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ABSTRACT

The classical Szasz-Miintz theorem says that for f € L%{[0,1]) and {ni}2, 2
strictly increasing sequence of positive integers ,
1 o

/z“ff(:z:)d:z:=0‘v’j=>f=04=>2:%=oo.

0 =1
We have generalized this theorem to compactly supported functions on ®" and to an
interesting class of nilpotent Lie groups. On R™ we rephrased the condition above
on an integral against a monomial as a condition on the derivative of the Fourier
transform f . For compactly supported f this transform has an entire extension to

complex n-space, and these derivatives are coefficients in a Taylor series expansion

-

of f.

In the nilpotent Lie groups case there are several possible choices for the equiv-
alent of a Fourier transform: the operator valued transform, the matrix coefficients
for the operator transform relative to a basis of an infinite dimensional Hilbert
space, and finally the trace transform. We have proven a Szasz-Miintz theorem for
the matrix coefficients on groups that have a fixed polarizer for the representations
in general position. For groups with flat orbits and a fixed radical for the repre-
sentations in general position, we have proven a Szasz-Miintz theorem for the trace

transform.

Our work here is inspired by recent work on Paley-Wiener theorems on nilpo-

tent Lie groups. Moss [1] proved a Paley-Wiener theorem on groups with a fixed

iv
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polarizer for the generic representations. Park [2] extended these results to two and
three step groups. Lipsman and Rosenberg [3] have proven a Paley-Wiener theorem

for the matrix coefficients on any simply connected nilpotent Lie group.

As part of the proof of the Szasz-Miintz theorem for matrix coefficients we
construct a new basis in a nilpotent Lie algebra, which we call an almost strong
Malcev basis. This new basis has many of the features of a strong Malcev basis,
although it can be used to pass through subalgebras which are not ideals. Almost
strong Malcev basis have the nice property that they are unique up to the original

strong Malcev basis.
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CHAPTER 1

BACKGROUND MATERIAL

In this chapter we present, without proof, background material for nilpotent
representation theory needed for this dissertation. An excellent reference for further
reading on this subject is [7]. The first section deals with nilpotent Lie groups, the
Campbell-Baker-Hausdorff formula (which is not peculiar to nilpotent Lie groups
but has a stronger statement in this context), and Malcev bases. The second sec-
tion covers topics related to representation theory such as unitary equivalence, irre-
ducible representations and the unitary dual of a group. The third section deals with
the elements of nilpotent representation theory: polarizing subalgebras, Kirillov’s
wonderful work on the equivalence classes of unitary, irreducible representations,
and other topics related to coadjoint orbits. The third section will deal with the
more specialized material germain to this paper. Topics such as matrix coefficients,
the trace transform, and parameterizing representations, all of which are integral
parts of this paper, will be discussed there.

1.1 Nilpotent Lie Groups

We will start out with the Campbell-Baker-Hausdorff formula. So let & be a
Lie group with corresponding Lie algebra g. The exponential map ezp: g — & is
the correspondence between tangent vectors to & and one parameter subgroups of

®. The Campbell-Baker-Hausdorff formula is a formula for computing the group
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multiplication using the Lie algebra bracket relations:
1 1 1
exp(X)ezp(Y) =exp(X +Y + E[X’ Y]+ -IE[X[X’ Y]] - E[Y[X’ Y| +...).

We will make extensive use of this formula in chapter 3 when we are computing the

action of representions using right translation.
In any Lie algebra g we may define the descending central series

g1, g g . by the relations:

oM =g

g\ = [g(j—l),g]
where [gl—1), g] is taken to be the span of all the vectors of the form [X,Y] with
X € g1 and Y € g. A nilpotent Lie algebra is a Lie algebra whose descending
central series terminates at {0} after a finite number of steps. If m is the smallest
number such that g{™) # {0} then we call g m-step nilpotent. A nilpotent Lie group
will be a group whose Lie algebra is nilpotent. It turns out that for a Lie group
this is equivalent to the standard definition from group theory of a nilpotent group.
Simply connected nilpotent Lie groups have the nice property that the exponential

map is a diffeomorphism onto the whole group &.

An ideal in g is a subalgebra f such that for any X € b,[X,Y] € § for any
Y € g. Now let {Xi,...,X,} be a vector space basis for g. This basis will be
called weak Malcev if for each 1 < j < n the vector space R—span{X,...,X;} is
a subalgebra of g (Here R—span{Xj,...,X;} means the real span of the vectors

Xi1,...,X;). If in addition each such subalgebra is an ideal, the basis is called
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3
strong Malcev. A basis X for g will be said to pass through a subalgebra § of g if
the first k vectors of the basis form a basis for § (where k is the dimension of §).
When talking about nilpotent Lie groups a basis is almost aiways taken to be at
least weak Malcev. Strong Malcev bases are generally preferable to weak Malcev
bases, however if one is forced to take a basis passing through a subalgebra that
is not an ideal, a strong Malcev basis cannot be used. Also notice that Malcev
bases are ordered bases. In chapter 3 we construct a basis, which we call almost
strong Malcev, through subalgebras(not necessarily ideals) that have a lot of the
merits of a strong Malcev basis including a nice multiplication that comes from
the Campbell-Baker-Hausdorff formula. These basis are unique up to the choice of
original strong Malcev basis.

1.2 Representation Theory

Before we can talk about the Kirillov model, which is the core of nilpotent rep-
resentation theory, we need some definitions. A representation 7 is a homomorpism
of a group G into the space of bounded linear operators on a Hilbert space Hy. Hy
is called the modeling space for m. In our case G will be a separable nilpotent Lie
group and H, will be a separable Hilbert space. A continuous representation 7 is

a representation such that:

[l (2a) (&) — 7 (z)(€)l = O

as z, — z for all £ € H,y. The representation m will be called unitary if = is a

homomorphism into U(H,), the space of unitary operators on H,. H, does not
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have to be infinite dimensional: the characters
Xl(s) _ e21rils’ e,s € Rn

are (continuous)representations of ®" in the space of unitary operators on C, for
any £. Here ¢s means the dot product of the vectors £,s. Note that if you use
complex £ you lose the unitary condition. The characters are important in the
theory of inducing representations on nilpotent Lie groups, and they play a central

role in Fourier transforms. This is no coincidence, as we will soon see.
Two representations m and o on the same group G will be said to be

unitarily equivalent if there is a unitary operator A: Hy —+ H,, such that

A(n(z)) = o(z)(A), VzeG.

The operator A is called an intertunning operator.

Let m be a representation on the group G acting on the space H,. A subspace

K of H, is said to be invariant under the action of = if

m(z): K = K, Vz € G.

The representation = is said to be trreducible if the only closed invariant sub-
spaces of H, are the zero subspace or Hy itself. Reducible representations (repre-
sentations that are not irreducible) can be thought of as representations that are

acting on a space that is too big for them.
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5

The dual object G of the group G is the collection of equivalence classes, under
unitary equivalence, of irreducible unitary representations on the group G. For
the n-dimensional Euclidean space this collection is the collection of characters
{xell € R"}. So Rr = R~

From a representation theory point of view the Euclidean Fourier transform

fO = [ e po)as
Rn

is an integral over the group & = R". The inverse transform

1) = [ e feyae
Rn

is really an integral over the dual object of R™. This observation is very helpful in
understanding Fourier transforms on Lie groups.

1.3 Kirillov Theory
In this section we will present a brief overview of nilpotent representation theory
leading up to Kirillov’s classification of & as being isomorphic to g* JAd*(8). We
will start with radicals and polarizing subalgebras, proceed to co-adjoint orbits, and

finish up with the Kirillov model.

Let £ € g* (here g* is the linear dual of g as a vector space). The radical of £,
denoted r¢, is the subalgebra of all vectors X such that £[X,Y] = 0 for every Y in

g. A polarizing subalgebra m, for ¢ must satisfy two properties:

1) For any X,Y € me, we must have {[X,Y] =0.
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6
2) mg must have the maximum possible dimension, among all subalgebras

satisfying property 1. This dimension is (dim(g) + dim(r¢)).

It is known from linear algebra that if we treat g as a vector space polarizing
subspaces of g exist [11]. It is a theorem of Vergne’s [6] that polarizing subalgebras

of g exist as a Lie algebra.

Polarizing subalgebras are not unique. For example let h = ® —span{Z,Y, X}
be the Heisenberg algebra, with all nonzero bracket relations generated by the
condition [X,Y] = Z. Then the subalgebras spanned by the vectors {Z,Y} and
{Z,X} respectively are both (abelian) polarizing subalgebras for the dual vector

f{ = Z* from the standard dual basis.

Polarizing subalgebras are important in the construction of unitary irreducible
representations on a nilpotent Lie group. To see why we need to introduce the idea of
inducing representations. So let §) be a closed subgroup of &, and let 7: §§ -+ H, be
a unitary representation of . We can pump 7 up to a representation o = [ ndg (m)

of & by the following method:

Let dz be a Haar measure on &, and let 5 \ & denote the set of all left cosets
$g. Let di be any right & — invariant measure on £ \ . We will not require that

$ is normal in &.

Model o on the Hilbert space

H, = {f:® - Hy|f(hg) = 7(h) f(g)¥h € %, / 1£(z)|[2d < oo}
H\®

by defining (a(z)(f))(y) = f(yz) for f € H, and z,y € &.
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Remarks. 1) Since 7 is unitary the map

¢:H\6 - C
defined by

¢(z) = (f(z), 9(z))

is well defined on §) \ & cosets. Here (-,-) = (-,-)u, is the inner product on H,.
Notice that (f (h), g(hz)) = (w(h)f(a), x(h)g(x)) = (=), 9(z))-

2) By property 1 we may define an inner product on H, by

(fr9) = / (f(=), g(=))ds.
H\e

With this inner product H, is a Hilbert space.

Part of the Kirillov theory is that all of the irreducible unitary representations
on a simply c‘onnected nilpotent Lie group are obtained up to unitary equivalence
by inducing characters of subgroups. The characters arise as follows. Let x,(z) =
e?7itllog(z)) for ¢ € g*. The trick is that you must induce from a polarizing subgroup
M (the subgroup corresponding to a polarizing subalgebra m). The polarizing
subalgebras are used because of the two properties of polarizers outlined above.
The first property ensures that x, will be a homomorphism on M, and hence a
character. Property 2, the maximal dimension property, ensures that resulting

representation will be irreducible.

Above we mentioned that polarizing subalgebras are not unique. Another part

of the Kirillov theory says if you induce from two different polarizers for the same £
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8
the resulting representions are equivalent. For the final aspect of the Kirillov theory

we need some information about co-adjoint orbits.

Define the adjoint map Ad: & — Aut(g) as the derivative of inner automor-
phism, a, at the identity of &. That is for each £ € & we define Ad(z) by the

equation

ezp(Ad(z)Y) = zezp(Y)z ™! = a (exp(Y)).

The co-adjoint map is defined in terms of the adjoint map: Ad*(z):g* — ¢* is
defined by

(Ad*(z))(Y) = {(Ad(z~")(Y))

for each z € &.

Kirillov theory says that for ¢,£' € g* the representations m; and m,, induced
by the characters xg, xe respectively, are equivalent if and only if £ and ¢ come
from the same Ad*(®) orbit in g. Thus there exists a one to one correspondence
between & and g* [/Ad*(®). Naturally coadjoint orbits are an important topic in
represention theory on nilpotent Lie groups. It’s a topic we explore in more detail
in the next section.

1.4 More Advanced Topics

The main goal of this paper is to prove a Szasz-Miintz theorem for matrix coef-
ficients and for the trace transform (on certain classes of nilpotent Lie groups). It is

the purpose of this section to introduce matrix coefficients and the trace transform.
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9
Fix £ € g*, and let m; be the unitary irreducible representation corresponding
to £, modeled in the Hilbert space Hy,. For f,g € Hy, and for ¢ € L[?(&) (N L}(S)

consider the bilincar map
By(f,9) = [ ¢(e)(me@)f,o)de.
S

Since this map is linear and continuous in g, the Riesz representation theorem

guarantees that there is a vector m¢(p)(f) € Hy, such that
(re)(s9) = [ pla@)imelo)s,g)d.
&

That is m¢(p):Hy, & Hy, is a continuous linear operator which we will call
the operator valued Fourier transform of . The inner product (m()(f),g) is a
matrix coefficient of this transform. It is the purpose of this paper to investigate

how these coefficients, and hence the transform itself, depend on £.

The trace transform is defined as the trace of the operator m¢(y). So
==
Tr(me(p)) = Z(Wi(<p)¢na Yn)
n=1
where 1, is any orthonormal basis of H,,. Again it is our intent to study the

behavior of the trace transform as £ varies.

We will see that we can always model the representations 7 in the same Hilbert
space. This will make our study of the matrix coefficients and the trace transform
easier, since we do not need to change our modeling space as ¢ changes, however

this may be at the cost of ‘nice’ behavior as an example in chapter 4 points out.
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10
Before we finish up we need to investigate the co-adjoint orbits further. Define
ad : g x g — g as the derivative of the adjoint map at the identity. So ad(X)Y is

defined by the equation

Ad(ezp(X))Y = ezp(ad(X)(Y)).

It turns out that ad is an old friend: ad(X)(Y) = [X,Y]. The corresponding

derivative of the coadjoint map is the map ad* : g X g* — g* defined by the equation

(ad*(X)(O))Y) = &(ad(—-X)(Y)) = {([Y, X]).

With these definitions we can talk about generic orbits, jump indices, parame-
terizing representions, etc. Fix a strong Malcev basis X = {X;,...,X,} for g. Let
gi = R —span{Xj,...,X;}. The basis X is a Jordan-Holder basis for the action of
Ad. That is for each j and X € g we have Ad(ezp(X)(g;) C g;. Therefore £,,...,¢;
is a Jordan-Halder basis for the action of Ad*, where ¢; = X'. Thatisforall X € g

and 1 < j < n, Ad*(ezp(X))(A4;) C A;, where A; = R—span{é,,...,4}.

So Ad* can be defined as a quotient action on g*/A;. Let dj(¢) be the orbit
dimension for the equivalence class of £ under this action. The generic £ are those £
whose orbits have the maximal possible dimension d;(£) for each j. A generic orbit
is an Ad*(®)-orbit in g* that contains a generic £. On the other hand a generic
orbit is comprised of only generic £. The Chevalley-Rosenlicht theorem shows that
the collection of generic orbits U is a Zariski-open set in g*, and in particular it is

a set of full Euclidean measure.
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11

For a generic £ let d; = d;(£) (d; is well defined by the definition of the generic

£). A jump indez s; is an index for which the orbit dimension increases, i.e. dy; =
ds;—1 + 1. The non — jump indices are the remaining indices, those indices for which

the orbits do not increase in dimension.

The generic orbits, jump indices, and non-jump indices all depend on the orig-

inal strong Malcev basis.
There is a nice equivalent condition for an index to be a non-jump index [7].

Lemma An indez i is a non-jump indez if and only if for every £ € U there is a

vector y € R —span{Xi,...,Xi—1} such that X +Y € ry.

We have quoted this lemma specifically because we will be making extensive

use of it.

Remember that for any two members £, of a co-adjoint orbit, their corre-
sponding representations 7y, 7y on & are equivalent. We want to study the oper-
ator valued transform and the trace transform which depends not on ¢ but really
on the equivalence class of the representation 7,. So for two different members of a
co-adjoint orbit the actions of these transforms will be equivalent. What we need
is a convenient way to choose one representative from each orbit. If we restrict

ourselves to the generic orbits there is a way to do this.

Let 5,T be the collection of jump and non-jump indices respectively and
Vs = R —span{{,|s; € S},Vr = R — span{¢,|t; € T}. Then Vg has the same

dimension as the generic orbits, and in fact for a generic orbit O,, projection maps

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12
O, diffeomorphically onto Vs. From this it can be seen that a convenient way to

choose orbit representatives is to take members of the Zariski open set U [ V7.

In fact there is a parameterizing map ¥(fr,¢s) : (U} Vr) x Vs — U such that
% is rational in £7 and for fixed £1, ¥(¢,-) is a polynomial diffeomorphism onto the
orbit Og,. of ¢p. The point ¥(€r,{s) is the unique point in the orbit O, such that
p(¥(€r,€s)) = €s, where p is projection onto Vg. The functionals from U (| Vr are

called the parameterizing functionals.
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CHAPTER 2

SZASZ-MUNTZ THEOREMS FOR
N-DIMENSIONAL EUCLIDEAN SPACE

The classical Szasz-Miintz theorem [8] for L?([0, 1]) says that the collection of
monomials {z"*}2 , ,where n is a sequence of integers such that 1 <n; <np <...,
spans L?([0,1]) if and only if 352, ;- = 0o. Our goal is to prove an analogous (in
an appropriate sense) theorem for L2(R") and then for L2(G), where G comes from
a class of simply connected nilpotent Lie groups that we shall define later. Here L2

means the compactly supported L? functions on the group G. There has been a lot

of work done on Szasz-Miintz theorems for continuous functions in [0, 00), see [4].

So the job at hand is to first state, and then prove a Szasz-Miintz theorem for
LZ(R™). In this direction we first extend the classical Szasz-Miintz theorem to a
theorem on L2([0,5]). Throughout this section we will take b to be a positive real
number, and we will make use of the following theorem from functional analysis [9]:
In a Hilbert space H, the collection of vectors f, spans H if and only if (f,,g9) =0

for every n implies that g = 0.

Theorem 2.1. The collection of monomials {z™}2 ,, for integers 1 < nj <ny <

., spans L2([0,b]) if and only if 3 ro, L = co.

1ng
Proof. First we will show that if {z"*}2, spans L?([0,5]), then we must have

pDre ;;1; = 00. Suppose instead that E:‘;l ;}k- < 00. Our job then, is to construct

a function in L([0,8]) that is not in the span of {z™}{,.

13
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14
Since the {n;}52, does not satisfy the conditions of the classical Szasz-Miintz
theorem we may choose a function f in L2([0,1]) such that f is nonzero, and
0= /z""f(z)dz
[0.1]
for every k = 1,2,....
Now define the function g on [0, b] by g(z) = f(£). We will show that although
g is nonzero, the integral of g against any of the monomials ™ is zero, and hence

g is not in the span of the {z"™*}{2,.
By the definition of g, for each k we have:

/ ™ g(z)dz = b / (bu)™* g(bu)du where u = bx
(0,8] (0,1]
= pnetl /u"" f(u)du
(0.1}
= 0.

So the monomials {z"*} , cannot span L?([0, b]).

Now we will work on the other direction. Assume that 3 2o, ;1; = 00, we must
show that {z™*}2, spans L?([0,b]). Choose f € L?([0,b]), and suppose that
0= /z""f(z)da:
(0.8}
forevery k=1,2,....
We will show that this can happen only if f =0, by making use of the Szasz-

Miintz t L2(10.11). In that direction define the function fx on I0.1] h
\7rv111.l.lf show that thlsncanahaplf)en 1<())rr111y if fe- ), byngn;&rllng use of the Szasz-

Al
fb(z'Mi’mtz theorem for L2([0,1]). In that direction define the function f, on [0,1] by

fo(z) = f(bz).
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15
Next we change variables:

0= [ z"f(z)dz
4

=b / (b2)™ fo(z)dz
[0,1]

= pm+l / ™ fy(z)dz.

(0,1]

Now we may apply the classical Szasz-Miintz theorem for L2([0,1]) to the
function fp, and by the above argument we conclude that f; = 0. It follows from

the definition of f, that f = 0 as desired. 0

Now that we have a Szasz-Miintz theorem for L2([0,b]) the next step in the
process is to prove a version of the classical Szasz-Miintz theorem for LZ([—b, b]).
It turns out that Y g, % = oo is not a sufficient condition for the monomials
{z™}g2, to have their closed linear span be all of L?([—b, }]). For example consider
the sequence ny = 2k, k = 1,2,.... This sequence satisfies the conditions of the
classical Szasz-Miintz theorem, and yet any linear combination of the monomials
{z?*}g2, will be an even function. So it would be impossible for an odd function on
the interval [—b, b] to be in their closed linear span. In order to avoid this situation

we place a stronger condition on the the powers {ng}52,.

Definition 2.2. A Szasz-Miintz sequence is a sequence of integers 1 < n; < np <

... such that 3 oo, ;%-: = Yore, %"— = co. Here {ne, }, and {n, }, are the

subsequences of even and odd terms of {n;}2, respectively.
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Notice that the sequence of terms ng =2k, k= 1,2,..., does not satisfy this
definition.

With this definition in hand we are able to prove the following theorem.

Theorem 2.3. The collection of monomials {z™}32, spans L2([—b,b]) if and only

if {nx}§2, s a Szasz-Miintz sequence.

Proof. First we will show that if the monomials {z"*}¢2, span L%([-b,b]) then
{n«}, is as a Szasz-Miintz sequence. In fact what we will show is that if {n,}2 ; is

not a Szasz-Miintz sequence, then the monomials {z™*}§2, cannot span L?([—b, b]).

Assume, for instance, that 3 po ; -,%k- < 00. By theorem 2.1, we may choose an
f € L*([0,b]) such that f is nonzero, and
/ z™ f(z) =0
(0,8]
for every k. Now extend f evenly to the function g on [—b,b]. That is define g in

terms of f as

— f( )) if z > 0;
g(z)‘{f(iz), 250

Then g € L%([-b,}]), g is nonzero, and for the even n; we have

/ z™g(z)dz = / z™* g(z)dr + / z™* g(z)dz
[-b»b] [—6,0] [O,b]
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= [carts-ais+ [omga)is

[0,8) {0,8]

=2 / z"* f(z)dz
[0.6]
=0

by a change of variables, and the definition of f. On the other hand for the odd n;
we have

/z“"g(:z:)da: = /z"‘g(x)d:z: + /z""g(z)d:z:

[—b.8] (~8,0] (0,8]

= /(—:z:)"‘g(—:z:)dz+ /x”"g(x)dz
(0,8} [0,8]

= - /:r:""f(z)dz + /:z:""f(a:)d:z:
[0,5) (0,8]
=0.

In either case the inner product of g with z™* is zero. So our function g is not

in the span of the {z"*}g2,. The case where Y p, ;:—k- < 00 is handled similarly.

Now let’s assume that the {ni}g2, is a Szasz-Miintz sequence. We want to
show that the closed linear span of the {z"}2, is all of L2([—b,5]). To do this we
will show that if the inner product of a function f € L?([—b, b]) against each of the
monomials z™* is zero, then the function must be zero. So assume that

0= /:z:""f(:z:)dz
[—5.6]

for every k.
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Let f1, f2 € L?([0,b]) be defined by fi(z) = f(z) and fao(z) = f(—z). Then for

each k:
0= /x""f(:c)d:c = /z""f(z)da: + /:z:"“f(:z:)da:
(<b.¢] (-50] [0.8]

= /(—z)""f(—:z:)d:z:+ /:z:“"f(z)d:z:
[O,b] [O,b]

= /(—a:)"*fg(z)da: + /z""fl(z)dz
[0,8] [0,5]

- / [£™ f1(z) + (—2)™ fa(z)|dz.
[0,6]

If n; is even then we have

0= /.’B""[fl(x) + f2(.’17)]d.’1:,
(0.3
otherwise if ny is odd we have

0= /x"“[fl(z) — f2(z)]dz.
[0,8]

By assumption the subsequences {n.,}52, and {n,, }32, of even and odd
terms of ni are both Szasz-Miintz sequences, and so the Szasz-Miintz theorem

for L2([0,]), says that
H(z)+ f2(z) =0

fi(z) = fao(z) = 0.
Thus f;(z) =0 and fa(z) =0, and it follows that f = 0. O

n
We are now in a position to extend our theorem to a box [][—b:,b:] in n-
=1

dimensional Euclidean space where b;,7 = 1,2,...,n, are fixed positive real numbers.
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Theorem 2.4. Let puy(ky),...,un(kn) be n sequences of positive integers such that

1 < pi(1) < pi(2) <... for every i. Then the collection of monomials

{2;151("1) . zﬁ"(k") }l(kl,...'kn)eN"

n
spans L2([][—bs:, b:]) if and only if each sequence ui(k) is a Szasz-Miintz sequence.
=1

Proof. Suppose that one of the u;(k) is not a Szasz-Miintz sequence. In fact we
may as well assume that i = 1. So we may choose an f € L?([—b;,b;]) such that f

is nonzero and
0= / 281 f(z)dz
[_bl )bl.]

for every k by theorem 2.3. Now let the function g € L2( [ [—b;,b;]) be defined by

=1

9(z1,...,xn) = f(z1)h(22,...,Z4)

where h € L2( [] [~b;,b;]) is any nonzero function. We want to show that the inner
1=2

p(kr)  piin (k)

product of g with any of the monomials z is zero, i.e. that g is not

in the span of these monomials. By our choice of f:

/’ ghrk) L ppnlka) gz Lz )dz ... dTe

I’:[[-b-' bil

i=1
= /x‘l“(k‘)f(:z:l)dzl /zg’(k’)---a:ﬁ"("")h(:z:g,...,:z:n)d:z:g...d:z:,,

—by,b1 n
[ ] H [—bi tbi]

i=2

Therefore g cannot be in the span of the z#*(1) ... phn(kn),
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Now assume that each of the u;(k), k = 1,2,..., is a Szasz-Miintz sequence.

Choose f € L?( ﬁ [—bs, bs5]). We need to show that if the inner product of f against

=1

all of the monomials zf (k1) z#n(kn) 35 sers, then f must be zero. We will integrate
f against these monomials, and then make repeated use of our one dimensional

Szasz-Miintz theorem.

So assume that for each ky,...,kn

0= / z'l“(k‘)---z,‘:"("")f(zl,...,:c,,)d:z:l...dzn

n

[1(-8:.8:]

i=1

= /z’l“(k‘) ( / x‘z"(k’) oo ghalkn) (g L zn)dzs ... dzn) dz,
[—blvbll Lid

[I(=b: ]

i=2

= /.’B’;l(kl)F(Il)
[—b1,b1]
where
F(z;) = / zg""(k’) cooghalka) f(z) L z,)dEy. .. dT,.
[1t=8:.6:1
i=2

We may use Fubini in the second line since

f € (] (-5 b:]) < L (J ] (~bs, b))
=1 =1

Notice that F' has support contained in [—b1, b;] since f does. Also notice that

F is an L? function. In fact F € L? if and only if F* € L?. But

F(s) = / e”“’”‘xg’(k’) ces zﬁ"(k")f(zl, ceeyTp)dzs ... dzodT,

ﬁ[—b-’-b-']

i=1
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/ e21ruz:1h(zl’ ooy zn)dzz cen d:z:nda:l

n

H ["bv' vb"]

i=1

= A(s,0,...,0) € L}(®)

: _ opa(ka) . _palkn) 2(TT1—b:. b:
since h(zy,...,Tn) = Th zn" o f(z1, .- -y 2n) € LE(TT [0, 05))-

=1
Now we may apply the one-dimensional Szasz-Miintz theorem to F. Then we

must have F' = 0. Now proceed inductively, peeling away an outer integral at each

step. We conclude that f = 0, which is what we needed to show. O

Care must be taken in formulating a theorem like the above for L2(R"), since

this is not a Hilbert space. In fact although we haven't said it explicitly, in theo-

i‘l(kl) o xﬁn(kn)

rem 2.4 when we are considering the monomials ¢ , we really mean

z’l“(k‘) -« ghin(kn) € L2([][~b:,bs]). However for any f € L%(R™) there

ﬁ[_b‘. Wbil =1

i=1

n
are by,...,b, such that f € L2([][~b:,b:]). This remark enables us to prove the

=1

following.

Theorem 2.5. Letpu,,..., 1, be n sequences of strictly increasing natural numbers.
For f € L2(R™), the inner product of f against all of the monomials z#*(F1). . ghin(kn)
being zero implies that f is zero if and only if each of the sequences p; is a Szasz-

Mintz sequence.

Proof. (<) Given f € L2(R"), choose by,...,b, such that f € Lz(ﬁ[—b,-,b,-]).

t=1

Now apply theorem 2.4.

P, s - b
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(=>) Assume that for compactly supported f, [zf k) | pn(ka) f(z) =0
implies that f = 0. In particular this works for all f € Lz(gl[—b;,bi]) for any

~

postive real numbers b;. So we may apply theorem 2.4 for some fixed b;. O
We now would like to rephrase the preceding result about functions f in LZ(®")
to a theorem on Fourier Tranforms. For such f, the Paley-Wiener theorem [10]

states that the Fourier Transform f of f has an entire extension to n-dimensional

complex space. In particular, all partial derivatives of f exist, and in fact

3k1+"'+k" . . R
S — — xt8-T
PR f(815-..,8p) = C/zI‘ -ezine f(z1,...,zp)dz;y ... dzy
1 n o
—_— ki knh d d
=C 21 -..xn a(zl,...’zn) zl”' mn
R

where ¢ = (2m)**t -t and h,(zy,...,2,) = ™5 Ff(zy,...,z,) € L3(R"). It
follows from theorem 2.5 that if for some fixed s

gr1 (k1 )+ tpn(kn) f.( ) =0
S1y...48n) =
33’1"('") .e- aSﬁ" (kn) "

for Szasz-Miintz sequences p;(k;),...,tn(ks) then f = 0. These comments make

up the content of following theorem.

Theorem 2.6. Let puy,...,p4, be n Szasz-Mintz sequences. Suppose that f €
L2(R™), and s is a fized element of C®. Then

al‘l(kl)'*'u-'*'lln(kn) f
81,
33511("1) . asl':n(kn)

cees8p) =0

for every ki, ..., k, € N™ implies f = 0 if and only if each p; is a Szasz-Miintz

sequence.
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Proof. Here PW (R") is the image under the Fourier Transform of L2(R"), in other

words the L? functions with an entire extension to C® of exponential type.

Remark Theorem 2.6 can be rephrased in terms of power series as follows: Suppose
that f € L2(R"). Then f has an entire extension to C®, and hence is representable

by a power series

oo
3 1
feyenzm) = 3 e oo ”
jl v-‘yjn:o

where c;, ... ;. is a constant multiple of 5‘%::—;;:—:; f(0,...,0). Theorem 2.6 says
X

n

that if ¢, (k,),....un(ks) = 0 for Szasz-Miintz sequences p;,..., un, then f =0.

The advantage to using the coefficients from a power series is that in some
cases these ideas can be extended to functions with a Laurent series. Consider the
example where f € L2(R). f has an entire extension to C, so we may write f as
a power series f(z) = § cjz?, where ¢; = % £ (0). Therefore if Cuk) = 0 for a

j=0
Szasz-Miintz sequence g, then f = 0.

Now consider the function g(z) = f (-i-) g has a Laurent series expansion
0 . .
about zero: g(z) = )Y d;z? where d; = c_; for j =0,—1,-2,.... By the above
Jj=—oc

remarks if d_,x) = O for a Szasz-Miintz sequence p(k), then g = 0. So in some

cases we can prove a Szasz-Miintz theorem for f composed with a rational function.
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CHAPTER 3

ALMOST STRONG MALCEV BASIS

In the previous chapter we were able to prove Szasz-Miintz theorems for the
compactly supported functions in L?(R™), and for their transforms: functions of
Paley-Wiener type. We would like to extend this theorem in a natural way to
connected, simply connected nilpotent Lie groups. In this case the role of the
Fourier Transform can be played by the trace transform or the matrix coefficients
of the operator valued transform, as functions of the parameterizing functionals. In
order to make this extension we will show that in certain classes of nilpotent Lie
groups the equivalent of the Fourier Transform, appropriately chosen depending on
the class of group being treated, has an entire extension to the complexification of

the dual.

One of the goals of this chapter will be to derive a formula for the action of
the generic representations on a Hilbert space. In fact what we will show is that

the action of 7, has the form

21ri( Z @;; (z,y,w)t(M,-))
(7([($)(f))(y) =e€ =1 .f(ﬁe; ($, Y, w), T )ﬂec (.'B, Y, w))
where a is the dimension of a polarizer for generic ¢, c is the dimension of a cross-
section for the polarizer, and the w are coefficients of the basis vectors M;, for
the polarizer, in terms of a fixed strong Malcev basis. What’s nice about the

construction is the form of the polynomials a;; and ;. In the first section of this

24
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chapter we will construct what we call an almost strong Malcev basis. The benefit
of using an almost strong Malcev basis through our polarizer is that in most ways
this basis acts like a strong Malcev basis, even though the polarizer may not be an
ideal. The net effect is that the polynomials a and 3 that result from factoring the

right translation by = above have nice triangularity conditions:

a; (z,Y,w) = Ti, + Ai (Tiz41,.+- 1 Tn,Ye, With e; > iy, w)

Beu (T, Y, w) = Tep + Yo, + Bey (Tept11- -1 Tny Yergrse - r Yoo r &)

where A and B are polynomials in z, y and w. The indices i;. and e, will be explained

in the next section.

3.1 Constructing an almost strong Malcev basis

It turns out that the existence of an entire extension is highly dependent on
the choice of polarizer and the basis through the polarizer. That brings us to the
idea of an almost strong Malcev basis. In this section we will show that given a Lie
algebra g and a subalgebra §) we can construct a basis for g passing through h such
that the basis acts like a strong Malcev basis in h and also as a basis for the cross

section g/bh.

Throughout this chapter & will be a connected, simply connected nilpotent Lie
group with corresponding Lie algebra g. We will start this section with a theorem

that is useful in the construction of Malcev bases.

Theorem 3.1.1 Let§ be an m-dimensional subalgebra of g, and Wy,..., W, be a

weak (strong) Malcev basis for g. Assume thata; < ... < a;, are m distinct indices
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such that

Y, = Za}Wj € b where (ai_. # 0).
i=1

ThenY,,,...,Y,,, is a weak(strong) Malcev basis for §.

Remark. In our notation, the vector W, is the first central vector in the basis

Wi,...,W,

Proof. Because o, # 0, the Y, are linearly independent. That is {Y;,,..., Y.}
forms a vector space basis for h. It remains to check that this basis is weak(strong)

Malcev. In fact it suffices to check that
[Ya;,Ys,] € R—span{Y,,,...,Ya,}

where d=max(min){i,j}. We know two things about [Y;,, ¥;,]:

[Ys;,Ys;] € R—span{Yy,,...,Ys, .}, since {¥,,,...,Ya .} is a vector space

basis for the Lie algebra §.

2)[Ya,,Ys;] € R—span{W,,...,W,} where p = max (min){a;,a;}, since we
are assuming that Wi,..., W, is a weak(strong) Malcev basis for g, and by the

definition of the Y;,.

Now pick coefficients 7 such that

[Ya; ’ Ya,-] = Z 7kYak

k=1
m ak
= Z 'Yk(z afW,).
k=1 s=1
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Since a; < ... < @, the coefficient on W, is 1maj: . By 2) this coefficent is
zero if a;, > p, or equivalently if m > d = max(min){3,j}, . By assumption o7
is nonzero, s¢ we must have 7, = 0 if m > d. Now proceed inductively. So in the
next step the coefficient on W, _, is Ym-1a]7}, and by 2) this coefficent is zero
if am—~1 > p, or equivalently if m —1 > d. Conclude that 7,1 =0if m -1 > d.
From induction we get that vz =0 if £ > d. So we have

[Ya-"Ya,’] = Z7knk
k<d

which is what we needed to show. O

Now that we have the preliminary theorem we are ready to start constructing
an almost strong Malcev basis for g through §, which we will define when the
construction is done. We start with a fixed, but arbitrary, strong Malcev basis
{X1,..., X} of g. Choose a (vector space) basis {Mj,...,M,} of h. Until we
explicitly say so we are considering this basis as a linear basis. Now choose highest
weight indices ¢;,...,%4 such that

ik
M =) wiX;
i=1
with wfk # 0. Since we are considering our basis as a linear basis we may assume,

by rearrangement if necessary, that the collection {7;,...,%,} is linearly ordered.

In fact we may assume that iy < x4, for if i = ix4+1 we may redefine M; as

the new vector

T k1 k
Mk = wiH_le - wi,‘Mk-H'
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The linear independence of our original basis, and the fact that wfl # 0 for each j,
ensures that our newly constructed vectors will be linearly independent. In fact by
multiplying by an appropriate scaiar we may assume that we have a distinct indices
11 <... < 4 such that
tp—1
Mi=X;, + ) oiX;.

=1

Denote by I the indices I = {7y,...,%i,} and by E =~ I the linearly ordered

set, {ej,...,e.}, of indices not in I. Moss [1] calls these indices the internal and

ezternal indices respectively.

We have one final adjustment to our basis, which is handled by the following

lemma.

Lemma 3.1.2. We can choose My so that

te—1 $p—1
i i i
Me=Xi + D wtX; =X+ 3 Wit X =Xo + 3 witXe,.
— — ‘
gl icE ep <tk

Proof. The proof is done by induction. Notice that M, is central, and by the way

M; was chosen above we must have M; = X;.

Now assume that My,..., M;_; have the form we desire. Then
X;i;, — M; € R—span{X_,|e, € E}

forj=1,...,k—-1, and
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te~—1
M= X;, + ) wiX;
j=1
fr—1 te—1
= X,'k + Z UJ;XJ' + Z waj
jer jes
k-1 ig—1
= Xi,, + ZwﬁXg_ + Z wa,-
=
k-1 k—1 -1
=Xy + Y WEM, +) wf (X, - M,)+ ) wiX;.
s=1 s=1 ;e=é
k=1 f—~1
So we can take My = X;, + > wf (Xi, — M,) + Y, wkX; without affecting the
s=1 i=1
JEE
span of the M}, and by the remark above
k—1 te—1
Zwﬁ (X:, — M,) + E waj € R — span{X,,|e; € E}
o=
which is what we needed. a

We are now in a position to extend our basis to a weak Malcev basis of g. By
theorem 3.1.1 we already know that {M;,...,M,} is a strong Malcev basis of §.
Notice that in extending to all of g weak Malcev is the best we can do since § is

not necessarily an ideal.

Theorem 3.1.3. B = {M,...,M;,X,,,...,Xc.} is a weak Malcev basis for g

passing through b.
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Proof. The fact that the i; and e are all distinct shows that B is a vector space
basis for g, since {Xi,...,X,} is a basis. It remains to show that the basis is weak
Maicev. In fact we already know that {Mj,..., M,} is strong Malcev, so it remains

to check that
1)[Xe,;, Xc.] € R—span{My,..., My, X,,,..., Xe,} where d = max{j,k}

2)[X.,;, Mi] € R—span{M,... ,M,s, X,,,..., X¢;}

We will cover both cases with the following lemma, which actually shows more than

we need.

P
Lemma 3.1.4. Let Vi = 3 v,X, be an arbitrary vector in g with p chosen such

s=1

that v, # 0. Then

[X.;,Vk] € R—span{M, with i, <min{e; —1,p—1} = 4,
X., with e, < min{ej_l,p - 1} = Al}.
Proof. Since {X;,...,X.} is a strong Malcev basis, we know that
[X.,,Vi] € R—span{X, with s < min{e; —1,p—1}}

= R—span{X, with s < A}. (1)

We also know that B is a linear basis of g. So we may choose coefficients ay, 8, so

that . .
[Xe,-a Vk] = Z asMs + Zﬁtxe.
s=1 t=1
a ) c
=) oy(Xe, + D Wi X))+ ) BeXe,.
s=1 ep <i, t=1

Now the coefficient on X;, is a,. By 1, if i, > A we must have a, = 0. So

[Xej)Vk] = Z aaMs +ZﬁtXC¢°
1

i, <A t=
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Now for t > A, the coefficient on X, is §;. Again by 1, for such t we must have

a c
[Xe; Vil = Y a.M. + Y B:X.,
i, <A e<A

a c
= z asM, + z BeXe, -

i.SA e.SA;
In the last line we may change A to A; since ¢, < ej —1if and only if s < j — 1.

This is what we wanted to show. |

We have proven the following theorem.

Theorem 3.1.5 Let {Xy,...,X,} be a strong Malcev basis for the Lie algebra g.
Let h be an a dimensional subalgebra of g. Then there ezist two disjoint collections
of indices I = {i1,...,%a} and E = {ey,...,e;} along with vectors {M,...,M,}
such that

l)a+c=n.

M, = X;, + Y wi X,,.
ep<il

3){My,...,M,} is a strong Malcev basis for §.

4){M,,...,M,;, X,,,..., X, } is a weak Malcev basis for g through §.

5)[Xe., Xe,] € R—span{M;, ..., M,, X, with e, < min{e,_1,e._1}}.
Definition 3.1.6. An almost strong Malcev basis for g passing through b will be a

basis satisfying the conditions of theorem 3.1.5.

Theorem 3.1.7. Let b be an a-dimensional subalgebra of g. The almost strong
Malcev basis in Definition 8.1.6 is unique up to the choice of strong Malcev basis

(X1, Xn}.
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Proof. Suppose that there are two bases P = {MY¥,...,MF , XF,...,XF} and

Q= {MIQ yeer, M2 Xg, Xg } satisfying the hypothesis of theorem 3.1.5.

Claim. To show that P = Q it suffices to show that the internal indices, I¥ =

{(if,...,iP}, 19 = {i9,...,i9}, for these two bases are the same.

Proof of claim. Suppose that I” = I9. By taking set theoretic complements
EP = EQ. Therefore X/ = XeQ’, for j = 1,...,c, so we may drop the superscript on
these vectors. Since the internal indices are the same, by property 2 of almost strong
bases MY — M € R—span{X. |e; € E}. Of course we also have M¥ — M € b,
and by the linear independence of the vectors {M{,...,MF , XF, ... XP} we must

have M,f —M,? = 0. 0O

The proof that I? = I9 proceeds by induction. So consider if, i?. We
may as well assume that if < 1.1 By the definition of almost strong Malcev basis,
iP <i9 < i@ < ... < i9Q. If this were true the vectors {MFP ,M?,..., M8} C §
would be linearly independent, which contradicts dim(h) = a. Now proceed with

the induction step.

Assume that if = i? for k < j, we must show that if = zJQ Suppose, for
instance, that z < zQ We know that 1 > ‘;-1 = zJ , by the definition of almost
strong Malcev basis and by the induction hypothesis. So i? <...< i?_l < if <

i? < ... < i9. Tt follows from property 2 of almost strong Malcev basis that

{MS,... MJ_I,M}’,MJQ,... , M3} are linearly independent, which is impossible

since the dimension of § is a. |

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

Corollary 3.1.8. Letg be a nilpotent Lie algebra with strong Malcev basis

{X1,...,X,}. Leth be a subalgebra of g and {My,...,M,, X.,,...,X._} the almost

strong Malcev basis for g through . If a vector X € h has the form

X=X;+ ) a,X,

ep<J
then X = M. for some k.

Proof. For each 1 < k < a express M} in terms of the original strong Malcev basis,

Mk = Xik + E wi*Xep.

€
ep <tk

We must have j = #; for some k, for otherwise X would be linearly independent

from all of the M. Therefore X — My € h(\R — span{X,_|e, € E} = {0}. 0O

Example 3.1.9. Consider the 4-step chain algebra £; spanned by the vectors

{X1, X2, X3, X4, X5} with nonzero brackets generated by the relations:

[ X5, X4] = X3
(X5, X3] =X
[X5,X2] = X;.

Let b be the three dimensional abelian subalgebra spanned by the vectors
{My =X3,Me = Xy + Xo + X1, M3 = Xy + X5 — X2 + X1}

Notice that this is not part of an almost strong Malcev basis since M3 and M3 both

have highest weight index 4. The almost strong Malcev basis for g through § is
{My, Mz, M3, X.,, Xe, } = {X1, X3 — 2X2, X4 + X2, X2, X5}

with internal indices I = {1, 3,4} and external indices E = {2,5}.
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3.2 Calculating the unitary irreducible representations

Now that we have almost strong Malcev bases we would like to calculate the
action of a unitary irreducible representation induced from a polarizing subalgebra
in these bases. In this section we will show that the action of such a representation

has the form outlined in the beginning of this chapter.

n
So fix £ = }° £;X; € g*, a polarizer m for £, and let M = exp(m), the Lie
=1
subgroup of & corresponding to m. Then m¢ acts on the Hilbert space Hy, by right

translation:
me(z)f(y) = f(yz)
for z,y € &. Here H,, is the collection of functions f with |f| € L?(M \ &) such
that
f(ab) = xe(a) f (b) = 72D £ (p)
for every a € M and b € &. Notice that it is sufficient to calculate m¢(z)f(y) for y

coming from a cross-section of M \ .

The calculation of m, amounts to factoring an arbitrary product yz,z € &, y
in a cross section for M \ &, into a product o3 where a € M and S comes from
the cross-section for M \ &. This calculation is made easier using an almost strong

Malcev basis.

Let {M,,...,M,,X,,,...,X._} be the almost strong Malcev basis for g passing

through m with respect to the fixed strong Malcev basis {X;,...,X,}. Here

M, = X,‘k + Z wi‘;XeP

€p <£k
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as in theorem 3.1.5. We will use {ezp(te, X.,) - - - ezp(te Xe_ )|t € R¢} for the cross-

section of M \ &.

Let z = ezp(z1X1)-+-exp(znXn) € & and y = exp(ye, Xe, ) - - - €D (Ye Xe.)
in the cross-section. Choose the unique a = erp(a;, My)---(ai;,M;) € M and

B = exp(Be, Xe,) - - - €zp (Be Xe.) in the cross-section such that yz = af.

We need to calculate o;; and ., in terms of the coordinates z, and y;. First
we calculate yz. {X),...,Xn} is a strong Malcev basis, so there are polynomials

P; and P; such that

T = ezp(21X1) - ezp (znXn)

= erp (Z Pj(xj,...,zn)X;

i=1
and
Y = exp (Ye, Xe, ) - - - €2P (Ye Xe. )
n
= ezxp (Z Pi(ye; with e¢; > k)Xk)
k=1
where Pr(zk,...,2,) = zx + Pk(zkH, ...y2n). It is convenient to abuse notation:

Pi(ye; with e > k) is understood to have n — e; + 1 variables, with the coordi-
nates corresponding to internal indices fired at (. Putting this together with the
Campbell-Baker-Hausdorff formula we have

n n
YT =eTp (Z Pr(y.; with e; > k)Xk) * eTp Z Pj(zj,..., :z:n)X,-)

k=1 j=1
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n n
=ezxp ( Z Pk(ye,. with e; > k) Xy + ZPj(Xj, . - )Xj-l-

=1 j=1

) -

n n
[Z Pi(y.; with e zk)xk,ZPj(xj,...,xn)xj] +)

k=1 =1
=ezp (Zpk(z, y)Xk)
k=1

where

Ti; + Pi; (Tij415- - -1 Tn, Ye, With e >1j) if k = i; for some j;
Te; + Ye; + Pk(Te;41,--+1TnsYej4r1r---rYe.) if k= e; for some j.

pi(z,y) = {

Now that we have computed yz, we need to compute of3. Since {M,...,M,}
is a strong Malcev basis for M, there are polynomials K; and K; such that

a =ezp(a;, My)--- exp(a;, M,)

a
= exp (E K (0. .. 04, )MJ)

i=1
with K; (oi;,...,2) = o4; + Ki;(@i;,,,...,i,). Since 8 comes from the cross-

section

B = ezp(Be, Xe,) - - - €zp (Be Xe.)
= ezxp (Z Pr(Be; with e > k)Xk) .
k=1

Fix o and § for the moment and let K;; = K;, (a;;,...,;,) and

P, = Pk(ﬂe,. with € 2> k) Then

off =ezp ( Z K;; Mj) * eTp ( i Pka)

ij=1 k=1
a n 118 n
=ea:p<ZKg’.Mj -+ ZPka + -2- [ZKiiMj’ Z Pka] +.. >
=1 k=1 i=1 k=1
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=ezp ( i Ky (X + ) wiX,,)+ 2”: P X+

i=1 ep<t; k=1
[ ZK (X; + Y wiX.,) ZP;:X&] )
_1—1 ep<tj
=ea:p(zu:K,~,.X +ZPka+ZK.,( E wy Xep)
j=1 =1 ep <t;
[ZK,,( i+ wi{,Xe,),ZPka] +)
j=1 ep<i; k=1
=ezp ( ) Qji(K, P, w)x,-) :
=1

Since {Xj,...,Xn} is a strong Malcev basis, by the Campbell-Baker-Hausdorff
formula we know that Q; is polynomial in K,P and w, and that there exist polyno-
mials Q, such that

Kik +Pik +Qik(Kik+n“'1Ki.)Pi|,+17--°1Pn7

tq . . Y I .
Q;(K, P,w) = N we; virherexq > ep > ik) if j = ix for some k;
Pek + Qek (Ki,Wlth Ip > ek, Pek+1, e ,Pn,
we? whereiq > e, > ey) if j = e for somek.

Define the polynomials g;(«, 8,w), §j(a, B,w) by the equations

Qj(ay ﬂ: OJ)
=QJ (K(a)) P(ﬁ)a w)
( Kik (a) + Pik (ﬂ) + Qik (K_ik-{-l (a)’ Ki. (a) 1k+1(.3) aPn(ﬁ),
) i we!, Whereiq > e, > iy) 1f j =ik for some k;
P, (.B) + Qek (Ki, (a)Wit]El ip > ekaPek+1(ﬁ)’ N o (ﬁ))
\ we! whereiq > e, > ey) if j = ex for some k;

4 - : . .
@iy + Gir(Xipyys -2 Qi s Bin 41, - -, Py wet, Whereiq > e > ix)
. if § = 1 for some k;
.Bek + éek (ai,.With ip > e, ﬁek-{-l’ ce aﬂn,w::‘:, where iq >¢ep 2 ek)
L if 7 = e for some k.
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The last equality is from what we already know about K and P. Since a and
[ where chosen so that yz = af3, we must have
Pe(z,y) = qr(a, B, w)
for k =1,...,n. Use this to solve for a and 8.
@i, = Tiy, + Di, (Tis 415+ Tny Ye, With e > ig)—
Gir (Qigps e e Qg s Big 415+ - ,ﬁn,wi: whereiq > e, > ix)
Bei = Ter t Yer + Pr(Text1s -+ s TnsYeryrs- -+ s Ve )=
ey (i, with ip > ey, ey t1,--- ,ﬂn,wf,: whereiq > e, > e).
By the triangular dependencies of the § there are polynomials A and B such
that
a;, (z,y,w) =z, + Ai (Tig+1,- -+ s Tny Ye, With eg > ik,wf,‘,‘, whereiy > ep > i)
Ber(T,Y,w) = T, +Ye, + Bey (Text1s -+ s Tns Yerprs -+ - yec,w:: whereig > e, > ey).
Now that we have this calculation
me(z) f(y)=f (yz)
=xe(a(z,y,w))f(B(z,y,w))
=xe(ezp(ai, (z,v,w)My),.. ., ezp(os, (T, y,w)M,))
f (ezp(Be, (z,y,w) Xe, ), - - ., €2p(Pe. (2, Y w) Xe, )
=xe(ezp(ei, (z,y,w)M1)) - - - xe(ezp(as, (2, y, w) Ma))

.f(ezp(ﬁel (z,v, w)Xe, ) ezp(fBe. (z,y, w) Xe. ))

21ri( i: ai; (z,y.w)l(Mj))
=e j=1 f(ezp(ﬂex (.’B, Y, W)Xel )’ cevy ezp(ﬁec (:B, Y w)Xec )) )
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We have proven the following:

Theorem 3.2.1. Let g be a connected, simply connected nilpotent Lie algebra with
strong Malcev basts {X1,...,Xn}. Letf € g* and let m be a polarizer for £. Finally
let {My,..., Mz, X,,,...,Xc.} be the almost strong Malcev basis for g through m.
If we use this basis to calculate the action of my on L?(R°), then that action is given

by the following formula:
me(z) f(y)

21ri< i a;i(z.y.w)l(M;))
=e i=1 f(ezp(ﬁex (z,9, W)Xex)’ ov ’ezp(ﬁec(z’y’ w)Xe° ))

where the polynomials a;; and B.; have the form
i (T, 9, w) = i, + Ai(Tic 41,2 TnsYe, With e > iy, we whereiq > e, > iy)

Bei(T,y,w) = Te, +Yer + Bey (Ter41r-++1Tns Yergrs- -+ ye‘,wi‘; whereig > e, > ey)
for some polynomials A, B.

Notice that this equation for m, has the form outlined in the beginning of
this chapter. It is known that the coefficients w for the basis vectors of m can be
chosen so that they are rational functions of £. Theorem 3.2.1 shows then that
the action of 7y depends rationally on £. In the next section we will make use of
theorem 3.2.1 when ¢ € U () Vr the set of parameterizing functionals, and there is
one fixed polarizer m for all such £. In this case we will not need to keep track of

the coefficients w.

In the next example we compute the action of 7, in two different polarizers.
One polarizer is fixed, and the other one rotates with £. We will be using this

example in several places to compare the resulting representations.
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Example 3.2.2. Consider the 9-dimensional algebra g = R—span{Xy,...,Xo}

with non-zero bracket relations

[Xo. X5l =Xa  [Xo.X4]l=1X; [Xeo: Xs] = — X5
Xo, X7]=-X2 [X5, X]=-X2 [X5,X]=-X)
(X6, Xs] = —Xz  [Xs,X4] =Xz

9
and center 3(g) = R—span{X;,X2}. Let £ = ) £;X;. Then U = {€| 4,4, # 0}
i=1

are the generic ¢, and for generic £ the radical, ry, of £ is

T = R—Span{xl,X2,£1X6 ~ X5 +£2X4}.

We will make use of two different polarizers for this example:

m= R—-spa.n{Xl, X21X3:X5 _X41 X61X7}
and

me = R—span{X;, X2, X3, Xy, 01 X6 — 2 X5, X7}

which rotates with £. For the fixed polarizer the external vectors are {Xy, X5, X3},

and for the rotating polarizers the external vectors are {Xj5, X3, Xg}.

We will use 7, and 7, to denote the actions of the representations in the fixed
polarizer and rotating polarizer respectively. As might be expected the action of m,
is nicer than the action of 7, in the sense that 7, depends polynomially on ¢ while
e depends rationally on £. The dependencies are made clearer by the following

formulas for the actions of 7, and 7,:
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Te(y) f (x4, T8, Tg)

=me (61113 (¥1X1) - - ezp (y9 Xo) ) f (exp (z4X4) exp (28 X3) exp (T9X9))

2mwily (yx+ys(z4+y4+§ys))
=e
2mily (yz—zsya +ve(vatys+z4)—zo (y7+z'4ys+(=s+ys) (va +!l5)) )
-e

e2ﬂ'i (la (ys +zo(ya +ys)) —Lys+elsys+is (ye —zws) +Z1y7)
-f(z4 + ya + y5,Ts + Y8, Tg + o)

and

ﬁl(y)f(zh L8, 59)
= (exp (11X1) - exp (¥oXs) ) f (exp (25 Xs) ezp (za Xs) exp (vo X))

2wl (yx—zszu)
=e

2wils (yz —TgyYs—ZeYr+TsYe+YsYs —TsToYs—T8ToYs —LoYsYs —'zszsya)
e

2 (ls (y3+29(y4+m)) +&yat+le (ve—zovs) +l-ry7)
€

eZWi%(ys—zeys) (%‘(ys-zoys)—ls)
L2
'f(z(ys — Toys) + 5 + Y5, Zg + Y, Tg + o).

3.3 The parameterizing representations

As in section 3.1 we will start with a fixed strong Malcev basis {Xi,...,X,}
of the Lie algebra g. With respect to this basis we will let U denote the collection

of generic orbits and S = {sy,...,8,}, T = {t1,...,t,} will denote the collection
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of jump and non-jump indices respectively. Then o is the dimension of the generic
orbits and r is the dimension of the radical r, for generic £ € g*. If we let Vpr =

{X¢,it: €T}, then U}V is the collection of parameterizing functionals.

In the previous section we showed that

Ter (2)f(y)

o 35 o eraer (16))
=e =1 f(exp(ﬁel (z, Y, W)XCJ. yerey ezp(ﬁec (.’1:, Y W)Xec) )

Here {M,,..., M., X,,,...,X._} is an almost strong Malcev basis for g through
a polarizer m for £, and the w are coefficients for the M; in terms of the original
strong Malcev basis: M; = X;, + 3, w:iXe,.
ep<ij
We will assume that there is one fixed polarizer m for all £ € U] V. In this

case the coefficients w are fixed, and so we may rewrite the equation for m,,. as

mer(z) f(y)

2xi i @ (z.v)er (MJ)
=e (j=1 ) f (ezp(ﬁCI (.'l:, y)Xex ) IR exp(ﬁec (z, y)Xec )) .

It turns out that when you pass an almost strong Malcev basis through a
polarizer for a generic representation, then the set T of non-jump indices must be

contained in the set of internal indices I, which is what the next lemma shows.

Lemma 3.3.1. For each t; € T there is a vector Yy, € R—span{X.,|ex < t;} such

that X, +Y:, ts an element of our almost strong Malcev basis B through m.

Proof. Let B = {M,..., My, X,,,...,Xc_} be the almost strong Malcev basis for

g through m and fix a parameterizing functional £ € U (| Vr. Then for each t; € T
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we may choose a vector Y;; € R—span{X),...,X¢;_1} such that X;, +Y;, € re.

We may do this since t; is a non-jump index and £ is generic.

Define the projection map P : g -+ R—span{X.,,..., X, } with respect to the

almost strong Malcev basis B.

Finally let fft,. = P(Ytj), so that Y, = Y, ; + M for some vector M € m. That
is we still have

th +?t’- eEm

and this vector has the correct form to be part of a strong Malcev basis. By
uniqueness of almost strong Malcev basis, and Corollary 3.1.8, X, + f’t,. = M;. for

some k. O

Remark. Lemma 3.3.1 shows that the non-jump indices are contained in the inter-
nal indices for the almost strong Malcev basis. By taking set theoretic compliments
we can see that the external indices for the basis are always jump indices. Notice
that Lemma 3.3.1 does not depend on the polarizer being fixed. So the external
indices will always be jump indices, and the non-jump indices will always be internal

indices, even if the polarizers rotate with £.
These comments along with our calculated action of me,. allows us to prove.

Theorem 3.3.2 Suppose that there is one fized polarizer for the parameterizing

functionals ¢y = Z;=1 £;X:, € UNVr. Then g can be modeled in a fized
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modeling space L*(R°¢) = L*(ezp(RX., ), --,exp(RX._)), where the action of me,
1s given by:

Ter (2)f(Y)

= mer (ezp(z1X1), - - -, €ZP(TnXn)) f (€ZP(Yey Xey)s -+ » exp(ye, Xe.))

21ri( z": lg,- (:—'c,- +A‘j (z¢j+1,...,z,. Wi with ek>tj)))

=e i=t f(ﬁex (23, y)a X aﬁec(za y))
where ﬁek (1:1 y) = Tep + Yeu + Bek (xeg-}-la cresTnyYepgprre -0 yec) and At,-, Be:. are

polynomial in z,y.

Proof. Notice that

r(M;) =eT(Xi,- + Z wif.xep)

e, <ij

=£T(Xi,-) +£T( Z wiiXe,)-

ep<t;
Now from the remarks following lemma 3.3.1, E C S. Since ¢7 is in the span

of the vectors { X7 |t; € T}, ET( > wif,Xe,) =0.

ep <tj

So
£r(M;) =tr (X¢, + Z “’iiXev)

ep <ij
-tr(x,)

_J0 ifi¢T;
| &, if i =t for some k.

If we combine this with theorem 3.2.1 and lemma 3.3.1 we get:

2m’( i a.-,-(z.y)l(Mi))

7r¢(:1:)f(y) =€ =t f(ezp(ﬁex (z’ y)Xe“ sty exp(ﬂec (2:, y)Xec)
21ri( i &, agk(z,y))
=e k=1 f(ezp(Be, (z,y) Xeys - - - , €zp(Be. (T, Y) Xe. ).
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This combined with our knowledge of the polynomials @ and 8 from theorem 3.2.1
proves the theorem. This is the form we would expect from a representation induced
from a polarizer that is also an ideal, so our use of almost strong Malcev basis paid

off. O

Example 3.2.2 continued. The non-jump indices are those indices tx, k € T, such
that for each generic £ there exists a vector Y;, (£) € R—span{Xj,...,X,, 1} with
X, + Y, (¢) € . From our previous calculations we see that the non-jump indices
are T = {t1,%2,t3} = {1,2,6}, and the jump indices are S =~ T = {s1,...,8} =
{3,4,5,7,8,9}.

Therefore parameterizing functionals are of the form ¢7 = £; XT + €, X3 + 4 X§

with £5,22 # 0. The actions of 7, and 7, are given by

Ter (y)f(x‘h s, zg)

=Ter (ezp (11X1) - - exp (y9 Xo) ) f (ezp(z4X4) exp (23 Xs) exp (29 X))

_6211'1'21 (yl +y5(z4+y4+%y5))

627"1'12 (yz—xsya +ys(vatys+z4)—zo (y1+z4 ys+(zs+ys) (!Ir‘l'ys)) )

e2ite (ve—zovs) F(z4 + ya + y5, 28 + Y8, Zo + ¥9)
and
Ter (y) f(zs, T8, Tg)
=fer (e2p (41X1) -+ e2p (39 Xs) )  (e2p (25 Xs) ezp (28 Xs) ez (20 Xs))

27l (yx —25y4)
=e
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621“'!2 (yz —ZgYs—ZToYr+Tsys+ysVe —TsToYi—TaTols—ToYsys —zszoys)

2
2xi| e | ys ~zoy +—e2'(9 _zy)z) 14
e ("(“ o) 3¢ THeTTORR f(f(ys—zgys)-i-zs+y5,-'b‘s+?/8’z9+y9)'
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CHAPTER 4

A SZASZ-MUNTZ THEOREM FOR MATRIX COEFFICIENTS

In Chapter 2 we proved a Szasz-Miintz theorem for compactly supported L?
functions in R™. In this chapter we will prove a similar theorem for compactly
supported L? functions on a certain class of simply connected nilpotent Lie groups.
The class of groups we will deal with throughout this chapter is the class mentioned
in the previous chapter: the groups that have one fized polarizer for all of the pa-
rameterizing functionals ér € U () Vp. For example this includes all of the n-step
chain groups.

Fix a group & and a strong Malcev basis {X},...,X,} so that & satisfies the
conditions above. Let m be the fixed polarizer for the parameterizing functionals,
and {My,...,M,, X,,,...,Xe.} be the almost strong Malcev basis of g passing
through m. From the previous chapter we know that for each ¢r, my,. can be

modeled in the fixed modeling space L(R¢).

For ¢ € L?(8) (N L'(®) and f,g € L*(R°) we define the matrix coefficient of

the operator valued transform @op(€1) = 7 () by

(mer(0)frg) = L 0(z)(mer (z) £, g)dz.

In fact this relation also defines m¢,. (). The next theorem shows that in the scenario
outlined above these matrix coefficients are actually Euclidean Fourier Transforms
of certain L2 () L! functions. Then we will show that if ¢ is compactly supported,
we can use the Euclidean Szasz-Miintz theorem.

47
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Before we proceed we need to fix some notation. Denote by T = {t4,...,t,}

the non-jump indices associated with the generic orbits, where r is the dimension

£ &1

of the radical for gemeric {. As we have shown in the previous chapter, 7 C 7

N

b

where I is the collection of internal indices for the almost strong Malcev basis

(My,..., Mo, Xe,,..., X}

Theorem 4.1. Assume poezp € L2(R™)( L}(R™) and f,g € L*(R°). Then there

ezist polynomaals q and B such that

2rt Z lgj Te;

(rer(@fia) = [ e = dlale, ) (Bl M)atw)dsdy
=(i’f.y(eT)
where

@(z1,. .., Zn) = ‘P(ezp(zlxl) Tt ezp(znxn))’ (215---5 zn) eER”

2)q(z,y) = (q1(z,9),---,aa(z,9)), B(z,¥) = (Be, (2,9), .- - Be.(2,7))

3)gi(z,y) = Te, + Gt (Tt;+1,-- -1 Tni Yer With ex > t;) if j =1t; for some 3;
3 s, if j = s; for some 1;

4)ﬂ€,‘ (:B, y) = xe,' + yej + ,ée,' (ze,--i-la A 3$n; ye_,'.H’ M | yec)

5)@5,4(zr) = [ ¥(alz,y))f(B(z,y))g(y)dzsdy € L}(R") N L(R7)

RSC
Remarks. Here c is the co-dimension of the polarizer. z7 = (z¢,,...,%¢,.),z5 =
(sy,---1Ts,) Where o is the dimension of the generic orbits and S = {s1,...,5,} is

the collection of jump indices. In 3), 3c is the correct dimension since n+c—r =

(n—r)+c=2c+c=3c
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Proof. From chapter 3 we know that the action of m,,. is given by

mer (T)f(y) =
r
21ri( E l,). (z.l.+A,'. (::,)..;..‘ seeesTn Wk With ek>t_;)))

e i=1 .f(ﬁe; (2:, y)1 o aﬁec (:D, y))

where B, (2,Y) = Te, +Yer +Bex (Text1s- -1 Tni Yewqss - - - s Ve ) b = ZT&,-X:,. and
t; €

At,-,Be,, are polynomial in z,y.

Therefore
(mer ()£, 9)

- / o(h)(mer(h) f, g)dh

(]

- / ¢(Z)( / mer(2)f (y)g(y)dy)dz

R Re

y=1

.
/ 21ri(2£". (z.J.-i-Agj(z.j.;.;,...,zn,yk with ek>tj)))
e

Rn+c

B(2) f (Ber (2,9)s - - -, Be (2,9)) 9(y)dydz

J=1

/ 21ri(zr:£,). (z¢j+A,’.(zgj+1,...,z.,,yk with ek>tj)))
e

Rntec

?(2) f (Be, (2,9)s - -, Be.(2,9)) 9(y)dzrdzsdy

21rii:¢¢jz".
- / e = 3(ez,9)f (B(z,v))9(y)dzdy

Rn-{-c

where ¢(z,y) comes from the change of variables

J 25, if j = s; for some i.

o= {zt.. + At (Zt;415- - » 2Zn, Yk With e > t;) if j =¢; for some i;
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Remark. We may use Fubini in the previous calculations since,

=1

,
/ 211'1'( Z lgj (Zgj +A¢’. (zg’..H,...,z,. 2Wk with ek>tj)))
€

Rn+c

B(2)f (Bes(29)s- -, Bec(2,9)) 9(v) | dydz
= [ e mer (211, 0)|an

Rn
< llglizlellll£13

by the Schwarz inequality and the fact that me,. is unitary.

So
('ﬂ'e.,. (o) f, g)

2xiie",z¢j
B / e = o(a(=y)f(Blz,y)g(y)dzdy

s}_n-f-c

= / e%glt,,w( / @(q(z,y))f(ﬁ(z,y))g(y)dzsdy)dzT

Por R3e
2ni i b ze;
= /e i=1 Q¢ (zT)dzT
Rr
= (i)f.y(eT)

where the use of Fubini may be justified as above, and in fact this shows that

&4 € L}(R"). It remains to show that &, € L?(R").
We will show that &, € L2(R").

First assume that f and g are part of an orthonormal basis for L2(R°). Then

by the Plancherel theorem and the definition of the Hilbert-Schmidt norm
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ol = [ 8rstnar

= [ [(mer 11,91 dtr

2
s / lm" (‘p)” H-sdeT
Rr

=l < oo.

So & 5.9 € L?*(R") in this case. For arbitrary f and g, the Gram-Scmidt process
shows that f,g are a linear combination of at most two basis vectors from some
orthonormal basis. Hence by the linearity of ® in f and g, ¢ is a finite linear

combination of L? functions, and hence L2. 0

Example 4.2. We will continue with the use of example 3.2.2 from the previous
chapter. In this case we will restrict our attention to the representations .. that

come from the fixed polarizer

m= R—span{Xl, X27X3’X5 - X41 XG’X7}-

For ¢ € L*(®)( L!(®) and f,g € L>(R®) we have
(wlr((p)-ﬂ g)
= [ s)mer ), )y

RO
= [ 2ri(a(ntaizy)+a (vt Aalzy) +2s (vo+ Ao (=) ) &)
R12
f(z4 + ya +ys, 78 + Ys, To + Y0)9(T4, T8, T9)dz4dzgdzedy
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where
Ar(z,y) = ys(zs +ya + %ys)
Aa(z,y) = —zsys + Ys(vs + ¥s + T4) — To(y7 + Tays + (s + y8) (v + ¥5))
A3(z,y) = —Toys
Make the change of variables
6 = y6 + As(z,7)
zZ1 = z1 + Ai(z, 7)
Zp = z2 + A2(z, )
where, for ease of notation, §; = y; for ¢ # 6. Then

<7rl'r(‘P)fs g)
2m‘(iz._.g“)

= [e ‘& #(q(z,9)) f(z4 + Ta + U5, Ts + Ts, To + Jo)g(z)dzdy

where {t1,t2,t3} = {1,2,6} are the non-jump indices,

qi (Z’ 37)
Yi l# 1,2,6
Ys + To¥s i=

={ Fo + zs¥3 — (Fs + zo¥s)(Fa + s + T4)+ .
Tg (F7 + Tafs + (8 + T8 )(Fa + U5 + ToTs)) }=2

J1— s (za + T2 + %?75) 1=
and
®(gr)
=®(71, T2, Ts)

= [ $a(a,95)) 124+ 5u + Go,5 + 5,29 + o)o(a)dods
Re
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is L2(R3) N L*(R3®). Notice that if in addition ¢ and g are compactly supported,
then so is ®. The compact support of the variables z and ys forces the compact

support of the variables y7. O

Corollary 4.3. Ifp € L}(8)( L?*(®) and f,g € L*(R°) then

]t1]-j|1—‘.i.oo (er((P)f, g) =0.

Proof. By theorem 4.1 we may use the Riemann-Lebesgue lemma for Euclidean

L! functions. |

We are now in a position to prove a Szasz-Miintz theorem for these matrix

coefficients. For a differentiable function f of k variables, let

(m) (P1rsm4) gt A

—_— [ILXSL LS 3 —
[ (s) =™ (81,---,3k)—mf(sh---,sk)-
Theorem 4.4. Suppose that in addition to the conditions of theorem 4.1 we also
know that ¢ and g have compact support. Then & f.g has an entire extension to C*.
In addition if p = (uy,...,4y) is an r-tuple of Szasz-Mintz sequences, 1 is a fired

element of the complezified dual, and

é;f;l(kl)v-"vﬂr(kr)) (ZT) =0

for every ky,..., k. then éf'g(eT) =0 for all ¢r.
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Proof. By the Euclidean Szasz-Miintz theorem and theorem 4.1 it remains to check

that ®¢ 4 is compactly supported. By definition

&, 4(zr) = / #(a(z,v)) £ (B(z,v)) 9(w)dzsdy.
R3c

So it suffices to check that ¢(q(z,¥)) f(B(z,y))g(y) is compactly supported. From
the compact support of g we can see that y is compactly supported. By the compact
support of ¢ and by property 3) from theorem 4.1 we can see that =g is compactly
supported. So it remains to see that zr is compactly supported. We will work

inductively starting with z;_.

Notice by the triangularity conditions on the g; that

gr(2,y) = ¢, + Ge. (Yo With ex > to).

Since the y are compactly supported and so is ¢, we must have z; compactly
supported. Now assume that z;_,...,zs , are compactly supported, and consider
z¢,. Notice that g (z,y) = z¢, + G, (Tt; 4152 TniYe, With ex > ti). G, is
a continuous function on a compact set, and hence bounded. Therefore by the

compact support of @, z;, must be compactly supported. O

Remark. In definition 2.2 of a Szasz-Miintz sequence p we require that the re-
ciprocals of both the even and odd terms in g sum to infinity. Recall that this
was necessary in order to have Szasz-Miintz theorems for functions with arbitrary

support (functions with support not necessarily in §R"+). Notice that this kind of
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general theorem is necessary in theorem 4.4. Even if we assume that the function

¢ has support in R | the function ¢(q) may have it’s support anywhere.

Exampie 4.2 continued. Theorem 4.3 shows that in our exampie if ¢ and g have
compact support then the matrix coefficients for ¢ satisfy a Szasz-Miintz theorem.
This assumes we are using the representations m, that come from the fixed polarizer
m. However when we started this example in chapter 3 we computed the generic
representations using two different basis, one fixed, and one that rotated with ¢. So
what happens if we use the representations 7, that come from the rotating polarizers

to compute the matrix coefficients for ¢? The answer is not quite as nice:

<7-QT (‘p).fa g>
= / 5)(Fer (W)(@) f 9)dy

R
— / g2t (31 (y;-l—-Al(z.y)) +£; (!I2+Az($-y)) +es (ye'l"Ac(z,!l)))

R12

. a2
62""??;(%—29!!3)2(‘5(11)
14
f(é(ys — Toyg) + T5 + Y5 + Y6, Zs + Ys, Tg9 + Y9)9(z4, Tg, Tg )dTsdzradrgdy

where

Ai(z,y) = —T594
Az(z,y) = —Tgys — Toy7 + T5Y6 + YsYs — TeToYs — TeToys — To¥sys — T5ToYs
As(z,y) = —zoys.

The problem here is two-fold: first we now have rational components in ¢;,

and second we have introduced components of £ inside f. If we add the assumption

that f has an entire extension to C3, i.e. f is the Fourier transform of a compactly
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supported function, then Lipsman and Rosenberg [3] have shown that the resulting
matrix coefficients have a Laurent expansion about ¢; = 0.

However we also know that the representations from the two different bases are
unitarily equivalent. So for each £ there is a unitary operator U(¢r) : L*(R3) =
L?(R?) such that

U(r)mer = T U(LT).

In this case the operator U(€r) is given by

(U(eT) f) (2,9, 2) = 2752 / 2Tzt f(1 o 5)dt.

R
So

<7r£1' (‘p)fv g>

= / e(y){(mer (y) f, 9)dy
Rg

= / () (U () (mer (4) ), Ur)g)dy
Rﬂ

= / P(y)(Ter (y) (U (1)), U(er)g)dy
Rﬂ

=(Fex (¢) (U(er) £), U br)g)-
The moral is that if you are willing to let the Hilbert space in which you model your

representations rotate with the polarizers, then you can have the nice behavior of

the representions coming from a fixed polarizer. 0

For & as specified at the beginning of this chapter, we are ready to state a
Szasz-Miintz theorem for the operator valued Fourier transform. We make use of

what we know about the matrix coefficients of compactly supported functions from
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our previous work. We would like to write a partial derivative of the operator valued
transform in terms of sums of derivatives of matrix coefficients, however there is
no guarantee that these sums will converge. We discuss this further in the remarks

following the theorem.
Theorem 4.5(SZASZ-MUNTZ). Let ¢ € L3(8) and (£}, C L2(R°) be a
fized orthonormal basis of L2(R¢). Then

1) The operator valued Fourier Transform of @op(fr) : L*(R¢) - L?(R°) of ¢ has
an entire extension to CT in the sense that
m -~
Pop(er)(f) = D &1, (er)é;
j=1
and each matriz coefficient ® £.¢; (€r) has such an extension.
2)If for each pair of basis vectors {;,€;} there exists a parameterizing functional {1

and an r-tuple of Szasz-Miintz sequences p; ; such that &)‘e“,""é,_ (ér) =0, then ¢ =0.

Proof. Notice that L2(R¢) C L!(R€) so that 1) follows from Theorem 4.3. In 2),
the existence of the Ssasz-Miintz sequence y; ; ensures that &, ¢, (é7) = 0 for all
21 and ¢, j, by theorem 4.4. Finally
2 A
|ewten)||,_ = 3 18e.ier)P =0
ij=1
and

I8 = [ 6w, _atr=0.
Vr

by the nilpotent Plancherel theorem. O
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Remark. Let g = (ui,...,4,) be an r-tuple of Szasz-Miintz sequences. Formally
define a partial derivative of @op(4r) by the formula

Pho(e)(f) = Y 4. (€r)E5
Jj=1

As remarked before the theorem these sums do not necessarily converge, however for
this formal definition theorem 4.5 shows that if enough of these formal derivatives
vanish, for all f coming from the orthonormal basis and a fixed ¢, then ¢ itself
must vanish. In this sense theorem 4.5 is the equivalent of a Szasz-Miintz theorem

for the operator valued transform on a nilpotent Lie group.
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CHAPTER 5

MATRIX COEFFICIENTS FOR A GROUP
WITH ROTATING POLARIZERS

In chapter 4 we considered matrix coefficients on groups that had a fixed po-
larizer m for all of the parameterizing functionals ér € U () Vy. We were able to
show in this instance that these matrix coefficients had an entire extension to the

complexified dual space, and that they satisfied a Szasz-Miintz theorem.

We now want to consider an example where the polarizers rotate with £7. Much
of nilpotent Harmonic analysis depends on making choices, choosing the correct po-
larizer, choosing a coordinate system, choosing a basis, etc. In order to avoid an
example where we simply made a poor choice for a polarizer we will work with an
example where there is no one fixed polarizer for all of the parameterizing repre-
sentations. The group is the free abelian group on four generators, two step, which

we will call Fy 2. The corresponding algebra will be called f4 2.

We will proceed as follows: First we will show that polarizers for the param-
eterizing representations must rotate, then we will fix a family of polarizers that
rotate with parameterizing {1 and calculate the matrix coefficients for this exam-
ple. When we do that we will find that the matrix coefficients do not have an entire
extension, however they have a Laurent expansion. From there we will consider
possible Szasz-Miintz theorems in terms of the coefficients in the Laurent expansion

of the matrix coefficient, and we will prove a partial Szasz-Miintz theorem for fj 5.

59
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The Szasz-Miintz theorem we prove is not as strong as the Szasz-Miintz the-

orems for groups with a fixed polarizer. This example is important because it

illustrates the difficully when you go outside the class of groups we have proven
Szasz-Miintz theorems for.

We start with a strong Malcev basis Y = {Z;, 2;, Z3, Z4, Zs5, Z6, Y1, Y2, Y3, Y4}

of fs42 ,with nontrivial bracket relations:

Y1, Y] = -2, [Y2,Y3] = Z3
[Yl)},3] = Z4 [},2,Y4] = Z5
Y1, Ya] = Ze Ya,Ya] = ~Zs.

The collection of generic orbits is given by the Zariski open conditions
U= {£|£1 # 0,08 — Uyls + U385 # 0}

(where £ = 6,7y + ... + €6Z¢ + €7Y7 + ... + £10Yy) and the non-jump and jump

indices are the indices T = {1,...,6} and S = {7,8,9,10}.

The parameterizing functionals then are the functionals with the coefficients in

the direction of S set to zero. That is

U(\Vr = {erlts # 0,018 — Lyls + b3ls # 037 = b = £y = 19 = O}

Notice that for generic ¢, dim r, = |T'| = 6, which is the dimension of the center
of f4.2. So this group has square integrable representations mod the center. In the

next section we show that any choice of polarizers for parameterizing £ must rotate.
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5.1 There is no fixed polarizer for the parameterizing functionals in f;2

Notice that me, = {Z1,...,26,Y1,41Y3 + £4Y2} is a polarizer for each of the

parameterizing functionals.

Let By, be the antisymmetric bilinear form B, (X, V) = £7([X, V]). We will
use B}; to denote the matrix for By, in the original strong Malcev basis. In this

case B}; is the 10x10 matrix

vy _[0 0
T

where b}; is the 4x4 matrix

0 —f & £
G 0 & s
—by —l; 0 —f,
-t —l; & O

Y
by, =

Suppose that there were one polarizer m for all of the parameterizing functionals.
Let W = {W},...,Wje} be a weak Malcev basis for f;2 passing through m. Let

B} be the matrix for By, in this new basis. Again B}, has the form

0 O
s =[0
T

In this case, since the basis W passes through the 8-dimensional polarizer m, the

matrix bg contains a 2x2 submatrix of zeroes in the upper left corner. That is

0 0 na(lr) pra(lr)
BY = 0 0 p23(lr) Pp24(fr)
T ~p13(ér) —p2,3(fr) 0 p3.4(fT)

~p14(lr) —p24(lr) —p34(lr) 0
where p; ; is polynomial in 7. Let A be the change of basis matrix taking the

original strong Malcev basis to the weak Malcev basis W (by hypothesis A is in-

dependent of 7). So the it® row of A contains the coefficients of the vector W;
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in terms of the original strong Malcev basis. Then ATB};A = B}Z . The first 6
vectors in the new basis W are central, so we may as well assume that they are the
original central vectors from the strong Malcev basis. That is to say that A can be

represented as

[ o
+=[5 4]

where A’ = (a;;)%;-; is a 4x4 matrix, with rank 4, such that A'Tb} A’ = bY¥.

Writing out the multiplication we have

a1 G231 G331 G4 0 -4 & & a;1 @12 413 4ig
a2 G22 G32 442 6L 0 & & azy 622 423 Q24| _
a13 a3 a33 a43| |—€4 —€3 0 —&3)| la31 a3z2 az3 azg
aj4 a4 a34 a44d L—bg —€s €& O a4, Q42 Q43 Q44
0 0 mallr) prallT)
0 0 p23(fr) p2allT)
-p13(¢r) —p2,3(¢r) 0 p3,4(¢T)

—pra(lr) —p24(lr) -p3allr) 0

Consider the equation that produces the 0 in the (1,2) entry of the matrix b}Y.
Computing the corresponding entry from A’ Tb};A' shows that we must have
bi(—a1,1a22 +az,1a11) + €a(—a3 1042 + a4,1a3,2) + £3(az,103 2 — a3,1a2,2)

+ ly(a1,1a3,2 — a3101,2) + €5(az,104,2 — aq,102.2) + fe(a1,104,2 — ag,101,2) = 0.
Here is where we can use the fact that we assumed m was a fixed polarizer for all of
the parameterizing £7. First the coefficients a; ; are independent of £7 as we have
already stated. Since the above equation must hold for all of the parameterizing

¢1, we get 6 independent equations

—aja22 +a21a11 =0 —a3zja42 +a41032 =0 az1a32—a31a22=0
aj1a32 —a3zi612 =0  az1a42 —ag1022 =0 aj1a42 —ag1012 =0.
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Notice that these are the determinants of all of the 4x4 minors of the matrix

a @12
a1 @22
@31 %32
ag1 Q42
which contradicts the fact that the matrix A’ must have rank 4. 0O

5.2 Laurent series for matrix coeflicients

Since any choice of polarizers for the parameterizing functionals must rotate,
we will use the vectors {Z;,...,25,Y1,Y3+ %Yz} as an almost strong Malcev basis
for our rotating family of polarizers m,,., and we will use exponential coordinates.

The vectors {Y2,Y;} will serve as a basis for our cross-section.

We are going to calculate the action of representations in this basis, and the
matrix coefficients. We will see that the matrix coefficients will not be entire, but
they will have Laurent expansions. We are going to investigate what happens when
some of the coefficients in the Laurent expansion of these matrix coefficients are
zero, and we will state and prove a weak analogue of the Szasz-Miintz theorem for
this case. Let

z = exp(ay Z1) - - - exp(ag Zg Jexp(ar Y1) - - - exp(a1oYa)
y = ezp(B1Yz)exp(F2Ya).
Then for parameterizing 47 and f € L?(R?), Theorem 3.3.1 reduces in this

example to

Ter () f(y)

_e2ﬂ'i (51 (a1+a7ﬁ1 ) +£2 (az+aoﬁz) +45 (Ola+¢!9 (as+5: —'2%‘1'019)))
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.e21ri (&ad—ls (as —agf3)+Ls (ae—a'rﬁz) )

V4
-flag + 61 — 24-09,010 + f2).

For a function ¢ on the group, let

@(a) = @(ou,...,a10) = p(ezp(a1Z1) - - - exp(as Zs )exp(azY1) - - - ezp(a10Yy)).
For ¢ € L}(Fy2)( L?(Fy2) and f,g € L*(R?) we have

&4 (8r) =(mer. () f, 9)

- ./ / #(a) (mer (2)f) ()3(B)dpde
R10 R2
— e21ri (81 (cu +a7ﬂl)+lz (a2+a9ﬁa) +45 (03+ag (as+ﬁ1 _Tszao) ) )

L2
2 (44 astts (as—ashs)+te(ae~arpa) )

() f (e + 1 — ﬁ—:ag,am + B2)3(8)dBde (1)

If we assume that ¢, g have compact support and that f has an entire extension
to complex 2-space we can show that the matrix coefficient f.¢(€r) is holomorphic
in the region {¢r € C8|¢; # 0}. Before we prove this we give a name to the L?(R")

functions that have an entire extension to complex n-space.

Definition 5.2.1. Let

L%(R™) = {f € L*(R™)|f has an entire extension to C®}
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Remark. L% (R") includes the Paley-Wiener class of functions: functions that are

Fourier transforms of compactly supported L? functions.

Lemma 5.2.2 If 3 € L2(R'?), g € L3(R?), and f € L} (R?) then &7 ,(¢r) has a

holomorphic extension to Cg = {€r € C8|¢, # 0}.

Proof. It suffices to prove that the function is holomorphic in the indicated region

in each variable separately. To do this we will use Morera’s theorem. Let

¥(e, B) =¢(2)3(B) € LI(R'?) C L(R'?)

and

h(er, a, B) =e21ri (11 (a1+¢27ﬁ1) +£; (a2+aoﬂn) +&5 (as+ao(as+ﬁl ";f{&g)))

.821?1: (l.‘ a4+£5 (05 —aaﬁz)+£6 (06 —a'lﬁ?))
4
flag + 01— 7, %9 010 + B2)

so that & fgllr) = R‘L h(er, a, B)Y(a, B)dadf. Notice that for each fixed o, the
function h(a,B,-) is holomorphic in the region Cq. Also notice that for each fixed
&1, h(-,-,£7) is continuous in a, §. In particular h(-,-, 1) is bounded on the support
of 9. Let v; be a simple closed curve in the i** coordinate plane. For 7o assume that

the origin is not on nor in the interior of this curve. Finally let vy =1 X ... X 7.

By the Cauchy integral formula [ h(a, 8, £r)dér = 0 for each o, 3 so that
v

[#satnraer = [ [ hitr,a 61000, 0)dadpatr

v R12
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[ her,a.y0(a.p)atrdads
R12 v
=0
Here we have made use of the fact that a function in several variables is holo-
morphic if and only if it is holomorphic in each variable separately. The main point

in the proof of the lemma is ensuring that the Fubini argument will work. O

To get a (weak) Szasz-Miintz theorem for this group we look at the coefficients
in the Laurent expansion of the matrix coefficient &, about zero:

&14(er) = (Ter(9)f29) = Z }: E fa ..

J1=~00 j2=0 Je=0

What we want to know is how many of these coefficients must be zero for all
such f,g before we can say that ¢ must be zero. These coefficients are going to
involve partial derivatives in the 5,..., s directions. These derivatives are compli-

cated by the appearance of the /4 term in several places.

Let Cy,...,Cg be six circles about the origin, one in each coordinate complex
plane. Since &y is entire in #,...,% the coefficient cf9 . is given by the
formula:

C{;‘g’"""“ (27r1,)6 // / e Z""H (I’f,g(el, -y le)dl ... dey
C; Cz Ce
= . / D3?...Dg*® ,(£1,0 0)de
—271'1:17,2 n6 £n1+1 6 *fig\tLyYy-ony 1
C,
= 1 1 (" 1 ,n)
" 2ming!---ng! ./‘e"‘1+1‘b g *(6,0,...,0)dl
C,
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where D; is the partial differential operator in the i* coordinate and

D> ---Dé“‘i’f,g(lh lg) = Q(nz, ,ne)(el’”.,ls).

We will use of a modified equation (1) to compute these coefficients. In equation

(1) make the following change of variables:

a; = ay +arf as = as — agf

az = ag + agf ag = ag — a7f2

a3 = a3 + ag(ag + f1) a;=qa; i>27i=4
Then
‘if.g(eT)

21ri( i e.-a.--i,‘,‘liﬁ-)
= [e = @(p(a,B))f(as + B1 — 09, ayo + B2)g(B)dBda (2)
5312

where p is the polynomial change of variables outlined above:

pi(a,B)=a;, i2T7,i=4 p3(a,B) = a3z — ag(as +f1)
ps(a,B) = as + arf2 p2(a,B) = az — agfz
ps(a,B) = as + agfz p1(a,B8) = a1 — a7 1.

Now we are ready to compute Q("" ’"")(21,0, ...,0). From (2) we see that,

by passing differentiation through the integral
ég-?;’ns'ne)(el, - ,es)

21::'(28:“--"“"

= (2mi)*2tnstne i=1 o ! na ng N6 =

= (2mi) e ay*ag®ag* G(p(a, 8))
R12

flag +p1— 0-9, a0 + B2)3(B)dfda.
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In the ¢3 direction, notice that the coefficient on ¢3 in the complex exponential

is ag — . So

(i(nz,ng,'ns,‘ne) (Zl’ e ,86)

f.9
2xt Et,a.—zal" l
= (2mi)netnatnstne / e (,_1 )agz(as— 20, 2)"sag®ag® G(p(a, B))
Rlz
flas + B — 09, a0 + B2)3(B)dBda. (3)

The derivative in the 44 direction is complicated by the appearance of this term
in three places. Because of this we use the rule for the derivative of a product of

three functions:

(¥n0)™ = Z Z ( ) ( )¢(n—k)n(k—.1) M,

k=0 j=0

This formula applied to (3) with n = ng and

i a —1342 e 2 n
Y(ta) = T, () = (a3 = 500" Mla) = flas + 1~ ag,aw+ﬁ2)
yields:
giramemansne (g tg)
ng 2xi l.a.,-e ““
Z 2(271.1)7124' +ﬂ6—k4( )(k4) /6 (J—gl )a;’-
k=0 j4=0 ks w12
- 240'9 ny—3j4 Ja £ a'g ne—kq,ns
(a5 = 8 yrsie (2 (o = 2o plo(a, )
(k4—37a) e ks—daz
f (ag + 1 — 75-a9,a10 +ﬁ2)( ) §(B)dBda

2¢

where f(") is the nt* partial derivative of f in the first variable.
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To compute the coefficients we need the derivatives at the points (¢,,0,...,0):

(“p;f,l;,ﬂa 4,75, T6) (41,0,...,0)

— L L (21rz)"’+ Ang—kq (k4) (":4)/ 2rtlla1agzaga-14( 9 )]4a24—k4aggas

k¢=0 j4=0
)k“"g(ﬂ)dﬁda

@(p(a,B)) f*4=34) (ag + 1, a10 +ﬂ2)(

4 k . .
— n2+...+ne—kq 4 k4 2miliay — Ykq,m2 ,N3—T4,
55 35 e (3 (5) gt [ emienLyseageas
R12

k4=0 j4=0
04‘ Iuagsanoakq.'(".‘k(p(p(a ﬁ))f(’N—JQ) (ag + B1,a10 + ﬁz)g(ﬂ)dﬁda
T4
. 1 . _
= Z Z d(nz, ,ns) /e2ml1a1(£_)k4a;za;a Jla;l»(—k(agsageag‘-h‘,‘.
k4_0 _14—0 Ri2 1

é(p(a, B)) f*+=9) (ag + 1, a10 + B2)3(B)dfda

where d(ng,...,ng) = (2mwi)"2t-~tne—k (z:) ‘) s (—1)%. So

o9

nl y1eeeyBE

1 (n yeessTi6)
27”. n2 ‘n,6 / enl'*‘l Q ; ¢ (81’ O, ceey O)del

g

K

1 4 ) 1

= /gn1+1 ( YD dina,...,ne) / 6’2’"““’(Z)"‘a?a"’""affhass.
R12

o ng!- .- ng! Pyper g

ag*ag v 3(p(a, B)) f ¥4~ (ag + 1, a10 + ﬁz)ﬁ(ﬂ)dﬁda) dé,

- 1 1 orita,, 1
ns' Z Z d(ng,.. /(ﬁ/WeZ’ 2 I(Z)k‘dll).

k4=0 j4=0 R12

aj ng a;s —Ja a;u —ky a;s a"° ak4+J4 go(p(a }9))

fU*a=3) (ag + By, a10 + B2)3(B)dfda. (4)
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where

27r1/£"1+1 2m¢1a1( )’°4d£1

C;
—_— 1 r 1 ez-xié’;aldzl
=5ri Fhet+1
2m £rTs
C,

is the n; + k4 coefficient in the Laurent expansion (note that n; can be negative)

of the function
[o =] . 4
2xifia; (271'1(11)-7 7
€ 161 = Z —j!—el.
3=0

Therefore

, 2xiay)"ttke .
iy, = { o Umtke20;

0 otherwise.

27t / e"1+k4+1
¢ !
If we combine this with (4) we have

g
71 ,..-476

ny
2rilia ka
nsl Z zd(nz’ / 2m/£ul+1 me(— ) del)
R12

‘.4"‘0 34'—0
ns—J4 ,ne—ky 05 ne katic,
az’a; a4 Qg Gg " Cg

3(p(a, 8)) f ¥4~ (ag + By, a10 + B2)5(B)dBda
i E d(n k4 / m+k4a;za:';a .74a24 k4ag5agea§4+j4.
k4—0 J4=0

?(p(a, B)) fF+=34) (ag + B1,a10 + B2)3(8)dBda (5)

where

Any+k .
d(n, k) = { nz!ﬁ:)!(;;k‘)!d(nz, covsme) i ny+ ke 20
0 otherwise.
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5.3 A Szasz-Miintz theorem for Fj,

Now that we have calculated the coefficients c,f;f" ...ng We will state a weak
Szasz-Miintz theorem for the matrix coefficients on Fy 2. The theorem is Szasz-
Miintz in nature because will not require all of the coefficients in the Laurent series
to vanish in order to show that ¢ vanishes. On the other hand the theorem is not as
strong as a full Szasz-Miintz theorem because we do require that for Szasz-Miintz
sequences np, ny,n3, s, ne and for each pair f, g the coefficient c{ﬁm'n , vanish for

all n4, instead of a Szasz-Miintz sequence n4.

It is interesting to note that although n; can assume negative values, we do

not use these. We will only consider a positive Szasz-Miintz sequence n;.

Theorem 5.3.1 Let ¢ € L%(8),g € L3(R?), f € L% (R?) and for each integer

n1 and positive integers na,...,ns let cf9 be the (ny,...,ns) coefficient in
the Laurent ezpansion for the matric coefficient (me,()f,g). Let each variable
n1,N2,N3, N5, Ng vary over a Szasz-Mintz sequence, while ny varies over N. If

cl9 ne = 0 for all such n,,...,ne and for all the specified f,g then ¢ = 0.

T) yeoey

Proof. We are going to proceed by induction on n4. In fact we will show that for

every ng
0= / o () dars
R
for a;,...,a3,0s,...,019 almost everywhere, which proves the theorem.

We would like to be able to use one of the Euclidean Szasz-Miintz theorems.

In order to do that we need to know that ¢(a, 3)g(B) is compactly supported.
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Claim. ¥(a, 8) = ¢(p(a, 8))g(B) is compactly supported on R!2.

Proof. By the definition of the change of variables p,
&(p(e, 8))9(B)
=@(a1—arf, ag—ay 2, a3 —ag(ag+p1), a4, as+agfz, s +azrf2, ag, a9, a10)g(B)-
The compact support of g guarantees the compact support of 3. The compact
support of ¢ guarantees the compact support of ajg,...,a7 and a4. In the other
variables we have a translation by a polynomial which is defined on a compact set,
and hence is bounded. This guarantees the compact support of the other variables

a1, Q2,03,Qas5, 0. O

Now we proceed with the proof of the theorem. Start with the case ng4 = 0.
By (5)

0= [ ofagrafrad*a*(p(a, /) (as + B a0 + 2)(6)dbde
R12

= [ apazaaz e olp(a,0))(ds + r,ar0 +5a)g(F)dads
R12

for Szasz-Miintz sequences ny,ng,n3,ns,ng and for all of the specified f,g. Fubini

nz ns

is justified here since ¢(p)g has compact support in L2, and hence a}'a3?a}*aZ%ag®-

@(p(a,B))g(B) is L*. Since this integral is zero for every g € L2(R?), for almost

every 3 we have

0= / ar'az?az’agtag® @(p(a, 3))f(ag + P1,a10 + F2)da.
Rlo
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Since the class L2 (®2) contains the Paley-Wiener class, it is dense in L?(®2).
Therefore for almost every ag, ajg, S
0= / At al*al a2 3(p(a, B))dar . .. dardas.
Re
By the Szasz-Miintz theorem 2.4, applied to the sequences n;,ng, n3, ns, ng we

have

0= / 5(p(a, B))dasdardag (6)
RS

for almost every a,,as, a3, as, ag, ag, 219, 5.

At this point it becomes clear that the variable ay is going to be hard to handle.
Notice that in formula for the coefficients c,f,'lg, ...ng the only place that a7 appears
is in . In other words we don’t have a monomial in a7 to help us ‘eliminate’ this
variable. It is here that the change of variables p comes to the rescue. Really we
are integrating over surfaces that are parameterized by (;,0:. To take advantage

of this we take a Fourier transform in several of the variables of (6).

More specifically for almost every z;, 2, z3, T¢ We have:

0= / ez"i(”‘“"*'”“"*’”“’4"‘“‘)cﬁ(p(a,,B))daldazdagda4da6da7dag.
&1

Now undo the change of variables p in the a;, a3, as, ag directions and partially

in a3. We take
a; =a; —arh as = as + agf2
az = az —agfs as = ag + a7f2
a3 = az + agfh o; = a;, otherwise.
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Then

0 =/621“'(31(01+a731)+zz(az+aoﬁa)+=a(as+aoﬂx)+zc(de—a'rﬁz))

R?
P(ar, 02,03 + agag, ay, . . ., a1p)dardazdazdaydagdardag

— / e2*ila1z1+arzataszs+asze+ar(Bizi—arfaze)+as(B2z2+617s))
RQ

( / P(au1, a2, a3 + agas, oy, ... ,a1o)da4)da1dazdaadasda7da9
R
=@P(as,as,a10) (T1; T2, T3, T6, P11 — P26, f2T2 + P1Z3)

for almost every =, =2, T3, T¢, a5, 08, 19, O-

Here @(ag,as,a10) i the Euclidean Fourier transform of the function

‘P(as.a..am)(a)=/¢(al,az,as + agag, oy, . .., a10)doy.
®

On a set of full measure in R* the matrix
1y —Tg
I3 )
has a nonzero determinant. On this set of full measure
1 —%e| |Pr| _ |n
T3 T2 | | P2 Y2
has a solution for any y;,y2. Combined with what we know from above we have

0 = P(as,as,a10) (T1, T2, T3, T6, Y1, Y2)

for almost every z,, z2, z3, g, as, ag, a10,y. Therefore

0= P(as,as,a10) (alﬁ a3, a3, 06, a7, ag)
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for almost every sy, s2, 33, S6, @5, as, @10,t. From the definition of ¢(q, a4,a10) We

can conclude that for almost every a;,...,a;q
0= / P(a)day.
R

Let’s sum up what we have done here as a lemma:

Lemma 5.3.2. For ¢ € L3(®), if

ay*ay’ag”ag" ag® G(p(a, §))f(as + b1, a1 + f2)§(B)dBda = 0
R12

for every g € L2(R?), f € L% (R?) and for n;,n2,n3,ns,ng members of five Szasz-

Miintz sequences then

0= / (c)dag = / (p(c B))daxs
® .4

for a;,...,a3,as,...,010,0 almost everywhere.

Remark. Notice that we cannot do any better than this, since we have only used

Ng = 0.
Proof. All that remains to show is that

0= / o(p(c, B))decs

R

for ay,...,as,as,...,a10, almost everywhere.

This follows since p(cy) = ay. O
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Remark. Lemma 5.3.2 is related to Radon transforms. We started with

= / #(p(a, B))dasdardag

§

for almost every a;,as, a3, as, as, ag, a19, B

It turns that the change of variables p means we are integrating over surfaces
that depend on 8. We are able to use this to reduce this integral to an integral over

R.

To finish the proof of Theorem 5.3.1 we will use induction on n4 and Lemma

5.3.2. Now consider the case ng = 1. Then

1 kq
0= Z Z d(n k4) / 1—k4aﬂ2aﬂs-.14 24‘k4agsagaak4+.74

k4=0 j4—0

@(p(a, 8)) f*+=3) (ag + B1, a10 + B2)3(8)dBda

ns—Jjg

=d(n,0) / ay'ay?a; s

a4a5 e .

Qg
R12

@(p(a,B))f(ag + 1, a10 + B2)5(B)dBda

+ Z d(n,1) / ﬂl—lagzaga—uassageaéi-](_
J4=0 R12

@(p(a,B)) f1=34)(ag + B1, a10 + B2)3(B)dBda.

By Lemma 5.3.2 we know that

0= R/ pla)des = [ o(p(a,f))das

R

for almost every a,,...,as,as,...,a1, 3. Therefore

0= Zd(n 1)/ ﬂ1+k4aﬂzags-.14 gs ng 1+J4
Ja=0 R12

?(p(a, 8)) f9) (ag + b1, a10 + B2)3(B)dPda
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for every f,g. We conclude that

0= / ay'ay*azasas®ag® P(p(a, 8)) f(as + 1, a10 + F2)§(B)dBda
R12

for every f,g and for ny,ns,n3,ns,ng terms in a Szasz-Miintz sequence.

Now we may apply Lemma 5.3.2 to the function 1(a) = a4$(a), since ¥(p(a, 5))

= a4¢(p(a,)). We can conclude that

= s[ oy p(a, B)doy.

For the induction step we may assume that 0 = [ a{cp(a)dcu for every j < ng,
R
and we must prove this for n4. By the assumption of the theorem

g
=35 S [ aptapaphap o
k4—0 ]4—0 R

@(p(a, B)) F*4=34) (ag + B1, a0 + B2)3(B)dBda. (7)

By the induction hypothesis if ng — k4 < n4 then

— ny+kq N2 ﬂs—J4 ny—kq asane k4+J4
0 a Gp" a3 a4 Q5" 0g a9

&(p(a,B)) F*4=3) (ag + b1, a10 + B2)5(B)dBda
for every f, g and for n;,na,n3, ns,ng terms in a Szasz-Miintz sequence. Therefore

we must have k4 = 0. Combine this with (7) to see that

0= [ afograf*ai af?a*@(p(a, 6))f (os +u,ar0 + £2)9(6)dFda
R12

for every f, g and for n;,na,n3,ns,ng terms in a Szasz-Miintz sequence.
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Now apply Lemma 5.3.2 to this integral to see that

0= / agtp(a)day
®

for o1, az,a3,0s,...,019 almost everywhere. m

Remark. We will show in the next chapter that in groups with representations
that are square integrable mod the center the trace transform (times the Pfaffian)
has an entire extension to the complexified dual and satisfies a weak Szasz-Miintz
theorem. It’s interesting to note the seemingly different behavior between these two
transforms, especially since the trace transform can be expressed as a sum (albeit

infinite) of matrix coefficients.
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CHAPTER 6

THE TRACE TRANSFORM

Now that we have considered the operator valued transform and its matrix
coefficients in detail we want to turn our attention to the trace transform. We want
to prove a Szasz-Miintz type theorem for the trace transform on groups that have
flat orbits and a fixed radical for all of the parameterizing representations (this

includes the groups that have square integrable representations mod the center [5]).

Let & be the nilpotent Lie group under consideration, and ¢ € C°(8). The
trace transform of  is defined in terms of the operator valued transform
oo

Trag(p) = (wc(w)fn,€n>-

n=1

It turns out that as in Euclidean space the trace transform has nicer properties
when suitably normalized. So we will consider not the trace transform but the

absolute value of the Pfaffian times the trace transform,
@r.(€) = [PF(E)[Trme(e).

Generally the trace transform does not have an entire extension to the com-
plexified dual space, even when ¢ has compact support [3]. But when the group is
as specified above the transform @,._(£) will have entire extension, if ¢ is compactly

supported, and in fact it will satisfy a Szasz-Miintz theorem.

79
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The proof centers around the parameterizing map 1 for the collection of generic
orbits:
y: (U \Vr) x Vs U
is the map defined by the the condition that 1(fr,£s) is the unique point in the
orbit Op, such that ps(¥(¢r,€s)) = £s, where pg : g* — Vs is projection. Here
Vr = R-span{X; |t; € T}, Vs = R—span{X} |s; € S}

Let ¢, = @ o exp. It is known then that

1 R
Trrer(e) = T V/ 6, (W(er, £5))dts

or

b (Or) = / G, ((er, £5))dls,
Vs

where dfg is normalized Lebesgue measure on the Euclidean space V.

Consider a group where the the orbits for the generic functionals are flat, and
there is one fixed radical for all the parameterizing functionals 7. So for each £,
Ter =7 is an ideal and Op, = £+t (where b+ = {¢ € g*|¢(h) = 0}). Since r is an

ideal we may take a strong Malcev basis {X},...,X,} passing through r.

Therefore r = R—span{X;, |t; € T}, since t; is a non-jump index if and only if

there is a vector Y;, € R—span{X},...,X;,—1} such that X;, + ¥;, €.
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In particular for parameterizing {7 we have O, = ¢ + r+ = £ + V5. So the

parameterizing map ¥(r,£{s) is the map ¥ (€7, £€s) = &1 + £5. We have

oo (b7) = / &, ((er, £s))des

=@ (T, -+ T¢,,0,... ,O)ZlT).

In this case the trace transform turns out to be a partial Fourier transform in the

radical variables.

Unfortunately the trace transform can vanish on a set of positive measure in
U Vr while ¢ # 0. So there is no hope of proving a full fledged Szasz-Miintz
theorem as we did for the matrix coefficients. However we can prove the following
variations.
Theorem 6.1 If p € C*°(&) and compactly supported on r then ¢, (£) : Vo - C
has entire eztension to V.X and satisfies a Szasz-Miintz theorem. In particular if

K1, .-,y are Szasz-Miintz sequences, €t is a fized parameterizing functional, and

g (k) +.tur(kr) (tr) =0
@r.(E1) =
agﬁl(kl) Ve aeé‘rr(kr) T

for every ky, ... ,k, € N® then ¢,_(¢7) =0.

Proof. The theorem follows from the above arguments and the Euclidean Szasz-

Miintz theorem, Theorem 2.6. O
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a————
Theorem 6.2 If p € C°(®) then (¢* * ¢)p,.(€) : VT — C has entire ectension to
VI(? and satisfies a Szasz-Miuntz theorem. In particular if u3,. .., l, are Szasz-Mintz
sequences, i1 is a fived parameterizing functional, and

Fo Lot (k1) +..+pr (k) (A) ([ ) 0
¢* *Q)p.bT) =
o) [ el !

for every ky,...,ky, € N® then ¢ =0.

Proof. If ¢ € C°(B) then so ¢* * p. The above theorem shows that

Trrec (" *¢) = ||mer (P)l|t-s = 0

for all parameterizing 7. The Plancherel theorem for nilpotent Lie groups now

shows that ¢ vanishes. O
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