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Abstract

The goal of this thesis is to determine the unavoidable topological minors of large
and infinite 3-connected rooted graphs, where a rooted graph is a graph G together with
a specified subset X of V(G) or E(G). We have two results for finite graphs. First, every
3-connected finite graph G with a sufficiently large X C F(G) must contain a topological
minor Ks,, W,, or V,, using many edges of X, where W, is a wheel with n spokes and V,,
is obtained from a ladder with n rungs by adding two grips and a handle. Second, every
3-connected finite graph G with a sufficiently large X C V(G) must contain a topological

K3

3,n

K2

minor K3, K3 5 s

30 W, or V,,, using many vertices of X, where K?Z;’n (1=1,2,3) is
obtained by gluing the leaves of ¢ combs and 3 — 7 stars in the natural way.

We also have two results for infinite graphs. First, every 3-connected graph G with an
infinite X C E(G) must contain a topological minor K, F'F, F'L, or LL, using infinitely
many edges of X, where F'F, FL, and LL are obtained, respectively, by gluing i (i = 0, 1, 2)
infinite ladders and 2 — ¢ infinite fans along their rails. Second, every 3-connected graph
G with an infinite X C V(@) must contain as a subgraph a subdivision of K., F'F, FL,

or LL, containing infinitely many vertices of X. We also discuss similar results for lower

connectivities, which in fact are corollaries of results listed above.



Chapter 1. Introduction

This thesis is about the structure of unavoidable topological minors of large and
infinite 3-connected rooted graphs. In this chapter, we provide some relevant background
and outline our main results. We first list some relevant research that has been done in this
area. Next, we present the statements of our results, whose proofs will be detailed in the
next three chapters. Finally, we define basic terminology and state standard theorems in

graph theory that are used in later chapters.

1.1. Background Survey
All graphs in this thesis are simple. In this section, we present some related results
to our main topic. For undefined terms used here, we refer the readers to the last section of

this chapter. There are two questions that we are interested in.

1. Given a large or infinite k-connected graph (G, what are the unavoidable large or
infinite k-connected structures in GG? This topic has been studied extensively, and

many results are now known for graphs of small connectivity.

2. Given a k-connected graph G together with a large or infinite subset X of V(G) or
E(G), what are the unavoidable large or infinite k-connected structures in G that
contain many elements of X7 Not much has been known about this topic, which is
the focus of this thesis.

In the next few sections, we discuss the research that has been established for each



question and then we describe our main results.

1.1.1. Connected Graphs

Let G be a complete graph. If G is a finite graph with n vertices, then we denote G
as K". Otherwise, GG is an infinite graph, and we denote G as K*°. The complement of K™
and K™ are K" and K respectively.

We first state Ramsey Theorem for finite graphs.

Theorem 1.1.1 (Ramsey Theorem for Finite Graphs, Theorem 9.1.1 in [4]). For every
r > 1, there exists a positive integer n such that every finite graph with at least n vertices
contains K™ or K™ as an induced subgraph.

A more general version of this result is Ramsey Theorem for infinite graphs. The
formulation we provided below is obtained from a more general version of Theorem 9.1.2 in
[4] by setting k = ¢ = 2.

Theorem 1.1.2 (Ramsey Theorem for Infinite Graphs). Every infinite graph G contains
K> or K= as an induced subgraph.

If in addition, we know that G is also connected, then we can say a little more. The
following theorem gives us the unavoidable induced subgraphs for large connected graphs.
Theorem 1.1.3 (Theorem 9.4.1 in [4]). For every r > 3, there exists a positive integer n
such that every finite connected graph with at least n vertices contains K", Ky ,, or a path
of length r as an induced subgraph.

The unavoidable induced subgraphs of infinite connected graphs are determined in



the following theorem. Even though it is a well-known result, we could not find its original
proof (see Theorem 1.6 in [1] for a reference). We want to remark that the proof is very
similar to that of Theorem 9.4.1 in [4] and can be obtained by applying Theorem 1.1.2 above
and Lemma 8.1.2 in [4].

Theorem 1.1.4. Every infinite connected graph G contains K, K; «, or a one-way infinite

path as an induced subgraph.

1.1.2. 2-connected Graphs

In their papers, Allred, Ding, and Oporowski proved two results about the unavoidable
induced subgraphs of large and infinite 2-connected graphs (see [2] and [1]). We will not
describe all the graphs involved since they are not needed for our main results. For 2-
connectivity, we will instead consider the much weaker result on unavoidable minors and
topological minors.

A graph G’ is a subdivision of a graph G if G’ is obtained from G by replacing every
edge e of G with a path P. between the two endpoints of e such that the internal vertices of
P, do not contain any vertex of GG and two distinct P., P.. are internally disjoint. We call P,
a component path of G'. In G, the original vertices of GG are called branching vertices
and the new vertices are called subdividing vertices.

Let H be a subgraph of G such that H is a subdivision of a graph J. We say G
contains a subdivided J or J is a topological minor of G.

The following result is known for finite graphs.



Theorem 1.1.5 (Theorem 9.4.2 in [4]). For every r > 3, there exists a positive integer n
such that every finite 2-connected graph with at least n vertices contains Ko, or a cycle of
length r as a topological minor.

We want to point out that the result of Allred, Ding, and Oporowski in [2] implies
Theorem 1.1.5. However, their result is a lot stronger and the proof is a lot more complicated.
For infinite 2-connected graphs, we have the following result due to Ding and Chun.
Theorem 1.1.6 (Theorem 1.3 in [3]). Every infinite 2-connected graph contains a graph in

{Ks.00, Fos Lo} as a topological minor.

[T AN

Figure 1.1. Left: L., right: F

This implies that every infinite 2-connected graph contains K3 o, or Fi, as a minor.

1.1.3. 3-connected Graphs

Currently, no theorem about the unavoidable induced subgraphs has been established
for graphs of connectivity 3 and higher. Thus, we will consider unavoidable minors and
topological minors. For finite 3-connected graphs, we have the following result, proven by
Oporowski, Oxley, and Thomas in 1993.

Theorem 1.1.7 (Theorem 1.3 in [6]). For every r > 3, there exists a positive integer n such



that every finite 3-connected graph with at least n vertices contains a graph in {W,,V,, K3 ,}

as a topological minor.

Figure 1.2. Left: W,., right: V.,

This implies that every sufficiently large 3-connected graph contains a large wheel or

a large K3, as a minor. For infinite graphs, we have the following result due to Ding and

Chun.

Theorem 1.1.8 (Theorem 1.3 in [3]). Every infinite 3-connected graph contains a graph in

{Ks00, FF,FL,LL} as a topological minor.

Figure 1.3. Left: F'F', middle: F'L, right: LL

This implies that every infinite 3-connected graph contains K3, or F'F' as a minor.



1.1.4. Graphs with Connectivity 4 and Higher

Currently, no result about unavoidable topological minors for k-connected (k > 4)
finite graphs exists. In their paper, Oxley, Oporowski, and Thomas determined the unavoid-
able topological minors of sufficiently large quasi 4-connected graphs. A 3-connected graph
G = (V,E) with |V| > 7 is quasi 4-connected if for every subset X of V' where |X| = 3,
either G — X is connected or G — X has two components, one of which is a single vertex.
Theorem 1.1.9 (Theorem 1.4 in [6]). For every r > 4, there exists a positive integer n

such that every finite quasi 4-connected graph with at least n vertices contains a graph in

(1D
ot

{Ar, 00, My, Ky, K}, } as a topological minor.

Figure 1.4. Top left: A,, top right: O,, bottom left: M,, bottom right: Kj,
We remark that every graph in {A,, O, M,, K4,, K}, } is quasi 4-connected.
For k = 5, we have a result about the unavoidable minors of sufficiently large 5-

connected graphs due to Shantanam in [7]. We will not describe all the unavoidable minors

here since the list contains 30 graphs.



For k > 6, there is currently no known result for finite graphs. For infinite graphs,
Ding and Chun determined the unavoidable topological minors of infinite loosely k-connected
graphs, for all £ > 4, in [3]. An infinite graph G is loosely k-connected if there exists a
number d depending on G such that deleting fewer than £ vertices from G leaves precisely
one infinite component and a graph containing at most d vertices. We will not go into details

their construction since the graphs involved are not needed in our main results.

1.1.5. Rooted Graphs

By a rooted graph we mean a graph G together with a subset X C V(G) or
X C E(G). Rooted graphs play a central role in this thesis. We first consider finite rooted
graphs.

Let n > 3. Let P = x125...2, and Q = 419> . . . y, be disjoint paths. A ladder L, is
obtained by adding edges x;y; for i = 1,2,...,n. We call P, Q) the rails and each edge x;y; a
rung. For a subdivided L,,, we use the terms rail and rung to mean its subdivided rail and
subdivided rung respectively.

Let n > 3 and let P = x125...x, be a path. Let u be a vertex not on P. A fan F,
is obtained by adding edges ux; for ¢ = 1,2,...,n. We call P the rail and each edge uz; a
spoke. For a subdivided F},, we use the terms rail and spoke to mean its subdivided rail

and subdivided spoke respectively.



Figure 1.5. Left: L,, right: F},

The following results, due to Wang, determine the unavoidable topological minors of
large 2-connected rooted graphs.
Theorem 1.1.10 (Vertex Version, Theorem 3.1.5 in [8]). There exists a function fi110(t)
where t > 3 with the following property. Let G be a finite 2-connected graph and let X C V(Q)

with | X| > fi110(t). Then G contains one of the following subgraphs
1. a cycle containing at least t vertices of X,
2. a subdivided Ky, containing vertices of X in at least t component paths,
3. a subdivided F;, where each spoke contains at least one vertex of X in its interior,

4. a subdivided L; where each rung contains at least one vertex of X in its interior.
Theorem 1.1.11 (Edge Version, Theorem 3.1.1 in [8]). There exists a function f1111(t)
where t > 3 with the following property. Let G be a finite 2-connected graph and let X C E(Q)

with | X| > f1111(t). Then G contains one of the following subgraphs
1. a cycle containing at least t edges of X,
2. a subdivided Ky, containing edges of X in at least t component paths,

3. a subdivided F; where each spoke contains at least one edge of X,



4. a subdivided L; where each rung contains at least one edge of X.

The previous two theorems imply the corresponding results for large connected rooted
graphs.

Let n > 3 and let w,xy,29,...,x, be distinct vertices. A star K, is obtained by
adding an edge between u and x; for : = 1,2,...,n. We call u the center of the star. For a
subdivided K ,, we also use the term center to denote its degree-n vertex.

Let n > 3 and let P = z125...2, be a path. A comb C, is obtained from P by
joining each z; with a pendent edge x;v;. We call P the spine and each z;v; an x;v;-tooth
of C,,. By a leaf sequence of C,, we mean the sequence of its leaves, listed in the order as
they appear, that is vy, vs...,v,. For a subdivided comb, we use the terms spine and tooth
to mean its subdivided spine and subdivided tooth respectively.

For connected graphs, we have the following results. The first one is explicitly stated
in [8], whereas the second one is not, but it has been implicitly obtained in [8].

Theorem 1.1.12 (Vertex Version, Theorem 2.1.4 in [8]). There exists a function fi112(t)
where t > 3 with the following property. Let G be a finite connected graph and let X C V(Q)

with | X| > f1112(t). Then G contains one of the following subgraphs
1. a path containing at least t vertices of X,
2. a subdiwided K;; whose leaves belong to X,

3. a subdivided C; whose leaves belong to X .
Theorem 1.1.13 (Edge Version). There exists a function fi1.13(t) where t > 3 with the

following property. Let G be a finite connected graph and let X C E(G) with | X| > f1.1.13(t).



Then G contains one of the following subgraphs
1. a path containing at least t edges of X,
2. a subdivided K, where each component path contains at least one edge of X,

3. a subdivided C; where each tooth contains at least one edge of X.

We want to point out that Theorem 1.1.13 can be obtained easily from Theorem
1.1.11. Let G be a finite connected graph and let X be a sufficiently large subset of E(G).
Let v be a vertex not in G and let G’ be obtained from G by adding edges from v to every
vertex in G. Then G’ is 2-connected and X C F(G’). Thus, G’ contains one of the subgraphs
listed in Theorem 1.1.11, call it H. Now H — v contains a desired subgraph in G.

Two main results of ours settle the £ = 3 case. For k > 4, there is no known result
at this point.

We now consider infinite rooted graphs.

A ray is an infinite graph R whose vertex set is {1, xs,...} and whose edge set is
{zixip1 | i = 1,2,...}. We call z; the endpoint and x5, x3,... the internal vertices.
We denote R by listing its vertices, in the order as they appear on R, so we will write
R = x125.... A double ray is a graph obtained by identifying the two endpoints of two
disjoint rays.

Let {1, zs,...} be an infinite set of vertices. A star K ., is obtained by adding an
edge between x; and x; for all 7 > 2. For a K o or its subdivision, we use the term center
to denote its infinite degree vertex.

Let R = z122 ... be aray. A comb C,, is obtained from R by joining each x; with a

10



pendent edge x;y;. We call R the spine and each x;y; an x;y;-tooth. For a subdivided C,, we
use the terms spine and tooth to mean subdivided spine and subdivided tooth, respectively.
There are some differences between our definition of a comb and the one used in [4]. A comb
in [4] may have only one leaf, in which case it is a ray, or finitely many leaves, or infinitely
many leaves. A comb under our definition always has infinitely many leaves. We prefer to
use our definition of a comb instead of the one in [4] since we want to distinguish between a
ray and a comb for the case analysis in later theorems.
The following theorem is a reformulation of Lemma 8.2.2 in [4].
Theorem 1.1.14 (Vertex Version). Let G be an infinite connected graph and let X be an

infinite subset of V(G). Then G contains one of the following subgraphs
1. a ray containing infinitely many vertices of X,
2. a subdiwided K  whose leaves belong to X,

3. a subdivided C, whose leaves belong to X .

Four other main results of ours settle the k = 2, 3 cases. For k > 4, there is no known
result at this point. In addition, as we will justify later on, our Theorem 1.2.4 implies the
following theorem.

Theorem 1.1.15 (Edge Version). Let G be an infinite connected graph and let X be an

infinite subset of E(G). Then G contains one of the following subgraphs
1. a ray containing infinitely many edges of X,

2. a subdivided K, where each component path contains at least one edge of X,

11



3. a subdivided C, where each tooth contains at least one edge of X.

1.2. Main Results
We now state all of our main results, whose proofs are deferred to the next three

chapters.

1.2.1. Finite Graphs

Let G be a finite graph and let H' be a subgraph of G where H' is a subdivision of
a graph H. Suppose X C F(G). Then a component path of H' is heavy if it contains at
least one edge of X and is light otherwise. The edge-weight of H' is the number of heavy
component paths. On the other hand, suppose X C V(G). Let U be the set of branching
vertices of H'. Then the vertex-weight of H' is the number of elements in U N X.

We want to emphasize that for a finite graph G together with X C V(G) or X C
E(G), we are interested in unavoidable structures of G' containing many elements of X in
many components paths. This is because a subgraph of G may contain many elements of
X, but those elements are in very few component paths. In this case, it is not good since we
want the elements of X to be spread out to fully capture the k-connectivity property. For
infinite graphs, this does not matter because if a subgraph contains infinitely many elements
of X, then infinitely many different component paths contain elements of X.
Theorem 1.2.1 (Edge Version). There exists a function fi1(t) where t > 3 with the

following property. Let G be a finite 3-connected graph and let X be a subset of E(G) with

12



| X| > fi21(t). Then G contains a subdivided H with edge-weight at least t for some H in
{Ks.0, Wy, V,, | for some n > t}.

Theorem 1.2.2 (Vertex Version). There exists a function fi22(t) where t > 3 with the
following property. Let G be a finite 3-connected graph and let X be a subset of V(G) with
| X | > fi22(t). Then G contains a subdivided H with vertez-weight at least t for some H in

KB

3,n

{Ks,, K3, K2

3 T 3n0

W, Vi | for some n > t}.

Figure 1.6. Left: K3, middle: K3

’n’

right: K3,

We want to point out that Theorem 1.2.1 and Theorem 1.2.2 extend the results
of Theorem 1.1.11 and Theorem 1.1.10 to 3-connectivity. For 2-connectivity, the list of
unavoidable graphs in Theorem 1.1.11 and Theorem 1.1.10 contains K, F},, and L,,. For

3-connectivity, Ky, becomes Kj,, F, becomes W,, and L, becomes V.

1.2.2. Infinite Graphs

Let G be an infinite graph and let X be an infinite subset of V(G). Assume a
subgraph G’ of G is a subdivision of a graph H such that V(G’) N X is infinite. Then we
call G’ an X-rich H. Note that the elements of X in G’ might not be branching vertices.

In the definition of vertex-weight, we are counting the number of branching vertices that are

13



in X whereas in the definition of X-rich, we are counting the number of vertices, branching
or subdividing, that are in X.

For 2-connectivity, we have the following results.

Theorem 1.2.3 (Vertex Version). Let G be an infinite 2-connected graph and let X be an
infinite subset of V(G). Then G contains an X -rich H for some H in {Kj o, Foo, Lo }-
Theorem 1.2.4 (Edge Version). Let G be an infinite 2-connected graph and let X be an
infinite subset of E(G). Then G contains a subdivided H containing infinitely many edges
of X for some H in {Ks o0, Foos Lo }-

As mentioned before, Theorem 1.2.4 implies Theorem 1.1.15. To see this, let G be
an infinite connected graph and let X be an infinite subset of E(G). Let v be a vertex not
in G and let G’ be obtained from G by adding edges from v to every vertex in G. Then G’
is 2-connected and X C F(G’). Thus, G’ contains one of the subgraphs listed in Theorem
1.2.4, call it H. Now H — v contains a desired subgraph in G.

For 3-connectivity, we have the following results.

Theorem 1.2.5 (Vertex Version). Let G be an infinite 3-connected graph and let X be an
infinite subset of V(G). Then G contains an X -rich H for some H in {K3 0, FF, FL, LL}.
Theorem 1.2.6 (Edge Version). Let G be an infinite 3-connected graph and let X be an
infinite subset of E(G). Then G contains a subdivided H containing infinitely many edges
of X for some H in {Kj o, FF,FL,LL}.

As we shall see in the next few chapters, we will prove a stronger result, which implies

Theorem 1.2.5 and Theorem 1.2.6 immediately. Note that by setting X = V(G), Theorem

14



1.2.3 and Theorem 1.2.5 imply Theorem 1.1.6 and Theorem 1.1.8 respectively.

1.3. Basic Definitions and Theorems
All definitions and theorems in this section are standard in graph theory and are

taken from [4]. All undefined terms will also follow [4].

1.3.1. Graphs

For a set X, we use |X| to denote the number of elements in X, which can be finite
or infinite. By convention, elements in a set are distinct. Let G be a graph. We write V(G)
to mean its vertex set and F(G) to mean its edge set. The order of G is the number of
vertices and is denoted as |G|, so |G| = |V(G)|. We say G is a finite graph if V(G) is finite
and is an infinite graph if V(G) is infinite. Graphs in this section can be either finite or
infinite. Two graphs are disjoint if their vertex sets are disjoint and are edge-disjoint if
their edge sets are disjoint.

Let e = uv be an edge. We call u,v the endpoints of e. Let v € V(G). We denote
N¢(v) (or simply N(v) when G is clear) to be the set of neighbors of v. We denote degg v
to be the degree of v in G, which can be finite or infinite. When the underlying graph
G is clear, we will simply write degv. We define the minimum degree of G as 0(G) =
min {degv | v € V(G)} and the maximum degree of G as A(G) = max {degv | v € V(G)}.
Note that both §(G) and A(G) can be finite or infinite. We say G is locally finite if all of

its vertices have finite degree.

15



When we say a graph GG contains another graph H, we mean H is a subgraph of G
and we write H C G. We denote G — H to be the graph obtained from G by deleting all
vertices of H. In addition, if e € F(G), then we write G'\e to mean deleting e from G.

A set of vertices is called a stable if its elements are pairwise non-adjacent and is
called a clique if its elements are pairwise adjacent.

Let n > 1. A path is a graph whose vertex set is {x1,...,2,} and whose edge set
is {129, Xa3, . .., Tp_12,}. We call 21, x,, the endpoints and x9, x3, ..., 2,1 the internal
vertices. We denote P by listing its vertices, in the order as they appear on P, so we will
write P = x125...2,. The length of a path is the number of its edges. If P has length
at least one, then ]c-i’ is obtained from P by removing its two endpoints and we call it the
interior of P. (If P has length one, then Pis an empty graph.)

Let P be a path and let z,y be two vertices of P. We define the following terms

P[zy] is the zy-subpath of P,
o P(xy] = Play] — =,
 Pley) = Plyl — v,
o P(xy) = Play] —{z,y}.
Let H be a subgraph of G with at least two vertices. A path P in G is called an
H-path if E(PNH)=( and V(P N H) consists of the two endpoints of P.
Let A, B C V(G). We say a path P = zgz;...x; is an AB-path (and AB-edge if
P is an edge) if V(P)N A = x¢and V(P)N B = x;. When A = {a}, we use the notation

aB-path (and aB-edge) to mean an {a}B-path (and {a}B-edge). Sometimes, it is more

16



convenient to talk about an AB-path in the context of graphs. Let A, B be subgraphs of G.
By an AB-path (and AB-edge), we mean a V(A)V(B)-path (and V(A)V(B)-edge). When
A is a single vertex graph a, we again adopt the notation aB-path (and aB-edge) to mean
an {a}V (B)-path (and {a}V(B)-edge).

Two paths are internally disjoint if they do not share any common internal vertices.
Let a be a vertex and B C V(G) — a. Two aB-paths are weakly disjoint if they only have
a in common.

This paragraph defines the concept of a separator. We will make a distinction between
different types of separators, which we will clarify below. First, we define a separator of two
sets of vertices. Let A,B C V(G) and X C V(G). We say X separates A, B if every
AB-path in G contains a vertex of X. We call X a separator of A, B in this case. Next, we
define a separator of a vertex and a set of vertices. Let a be a vertex of G and B C V(G).
We say X separates a, B if it separates {a}, B and a ¢ X. We call X a separator of
a, B in this case. Finally, we define a separator of two vertices. Let a,b be two vertices.
We say X separates a,b if it separates {a}, {b} and a,b ¢ X. We call X a separator
of a,b. From the previous three definitions, we make a distinction between different types
of separators. For example, a separator of a, B is conceptually different from a separator
of {a}, B. Consider a K3 where each edge is subdivided exactly once. Let u be the cubic
vertex and let b; (i = 1,2, 3) be the three leaves. Let a; be the internal vertex of the ub;-path.
Then X = {u} is a separator of {u} and B = {b1, b9, b3}, but X is not a separator of u and

B because u € X. Now X = {ay, a9, a3} is a separator of u and B.

17



1.3.2. Minors

Graphs in this section can be either finite or infinite.

Let G’ be a connected subgraph of G and let N be the set of vertices of G — G’ with
a neighbor in G’. The graph G/G’ is obtained from G — G’ by adding a vertex v not in
G and then adding edges from v to all vertices in N. We call G/G’ the graph obtained by
contracting G’. A minor of G is a graph obtained from a subgraph H of G by contracting
disjoint connected subgraphs of H.

Sometimes, it is more convenient to talk about minors without mentioning the con-
traction operation. We now introduce an alternative definition of minors. We say H is a
minor of G if there is a function 7, called an embedding, with domain V(H) U E(H)

satisfying the following
1. m(v) is a nonempty, connected subgraph of G for every v € V(H),
2. m(u) and m(v) are disjoint for every distinct u,v € V(H),

3. if e=wuv € E(H), then 7(e) is an edge of G between 7(u) and 7(v).
The union of 7(v) and 7(e) for all v € V(H) and all e € E(H) is called an expansion of H
in G and is denoted as G|H. If H is a minor of GG, then we also say G contains an H-minor.
It is easy to see that the two definitions of minors are equivalent. The difference
is that using the language of an embedding, we can refer directly the disjoint connected
subgraphs that are contracted. We want to remark that if H is a minor of G and G is a
minor of G’, then H is also a minor of G’. We will not justify this fact here since our proofs

do not rely on it.
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Let H be a minor of G and let v € V(H). We say v is firm if there exists an

embedding 7 such that m(v) has only one vertex (that is, m(v) is a vertex of G).

1.3.3. Bridges
Let H be a subgraph of G. An H-bridge is a connected subgraph B of G\E(H)

satisfying one of the following

1. B has one edge and V(B) C V(H), which we call a trivial bridge,

2. there exists a connected component C' of G — H such that E(B) consists of all edges

incident with at least one vertex of C.
For a bridge B, vertices that belong to BN H are called its feet. The following properties
of bridges are easy to verify. First, if x,y are two distinct feet of a bridge B, then B
contains an xy-path. Next, every edge e ¢ E(H) belongs to a ungiue bridge. Finally, if

x € V(By) NV (By) where By, By are distinct bridges, then z € V/(H).

1.3.4. Crossing and Positions

Let S be a path, finite or infinite and let a, b, ¢, d be distinct vertices on S. We say
{a,b} crosses {c,d} with respect to S if one vertex in {c¢,d} belongs to S(ab) and the other
vertex in {¢, d} does not belong to S[ab]. Let P, Q) be disjoint S-paths where P has endpoints
{a,b} and @ has endpoints {c,d}. We say P crosses () with respect to S if {a, b} crosses

{¢,d} with respect to S. Let By, By be distinct S-bridges of a graph G. We say B; crosses
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B, with respect to S if there exist two feet a,b of By and two feet ¢, d of By such that {a, b}
crosses {c,d} with respect to S. It is easy to see that crossing is a symmetric relation.

Let S be a path, finite or infinite. We label all the vertices as they appear on S as a
sequence

ey X9, X 1,20, T1,T2y....

If S has a finite end, then the sequence terminates at that end. Otherwise, the sequence
continues indefinitely on that end. When S' is a ray, we assume its endpoint x; has smallest
index 7. Let z,,x; be two distinct vertices of S. We say with respect to S, z, is on the
left of x;, or x;, is on the right of x,, if a < b. Let P,Q be disjoint S-paths where P has
endpoints x,, x, with a < b and ) has endpoints z., x4 with ¢ < d. We say with respect to
S, @ is on the right of P, or P is on the left of @, if x; is on the left of x. with respect

to S.

1.3.5. Connectivity

Graphs in this section can be either finite or infinite.

Let k > 1. A graph G is k-connected if |G| > k and G — X is connected for every
X C V(@) with | X| < k. Note that for graphs with at least two vertices, being 1-connected
is equivalent to being connected.

The best known theorem related to connectivity is Menger Theorem.
Theorem 1.3.1 (Menger Theorem, Theorem 8.4.1 in [4]). Let G be a graph and let k be

an integer. Let A, B C V(QG) that cannot be separated by fewer than k vertices. Then G
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contains k disjoint AB-paths.
The following corollary to Menger Theorem is also very useful.
Corollary 1.3.2. Let a be a vertex of G and let B C V(G) — a. If a, B cannot be separated

by fewer than k vertices, then G contains k weakly disjoint aB-paths.
Proof. Let A be the set of neighbors of a in G.
Claim 1.3.2.1. In G — a, A and B cannot be separated by fewer than k vertices.

Suppose there exists a separator X of size less than k separating A and B in G — a.
We show that X is a separator of @ and B in G. Let P be an aB-path in G. Then P —a is
a path in G — a with one endpoint in A and the other endpoint in B. Thus, P — a contains
a subpath P’ that is an AB-path. This means that P’ contains a vertex of X and so does
P. We have shown that every aB-path in G contains a vertex of X. In addition, a ¢ X
since X C V(G) — a. Hence, X is a separator of @ and B in G. Since |X| < k, we get a
contradiction. This proves the claim.

By Theorem 1.3.1, G — a contains k disjoint AB-paths. Therefore, G contains k

weakly disjoint aB-paths. O

Menger Theorem guarantees the existence of many disjoint paths between two set of
vertices if they cannot be separated by a small set. The next theorem shows that if we are
given a set of k£ weakly disjoint aB-paths in G and we know G contains a set of k+ 1 weakly
disjoint aB-paths, then we can obtain those k 4+ 1 paths so that they contain the same set

of endpoints as the given k paths.

21



Theorem 1.3.3. Let a be a vertex of G and B C V(G) — a. Let P be a set of k weakly
disjoint aB-paths. If G has more than k weakly disjoint aB-paths, then G has a set Q of

k + 1 weakly disjoint aB-paths such that every end of a path of P in B is an end of a path
of Q.

Proof. For every set Q of k+ 1 weakly disjoint aB-paths, let H be the union of all paths in
P, Q. Since H is a finite graph, we can choose Q so that |E(H)| is minimal. We prove that
this set Q satisfies the conclusion of the theorem. Suppose for contradiction that there exists
a path P € P having an end = € B that is not an end of any path in Q. Since a belongs to
every path in P U Q, there exists a z € P such that z € @) for some @) € Q, but no other
vertex of P[zx] belongs to any path in Q. First, suppose z = a. This means that P only
intersects every path in Q at a. Since |P| = k and |Q| = k + 1, H has an edge e incident
with a such that e does not belong to any path in P. Let @) be the path on Q containing e.
By replacing ) with P, we obtain a set Q' of k+ 1 weakly disjoint a B-paths and the union of
all paths in P, Q' yields a graph H with smaller |E(H)| value, contradicting the minimality
of E(H). Hence, z # a. Now z € () for some () € Q, but no other vertex of P[zx] belongs to
any path in Q. Let y be the endpoint of @ in B. Note that Q[zy] contains an edge e where
e ¢ E(P). Let @ be the path obtained from @ by replacing Q[zy] with P[zx] and let Q' be
obtained from Q by replacing Q with Q’. Now Q' is a set of k + 1 weakly disjoint aB-paths
whose resulting graph H has smaller |E(H)| value, contradicting the minimality of F(H).

Therefore, Q satisfies the conclusion of the theorem. O
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Chapter 2. Unavoidable Topological Minors of Large 3-connected
Rooted Graphs

Graphs in this chapter are finite.

2.1. Definitions and Lemmas

This section defines more terminology and states some theorems that are needed for
the proof of our main result. First, we examine the properties of 3-connected graphs. We
discuss how local operations affect 3-connectivity. The following theorem was proven by
Tutte.
Theorem 2.1.1 (Chapter 3, Exercise 10 in [4]). Let G # K4 be a 3-connected graph and let
e € E(G). Then G/e is 3-connected or G\e is a subdivision of a 3-connected graph.

Given a 3-connected graph G together with a subset X of E(G), if we know that
every proper minor of G no longer contains X, then we can say something about how X
interacts with edges not in X. This is the main idea of the next theorem.
Theorem 2.1.2. Let G # K, be a 3-connected graph and let X be a subset of E(G).
Assume that for every proper 3-connected minor H of G, we have X € FE(H). Then for

every e € E(G) — X, one of the following must be true
1. one endpoint of e is cubic in G and is incident with two edges of X,
2. e and two edges of X form a triangle.
Proof. By Theorem 2.1.1, either H = G/e is 3-connected or G\e is a subdivision of a

3-connected graph H. In both cases, H is a proper minor of (G, so by the minimality
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assumption, X Z F(H). If H = G/e, then after identifying the two ends of e, there exist
two parallel edges that are both in X. Thus, e and two edges of X form a triangle in G,
so statement 2 is satisfied. Otherwise, G\e is a subdivision of H. Since H is simple and
3-connected and X ¢ E(H), it follows that G\e has a vertex v of degree 2 that is incident
with two edges of X and v is incident with e in G. Hence, in GG, one endpoint of e is cubic

and is incident with two edges of X, so statement 1 is satisfied. O]

The next theorem asserts that a sufficiently large connected graph contains a vertex
of high degree or a long path starting from any vertex.
Theorem 2.1.3. Let d,t > 3 and let fo13(t) =1+ (d—1)+(d—1)(d—2)+(d—1)(d—2)*+
<+ (d—1)(d—2)"t. Let G be a connected graph with |G| > fo13(d,t). Then A(G) > d
or G contains a path of length t starting from any vertez.
Proof. Assume A(G) < d—1, for otherwise we are done. Let v € V(G) be chosen arbitrarily

and let ny be the number of vertices in G of distance k from v. Then ng =1, n; = degsv <

d—1, and nj < ny_1(d — 2) for all k > 2. Hence,
no+m+-4n_  <l+d-1D+d-1)(d-2)+(d—-1)(d—2)*+---+(d—1)(d—2)"2%
In addition, when d,t > 3,
1+ (d=1)+(d=1)(d=2)+(d—=1)(d—=2)*+ -+ (d—1)(d—2)"2 < |G|
This implies that n, # 0. Hence, G contains a path of length ¢ starting from v. O

The next theorem is a special case of Theorem 1.1.12. Given a connected graph G
and a large subset X of V(G), the unavoidable topological minors containing many elements
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of X are a path, a subdivided star, or a subdivided comb. If in addition, we know that
vertices of X have degree 1 in GG, then we can eliminate the path possibility.

Theorem 2.1.4. There exists a function fa14(d,t) where d,t > 3 with the following property.
Let T be a tree with at least fo1.4(d,t) leaves. Then T contains a subdivided Ky4 or a

subdivided C; whose leaves are the leaves of T'.

Proof. Let k = max (d,t) and let X be the set of leaves of T. Let fo1.4(d,t) = f1112(k).
Note that every element of X has degree one in 7. By Theorem 1.1.12, T' contains one of

the following subgraphs
1. a path containing at least k vertices of X,
2. a subdivided K j; whose leaves belong to X,

3. a subdivided Cj whose leaves belong to X.
Note that statement 1 is not possible because vertices of X have degree 1 in T. Therefore,

T contains a subdivided K, 4 or a subdivided C; whose leaves are the leaves of T'. ]

We will need a stronger version of Theorem 2.1.4. We want to insist that in case T’
contains a subdivided a comb, the leaves of the comb are arranged in a nice way with respect
to T
Definition 2.1.5. Let T" be a tree whose leaves are labeled uq,us,...,u; where k > 3.
Suppose T' contains K, a subdivided comb C, whose leaves are the leaves of T'. If a leaf
sequence U, , Us,, ..., u;, of K satisfies 17 < 19 < -+ < 4, o1 4y, < @1 < -+ < 41, then we

say K is straight with respect to T' (or simply straight when the tree 7" is clear).
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Theorem 2.1.6. There exists a function fy16(m,n) where m,n > 3 with the following
property. Let T be a tree with at least fo1.6(m,n) leaves. Then T contains a subdivided K,

or a subdivided straight C,, whose leaves are the leaves of T'.

Proof. Let k = R(n,n) and let fo16(m,n) = fo14(m,k). We label the leaves of T as
Uy, Usg, ..., u where [ > foq4(m, k). By Theorem 2.1.4, T contains a subdivided K ,, or
a subdivided C, whose leaves are the leaves of T'. If T' contains a subdivided Kj,,, then
the theorem holds. Otherwise, T' contains a subdivided C; whose leaf sequence is labeled
V1, V2, . .., Uk, 5O that each v; corresponds to a leaf u;, of T'. Let H = K* be a complete graph
on {vy, vy, ...,vx}. We color an edge v,v, of H red if a < b and i, < i, and blue if a < b and
iq > 1. By the definition of k, the graph H contains a monochromatic subgraph K™. This

yields a subdivided straight C,,. O

We now turn back to discuss unavoidable structures of large graphs. Recall that at
the beginning, we have a theorem about the unavoidable topological minors of 3-connected
graphs with many vertices. Since all graphs in this thesis are simple, we can also determine
the unavoidable topological minors of 3-connected graphs with many edges as well. The
following is a reformulation of Theorem 1.1.7. We want to use this theorem because it is
essential later on in our proof.

Theorem 2.1.7. There exists a function fy17(t) where t > 3 with the following property.
Let G be a 3-connected graph with at least fo17(t) edges. Then G contains a subdivided H

for some H in { K3, Wy, Vi}.

Proof. Let n be determined as in Theorem 1.1.7 and let fo;7(t) = (g) Then |G| > n
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because G is simple. The theorem then follows from Theorem 1.1.7. [

Finally, we discuss the concepts of cycles and chords and examine chord arrangements.
Definition 2.1.8. Let n > 3. A cycle C is a graph whose vertex set is {z, 23, ..., x,} and
whose edge set is {x1x9, Xax3, . .., Tn 12y, T,x1}. We denote C by listing its vertices, in the
order as they appear on C, so we will write C' = z125...x,. The length of a cycle is the
number of its edges, which is also the same as the number of its vertices. A cycle of length n
is denoted as C,,. We call a C-path a C-chord (or simply chord when the cycle C is clear).
Definition 2.1.9. Let {M;, My, ..., M} be a set of k pairwise internally disjoint chords of

a cycle C. For each i, let x;, y; be the endpoints of M; on C. The set { My, My, ..., My} is of

e arrangement 1 if vy = x9 =--- =z and vy, ys, ...,y are distinct,

e arrangement 2 if the chords are pairwise disjoint and their endpoints appear in the

order X1, To, ..., Ty Y1, Y2, - - - » Yk

e arrangement 3 if the chords are pairwise disjoint and their endpoints appear in the

order T1,T2y oy They Yky - - -5 Y2, Y1,

e arrangement 4 if the chords are pairwise disjoint and their endpoints appear in the

order T1,Y1,22,Y2, -, Tk, Yk-
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Figure 2.1. Top left: arrangement 1, top right: arrangment 2, bottom left: arrangement 3,

bottom right: arrangement 4

To examine chord arrangements, we need a stronger version of Ramsey Theorem

stated at the beginning of this thesis. In fact, Ramsey Theorem can be formulated using
the language of coloring, which gives us the following theorem. We will refer to this result
as Ramsey Theorem from now on.
Theorem 2.1.10 (Ramsey Theorem). For any positive integers ti,ta, ..., t,, there exists an
integer N satisfying the following. For any function 7 : E(Ky) — {1,2,...,n}, there exists
an i € {1,2,...,n} such that the subgraph formed by edges e with w(e) =i contains a clique
of size t;. The smallest such N is denoted as R(ty,ta, ..., ty,).

Using Ramsey Theorem, we prove that if a cycle has many chords, then many of them
will be of the same arrangement.

Theorem 2.1.11. Let ty,t9,t3,t4 > 3 be integers. Then there exists a function

fo111(t1, ta, ts, t) with the following property. Let C be a cycle with at least foq11(t1,ta, t3,t4)
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chords. Then in C, we can find a set of t; chords of arrangement i for some i € {1,2,3,4}.

Proof. Let fo111(t1,t2,t3,t4) = R(t1,1t9,t3,t4) = N and let C' be a cycle with at least
fo111(t1,ta, t3,t4) chords. Let m : E(Ky) — {1,2,3,4} be a function. Then there exists
an i € {1,2,3,4} such that the subgraph formed by edges e with 7(e) = i contains a clique

of size t;. This yields a set of t; chords of arrangement 7 in C'. m

2.2. Edge Version

In this section, we prove Theorem 1.2.1. To do so, we prove the minor version of
Theorem 1.2.1 and then open up the contracted vertices to obtain the topological minor
result. We need the following definitions.
Definition 2.2.1. Let n > 3 and let {x1,x2,...,2,} be a set of vertices. Let u, v be vertices
not in {xy,xs,...,x,}. A Ky, is obtained by adding edges uz; and vx; for i = 1,2,...,n.
Definition 2.2.2. Let n > 3 and let G, G5, GG3 be disjoint graphs such that each G, is either

a star or a comb with n leaves. For i = 1,2,3, we label the leaves of G; as z},z}, ..., x%
(if G; is a comb, then we label the leaves according to one of its leaf sequences). Let G be

Lox2?

the graph obtained by identifying x}, 22 23, for i = 1,2,...,n, and then unsubdividing all

vertices of degree two.

o If all of the GG; are stars, then we call G a K3,. For a K3, or its subdivision, we use
the term cores to denote its degree-n vertices and the term children to denote its

cubic vertices.
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o If exactly two of the G; are stars, then we call G a K3,.
e If exactly one of the Gj is a star, then we call G a K3,

e If none of the G is a star, then we call G a K3,
Definition 2.2.3. Let n > 3 and let C = z125...x, be a cycle. A wheel W,, is obtained
by adding a vertex u, called the center, and edges uxy,uxs,...,ux,. For i =1,2,... n,
an edge ux; is called a spoke and an edge x;r;1; (with z,.; = x1) is called a rim. For a
subdivided wheel, we will use the terms spoke and rim to denote its subdivided spoke and
subdivided rim respectively.
Definition 2.2.4. Let n > 3. Let P = z125...2, and Q = y1¥y>...y, be two disjoint
paths. For every ¢ € {1,2,...,n}, we add an edge between z; and y;. A ladder with
a handle V,, is the graph obtained by adding two vertices wu,v, called the grips, and
edges uv,uxy, uyy, v, vy,. We call z;y; (i = 1,2,...,n) a rung and z;x;41 Or ¥;Y;1
(1t = 1,2,...,n — 1) a rail edge of V,,. We call P,@ the rails and uv the handle of
V,. For a subdivided ladder, we will use the terms rung, rail, and handle to denote its
subdivided rung, subdivided rail, and subdivided handle respectively.
Lemma 2.2.5. There exists a function fy25(t) where t > 3 with the following property.
Let G be a 3-connected graph and let X be a subset of E(G) with |X| > fa25(t). Then G
contains a Ks - or a Wy,-minor, for some m, each containing at least t edges of X.
Remark. We can actually insist that m = t in the statement of the lemma. However, to
facilitate the case analysis in Theorem 1.2.1, we are not concerned with how big m 1is, as

long as the minor contains at least t edges of X.
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Proof. Let fons5(t) = min{fo,7(t>+3t),7}. By proving the lemma on the largest 3-
connected minor of GG containing X, we may assume that no 3-connected proper minor of
G contains X. Note that G # K, because K4 has only six edges whereas |X| > 7. By

Theorem 2.1.2, for every e € E(G) — X, one of the following must be true
1. one endpoint of e is cubic in G and is incident with two edges of X,

2. e and two edges of X form a triangle.
Let E; be the set of edges in E(G) — X satisfying statement 1 and let Ey = E(G) — (X UE)).
Since | X| > fo1.7(t*+3t), G contains a subdivision H of J for some J in { K3, W,,,V,, | n >
t? + 3t}. We choose H with the largest number of heavy component paths. The following

observation is immediate.

Claim 2.2.5.1. Let P be a light component path of H. Then G does not contain a P-path

P’ such that P’ is also an H-path and P’ contains an edge of X.

Assume for a contradiction that there exists such a path P’. Let x,y be the two
endpoints of P’. Since P is light, we can replace P[zy] by P’ and obtain a subdivision of .J
with more heavy component paths than H, contradicting the choice of H. Consequently, no
such P’ exists. This proves the claim.

We divide the remain of this proof into three cases.

Case 1: H is a subdivided K3, where n > t* + 3t. Let uy,ug, uz be the cores and
let vq,vg,...,v, be the children of H. Let P, ; be the component path between u; and v;. A
component path is called good if it contains at least one edge of X U F; and is called bad

otherwise. A child vertex is called good if it belongs to at least one good component path
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and is called bad otherwise.
Claim 2.2.5.2. If H contains at least t good children, then the lemma holds.

Let vy,v9,...,v; be the good children of H and let H C H be the subdivided K3,
with uy, us, uz as the cores and vy, v, ..., vy as the children. Then for every k € {1,2,...,t},
there exists a component path P,j, for some i € {1,2,3}, containing at least one edge of
X U E; because vy is good. If a component path P, contains an edge e, € X, then we
associate vy with this e;. Otherwise, F;; does not contain any edge belonging to X. Thus,
in P, ;, there exists an edge e}, € Ey. By definition, one endpoint of €], is cubic in G, call it z,
and is incident with two edges of X. Observe that « # u; because degq(u;) > n > 3. Hence,
x = vy, or it is an internal vertex of P, . If o = vy, then vy, is cubic in G and is incident with
two edges of X. Since degy, (vx) = 3, there exists an ¢ # i such that the component path
Py i, contains an edge e, € X. In this case, we associate v, with this e;. Otherwise, z is
an internal vertex of P, ;. But then this implies that P, contains an edge e; € X, which is
not possible. We have shown that for every k € {1,2,...,t}, we can associate a good child
v, with an edge e, € X. In addition, ey, eo,..., e are distinct because every e, belongs to
E(P1 U Py U Psy). We now perform contraction in H' to obtain the desired K3 ;-minor
according to the following procedure. For a component path containing an e, € X that has
been associated with a good vg, we contract all edges except e, in that component path.
For every other component path, we contract it into an edge. Doing so yields a K3 ;-minor
containing at least ¢t edges of X. This proves the claim.

From the previous claim, we may assume that H has fewer than ¢ good children and
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so it has at least ¢*> bad children because n > t2 + 3t. We choose t? bad children and label
them vy, vy, ..., v;2. By the definition of being bad, E(P, ;) C E, for every i € {1,2,3} and
every k € {1,2,...,t*}. Let wy be the neighbor of u; on Py, for k = 1,2,...,t>. Then for
every k, there exists a z; such that ujwgz; is a triangle with zyuq, zpw, € X. We call z; the

tip of vg.
Claim 2.2.5.3. For every k=1,2,...,t>, z, € H.

If 2 ¢ H for some k, then we get a contradiction of Claim 2.2.5.1 by setting P = P,

and P’ = zpuy U z,wy. This proves the claim.
Claim 2.2.5.4. For every k = 1,2,... 1%, 2 ¢ {uy,uz, us}.

Clearly, 2, # u; because G is simple. Assume for a contradiction that zp = wus
for some k. By replacing P with uswy, we obtain a subdivided K3, with more heavy

component paths than H and this contradicts the choice of H. This proves the claim.

Claim 2.2.5.5. For every k = 1,2,...,t%, 2, does not belong to a component path for which

one of its endpoint is a bad child.

Assume for a contradiction that some z; belongs to a P;;, for a bad child v;, where
[ =k is possible. If i = 1, then we get a contradiction of Claim 2.2.5.1 by setting P = Py
and P’ = zyu;. Hence, i # 1. By replacing P ; with u;2;, we obtain a subdivided K3, with
more heavy component paths than H and this contradicts the choice of H. This proves the
claim.

From the previous three claims, we deduce that for every bad child vy, its tip zj is
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not a core vertex and belongs to a component path for which one of its endpoint is a good
child. Since H has at least t> bad children and fewer than ¢ good ones, there exists a good
child vy, for some [, such that (Py; U Py U P3;) — {u1,us, ug} contains at least t tips z; of at
least ¢ bad children. We choose t bad children and label them vy, vs,...,v;. We now describe
the process to obtain the desired K3 ,,-minor. We first contract (Py; U Py; U Py;) — {ug, ug}
into a vertex u'. Next, for £ = 1,2,...,¢, we have the paths P x[wsvy] U wiu' between
u' and vy, each of which contains at least one edge of X. Finally, for £k = 1,2,...,¢, we
have the paths P, between uy and v, and the paths Ps ) between us and vy. This yields a
subdivided Kj;-minor with cores u’, us, us and children vy, vy, ..., v, where every u'v;-path
(fori=1,2,...,t) contains at least one edge of X. This yields a K3;-minor in G containing
at least t edges of X.

Case 2: H is a subdivided W, where n > t? 4+ 3t. We orient the rim cycle of H
clockwise and call it C. Let u be the center of H. A spoke is called good if it contains at

least one edge of X U F; and is called bad otherwise.
Claim 2.2.5.6. If H contains at least t good spokes, then the lemma holds.

Let H' consists of C' and t good spokes of H. In H’, let vy, vs,...,v; be the cubic
vertices on C, listed in the order as they appear on C'. For ¢« = 1,2,...,t, let .S; be the
uv;-spoke of H' and let @); be the directed v;v;41-rim on C (with v, = v1). Observe that
each S; contains an edge of X U F by the definition of being good. If an S; contains an edge
e; € X, then we associate S; with this e;. Otherwise, S; does not contain any edge belonging

to X. Thus, it contains an edge €, € F;. By definition, one endpoint of €, is cubic in G, call
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it =, and is incident with two edges of X. Observe that x # u because deggs(u) > n > 3.
Hence, x = v; or x is an internal vertex of S;. If z is an internal vertex of S;, then .S; contains
an edge e; € X, which is not possible. Otherwise, z = v;. This means that v; is cubic and
is incident with two edges of X. Since degy, (v;) = 3, Q; contains an edge ¢; € X. We
associate S; with this e;. We have shown that every good S; can be associated with an edge
e; € X. In addition, eq,es,..., e, are distinct because every e; belongs to E(S; U Q;). To
obtain the desire W;-minor, we contract H’ as following. For a component path containing
an e; € X that has been associated with a good 5;, we contract all edges except e; in that
component path. For every other component path, we contract it into an edge. Since there
are t good spokes, we obtain a W;-minor containing at least ¢ edges of X. This proves the
claim.

From the previous claim, we may assume that H has fewer than ¢ good spokes and
so it has at least t? 4+ 2t bad spokes because n > t? + 3t. Let S be a bad spoke and let v be
the endpoint of S on C. By definition, E(S) C E,. Let w be the neighbor of v on S. Then
there exists a vertex z such that uwz forms a triangle with zu, zw € X. We call z the tip of

S.
Claim 2.2.5.7. z € H — u.

If 2 ¢ H, then we get a contradiction of Claim 2.2.5.1 by setting P = S and P’ =

zu U zw. In addition, z # u because G is simple. This proves the claim.
Claim 2.2.5.8. z belongs to a good spoke.

Since z € H and z # wu, either z is an internal vertex of a rim or z belongs to a
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spoke. If z is an internal vertex of a rim, then H Uwuz is a subdivided W,,;; with more heavy
component paths than H, contradicting the choice of H. This means that z belongs to a
spoke. If z belongs to a bad spoke S’, where S’ = S is possible, then we get a contradiction
of Claim 2.2.5.1 by setting P = S" and P’ = zu. Therefore, if z belongs to a spoke, then it
belongs to a good spoke. This proves the claim.

We have shown that for every bad spoke S, its tip z is not the center and belongs to
a good spoke. Since H has at least t? + 2t bad spokes and fewer than ¢ good spokes, there
exists a good spoke S, such that S, — u contains at least ¢ + 2 such tips z. We choose t 4 2
of those bad spokes and label them as Si, 5, ..., Sii2, so that all of their corresponding tips
21, %2, - ., 242 belong to Sy —wu. Let v; be the endpoint of S; on C' and let w; be the neighbor
of uon S; fori=1,2,...,t+2. Let w be the neighbor of v on S, and let v be the endpoint
of Sy on C. Then on C, we may assume, without loss of generality, that v is between v; and
vy. We construct the desire W;-minor as following. Let ) be the vivs-subpath of C' that is
disjoint from S, and let D = S; U Sy UQ. Then D is a cycle. Let M = DU (S, — u) and let
R; = (S;Uzw;) —ufori = 3,4,...,t+2. The subgraph (Ufig R;)UM contains a Wi-minor
containing at least ¢t edges of X.

Case 3: H is a subdivided V,, where n > t? + 3t. Let u,v be the grips and let P, Q

be the rails of H. A rung is called good if it contains at least one edge of X U E; and is

called bad otherwise.
Claim 2.2.5.9. If H contains at least 3t + 1 good rungs, then the lemma holds.

Let Ry, Rs, ..., R3;1q be 3t+1 good rungs of H, listed in the order they appear along
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the ladder, where each R; has endpoints x; € P,y; € (). Let H' be the subgraph of H
that is obtained from H by deleting edges and internal vertices of other rungs. Then H’
is a subdivided V3;,1 whose rungs are Ry, Rs, ..., R3;y1. In H', let P; be the subdivided
x;z;p1-rail edge and @); be the subdivided y;y;11-rail edge for i« = 1,2,...,3t. Observe that
each R; contains an edge of X U F; by the definition of being good. If R; contains an edge
e; € X, then we associate R; with this e;. Otherwise, R; does not contain any edge belonging
to X. Thus, it contains an edge ¢, € F;. By definition, one endpoint of €] is cubic in G, call
it x, and is incident with two edges of X. If x is an internal vertex of R;, then R; contains
an edge e; € X, which is not possible. Otherwise, x = x; or x = y;. This means that z; or
y; is cubic and is incident with two edges of X. Since degy/ (x;) = degy (y;) = 3, P; or Q;
contains an edge e; € X. We associate R; with this e;. We have shown that every good R;
can be associated with an edge e¢; € X. In addition, eq, es, ..., es are distinct because every
e; belongs to F(R; U P, U Q;). Note that each chosen e; € X is on a rung or a rail. Since
there are 3t such chosen e;, at least ¢ of them are on the rungs or at least ¢ of them are on
the same rail. To obtain the desire W,,,-minor, we do the following to H’. For a component
path contains an e; € X that has been associated with a good R;, we contract all edges
except e; in that component path. For every other component path, we contract it into an
edge. First, suppose at least t of those e; are on the rungs. By contracting one of the rails
into a single vertex, we obtain a W,,-minor with at least ¢t edges of X. Now suppose at least
t of them are on a rail, say P. By contracting () into a single vertex, we obtain a W,,-minor

with at least t edges of X. This proves the claim.
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From the previous claim, we may assume that H has fewer than 3¢ + 1 good rungs.
This implies that H has at least t2 bad rungs because n > t + 3t. We choose t? of them
and label them as Ry, Rs, ..., R, in the order as they appear along the ladder. For each
R;, let z; € P and y; € @ be its two endpoints. By the definition of being bad, F(R;) C E,
for every i € {1,2,...,t%}. Let w; be the neighbor of x; on R;. Then there exists a vertex z;

such that z;x;w; forms a triangle with z;x;, z;w; € X.
Claim 2.2.5.10. z; € H fori=1,2,...,t%

If z; ¢ H, then we get a contradiction of Claim 2.2.5.1 by setting P = R; and
P' = z;x; U z;w;. This proves the claim.

Let A be the handle of H and let a, b be the endpoints of P such that a is adjacent to
u and b is adjacent to v. We define B to be the union of P and the ua, bv-component paths
of H and let D = H — (AU B). From the previous claim, we deduce that each z; belongs to
one of the subgraphs A, B, or D because V(H) = V(A)UV(B)U V(D). Since there are t*

such z;, at least ¢ of them belong to one of the following
e V(B). In this case, we contract B into a vertex.

e V(A — B). In this case, we contract A into a vertex.
e V(D). In this case, we contract D into a vertex.

This yields a minor of GG, which contains a W,,-minor with at least t edges of X. m
We will now prove the edge version.

Proof of Theorem 1.2.1. Let a = fo16(t,t), b = for16(a,a), and ¢ = fo16(b,b). Let
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f1.21(t) = fa.25(3¢c). We divide the proof into two cases.

Case 1: G contains a W,,-minor, for some m, containing at least 3¢ edges of X. Let
H be this W,,-minor. Then in G, there exist a cycle C, a tree T disjoint from C, and m
edges {e1,ey,...,e,} between T and C' where the endpoints of e; on C' are disjoint. Since
H contains at least 3¢ edges of X, either C' contains at least ¢ heavy component paths or
at least c edges e; belong to X. If C' contains at least ¢ heavy component paths, then let
S ={e; | e; is incident with a heavy component path}. Otherwise, at least ¢ edges e; belong
to X, and we let S be the set of those e;. Observe that |S| > ¢. Let S be the union of
all edges in S and let Y = V(C) N V(S). Then |Y| > ¢. Let 7" be the minimal subtree of
T U S such that the leaves of 7" are elements of Y. Then 7" contains a subdivided K or
a subdivided straight C, whose leaves are the leaves of T”. This yields a subdivided W, or a
subdivided V}, with edge-weight at least t in G.

Case 2: (G does not contain a W,,-minor, for any m, containing at least 3¢ edges of
X. Then G contains a Kj,, for some n, containing at least 3c edges of X. Let H be this
Ks ,-minor and let uy,ug, us be the cores of H. A child v of H is called type ¢, for some
i € {1,2,3}, if vu; € X. Note that a child may belong to more than one types. Since H
has at least 3c edges of X, we may assume, without loss of generality, that it has at least ¢
children of type 1. Let vy, vo,...,v; be all the children of type 1 in H for some [ > ¢. Let H'
be the K3; whose cores are uy, us, u3, whose children are vy, vs,...,v;, and whose edges are
edges of H between u;,v; for i € {1,2,3} and j € {1,2,...,{}. Note that by the construction

of H', wyv; € X for alli € {1,2,...,1}.
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Since H' is also a minor of G, there exists an embedding 7. In G|H’, let

M, = ( W(ulvj)) Um(uy)

j
and let Ny = V(M;) N <U§:1 W(Uj)). Then M; is connected and every vertex in N has
degree 1 in M;. Let T} be the minimal subtree of M; whose leaves are elements of /N;. Since
|N1| =1 > ¢, Ty contains Z; that is subdivided K, or a subdivided straight C, whose leaves
are the leaves of T7.

Let 21,23, ..., 2y be the leaves of Z; where each x; belongs to some 7(v;;). Let

My = ( W(Ugvij)) U 7 (uz)

J
and let Ny = V(M) N (Ug.:l W(Uij>>. Then M, is connected and every vertex in N, has
degree 1 in M. Let T; be the minimal subtree of My whose leaves are elements of Ny. Since
|No| = b, T3 contains Z, that is subdivided K7, or a subdivided straight C, whose leaves
are the leaves of T5.

Let y1,92, ..., Ya be the leaves of Z; where each y; belongs to some 7(vy,). Let

M, = (U w(usvkj)> U m(us)

and let Ny = V(M;3) N (U?:1 W(Ukj>>. Then Mj is connected and every vertex in N3 has
degree 1 in Mj3. Let T3 be the minimal subtree of M3 whose leaves are elements of N3. Since
|N3| = a, T35 contains Zs that is subdivided K or a subdivided straight C; whose leaves are
the leaves of T3.

Recall that each of the Z;, Z,, or Z3 has two possibilities, a subdivided star or a
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subdivided comb. To complete the proof, we divide the analysis into subcases, depending
on the choice of Z;, Z,, and Z3.

Case 2a: At least two of them are subdivided combs. Then G contains a subdivided
V; with edge-weight at least ¢.

Case 2b: Exactly one of them is a subdivided comb. Then G contains a subdivided
W, with edge-weight at least ¢.

Case 2c: All of them are subdivided stars. Then G contains a subdivided K3 with

edge-weight at least t. O]

2.3. Vertex Version

In this section, we prove Theorem 1.2.2. To do so, we prove the minor version of
Theorem 1.2.2 and then open up the contracted vertices to obtain the topological minor
result.

First, it is helpful to mention the notion of suppressing a vertex of G. As we will
see below, this operation produces a graph that is isomorphic to a minor of G while still
preserving the vertices in X. We then discuss the idea of X-preserving minor that is central
to the proof of the vertex version.

Definition 2.3.1. Let z be a vertex of degree 2 in G and let u,v be the neighbors of z.
By suppressing z we mean deleting z and in addition, adding an edge between wu,v if
w ¢ E(G).

Remark. Let z be a vertex of degree 2 in G and let u,v be the neighbors of z. Note that
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suppressing z produces a graph that is isomorphic to a minor of G (the minor is G/uz or
G/vz). However, we want to distinguish between suppressing z from contracting uz (or vz),
even though both produce two isomorphic graphs. When we suppress z, the vertices u,v in
the resulting graph are still vertices of G. This is not the case if we contract uz or vz.

Definition 2.3.2. Let H be a subgraph of G and let X C V(H) such that for every
veV(H)—X, deggv > 2. Assume a graph G’ can be obtained from G by a sequence of

the following operations, in any order
e deleting an edge uv where u,v ¢ H,
e contracting an edge uv where u ¢ H and v ¢ X

e suppressing a vertex not in X.
In addition, G’ has a subgraph H’ where H' is obtained from H by suppressing vertices of
V(H)— X and X C V(H'). Then we say (G', H') is an X-preserving minor of (G, H).
Remark. We want to point out that G’ is not minor of G, but it is isomorphic to a minor
of G.
Lemma 2.3.3. Let G # K, be a 3-connected graph and let H be a subgraph of G. Let
X C V(H) such that for every v € V(H) — X, degyv > 2. Then there exists an X-
preserving minor (G', H') of (G, H) satisfying the following

1. G’ is 3-connected,

2. for every v € V(G') — V(H'), all neighbors of v belong to X.

Proof. Let e € E(G) whose both endpoints are not in H. Then G/e is 3-connected or G\e
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is a subdivision of a 3-connected graph by Theorem 2.1.1. If G/e is 3-connected, then we
contract e. Otherwise, G'\e is a subdivision of a 3-connected graph, for which we delete e and
suppress any resulting degree-2 vertices. By repeating this process for all edges of G whose
both endpoints are not in H, we obtain an X-preserving minor (G, H) of (G, H) where G’
is 3-connected. In addition, V(G') — V(H) is stable.

Let v € V(G')—V (H) and suppose v has a neighbor u € V(H)—X. Let e = uv. Then
G’ /e is 3-connected or G'\e is a subdivision of a 3-connected graph. If G'/e is 3-connected,
then we contract e. Otherwise, G'\e is a subdivision of a 3-connected graph, for which we
delete e and suppress any resulting degree-2 vertices. By repeating this process, we obtain

the desired X-preserving minor. O

We now turn our attention to rooted trees, which in essence is a tree with a specified
vertex as a root. Let T be a tree and let u,v € V(7). Then there exists a unique path
between u and v in T. We denote this unique path as uTv and we adopt this notation for
the next few definitions and lemmas.
Definition 2.3.4. Let r be a vertex in a tree 7. We call (T,r) a rooted tree with r as its
root. For two vertices x,y € T, we say y is a child of x if x € rT'y and x is adjacent to y in
T. We say z,y are comparable if x € Ty or y € rTx. Let G be a graph and let (T, r) be
a rooted tree in G. We say (7,7) is a normal tree of G if the endpoints of every T-path in
G are comparable.

We have the following two rephrases in [4].

Lemma 2.3.5 (Lemma 1.5.5 in [4]). Every connected graph contains a normal spanning tree

43



with any specified vertex as its root.
Lemma 2.3.6 (Lemma 1.5.6 in [4]). Let (T,7) be a normal tree of G and let x,y € V(T).
Then x,y are separated in G by V (rTx) NV (rTy).
The following corollary is needed.
Corollary 2.3.7. Let (T,r) be a normal tree of G and let v € V(T). Then in G —rTv, no

two children of v belongs to the same component.

Proof. Let z,y be two distinct children of v. Then V(rTz) N V(rTy) = V(rTv). The

corollary then follows from the previous lemma. O]

We have seen that a large 3-connected graph contains a large wheel or a large K3, as
a minor. In their paper, Ding, Dziobiak, and Wu determines the requirement to have each of
these two as an unavoidable minor. Informally, their result states that a large 3-connected
graph containing a long path must contain a large wheel as a minor and conversely, a large
3-connected graph without a long path must contain a large K3, as a minor. The following
result is a reformulation of Theorem 3.8 in [5].
Lemma 2.3.8. There exists a function fo35(t) where t > 3 with the following property.
Let G be a 3-connected graph that contains a path of length fo3s(t). Then G contains a
Wy-manor.

In the next two lemmas, we prove an equivalence of Theorem 2.1 and Theorem 3.8 in
[5] for rooted graphs. Our results also establish that the existence of a long path (or a lack
thereof) determines whether a large wheel (or a large K3 ,,) exists as a minor.

Lemma 2.3.9. Let t > 3, n = for111(t,t,t,t), and a = fass(tn +1t). Let G be a 3-
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connected graph such that G has no path of length a. Let X be a subset of V(G) such that
| X| > fo1s (t(g) + a,t(g) + a). Then G contains a subdivided Ks; where all cubic vertices

belong to X.

Proof. We define the height h(T) of a tree T" to be the length of its longest path. Let (7', r)
be a normal spanning tree of GG for some specified r, whose existence is guaranteed by Lemma
2.3.5. Now h(T') < a because G has no path of length a. Let 7" be the minimal subtree of
T containing X U {r}. Then (7",r) is a rooted tree with h(7") < a. In addition, every leaf

of T" belongs to X.
Claim 2.3.9.1. T’ has a vertex with at least t(g) children.

Since |X| > fors (t(5) +a,t(5) +a) and X C V(T"), either A(T") > ¢(3) + a or T"
contains a path of length t(g) +a. The latter is not possible because G has no path of length
a. Thus, A(T") > t(‘;) + a, so T" has a vertex with at least t(g) children. This proves the
claim.

Let v € V(") that has at least ¢(§) children. We choose ¢() of those children and
we label them as wq,us, ...  Ug(a)- By Corollary 2.3.7, in G — rT'v, no two children of v
belongs to the same component. Let G; be the component containing u; in G — rTv for
1=1,2,... ,t(g). Observe that every G; contains a leaf [; of T”, which belongs to X. By
Menger Theorem, there exist three weakly disjoint [;(rTv)-paths P;, Q;, R; in G. Note that if
i # j, then P,UQ;UR; only intersects P;UQ;UR; on V(rTv). Let a;, b;, ¢; be the endpoints of

P;, Q;, R; in V(rTv) respectively. Since there are fewer than (g) possible choices for a;, b;, ¢;

(because |V (rTw)| < a), whereas there are ¢(§) possible I;, at least ¢ of those [; all have the
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same a;, b;, ¢;. The union of all such P;, Q);, R; yields the desired subdivided K3; in G. ]

Lemma 2.3.10. Let t > 3, n = fo111(t,t,t,1), and a = fass(tn +t). Let G be a 3-
connected graph such that G has a path of length a. Let X be a subset of V(G) such that
| X| > fous (t (‘;) + a,t(‘;) + a) and V(G) — X is a stable set. Then G contains a minor H
where H is isomorphic to a graph obtained from Wy by subdividing its rims. In addition, all

non-center cubic vertices of H are firm and belong to X .

Proof. Since G has a path of length a, by Lemma 2.3.8, G has a W;,,;-minor. This means
that G has subgraph H, consisting of a cycle C, a tree T' disjoint from C, and edges {e; | i =
1,2,...,tn +t} between C and T where the endpoints of all e; are disjoint on C. For each
i€ {l,2,...,tn+t}, let v; be the endpoint of e; on C. If at least ¢ vertices, say vy, vg, ..., vy,
belong to X, then the union of those v; and C' and T contains the desired minor. Otherwise,
fewer than t vertices v; belong to X, so at least tn vertices v; do not belong to X. We relabel
those vertices as v}, v}, ..., v, and for each v}, let e, be the edge of H with v} as one of its
endpoints and the other endpoint belongs to 7. Let K be the union of C, T, and those €}

(fori=1,2,...,tn).
Claim 2.3.10.1. Ewvery path of C —{v|,v}, ... v, } has a vertez w}, € X fori=1,2,... tn.

Since V(G) — X is stable, for every v € V(G) — X, all of its neighbors are in X. Thus,
for every v}, both its neighbors in C' are in X. This proves the claim.
Let X' = {w},w),...,w,,}. Clearly, X’ C V(K). We now apply Lemma 2.3.3 on

(G, K) to obtain an X-preserving minor (G’, K'). Note that G’ is 3-connected and for every
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vertex in V(G') — V(K"), all of its neighbors belong to X’. In G'/T, let u be the contracted

T.
Claim 2.3.10.2. G'/T is 3-connected.

Clearly, G'/T is connected. Assume for a contradiction that G’/T has a separator Y’
of size 1 or 2 separating A, B C V(G'/T) where A, B is a partition of V(G'/T). Note that
u € Y for otherwise, G’ has a separator of size 1 or 2. This means that V(C) C A — u or
V(C) € B — u. Without loss of generality, we may assume V(C) C A —u. Let be B—-Y.
Then b has at least 3 neighbors because G’ is 3-connected. But every neighbor of b must be
in X’ and X' C V(C) € A — u. Hence, b has at least one neighbor in A — Y and this is not
possible. Therefore, no such separator Y exists. This proves the claim.

For the remain of this proof, by bridge we mean a (K’/T)-bridge of G'/T and by

chord we mean a C-chord. Note that for every bridge, its feet belong to X”.
Claim 2.3.10.3. If there exists a bridge with at least t feet, then the lemma holds.

Let B be a bridge with at least ¢ feet and let Y be the set of feet of B. Then Y C X’
and |Y| > t. By contracting B —Y into a single vertex, we obtained the desired minor. This
proves the claim.

From the previous claim, we may assume that every bridge has fewer than ¢ feet.
Since every foot of a bridge belongs to X’ and |X'| = tn, there are at least n bridges. Now
every bridge B has two distinct feet z,y € X'. Let @Q be an zy-path in B. Then @ is a
chord. We have shown that every bridge contains at least one chord, so there are at least n

chords because there are at least n bridges. Additionally, two different chords are internally
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disjoint because two different chords are subpaths of two different bridges. By the definition
of n, we can find a set S of t chords of arrangement ¢ for some i € {1,2,3,4}. Let S be the
union of all chords in §. To make the last part of the proof more convenient, in the set of ¢
chords of arrangement 7, we relabel each chords to have endpoints z;,y; for j = 1,2,...,¢.
Note that z;,y; € X' for every j € {1,2,...,t}.

First, suppose ¢ = 1. This means that 1 = 29 = --- = x; and y1,9s,...,y; are
distinct. Without loss of generality, we may assume that the endpoints of the chords appear
in the order x1,y1, 9o, ..., y;. Let P be the x1y;-subpath of C' that does not contain g, and let
Q@ be the z;y;-subpath of C' that does not contain y;. By the construction of X', there exist
av, € % and a v, € 52 such that both v}, v; are adjacent to u. Let R be the v/ v;-subpath of
C' that does not contain x;. Then RUv,uUwvju is a cycle, call it C;. The subgraph C; U S
yields the desired minor.

Next, suppose ¢ = 2. This means that the chords are pairwise disjoint and their
endpoints appear in the order xy,xs,..., 2, y1,Y2,...,y. Let P be the x,y,-subpath of C'
that does not contain x; and let ) be the x;y;-subpath of C' that does not contain z;. By
the construction of X', there exist a v/, € ]OD and a v; € 62 such that both v/, v, are adjacent
to u. Let R be the v, v;-subpath of C' that does not contain ;. Then R U vju U vju is a
cycle, call it Cy. Let R’ be the zyx;-subpath of C that is disjoint from R. The subgraph
C5 U S U R’ yields the desired minor.

Next, suppose ¢ = 3. This means that the chords are pairwise disjoint and their

endpoints appear in the order x1, %o, ..., 2 Y, ..., Y2,y1. Let P be the xyy;-subpath of C
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that does not contain x; and let ) be the x;y;-subpath of C' that does not contain z;. By
the construction of X', there exist a v/, € 103 and a v, € 52 such that both v/, v, are adjacent
to u. Let R be the v, v;-subpath of C' that does not contain ;. Then R U vju U vju is a
cycle, call it C3. Let R’ be the zyx;-subpath of C' that is disjoint from R. The subgraph
C3 U S U R’ yields the desired minor.

Finally, suppose ¢« = 4. This means that the chords are pairwise disjoint and their
endpoints appear in the order x1,y1, T2, yo, ..., xs, y;. For each ¢, let Q; be the z;y;-subpath
of C' that does not contain any other z;. By the construction of X', there exist a v;, € C;Z
such that v, is adjacent to u for every i € {1,2,...,t}. Let Z = Ui, Qi and let Cy =
(CUS)\E(Z). Then Cj is a cycle. The subgraph (UJ._, uvy, U Qiz;vg |) U Cy yields the

desired minor. O

We will now prove the minor version of Theorem 1.2.2.
Lemma 2.3.11. There exists a function fo311(t) where t > 3 with the following property.
Let G be a 3-connected graph and let X be a subset of V(G) such that | X| > faz11(t). Then

G contains one of the following

1. a minor H that is isomorphic to a Kz, where all cubic vertices are firm and belong

to X,

2. a munor H that is isomorphic to a graph obtained from Wy by subdividing its rims.

In addition, all non-center cubic vertices of H are firm and belong to X.

PT’OOf. Let n = fg.l_n(t, t, t, t) and let a = f238(tn+t) Let f2.3_11(t) = f2_1.3 (t (g) + a, t(g) + a).

We first prove that there exists a 3-connected graph G’ containing X such that G’ is iso-
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morphic to a minor of G and V(G') — X is a stable set. Let e = uwv € E(G) where
u,v ¢ X. Then G/e is 3-connected or G'\e is a subdivision of a 3-connected graph. If G/e
is 3-connected, then we contract e. Otherwise, G\e is a subdivision of a 3-connected graph,
for which we delete e and suppress any resulting degree-2 vertices. By repeating this process
for all edges of G whose both endpoints are not in X, we obtain the desired G’. Since G’ is
isomprhic to a minor of G, it suffices to show that G’ contains a minor satisfying statement
1 or statement 2 in the lemma.

Now G’ either has a path of length a or it does not. In both cases, by applying
Lemma 2.3.9 and Lemma 2.3.10, we obtain the desired conclusion. (Note that if G’ contains
a minor that is isomorphic to a subdivided K3; where all cubic vertices are firm and belong

to X, then G contains a minor that is isomorphic to a K3, with the same property.) O

We conclude this chapter with the proof of the vertex version.

Proof of Theorem 1.2.2. Let a = fo16(t,t), b = fa16(a,a), and ¢ = fo14(b,0). Let
f122(t) = faz11(c). We apply the previous lemma and divide the proof into two cases.
Case 1: G contains a minor H that is isomorphic to a K3, where all cubic vertices
are firm and belong to X.
Let uy,us,u3 be the cores and let vy, vs,...,v. be the children of H. Since H is a

minor of G, there exists an embedding 7. In G|H, let

M, = (U W(ulvj)> U (uy).

J=1

Then M, is connected and every v; has degree 1 in M;. Let T} be the minimal subtree of M,
whose leaves are vy, v, ..., v.. Then T contains Z; that is subdivided K or a subdivided
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straight C, whose leaves are the leaves of T7.
Let v, vi,, ..., v;, be the leaves of Z;. Let
b
M2 = <U 7T<'LL2U¢].)> U F(Ug).
j=1
Then My is connected and every v;, has degree 1 in My. Let T, be the minimal subtree of M,
whose leaves are v;,, vj,, ..., v;,. Then T, contains Z, that is subdivided K , or a subdivided
straight C, whose leaves are the leaves of T5.

Let z;,, 2iy, - - -, 2, be the leaves of Z. Let

M; = (U 7T(U3Zij)> U m(ug).

Then Mj is connected and every z;, has degree 1 in Mj3. Let T3 be the minimal subtree of Ms;
whose leaves are z;,, zi,, . . ., 2;,. Then T3 contains Z3 that is subdivided K ; or a subdivided
straight C; whose leaves are the leaves of T;.

Recall that each of the Z;,Z,, or Z3 has two possibilities, a subdivided star or a
subdivided comb. To complete this case, we divide the analysis into subcases, depending on
the choice of Z;, Z5, and Z3.

Case la: All of them are subdivided stars. Then G contains a subdivided K3, with
vertex-weight at least ¢.

Case 1b: Exactly two of them are subdivided stars. Then G contains a subdivided
K3, with vertex-weight at least ¢.

Case 1c: Exactly one of them is a subdivided star. Then G contains a subdivided

K3, with vertex-weight at least t.
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Case 1d: All of them are subdivided combs. Then G contains a subdivided K3,
with vertex-weight at least .

Case 2: (G contains a minor H where H is isomorphic to a graph obtained from W,
by subdividing its rims. In addition, all non-center cubic vertices of H are firm and belong
to X. Then G contains a subgraph K consisting of a cycle C, a tree T" disjoint from C, and
edges {e; | i = 1,2,...,c} where the endpoints of all e; are disjoint on C. For each e;, let
v; be the endpoint of ¢; on C. Now v; € X for ¢ =1,2,...,¢c. Let S be the union of all ¢;
for i = 1,2,...,c. Let T" be the minimal subtree of T'U S such that the leaves of T" are
{vi,v2,...,v.}. Then T” contains a subdivided K or a subdivided straight C, whose leaves
are the leaves of T”. This yields a subdivided W or a subdivided V}, with vertex-weight at

least ¢t in G. O
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Chapter 3. Unavoidable Topological Minors of Infinite
2-connected Rooted Graphs

Graphs in this chapter are infinite.

3.1. Definitions and Lemmas

This section defines more terminology and states some theorems that are needed for
the proof of our main result. We first prove two standard results from real analysis and set
theory.
Lemma 3.1.1. Let {x;}3°, be a sequence of distinct positive integers. Then {x;}32, contains

an increasing infinite subsequence.
Proof. We call an index n good if z,, < z,, for all m > n and is bad otherwise.
Claim 3.1.1.1. There are infinitely many good indices.

Suppose there are only finitely many good indices ny,ns, ..., ng for some k. Then
there exists an index a; that is greater than every n;. Now a; is bad, so there exists an index
ag > a; such that x,, < x,,. Next, as is also bad, so there exists an index ag > as such
that z,, < x,,. Note that we can choose a; < as < az < ... indefinitely whereas we cannot
choose x,, > x4, > T, > ... indefnitely since {z;}°, is a sequence of positive integers.
This proves the claim.

From the previous claim, we can choose infinitely many good indices n; < ny < ng <

... Now 2, , Tp,, Tns, - .. 1S an increasing infinite subsequence as wanted. O
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Lemma 3.1.2. Let A, B be infinite sets. Then A has an infinite subset A" and B has an

infinite subset B’ such that A’ N B’ = ().

Proof. If AN B is finite, then A’ = A— B and B’ = B— A are the desired subsets. Otherwise,

AN B is infinite and so it contains two disjoint infinite subsets A’, B’. O

The following is an immediate application of Theorem 1.1.14.
Lemma 3.1.3. Let H be a subgraph of G and let B be an H-bridge. Let X be the set of feet

of B. If X is infinite, then B contains a subdivided K », or comb whose leaves belong to X.

Proof. For every z € X, we delete all but one edge of B that is incident with x. Let B’ be
the subgraph of B obtained after performing this operation. Then B’ is connected and X is
an infinite subset of V(B’). In addition, every x € X has degree 1 in B’. By Lemma 1.1.14,

B’ contains one of the following subgraphs
1. an X-rich ray,
2. an X-rich K o, whose leaves belong to X,

3. an X-rich comb whose leaves belong to X.
Note that statement 1 is not possible because every x € X has degree 1 in B’. Therefore, B

contains a subdivided K o, or comb whose leaves belong to X. O

The following lemma is also very useful.
Lemma 3.1.4 (Lemma 3.1 in [3]). Every locally finite, connected graph contains an induced
ray starting from any vertex.

We now describe the graphs K5 o, Fio, Lo that are important in our later discussion.
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Definition 3.1.5. Let {1,22,...} be an infinite set of vertices. A K, is obtained by
adding edges x1z; and xox; for every ¢ > 3.

Definition 3.1.6. Let R = x1x5... be a ray and let v be a vertex not on R. We then add
an edge e; between u and x; for ¢ = 1,2,.... The resulting graph is called a fan and is
denoted as F,,. We call R the rail and each edge e; a spoke. For a subdivided F,, we use
the terms rail and spoke to mean its subdivided rail and subdivided spoke respectively.
Definition 3.1.7. Let P = z1x5... and Q = y1y> ... be disjoint rays. We then add an edge
e; between x; and y; for i = 1,2,.... The resulting graph is called a ladder and is denoted
as L. We call P, (@ the rails and each edge e; a rung. For a subdivided L., we use the
terms rail and rung to mean its subdivided rail and subdivided rung respectively.

The ladder L., is an important unavoidable graph since it is 2-connected and serves
as the basis where more complicated 3-connected graphs are built upon. However, in many
case analyses, we obtain something that is very close to a true ladder (a locally finite graph
consisting of two disjoint rays together with infinitely many internally disjoint rungs in
between). In the next three lemmas, we will clean up those types of messy ladders to obtain
an L.

Lemma 3.1.8. Let G be the union of a ray R and infinitely many internally disjoint R-paths
Q1,Q2, ... such that with respect to R, Qi1 crosses Q; but does not cross Q); for any j < i.
Then G = Hy U Hy where Hy is a finite graph and Hs is the union of two disjoint rays A, B
and infinitely many internally disjoint AB-paths. In addition, H, and Hy are edge-disjoint

and G is locally finite.
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Proof. Let r be the endpoint of R. For each @Q);, we denote its two endpoints as a;,b;
where a; is on the left of b; with respect to R. Since R is a ray, there exists an index ig
such that for every ¢ # ig, neither a; nor b; is on the left of a;, with respect to R. Let
H, = (U”,' Qi) U R[ra;,). Then H, is a finite graph. Let R’ be the subray of R with
a;, as the endpoint and let Hy = (U;’;O Q;) U R'. Clearly, G = H; U Hy and H,, H, are
edge-disjoint.

We now show that Hy is the union of two disjoint rays A, B and infinitely many
internally disjoint AB-paths. For the remain of this proof, every crossing and left, right
position is with respect to R'. For convenience, we relabel the @Q; in Hy. Let Q1 = Q;,, Q2 =
Qip+1, - - -, so that Q;1; crosses @); but does not cross ; for any j < ¢. For each @Q);, we
denote its two endpoints as a;, b; where a; is on the left of b;. Note that a; is the endpoint

of R'.

Claim 3.1.8.1. For any i,j with j > i+ 1, if a; or b; belongs to R'(a;b;), then R'[a;b;] C
R'la;b;] and at least one of the a;+1 or bjy1 belongs to R'(a;b;).

Since (); does not cross (); and one of the a; or b; belongs to R'(a;b;), it follows
that both a; and b; belongs to R'[a;b;]. Hence, R'[a;b;] C R'[a;b;]. Additionally, since @;41
crosses (), at least one of the a;yy or b1 belongs to R'(a;b;) C R'(a;b;). This proves the

claim.
Claim 3.1.8.2. For any i,j with j > i+ 1, neither a; nor b; belongs to R'(a;b;).

Assume for a contradiction that such 7, j exist. By induction on k using the previous

claim, we deduce that R'[aibr] C R'[a;b;] for all k& > j. Since R'[a;b;] is finite, there exist
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m,n such that n > m > j and R'[a,,b,,] = R'[a,b,]. But this implies that @1, which

crosses (), also crosses (),,, a contradiction. This proves the claim.

Claim 3.1.8.3. If z is an endpoint of Q); and x is not ai, then a; is on the left of x for

every i1 < j.

Assume for a contradiction that there exists an ¢ < j where a; is on the right of x.
Since x is not ap, there exists an a, with k < ¢, namely ay, such that a; is on the left of x.
We choose the largest such k. Since j > ¢ > k + 1, by Claim 3.1.8.2, « ¢ R'(axbg). This
implies that by = x or b is on the left of x. Since Qyy1 crosses Qi, either a1 or by q
belongs to R/ (aby). If axy1 € R (arby), then ajyq is on the left of x and this contradicts the
maximality of k. Hence, by, 1 € R'(axby). But then ag. 1, being on the left of by, 1, is on the
left of x and this again contradicts the maximality of k. Therefore, no such 7 exists. This

proves the claim.
Claim 3.1.8.4. We have a,41 € R (ayb,) for alln > 1.

Assume there exists such an n where the statement is false. This means that b, €
R'(apb,) and a,yq is on the left of a, since @41 crosses @Q,. If a,1 is not ay, then this
contradicts Claim 3.1.8.3 because a,.; is on the left of a,. Thus, a,+1 = a;. Since Q2
crosses @11, it has an endpoint € R'(a,41b,41). By Claim 3.1.8.3, z is on the right of a,,.
But since x is also on the left of b,,1, which is on the left of b, it follows that = € R'(a,b,)
and this contradicts Claim 3.1.8.2. Therefore, no such n exists. This proves the claim.

It follows from the previous claim that starting from the endpoint a; of R’ and going

from left to right, the endpoints of @)1, Qs, ... are ai,as, by, as, bs,ay,...,b;,a;19,..., where
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b; = a; o is possible. This implies that G is locally finite because a; # b; for every i. Let

A= U Qa1 U R/ [bar1a9k43] = Q1 U R'[braz] U Q3 U R'[bgas] U . ..

k=0

and let

B = U Q2r+2 U R [bogi2a0k+4] = Q2 U R'[bras) U Qs U R'[bgag) U . ...
k=0

Then A, B are disjoint rays. Let

M = U R’[a2k+1b2k] == R’[ang] U R,[G@bd U...
k=1

and let

N = U R/[a2k+2b2k+1] = R/[azbl] U R’[a4b3] U....
k=0

Then M U N U R'[ajas] is the set of infinitely many internally disjoint AB-paths. Finally,

Hy; = AUBUM U N U R'[ajas], which completes the proof. ]

Lemma 3.1.9. Let A, B be disjoint rays and let P be an infinite set of internally disjoint
AB-paths. Let H be the union of A, B, and all paths in P. Assume additionally that H s
locally finite. Then H contains a subdivided Lo, whose rails are contained in A, B and whose

rungs belong to P.

Proof. Since H is locally finite, P has an infinite subset P’ such that two paths in P’ are
disjoint. Starting at the endpoint of A, we label the vertices of A that are incident with a
path in P’ as a sequence {z;}32;, in the order as they appear on A. Let y; be the endpoint
on B of the path in P’ with x; as one of its endpoints. Starting at the endpoint of B, we
list the vertices y; in the order as they appear on B. This yields a sequence {y;, };";1 where
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{i;j}32, is a sequence of distinct positive integers. By Lemma 3.1.1, the sequence {7;}32,
contains an increasing infinite subsequence {i;}22,. Let P; be the path in P’ with endpoints
Tyt s Yil - The graph U;’;l P; U AU B contains a subdivided Lo that is the desired subgraph

of H. O

Lemma 3.1.10. Let A, B be disjoint rays and let P be an infinite set of internally disjoint
AB-paths. Let H be the union of A, B, and all paths in P and let X be an infinite subset
of V(H). Assume additionally that H is locally finite. Then H contains a subdivided L,
whose rails are contained in A, B and whose rungs belong to P, such that one of its rails

contains infinitely many elements of X or every of its rungs contains at least one element

of X.
Proof. Since X C V(H), one of the following is true

1. AU B contains infinitely many elements of X,

2. there exists an infinite subset P’ of P such that each path in P’ contains at least one

element of X.
If statement 1 is true, then let P = P. Otherwise, let P’ be an infinite subset of P such
that each path in P’ contains at least one element of X. Let H’ be the union of A, B, and

all paths in P’. By Lemma 3.1.9, H' contains the desired subdivided L. O

3.2. Vertex Version
For connected rooted graphs, their unavoidable rooted topological minors are a path,

a subdivided star, or a subdivided comb. Thus, it is natural to consider the simplest case
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when a 2-connected rooted graphs contains a rich path. We begin with the following lemma.
Lemma 3.2.1. Let G be a 2-connected graph and let X be an infinite subset of V(G).

Assume G contains an X -rich ray. Then G contains an X -rich Fy, or an X-rich L.

Proof. Let R be the ray that contains infinitely many elements of X in GG. For the remain

of the proof, every bridge and crossing is with respect to R.
Claim 3.2.1.1. If there exists a bridge with infinitely many feet, then the lemma holds.

Suppose there exists a bridge B with infinitely many feet. Let Y be the set of feet of

B. By Lemma 3.1.3, one of the following is true

1. B contains a subdivided K , call it &', whose leaves belong to Y. Then the subgraph

K U R contains an X-rich Fl.

2. B contains a subdivided comb, call it K, whose leaves belong to Y. Starting from the
endpoint of R, we label the leaves of K as x1, xs, ..., in the order as they appear on R.
Let W be the spine of K and let y; € W such that x;y; is a tooth of K. Starting from
the endpoint of W, we list the vertices y; in the order as they appear on W. This
yields a sequence {y;;}52, where {i;}52, is a sequence of distinct positive integers.
By Lemma 3.1.1, the sequence {zj};’ozl contains an increasing infinite subsequence
{z; 521 Let Pi;. be the tooth of K with endpoints Tit's Yit - Then the union of R, W,
and all PZ-;, contains an X-rich L.

This proves the claim.

By the previous claim, we may assume that every bridge has finitely many feet. We
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now define the peak of a bridge and the reach of a vertex in R. Starting from the endpoint of
R, we list all of its vertices from left to right as a sequence x1,xo,.... The peak of a bridge
B is the largest ¢ such that z; is a foot of B and is denoted as p(B). Note that p(B) is finite
because B has finitely many feet. Let z; be a vertex of R. If no bridge contains z; as a foot,
then the reach r(z;) of z; is 0. Otherwise, we define its reach r(x;) to be the largest p(B),

among all bridges B that contain x;, or r(x;) = co if no such p(B) exists.
Claim 3.2.1.2. Ifr(x;) = oo for some i, then the lemma holds.

Since r(z;) = oo and every bridge has finitely many feet, there exists a sequence
of bridges Bj, Bs, ... each containing z; such that p(B;) < p(B2) < .... Let Py be the
T;Tp(p,)-path in By. Let R’ be the subray of R with x,p,) as its endpoint. The subgraph
(Uzzy Px) U R is an X-rich Fi,. This proves the claim.

From the previous claim, we may assume additionally that every vertex in R has finite
reach. We now construct a sequence @)1, Q)s, ... of internally disjoint R-paths such that Q; 1,
crosses (); but does not cross ); for any j < 4. Intuitively, we construct the sequence using a
greedy process; at each step, we choose (); with its reach as large as possible and also crosses
Qi1

We first construct Q;. Let y; = z,(,,) and let B; be a bridge containing w1,y;. Let
()1 be an zy;-path in B;. Next, we construct ()». Since G — y; is connected, it has an
R-path from R[x1y;) to R— R[x1y;]. In addition, this aforementioned path cannot has z; as
its endpoint by the choice of 1. Hence, G —y; has a vertex in R(x1y;) whose reach exceeds

r(z1). Among all such vertices in R(x1y;), we choose one with the largest reach and call it
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To. Let yo = x,(,,) and let By be a bridge containing xo,12. Let Q2 be an zayp-path in Bs.
Observe that @y crosses @ since xo € R(z1y1) and yo ¢ Rlxiy1]. In addition, @; and Qs
are internally disjoint because By # By as p(By) < p(Baz).

Suppose (1, Qo, . .., Q), are constructed such that ;11 crosses ); but does not cross
Q; for any j < i. In @Q,—1, let 2,1 be one of its endpoint with its corresponding y,—1 =
Tp(z,_y)- 10 Qy, let z,, be one of its endpoint with its corresponding y,, = x,(,,). Since G —y,
is connected, it has an R-path from R[z,y,) to R — R[x1y,]. This aforementioned path must
have an endpoint in R[y,_1y,) by the construction of Q1,Qs,...,Q,. Hence, G — y, has a
vertex in R[y,_1y,) whose reach exceeds r(x,). Among all such vertices in R[y,_1yn), we
choose one with the largest reach and call it x,1;. Let y,11 = %p(,,,) and let B, be a
bridge containing z,.1,Yn+1. Let Qni1 be an x,11y,1-path in B,;. Observe that ), 11
crosses @, since 11 € R[yn—1yn) C R(zny,) and yni1 ¢ Rlzr,y,]. In addition, @Q,4+1 does
not cross ); for any j < n + 1 because 41, Y41 are not in R[x1y,_1).

We have constructed a sequence ()1, (s, ... of internally disjoint R-paths such that
Qi1 crosses (Q; but does not cross @, for any j < i. Let K = (|J;2, @Q;) UR. By Lemma
3.1.8, K = Hy U Hy where H; is a finite graph and Hs is the union of two disjoint rays A, B
and infinitely many internally disjoint AB-paths. In addition, H; and H, are edge-disjoint
and K is locally finite. Since R contains infinitely many elements of X, so does K. Since

H; is finite, Hy contains infinitely many elements of X. By Lemma 3.1.10, Hs contains an

X-rich L. O

The next lemma asserts that given a rooted graph consisting of a ray and infinitely
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many paths in a nice configuration, we can obtain a rich ray, for which the analysis is reduced
to the previous lemma.

Lemma 3.2.2. Let H be the union of a ray R and infinitely many disjoint R-paths Q1,Qs, . . .
such that with respect to R, Q; is on the left of Q;+1 for everyi. Let X be an infinite subset

of V(H). Then H contains an X -rich ray.

Proof. For each ();, let x;, y; be its endpoints on R. Since H contains infinitely many elements
of X, either R contains infinitely many elements of X or infinitely many @); each contains
at least one element of X in its interior. If R contains infinitely many elements of X, then
the lemma holds. Otherwise, infinitely many (); each contains at least one element of X in
its interior. If a @); does not contain any element of X in its interior, then we delete E(Q;).
Otherwise, it contains at least one element of X in its interior and we delete edges of R[z;y;].

By repeating this process, we obtain an X-rich ray in H. O
We will now prove the vertex version.

Proof of Theorem 1.2.3. For a subgraph H of G, an H-path is called an H-ear if its interior

contains at least one element of X.
Claim 3.2.2.1. FEwvery finite subgraph H of G with at least two vertices has an H-ear.

Since H is finite and X is infinite, there exists an a € X — V(H). Since G is 2-
connected, a and V(H) cannot be separated by fewer than two vertices. By Corollary 1.3.2,
G contains two weakly disjoint aV (H )-paths. The union of these two paths yields an H-ear.

This proves the claim.
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Back to our proof, we first construct an infinite sequence of subgraphs Hy, Hi, Ho, . . .
of G such that for every n > 1, H, = H,_1 U@, where @), is an H,,_j-ear and is chosen
according to the rule which we will describe in the next paragraph. Let Hy be a cycle of G
containing at least one element of X and let ey = zoyy be an edge of Hy. Let Py = Ho\eo
and let Ty = F,. Note that Tj is a spanning tree of Hy. To illustrate, we will construct
H,. Every Hy-ear has two distinct endpoints z, 2 € Hy and we denote x as the endpoint so
that || Polzxo]|| < ||Polzxo]||]. Among all Hy-ears, we choose one such that ||Py|xxo]|| is the
smallest and then || Py[zx¢]|| is the smallest. Let )1 be such an Hy-ear and let H; = HyUQ;.
Let x1, 2, be the two endpoints of @1 where ||Py[x120]|| < ||Po[z120]|| by construction. Let
e1 = Y121 be the edge of ()1 with z; as an endpoint and let P, = ()1 — z,. Let T} = Fy U Py.
Note that T} is a spanning tree of Hj.

Suppose Hy, Hi, Hs, ..., H,_1 are defined and let T,,_1 = FhbU P, U---U P,_;. Note
that 7,1 is a spanning tree of H,_;. For every vertex v € H,_;, we define [(v) = (i,d)
where i is the smallest index such that v € P; and d = ||P;[vz,]||. For any two distinct
vertices u,v € H,_1, by l(u) < l(v) we mean [(u) is lexicographically smaller than I(v).
Every H, _i-ear has two distinct endpoints x,, 2z, € H,_; and we denote z,, as the endpoint
so that I(x,) < l(z,). Among all H, j-ears, we choose one with endpoints z,, z, where
l(x,) < l(2,) such that [(x,) is the smallest and then [(z,) is the smallest. Let @, be such
an H, i-ear and let H, = H, 1 UQ,. Let e, = y,z, be the edge of Q),, with 2, as an
endpoint and let P, = Q,, — z,. Let T,, =T,,_1 U P,,. Note that T, is a spanning tree of H,.

Let H=HyUH{UHyU... andlet T =Ty UT; UTy U.... Observe that for every
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1, H; is 2-connected and H; C H; ;. Let a,b be two distinct vertices of H. Then we may
assume a € H; and b € H; for some ¢ < j. Thus, a € H; because H; C H,. Since H; is
2-connected, it contains a cycle containing a,b. Hence, H contains a cycle containing a, b.
This proves that H is 2-connected. In addition, we can naturally extend the definition of
[(v) for every vertex v € H as l(v) = (i,d) where i is the smallest index such that v € P,

and d = || P;[vz;]||.- Note that by definition, v = v if and only if [(u) = I(v).
Claim 3.2.2.2. We have l(x;) < l(x;11) for every i.

Assume for a contradiction that [(x;41) < [(z;) for some . Then x;41 ¢ @;. This
means that =,y € V(H;—1) — {z;,z;}. If z;.1 € H;_4, then Qi1 is an H; j-ear. But
l(xiv1) < l(x;) implies that ;11 must be chosen before @); and this is not possible. Thus,
ziy1 € V(Qi) — {x4, z;}. Let Q' be the x;z;,1-subpath of @;. Then Q;1; U Q' is an H; i-ear.
But I(z;41) < l(z;) again implies that Q;11 U Q" must be chosen before @); and this is not
possible. This proves the claim.

Let F' = {eg, €1,¢€2,...}. Then T is a spanning tree of H and H =T U F. We divide
the proof into two cases.

Case 1: H contains a vertex v of infinite degree. We further divide this case into
two subcases.

Case la: v is incident with infinitely many edges of F. This means that the set
I ={i| v =z} is infinite. Let [(v) = (n,d). Since l(z;) < l(2;) for every i € I, it follows
that x; € H, for all ¢ € I. Since H, is finite, it contains a vertex u such that v = z; for

infinitely many j € I. The union of all such @); yields an X-rich K .
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Case 1b: v is incident with only finitely many edges of F' and no vertex in H is
incident with infinitely many edges of F. This means that the set [ = {i | v = z;} is infinite.

Let 7 be the smallest index in I.
Claim 3.2.2.3. Fvery k > j isin I.

Since [ is infinite, there exists a k' € I such that &’ > k. Hence, by Claim 3.2.2.2,
U(z;) < l(x) < Uzp). But l(xy) = I(x;) because k' € I. Thus, {(x;) = I(xy) = (). This
implies x = x4/, so k € I. This proves the claim.

This means that we can write I = {k | k > j}. Since H is 2-connected, H — v is
connected and it can be obtained from H;_; — v by repeatedly adding paths @)} — v for all
k € I. Note that every i has v, 2 as its two endpoints. Now H — v is locally finite since
none of its vertices is incident with infinitely many edges of F'. Thus, H — v contains a ray R
by Theorem 3.1.4. Since H;_; —wv is a finite subgraph of H — v, this ray R contains subpaths

of infinitely many Qr — v. Let
I'={k € I | R contains at least one edge of Q — v}.

Then [’ is infinite and for every k in I’ that is not the smallest element, z, € R. Let
M = (Uyep @r)UR. Then M is a union of R and infinitely many weakly disjoint vR-paths.
Hence, it contains a subdivided F,,. Furthermore, since every (), contains at least one
element of X, M contains an X-rich Fj..

Case 2: H is locally finite. This means that 7" is also locally finite and contains a

ray R starting from xy. Let

I = {i | P; contains at least one edge of R}.
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For an i € I, let span(y;) be the union of all P; for all j € I with j <. Let S = {J,.; P
We can also label the elements of I' in increasing order as iy < iy < ... where x; , € B, for

n=1,2,.... For the remain of this proof, by bridge we mean an S-bridge of H.

Claim 3.2.2.4. If there exists a bridge B containing infinitely many y; with v € I, then the

lemma holds.

Let Y = {y; | ¢ € I and y; € B}. Then Y is infinite. By Corollary 3.1.3 and the
assumption that H is locally finite, B contains a subdivided comb, call it K, whose leaves
belong to Y. The subgraph K U S contains an X-rich L.,. This proves the claim.

From the previous claim, we may assume that every bridge contains finitely many y;

with ¢ € I.

Claim 3.2.2.5. For every i = i, € I with n > 2, H has an S-path L; with y; as an

endpoint and the other endpoint belongs to span(y;, ).

Observe that z; € T;_; and span(y;, _,) is nonempty and is contained in 7;_;. Hence,
T;_1 has an S-path P from z; to span(y;,_,). The path PUe; is the desired S-path L;, . This
proves the claim.

We now construct a sequence of disjoint R-paths M, M, ... such that with respect
to R, M, is on the left of M;, for every 7. We first construct M; and we consider i5. By the
previous claim, H has an S-path L;, with y;, as an endpoint and the other endpoint belongs
to span(y;,). Let B;, be the bridge containing L;,. Let My = L;, U P;,[x;,y;,]. Then M; is
an R-path. Next, we construct M,. Let j € I be the largest index such that y; is a foot of

B,,. Since G is locally finite and span(y;,) is a finite graph, there exists an i, > max (iz, j)

67



such that L;, has y;, as an endpoint and the other endpoint does not belong to span(y;, ).
Let B;, be the bridge containing L;,. Note that L;, is disjoint from L;, because B;, # B;,.
Let My = L;, U P, [%;,,,v;,]. Then M; is an R-path. Clearly, M, and M, are disjoint and
M is on the left of My with respect to R. By repeating this process, we obtain the desired
sequence My, My, . ... The subgraph (|J;=, M;) U R satisfies the hypotheses in Lemma 3.2.2,
so H contains an X-rich ray. Therefore, it contains an X-rich F,, or an X-rich L., by

Lemma 3.2.1. Since H is also locally finite, it contains an X-rich L. O

3.3. Edge Version

As described below, the edge version is a simple application of the vertex version.
The following theorem asserts that the subdivision operation still preserves 2-connectivity.
Theorem 3.3.1. Let G be a 2-connected graph and let G’ be a subdivision of G. Then G’ is

2-connected.

Proof. Clearly, G’ is connected and |G’| > 2 since G is 2-connected. Let v be a vertex in
G'. Assume for contradiction that G’ — v is not connected. If v is a subdividing vertex,
then there exists an edge e € F(G) such that G\e is not connected, which is not possible.
Hence, v is a branching vertex. But this means that G — v is not connected, a contradiction.

Therefore, G’ — v is connected for every v, so G’ is 2-connected. O
We conclude this chapter with the proof of the edge version.

Proof of Theorem 1.2.4. Let G’ be obtained from G by subdividing each edge in X exactly
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once. Then G’ is 2-connected by Theorem 3.3.1. Let Y be the set of subdividing vertices
of G'. Then Y is infinite because X is infinite. In addition, every vertex of Y has degree
2 in G'. By Theorem 1.2.3, G’ contains a Y-rich H' for some H' in {K3 ~, Fro, Lo }. Con-
sequently, G' contains a subdivided H containing infinitely many edges of X for some H in

{KQ,ooyFooaLoo}- D
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Chapter 4. Unavoidable Topological Minors of Infinite
3-connected Rooted Graphs

Graphs in this chapter are infinite.

4.1. Definitions and Lemmas

This section defines more terminology and states some theorems that are needed for
the proof of our main result. We will prove a stronger version of Theorem 1.2.5 by weakening
the 3-connectivity assumption. In particular, we prove Theorem 1.2.5 under the assumption
that G is weakly 3-connected.
Definition 4.1.1. A graph G’ is weakly 3-connected if G’ is obtained from a 3-connected
graph G by subdividing every edge of G at most once. We call GG the underlying 3-connected
graph of G'.

In the next few lemmas, we establish some properties of weakly 3-connected graphs.

Lemma 4.1.2. Fvery weakly 3-connected graph is 2-connected.

Proof. By definition, every weakly 3-connected graph is a subdivision of a 2-connected graph,

so the lemma follows from Theorem 3.3.1. O

Lemma 4.1.3. Let G be a weakly 3-connected graph and let a,b be vertices of degree at least

3 in G. Then G does not contain a separator of size 2 separating a from b.

Proof. Suppose for contradiction that such a separator X of size 2 exists. This means that
there is no ab-path in G — X. Let G’ be the underlying 3-connected graph of G. Then

a,b € V(G') since a,b has degree at least 3 in G. Now deleting X in G is equivalent to

70



deleting {m,n} in G’ where each m,n is either a vertex or an edge. Thus, since there is no
ab-path in G — X, there is no ab-path in G’ — {m,n}. But this is not possible since G’ is

3-connected. Therefore, no such X exists. O

Lemma 4.1.4. Let G be a weakly 3-connected graph and let a be a vertex of degree at least
3in G. Let B C V(G) — a contain at least three vertices of degree at least 3. Then G does

not contain a separator of size 2 separating a from B.

Proof. Suppose for contradiction that such a separator X of size 2 exists. By the definition
of separating a vertex and a set, a ¢ X, soa € G — X. In G — X, let C} be the component
containing a. If C contains a vertex of B — X, then there exists an a(B — X )-path in G— X.
Thus, there exists an aB-path in GG that does not meet X, which is not possible. Hence, C
and B — X are disjoint. Since B contains at least three vertices of degree at least 3 in G and
| X | = 2, there exists a vertex b € B — X of degree at least 3 in G. Now X is an ab-separator

of size 2 in GG, contradicting Lemma 4.1.3. Therefore, no such X exists. O]

Lemma 4.1.5. Let G be a connected graph and X = {X;,Xs,...} be an infinite set of

disjoint connected subgraphs of G. Then one of the following is true in G

1. There exists an infinite subset of Y = {Y1,Ys,...} of X and internally disjoint (Y1 U

YoU...)-paths Py, Ps,... of G where P; is between Y; and Yiyq fori=1,2,...;

2. G contains K, a subdivided K; o or a subdivided comb, such that each leaf of K

belongs to an X; and this X; does not contain any other vertices of K.

Proof. Let G’ be the graph obtained from G by contracting each X; into a vertex x}. Then
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G’ is a minor of G, so there exists an embedding 7’. For every v € V(G’) whose degree is
at most three in G’, we first define the process of truncating 7’(v) in G|G’ as following. In
G|G', let A be the set of vertices of 7'(v) that are adjacent to a vertex not in 7’(v). Since v
has degree at most three in G’, at most three vertices of 7’(v) are adjacent to a vertex not
in 7'(v) in G|G’, so |A| < 3. First, suppose A = (). In this case, we delete all but one vertex
in 7'(v) from G|G’. Next, suppose |A| = 1, so A contains a vertex a. In this case, we delete
7'(v) — a from G|G'. Next, suppose |A| = 2, so A contains distinct vertices a,b. Since 7'(v)
is connected, there exists an ab-path P in 7'(v). In this case, we delete n’'(v) — P from G|G’.
Finally, suppose |A| = 3, so A contains distinct vertices a, b, c. Since 7’'(v) is connected,
there exist an ab-path P and a cP-path @ in 7'(v). In this case, we delete 7'(v) — (P U Q)
from G|G".

Next, since G’ is connected and X' = {z/,2),...} is an infinite subset of V(G’), by

Theorem 1.1.14, G’ contains one of the following subgraphs

1. A ray R with infinitely many elements of X’. Now R is a minor of GG, so there exists
an embedding w. A vertex p on R is called good if m(p) = X; for some i. Starting
from the endpoint of R, we label the good vertices of R as a sequence py,ps,.... In
G|R, let Y; = w(p;) and let P; be the path between Y; and Y;,;. By the definition
of being good, every Y; is an X; for some j. Furthermore, P; and P; are internally

disjoint when i # j. Thus, statement 1 is satisfied.

2. A subdivided K ., denoted by K, whose leaves belong to X’. Let u be the infinite
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degree vertex of K. For every leaf v of K, if the uv-path @) of K contains a vertex w
of degree 2 in K that belongs to X', then we delete the tv-subpath of () from K where
t is the neighbor of w in the wwv-subpath of ). By doing this to every uv-path where
v is a leaf of K, we may assume that every degree-2 vertex of K does not belong to
X'. Since K is also a minor of G, there exists an embedding © mapping each leaf of
K to an X; in G. Clearly, this X; does not contain any other vertices of K. In G|K,
let F" be the set of edges with one end in 7(u) and the other end not in m(u) and let
Y =V(F)—V(n(u)). Now m(u) U F is a connected graph and Y is an infinite subset
of V(m(u) U F). In addition, (7(u) U F') —Y is connected. By Theorem 3.1.3, the
graph 7(u) U F' contains a subdivided K o, whose leaves belong to Y or a subdivided
comb whose leaves belong to Y. Suppose m(u)U F contains a subdivided K o, whose
leaves belong to Y, call it K'. Let yq, s, ... be the leaves of K’. For every y;, there
exists a y;v;-path @; in G|K that is disjoint from 7(u) where v; belongs to an X;.
Now (J;2, KU Q); is a subdivided K « satisfying statement 2. Otherwise, m(u) U F
contains a subdivided comb whose leaves belong to Y, call it K’. Let y1,vs,... be
the leaves of K'. For every y;, there exists a y;v;-path @Q; in G|K that is disjoint from
m(u) where v; belongs to an X;. Now J;2, K’ U Q; is a subdivided comb satisfying

statement 2.

3. A subdivided C, denoted by K, whose leaves belong to X’. Let P be the spine of

K. For every leaf v of K, if the Pv-path () of K contains a vertex w of degree 2
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in K that belongs to X', then we delete the tv-subpath of @) from K where ¢ is the
neighbor of w in the wv-subpath of (). By doing this to every Pv-path where v is a
leaf of K, we may assume that every degree-2 vertex not on P of K does not belong
to X’. Since K is also a minor of GG, there exists an embedding 7 mapping each leaf
of K to an X, in GG. Clearly, this X; does not contain any other vertices of K. Let
u € V(K). Then u has degree at most 3 in K. Thus, we can perform truncation on
m(u) in G|K. By doing this truncation process for every vertex in K, statement 3 is
satisfied.

This completes the proof. O

We now describe the graphs K3 o, F'F, F'L, LL that are important in our later dis-
cussion.

Definition 4.1.6. Let {z1,25,...} be an infinite set of vertices. A Kj ., is obtained by
adding edges zqx;, xox;, and x3x; for every ¢ > 4.

Definition 4.1.7. We define the graph F'F as following. Let R = z1y122y> . .. be a ray and
let u,v be vertices not on R. We add edges ux; and edges vy; for © = 1,2,.... Finally, we
add an edge bewteen v and x;.

We define the graph FL as following. Let P = xi1y122y2... and @) = z125... be
disjoint rays. We add an edge between x; and z; for : = 1,2,.... Let u,v be vertices not on
PUQ@. We add an edge between u and y; for i = 1,2, .... Finally, we add edges uv, vxy,vz;.

We define the graph LL as following. Let P = xyy129y2..., Q = 2122..., and

R = ryry ... be disjoint rays. We add an edge between x; and z; and an edge between y; and
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r; fort=1,2,.... Let u be a vertex not on PU @ U R. Finally, we add edges uxy, uzy, ur;.

Next, we examine six classes of graphs {FFy, FFa, FLy, FLoy, LLy, LLo} that are

essential in the analysis of Theorem 1.2.5.
Definition 4.1.8. Let FF; be the set of graphs defined as follows. Let R be a ray, which
we call the rail, and let u, v be vertices not on R. We then add infinitely many edges from
u to R, which we call spokes at u, and infinitely many edges from v to R, which we call
spokes at v.

Let FF5 be the set of graphs defined as follows. Let R be a ray, which we call the
rail, and let u,v be vertices not on R. We then add infinitely many uR-edges ey, es, ...,
which we call spokes at u, and hook v to infinitely many e; such that each edge e; is hooked
at most once. Note that in this process, some e; become two-edge paths if they are hooked;
we still consider those two-edge paths spokes at u. We call each edge incident with v a spoke
at v.

Let FL; be the set of graphs defined as follows. Let A, B be disjoint rays, which we
call rails, and let u be a vertex not in AU B. We first add infinitely many AB-edges, which
we call rungs, such that no vertex in AU B is incident with infinitely many rungs. We then
add infinitely many uA-edges, which we call spokes.

Let F L5 be the set of graphs defined as follows. Let A, B be disjoint rays, which we
call rails, and let u be a vertex not in AU B. We first add infinitely many AB-edges, which
we call rungs, such that no vertex in AU B is incident with infinitely many rungs. We then

hook u to infinitely many rungs such that each rung is hooked at most once. Note that in

5



this process, some rungs become two-edge paths if they are hooked; we still consider those
two-edge paths rungs. We call each edge incident with u a spoke.

Let £LL; be the set of graphs defined as follows. Let A, B, C be disjoint rays, which
we call rails. We then add infinitely many AB-edges and infinitely many BC-edges, which
we call rungs, such that no vertex in AU B U (' is incident with infinitely many rungs.

Let L£LL5 be the set of graphs defined as follows. Let A, B, C be disjoint rays, which
we call rails. We then add infinitely many AB-edges, which we call rungs, such that no
vertex in A U B is incident with infinitely many rungs. We then choose an infinite subset
{z1,22,...} of V(C) and hook each x; to a rung such that each rung is hooked at most once.
Note that in this process, some rungs become two-edge paths if they are hooked; we still
consider those two-edge paths rungs. A spoke is an edge with an endpoint on C' and the
other endpoint on the interior of a rung.

For a subdivision of a graph in {FFy, FFa, FL1, FLo, LL1,LLs}, we use the terms
rail, spoke, and rung where applicable to mean its subdivided rail, subdivided spoke, and
subdivided rung, respectively.

The six classes of graphs {FFy, FFo, FL1, FLy, LL1, LLy} are important because
graphs in each class can be reduced to one of the graphs in {FF, F'L, LL}, which we now
justify in the next few lemmas.

Lemma 4.1.9. Let R be a ray and let A, B be two infinite subsets of V(R). Then R contains
a sequence of vertices {x;}2,, listed in the order as they appear on R, such that for every

nonnegative integer k, xrop 1 € A and xopio € B.
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Proof. We label all vertices of R as a sequence {r;}52; in the order as they appear on R. We
define {z;}3°, inductively. Let z; be a vertex r; € R, for some i, that is in A. Since there
are infinitely many vertices in R that are in B, there exists an r; € R with j > ¢ that is
in B. Let z; = r;. Next, since there are infinitely many vertices in R that are in A, there
exists an ry € R with £ > j that is in A. Let 3 = r,. By repeating this process, we obtain

the desired sequence {z;}3°;. O

Lemma 4.1.10. Let H be a subdivision of a graph in FF1 and let X be an infinite subset

of V(H). Then H contains an X -rich F'F.

Proof. Let R be the rail and let u,v be the infinite-degree vertices of H. Since X C V(H),

one of the following is true
1. R contains infinitely many elements of X,
2. there exist infinitely many spokes at u, each contains at least one element of X — u,

3. there exist infinitely many spokes at v, each contains at least one element of X — v.
Thus, H contains a subgraph H’, which is also a subdivision of a graph in FF; and

with the same u, v, R, satisfying one of the following
1. R contains infinitely many elements of X,
2. every spoke at u of H' contains at least one element of X — u,
3. every spoke at v of H’' contains at least one element of X — v.

In H', let

A ={z € V(R) | z is an endpoint of a spoke at u}
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and let

B ={x € V(R) | x is an endpoint of a spoke at v}.

Then A and B are infinite subsets of V(R). By Lemma 4.1.9, R contains a sequence of
vertices {z;}5°,, listed in the order as they appear on R, such that for every nonnegative
integer k, xopi1 € A and wor o € B. For a nonnegative integer i, let P,; 1 be the spoke
with endpoints u, x9;11 and let QJo;1o be the spoke with endpoints v, x9;12. The subgraph

(U2 Poit1 U Q2i42) U R contains an X-rich F'F. O

Lemma 4.1.11. Let H be a subdivision of a graph in FFy and let X be an infinite subset

of V(H). Then H contains an X -rich F'F.

Proof. Let R be the rail and let u, v be the infinite-degree vertices of H. Let P be the set of
spokes at u so that every spoke in P has an endpoint on R. Let Q be the set of spokes at

v. Since X C V(H), one of the following is true
1. R contains infinitely many elements of X,

2. there exists an infinite subset P’ of P where each path in P’ contains at least one

element of X — u,

3. there exists an infinite subset Q' of Q where each path in Q' contains at least one

element of X — v.

We divide the proof into two cases.

Case 1: Statement 1 or statement 3 is true.

If statement 1 is true, let @' = Q. Otherwise, let Q" be determined as in statement

3. We label the paths in P that are hooked by a path in Q" as P;, P, ..., in the order as
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their endpoints appear on R. For a P, € P, let Q; € Q' be the path that is hooked to P;.
Let t; be the endpoint of P, on R and let z; be the endpoint of (); on ]ODZ Let R; be the
z;t;-subpath of P;. The subgraph (|J:2, Pai+1 U Q2i42 U Roir2) U R contains an X-rich F'F.

Case 2: Statement 2 is true.

A path in P’ is called good if it is hooked and is bad otherwise. First, suppose there
are infinitely many good paths in P’. We label the good paths in P" as P;, Ps, ..., in the
order as their endpoints appear on R. For each i, let (); € Q be the path that is hooked to
P;. Let t; be the endpoint of P, on R and let z; be the endpoint of (); on f’l Let R; be the
z;it;-subpath of P;. The subgraph (|J;°, Pai+1 U Q2i42 U Roit2) U R contains an X-rich F'F.

Now suppose there are only finitely many good paths in P’, so there are infinitely
many bad paths in P’. We label the bad paths in P" as P|, P;,.... In addition, we label the
paths in P that are hooked as P/, Py,.... For a P/ € P, let Q7 € Q be the path that is
hooked to P!”. Observe that the two sets { P, Py,...} and { P/, Py, ...} are disjoint. Let t; be
the endpoint of P/ on R and let z; be the endpoint of Q) on P(;i”. Let R/ be the z;t;-subpath
of P/. The subgraph (;-, P/ UQYUR!)UR is a subdivision of a graph in FF; containing

infinitely many elements of X. By Lemma 4.1.10, it contains an X-rich F'F. O

Lemma 4.1.12. Let H be a subdivision of a graph in FL, and let X be an infinite subset

of V(H). Then H contains an X -rich F'L.

Proof. In H, let u be the infinite-degree vertex and let A, B be the rails. Without loss of
generality, let A be the rail that contains the endpoints of the spokes of H. Let R be the

union of all rungs. Since X C V(H), one of the following is true
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1. AU B U R contains infinitely many elements of X,

2. there exist infinitely many spokes each contains at least one element of X — u.
First, suppose statement 1 is true. By Lemma 3.1.10, AU BU R contains a subdivided
L., which we call L, whose rails are contained in A, B and whose rungs are rungs of H, such
that one of its rails contains infinitely many elements of X or every of its rungs contains at

least one element of X. Let

M = {z € V(A) | z is an endpoint of a spoke of H}

and let

N ={x € V(A) | z is an endpoint of a rung of L}.

Then both M and N are infinite subsets of V(A4). By Lemma 4.1.9, A contains a sequence
of vertices {x;}:2,, listed in the order as they appear on A, such that for every nonnegative
integer k, xopy 1 € M and x99 € N. For a nonnegative integer ¢, let Sy; ;1 be the spoke of
H with endpoints u, z9;11 and let Ry; o be the rung of L with x99 as its endpoint in A.
The subgraph (|J;2, S2i+1 U Rai12) U AU B contains an X-rich FL.

Now suppose statement 2 is true. Let S be an infinite set of the spokes of H such
that every spoke in S contains at least one element of X — u. By Lemma 3.1.9, AUBUR
contains a subdivided L., which we call L, whose rails are contained in A, B and whose

rungs are rungs of H. Let

M = {x € V(A) | z is an endpoint of a spoke in S}
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and let

N ={x € V(A) | z is an endpoint of a rung of L}.

Then both M and N are infinite subsets of V(A4). By Lemma 4.1.9, A contains a sequence
of vertices {x;}:°,, listed in the order as they appear on A, such that for every nonnegative
integer k, xor 1 € M and w9, o € N. For a nonnegative integer 7, let Sy;,1 be the spoke
in § with endpoints u, x9;11 and let Ro;1o be the rung of L with x5, as its endpoint in A.

The subgraph (|J;2, S2i+1 U Rait2) U AU B contains an X-rich FL. O

Lemma 4.1.13. Let H be a subdivision of a graph in FLs and let X be an infinite subset

of V(H). Then H contains an X -rich F'L.

Proof. In H, let A, B be the rails and let u be the infinite-dergree vertex. Let & be the set

of spokes and let R be the set of rungs. Since X C V(H), one of the following is true
1. AU B contains infinitely many elements of X,

2. there exists an infinite subset &’ of & where every spoke in &’ contains at least one

element of X — u,

3. there exists an infinite subset R’ of R where every rung in R’ contains at least one

element of X.

We divide the proof into two cases.

Case 1: Statement 1 or statement 2 is true.

If statement 1 is true, let S’ = §. Otherwise, let &’ be determined as in statement
2. Let R” be the set of rungs of H that are hooked by a spoke in & and let R” be the

union of all rungs in R”. If statement 1 is true, then by Lemma 3.1.10, AU BU R” contains

81



a subdivided L., whose rails are contained in A, B and whose rungs belong to R”, such
that one of its rails contains infinitely many elements of X. Otherwise, by Lemma 3.1.9,
AU BU R" contains a subdivided L.,, whose rails are contained in A, B and whose rungs
belong to R”. In either case, we denote L to be this subdivided L,,. We label the rungs of
L as Ry, Ry, ..., in the order as their endpoints appear on A. Note that every R; is hooked
by a spoke in &’ by the choice of R”. For an R;, let S; € &’ be the path that is hooked to
R;. Let t; be the endpoint of R; on A and let z; be the endpoint of .S; on Z%l Let M, be the
z;it;-subpath of R;. The subgraph (|J;2 Roit1 U Sairo U Ma;9) U AU B contains an X-rich
FL.

Case 2: Statement 3 is true.

A rung in R’ is called good if it is hooked and is bad otherwise. First, suppose there
are infinitely many good rungs in R'. Let R” C R’ be an infinite subset of good rungs and
let R” be the union of all rungs in R”. By Lemma 3.1.10, AU BU R" contains a subdivided
Lo, which we call L, whose rails are contained in A, B and whose rungs belong to R”, such
that one of its rails contains infinitely many elements of X or every of its rungs contains
at least one element of X. We label the rungs of L as Ry, Rs,..., in the order as their
endpoints appear on A. Note that every R; is hooked by the definition of being good. For
an R;, let .S; € S be the spoke that is hooked to R;. Let t; be the endpoint of R; on A
and let z; be the endpoint of S; on }%Z Let M, be the z;t;-subpath of R;. The subgraph
(U2 Rait1 U Saio U M) U AU B contains an X-rich F'L.

Now suppose there are only finitely many good rungs in R’, so there are infinitely
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many bad rungs in R’. Let R” C R’ be an infinite subset of bad rungs and let R” be the
union of all rungs in R”. By Lemma 3.1.10, AU B U R” contains a subdivided L.,, which
we call L, whose rails are contained in A, B and whose rungs belong to R”, such that L
contains infinitely many elements of X. Let R"” C R be an infinite subset of rungs that are
hooked and let R” be the union of all rungs in R"”. By Lemma 3.1.9, AU BUR" contains a
subdivided L., which we call L', whose rails are contained in A, B and whose rungs belong
to R"”. We label the rungs of L as R}, R,,.... We label the rungs of L' as R}, R}, .... Note
that every R/ is hooked by the definition of being good. For an R}, let S/ € S be the spoke
that is hooked to R!. Observe that the two sets { R}, RS, ...} and {R, R}, ...} are disjoint.
Let t; be the endpoint of R on A and let z; be the endpoint of S} on ]%’ . Let M be the
z;t;-subpath of R}. The subgraph (|J;>, R; U R} U M/") U AU B is a subdivision of a graph
in FL, containing infinitely many elements of X. By Lemma 4.1.12, it contains an X-rich

FL. [l

Lemma 4.1.14. Let H be a subdivision of a graph in LL1 and let X be an infinite subset

of V(H). Then H contains an X-rich LL.

Proof. In H, let A, B,C be its rails, let M be the set of rungs between A, B, and let N/
be the set of rungs between B, . Let M be the union of all rungs in M and let N be the
union of all rungs in N. Since X C V(H), we may assume, without loss of generality, that
AUBUM contains infinitely many elements of X. By Lemma 3.1.10, AU BU M contains a
subdivided L, which we call L, whose rails are contained in A, B and whose rungs belong

to M, such that L contains infinitely many elements of X. In addition, by Lemma 3.1.9,
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BUC U N contains a subdivided L., which we call L', whose rails are contained in B,

and whose rungs belong to N. Let

S ={x € V(B) | z is an endpoint of a rung of L}
and let

T ={x € V(B) | x is an endpoint of a rung of L'}.

Then both S and T are infinite subsets of V(B). By Lemma 4.1.9, B contains a sequence
of vertices {x;}22,, listed in the order as they appear on B, such that for every nonnegative
integer k, wor11 € M and x9pio € N. For a nonnegative integer i, let Sy, 1 be the rung of
L with x9;,1 as its endpoint in B and let T5; 5 be the rung of L’ with x9;,5 as its endpoint

in B. The subgraph (|J;=, S2i41 U T242) UAU B UC contains an X-rich LL. O

Lemma 4.1.15. Let H be a subdivision of a graph in LLo and let X be an infinite subset

of V(H). Then H contains an X -rich LL.

Proof. In H, let A, B,C be the rails, let R be the set of rungs between A, B, and let S be

the set of spokes. Since X C V(H), one of the following is true
1. AU B contains infinitely many elements of X,
2. C contains infinitely many elements of X,

3. there exists an infinite subset &’ of S where every spoke in &’ contains at least one

element of X,

4. there exists an infinite subset R’ of R where every rung in R’ contains at least one

element of X.
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We divide the proof into two cases.

Case 1: Statement 1, statement 2, or statement 3 is true.

If statement 1 or statement 2 is true, let S’ = S. Otherwise, let S’ be determined as
in statement 3. Let R” be the set of rungs of H that are hooked by a spoke in &’ and let R”
be the union of all rungs in R”. If statement 1 is true, then by Lemma 3.1.10, AU BU R”
contains a subdivided L., whose rails are contained in A, B and whose rungs belong to R”,
such that one of its rails contains infinitely many elements of X. Otherwise, by Lemma 3.1.9,
AU BU R" contains a subdivided L.,, whose rails are contained in A, B and whose rungs
belong to R”. In either case, we denote L to be this subdivided L.,. We label the rungs of
L as Ry, Ry, ..., in the order as their endpoints appear on A. Note that every R; is hooked
by a spoke in &’ by the choice of R”. For an R;, let S; € &’ be the path that is hooked to
R;. Let t; be the endpoint of R; on A and let z; be the endpoint of S; on }%l Let M, be the
zit;-subpath of R;. The subgraph (|;=, Rai+1 U Sairo U Maiio) U AU B U C is a subdivision
of a graph in ££; containing infinitely many elements of X. By Lemma 4.1.14, it contains
an X-rich LL.

Case 2: Statement 4 is true.

A rung in R’ is called good if it is hooked and is bad otherwise. First, suppose there
are infinitely many good rungs in R'. Let R” C R’ be an infinite subset of good rungs and
let R” be the union of all rungs in R”. By Lemma 3.1.10, AU BU R” contains a subdivided
L, which we call L, whose rails are contained in A, B and whose rungs belong to R”, such

that one of its rails contains infinitely many elements of X or every of its rungs contains
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at least one element of X. We label the rungs of L as Ry, Rs,..., in the order as their
endpoints appear on A. Note that every R; is hooked by the definition of being good. For
an R;, let S; € S be the spoke that is hooked to R;. Let t; be the endpoint of R; on A
and let z; be the endpoint of S; on }%Z Let M; be the z;t;-subpath of R;. The subgraph
(UiZo Rait1 U Saipo U Mayo) UAU B is a subdivision of a graph in ££; containing infinitely
many elements of X. By Lemma 4.1.14, it contains an X-rich LL.

Now suppose there are only finitely many good rungs in R’, so there are infinitely
many bad rungs in R’. Let R” C R’ be an infinite subset of bad rungs and let R” be the
union of all rungs in R”. By Lemma 3.1.10, AU B U R” contains a subdivided L.,, which
we call L, whose rails are contained in A, B and whose rungs belong to R”, such that one
of its rails contains infinitely many elements of X or every of its rungs contains at least one
element of X. Let R"” C R be an infinite subset of rungs that are hooked and let R” be the
union of all rungs in R”. By Lemma 3.1.9, AU B U R” contains a subdivided L, which
we call L', whose rails are contained in A, B and whose rungs belong to R”. We label the
rungs of L as R, R),.... We label the rungs of L' as R}, R,.... Note that every R! is
hooked by the definition of being good. For an R/, let S/ € S be the spoke that is hooked
to R;. Observe that the two sets {R, R,, ...} and {R{, Ry,...} are disjoint. Let ¢; be the
endpoint of R on A and let z; be the endpoint of S’ on 1%’ . Let M be the z;t;-subpath of
R!. The subgraph (|J:2, R;UR!UM/)UAUB is a subdivision of a graph in ££; containing

infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich LL. 0

Lemma 4.1.16. Let A, B be disjoint rays and let R be an infinite set of internally disjoint
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AB-paths. Let R be the union of all paths in R and let H= AUBUR. Assume H is locally
finite. Let u be a vertexr not in H and let S be an infinite set of weakly disjoint wH -paths.
Let S be the union of all paths in S and let G = HUS. Let X be an infinite subset of V(QG).

Then G contains an X -rich FL.
Proof. Since X C V(G), one of the following is true
1. H contains infinitely many elements of X,

2. S has an infinite subset &’ such that every path in &’ contains an element of X — w.
We divide the proof into two cases.

Case 1: Statement 1 is true.

If infinitely many paths in S has endpoints in AU B, then G contains a subdivision
of a graph in FL; containing infinitely many elements of X. By Lemma 4.1.12, it contains
an X-rich F'L. Otherwise, infinitely many paths in S has endpoints in R — (AU B). If a
path in R contains endpoints of more than one path in §, then we delete edges of all but one
path in §. By repeating this process, we obtain a subdivision of a graph in FL, containing
infinitely many elements of X. By Lemma 4.1.13, G contains an X-rich F'L.

Case 2: Statement 2 is true. If a path in R contains endpoints of more than one
path in &', then we delete edges of all but one path in §’. By repeating this process, we
obtain a subdivision of a graph in F L, containing infinitely many elements of X. By Lemma

4.1.13, G contains an X-rich F'L. O]

In addition to cleaning up the graphs in {FF, FFq, FLy, FLo, LL1, LLo}, we also

need to clean up graphs of an L£LL£; or LL, nature, but with extra jumps inside. The next
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three lemmas make this idea more precise.

Lemma 4.1.17. Let A, B be disjoint rays and let R be an infinite set of internally disjoint
AB-paths. Let R be the union of all paths in R and let H=AUBUR. Assume H is locally
finite. Let J be an infinite set of disjoint H-paths. Let G be the union of H and all paths in
J and let X be an infinite subset of V(G) such that every path in J contains at least one

element of X. Then G contains an X -rich L.

Proof. First, observe that G is locally finite since H is locally finite and paths in J are
disjoint. By definition, every path in J has its two endpoints on H. Up to symmetry, we

may assume that each path in J is exactly one of the following types
e type 1: both endpoints belong to A,
e type 2: one endpoint belongs to A and the other endpoint belongs to B,

e type 3: one endpoint belongs to A and the other endpoint belongs to R — (AU B).
Note that infinitely many paths in J are of one type. For convenience, in this proof,

a path in R is called a rung.
Claim 4.1.17.1. If there exist infinitely many paths of J of type 1, then the lemma holds.

Since paths in J are disjoint, we can find infinitely many paths Jy, Jo,... in J such
that with respect to A, J; is on the left of J;1y for i = 1,2,.... For each J;, let a;,b; be its
two endpoints on A. Observe that every Ala;b;] contains endpoints of finitely many rungs
because G is locally finite. First, if an Ala;b;] contains endpoints of more than one rung,

then we delete edges of all but one rung with an endpoint in Afa;b;]. Hence, we may assume
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every Ala;b;] contains endpoint of at most one rung. Next, suppose a rung has an endpoint
rin an Afa;b;]. If r € A(a;b;), then we delete edges of Ala;r]. Otherwise, r € {a;,b;}, and
we delete edges of Ala;b;]. By repeating this process, we obtained a graph satisfying the

conditions in Lemma 3.1.10. Thus, G contains an X-rich L.,. This proves the claim.
Claim 4.1.17.2. If there exist infinitely many paths of J of type 2, then the lemma holds.

Let J' be an infinite subset of J such that every path in J’ is of type 2. Let J' be
the union of all paths in J'. The subgraph A U B U J' satisfies the conditions in Lemma

3.1.10, so it contains an X-rich L.,. This proves the claim.
Claim 4.1.17.3. If there exist infinitely many paths of J of type 3, then the lemma holds.

Let J' be an infinite subset of J such that every path in J’ is of type 3. Since G
is locally finite, J’ has an infinite subset J” = { P, P, ...} such that every rung contains
endpoints of at most one path in J”. For each i, let ); be the unique rung such that éz
contains an endpoint of P;. Let x; be the endpoint of ); on B. and let y; be the endpoint
of P, on éz Let M; be the z;y;-subpath of Q;. Now Q) = P, U M, is an AB-path. Let
R = |JZ, Q.. The subgraph AU B U R’ satisfies the conditions in Lemma 3.1.10, so it
contains an X-rich L.,. This proves the claim.

We have shown that if infinitely many paths of J are of type i, for any i € {1,2,3},

then the lemma holds. This completes the proof. O

Lemma 4.1.18. Let H be a subdivision of a graph in LLi and let J be an infinite set of

disjoint H-paths. Let G be the union of H and all paths in J and let X be an infinite subset
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of V(G) such that every path in J contains at least one element of X. Then G contains an

X-rich LL.

Proof. First, observe that G is locally finite since H, being a subdivision of a graph in £L;,
is locally finite and paths in J are disjoint. In H, let A, B, C' be its rails and let S; be the
sets of rungs between A, B and let Sy be the sets of rungs between B, C'. Let S; be the union
of all paths in S; for i« = 1,2. By definition, every path in J has its two endpoints on H.

Up to symmetry, we may assume that each path in J is exactly one of the following types
e type 1: both endpoints belong to A,
e type 2: one endpoint belongs to A and the other endpoint belongs to B U C,
e type 3: one endpoint belongs to A and the other endpoint belongs to S; — (AU B),
e type 4: one endpoint belongs to A and the other endpoint belongs to S, — (B U C),
e type 5: both endpoints belong to B,
e type 6: one endpoint belongs to B and the other endpoint belongs to S; — (AU B),
e type 7: both endpoints belong to S; — (AU B),

e type 8: one endpoint belongs to S; — (A U B) and the other endpoint belongs to
Sy — (BUC(C).

Note that infinitely many paths in J are of one type.
Claim 4.1.18.1. If there exist infinitely many paths of J of type 1, then the lemma holds.

Since paths in J are disjoint, we can find infinitely many paths Jy, Jo,... in J such

that with respect to A, J; is on the left of J;,; for i = 1,2,.... For each J;, let a;, b; be its
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two endpoints on A. Observe that every Ala;b;] contains endpoints of finitely many rungs
because G is locally finite. First, if an A[a;b;] contains endpoints of more than one rung, then
we delete edges of all but one rung with an endpoint in Ala;b;]. Hence, we may assume every
Ala;b;] contains endpoint of at most one rung. Next, suppose a rung has an endpoint r in an
Ala;b;]. It r € A(a;b;), then we delete edges of Ala;r]. Otherwise, r € {a;,b;}, and we delete
edges of Ala;b;]. By repeating this process, we obtained a subdivision of ££; containing
infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich LL. This proves the

claim.
Claim 4.1.18.2. [f there exist infinitely many paths of J of type 2, then the lemma holds.

Let J’ be an infinite subset of 7 such that every path in 7’ is of type 2. Then J’
has an infinite subset J” such that every path in J” is an AB-path or every path in J” is
an AC-path. Let J” be the union of all paths in J”. The subgraph AU BUC U Sy U J”
is a subdivision of a graph in £L£; containing infinitely elements of X. By Lemma 4.1.14, it

contains an X-rich LL. This proves the claim.

Claim 4.1.18.3. If there exist infinitely many paths of J of type 3 or type 6, then the lemma

holds.

Let J' be an infinite subset of J such that every path in J’ is of type 3 or every
path in J’ is of type 6. Since G is locally finite, J’ has an infinite subset J" = {P}, P,,...}
such that every path in S; contains endpoints of at most one path in J”. For each i, let Q;
be the unique path in S; such that éz contains an endpoint of P;. If every path in J' is of

type 3, then let z; be the endpoint of ); on B. Otherwise, every path in J’ is of type 6
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and we let x; be the endpoint of ; on A. Let y; be the endpoint of P; on ;. Let M; be
the z;y,~subpath of Q;. Now Q; = P, U M; is an AB-path. Let S| = |J;2, @Q;. The subgraph
AUBUCUS]U S, is a subdivision of a graph in ££; containing infinitely elements of X.

By Lemma 4.1.14, it contains an X-rich LL. This proves the claim.
Claim 4.1.18.4. If there exist infinitely many paths of J of type 4, then the lemma holds.

Let J' be an infinite subset of J such that every path in J’ is of type 4. Since
G is locally finite, J' has an infinite subset J” = { P}, P, ...} such that every path in S,
contains endpoints of at most one path in J”. For each i, let ); be the unique path in S,
such that él contains an endpoint of P;. Let x; be the endpoint of (); on C. Let y; be the
endpoint of P; on Qol Let M; be the z;y;-subpath of Q;. Now Q}; = P; U M; is an AC-path.
Let Sy = U2, Q. The subgraph AU BUC U S; U S} is a subdivision of a graph in ££4
containing infinitely elements of X. By Lemma 4.1.14, it contains an X-rich LL. This proves

the claim.
Claim 4.1.18.5. If there exist infinitely many paths of J of type 5, then the lemma holds.

Since paths in J are disjoint, we can find infinitely many paths J;, Jo,... in J such
that with respect to B, J; is on the left of J;;; for ¢ = 1,2,.... For each J;, let x;,y; be its
two endpoints on B. Observe that every B[x;y;] contains endpoints of finitely many rungs
because G is locally finite. If a B[x;y;] contains endpoints of more than one rung in Sy, then
we delete edges of all but one rung in S; with an endpoint in B|x;y;]. Similarly, if a Blx;y;]
contains endpoints of more than one rung in S,, then we delete edges of all but one rung in

Sy with an endpoint in Blz;y;]. Hence, we may assume every B[z;y;] contains endpoints of
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at most one rung in §; and at most one rung in S;. We consider a path J; to be type Ha if
Blz;y;] contains no endpoint of rungs in S; and no endpoint of rungs in Sy and to be type
5b otherwise. Let I = {i | J; is of type ba} and let I’ = {i | J; is of type 5b}. Then either
I or I’ is infinite. First, suppose [ is infinite. By replacing B[x;y;] with J; for every i € I,
we obtain a subdivision of a graph in ££; containing infinitely elements of X. By Lemma
4.1.14, it contains an X-rich LL. Now suppose I’ is infinite. Let I; be the subset of I’ such
that if i € I, then Blx;y;] contains an endpoint of a rung in &; and let I be the subset of
I’ such that if i € I, then Blx;y;] contains an endpoint of a rung in S;. Note that I; and I,
may have common elements. Since I’ is infinite, at least one of the I; or I, is infinite. We
divide the remain of this claim into two cases.

Case 1: Both I} and I, are infinite. By Lemma 3.1.2, there exist two infinite sets
Is C I and I C I, such that I3 NI, = (. For ¢ € I3, let M; be the rung in S; with
an endpoint m; in Blz;y;|. If m; € B(z;y;), then we delete edges of Blz;m;]. Otherwise,
m; € {x;,y;}, and we delete edges of Blx;y;]. For j € I, let N; be the rung in S, with
an endpoint n; in Blz;y;]. If n; € B(x;y;), then we delete edges of Blz;n;]. Otherwise,
n; € {z;,y;}, and we delete edges of Bz,y;]. By repeating this process for all ¢ € I3 and all
J € I, we obtain a subdivision of a graph in ££; containing infinitely elements of X. By
Lemma 4.1.14, it contains an X-rich LL.

Case 2: Exactly one of the I; or [ is infinite. Without loss of generality, we may
assume [; is infinite while I is finite. Hence, I3 = I; — I, is infinite. For ¢ € I3, let M,

be the rung in &; with an endpoint m; in Blx;y;]. If m; € B(z;y;), then we delete edges of

93



Blz;m;]. Otherwise, m; € {x;,y;}, and we delete edges of B|x;y;]. By repeating this process
for every i € I3, we obtain a subdivision of a graph in ££; containing infinitely elements of

X. By Lemma 4.1.14, it contains an X-rich LL. This proves the claim.
Claim 4.1.18.6. If there exist infinitely many paths of J of type 7, then the lemma holds.

Let J' be an infinite subset of 7 such that every path in J’ is of type 7. Since G is
locally finite, 7' has an infinite subset [J” such that every path in S; contains endpoints of
at most one path in J”. To see this, we start with 7” = (). Let J € J' — J”. Then J has
endpoints in JOD, 52 for some P, () € §; where P = () is possible. Next, we delete edges of all
paths in J’, except for J, with an endpoint in ;7 U(j} and then we add J into J”. Note that
after doing this, J’ is still infinite as we only delete finitely many paths in 7’'. We then pick
aJ € J — J" and repeat the process. This yields the desired J”. A path in J” is called
type 7a if its two endpoints belong to 52 for some Q € §; and is called type 7b otherwise.
First, suppose there are infinitely many paths P, Ps, ... of type 7a in J”. Then each P, has
endpoints z;,y; € QOz for some @Q; € ;. Let Q) be the path obtained by replacing Q;[x;y;]
by P, and let S| = |J;2, @;. The subgraph AU B UC U S} U S, is a subdivision of a graph
in £L£; containing infinitely elements of X. By Lemma 4.1.14, it contains an X-rich LL.
Now suppose there are infinitely many paths Py, P, ... of type 7b in J”. Then each P; has
endpoints x; € él and y; € ];% for some distinct );, R; € S;. Note that both @);, R; contain
only endpoints of P; by the choice of J”. Let ¢; be the endpoint of ); on A and let r; be
the endpoint of R; on B. Let Q) be the ¢;x;-subpath of @Q; and let R} be the y,;r;-subpath

of R;. Let M; = Q; U P, UR] and let S| = J;2; M;. The subgraph AUBUCUS; U S, is
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a subdivision of a graph in ££; containing infinitely elements of X. By Lemma 4.1.14, it

contains an X-rich LL. This proves the claim.
Claim 4.1.18.7. If there exist infinitely many paths of J of type 8, then the lemma holds.

Let J' be an infinite subset of J such that every path in 7' is of type 8. Since G
is locally finite, J’ has an infinite subset J” = {Ji, Ja, ...} such that every path in &; and
every path in Sy contain endpoints of at most one path in J”. To see this, we start with
J"=10. Let J € J' —J". Then J has endpoints in %, 62 for some P € §; and some () € S,.
Next, we delete edges of all paths in J', except for J, with an endpoint in 103 U 52 and then
we add J into J”. Note that after doing this, J' is still infinite as we only delete finitely
many paths in J’. We then pick a J' € J' — J” and repeat the process. This yields the
desired J"”. Now every J; has its two endpoints on f’i, Qol where P; is a path in S and @); is
a path in Ss. Let x; be the endpoint of P, on A and let y; be the endpoint of J; on ]ODZ Let
M; = J;UQ; U Pj[zy;] and let M = |J;°, M;. The subgraph AU BUC U M is a subdivision
of a graph in L£L£, containing infinitely many elements of X. By Lemma 4.1.15, it contains
an X-rich LL. This proves the claim.

We have shown that if infinitely many paths of J are of type i, forany i € {1,2,...,8},

then the lemma holds. This completes the proof. O

Lemma 4.1.19. Let H be a subdivision of a graph in LLy and let J be an infinite set of
disjoint H-paths. Let G be the union of H and all paths in J and let X be an infinite subset

of V(G) such that every path in J contains at least one element of X. Then G contains an

X-rich LL.
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Proof. First, observe that G is locally finite since H, being a subdivision of a graph in L£Ls,
is locally finite and paths in J are disjoint. In H, let A, B, C be its rails and let &7 be the
set of rungs between A, B and let S; be the set of spokes. Let .S; be the union of all paths in
S; for i = 1,2. By definition, every path in J has its two endpoints on H. Up to symmetry,

we may assume that each path in J is exactly one of the following types
e type 1: both endpoints belong to A,
e type 2: one endpoint belongs to A and the other endpoint belongs to B,
e type 3: one endpoint belongs to A and the other endpoint belongs to C,
e type 4: one endpoint belongs to A and the other endpoint belongs to S; — (AU B),
e type 5: one endpoint belongs to A and the other endpoint belongs to Sy — (C'U Sy),
e type 6: both endpoints belong to C,
e type 7: one endpoint belongs to C' and the other endpoint belongs to S; — (AU B),
e type 8: one endpoint belongs to C' and the other endpoint belongs to Sy — (C'U Sy),
e type 9: both endpoints belong to S — (AU B),
e type 10: both endpoints belong to Sy — (C'U Sy),

e type 11: one endpoint belongs to S; — (A U B) and the other endpoint belongs to
Sy — (C'USy).

Note that infinitely many paths in J are of one type.

Claim 4.1.19.1. If there exist infinitely many paths of J of type 1, then the lemma holds.
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Since paths in J are disjoint, we can find infinitely many paths Ji, Jo,... in J such
that with respect to A, J; is on the left of J;;; for i = 1,2,.... For each J;, let a;,b; be its
two endpoints on A. Observe that every Ala;b;] contains endpoints of finitely many rungs
because G is locally finite. First, if an A[a;b;] contains endpoints of more than one rung, then
we delete edges of all but one rung with an endpoint in Ala;b;]. Hence, we may assume every
Ala;b;] contains endpoint of at most one rung. Next, suppose a rung has an endpoint r in an
Ala;b;]. If r € A(a;b;), then we delete edges of Ala;r]. Otherwise, r € {a;,b;}, and we delete
edges of Ala;b;]. By repeating this process, we obtained a subdivision of £L£, containing
infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. This proves the

claim.
Claim 4.1.19.2. If there exist infinitely many paths of J of type 2, then the lemma holds.

Let J' be an infinite subset of 7 such that every path in J’ is of type 2. Let J'
be the union of all paths in J’. The subgraph H U J’ is a subdivision of a graph in £L,
containing infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. This

proves the claim.
Claim 4.1.19.3. If there exist infinitely many paths of J of type 3, then the lemma holds.

Let J' be an infinite subset of 7 such that every path in J’ is of type 3. Let J' be
the union of all paths in J’. The subgraph AU BUC U S; U J’ is a subdivision of a graph
in £L£; containing infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich

LL. This proves the claim.
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Claim 4.1.19.4. If there exist infinitely many paths of J of type 4, then the lemma holds.

Let J’ be an infinite subset of J such that every path in J' is of type 4. Since G
is locally finite, 7' has an infinite subset J” such that every path in S; contains endpoints
of at most one path in J”. Let S be an infinite subset of &; such that every path in S
contains endpoints of a path in J”. A path in S} is called type 4a if it is hooked by a spoke
and is called type 4b otherwise. We divide the remain of this claim into two cases.

Case 1: There exist infinitely many paths in S| of type 4a. Since G is locally finite,
S) has an infinite subset S) = { Py, P, ...} such that paths in §; are pairwise disjoint. For
each i, let ); be the path in J” whose one of the endpoints is in f’z and let S; be the spoke
that is hooked to P;. Let z; be the endpoint of S; on 1031 and let y; be the endpoint of Q);
on f’z Let p; be the endpoint of P, on B. Let M; be the z;p;-subpath of P; and let N; be
the y;p;-subpath of P,. Let A, = Q; UM; UN; U S; and let A’ = |J°, A;. The subgraph
AUBUCU A is a subdivision of a graph in £L£, containing infinitely many elements of X.
By Lemma 4.1.15, it contains an X-rich LL.

Case 2: There exist infinitely many paths Py, Ps, ... in S] of type 4b. For each i, let
Q; be the path in J” whose one of the endpoints is in f’l Let z; be the endpoint of P, on A
and let y; be the endpoint of @); on ]ODZ We then remove the edges of P;[z;y;]. By repeating
this process, we obtain a subdivision of a graph in ££, containing infinitely many elements

of X. By Lemma 4.1.15, it contains an X-rich LL. This proves the claim.
Claim 4.1.19.5. If there exist infinitely many paths of J of type 5, then the lemma holds.

Let J' be an infinite subset of 7 such that every path in J’ is of type 5. Since G is
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locally finite, J’ has an infinite subset J” such that every path in Sy contains endpoints of
at most one path in J”. Let S, = {P;, P»,...} be an infinite subset of Sy such that every
P; contains endpoints of a path in J”. For each i, let ); be the path in J” whose one of
the endpoints is in ﬁ, Let x; be the endpoint of P; on C and let y; be the endpoint of Q;
on JODZ Let M; be the x;y;-subpath of P; and let N; = @); U M;. Then N; is an AC-path.
Let N = [J;2; N;. The subgraph AU B UC U S; UN is a subdivision of a graph in ££4
containing infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich LL. This

proves the claim.
Claim 4.1.19.6. If there exist infinitely many paths of J of type 6, then the lemma holds.

Since paths in J are disjoint, we can find infinitely many paths J;, Jo,... in J such
that with respect to C, J; is on the left of J;;; for ¢ = 1,2,.... For each J;, let a;, b; be its
two endpoints on C. Observe that every C[a;b;] contains endpoints of finitely many spokes
because G is locally finite. First, if a Cfa;b;] contains endpoints of more than one spoke,
then we delete edges of all but one spoke with an endpoint in Ca;b;]. Hence, we may assume
every Cla;b;] contains endpoint of at most one spoke. Next, suppose a spoke has an endpoint
s in a Cla;b]. If s € C(a;b;), then we delete edges of Cla;s]. Otherwise, s € {a;,b;}, and
we delete edges of Cla;b;]. By repeating this process, we obtained a subdivision of L£LL,
containing infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. This

proves the claim.
Claim 4.1.19.7. If there exist infinitely many paths of J of type 7, then the lemma holds.
Let J’ be an infinite subset of 7 such that every path in J’ is of type 7. Since G is
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locally finite, J’ has an infinite subset J” such that every path in S; contains endpoints of at
most one path in J”. Let J” be the union of all paths in 7”. The subgraph AUBUCUS;UJ"
is a subdivision of a graph in L£L, containing infinitely many elements of X. By Lemma

4.1.15, it contains an X-rich LL. This proves the claim.
Claim 4.1.19.8. If there exist infinitely many paths of J of type 8, then the lemma holds.

Let J' be an infinite subset of 7 such that every path in J’ is of type 8. Since G is
locally finite, J' has an infinite subset J” = { Py, P,, ...} such that every path in S, contains
endpoints of at most one path in J”. For each i, let .S; be the path in S, that contains an
endpoint of P; and let R; be the path in §; for which S; is hooked to. Let z; be the endpoint
of P, on §, and let y; be the endpoint of S; on Foil Let M; be the x;y;-subpath of S; and
let N; = P,UM,. Let N =J;2, N;. The subgraph AUBUC U S; UN is a subdivision of
a graph in £L, containing infinitely many elements of X. By Lemma 4.1.15, it contains an

X-rich LL. This proves the claim.
Claim 4.1.19.9. If there exist infinitely many paths of J of type 9, then the lemma holds.

Let J' be an infinite subset of J such that every path in 7' is of type 9. Since G
is locally finite, J’ has an infinite subset 7" such that every path in &; contains endpoints
of at most one path in J”. To see this, we start with J” = (. Let J € J' — J"”. Then J
has endpoints in ;’, 52 for some P,Q) € &1 where P = () is possible. Next, we delete edges
of all paths in J', except for J, with an endpoint in % U é together with edges of all spokes
incident with those paths, and then we add J into J”. Note that after doing this, J' is

still infinite as we only delete finitely many paths in J’. We then pick a J' € J' — J" and
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repeat the process. This yields the desired J”. A path in J” is called type 9a if both of
is endpoints belong to 103 for some P € &) and is called type 9b otherwise. We divide the
remain of this claim into two cases.

Case 1: There exist infinitely many paths {P;, P, ...} in J” of type 9a. For each 1,
let (); be the path in &; that contains both endpoints of P;. Now each ); is either hooked
or not hooked. Suppose there exist infinitely many (; that are not hooked; we label them

1,Q5,.... Let P! be the path in J” whose endpoints z}, y; are in 63; We then delete edges
of Qi[x}y!]. By repeating this process, we obtain a subdivision of a graph in £L£, containing
infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. Now suppose
there exist infinitely many (); that are hooked; we label them @Y, Q5,.... Let P/ be the
path in J” whose endpoints z/,y/ are in é;’ . Let R! be the spoke in S, that is hooked to

Q7; let 7 be the endpoint of R/ in 6(2);’ I ¢ QY (2, yl), then we delete edges of Qf[z}y!].
Otherwise, ! € Q7(zy!), and we delete edges of Q7 [r!y!]. By repeating this process, we
obtain a subdivision of a graph in £L, containing infinitely many elements of X. By Lemma
4.1.15, it contains an X-rich LL.

Case 2: There exist infinitely many paths { Py, P, ...} in J” of type 9b. For each 1,
there exist distinct A;, B; € S; such that f(il contains an endpoint z; of P; and Bi contains
the other endpoint y; of P;,. We call P; type 9bl if neither A; nor B; is hooked and type
9b2 otherwise. First, suppose infinitely many paths in J"” is of type 9bl. For each such P,

of type 9bl, let a; be the endpoint of A; on A and let b; be the endpoint of B; on B. Let

M; = Ajlajz;] U Py U Byly;bs] and let M = J;Z, Mj. Let Si be the union of all rungs that
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are hooked. The subgraph AU BUC US| U Sy, U M is a subdivision of a graph in ££,
containing infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. Now
suppose infinitely many paths in J” is of type 9b2. For each such P;, we may assume that
A, is hooked by a spoke S;. This means that S; has an endpoint s; € fij. Without loss of
generality, we may assume that s; € A;(a;x;] where a; is the endpoint of A; on A. Let b;
be the endpoint of B; on B. Let M; = Ajla;z;] U P U Bjly;b;] and let M = |72, S; U M;.
The subgraph AU B U C U M is a subdivision of a graph in ££, containing infinitely many

elements of X. By Lemma 4.1.15, it contains an X-rich LL. This proves the claim.
Claim 4.1.19.10. If there exist infinitely many paths of J of type 10, then the lemma holds.

Let J’ be an infinite subset of J such that every path in J' is of type 10. Since G is
locally finite, 7' has an infinite subset [J” such that every path in S, contains endpoints of
at most one path in J”. To see this, we start with 7” = (). Let J € J' — J”. Then J has
endpoints in ]%, 52 for some P, () € S; where P = () is possible. Next, we delete edges of all
paths in J’, except for J, with an endpoint in 1% Ug) and then we add J into J”. Note that
after doing this, J’ is still infinite as we only delete finitely many paths in J’. We then pick
aJ € J — J" and repeat the process. This yields the desired J”. A path in J” is called
type 10a if both its endpoints belong to 103 for some P € &; and is called type 10b otherwise.
First, suppose there exist infinitely many paths {Py, P, ...} in J” of type 10a. For each
1, let @); be the spoke in Sy containing the endpoints z;,y; of P;. We then delete edges of
Q:[z;y;]. By repeating this process, we obtain a subdivision of a graph in £L£, containing

infinitely many elements of X. By Lemma 4.1.15, it contains an X-rich LL. Now suppose

102



there exist infinitely many paths {P], Pj,...} in J” of type 10b. Then each P! has endpoints
S 63; and y; € ]%; for some distinct @}, R, € S». Note that both @}, R contain endpoints
of only P/ by the choice of J". Let ¢, be the endpoint of @)} on C' and let 7 be the endpoint
of R; on R for some R € Si. Let M; = U2, Qilgix}] U P/ U Rj[yir}] and let M = (=, M;.

The subgraph AU BUC US; U M is a subdivision of a graph in ££, containing infinitely

many elements of X. By Lemma 4.1.15, it contains an X-rich LL. This proves the claim.
Claim 4.1.19.11. If there exist infinitely many paths of J of type 11, then the lemma holds.

Let J' be an infinite subset of J such that every path in J' is of type 11. Since G
is locally finite, J’ has an infinite subset J” = { P, P, ...} such that every path in S; and
every path in Sy contain endpoints of at most one path in J”. To see this, we start with
J"=0. Let J € J' —J". Then J has endpoints in 1?", QOQ for some P € §; and some () € S,.
Next, we delete edges of all paths in J’, except for J, with an endpoint in % UC?) and then we
add J into J”. (If we delete edges of a rung that is hooked, then we also delete edges of the
spoke that is incident with that rung.) Note that after doing this, J’ is still infinite as we
only delete finitely many paths in 7’'. We then pick a J' € J' — J” and repeat the process.
This yields the desired J”. For each i, let S; € Sy be the spoke that contains an endpoint
z; of P;. Let s; be the endpoint of S; on V(C) and let M; = S;[s;x;] U P;,. Let M = J:2, M;.
The subgraph AU BUC U S; U M is a subdivision of a graph in £L£, containing infinitely
many elements of X. By Lemma 4.1.15, it contains an X-rich LL. This proves the claim.

We have shown that if infinitely many paths of J are of type ¢, for any

i€ {l1,2,...,11}, then the lemma holds. This completes the proof. O
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To finish this section, we discuss the crossing property of bridges and paths.
Lemma 4.1.20. Let S be an infinite path and let By, Bs,... be distinct S-bridges, each
having finitely many feet such that with respect to S, B;y1 crosses B; but does not cross B;
for any 5 < i. Then there exist infinitely many S-paths Q1,Qs, ... satisfying the following

1. two distinct Q; and Q; are internally-disjoint,

2. with respect to S, Qi1 crosses Q; but does not cross Q) for any j < i.
Proof. Throughout this proof, every crossing and left, right positions are with respect to .S.
Claim 4.1.20.1. No two bridges have the same set of feet.

Suppose there exist two distinct bridges B; and B; where ¢ < j with the same set of
feet. Then B,y crosses B; and this is contradictory. This proves the claim.
Back to our proof, we proceed using induction with our induction hypothesis P(n),

for a positive integer n, as:

There exist QF, Q5, ..., Q. where @)} is the ith S-path obtained at step n, such that

1. Q7 is a subgraph of B; for every 1,
2. for every i <n —1, Q},; crosses QJ},

3. Q0 =Qrfori=1,2,...,n—2.
We first prove P(n) for n = 1. Since Bj crosses By, it has two feet x1,y; that crosses
two feet of By. Thus, we can find an z;y;-path in By and let Q] be this path. Clearly, Q]
satisfies statements 1, 2, and 3 in the induction hypothesis. Now suppose P(n) is true for
some n = k. We show that P(n) holds for n = k + 1. Let By, Bs,... be given and let
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¥ Q% ..., QF be obtained from P(k). Since By crosses By_1, we may assume, without loss
of generality, that Bj_; has two feet x_1,yx_1 and By has two feet xy, y, such that x,_; is
on the left of yx_1, zx € S(Tx_1Yx_1), and yy is on the right of y,_1. This also implies that
xp_1 is on the left of x5 and y,_1 is on the right of x;. For each B;, let m;,n; € S be two
distinct feet such that all feet of B; are contained in S[m;n;|, denoted as S;. Such m;,n;

exist since B; has finitely many feet.
Claim 4.1.20.2. No foot of By is in S(xg_1Yk—1)-

Suppose for contradiction that there exists a foot of Byy1 in S(xg_1yk_1). Since By
does not cross By_j, all feet of B,y are in Slxy_1yr_1]. Hence, Siy1 C Sp_1. Next, if
S; C Sk_y for some j > k + 1, then S;41 € Si_; since Bj;; does not cross Bj_;. Since
Sk+1 € Sk-1, it follows that S; C Siy_; for all 5 > k + 1. Since Sj_; is finite, there exist
infinitely many bridges with the same set of feet, contradicting Claim 4.1.20.1. This proves
the claim.

Back to our proof, we divide the proof into two cases.

Case 1: No foot of By is in S[yx_1n).

From the previous claim, it follows that no foot of By isin S(xy_1ny). First, suppose
My = Tp_q1 or my is on the right of zx_;. Then S(myng) C S(xkp_1ny). Since By crosses
By, there exists a foot of By in S(myng). But S(mgng) C S(xk_1nk), so there exists a
foot of Byy1 in S(zx_1nk) and this is not possible. Thus, my is on the left of x;_;. Since
By.y1 crosses By, there exists a foot xp; of Bryy in S(mgnyg). This foot xpy; must be in

S(mgag_1] since x4y ¢ S(xk_1nk). We now have two further cases to consider.
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Case la: There exists a foot yg 1 of Byy1 not in S[myx_1].

This implies that yry1 ¢ S[mgng) since yrr1 ¢ S(zp_1mg). Let Qf“ = QF for
i=1,2,...,k—1. Let Q{™" be the myz-path in By, and let Q| be the z 1y)41-path in
Byy1. Now Q’,j]j Crosses QI,Z“ because zx11 € S(mprr_1] C S(mypxr) and ypr1 & S[mpxy
since yri1 ¢ S[mgny) and S[myng) O S[myxy]. In addition, QZ“ crosses QZﬂ because
xp € S(rx_1yr_1) and my, being on the left of z;_1, is not contained in S[ry_1yk_1].

Case 1b: Every foot of By is in S[mgzy_1].

Since By crosses By, there exists a foot z; of By in S(mgiinge1). Let Qf*l = Q*F
fori=1,2,...,k—1. Let QZH be the zpxi-path in By and let Qiﬂ be the myi1ng1-path
in Byi1. Now Q] crosses Qi because z, € S(myyini+1) and ax & S[myinyq) since
ngp1 € S[mirp_1) and 1 is on the left of ;. In addition, QI crosses QF'T because
Ty € S(Tp—1Yp—1) and zx & S[xr_1yk_1] since z € S(Mmpr1npr1) C S(Mpr1Tk-1).

Case 2: There exists a foot xy41 of Byyq in Slyg_1m%).

We now have two further cases to consider.

Case 2a: There exists a foot yg1 of By that is not in S[yx_1n4).

From the previous claim, we deduce that yx,1 ¢ S(xp_1ni]. Let Qf“ = QF for
1 =1,2,...,k—1. Let Qi“ be the xpng-path in By and let Qzﬂ be the zj;1yr11-path

in Byi1. Now QF' crosses Q'] because zp € S(zp_1yx_1) and ny & S[rx_1yk_1] since

ng = Y or ny is on the right of y;, and y; is on the right of y;_;. In addition, Qii} Crosses

QZ“ because zj11 € S[yk—1nk) C S(zenk) and yry1 & S|xrng] since ypr1 ¢ S(rp—1m%| and

S(xp_1nk] D Slrgpng).
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Case 2b: Every foot of By is in S{yx_1n4].

Since By crosses By, there exists a foot z; of By in S(mpyinps1). Let Q¥ = QF
for i =1,2,...,k—1. Let Q;"" be the zjz;-path in By and let Q}T] be the my.ing1-path
in By 1. Now QI,Z]: Crosses Q’,i“ because z, € S(myy1ngy1) and x € S[my1ngyq] since

Mp11 = Yg_1 OF My is on the right of y,_1 and y,_1 is on the right of x;. In addition, Q’,z“

Crosses Qiﬂ because x € S(zr_1yr_1) and 2z, & S[xr_1yk_1] since z;, is on the right of myq
and My = Yg_1 Or Myyq is on the right of yi_4.

By setting Qi = QF for i =1,2,...,k— 1 and Q)" and Q)] as described above,
P(k + 1) is true. We have shown that P(k + 1) is true when P(k) is true, so P(n) holds
for all positive integers n. We define the S-paths @y, Q,,... by taking @Q; = Q'™ in the
induction hypothesis P(i + 2) for i = 1,2,.... Observe that statement 1 in the lemma is
satisfied since (); is a subgraph of B; for every . For statement 2, ();11 crosses ); from the

induction hypothesis and @;+1 does not cross ); for any j < ¢ by the definition of crossing

of By, By, .... This completes the proof. O

Lemma 4.1.21. Let H be the union of a double ray S and infinitely many internally disjoint
S-paths Q1,Q2, ... such that with respect to S, Q11 crosses Q); but does not cross @), for
any j < i. Then H contains three disjoint rays Ry, Ro, R3 such that every Q; is contained
in some R;. In addition, if R = Ri U Ry U Ry and Jy, Ja, ... are all R-bridges, then each
J; is a subpath of S with endpoints in different R; and we call it a jump. Finally, if all but

finitely many jumps are between R; and R;, then Ry contains a subray of S.

Proof. Throughout this proof, every crossing is with respect to S. For each Q;, let x;,y; be
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its two endpoints and let S; = S[x;y;]. Since Q;;1 crosses Q;, exactly one endpoint of Q1
belongs to g'l Let x;11 be that endpoint and let y;,; be the other endpoint. This uniquely
determines the endpoints of ()5, Qs, . ... For @1, let y; be the endpoint belonging to §2 and
let x1 be the other endpoint. Let y_1,yy be the two neighbors of z; on S. The definition
of y_1,yo implies that for every n > 1, S(z1y,) contains a vertex of the form y;. Among
all such vertices in S(x1y,), let y,» be the one whose distance to y, on S is smallest. Let
H; = ()=, Q5 U S;) U Slyoy-1].

Back to our proof, we proceed using induction with our induction hypothesis P(n),

for a positive integer n, as
1. H, is the union of Q1, Qs ..., Q, and S[y,y,| for some n”.

2. H, contains three disjoint paths R}, Ry, Ry between z1,¥o, y—1 and ¥, Yn/, Yn» such

1

that each @), for j < n, is contained in some R. In addition, R} is a subpath of

R} fori=1,2,3.

3. Let R, = R} U Ry U RY. Then S[y,y,] is an R,-bridge. In addition, x,+1 € S(Yny|

and Ynt1 € S — S[ynyn”]-

4. Let J@', J3, ..., J" be the R,-bridges of H,, that are not S|y, .|, which we call jumps.
Then each jump is a subpath of S with endpoints in two different R}'. In addition,

every jump of H, 1 is a jump of H,.
First, we prove P(1) is true. Let us consider Hy, so that n’ € {—1,0}. Let n” =

{~1,0} — {w'}.
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1. By definition, H; = Q1 U S; U S[yoy_1]. Hence, Hy = Q1 U S[y1yn~].

2. Tt is easy to verify statement 2 in the induction hypothesis by letting R} = Q, R} =

Y-1, R;, = Yo-

3. Let Ry = R} U R} U R} Clearly, S[y1y,/] is an Ry-bridge. In addition, zo € S(y1yn]

because x5 € Sy and yo € S — S[y1ynr] because Qo crosses Q.

4. The two R;-bridges that are not S[y,y,] are S|y, x1] and S|y,~x;]. Each is a subpath

of S with endpoints in two different R}.

Thus, P(1) is true. Now suppose P(n) is true for some n = m. We show that
P(n) holds for n = m + 1. Observe that H,,,; is obtained from H,, by adding @,,.; and
one of the S[Yms1¥Ym] O S[Ymi1Ymr]. In Hppyy, let RPT = R RO = Ry RO =
R U S[YmTmi1] U Q1. Observe that R Ry R starts at o1, 3o, y_1 and ends at
Yma1, Yms Yme - In addition, every @), for © < m+1, is contained in some R;-”H. Furthermore,
R™ is a subpath of RI"*! for i = 1,2, 3 by our construction.

Next, let R, = R U Ry U RY™. Then S[ymi1Ym] is an R, i-bridge. Since
Q2 crosses Qumi1, Tmi2 € S(Tmi1Ymt1)-
Claim 4.1.21.1. 2,40 ¢ S(Tms1Ym)-

Assume for contradiction that .2 € S(Tmi1Ym). Then 2,10 € S(zpym). Since
Qm+2 does not cross Q,, with respect to S, Ymi2 € S(Tmym). Hence, S;,10 C S, Next, if

S; C Sy, for some j > m + 2, then S;;1 C S, since with respect to S, Q;4; crosses ); but

does not cross @,,. Since S,,12 C Sy, it follows that S; C S, for all j > m + 2. Since S,,
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is finite, there exist infinitely many (); with the same set of endpoints. But this means that
there exist j > i > m + 2 such that ;41 crosses ); with respect to S, a contradiction. This
proves the claim.

The previous claim implies that =19 € S[YmYmi1). AlsO, Ymio € S — S[Yms1Ym~]
because @42 does not cross @, for any j < m + 1.

Finally, let Ji*, J3*, ..., J* be the jumps of H,,. Then the jumps of H,,,, are

’1ma JQTna ceey Jtrnas['rm-‘rlym]

Clearly, each jump is a subpath of S with endpoints in two different R, In addition,
every jump of H,, is a jump of H,,,;. We have shown that P(m + 1) is true when P(m) is
true, so P(n) is true for all n > 1.

To finish the proof, let Ry = o, RY, Ry = U;o, RS, and Ry = Jio, R;. We will
show that if all but finitely many jumps are between R; and R;, then Rj contains a subray

of S.
Claim 4.1.21.2. Ry contains finitely many Q;.

Note that every endpoint of any @; has degree at least 3 in H and every @Q; is
contained in some I?;. Thus, every endpoint of any (); is incident with a jump. Therefore, if
Ry, contains finitely many jumps, then it contains finitely many ;. This proves the claim.

Let @ be the union of all ); that are contained in Rj. Then @ is a finite graph by
the previous claim. Now Ry C SUQ, so R, —(Q C S. Since () is finite, Ry contains a subray

of S. O
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4.2. Vertex Version

As mentioned at the beginning of this chapter, we will prove a stronger result than
Theorem 1.2.5. We formally state the theorem below.

Theorem 4.2.1. Let G be a weakly 3-connected graph and let X be an infinite subset of
V(G). Then G contains an X -rich H for some H in {K3 , FF,FL,LL}.

Now every weakly 3-connected graph is 2-connected. Hence, by Theorem 1.2.3, G
contains an X-rich H for some H in {Ks, Fio, Lo }. We divide the proof Theorem 4.2.1
into three lemmas, each considers a separate case for H.

Lemma 4.2.2. Let G be a weakly 3-connected graph and let X be an infinite subset of V(G).

Assume G contains an X-rich Ky . Then G contains an X-rich Kj «, or an X-rich F'F.

Proof. Let H be the subdivided K3, in G and let x,y be the infinite-degree vertices of H.
Since H contains infinitely many elements of X, it contains a subgraph H’ that is also a

subdivided K3 o, and for every xzy-path P in H', P contains at least one element of X.

Claim 4.2.2.1. There does not exist two distinct xy-paths S1, Sy in H' such that Sy is a

path xmy and Sy is a path xny where m,n has degree 2 in G.

If such zy-paths Si,S; exist in H’, then the underlying 3-connected graph of G,
denoted by G’, has parallel edges between x and y, which contradicts the assumption that
G' is simple. This proves the claim.

From the previous claim, we may choose an zy-path S of H' containing at least three
vertices of degree at least 3 and we will consider S-bridges of GG. First, suppose there exists

an S-bridge B containing infinitely many zy-paths of H’, denoted by Py, P,,.... Note that
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every P; has length at least 2, so P; is non-empty. By applying Lemma 4.1.5 to the connected

graph B — S and disjoint subgraphs ]gl, 132, ..., one of the following is true in B — §

1. There exists an infinite subset Y = {¥},Ys,...} of { P, P, ...} and internally disjoint
paths Q1,Q2,... where @Q; is between Y; and Y;4; for i = 1,2,.... Now [ J2,Y; U
Q; U{z,y} is a subdivision of a graph in FF; containing infinitely many elements of

X, so by Lemma 4.1.10, it contains an X-rich FF.

2. B — § contains K, which is a subdivided K o, where each leaf belongs to a lg’l and
this 1032 does not contain any other vertices of K. In addition, every non-leaf vertex
in K does not belong to }%1 U ]32 U.... In K, let z be the vertex of infinite degree,
Y = {y1, 42, ...} be the set of its leaves, and @Q; be the zy;-path for i = 1,2,.... Let
Q=:2,Q;. Let P C{Py, P,,...} be the set of paths P that contains a y; and let
P' = Upep P- Now P'U Q is a subdivided K3, with z,y, z as its infinite-degree

vertices, containing infinitely many elements of X.

3. B — S contains K, which is a subdivided comb, where each leaf belongs to a 103Z and
this 1032 does not contain any other vertices of K. In addition, every non-leaf vertex
in K does not belong to Izl U Fo’g U.... In K, let P be the spine, Y = {y1,92,...} be
the set of its leaves, and @); be the Py;-path for i = 1,2,.... Let Q = |J;2, @;. Let
P C {Py, P, ...} be the set of paths Py that contains a y; and let P’ = |Jpp P. Now

P’U QU P is a subdivision of a graph in FF, containing infinitely many elements of
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X, so by Lemma 4.1.11, it contains an X-rich FF.

Now suppose every S-bridge contains finitely many xzy-paths of H’. This means that
there are infinitely many such S-bridges, each contains at least one zy-paths of H', denoted
by By, Bs, .... We define the set B as following: if there exists an S-bridge B; € {B1, Bo, ...}
that is a path xmy where m has degree 2 in GG, then such a B; is unique by Claim 4.2.2.1
and in this case, B = {By, Bs,...} — B;. Otherwise, no such B; exists, and in this case,

B - {Bl,Bz, . }

Claim 4.2.2.2. Fvery B; € B contains a vertex u ¢ V(S) and three weakly disjoint uS-paths

i B; whose union contains an element of X.

Let B; € B. Observe that B; —S contains a vertex u € X since B; contains an xy-path
P where ;_) is disjoint from S and 103 contains an element of X. If u has degree at least 3 in G,
then by Lemma 4.1.4, u cannot be separated from S by fewer than 3 vertices. By Corollary
1.3.2, there exist three weakly disjoint uS-paths whose union contains the vertex u of X. In
addition, the union of those three paths is a subgraph of B; since B; is an S-bridge. In this
case, the claim is done. Otherwise, v has degree 2 in G. Let a, b be the neighbors of u in G.
If both a,b € V(S), then B; is the path aub. Since B; contains at least one xy-path of H’,
it follows that {a,b} = {z,y}. This is not possible by the construction of B. Thus, we may
assume that v has a neighbor a that is not on S. Now a has degree at least 3 in G, so by
Lemma 4.1.4, a cannot be separated from S by fewer than 3 vertices. By Corollary 1.3.2,
there exist three weakly disjoint aS-paths P,,Q,, R, in G. In addition, the union of those

three paths is a subgraph of B; since B; is an S-bridge. If v € V(P, U Q, U R,), then the
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claim is done. Otherwise, u ¢ V(P,UQ,UR,). Since G is 2-connected and u has a neighbor
a, by applying Corollary 1.3.3 to u and P,UQ,U R,US in G, there exist two weakly disjoint
u(P, UQ, U R, U S)-paths P,,Q,. Since u has degree 2 in G, one of those paths P, must
be the edge ua. If @), has an endpoint on S, then in B;, we have three weakly disjoint paths
aS-paths P,, Q),, ua U Q, whose union contains the vertex u of X, which proves the claim.
Otherwise, we may assume, without loss of generality, that ), has an endpoint v on P,. Let
t be the endpoint of P, on S. Let P/ be the vt-subpath of P,. We now have three weakly
disjoint paths aS-paths Q,, R,,ua U@, U P, whose union contains the vertex u of X, which
proves the claim.

From the previous claim, each B; in B has a vertex u and three weakly disjoint u.5-
paths in B; whose union contains an element of X. Let a;, b;, ¢; be the three vertices on S of
those paths. Since V'(.S) is finite, there exist infinitely many B; whose corresponding vertices
a;,b;,c; on S coincide. This yields a subdivided K3, with a;,b;, ¢; as its infinite-degree

vertices that contains infinitely many elements of X. O]

Lemma 4.2.3. Let G be a weakly 3-connected graph and let X be an infinite subset of V(G).
Assume G contains a subdivided F., with infinitely many elements of X. Then G contains

an X-rich FF or an X-rich F'L.

Proof. Let H be the subdivided F,,. Since H contains infinitely many elements of X, it

contains a subgraph H’ that is also a subdivided F,,, satisfying one of the following
1. the rail of H' contains infinitely many elements of X,
2. every spoke of H' contains at least one element of X.
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In H’, let R be its rail and let Z* be its first spoke, namely the spoke that is incident

with the endpoint of R. Let S = RU Z*, so S is a ray and we will consider S-bridges of G.
Claim 4.2.3.1. Every spoke of H', except the first one, is contained in some S-bridge of G.

This is because every spoke of H' is connected and its two endpoints are on S. This

proves the claim.
Claim 4.2.3.2. If G has an S-bridge B with infinitely many feet, then the lemma holds.

From the previous claim, every spoke of H’ is contained in an S-bridge. First, suppose
B contains finitely many spokes of H'. Let A be the set of spokes of H' not contained in B
and let A be the union of all spokes in A. Note that A is an infinite set. Let Y be the set

of feet of B. By Corollary 3.1.3, B contains one of the following subgraphs

1. A subdivided K o, call it K, whose leaves belong to Y. Observe that A and K only
have common vertices on S. Since K has infinitely many leaves on S, it contains a
subdivided K7 ., denoted by K’, whose leaves are on R. The subgraph K'USUA is a
subdivision of a graph in FF; containing infinitely many elements of X. By Lemma

4.1.10, it contains an X-rich F'F.

2. A subdivided comb, call it K, whose leaves belong to Y. Observe that A and K only
have common vertices on S. Since K has infinitely many leaves on S, it contains a
subdivided comb, denoted by K’, whose leaves are on R. The subgraph K'USU A is

a subdivision of a graph in FL£; containing infinitely many elements of X. By Lemma
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4.1.12, it an X-rich F'L.

Now suppose B contains infinitely many spokes of H'. Let A’ be the set of spokes
that are contained in B. Then A’ is an infinite set. In addition, every spoke in A’ has length
at least 2 for otherwise, it would be a trivial bridge and thus cannot be contained in B.
Thus, every spoke in A" has a nonempty interior and also, two distinct spokes in A’ have
disjoint interiors. Let A" = {;1 | Ae A'}. By applying Lemma 4.1.5 to the connected graph

B — S and all paths in A”, one of the following is true in B — S

1. There exists an infinite subset Z = {Z;, Z,, ...} of A" and internally disjoint (Z; U
ZyU...)-paths Q1,Q2, ... of B—S where Q); is between Z; and Z;,; fori=1,2,....
Let T; be the Z;1-subpath between (); and ;11 and let M = Uf; T;UQ;. Then M
is a ray. Let S; be the spoke of H' that contains Z;. The subgraph (| J;=, S;) UM UR
is a subdivision of a graph in FL£; containing infinitely many elements of X. By

Lemma 4.1.12, it contains an X-rich F'L.

2. B — S contains K, a subdivided K o, where each leaf belongs to an ;1 e A” and
this ;1 does not contain any other vertices of K. In addition, every non-leaf vertex
in K does not belong to UﬁeAN ;1 Let Ay, Ag,... be the spokes in A’ such that
each /(L € A” contains a leaf of K. The subgraph (|J;=, A;) UK U S is a subdivision
of a graph in FF, containing infinitely many elements of X. By Lemma 4.1.11, it

contains an X-rich FF.

3. B — S contains K, a subdivided comb, where each leaf belongs to an ;1 e A” and
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this 104 does not contain any other vertices of K. In addition, every non-leaf vertex in
K does not belong to U/ZEA” ;1 Let Ay, Ay, ... be the spokes in A’ such that each
fL € A” contains a leaf of K. The subgraph (|J;-; 4;) UK U S is a subdivision of a
graph in F L, containing infinitely many elements of X. By Lemma 4.1.13, it contains
an X-rich F'L.
This proves the claim.
From the previous claim, we may assume that every S-bridge of G has finitely many
feet. To analyze the connection between the S-bridges, we introduce the auxiliary graph I'.
We first partition the S-bridges of GG into groups such that two bridges belong to the same

group if they have the same set of feet.
Claim 4.2.3.3. There are infinitely many groups.

Suppose this is not the case. Since every S-bridge has finitely many feet and there
are finitely many groups, the set {z € S | = is a foot of a bridge} is finite. But this implies
that there exists a vertex in S with degree at least 3 in G that does not belong to any bridge
and this is not possible. This proves the claim.

We define the graph I' whose vertex set consists of the groups and two vertices are
adjacent in I' if the two corresponding bridges chosen from the two groups cross with respect
to S. This definition of I' is well-defined because bridges in the same group have the same

set of feet. By the previous claim, I' is an infinite graph.

Claim 4.2.3.4. The graph " has no finite component.
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Suppose for contradiction that I' has a finite component with vertices x1, zo, ..., 2.
Let By, Bo, ..., By be a set of corresponding S-bridges chosen from the £ groups. Observe
that each B; has at least two feet because G is weakly 3-connected. Since By U By U---U By,
is a finite union of bridges, each has finitely many feet, there exist two distinct x,y € S
where z,y are feet of some bridges in {Bj, Bs, ..., B} such that every foot of a bridge in
{B1, Bs, ..., By} belongs to S[zy|. If S(zy) does not contain a vertex of degree at least 3
in G, then S[zy] is either the edge xy or a path zzy where z has degree 2 in G. In either
case, note that B; — S contains a vertex u of degree at least 3 in G. Now {z,y} separates u
from S in G, contradicting Lemma 4.1.4. Thus, S(xy) contains a vertex w of degree at least
3 in G. By Lemma 4.1.4, {x,y} does not separate w from S — S[zy]. Thus, there exists a
w(S — S[xy])-path in G — {x,y}. This means that there exists an S-bridge B* with a foot ¢
on S(zy) and another foot on S — S[zy|. This bridge B* ¢ { By, By, ..., By} because it has a
foot on S — S[zy]. Additionally, B* does not cross any B; with respect to S because B* is not
in the component { By, By, ..., B} of I'. Now in {By, By, ..., By}, there is a bridge B; with
x as a foot and a bridge B; with y as a foot. Since none of the bridges in {By, Bs, ..., By}
crosses B* with respect to S, every bridge in {Bj, Bs, ..., By} has all feet either on S[zt| or
Slyt]. But this means the component { By, Bs, ..., By} of I' is not connected, a contradiction.
This proves the claim.

We have shown that I has no finite component, so it has an infinite component. In
this infinite component, there exists a vertex of infinite degree or an induced ray by Theorem

3.1.4. Suppose I' has a vertex of infinite degree. Then there exist S-bridges B and By, B, . ..
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such that B crosses B; with respect to S for every ¢. Since B has finitely many feet, there
exist two feet z,y of B that cross infinitely many B;. By the definition of crossing, every B;
has a foot in S(zy). Since S(zy) is finite, it has a vertex z that is a foot of infinitely many
B,. Let ), be an xy-subpath of B and let S’ be obtained from S by replacing S|zy] with
()zy. Then S is a ray and we have an S’-bridge with infinitely many feet on S’. Let F’ be
the union of S” and all spokes of H" with both endpoints in S’. Then F” is a subdivided F.
Furthermore, its rail contains infinitely many elements of X or every of its spokes contains
at least one element of X. By Claim 4.2.3.2, G contains a subdivision of F'F' or F L, each
contains infinitely many elements of X.

Now suppose I' has an infinite induced path. Then there exist S-bridges By, Bs, ...
such that with respect to S, B, crosses B; but does not cross B; for any j < i. By Lemma

4.1.20, there exist infinitely many S-paths @1, Q, ... satisfying the following
1. two distinct @); and @); are internally-disjoint,

2. with respect to S, Q41 crosses Q; but does not cross @); for any j < 1.
Let K=S5SUQUQ@2U.... By Lemma 3.1.8, K = H; U Hy where H; is a finite graph and
H, is the union of two disjoint rays A, B and a set R of infinitely many internally disjoint
AB-paths. In addition, H; and Hs are edge-disjoint and K is locally finite. Let R; be the
union of all paths in R. Let u be the infinite degree vertex and let S7,Ss, ... be the spokes
of H'. For each i, let S! be the subpath of S; such that S, has v as an endpoint and the
other endpoint is the first time S; intersects H' — u. Let K’ = (|J;, S7) U K. We divide the

last part of the proof into two cases.
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Case 1: K’ contains infinitely many elements of X. Since u € K, one of the following
is true
o uc Hy,
e uec (AUB)— Hy,
e ue R —(AUBUH,).
In each case, K contains a subgraph satisfying Lemma 4.1.16, so it contains an X-rich F'L.
Case 2: K’ contains finitely many elements of X. This implies that S contains
finitely many elements of X since S is a subgraph of K’. Hence, we may assume that every
spoke of H' contains at least one element of X. In addition, by deleting edges of finitely
many spokes with an element of X in K’, we may assume that no S, contains any element
of X. Since every S; contains at least one element of X not in K, every S; has a shortest
subpath N; that is a K-path and contains at least one element of X not in K. Let N be the
set of those such subpaths N;. Then N has an infinite subset N such that every path in N’
is a (AU B U R;)-path. In addition, by deleting finitely many edges, all of the following are

true

e A, B have a subrays A’, B’ respectively such that v ¢ A'U B,

e R has an infinite subset R’ such that no path in R’ contains u. Let R} be the union

of all paths in R’.

e N’ has an infinite subset N such that every path in N is an (A" U B" U R})-path.

Let N” be the union of all paths in N”.

The subgraph A’UB’'U R UN" satisfies the conditions in Lemma 4.1.17, so it contains
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an X-rich L., call it L. Now L contains infinitely many elements of X, each of them belongs
to an S; — u, and u ¢ L. Thus, there exist infinitely many weakly disjoint wL-paths. Let L'
be the union of L and those weakly disjoint uL-paths. Now L’ contains a subdivided FL; or
a subdivided F L, each contains many elements of X. By Lemma 4.1.12 or Lemma 4.1.13,

it contains an X-rich F'L. O

Lemma 4.2.4. Let G be a weakly 3-connected graph and let X be an infinite subset of V(G).
Assume G contains a subdivided L., with infinitely many elements of X. Then G contains

an X-rich FL or an X-rich LL.

Proof. Let H be the subdivided L.,. Since H contains infinitely many elements of X, it

contains a subgraph H’ that is also a subdivided L, satisfying one of the following
1. the rails of H' contain infinitely many elements of X,

2. every rung of H' contains at least one element of X.
In H', let P, be its rails and let Z* be its first rung, namely the rung that is incident
with the endpoints of P, Q). Let S = PUQ U Z*, so S is a double ray and we will consider

S-bridges of G.
Claim 4.2.4.1. Every rung of H', except the first one, is contained in some S-bridge of G.

This is because every rung of H’ is connected and its two endpoints are on S. This

proves the claim.

Claim 4.2.4.2. If G has an S-bridge B with infinitely many feet, then the lemma holds.
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From the previous claim, every rung of H' is contained in an S-bridge. First, suppose
B contains finitely many rungs of H’. Let A be the set of rungs of H’ not contained in B
and let A be the union of all rungs in A. Note that A is an infinite set. Let Y be the set of

feet of B. By Corollary 3.1.3, B contains one of the following subgraphs

1. A subdivided K o, call it K, whose leaves belong to Y. Observe that A and K only
have common vertices on S. Since K has infinitely many leaves on S, it contains a
subdivided K7 ., denoted by K, such that all leaves of K’ are on P or all leaves of
K’ are on ). The subgraph K'US U A is a subdivision of a graph in FL£; containing

infinitely many elements of X. By Lemma 4.1.12, it contains an X-rich F'L.

2. A subdivided comb, call it K, whose leaves belong to Y. Observe that A and K only
have common vertices on S. Since K has infinitely many leaves on S, it contains a
subdivided comb, denoted by K’, such that all leaves of K’ are on P or all leaves of
K’ are on Q. The subgraph K’ U S U A is a subdivision of a graph in ££; containing
infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich LL.

Now suppose B contains infinitely many rungs of H'. Let A’ be the set of rungs that
are contained in B. Then A’ is an infinite set. In addition, every rung in A’ has length at
least 2 for otherwise, it would be a trivial bridge and thus cannot be contained in B. Thus,
every rung in A’ has a nonempty interior and also, two distinct rungs in A’ have disjoint
interiors. Let A" = {;21 | A e A'}. By applying Lemma 4.1.5 to the connected graph B — S

and all paths in A”, one of the following is true in B — S
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1. There exists an infinite subset Z = {Z1, Zs, ...} of A” and internally disjoint (Z;UZ,U
... )-paths Q1,Q2, ... of B—.S where Q; is between Z; and Z;; for i =1,2,.... Let
T; be the Z;1-subpath between ); and ;11 and let M = Ufil T;UQ;. Then M is a
ray. Let R; be the rung of H' that contains Z;. The subgraph (;~; R;)UMUPUQ is
a subdivision of a graph in ££; containing infinitely many elements of X. By Lemma

4.1.14, it contains an X-rich LL.

2. B— S contains K, a subdivided K ., where each leaf belongs to an ;1 € A" and this
;1 does not contain any other vertices of K. Let Aj, Ay, ... be the rungs in A’ such
that each f(L contains a leaf of K. The subgraph (|J;~, A;) U K U S is a subdivision
of a graph in F L, containing infinitely many elements of X. By Lemma 4.1.13, it

contains an X-rich F'L.

3. B— S contains K, a subdivided comb, where each leaf belongs to an /zl € A" and this
;1 does not contain any other vertices of K. Let Aj, Ay, ... be the rungs in A’ such
that each /Ciz contains a leaf of K. The subgraph (|J;~, A4;) U K U S is a subdivision
of a graph in LL, containing infinitely many elements of X. By Lemma 4.1.15, it
contains an X-rich LL.
This proves the claim.
From the previous claim, we may assume that every S-bridge of G has finitely many
feet. To analyze the connection between the S-bridges, we introduce the auxiliary graph I'.

We first partition the S-bridges of G into groups such that two bridges belong to the same
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group if they have the same set of feet.
Claim 4.2.4.3. There are infinitely many groups.

Suppose this is not the case. Since every S-bridge has finitely many feet and there
are finitely many groups, the set {x € S | z is a foot of a bridge} is finite. But this implies
that there exists a vertex in .S with degree at least 3 in G that does not belong to any bridge
and this is not possible. This proves the claim.

We define the graph I' whose vertex set consists of the groups and two vertices are
adjacent in I' if the two corresponding bridges chosen from the two groups cross with respect
to S. This definition of I' is well-defined because bridges in the same group have the same

set of feet. By the previous claim, I' is an infinite graph.
Claim 4.2.4.4. The graph I" has no finite component.

Suppose for contradiction that I' has a finite component with vertices x1, zo, ..., .
Let By, Bo, ..., By be a set of corresponding S-bridges chosen from the £ groups. Observe
that each B; has at least two feet because G is weakly 3-connected. Since By U By U---U By,
is a finite union of bridges, each has finitely many feet, there exist two distinct z,y € S
where z,y are feet of some bridges in {Bj, Bs, ..., B} such that every foot of a bridge in
{B1, Bs, ..., By} belongs to S[zy|. If S(zy) does not contain a vertex of degree at least 3
in G, then S[zy| is either the edge xy or a path zzy where z has degree 2 in G. In either
case, note that B; — S contains a vertex u of degree at least 3 in G. Now {z,y} separates u
from S in GG, contradicting Lemma 4.1.4. Thus, S(xy) contains a vertex w of degree at least

3 in G. By Lemma 4.1.4, {x,y} does not separate w from S — S[zy]. Thus, there exists a
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w(S — S[xy])-path in G — {x,y}. This means that there exists an S-bridge B* with a foot ¢
on S(zy) and another foot on S — S[zy|. This bridge B* ¢ { By, Bs, ..., By} because it has a
foot on S — S[zy]. Additionally, B* does not cross any B; with respect to S because B* is not
in the component {By, By, ..., By} of I'. Now in {By, By, ..., By}, there is a bridge B; with
x as a foot and a bridge B; with y as a foot. Since none of the bridges in {By, Bs, ..., By}
crosses B* with respect to S, every bridge in { By, Bs, ..., By} has all feet either on S[zt| or
Slyt]. But this means the component { By, Bs, ..., By} of I' is not connected, a contradiction.
This proves the claim.

We have shown that I" has no finite component, so it has an infinite component. In
this infinite component, there exists a vertex of infinite degree or an induced ray by Theorem
3.1.4. Suppose [' has a vertex of infinite degree. Then there exist S-bridges B and By, B, . ..
such that B crosses B; with respect to S for every ¢. Since B has finitely many feet, there
exist two feet x,y of B that cross infinitely many B;. By the definition of crossing, every
B; has a foot in S(zy). Since S(zy) is finite, it has a vertex z that is a foot of infinitely
many B;. Let Q,, be an zy-subpath of B and let S’ be obtained from S by replacing S[zy]
with ;. Then S’ is a double ray and we have an S’-bridge with infinitely many feet on
S’. Let L' be the union of S” and all rungs of H' with both endpoints in S’. Then L' is a
subdivided L.,. Furthermore, its rails contains infinitely many elements of X or every of its
rungs contains at least one element of X. By Claim 4.2.4.2, G contains an X-rich F'L or an
X-rich LL.

Now suppose I' has an infinite induced path. Then there exist S-bridges B, Bs, ...
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such that with respect to S, B, crosses B; but does not cross B; for any j < i. By Lemma

4.1.20, there exist infinitely many S-paths @1, Qs, ... satisfying the following
1. two distinct @); and @); are internally-disjoint,

2. with respect to S, Qi1 crosses (); but does not cross @); for any j < 1.

By Lemma 4.1.21, the graph K = SU Q1 U @2 U ... contains three disjoint rays
Ry, Ry, R3 such that every (); is contained in some R;. In addition, if R = Ry U Ry U R3 and
J1, Ja, ... are all R-bridges of K, then each J; is a subpath of S with endpoints in different
R; and we call it a jump. Finally, if all but finitely many jumps are between R; and R;,
then Ry contains a subray of S. We divide the last part of the proof into two cases.

Case 1: K contains infinitely many elements of X.

We further divide this case into two subcases.

Case la: There are infinitely many jumps between at least two pairs of { Ry, Rs, R3}.

Since K contains infinitely many elements of X, either R; U R, U R3 contains infinitely
many elements of X or without loss of generality, there exist infinitely many jumps between
Ry, Ry each contains at least one element of X. Let A be the union of all jumps between
Ry, Rs. Since there are infinitely many jumps between at least two pairs of { Ry, Ry, R3}, we
may assume without loss of generality that there are infinitely many jumps between Ry, R3.
Let B be the union of all jumps between Ry, R3. The subgraph R U Ry, U R3U AU B is a
subdivision of a graph in ££; containing infinitely many elements of X. By Lemma 4.1.14,
it contains an X-rich LL.

Case 1b: There are infinitely many jumps between only one pair of { Ry, Ry, R3}.
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Without loss of generality, we may assume that there is a set A of infinitely many
Ry Ry>-jumps, but there are only finitely many RsR3-jumps and only finitely many R;Rs3-
jumps. Then Rj contains a subray of S, so we may assume it contains a subray P’ of P.
Let A be the union of all jumps in A. Now there exist infinitely many rungs R}, RS, ... of
H' with one endpoint in P" and the other endpoint in R; U Ry U A. For each R, let R/
be the subpath of R, with one endpoint in P’ and the other endpoint is the first time R}
intersects By URyUA. Let M = |J;2, RY. If there exist infinitely many R with an endpoint
in Ry U Ry, then the subgraph Ry U Ry U R3 U AU M contains a subdivision of a graph in
LL; containing infinitely many elements of X. By Lemma 4.1.14, it contains an X-rich LL.
Otherwise, there exist infinitely many R/ with an endpoint in A — (R; U Rz). The subgraph
R1URy; U R3U AU M contains a subdivision of a graph in £L£, containing infinitely many
elements of X. By Lemma 4.1.15, it contains an X-rich LL.

Case 2: K contains finitely many elements of X. This implies that S contains finitely
many elements of X since S is a subgraph of K. Hence, we may assume that every rung of
H' contains at least one element of X.

We further divide this case into two subcases.

Case 2a: There are infinitely many jumps between at least two pairs of { Ry, Rs, R3}.

Without loss of generality, we may assume that there is a set A of infinitely many
RiRy-jumps and a set B of infinitely many Ry R3-jumps. Let A be the union of all jumps in
A and let B be the union of all jumps in B. Since every rung of H’ contains at least one

element of X and K contains only finitely many elements of X, K contains finitely many
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rungs of H'. Thus, there exist an infinite subset { R}, R}, ...} of the rungs such that each
R; contains an element of X that is not in K. Since every rung in {R}, R}, ...} contains at
least one element of X, every R, has a shortest subpath N; that is a K-path and contains
at least one element of X that is not in K. Let A be the set of those such subpaths NV;.
Suppose there exist only finitely many Ry Rs-jumps. Then A has an infinite subset N’ such
that every path in N’ is an (R; U Ry U R3 U AU B)-path. Let N’ be the union of all path in
N’. The subgraph Ry U Ry U R3 U AU BU N’ satisfies the hypotheses in Lemma 4.1.18, so it
contains an X-rich LL. Now suppose there exist infinitely many R R3-jumps. Let C' be the
union of all Ry Rz-jumps. Let K1 = Ri{UR,UR3UAUB, Ky =R UR,UR3UAUC, and
K3 = RiURy;UR3;UBUC. Then N has an infinite subset N/ such that every path in A/’
is a K;-path for some i € {1,2,3}. Let N” be the union of all path in A’”. The subgraph
K; U N” satisfies the hypotheses in Lemma 4.1.18, so it contains an X-rich LL.

Case 2b: There are infinitely many jumps between only one pair of { Ry, Ry, R3}.

Without loss of generality, we may assume that there is a set A of infinitely many
Ry Ry-jumps, but there are only finitely many RsR3-jumps and only finitely many R;Rs3-
jumps. Then R3 contains a subray of S, so we may assume it contains a subray P’ of P. Let
A be the union of all jumps in A. Now there exist infinitely many rungs R}, RS, ... of H’
with one endpoint in P" and the other endpoint in Ry U Ry U A. For each R, let R be the
subpath of R, with one endpoint in P’ and the other endpoint is the first time R; intersects

R U Ry UA. We further divide this case into two subcases.

Case 2b1: There exist infinitely many R; with an endpoint in Ry U Ry.
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Without loss of generality, we may assume that infinitely many R/ has an endpoint
in Ry. Let M be the union of all such R}. If there exist infinitely many elements of X in
M, then Ry URy;U R3U AU M is a subdivision of a graph in ££; containing infinitely many
elements of X. By Lemma 4.1.14, it contains an X-rich LL. Otherwise, let R be the rung
of H' that contains R where R/ has an endpoint in R;. Since every R; contains at least one
element of X not in K, every R! has a shortest subpath N; that is a K-path and contains
at least one element of X not in K. Let N be the set of those such subpaths N;. Then N
has an infinite subset A/ such that every path in N” is a (R; U Ry U R3 U AU M)-path. Let
N’ be the union of all paths in N7. The subgraph R; U Ry U R3 U AU M U N’ satisfies the
hypotheses in Lemma 4.1.18, so it contains an X-rich LL.

Case 2b2: There exist infinitely many R with an endpoint in A — (R U Ry).

Let M be the set of all such R;. Then M has an infinite subset M’ such that every
jump in A is incident with at most one R/ in M’ because the rungs of H' are disjoint. Let
M’ be the union of all paths in M’. If there exist infinitely many elements of X in M’, then
RiURyUR3UAU M’ is a subdivision of a graph in ££5 containing infinitely many elements
of X. By Lemma 4.1.15, it contains an X-rich LL. Otherwise, for each R! in M'| let R] be
the rung of H' that contains R/. Since every R, contains at least one element of X not in
K, every R, has a shortest subpath V; that is a K-path and contains at least one element
of X not in K. Let A be the set of those such subpaths N;. Then N has an infinite subset
N’ such that every path in N7 is a (R; U Ry U R3U AU M’)-path. Let N’ be the union of all

paths in A/, The subgraph R; U Ry U R3 U AU M’ U N’ satisfies the hypotheses in Lemma

129



4.1.19, so it contains an X-rich LL. O

Proof of Theorem 4.2.1. Since G is weakly 3-connected, it is 2-connected. By Theorem
1.2.3, G contains an X-rich H for some H in {K3, Fio, Loo}. The theorem then follows

from Lemma 4.2.2, Lemma 4.2.3, and Lemma 4.2.4. O
We will now prove the vertex version.

Proof of Theorem 1.2.5. Since G is 3-connected, it is also weakly 3-connected. The theorem

then follows from Theorem 4.2.1. O

4.3. Edge Version

We conclude this chapter with the proof of the edge version.

Proof of Theorem 1.2.6. Let G’ be obtained from G by subdividing each edge in X exactly
once. Then G’ is weakly 3-connected. Let Y be the set of subdividing vertices of G’. Then Y
is infinite because X is infinite. In addition, every vertex of Y has degree 2 in G'. By Theorem
4.2.1, G’ contains an Y-rich H' for some H' in { K3 o, F'F, FL, LL}. Consequently, G contains

asubdivided H containing infinitely many edges of X for some H in { K3 o, FF, FL,LL}. O
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