,. By definition py # 0 and we obtain v = 1/p3(pi1vy + ... +



Pnvn)?. By Cauchy- Schwarz inequality

< (vi+ ... +v3).

Thus, g, is positive definite. The same holds for H".

The tangent space at x € dS" is
To(dS") = {y € R | [1,4] = 0} =RV
In particular, we have
T, (dS") = {y e R |y, = 0} = g =R,
The tangent bundle is then given by
T(dS") = {(z,v) € R x R™" | 2 € dS"™ and [z,v] = 0}.

We will write ¢, for the diffeomorphism ¢,z = gx. The group G acts on the tangent bun-
dle by
g~ (,v) = (dlg):(v) = (92, gv),
where the action on the right is the natural linear action. It is well know that if
(x,v), (y,w) € T(dS™) with [v,v] = [w,w] then there exists a ¢ € G such that

g- (z,0) = (y,w).

The exponential function can be written using analytic functions C,S : C — C defined by

) 1 k
Cl) =2 ((2k§!

k=0

k — (=DF
2" and  S(z) ::;ﬁz.



Thus, C(z) = cosy/z and S(z) = %E Note that this is well defined as the functions
y > cos(y),sin(y)/y are both even. With this notation we have [NO20, p. 15]

Lemma 2.1.5. The exponential function Exp, : T,(dS") — dS" is given by
Exp,(v) = C([v,v])z + S([v,v])v, v e T,(dS")
and satisfies
ly o Exp, = Exp,., o (dly)..

Let U, = {v € T,,(dS") | [v,v] < m/2} and note that if z = g - e, then U, = d{, - U,, . Let
V., = Exp,U, C dS". Then the following holds

Lemma 2.1.6. V, is open and Exp, : U, — V.. is an analytic diffeomorphism.

Proof. Clearly, the map is analytic. It is enough to prove this for x = e,. Let the map «

be given by u = (ug,u) € T,, dS" — X,, € q where,

alu) == X, = 0110, ,|u

up | —ut | 0

The map « is an isomorphism. Consider the map from T, dS" into G given by

Clu,u] 0
Slu, ulu
u— exp(a(u)) = 0 1
—S[u, uju® Clu, ul

We claim that the restriction of this map to the set U,, is injective. Suppose, exp(X,) =
Id;4,,. It follows that Cfu,u] = 1 and S[u,uJu = 0. This is true only if either v = 0 or

10



[u,u] = 4m?2n?, for m € Z \ 0. Thus, the claim follows for the restriction to U,,. Observe
that

exp(Xy)e, = Exp,, (u). (2.1.1)
Since u — exp(X,,) is injective, the lemma is proved. O

We will also use the following co-ordinates as some of the computations will be easier. Let
t € R and v € S", then

x = sinh(t)ey + cosh(t)u (2.1.2)

are real analytic co-ordinates from S™ x R to dS".

The metric g at the point z(t,u) on dS" is given by
g = —dt* + cosh®(t) (Z duf) : (2.1.3)
i=1

2.1.1. Invariant differential operator

Let L be a Lie group and assume that L acts on the manifold X by g - = ¢,(z). Then
a differential operator D : C*(X) — C°(X) is invariant if for all f € C°(X) and all
g € L, we have D(f o/{,) = (Df) o{,. We denote by D(X) the algebra of invariant differ-
ential operators. It is known [F79] that D(dS") = C[A], the algebra of polynomials in the

Laplacian which we define in two equivalent ways.

First let
0? "L 92
Ui =—55+) =3
Oxg = 0x;

in RY™. Let p € C°(R), ¢ = 1 in a neighborhood of 1 and, ¢(¢t) = 0 for |t — 1| > 1/2. For
f € CX(dS"™) define
f(@) = ¢(lw,a)) f(a/|[z,2]['?), = eR™

11



Then f € C*°(R") and we define

Af = (Ora )las-

It is a well defined G-invariant differential operator on dS", see [D08, p. 110,160].
We can also define A using the tangent space and the exponential map. Note that [J,, is a

well defined H = SO(1,n — 1).-invariant differential operator on T, (dS") ~ R""~1. Define
(Af) o Exp,, =D, (f o Exp,,), [fe€C(dS").

As A., is H-invariant we have a well defined G-invariant differential operator A on dS”"
given by

Af(g-en) = A(f oly)(en).

As both A and A are second order invariant differential operators annihilating the con-
stants it follows that there exists a ¢ > 0 such that A = cA.
In the co-ordinates given by Eq. (2.1.2) the Laplace-Beltrami operator is then a positive

constant multiple of the operator given by

02 0 1
Af— _a_t{ —(n— 1)tanh(t>3_{+m

Ogn f (2.1.4)
where Ogn is the Laplacian on the sphere S" and f € C'2°(dS").

Hence, from now on with abuse of notations we will use A as the Laplace-Beltrami opera-
tor defined in all the three ways.

2.2. The Crown =, =

The complex crown = of a Riemannian symmetric space G/K is a natural complex open

domain in the complexification G¢ /K¢ with the property that the eigenfunctions of the

12



algebra of G-invariant differential operators on G/K extends to =. This domain was intro-
duced in [AG90]. It was studied by several authors but for us the articles [GK02a, GK02b,
KSt04] are of most importance in particular, the articles [GK02a, KSt04] finished the de-
scription of the crown. The article [GK02b] showed that a non-compactly causal symmet-
ric space [HOQ?], including the de Sitter space, can be realized as open orbit in the bound-
ary of the crown. The crown showed up in a natural way in [NO20] in relation to reflec-
tion positivity and we will collect those results here.

Let h = Egy, + Ey € s0(1,n) be the operator
h(xo, x1, ... X1, Tpn) = (,0,...,0,27).
Then adh has the eigenvalues 0,1, —1. Thus, we have the eigenspace decomposition
g=90-1DgoDg41
and the space g4, are go-invariant. The crown of H" is defined to be:
== Gexp(i(—m/2,7/2)h) -ieg = G - {(icost,0,...,—sint) | |t| < 7/2}.

Similarly, for H

(11

= Gexpi(—7/2,7/2)h - —iey = 0(Z).

The crown domain Z C SO4.1(C)(ieg) =~ Ge/Ke ~ dS¢ and same follows for =. We now
recall the description of = and its properties, see [NO20]. The corresponding statements
for = follows by taking the complex conjugation o.

Remark 2.2.1. Recall that an element h € g, h # 0, is called an Euler element if adh has
eigenvalues 0,1, —1. The crown domain depends on (g, ) where g, ¢ are the Lie algebra of
G and K respectively. It does not depend the choice of Lie group G with Lie algebra g.

13



Consider the open future light cone €2 given by
Q={reR"™:[z,2] < 0,20 > 0}.
The corresponding future tube is given by
TQ = Rl’n + 7).
Similarily, the past tube is
T_q =R" —iQ.
We realize the unite sphere in iRey + R" by S" = {z € iReg + R" | [z,2] = 1}. Set
St ={xeS"|xy>0}and S = {z € S" | zy < 0} = o(S}).
Lemma 2.2.2 (NO 2020). The crowns can be described as
E=G S} =ToNS} ¢ =ToNdSg
={u+iv:[u,u] —[v,v] =1, [u,v] =0, [v,v] < 0,v9 > 0};
E=G-(S") =T qNS" ¢ =T oNdSE
={u—w: [uu] —[v,v] =1,[u,v] =0, [v,v] <0,v9 > 0}.
Proof. The first part is [NOZO, Lem. 3.1] and [N()ZO, Prop. 3.2]. The second part follows
by applying o to =. O]

The following proposition is the key for the kernels ¥, and U x, Which we will see in Chap-
ter 3, to be well defined on the crown domains = and = respectively.

Proposition 2.2.3. We have
{[z;0(w)] | z,w € E} = C\ [1,00) = {[2,0(w)] | 2,w € E}.
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Proof. The crown is invariant under the conjugation z — —o(z). The claim therefore
follows from [NO20, Lem. 3.5] using that the Lorentz form in [NO20] is the negative of the

form considered here. The claim for Z follows from the first part using that = = o(Z). [

For U C C"*! denote by cl (U) the closure of U in C". The boundary dU is then U =
c(U)\U.

Lemma 2.2.4. The boundary of =, and respectively =, in dS{. is given by

0

[1]

={z+iy:z,y e R"", [z,2] =1,[y,y] = 0,50 > 0, [z, y] = 0};

3
[1]|
I

{JJ—iy:J},yERl’n, [37,37] = 17[%3/] :ano 207 [Ql,y] :0}

= 0(0=).

Proof. The first part is [NO20, Lem. 3.7] and the second claim then follows from = =

Corollary 2.2.5. dS" =9ZN0Z.

Proof. The above description of the boundary implies that dS™ C 9ZNOE. If z = x+iy €
OZ N OZ then yy > 0. Hence 0 = [y,y] = y? which happens if and only if y = 0. Hence

y = 0 and, [z, z] = 1 implies that = € dS". O

The next proposition shows that around each point z € dS", the crown can be represented
locally as a tuboid of the form U + i€2 where U is an open set and € is a pointed cone in
the tangent space of z.

Let U, be the coordinate chart around z = g - e, € dS". Let Q, = {v &€ T, (dS") : [v,v] <
0,vo > 0} be the open future H-invariant cone in R"™~1. Write &, = df, - Q. C T,(dS").
Proposition 2.2.6. Let g = ka;h and, © = g - e, € dS".
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1. The map k, : U, + Q. — = where,
Kp U+ 10— (V14 [0, 0])Exp, (u) + i exp(Xg,,)-1.,) - v (2.2.1)

s well-defined and biholomorphic onto its image.

2. The map Fyp : U, — iY, — = where,

Fetu—iv = (v 1+ [v,0])Exp,(u) — iexp(X 4q,)-1.,) -0 (2.2.2)

1s well-defined and bi-antiholomorphic onto its image.

Proof. Foru € U,,, v € Q, , h € H and, using the fact that exp(X,) = exp(Xj.,), we

obtain

Ky © (dly)e, (u+iv) = g - ke, (u+V);
(2.2.3)

Ky 0 (dly)e, (u —iv) = g - Ke, (u — v).

Thus, it is enough to prove for x = e,. Note that if [v,v] < —1 for v € ', then k., (u +
iv) € H". That is because k., (u + iv) = iexp(X,) - (v/—[v,v] — le, + v) and the
group G preserves the direction of time-like vector with vy # 0. Following the proof of
Lemma 2.1.6 and Lemma 2.1.2, the maps x and k are well defined and biholomorphic and

bi-antiholomorphic, respectively. O]
Corollary 2.2.7. We have that

E=G ke, (Ue, +i,) = | ralUs +i9)
xzedS™

and,

(11|

=G e, (U, — i) = | FulUs —i€2).

redsS™

Proof. Because of Eq. (2.2.3), it is enough to prove the first equality. From the above
proposition we clearly have that G - ke, (U, +1i§Y) C E. Now, let z € Z. As E =G - S it
follows that z = g - (i cos(t)eg + sin(t)e,,) for t € (—m/2,7/2). Clearly, i cos(t)eg + sin(t)e, =

Ke, (i cos(t)eg). Thus, the first equality holds. We follow the same arguments for =. O
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Chapter 3. Reflection positivity, Kernels ¥, and V) A
We will now recall reflection positivity on the sphere [NO20], see also [NO22], which
lead to a positive definite kernel ¥ ( with a different normalization in [NO20]) for

A €i[0,00)U[0,%1) and p = (n —1)/2 by
1
U, (z,w) = oF) (p+/\ p— A= n L) . Z,w E E. (3.0.1)

We will also consider the following kernel

(1|

(3.0.2)

~ 1 0
qu(’z’w)_QFl(p—i_)\ap_)‘vgv#)? Zawe

As both n and X\ are fixed most of the time we simplify our notation and write
n
2 F1(2) = o1 (p tA P = A5 Z) :

Here o Fi(a, b; ¢; z) denotes the Gauss hypergeometric function

o0

o Fi(a,b;c;2) = Z Z

n=0
where (d), = d(d+1)---(d+n —1), c ¢ —Ng and |z| < 1. The hypergeometric function
o F) extends to a holomorphic function on C\ [1,00) (see [LS66]).
3.1. Reflection Positivity
Reflection positivity is a property which is used to construct relativistic quantum fields
that satisfy Wightmann’s axioms from Euclidean fields with Euclidean symmetries. We
will now understand reflection positivity in the context of [N73, Dil8, JROS|.

Let &€ be a Hilbert space with &, its closed subspace and a unitary involution 6.

This chapter has appeared in the article: G. Olafsson, 1. Sitiraju. Analytic wavefront sets of spherical
distributions on the de Sitter space. arXiv:2309.10685
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Definition 3.1.1. The triple (£, &4, 6) is called reflection positive Hilbert space if
(v,6v) >0 forall veé&,.

Consider the unit sphere S™ realized in iRey + R™. Let ¢ : S — S™ be the reflection
o(izg,x) = (—izg,x). Let us denote [J as the laplacian on S". Then, (—0+ (p* — A?))~! is
a bounded positive operator on L*(S") for A € [0, 00) U (0, p).

Let H~! be the completion of C°(S™) with respect to the inner product

(@, (=0 + (p* = A)) "),

This space does not depend on \. Let H' = {¢ € H! : suppp C S%} and 6(¢) = ¢ o 7.
Then we obtain the following which can be found in [NO18, Di1§].
Theorem 3.1.2. The triple (”H_l,’HIl, 0) is a reflection positive Hilbert space.

We will now consider a distribution ®, on S™ x S™ as follows:

A(p@Y) = [ ¢(x)(=0+ (p* = \)) " (x)dpu(z) for ¢, € CZ(S").

N

The following corollary follows from Theorem 3.1.2(proven in [NO20, Sec 2]).

Corollary 3.1.3. The distribution ® is reflection positive with respect to (S",S',0).
That is, the distribution ®§ = @, o (id, o) is positive definite on ST x ST,

It was proven in [NO20] that the distribution @ is given by the kernel Wy (z,y) for z,y €
S7 . This kernel has a natural extension on = x Z. Part (1) of the following is in [INO20,
NO22] and part (3) follows by part (2) :

Theorem 3.1.4. Let p="51. For X € i[0,00) U (0, p)

(1) The kernel U, (z,w) is a positive definite G invariant kernel on =X Z which is holo-
morphic in first variable and anti-holomorphic in the second variable. It is given

by
LN 1tz o(w)]

)2’ 2

—_

\Il,\(z,w):2F1<,0+)\,p—)\ ), zZ,w € Z.
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(2) Let z,w € =. Then
Uy (z,w) = Uy(o(2),0(w)).

(3) The kernel @A(z, w) is a G-invariant positive definite kernel on = x = holomorphic
in the first variable and anti-holomorphic in the second variable given by:

Uy (z,w) = 5 Fy (p +Ap= X g; —H[z’;(w”) Zw €

(|

We also have that Ux(z,w) = Ux(z,@) = Ux(w, 2).
Proof. We use the simplified notation o Fy (u) = 2Fi(p + X\, p — A\;n/2:u). (1) is [NO20,

Thm. 4.12] and (2) follows from (1) and the fact that for A € /R U R we have for z €

C\ [1,00):

2o F1(2) = o F1(2)

as 2F1(<1, b; c; Z) = 2F1(57G;C; Z)

For (3) let 5,\(,2) = \TIA(Z, —ieg), z € H', be the spherical function on H' . Then, using that

exp(th)To = —i(cosh(t)ey + sinh(t)e,), we get

~ . 1+ cosht
o(expthmy) = o F} (T)

P (1 + [exp(th) T, a(fo)]) |

2

From this it follows that for all z € H = we have
~ 14|z, 0(x
d(z) = o F4 (—[ 5 ( 0)])

because H' = K expRh - (—ieg) and K fixes +ieg. As U(-, %) is holomorphic on Z it

follows that
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Using that U is G-invariant it follows that

~ 1 _ —
V(- w) =oF (M), forallze Zandw e H' .

The claim now follows using that w — W,(z,w) is antiholomorphic and hence determined

by the restriction to H". The last claim follows by E = o(Z) and ¥y(z,w) = ¥(w,z). O

The following lemma has been proved in [NO20, Lem. 6.4].

Lemma 3.1.5. We have
[dS™,Z]NR = [dS",Z]NR = (—1,1).

From this and the properties of the hypergeometric function we get:

Proposition 3.1.6. The kernel ¥y can be extended continuously to = x (dS™ U Z) and the
kernel Uy can be extended continuously to = x (dS™ UE).

For y € dS" and z = e,, we have that (1 + [z,y])/2 ¢ [1,00) iff y,, < 1. In particular, for
y € dS™ we have that y — W, (y, e,), Ya(en, ), \I'A(y, €n)s \Tl(en,y) is analytic on {y € dS" :
yn < 1}. We will discuss these singularities in Section 4.2 and Section 5.2.

3.2. Representation Theory Perspective

We will now discuss how the kernel W) obtained by reflection positivity is related to repre-
sentations.

Definition 3.2.1. An irreducible unitary representation (7, H) is said to spherical if the
K-fixed vectors H¥ is a non-empty set. Then the dimension of H¥ turns out to be 1. Let
ex be a unit vector in HX then the function ¢,(g) = (7(g)ex, er) is called a spherical func-
tion.

It is K- biinvariant and can be defined on G/K. This definition of spherical function is
equivalent to the definition that a smooth function ¢ on G/K with ¢p(eK) = 1 is called
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spherical if ¢ is K-biinvariant and is an eigenfunction for the algebra of G-invariant differ-
ential operators D(G/K) on G/K. For reference see [He62, Chap. X].

We will now review the spherical representations on H* = G/K. The material is

well known (see [DO08]). We have the Iwasawa decomposition G = KAN. We write

g = k(g)a(g)n(g) and G acts on S"~! by g - v = k(g)v. The principal series representation
7y with spectral parameter A € i[0, 00) acting on the Hilbert space Hy = L?(S"!) is given
by

() f(v) = a(g k)P f(g7" - v)

where v € S"7 !, g € G and f € L*(S™!). That is, for g = kasn.

m(9) f(v) = e f(g7 - 0).

These representations are unitary and irreducible for A € iR and are called principal series
representations ([DOS]).
The constant function ey(v) = 1 is K-invariant with norm 1 and the associated spherical

function is

n

(bk(g) = <7TA<Q)€A7€,\> —/ a(g_lv)_’\_pdv.

We note that g — m(g)ey is right K-invariant, hence 7y(z)e, is well defined for z and w

in H" and the kernel ¥, is given by
(2, 0) = (m(2)er, ma(w)en).

Therefore, it follows from [NO20, Theorem 5.10] that

n 1+ixg
27 2

03(2) = Us(1 ieo) = oF, (p F A ) e
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is an eigenfunction of algebra of G-invariant differential operators on H".

Let (mx, H,) be defined as above. Denote by HS°, the space of smooth vectors and by
H~°° the space of continuous conjugate linear maps H® — C, the space of distribution
vectors. The group G leaves H* invariant and then defines a representation 7~>° by dual-
ity. For n € H™>° and ¢ € C*(G) it is well known that 7=°(¢)n = [, ¢(z)7~®(z)ndx is
in H*>. Hence,

®y(0) = n(m==(@)n) = (n, 7> (¢)n) (3.2.1)

is well defined positive-definite distribution on G. If 7 is H-invariant then ®, defines a
distribution on G/H (see [NO18] for more discussion). If 7 is irreducible then, ®, is an
eigendistribution for the algebra of differential operators coming from the center of U(g).
The above setup leads to the element s = exp(%rh) € Gc, where h is the Euler ele-
ment(Remark 2.2.1), such that sK¢s™' = Hc and G/H = G - sK¢ is on the boundary
of the crown and exp(ith) K¢ belongs to = for || < m/2. Hence, m(exp(itX))v is well de-
fined for |t| < 7/2.

For g € G we have gexp(—ith)e, € = and, the orbit map
(—m/2,7/2) — (g exp(—ith))ey
is analytic and

el = lim 7y (exp(—ith))ey (3.2.2)

t—m/2
exists in H;® and defines a H-invariant distribution vector [FNO23, Sec. 5]. Furthermore

72 (p)ell € H for o € C°(G/H), see [NO18, Chap. 7). Hence,

O*p) = (ex, 73 < ()ex)

22



defines an H-invariant distribution. Furthermore,
AB = (p? — A%,
This can be reformulated in terms of the kernel ¥,. For that let z € = and g € G. Then
t— U,(z, gexp(—ith)e,) = V(z, g(icostey + sinte,))

is analytic on an open interval containing (—m /2, 7/2) with limit

n_ 1+ [z, ge,]

o Fy <p+>\,p—k;g, 5 ) = WU, (2, gey).

is analytic and extend to a continuous map to an open interval containing 7/2, see more

detailed discussion in a moment. We then get a distribution on dS™ by

O (zi) = [ BTN das (1) = (r(2er, w3~ ()el)

where g5 is a G-invariant measure on dS". Taking the limit z — e, leads then to the

eigendistribution ©*:

OMNp) = lim () Ua(exp(—ith)en, y)dpuas» () (3.2.3)

t~>7’l’/2_ dsm

or

0* = lim W, (exp(—ith)e,,-).

t—mw/27

Furthermore, we also obtain that
AG* = (p* — \?)O*, (3.2.4)

= =N

Similar discussion holds for =, H and 0,
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It was proved in [GKO04] that lim, j25tr/2 Ya(exp(—ith) - e,,y) exists as a distribution on
dS". It was proved for all ncc symmetric spaces using the Automatic Continuation Theo-
rem of van den Ban, Brylinski and Delorme, see [vdBD88, Thm. 2.1] and [BD92, Thm. 1]
and Hardy space approximation and restated in [Nél8] for the specific case of dS". A dif-
ferent and less abstract proof was given in [FNO23]. A third proof of this fact was proved
in [0S23] independent, of representation theory and without using the existence of the H-

invariant distribution vector efl which we will see in next chapter.

24



Chapter 4. Distributions as boundary values of holomorphic
functions

In Proposition 3.1.6 we saw that the kernels W,(z,y) and U,(z,y) are analytic for z in
their respective crown domains and y € dS". In this chapter we prove that the boundary
value of the kernels W, (z,.) and W,(2,.) are distributions as z and Z tends to an element
in dS". As a motivation we start with simpler kernel ®, and ® A- We use the usual nota-
tion D(dS") = C*(dS"), £(dS") = C*°(dS") with the standard topology, £'(dS") the
space of distributions with compact support and, D’(dS™) the space of distributions on
the de Sitter space. From this section onwards we will denote the elements in = as Z, since
0(z) = z lies in =.

Let us define the limit in =, where it is understood following Proposition 2.2.6 and Corol-
lary 2.2.7. Let €, = {v € T, (dS") : [v,v] < 0,99 > 0} and k = K, be the map defined in

Eq. (2.2.1). Then define the limit z = /1 — [v,v]e, +iv = e, as v — 0 in Q, as follows

) (y) = Im U2 (y) = lim U,(z,y)

z—ren Z—rén

= i (s(e, + iv). )

= lintl)\ll,\(\/l — [v,v]e, +iv,y).
v—>

Similarly for z € =, using the definition of & = ., as in Eq. (2.2.2) then define

U (y) = lim UA(y) = lim Uy(2,y) = lim U,(R(e, — iv),y).

Z—en zZ—en v—0

However, we will consider the limit in Eq. (3.2.3), which is weaker than the above limit as

exp(—ith)e, = icos(t)eg + sin(t)e, € €1, .

This chapter has appeared in the article: G. Olafsson, 1. Sitiraju. Analytic wavefront sets of spherical
distributions on the de Sitter space. arXiv:2309.10685
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By the discussions so far we will calculate the boundary value for z = z, = icos(t)eg +
sin(t)e, = exp(—ith) and z = z, = —icos(t)ey + sin(t)e, = exp(ith) ast — 7.
4.1. The kernels ¢, and CTD,\

For A € C and z,w € C"™! with [z,w] & [1,00) let

1 — [z, w]

Q(z,w) = 5

and for A € C

where ever defined. Note that ®, is well defined for z,w € = and z,w € = or if one of the
points z or w is in =, respectively = and the other is from dS™. In the case of = we some-
times write ® to indicate the domain that we are looking at. We note that the kernels

v, and i » behave approximately as a constant multiple ® 2on and ® 2on respectively near
[z,w] = 1 = [z, w], where the constant depends on A and n. Fix z € Z and z € Z. Then
the the functions ®,(z,-) and ®,(Z, -) extends to analytic functions on dS™ and hence de-
fines distributions ®2 and 2132‘ on dS".

For y € dS", we want to prove that li_riltq),\(z, y) is a distribution for any z € dS". For
simplicity we start by taking z = e,.

If z € = then, as mentioned earlier, there exists t € (—n/2,7/2) and g € G such that
2(g,t) = g.zx = gexp(—ith)xy and we have z(g,t) — ge, € dS" ast — 7/2. Similary
for z € =, there exists a t € (—7/2,7/2) such that 2(g,t) = g.Z. In particular, if we take
g = Id then z(Id,t) = z, — e,.

For Re(A) > 0, the limit is well defined in distributions. We will use analytic continuation
to extend the definition to Re(A) < 0. Using the local co-ordinates and after some calcula-
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tions we arrive at the following:
Lemma 4.1.1. Let Ly = A+ M\ — 1+ n), where A is the Laplace-Beltrami operator on

dS"™. Then the distributions ®} and 5’2\ satisfy

Lo @ = (A + 1) </\ + g) o

and

Ly @ = (A +1) ()\ + g) 3.

Proof. As A is a G-invariant operator on dS” and G acts transitively on Z and = , it is
enough to calculate it for z; = icos(t)ey + sin(t)e,. Then for y = sinh(s)ey + cosh(s)u,

s € R and u = sin(0)u + cos(f)e, where # € S~ we obtain that

(1 +icos(t)sinh(s) — sin(t) cosh(s) cos() A
2,0 = ( : )

As the function is K = SO(n) invariant then A®? (y) reduces to the following

02 0 1 0? 0
AP (s,0) = {—8—82 —(n—1) tanh(s)a + m (@ +(n—2) cot(@)%)} P2 (s,0).

Calculating each term we obtain the lemma. We follow the same steps for ®?. O

It follows from the above lemma that

O = Lyyi... Ly ®2FF
(4.1.1)

O = Lyi1... Ly @25
For A # —1,-2,...,—n/2,—n/2 — 1, ..., we can thus define the analytic continuation of
and 5; For the residue at the singular points we refer to [GS64, Sec I11.2]. Therefore, we
obtain that the limits
lim @2, lim 52
e Zow
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are distributions on dS™ for A € C.
Corollary 4.1.2. For A\ = (2 — n)/2 the distributions ®* and ® and their limits &, &

are eigendistributions of the Laplace-Beltrami operator A with eigenvalue %<an2)

Proof. For A =1 —n/2, it follows from Lemma 4.1.1 that,

Acb?”:ﬁ(
5

2

~2-n
and same for ®.2 . Since differentiation is continuous on the space of distributions and A

is invariant under the group G we have that

2\ 2 2

]

We start with the special case ¢ = Id and write ¢ = (1 — y,)/2. From now on we denote

2—n

2-n ~ ~2-n
®, =0, and &, = &,* . From Appendix B we obtain that

@, (y) = lim &, = (4 £i0) 2" for £y >0,

pll
t—>7T

and

P, (y) = lim &, = (i Fi0)=" for +yo >0,

T —
t—>§

because

1 — [2, ] 1 —sin(t)y, I _cos(t)yo
= 7 .
2 2 2

For n even we have by (B.0.8):

O, () = (1)1 + (DT (W) — (~1)"T sen(yo) a0 (),
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and if n is odd then (B.0.6) leads to

2—n 2—n

O, (y) = (¥)7 + (—isgn(yo))" *(v)" .

Correspondingly, when n is even we have

P, (y) = (v Fsgn(yo) i0)

2—n
2

2—n _2 2—n n—2

=) + (DT W)+ (-1 seulyo) raayd 7 (W),

and when n is odd

2—n 2—n

() + (isgn(yo)"*(y) 2,

D, (y) = (v Fsgn(yo) i0)

2—n
2 =

where sgn is the signature function. Observe that &Dx =,.
Thus, we obtain the following theorem:

Theorem 4.1.3. The limits

lim ®(g.z,-) =P, and lim CTD(g.Zt, ) = Cfx, T = ge,

t—m/27 t—m/27

exist in D'(AS™). The distributions ®, and , satisfy Eq. (4.1.2). Finally we have

;

(#L + (—D”Z%#)?‘
W)= (1) sen((y - 2)o) sy T (5) o cven
() T sl - o)) T s o

and,

(—1)"F sgn((y — ﬂf)o)m(s%2 <1_[2I’y]> if n even;

() T s - o2 (L) T s oda

(4.1.3)

(4.1.4)



Proof. Clearly, the limits are well-defined . The rest follows from the above discussion

and the fact that @%Tn(g.Zt, y) = @%%(zt,g*l.y) and, &D%Tn(g.ét,y) = &)%Tn(ét,gfl.y). O

Immediately, we obtain the following corollary:

Corollary 4.1.4. The distributions ®., and, &Den are H-invariant distributions.

4.2. The kernels ¥, and \TJ,\

In this section we will consider the kernels W, and W for A € C\ ({p + N} U {—p — N}).
Asusual a =p+ A\, b= p— X and, c = n/2 we will denote yFi(2) = 2Fi(a, b;c; z).
Remark 4.2.1. If A € {p+N}U{—p—N}, we have that either a or b is a negative integers

for which o F3(2) reduces to a polynomial. In this case we obtain that

Z—w

Z—T

0
From the Eq. (2.2.1), Eq. (2.2.2) and following previous section it is enough to prove that
the limits

lim U,(g.z;,y) and lim \Tf)\(g.it,y)

t—mw/2- t—mw/2-
are distributions.
We drop the dependence on A for the limit distributions as it will be clear from the con-

text.
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From Theorem A.0.1 the point-wise limit is the following:

\Din@) = lim F ( 5

t—m /2~

1+ sin(t)y, — icos(t)yo>

= lim 2F1< 9

t—m /2™

7

SR (2 iy, <1,

= 2F1<1+%—i0) iy > 1,40 > 0,

K2F1(1+;/n —i—iO) ity > 1,90 < 0:
where o F(x £i0) has been calculated for z > 1 in Appendix A.

For the other kernel we get

1+ sin(t)y, +1i cos(t)y0>

{ffin(y): lim 2F1< 9

t—m/27

(

Fi(He) i<,

= m(”%wo) ifyn > 1yo >0,

\gFl(H% —z'0> if 4, > 1,50 < 0.

From the Theorem A.0.1 we have that in each of the disjoint region the limit is uniform on
compact sets. Next step is to prove that the limit actually converges to a distribution.

Let n > 2 and ¢ be such that supp(¢) N {y, = 1} = 0. Since ¥,(z;,y) and \TJA(Zt,y)

converges to U2 (y) and \ién (y) uniformly on compact sets in the region dS"\ {y, = 1}, we

have that
m [ sz, y)e(y)dy — [ W) (y)e(y)dy
t~>7r/2 dsn dsn
and
lim [ UG y)em)dy — [ ) (y)e(y)dy.
t=m/27 Jasn as™

31



Case: dimension 2
On the other hand if supp(p) N{ys = 1} # {0} for ¢ € D(X), without loss of generality we
can take ¢ such that in local co-ordinates, max [d(y, {ys = 1})] < ¢, for y € supp(y) and

very small € > 0. We know that close to the set {ys = 1},

and

o ) 1—[2,y]
Ua(z1,y) = T TEHNC(E-N) n ( 2t ) .

Since logarithm is locally integrable function and by appendix B and [GS64, Sec 2.4, Ex-
ample 4] we see that the limit convergences in distribution.

Case: n >3

For n > 3, we have that Re(c — a — b) = (2 —n)/2 < 0. Without loss of generality, we

choose ¢ as we did in the 2-dimensional case. Close to ¥y, = 1, the kernels behave as:

I'(n/2)I'(n—2)/2) [ 1—|z, -
o)~ S (1)

- B F(n/Q)F((n—2)/2) 1—|z, 2
Uy (Z,y) = L(p+M)T(p—A) ( [2 y]) |

Therefore by Theorem 4.1.3, appendix B and [GS64, Sec 3.6], as we take t — /2~ the
kernels Wy (z;,y) and Wy (%, y) converge to corresponding distributions U2 and U2
These limits are well defined as ¥ and \le are H-invariant. To see that let h € H for

which h - e, = e,. Let ¢ € D(dS"). If supp(p) N {y, = 1} = () then clearly

lim U(h -z, y)p(y)dy = lim (2, y)e(y)dy
t—)7‘(/27 ds™ t—>7r/2 ds™
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and

lim Uy(h -z, y)py)dy = lim U5(%,y)e(y)dy.
t%ﬂ'/Q_ dsn t%ﬂ/Q_ dsn

If supp() N {y, = 1} # 0 as in previous steps. For n > 3 and, some constant ¢, we obtain

that

( lm  (Ux(h.zt,.) — Yr(2t,.)), 0)| < const. lim [(P2—n (h.2t,.) — P2-n(2t,.), 9)|
t—m /27 t—)7r/2* 2 2

=0.

The last equality is due to Corollary 4.1.4. The same steps can be followed for n = 2 and
also for \ng\n Thus proving that the limits are well-defined.

Forge Gandx =g-e,

Ui(y) = lim Ualg-zy) = lim Ui(ze,97y)

t—m/27

and

Uy) = lim Uy(g.z,y) = lim Uy(z,9 ')

t—mw/2- t—m /27
are also distributions.
Now, we claim that (A —m?)¥) = 0 where m? = p* — X\%. Using fact that differentiation

is a continuous linear map on space of distributions, we obtain
lim (A —m?)Uy(z,y) = (A —m?*)V) .

t—mw/27

Now,leta=p+ A\ b=p—\ c=n/2and w, = 1+[;t,y]‘
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Following the same steps as in proof of Lemma 4.1.1, we arrive at

(a+1)(b+1)

F; 2.b+2 2
(c+1) oF1(a+2,b+2,¢c+2,uwy)

(A —m?)Uy(2,y) = %b [wt(l — wy)

+ (g —n’ll)t) 2F1(a/+ 1ab+ 1,C+ lth) _CQFl(a7bvcth)i|

=0.

using the properties of hypergeometric function. We obtain that as distributions (A —
m?)¥} = 0. Following the same steps we obtain (A — m2)\T/;\7L =0. As (A —m?)isa G
invariant operator, we have that (A — m2)¥} = 0 = (A — m?) P2,

Therefore, we have proved that :

Theorem 4.2.2. Forn > 2 and A ¢ {p + N} U{—p — N} we have:

1. The limits lim Wy(g.z,y) and lim Wx(g.%,y) converge to distributions U» and
t—m /27 t—m /27

U respectively, on dS™ with x = g - e,,.

2. The limits satisfy (A —m?)¥2 = 0= (A —m?)¥.

3. Moreover, Also, W) and {Ivfi‘ can be represented as analytic functions in the following
TeGIONS:

( -
2 F IH;’y]) ify ¢ I'(x),
V() = { oA (22— q0)  ify e T (a),
o —H[;’y} +i0) ify el (x);
2 F %) ify ¢ I'(x),
Vi(y) = o —H[;’y} +10) ify e It (x),

(

As a conclusion it implies that WA = W),
In particular, the singular support of ¥ and \Affi are exactly the points {y € dS" | [y —
z,y — z] = 0}. Fig. 4.1 shows the singular support on dS? of these distributions when
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N

Figure 4.1. Singularities on dS?

T = ey in blue lines.
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Chapter 5. Wavefront Sets of Spherical Distributions

The wavefront set of a distribution was introduced by L. Hérmander in 1970. It gives
more information about singularities. In particular, it gives the singular support of a dis-
tribution and the direction where the distribution is not smooth or analytic. We apply
this notion to the distributions ¥? and \Tfi As we have seen in previous section, the dis-
tributions W2 and ff';} can be written as analytic functions everywhere on the de Sitter ex-
cept at the boundary of the light cone of x. That is where the distributions are singular.
We will now recall the wavefront set of distributions.

5.1. Wavefront Sets

Let X C R!Y™ be an open subset. Suppose, © € £'(X) is a distribution with compact

support then we can define Fourier transform of © at ¢ € (R"™\ 0) as follows:
O(¢) = O(e "),

where [x,&] = —20&o + 21&1... + Tnn.

Definition 5.1.1. Let © in D/(X) be a distribution. We say (z9,&) € T*(X) \ {0} is a
regular directed point if there exist an open neighbourhood U of z(, a conical neighbour-

hood V of & and ¢ € CX(U) with ¢(xy) # 0 such that for all N € N:
2O(TE)| < Cnp(1+ 7)Y, VeeV. (5.1.1)

The wavefront set WF(0) € T*(X) \ {0} is the complement of the regular directed set.
Definition 5.1.2. Let © € D'(X). The singular support of © is set of all points x such

that there is no neighbourhood of x to which the restriction of © is a C'*° function .

This chapter has appeared in the article: G. Olafsson, I. Sitiraju. Analytic wavefront sets of spherical
distributions on the de Sitter space. arXiv:2309.10685
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Lemma 5.1.3. If © € D'(X), then the projection of WF(0) onto X is the singular sup-
port of ©.

Remark 5.1.4. The WF(O) is a conic set, that is if (z,£) € WF(©), then for 7 > 0,
(x,78) € WF(O).

Here are some examples.

Example 5.1.5. We will consider the Dirac-delta distribution in R%®. Then the

supp(dp) = {0}. Let ¢ € C°(RY™) with ¢(0) = ¢ # 0. Now, choose any ¢ € (R'"\ 0), we

see that because
#00(€) = do(spla)e 1) = (0) # 0,
the Fourier transform is not rapidly decreasing in £ for any ¢ € (RY™\ 0). Hence
WF(%) = {(0,¢) : £ € R\ 0} O
Example 5.1.6. Consider the Heaviside function as distribution. That is,

1 >0
H(z) =

0 z<0.
Clearly it is smooth function away from zero. Let ¢ € C°(R) with ¢(0) # 0. Then using

integration by parts we obtain:

PO = [ plae s,
- %(24—/0 ¢ (x)e 2™ dy

— 90(0) 90/(0> 1 e " —2mix.
- 2mi€ " (2mi€)? + (27rz'§)2/0 ¢ (x)e ™" .
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The first term is of order 1 and the rest are atleast of order 2. Thus, the Fourier transform

does not decay rapidly enough for any £ # 0 in R. Hence,
WF(H)={0} x (R\D0). O

We will now introduce analytic wavefront sets. We follow the definition from [H90, def.
8.4.3]. Since, multiplying the distribution with smooth function will only increase the an-
alytic wavefront set and there is no non-zero real analytic function with compact support.
To circumvent this problem the following proposition (see [H90, Proposition 8.4.2]) is the
basis for the definition of analytic wavefront set.

Proposition 5.1.7. Let X be an open subset of RM and © € D'(X). Then © is real
analytic in a neighbourhood U of xq if and only if there is a bounded sequence Oy of dis-

tributions with compact support which is equal to © in U satisfying,
On(E)] < CNTWN/IEDY, N =12,

for C'> 0.

Definition 5.1.8. If X is an open subset of R and © € D'(X), we denote WE,4(0) to
be the complement in X x (RY™\0) of the set (x¢,&) such that there is an open neighbour-
hood U C X of g, a conic neighbourhood I' of £, and a bounded sequence of Oy € &£'(X)

which is equal to © in U and satisfies
O8] < CVHN/IEDY N =1,2,..

when ¢ € I" and for some C' > 0.
The following lemma shows that Oy can always be chosen as a product of © with some
suitable functions.
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Lemma 5.1.9. Let © € D'(X). Let I and U be as in the definition above. We have that
(x0,&0) & WEA(O) if and only if for K a compact neighbourhood of xy in U, © a closed
conic neighbourhood of & in ', there exists functions xy € CX(U) such that xy =1 on K
with

D" Pxw| < CFFINPL 1Bl < N,

then, it follows that the sequence xn© is bounded in E' and satisfies the following:
w0 < C(CN +1)/[E)™. (5.1.2)

The proof of the above lemma can be found in [H90, Chap 8].
Example 5.1.10. Let u = §y in R, We can see that W F4(dy) C {0} x (R'™\0). Let xy

be a sequence of functions as in the above lemma. Then for & # 0

Xwoo(€) = xw(0) =1,

which does not decay at infinity. Therefore, W F4(d) = {0} x (R \ 0). O
The following lemma tells us the relation between wavefront sets and analytic wavefront
set.

Lemma 5.1.11. Let © € D'(X), we have that WF(©) C WF4(O).

Proof. Suppose (z9,&)) ¢ W F4(0) then there exist an open neighbourhood U > g, an
open cone I' 3 & and a bounded sequence of ©y with compact support such that Oy = 6
in U and

B ()] < CNHUN/IE)N, ¢eT.

Then for z € U,

D"6(z) = DOx(a) = [ €Bu(©) e
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It follows since £2Oy (€) is integrable for N = |a| +n + 1, as 1/|¢|'™" is integrable outside

unit ball and |(:)N(§)| < C(1+ [£])M. Hence © is smooth in U. O

We will now show an examples of a distribution whose analytic wavefront set is strictly
bigger than the smooth wavefront set. Before that, let us look at a characterization of real
analytic function. A smooth function © is real analytic if and only if for every compact set

K C R there is a constant Cx with
|IDVO(z)] < CRTH(N)N, z €K,
for all N > 0. Indeed, by Taylor’s theorem

O(r) = 3 0 () =) / O+ (1) (z — £)"dt.

=0

We have that, for |z — 20| < § < 1/(3Ck) and NV < 3VNI,

1 x N+1
— / @("“)(t)(:v—t)”dt‘ Ok (N)7, / (x — )Nt
CN+IUV) N1
(N +1)! [z = ol

< (3CKSNT =0, as N — oo.

Hence O is real analytic function. On the other hand, we get that © satisfies the above
conditions if it is real analytic by Cauchy’s inequalities.

Example 5.1.12. We know that the function

e 1T if x>0

O(z) =
0 if 2 <0

is smooth everywhere but not real analytic at origin. It is obvious that © is a distribu-
tion. Let ¢ be a smooth function with compact support in a small neighbourhood of 0
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with ¢(0) = 1. Then,

|5N82é(€)| — |/O\ DN(§0€_1/x)€_2mx£dlL'|
< / DN (e ") da
0

< C,

where the last inequality is because all the derivatives of e='/* are bounded and ¢ is

smooth with compact support. Therefore, D (©©) is integrable for all N. Hence,
WF(©) = 0.

Now, let K = [—¢, €], for € very small. We have that

—1/z
D(etV) = SR,
where py(x) is a polynomial of degree N with constant coefficient 1. Thus for x in K,

—1/x . . . .
DN (e7V/?) =~ eng . Hence the maximum is approximately at * = 1/2N and the maxi-

mum value is e 2V(2N)?V. For sufficiently large N,

ma}3<|DN(e*1/f)| ~e N2N)N > NV
xe

We see that the derivatives of © do not have the desired growth near zero. Hence © is not
real analytic at 0 and () # WF4(0) C {0} x (R\0). From Theorem 5.2.2, we obtain that if

WFEA(©) N —WF4(0) = (), then © can not vanish on any open set of R. This implies that
WF4(©) ={0} x (R\0). O

We will also be needing the following theorem which again can be found in [H90].
Theorem 5.1.13. 1. Let a be a real analytic function. Then W F4(a©) C WF4(0©).
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2. WFA(@l + @2) - WFA(@l) U WFA(@Q)
Generally, the pull back of a distribution under a map is not continuous. For example,
consider the map ¢ : R — R? by «(z) = (x,0). Then the pull back must be defined such

that (*(©) = © o for © a smooth map.

For © > 0, smooth with supp(©) C B(0,1), fi, = k*f(kxz), we have fi, — d(0,). Let

¢ € CF(R) and ¢ > 0,

<C(f)e > = / (fu 0 0)()pla)dz

1
= k:/ O(z,0)p(r)dr — 0o as k — oo.
-1
Therefore the pull back is not continuous. Define the normal set of the map ¢ by

N, = {(t(2),€) € R* x R? : "d1y(§) = O}

= {((2,0);(0,&)) : z,& € R},

where ‘di, = [1,0].

We have that W F4(60,0) = {((0,0); (&1, &)}

Observe that WF4(d(0,0)) N N, # 0. We will now see the relation between the set of nor-
mals, wavefront set and pullback of distribution.

The following theorem says under what condition we can define a pull back of a distribu-
tion. The proof can be found in [H90, Theorem 8.2.4, Theorem 8.5.1].

Theorem 5.1.14. Let X and Y be open subsets of R™ and R™ respectively and let ¢ :

X =Y be a real analytic map. Denote the normal set of the map by

N, ={((x),&) € Y x R" : 'd1,(§) = 0}.
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Then the pull back .*© can be defined in one and only one way for all © € D'(Y') with

N, N WE4(©) =0

so that 1*(©) = © o v when © € C™ and for any closed conic subset T' of Y x (R™\ 0) with
I'NN, =0 we have

() ={(z,"des(€)) : (e(2),€) €T}

In particular, if © € D'(Y) with N, N W F4(0) =0 then

WFA(L*@) C L*WFA(@)

The above theorem lets us define the analytic wavefront set if X is a real analytic mani-
fold.
Definition 5.1.15. If X is a real analytic manifold, and (Uy, k) be the analytic local co-

ordinates on X. We define WF4(©) C T*(X) \ 0 to be the set

FWE((k™')0) = {(z,"dk; " (n); (k™ (z),n) € WE((k™1)"©),

where (k71)*0(¢) = O(p o k™) for ¢ € C(Uy).

The Theorem 5.1.14 tells us that the above definition is invariant under co-ordinate
change.

The next theorem describes the analytic wavefront sets of distributions which are bound-

ary value of analytic functions. Let I' be an open convex cone, then the dual cone I'° is
defined as

= {77 € RlJrn : 77050 + ... +77n€n 2 07 V€ € F}
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Theorem 5.1.16. Let X C R'“™ be an open set and I' an open convex cone in R and
for some v > 0,

Z ={2€C"":Rez € X,Imz €T, |Imz| < ~}.

If © is an analytic function in Z such that
19(2)| < C|lImz|™

for some N and some constant C' > 0, the 11{‘1(1)@(. +1iy) = Oq exists in terms of distribution
y

and is of order N. We also have that
WFA(@()) Cc X X (FO \ O)

Proof. See theorem 3.1.15 and theorem 8.4.8 in [H90]. ]

Example 5.1.17. Consider the distribution © = (z + iO)Z)_Tn on R. It is the limit of the
analytic function (z +iy) 2" forz € Randy € I’ = R, . Then its dual cone is I = R,
By Theorem 5.1.16, WF4(©) C RxR_. It is obvious that the distribution has singularities

only at x = 0. Therefore,
WFa((z +1i0)°2") = {(0,7) : 7 > 0}.
Similarily,
WFs((z —i0)°2") = {(0,7) : 7 < O} O

Example 5.1.18. Let © = In(x + i0) which is a boundary value of holomorphic function
In(z + iy) for y > 0. Since logarithm grows slower than any negative power of |y|, the limit

y — 0 is a distribution on R. It follows from Theorem 5.1.16 that

W F(In(x 4 40)) = {(0,7) : 7 > 0}.
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Likewise we have that,
W F,(In(x —i0)) = {(0,7) : 7 < 0}. O
Example 5.1.19. Let © = 3F;(z + i0), the boundary value of the holomorphic function

oF1(z + 1y) for y > 0 . We have proved in Appendix A that it is a distribution which has

analytic singularity at x = 1. As a result of Theorem 5.1.16, the analytic wavefront set is
WFs(2F(z +140)) ={(1,7) : 7 > 0},

and it also follows that
WFA(oF1(z —i0)) = {(1,7) : 7 < 0}. O

Let P(x,D) = | ‘E a;(x)D® be a differential operator on X with analytic coefficients.
t|I<m
Then we have that

WFA(P([L’, D)@) C WFA(@)

The following theorem is a converse to the above statement which can be found in [H90].
Theorem 5.1.20. If P(xz,D) is a differential operator of order m with real analytic coeffi-
cients in X, then

WFA(@) C WFA(Pf) U Char(P),

where the characteristic set of P is defined by

CharP = {(x,£) e T*(X)\ 0: Py(z,&) := X a,&{* = 0}.

|a|=s

Consider the differential operator P(x, D) in a manifold X with real analytic co-eficients,.

In local coordinates, the principle symbol is P, = | |E a.&t. We say that the curve
a|=s
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(x(t),&(t)) in T*(dS™) is a bicharacteristic strip if Ps(x(t),£(t)) = 0 for all with initial data

(x0,&) € CharPy and satisfies Hamiltonian equations defined as:

dv  OP,(z,€) GRS

a0 dt ox

Let S be a closed conic set in T*(X). We say that it is invariant under the Hamiltonian
vector field of Py if S C CharPg and for a bicharacteristic strip (z(t),£(t)) passing through
(x0,&0) € S, then (z(t),&(t)) must lie in S for all ¢.

The following result can be found in [H71].

Theorem 5.1.21 (Propagation of Singularities). Let P be a differential operator with an-
alytic coefficients and Py be its real principle symbol. If © € D'(X) and PO = f, it fol-

lows that WEF4(0) \ WEA(f) is invariant under the Hamiltonian vector field of Ps when

OPy(x,£)/9¢ # 0.

We say that a curve (z(t),£(t)) is a null geodesic strip if [z(t), z(t)] = 0 and £(t) is the
dual of #(t). The following proposition is a well known fact. The projection on dS™ of the
curve (z(t),£&(t)) is a bicharacteristics curve for P if it is given by P; = 0 and satisfies the
Hamiltonian equations.

2

Proposition 5.1.22. On dS", the bicharacteristics curve for A — m* are exactly the null

geodesic strip for dS".

Proof. In the coordinates given by Eq. (2.1.2) the principle symbol for A — m? is given as

P(x,§) = =& + (G+...+8)

cosh? ()
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Let (z(7),£&(t)) be a bicharacteristic curve. Then

Oxo(T) 0&(7) sinh(wo)
or — 2, or 2008h3(3:0) (6 + -+ &),
Oz;(1) _ 1 , & () -
or COShQ(l‘O(T))2£“ or 0.

The condition that P(z(7),£(7)) = 0 implies that &2 + ... + &2 = cosh?(x)£2. Using this we

obtain that
Ga(r)(£(1), (1)) = —4€5 + 4(&] + ... + &) = 0.
Hence, (z(7),&(7)) is a null strip. Again from the Hamiltonian equations we obtain that

the curve (x(7),£(7)) satisfies the geodesic equation given in these coordinates as follows:

4 sinh(x)

Zo + &; + cosh(xg) sinh(xg)T;T; +
0 Z (o) (o) cosh®(z¢)

=1

Got; = 0.

Thus, z(t) is a null geodesic proving the proposition.

5.2. Wavefront set of U* and ¥}
In this section we will state one of the main theorem and its implications.

Theorem 5.2.1. Let U» = lim Wy(g.z,y) and U} = lim W,(g.%,y), where z = g - e,

t—m /27 t—mw/27

and A\ € C\ ({p + N} U{—p —N}). Then the analytic wavefront sets of these distributions
are given by
WFA(¢’;)C\) = {(l’ + 0, T(_U(J? Uty oeny 'Unfl)a vy > O}U
{(x 4+ v, 7(vo, —v1, ..., —Up_1)), 00 < 0} U{(z,v) : vy < 0};
WEA(UY) = {(z + v, 7(vg, =1, .., —Un_1), 00 > 0}U

{(z +v,7(=vo, V1, .0, Vy_1)), 00 < 0} U{(2,v) : v > 0},
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forve {T,(dS") | [v —z,v — x] = 0}.

In Fig. 5.1 we can see the analytic wavefront set in T,dS".

v

Vo

(a) Analytic wavefront set of 2.
v

Vo

(b) Analytic wavefront set of U7 .

Figure 5.1. In this figure, the tangent space at a point x has been identified with its cotan-
gent space at x. The blue region is the light cone of 0 and, the red arrows and red region
are in the cotangent space at that point. The light cone together with red arrows and red
region is the analytic wavefront set.

Proof. First step is to find the analytic wavefront sets of U2 and \Tlé‘n Since the distribu-

tions are solutions of P = A, —m?, therefore, we have that
W F4(0)), WFA(V) C CharP

where
CharP = {(z,£) € T*(X) \ 0, P,(z,&) = 0},
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and P, is the principle symbol of the differential operator P.
(1) Let U = U, be the local chart around e,, and the co-ordinate map be the exponential
map:

y = Exp,, (v) = C([v, v])en + S([v, v])v.

As we know that the singularities of ¥ and \T/é‘n lie on the boundary of the light cone of
én, it is enough to calculate the wavefront set in U.

Now consider the map f : U — R defined by

1+Cv,v]

fv) = 2

The distribution W7 is the distribution o/ (f(v) — i0) in the open set Uly >0 and is
2F1(f(U) + ZO) in U|v0<0.
The differential operator P in U is given by

n—1
o2 2,

—=5 T — —m”.
2 2
duy = 0Ov;

A —m?=

Moreover, the principle symbol of the differential operator P is P, = £ — Z?:_ll £2. There-
fore the analytic wavefront set lies in the set {(v,§) : v € L,_1,& € L} _,}, where L,,_; is
the light cone in U C R'™~! and L _; is the dual of the light cone.

(2) The tangent map of f is

—S[v, ]
1 —2vg 201 ... 20, vEU

dfv =

For n € Ryw € U, if 'df,(n) = 0 then either n = 0 or S[v,v] = 0. Now, using the relation
that S(2%) = sinz/z when z # 0, we obtain that S[v,v] = 0 when [v,v] = m?z? for
m € Z \ 0. Such a v does not belong to the set U. Thus the set of normals of f is Ny =
{(f(v),0): v €U}
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(3) In this step we will calculate the singularities when v # 0. We will write v = (vg, v).
Consider the distributions o F} (z+i0) and o F;(z—i0). Then from Example 5.1.19, it follows
NiNWE4(oF1(x—1i0)) = 0 and NyNW Fa(2F1(2+1i0)) = 0. As a result of Theorem 5.1.14,
the distribution ¥ is the pullback of the distributions o/ (2 — i0) and o (2 + i0) under

the restriction of f at U|yso and Ul <o, respectively. Consequently, in Uy, o
WEA(F1(f(v) —i0)) € {(v,"dfo(®)) : vo > 0, (f(v), ®) € WEa(2F1(z — i0)));
and in Ulvy < 0,
WFA(2F1(f(v) +10)) € {(v,"dfo(®)) 1 vo <0, (f(v), ) € WFa(2Fi(z +10))}.
That is ,
WEAGLF(f(v) —i0)) = {(v,€) : [v,0] = 0,€ = 7(—vp,v), 7 > 0,00 > 0},

and

WEAFL(f(v) +140)) = {(v,§) : [v,0] =0, = 7(vg, —V), T > 0,09 < 0}.
We get the equality since the analytic wavefront set cannot be empty as the points [v,v] =
0 lies in analytic singular support of o F} (f(v) — i0) and o F3(f(v) + ¢0) in their respective
domains.
(4) Now that we have calculated wavefront set of ¥} when v # 0. The next step is to
calculate at v = 0. For that we will use Propagation of Singularity theorem, which says
that analytic wavefront set is invariant under Hamiltonian P, when 3{% # 0. We have

that 88% = 0 only if £ = 0. Hence, we can apply Theorem 5.1.21. Now the Hamiltonian

equations in the local coordinates are

ot o’ ot v’
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That is, for £ € LY,

UZ:—Qé—“ §2207 for i = ]_,...,TL.

which gives us,

vo(t) = 2&ot, vi(t) = —2&t;  &(t) = const.

with v(0) = 0. That is, v(¢) lies on the light cone of 0. From what we have calculated in
step (3), choose 7 = 1then § = —vg < 0,& = v; whenvy > 0and & = vy < 0,
& = —v; when vy < 0. This says that £, < 0 and thus the null geodesic v(t) is the past
directed curve. At t = 0, (0, (vp, —V)) must be in the wavefront set for all null geodesics
v(t) satisfying the Hamiltonian equations and fitting in what we have calculated in step

(3). Thus so far what we have calculated is

WFa((Exp, )"0 )= WFy ( lim oF; (

t—m/2

L+ [Ztixpen(v)]))

={(0,7v) : vo < 0} U{(v, 7(—v0,V),v0 > 0}) U{(v,7(vg, —V),v9 < 0};

forvell,_; and 7 > 0.

(5) Now that the wavefront set has been calculated in local coordinates, we pull the wave-
front set back to the de Sitter space. If v € L,,_1, then y = Clv,v]e, + S[v,vjv = e, +v
and [y — e,,y — e,] = 0 which implies that y lies on the light cone of e,. We now conclude

that the wavefront of \If;\n is given by

WE4(¥) ) = (Expe,) W Fa((Expe, )" 02).
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That is, for all v € L.,,_; and 7 > 0,

WFA(\II;\W) = {(en,v) : vg > 0} U{ (e, + v, 7(—v0, V1, .., Vp_1), Vo > 0}U

{(en + v, 7(vo, =1, e, —Vp_1)),v0 < 0}.

(6) Lastly, consider ¥ = lim W,(g- 2,y). For x = g - e,, define a map [, : dS™ — dS™ by

t—mw/2-

lo(y) = g~' - y. Since [, is an analytic diffeomorphism, we have that dl, is an isomorphism
of tangent spaces. Therefore, N;, = {(y,0) : y € dS"} and the pull back of the distribution

¥} under the map [y is U). Thus, WFA(9}) = W F4(U) ). That is, (y,£) € WF(¥))

€n

if (Iy(y), dl;1&) € WF4(U2 ). This implies that y =  + v for v € L,_; as the G acts
transitively on light cone and (*dl,~1§) = ¢ - £ is also on the dual light cone, as a result we

obtain:
WEL(U)) = {(z,v) : vo < 0} U{(2 + v, 7(—vo, V1, ..., Un_1),v0 > 0}U
{(z +v,7(vg, —v1, ey —Vn_1)), 0 < 0}.

forvel,_;.
(7) Finally, in local coordinates \Tlé‘n is the distribution o F (f(v)+410) in the open set Uly=0

and as o (f(v) —10) in Ul,,<o. Following all the steps above we obtain for v € L,,_1,
WFA(\T/;) ={(en,v) : vg > 0} U{(en + v, 7(vo, =1, .co, —Vp_1), V0 > 0}U
{(en + v, 7(—v0, V1, ey V1)), 0 < 0},
and
WEA(UY) = {(z,v) : vo > 0} U{(z + v, (g, —V1, ..., —Vn_1), Vg > 0}U
{(z +v,7(=vg,v1, ..., 1)), 0 < 0}.
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Thus, we have proved the theorem. O

Using the analytic wavefront sets, we can prove that the distributions can not vanish on
any non-empty open set O of dS".

The following theorem is due to Strohmaier, Verch and, Wollenberg, see [SVW02, Proposi-
tion 5.3].

Theorem 5.2.2. Let X be a real analytic manifold and © € D'(X). If WF4(©) N

—WFA(©) =0 then for an open region O in X
@|o =0 =0,

where =W FA(0) = {(x,€) : (x,—&) € WF4(0)}.

This theorem is not true in the case of smooth wavefront set. Consider the distribution
© from Example 5.1.12. The wavefront set of © satisfies the condition that W F(©) N
—WF(©) = (. Obviously, O is not a zero distribution however, it is zero in the open re-
gion (—o0,0).

Since the wavefront sets of the distributions 2 is such that WE,(U2) N =W E4 (V) = 0
for all x, which is same for \T/;\, immediately as a corollary we obtain that,

Corollary 5.2.3. The distributions U2, \If;‘ can not vanish on any open regions of dS".
The following theorem will be key when studying the spherical distributions which distin-
guishes them.

Theorem 5.2.4. The wavefront set of the sum V2 + \Ifﬁ (see Fig. 5.2) is given as follows:
W EL (U + U2) = WE4(02) UW F4(1)).

Proof. As we have ¥ + U2 = WA + U2 the proof of the theorem follows immediately
from the below lemma. O
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Lemma 5.2.5. Let © be a distribution. Then
(l’,f) S WFA<@) <~ (SIZ, —f) S WFA(@)

Proof. Let (x¢,&) ¢ WF4(©). Then there exists a neighbourhood U around z, and a

conic neighbourhood around §, and a sequence xy € CZ(U) from Lemma 5.1.9 such that

—

((vO)(§)] < CYH(N +1)/IE))™, €T

—

But (xn0)(€) = O(xne?™#¢) = O(xye2milz4l). Hence, we have the decay

—

(O (=8I < CYVH(N +1)/|E)Y  —€e T,
and vice-versa proving the lemma. O

From Theorem 4.2.2 we obtain the following:

Corollary 5.2.6. The wavefront set of the distribution W) — ‘T/g (see Fig. 5.2) is

WEA(U) — T = WFL(U)) UW F, ().

Moreover,

1. For oddn and ¢, = (=1)"% 21F1“(?,)/i)>\)1(“((7;)_—i))/2)7 the distribution is given by: (U} —

U)(y) =
0 if y ¢ T(x)
e (Y 1) COR(1/2- A 124 A A5 ) gy e T
- ([ @‘1)22 2P (1/2 = A\ 1/2 4 X d5n ey gy e 1o (a),
2. For even n and c; = (—1)%F(1/2+/\2)’”(1/2 NG the distribution is given by: (U —
)(y) =

0 ify ¢ T(x)
e 2Filp+ A p— Xin/2 =54y ify e T (x)

—Fi(p+XNp—Xn/2;t ”}) ify e I' (x).
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Vo

Figure 5.2. Analytic wavefront set of U2 + ¥ and W2 — U2 as they coincide on T, (dS™).

Proof. We have that WE4(UX — U2) € WE4(U2) U W F4(¥?) and is a not empty set as
¥» — U has singularities on the boundary of I'(z). Observe that ¥ — W) = —(U2 — ).
Therefore, it is enough to prove that if (y,£) € WF4(0) <= (y,£) € WF4(—0). Let

(Yo, &0) € WF4(O). Let U, T, {xn} be as in Lemma 5.1.9. Then

—_—

v (=0)(©)] = [xw®) () < CVH(N + 1)1, ¢

Therefore, combining this with Lemma 5.2.6 we obtain the corollary. [

5.3. Spherical Distributions
Let (Gyg, Hy) be a symmetric space and © be a distribution on Gy/Hy. Then Gy acts on ©

by

where 7o (9)¢(2) = ¢(g
Definition 5.3.1. We say that a distribution © is Hy-invariant if 7_(h)© = © for all
h € H,.

Definition 5.3.2. A distribution © is said to be a spherical distribution if it is Hy-

invariant eigendistribution of the Laplace-Beltrami operator A on Go/Hy. This space is

95



denoted by Dy (dS™).

Let G’ = O1,(R) and H = Oy,,_;(R) is the closed subgroup of G'. Let D' (dS™) be the
space of spherical distributions on the de Sitter space with A(©) = AO. Then according to
[D08, Theorem 9.2.5]

Theorem 5.3.3. The dimension of DI (dS™) is 2.

Remark 5.3.4. From Remark 2.1.4 we obtain that 7_.(A1)(¥) ) = \ién, (A) (02, ) =
\T/);En and vice-versa. Also, m_oo(A1A2) (02 ) = {Ivf;\n, Tooo(AA2) (T2, ) = {Ivf);en and vice-
versa. So, they are not H' invariant. However, the sums W) + U2 and ¥, + ¥, are

H'-invariant.

We will now restate the main theorem.

Theorem 5.3.5. Let n > 2, then

1. The distributions ¥, + ‘Ilé‘n and U, + N2 .. are H'- invariant spherical distribu-
tions and span DH,(dS™), where m® = p*> — \? and, A € C\ ({p + N} U {—p — N}).

2. The distributions U} + \Tf;\n and U, + \Tlien are positive definite for X € i[0, 00) U
(0, p).

3. Moreover, the following holds for a non-zero spherical distribution © € Dfr{; (dS™):

(a) WEA(O) C WFA(U) + W) YUWF, (Y, + T2, ).

—en

(b) If WFA(©) = WF4(¥) + \Tfé‘n) then there ezists a nonzero constant ¢ such
that © = (U + U ).

€n

(c) If WFA(O) = WE4(02, + \Tlien) then there is a non zero constant ¢ such
that © = c(0, + 02, ).

Proof.
(1) Clearly, it follows from Theorem 4.2.2 that U} + ‘I/é‘n and U?, + oA ., are linearly

independent distribution with eigenvalue p? — \? for the operator A. It follows from the
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remark above that they are H'-invariant. Hence, they form a basis for D, (dS")

(2) When A € i[0,00) U (0, p) the kernels ¥y and U, are positive definite from Theo-
rem 3.1.4 and thus the limits are also positive definite and the sums are also positive defi-
nite.

(3) The analytic wavefront sets of 2 + W) and W, + W, are disjoint as ¥} + W) has

singularities at vy, = 1 and U} e T A ., has singularities at y, = —1. The rest of the proof

follows similar to that of part (3) of Theorem 5.3.3. O

We will now study the case when G = SO;,(R). and H = SO;,_1(R) is its closed
subgroup. Then according to Oshima and Sekiguchi [OSe80], the dimension of the H-
invariant eigenspaces of Laplace-Beltrami operator A with eigenvalue A € C (which is

denoted by D (dS™)) turns out to be 4. Therefore, we obtain the following theorem:

Theorem 5.3.6. Let n > 2, then

1. The distributions U, \T/é‘n, Ur, and \ff);en are spherical distributions. They span
DI, (dS™) where, m* = p* = A2 and A € C\ {(p+ N) U (—p —N)}.

2. The distributions \II;}W, \Tlg\n, \Il’len and \TJiEH are positive definite for A\ € iRU(—p, p).
3. Moreover, the following holds for a non-zero spherical distribution © € DH,(dS™):
(a) WEA(©) C WEA(U) YUWFA(T) ) UWF(T, Y UWE, (T, ).

(b) If WEA(O) coincides with any of the analytic wavefront set of the distribu-
tion U , W)  Wr, and U, | then it has to be a constant multiple of that
distribution.

Proof.
(1) We obtain from Theorem 4.2.2 that all of them are eigen-distribution of A. It was

proven in the discussion before Theorem 4.2.2 that U2 and ¥} are H-invariant. As H
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also fixes —e,,, we can follow the same arguments by allowing z; = icos(t)eg — sin(t)e,
and then taking limit as t goes to 7/2. Clearly, all the four distributions are linearly
independent. Thus, they span DX, (dS").

(2) Notice that Wy = W_, and W, = U_,.So, when A € i[0, 00 U (0, p) the kernels ¥, and
U, are positive definite from Theorem 3.1.4 and thus the limits are also positive definite.
(3) The first part follows from Theorem 5.1.13. From Theorem 5.2.1 we obtain that all the
four distributions have disjoint wavefront sets. Suppose that WF4(©) = WF4(¥} ). Let
O = a¥) +bW) +cPA, +d¥) and without loss of generality let b # 0. Then ¥} = 1(©—
al) +cl, + d\Tfé‘n) and from Theorem 5.1.13 we obtain that WFA(\T/é‘n) C WFA(¥) ) U

WFA(PY, ) UWE A(\T’;\n)- Then we arrive at a contradiction and b = 0. Similarly, we
obtain that ¢ = d = 0. We can then repeat the same argument for rest of the distributions

and have established the last claim. O

Thus, in the case of H'-invariant spherical distributions, we were able to distinguish be-
tween the basis elements by looking at their singular support. However, \Ifg\n and \T/é‘n have
the same singular support and the same is true for U} ., and 2 ., In this case, we look

at their wavefront sets to distinguish between them.
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Chapter 6. Future Work

Let G be a Lie group and H a closed subgroup. Let (7, H,) be a unitary representation
of G. Denote by H>°, the space of smooth vectors and by H~°° the space of continuous
conjugate linear maps H> — C, the space of distribution vectors. The group G leaves H>
invariant and then defines a representation 7~ by duality. For n € H=* and ¢ € C*°(G)

it is well known that 7=°(¢)n = [, ¢(x)m~>°(z)ndz is in H>°. Hence,

®,(¢) = n(m=>(P)n) = (n, 7> (¢)n) (6.0.1)

is well defined positive-definite distribution on G. If  is H-invariant then ®, defines a
distribution on G/ H (see [NO18] for more discussion). If 7 is irreducible then, ®, is an
eigen-distribution for the algebra of differential operators coming from the center of U(g).
It is a natural question to study the wavefront set of those distributions.

We will now assume that GG is connected, semisimple and linear. Let K be the maximal
compact subgroup and assume H is symmetric. Let § be the corresponding Cartan invo-
lution and 7 the involution corresponding to H. We assume that # and 7 commute. Our
assumption is that G/H is casual (see [HO97]). This is the setup in the research project
by Neeb-Olafsson and their collaborators. We assume that v € H, is K —finite. Then

g — m(g)v extends as a holomorphic function to the crown Z (see [FNO23]), where Z is an
open complex domain in the complexification G¢/Kc.

The above setup leads to an element s = exp(%rX) € G¢ such that sKcs™t = He and
G/H = G.sKc is on the boundary of the crown and exp(itX) K¢ belongs to = for |t| <
7/2. Hence, m(exp(itX))v is well defined for |t| < 7/2. The following has been answered

for several cases [FNO23].

59



Question 1. Does

lim 7(exp(itX))v =7
t—m/2

exists in H ™.

So far it has been proven for principle series representations of G when v is K-fixed vector
(see [GKO04]). In this case 7 is H-invariant distribution vector. Hence, the next question.
Question 2. What can be said about the wavefront set of @, defined in Eq. (A.0.5), if
the limit exists?

If H, C L*(G/H) (discrete series for G/H) and pr, : L? — H, is the orthogonal projec-
tion then pr (C*(G/H)) C H> and f — pr.(f)(eH) is a H-invariant distribution 7 and
hence ®,, is well defined.

Note that in the case G x G//diag(G) = G then @, is up to a constant the character of
7, [ — Tra(f). So, the above questions reduces to the wave front set of 7 as defined by
Howe [Ho81].

Question 3. What can be said if G/H has holomorphic discrete series representations?
In the case of dS?, the authors in [BM04] constructed complex domains in dS}: where the
kernels related to discrete series live. We can consider the domains G - h; and G - h; where
h: = isinh(t)e; + cosh(t)e, and ¢t > 0. We obtain that h; — e, ast — 0. So, we can
proceed with the same kind of questions as we did in case of principle series spherical dis-
tributions.

Question 4. What is the wavefront set of the distribution ¥, 7

Question 5. In the case of anti-de Sitter space AdS", where
AdS™ = S0(2,n)/SO(1,n),
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is a compactly casual symmetric space (see [FNO23]), are the above questions valid?

Let us define the operator T for f € C'2°(dS") as follows:

Tf(r) = lim Ua(z,9) f(y)dy,

Z—T dsn

where W, is given Chapter 1. We have that |T'f(z)| < oo because the limit exists in distri-
bution.

Question 6. What can be said about the L” estimates? What can be its implications?
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Appendix A. Boundary value of Hypergeometric function

For simplicity we will write oF(a,b;c,2) = 9Fi(z). In this section we will show that
oFy(x +10) = ii_f)%zFl(x + dy) for y > 0 and o Fy(z — i0) := Zl!il}(l)QFl(x —1y) for y > 0,
are distributions for a = p+ X, b= p— X and ¢ = n/2. It is a fact that F1(2) has a branch
cut on [1,00). Hence, the convergence for z < 1 is uniform on compact sets. The case
when z > 1 and the growth near z = 1 will determine whether it will be a distribution or
not.

Theorem A.0.1. The limit ili% 2oFi(p+ XN p—An/2,x+1iy) fory > 0 exists in the sense
of distributions where for Re(z) > 1 the limit converges uniformly on compact sets. For

1<x<2,ifn is odd

JFy (1 4 10) = Lln/2)T(2—-n)/2) o

(p+/\,p—A;g;1—w)

L(1/2+MI(1/2 = )\) (A0)
im (350 2-n D(n/2)T'((n—2)/2)
4T (p — )% Ty 21/2= A 1/2+ X T 1- ).
and if n is even
n/2—
o Fy (x £i0) = p+/\”/2 Z *(n/2—k— 2)}5'1/2+>\)k(1/2*>\)k (1— z)F+H—%
* ((1/2+/\ 1%2,\ > pin/z 1+k Tk + 1)+ (n/2+ k) (A.0.2)
k=

0
—Y(pH+A+E) —P(p— A+ k) —In(z — 1) £in](1 — z)F,
where Y¥(z) = I(2)/T'(z) Furthermore, the behaviour of the hypergeometric function near

z =1 as distributions is given as follows: for n = 2,

JFi(2) ~ m(_ In(1-2z)) (A.0.3)

This appendix has appeared in the article: G. Olafsson, I. Sitiraju. Analytic wavefront sets of spheri-
cal distributions on the de Sitter space. arXiv:2309.10685

62



and forn > 3,

CT/2T(n=2)/2) e
SRy (2) ~ F(ﬁ)+A)F(p_A)(1—z) . (A.0.4)

Proof. Let n > 2. Suppose that n is odd. Then ¢ —a — b = Q’T" is not an integer. There-

fore, for |z — 1] < 1 and |arg(1 — z)| < 7 we can use the following transformation

(=) = MR P (o + A p = X531 = 2)

(A.0.5)
2—n n n— 4 -
+(1—zYTlééQS%@E%mﬂﬂﬂ/Z—AJ/Q+A¢—§E;1—Z)
Suppose that 1 < z < 2 then,
JFi(w +10) = TEI L F (04 A p = X 251 — )
(A.0.6)

2n D(n/2)T((n—2)/2)

Fin(33) (0 _
LA Vi v )y sy

oF1(1/2 =X\ 1/2+ X; 4%”; 1 —z).

For x > 2 we can use linear transformations of hypergeometric functions to extend o Fj(x £
i0) analytically.

If n is even, we obtain Eq. (A.0.2) for 1 < x < 2 from [GS64, Eq 9.7.5, 9.7.6].

Similarly, we can extend oF} (x 4+ 40) for x > 2 using the formulae from [GS64, Sec 9.7]

Now let us calculate the behaviour of the hypergeometric function near x = 1. Let n > 3.

We have that for Re(c—a—b) =1—-n/2<0and z < 1,

. oFi(x)  D(n/2)((n—2)/2)
agﬁu_xﬁ%_’rw+xﬁm—x)' (4.0.7)

From Eq. (A.0.6) and Eq. (A.0.2) we obtain that

oy 2E ) e Dn/2)T (0~ 2)/2)
;EL1+ (3; — 1>cfafb F(p + )\)F(p — )\) . (A08)
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From this we can say that around 1 (see Appendix B),

T(n/2)T((n — 2)/2)

B~ o T (A.0.9)

The growth of o F(2) near z =1 is

oFi(2)] ~ [F2R22)) (y 222) < const [y 5"

Hence, it follows from [H90, Theorem 3.1.11] that the limit converges to a distribution.

If n =2, then ¢ =a+ b and

lim 2F1(2) = !
aml-—In(l—z) T(p+NT(p—A)

(A.0.10)

For n = 2, the first summation in Eq. (A.0.2) does not appear. Thus, we obtain that

== . A.0.11
acllgl* —In(zx—1)+ir  T(p+N(p—N) (4.0.11)

Therefore, around z =1

1
(p+L(p—A)

2Fi(2) ~ = (—In(1 — 2)). (A.0.12)

Since logarithm is an integrable function on compact sets we have that for n = 2, o Fy(2) is

a distribution. O
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Appendix B. Distributions: (z +i0)*2" and log(z + i0)
Here, we will recall the distributions (z 4 i0)*2" and In(x =+ i0) (sce [GS64]). First for n

an odd number, we look at the distributions > and x_? . Let ¢ € C°(R). We will look

at the case when n is odd dimension. For n = 3

1

(x 2,p) = /Ooo x2p(z)dz, (B.0.1)

is the regular distribution. However, for n > 5, m = (n — 5)/2 we have

2-n o, mo
(7 9)= | a7 |e@) = 9(0) —2¢/(0) — .. — 759" (0) |da. (B.0.2)
0 (m)
The distribution xi%n is defined as follows:
2-n 2-n
(2 o)) = (2 ,0(=1)). (B.0.3)

Now we will look at the case when n is even dimension:

For k = (n —2)/2 and k is even,

’ . (B.0.4)
2 [QO(O) + %g&”(O) T ﬁw*(oﬂ)dm.
For k = (n — 2)/2 and k an odd number:
@*0)= [ 2 (o) - o2
/g ( o (B.0.5)
—2 [5690'(0) + %gp’”(o) +..+ hg@’”(o)])dx.

Let us consider the distributions given as follows:

This appendix has appeared in the article: G. Olafsson, 1. Sitiraju. Analytic wavefront sets of spheri-
cal distributions on the de Sitter space. arXiv:2309.10685
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2" = lim (:Uiiy)Q_Tn.

y—0t

(x £40)

When n is odd,

2—n

.y 22 == i 2=
(x+1i0) 2 =2, +e 7,

2—n 2—n - 2—n 2—n

(x—1i0)2 =x,2 +e ™2 % .

When n is even, k = (n — 2)/2 we have

(z + io)ik =z r - iw((k—_li)' 15k71<$)>
(x —i0) ™ =2+ m((l;li’; 15]“_1(17)

Finally, we have the distribution
In(z £140) = Zl/lir(l) In(x £ iy),

where

In|z| £ir forz <0,
In(z £140) =

Inz for z > 0.

66

(B.0.6)

(B.0.7)

(B.0.8)

(B.0.9)

(B.0.10)

(B.0.11)



Appendix C. Copyright information
Copyright information for Gestur Olafsson and Iswarya Sitiraju. “Ana-
lytic Wavefront Sets of Spherical Distributions on the De Sitter Space”.

arXiv:2309.10685 used in Chapters 1-5.

ANALYTIC WAVEFRONT SETS OF SPHERICAL
DISTRIBUTIONS ON DE SITTER SPACE

GESTUR OLAFSSON AND ISWARYA SITIRAJU

ABsSTRACT. In this work we determine the wavefront set of certain
eigendistributions of the Laplace-Beltrami operator on the de Sitter
space. Let G = SOy ,(R). be the connected component of identity of
Lorentz group and let H = S0, ,,_1(R). C . The de Sitter space dS",
is the one-sheeted hyperboloid in B isomorphic to G/H. A spherical
distribution, is an H-invariant, eigendistribution of the Laplace-Beltrami
operator on dS™. The space of spherical distributions with eigenvalue
A, denoted by T\ {dS"), has dimension 2. In this article we construct a
basis for the space of positive-definite spherical distributions as bound-
ary value of sesquiholomorphic kernels on the crown domains, an open
G-invariant domain in dS%. It contains dS™ as a G-orbit on the bound-
ary. We characterize the analytic wavefront set for such distributions.
Moreover, if a spherical distribution © € D (dS™) has the wavefront set
same as one of the basis element, then it must be a constant multiple of
that basis element. Using the analytic wavefront sets we show that the
basis elements of D (dS™) can not vanish in any open region.
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