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ABSTRACT

This dissertation is devoted to the study of the abstract Volterra equation
t
v(t) = A / o(t — s)du(s)+ f(t)  fort >0, (VE)
0

where A is a closed linear operator in a complex Banach space X, u is a complex valued
function of local bounded variation, and f : [0,00) — X is continuous and Laplace
transformable. Laplace transform methods are used to characterize the existence and
uniqueness of exponentially bounded solutions v for a given forcing term f, an operator
A, and a given kernel u. We extend the methods of a solution family (or a resolvent) for
(VE) by studying integrated and analytic integrated solution operator families. These
notions are employed to characterize those pairs (A,u) for which (VE) has unique
solutions for all sufficiently regular forcing terms f. Besides existence, uniqueness and
wellposedness results for (VE), new results include Trotter-Kato type theorems for
integrated solution operator families and a characterization of those pairs (A, ) for
which the integrated solution operator families are analytic in an open sector {\ €

C | |arg A| < @} for some « € (0, F].

iv



INTRODUCTION

The theory of abstract Volterra equations has been developed due to its applica-
tions to problems in physics, engineering, and biology (see [G-L-S] or [Pr], for instance).
The objective of this dissertation is to study the existence, uniqueness, continuous de-

pendence, and analyticity of solutions to the abstract Volterra integral equation (or

Volterra equation, for short)
¢
v(t) = A/ v(t —s)du(s)+ f(t) fort>0 (VE)
0

by means of Laplace transform theory. Throughout, A is a closed linear operator with
its domain D(A) and range in a complex Banach space X, and f € C([0,00); X) is a
forcing term. The function u is complex valued and is assumed to be normalized and
of bounded variation. A function v € C([0,00); X) with fotv(t — 8)du(s) € D(A) and
which satisfies (VE) for every ¢ > 0 is said to be a solution of the Volterra equation
(VE). This work does not address the existence of solutions which are only local in
time, i.e., those v which satisfy (VE) for ¢ € [0,T) for some T > 0. In contrast. to
the abstract Cauchy problem v/(t) = Av(t) + f(t), v(0) = z, where the existence of
local solutions can be characterized (see [B-N]), the characterization of local solutions

of (VE) remains unsolved.

In order to be able to apply Laplace transform methods to (VE) we will restrict.
our discussion to Laplace transformable forcing terms f, exponentially bounded kernels
i, and exponentially bounded solutions v, In this case, the Laplace transform converts

1



(VE) into the characteristic equation
(I —dp(N)A)y(\) = F(A) forA>w (CE)

where du(X) i= [5° e=Mdu(t), F(A) := [i° e~ f(t)dt, y(A) = B()), and the number w
depends on the growth of functions v, i, and f. The Laplace transform method simpli-
fies the problem (VE) by eliminating the time variable in the characteristic equation
(CE). The main body of this work concerns the interaction between the solution v

of the Volterra equation (VE) and the solution y of the characteristic (or resolvent)

equation (CE).

Chapter 1 describes notation, results from Laplace transform theory, and some
clementary lemmas concerning the vector valued convolutions ¢ fot F(t — s)du(s).
Chapter 2 characterizes the existence and uniqueness of exponentially bounded solu-
tions of (VE) by the regularity properties of the solutions y of (CE) and the spectral
properties of the operators I — @(A)A. It also characterizes the existence of exponen-

tially bounded, continuous solutions of the Volterra equation

v(t) = Em: Aj /tv(t — 8)dpj(s) + f(t)  fort >0,
j=1 0

where m € IN, A; are closed linear operators in X, and the kernels p; are complex
valued functions, Whereas Chapter 2 explores the solvability of (VE) for a given forcing
term f, Chapter 3 investigates those pairs (A, ) for which (VE) has unique solutions
for all sufficiently regular f. In recent years, the method of an integrated semigroup

with generator A has been applied successfully to the abstract Cauchy problem



u'(t) = Au(t), u(0) = =z, and the associated integral equation
¢ ¢
ul(t) = A/ u(s)ds +z = A/ u(t — 5)ds + .
0 0

The main idea there is to regularize the equation by integrating it (n 4 1)-times for a.

nonnegative integer n and to study the special Volterra equation
t "
v(t) = A/ vt —s)ds+ —z
0 n:

instead, where v is the n-th antiderivative of u (see [A}], [A-H-N}, or [N]). Extending
this method, we will show that the notion of an integrated solution operator family
with generator (A, u) is suitable for studying the wellposedness of the Volterra equa-
tion (VE). Also, Chapter 3 contains Trotter-Kato type approximations for Volterra
equations, properties and a characterization of analytic integrated solution operator

families, and an elementary example.

The starting point of this dissertation is the first chapter of the book Evolutionary
Integral Equations and Applications by J. Priiss ([Pr]), which develops the elementary
theory of strongly contin;mus solution families for (VE). We extend this theory in two
directions. In Chapter 3 we study integrated solution operator families introduced
by W. Arendt and H. Kellermann (see {A-K]) in 1987. Since one of the fundamental
lemmas in that paper does not hold in the stated generality (Lemma 1.3, [A-K]), we
reexamined their approach by assuming stronger regularity on the scalar function u
where it is required. The method of integrated solution operator families assumes the

existence of (I — EZL()\)A)"I as bounded operators for Re A > w for some constant
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w. As indicated in the example in Section 3.5, there are various cases where this as-
sumption, which guarantees the solvability of (VE) for a large class of forcing terms
[, is not satisfied. Thus, Chapter 2 studies (VE) without assuming the existence of
(I- a’tﬁ(,\)A)"1 for any A € € and characterizes those forcing terms f for which there
exist solutions of (VE). The results in Chapter 2 are modified after those in [N] and
[A-H-N]. Some results on integrated solution operator families are modified after those
on integrated semigroups in a preliminary version of a forthcoming monograph by W.

Arendt, M, Hieber, and F. Neubrander (see [A-H-N]).



CHAPTER 1 PRELIMINARIES

In Section 1.1 we introduce notation, review some elementary facts from inte-
gration theory, and list some of the results from vector valued Laplace transform
theory and some fundamental facts from functional analysis that are used through-
out. In Section 1.2 we prove some elementary lemmas on vector valued convolutions

i fot J(t—s)dg(s), t > 0, that will be used to discuss solutions of Volterra equations.
1.1 Notations and Some Results from Laplace Transform Theory

Let X be a complex Banach space. Let Q be an (infinite or finite) interval in
[0,00). As usual, C(Q; X) (respectively, C™*(2; X)) denotes the space of all continuous
(respectively, n-times continuously differentiable) functions from  to X. Let [a,b] C IR.
A function f : [a,b] = X is of bounded variation if

wr(fiend) = o 317 - 1)l < oo
where 7 = {a =t <+ < t, = b} is any partition of [a, b]. We denote by BV ([a, b]; X)
the space of all functions f : [a,b] = X of bounded variation and by BVje([0, o0); X)
the set of all functions f : [0,00) — X which are of bounded variation on [0, 5] for
every b > 0. For € > 0 we define BV,([0,00); X') as the space of those functions f €
BVioc([0,00); X) with f(0) = 0 and for which there exists a constant M > 0 such that

var(f;0,t) < Me® for all t >0,
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Let s be a simple function on [a, ), i.e., s = k§1 TkXs, for zx € X and characteristic
functions x;, of measurable sets Ej. in [a,b]. TIle Bochner integral of s is defined as
) : s(t)dt = k§1 zxm(Ey). A function f : [a,b] = X is said to be Bochner integrable if
there exists z: sequence of simple functions s,, such that {s,(t)}nen converges to f(t)
for almost every t € [a,b] and nll’ngo f: || £(t) — 8n(t)||dt = 0. In this case the Bochner

integral of the function f is defined as

/a ’ feydt = lim /a ’ on(t)dt.

We denote by L!([a,b]; X) the space of all Bochner integrable functions from [a,b] to
X and by L} ([0,00); X) the space of all functions from [0, 00) to X which are Bochner
integrable on [0, ] for every b > 0. If a function f : [a,b] = X is weakly measurable,
almost separably valued, and satisfies [ : |f(®)|ldt < oo, then f € L([a,b]; X) (for a
proof, see Section 3.5, [H-P]). In many instances the weak measurability of a function
f ¢ [a,b] = X as well as the condition [ : |7 (t)]|dt < oo can be easily verified. The

following lemma is useful for checking if f is almost separably valued.

Lemma 1.1.1. Let © be a finite or infinite interval in IR. Let f be a function from
Q into X. Then the following two statements are equivalent.
(i) There exists a countable set Dy C f(£2) such that f(2) C Dy.

(ii) There exists a countable set D C X such that f(Q) c D.

Proof. The implication (i) = (ii) is obvious. We show that (ii) = (i). Suppose
that D is a countable subset of X for which f(2) C D. Let D; be the set of the points

Tm in D such that B(zm, 1) f(Q) # 0 for some n € IN. It is clear that Dy # 0.
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For every m € IN and for those n € IN for which f(2) N B(zm, 1) # 0, take a point
Ymm € F(Q) N B(zm, 1). Let Do = {y, | ! € N} be a denumeration of all those points
Ymn. We show that Dg is a dense subset of f(f2). Let t € Q and & € IN. By the
hypothesis, there exists an @,, € D; such that f(t) € B(2m, 35) for some m € IN.
Since B(m, 5) contains a point y, € Dy, we obtain that B(y,, L) contains f(t). Thus,

D, is a countable subset of f(§2) for which f(Q2) c Dp. //
Lemma 1.1.2. BV([0,b]; X) c L([0, b]; X).

Proof. Let f € BV ([a,b]; X). Let Q be the set of rational numbers in [a,d]. Let

0:=QU %JNE,, where By, := {t € [a,b] | ||f(t) — f(g)]| = % for all ¢ € Q}. Notice
n

that every set E,, is finite since f € BV([a,b}; X). Suppose that ¢ € O°. Then t

is not an element of any E,,. Hence for every n € N, there exists a ¢ € Q such that

I£(t)— f(a)ll < . Thus, f([a,b]) C O. Hence by Lemma 1.1.1, the function f is almost

separably valued. Since every f € BV([0,b]; X) is bounded and weakly measurable, it

follows that f € L!([a,b); X). //

A function f is of weak bounded variation (and hence weakly measurable) if and only
if it is of bounded semivariation (namely, || Zn:l f(t3) — f(s5)ll £ M for some constant
M > 0 and any finite collection of nonoverl:p—ping subintervals (s;,t;) of [a,b], see [H-
P] or [A-H-N]. A function of bounded semivariation is not necessarily almost separably

valued. For example, the function f : [0,1] = L*°(IR) defined by f(t) := x[o,q is of

bounded semivariation, but is not almost separably valued since || f(t) — f(s)|| = 1 if

t#s,
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For functions f : [a,b] = X and g : [a,b] = € (or for f : [a,b] = C and

g [a,b] = X) the Riemann-Stieltjes integral of f and g is defined as

b n
/,, f(o)dgs) = lim 57 £(6)[at5) - 9(t5-1)]

j=1
if the limit exists, where 7 = {a =ty < :++ < t, = b} is any partition of [a,b] with
length |7] = mjgxx(t,- —t;-1) and &; € [tj-1,%;). If one of f and g is continuous and the
other is of bounded variation, then [ : f(8)dg(s) exists (for a proof, see the Appendix
in [A-H-N] or Theorem 3.3.2 in [H-P]). If [ : f(8)dg(s) exists, then so does f: g(s)df(s)

and the integration by parts formula
b b
/a f(s)dg(s) = f(b)g(b) — f(a)g(e) - /; g9(s)df (s) (1.1.1)

holds. If Bochner integrals and Riemann-Stieltjes integrals appear in a statement or
an expression, the integral sign § is used sometimes to emphasize Riemann-Stieltjes
integrals. The Riemann integral of a function f : [a,b] =& X is defined as the Riemann-
Stieltjes integral f: f(t)dt if it exists. Note that if f € C([a,b]); X) and if g : [a,b] = C
is absolutely continuous, then the Riemann-Stieltjes integral § f(¢)dg(t) coincides with
the Bochner integral [ : f(t)g'(t)dt. In particular, if f € C([a,b]; X), then f: f(t)dt =
f: f(t)dt. Hence for f € C([a,b]; X) the integral f: f(t)dt is unambiguous. If g €
C([a,b);C) and F : [a,b] = X is an antiderivative of a Bochner integrable function f,

then f: g(t)dF(t) = f: g(t)f(t)dt (for a proof, see [A-H-N], for example).

Let f:[0,00) =+ X and g: [0,00) = C. If f and g are both locally Bochner inte-
grable, then the convolution of f and g is defined as (f*g)(t) := fot J(t—s)g(s)ds, t 20,

as usual, If one of f and g is continuous and the other is of bounded variation, then
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the Stieltjes convolution of f and g is defined as (f * dg)(t) := fot f(t—s)dg(s), t > 0.

It follows from (1.1.1) that

t t
/0 f(t - s)dg(s) = £(0)g(t) — f(t)g(0) + /o 9(t —s)df(s), t=0. (1.1.2)

For n € N, the n-th normalized antiderivative

t Spnei L3
t / / . / f(s)ds:.-dsp_ads,—;, t20
0o Jo 0

of a function f is denoted by fI"}(t). Notice that

) = 1% L% x1xf(t) = ot (t(—;-f_)—:)—!—lf(s)ds (1.1.3)

n—times

where 1 denotes the constant function ¢ — 1. Some basic properties of the Stieltjes

convolution will be proved in the next section.

For f € L},.([0,00); X) and for A € C the Laplace integral of f at ) is defined as

”~~

[-%) T
F) = /o 7 (t)dt = Jim /0 =M £(1)dt

if the limit exists. For the proofs of the following statements concerning the Laplace
transform, see [A-H-N). If f{)\o) exists for some Ay € €, then F(X) exists for all A € €

with Re A > Re Ag. Hence the abscissa of f is defined as
abs(f) := inf{Re A | f()) exists}.

Clearly, —oo < abs(f) < oo. By C, we denote the set of all complex numbers )
with Re A > w. If f € L},.([0,00); X) with abs(f) < oo, then f is called Laplace

transformable and the function f: Cabs(s) — X is called the Laplace transform of f,
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The function fis analytic on @,p,(5). We define the exponential growth bound of a

function f € L} _([0,00); X) as
w(f):=inflweR | sup le=“!£(t)|| < oo for some T > 0}.
t>r

It is clear that abs(f) < w(f). In general w(f) does not determine abs(f) ; for example,
the function ¢ — ete®’ coset (t = 0) is Laplace transformable, but not exponentially
bounded. However, a function is Laplace transformable if and only if its antiderivative

is exponentially bounded. In particular, the following relation holds. If w > 0, then
abs(f) Sw = w(flV) <w. (1.1.4)

Thus, if Re A > max{abs(f), 0}, then f()\) and ﬁT](A) exist, and integrating by parts,
we obtain

AT = F(A). (1.1.5)

Let a € L}, ([0, c0); €) with abs(|a|) < w for some w > 0 and let u := al!l. Then from
(1.1.4), there exists a constant M > 0 such that ; Iu(t5)—p(ti-1)| < ZJ: ftt,-j_, |a(s)|ds =
fot la(s)|ds < Me** for any partition {t;} of [0,¢]. This shows that the antiderivatives
of absolutely Laplace transformable functions are contained in BV,([0, 00); €) for some

€ > 0. This will be used in Section 3.1.

For a function f € BV,.([0,00); X) U C([0,00); X) and for A € € the Laplace-

Stieltjes integral of f at A is defined as

J0 = [0 =g [ " emrgpt
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if the limit exists. Sometimes it is convenient to use the notations L(f) = (f)" and

Ly(f) = (df)" for f and df, respectively. The abscissa of df is defined as
abs(df) := inf{Re \ | df()) exists).

If f € BVioc([0,00); X)J C([0,00); X) with abs(df) < oo, then f is called Laplace-
Stieltjes tra;lsformable and the function Ef : Cabs(as) = X is called the Laplace-
Stieltjes transform of f. The function &;‘ is analytic on C,ps(qgr). If a function f €
BVioc([0,00); X) U C([0,00); X) is exponentially bounded and if f(0) = 0, then for a

nonnegative number w 2 w(f), it follows from (1.1.1) that
df(\) = AF(0) (1.1.6)

for all A € €. Let w € IR. The Lipschitz continuous function space Lip,,([0,00); X)

is defined to be the space consisting of those functions F : [0,00) = X with F(0) =0

and for which
t+h
IFllzip, := inf{M | |F(t+h) - F@)| < M / € dr for t,h 3> 0} < oo.
t

It is clear that if w > 0 and F € Lip,,([0,0); X), then w(F) < w. If f € L}, ([0, 00); X)
with w(f) < oo, then for any number w > w(f), fI!l € Lip,([0,00); X). The symbol
INo denotes the set of nonnegative integers. If F € Lip,([0,00); X), then the k-th

derivative of dF is given by
(k) * —At k
dF '(\) = e " (—t)*dF(t) (L.1.7)
0

for every A € €, and every k € INg, Thus, every function r : (w,00) =+ X which has

a Laplace-Sticltjes representation r = dF for some w € IR and F € Lip, ([0,00); X) is
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contained in C*°((w, 00); X), and by (1.1.7), satisfies
(k)( )\
12— )& B < iy,

for all A > w and k € INy. This shows that the Laplace-Stieltjes transform maps the
space Lip, ([0, 00); X) into the Widder space Cf((w,0); X), which is defined as the

space consisting of all those functions r € C*°((w,00); X) for which

1
Irllwe = sup  [|(A = w)**! 5B < co.

ENO' >Sw . .
The following is one of the key results in Laplace transform theory. For numerical
functions, it was shown first by D. V. Widder in 1936. The generalization to Banach
space valued functions was obtained by W. Arendt in 1987. The following formulation

is taken from [N].

Theorem 1.1.3 (Widder’s Theorem). The Laplace-Stieltjes transform is an isometric

isomorphism from Lip,,([0, 00); X) onto C((w, 00); X).

It follows from Widder’s Theorem that the Laplace transform is an injective opera-
tion on the Laplace transformable functions in L} ([0, 00); X). To see this, let f be
a function in L} _([0,00); X) with abs(f) < w for some w > 0. Then the function
t— F(t) = fot f(8)ds is continuous on [0,00) and w(F) < w. It follows that the func-
tion H(t) := fot F(s)ds = flA(t) for t > 0 is contained in Lip,:([0,00); X) for any

w' > w, and

r(A) = /0 ” e~ Mf(t)dt = A /0 ” e~ MdH (t)
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for A > «'. Thus, by Widder’s Theorem, if » = 0 on (w',00), then H = 0 on [0, 00).
Thus, f(t) = 0 for almost all ¢ > 0. This proves the following important corollary to

Widder’s Theorem.

Corollary 1.1.4 (Uniqueness Theorem). Let f € L} .([0,00); X) with abs(f) < oo.

If there exists an w > abs(f) such that f(\) = 0 for all A > w, then f(t) = 0 for almost

allt > 0.

Stronger versions of the Uniqueness Theorem, which require only the condition that
F(Ax) = 0 for certain types of sequences {\}xen with Re Ay —» co as k — oo, can

be found in [B-N].

Widder’s Theorem and the following inversion theorem of the Laplace-Stieltjes trans-

form (see [B-N]) will be crucial in characterizing solutions of Volterra equations in

Chapter 2.

Theorem 1.1.5 (Phragmén-Doetsch Inversion Theorem). Let F € Lip, ([0, 0); X)

and define r := dF. Then for every n € IN with n > w and every t > 0,

— (=1)7 2
170 - 3 S0 il < 2
=1 7

It follows from Widder’ Theorem and Theorem 1.1.5 that the inverse Laplace-Stieltjes

transform L;?! : Cp((w, 00); X) = Lip,([0,00); X) is given by

[=>=]

(L7ir)(t) := F(t) = ,.lf..néo Z L:—I.?,—)'fﬂe"‘jr(nj) fort > 0. (1.1.8)

.

J=1

The statement (1.1.8) is called the Phragmén-Doetsch Inversion Formula.
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The following theorem is due to B. Hennig and F. Neubrander [H-N]. It character-

izes the pointwise convergence of a bounded sequence of functions in Lip,, ([0, c0); X) in
terms of their Laplace-Stieltjes transforms. It will be applied in proving Trotter-Kato

type approximation theorems for integrated solution operator families in Section 3.3.

Theorem 1.1.6. Let {F,},en be a sequence in Lip,([0,00); X) for which there

exists a constant M > 0 such that ||Fy||zip, < M for all n € IN. Then the following

are equivalent.

(i) There exist constants a > w and b > 0 such that nlgxgo d’FT,,(,\k) exists for all k € INp

where A\, := a + kb.

(ii) There exists an F € Lip,([0,00); X) such that IIJF‘"W,‘, < M and {dFy}nen
converges uniformly to dF on every compact interval in (w,00).

(iii) ,,ll,néo F,(t) exists for every t > 0.

(iv) There exists an F € Lip,([0,00); X) with ||F|lLip, < M such that {Fp}nen

converges uniformly to F' on every compact interval in [0, o).

If a function g has a Laplace or Laplace-Stieltjes representation, then g is analytic
on a right half plane and it follows from Widder’s Theorem that there exist constants
M, w > 0 such that [|Ag(\)|| £ M for all A € C,,. A partial inverse of this statement
is included in the following representation theorem (for a proof, see [B-N]), which will

be applied in characterizing integrated solution operator families in Section 3.1.

Theorem 1.1.7, For w > 0 let ¢: €, =+ X be an analytic function for which there

exists a constant M such that ||Ag(A)]] < M for all A € €,,. Let b > 0, Then there exist
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an f € C([0,00); X) and a constant C > 0 such that || f(¢)|| < Ctbe*t for all ¢ > 0 and

a(2) = A () for all \ € O,

Let w € R and 0 < 8 £ 7. I, ¢ denotes the open sector {2 € € | |arg(z — w)| < 6}.
The following is a Laplace transform representation theorem of analytic functions on
a sector X9 for 0 < § < Z. It will be applied in Section 3.4 where analytic solution

operator families for the Volterra equation (VE) will be studied.

Theorem 1.1.8. Let 0 < 6 < %, w € R. and let ¢ : (w,00) = X be a function.
Then the following are equivalent.
(i) There exists an analytic function f : £g g, = X for which ¢ = Fon (w,00), and
sup |[e~¥*f(z)|| < oo for every 0 € (0,6p).
z€Tg,0
(ii) The function g admits an analytic extension g: ;9,45 — X for which

sup ||(A = w)g(A)|| < oo for every 6 € (0, 6p).
ezw.&-’-%

Moreover, if (i) holds, then for every 8 € (0,6p), there exists a constant Cy > 0 such
that

2B ()]l < CoeRe *(|w]|2] + 1)

for all 2 € 3.

Finally, we list three fundamental theorems from functional analysis which will
be used in the following chapters. As usual, the set of all bounded linear operators
from a Banach space X into a Banach space Y is denoted by L(X,Y), and L(X, X) is

abbreviated by L(X).
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Theorem 1.1.9 (Uniform Boundedness Theorem). Let I be an index set and T, €
L(X,Y) for all a € I. If for each z € X there exists a constant M, > 0 such that
sup || Ta(z)|| £ Mz, then {T, | a € I} is uniformly bounded, i.e., there exists a con-
acl

stant M > 0 such that sup ||T,|| < M.
a€l

The following is an extension of the Uniform Boundedness Theorem (see [Ly], [A-E-K],

or [A-H-N]) which will be used in Section 3.2.

Theorem 1.1.10 (Uniform Exponential Boundedness Theorem). Let F : [0,00) —
L(X;Y) be a function such that F(-)z is exponentially bounded for each = € X. Then

there exist constants M > 0 and w € IR such that |F )| € Me*t for all ¢ > 0.
Recall that a subset of X is called total if its linear span is dense in X.

Theorem 1.1.11 (Banach-Steinhaus Theorem). Let {T,,},en be a uniformly bound-

ed sequence in L(X,Y'), i.e.,, sup ||Tn]| £ M for some constant M > 0. If the sequence
nelN

{Twz} converges for each z in a total subset of X, then there exists a T € L(X,Y)

such that ||T]| < M and {T,z} converges to T'z for every z € X.
1.2 Vector Valued Convolutions

In this section we investigate regularity properties of vector valued Stieltjes con-
volutions ¢ — fot f(t — 8)dg(s) = f *dg(t), and functions ¢ fot S(t — s)f(s)ds, where

{S(t)}+>0 is a strongly continuous operator family. Also, we prove the multiplicativity
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of the Laplace transform of a Stieltjes convolution, i.e., f’*?lg =f. @, and establish

the interchangeability in the order of iterated integrals.

Let X be a complex Banach space and let 2 be a finite or infinite interval in
[0,00). As usual, a function f : 2 — X is said to be Lipschitz continuous if there exists
a: constant M > 0 such that ||f(r) — f(s)]] £ M|r — | for all », s € Q. Lip(Q; X)
denotes the space consisting of all Lipschitz continuous functions f from  into X with

norm || f|lzip := inf{M | ||f(r) — f(s)|| £ M|r — s] for all », s € N}.

Proposition 1.2.1. Let one of F and F denote a Banach space X and the other C.
Then the following hold.

(a) If f € Lip([0, b]; E) and g € BV ([0,b]; F), then f * dg € BV([0,4]; X).

(b) If f € C([0,b]; E) and g € BV ([0,b); F), then f * dg € L([0, b]; X).

(c) If f € C([0,b]; E') and g € BV([0,b]; F) N C([0,b]; F), then f x dg € C([0,d]; X).

(d) If f € L'([0,b]; E) and g € Lip([0,b]; F), then f * dg € C([0, b]; X).

Pro‘of. (a) Suppose that f € Lip([0,b]; X) and g € BV([0,b];C). Let M > 0 be
a constant such that ||f(r) — f(s)|| < M]|r — s| for all 7, s € [0,b]. Suppose that
g € BV([0,b]; C). Let 0 = sg < -+ < s, = b be any partition of [0,5]. Then

SO * ds)(s5) = (f »do)as

J=1
< S0 Hos=adg@l+1 [ (165 5) = Flasms = )] da(o)]
j=1 Ysi-1 0

H
t

n n
orgf‘%(b S ()N Zlval'(g; 85-1,8;) + M Zl(s:; — 8;—1)var(g; 0,b)
= j=

o22%, I (r)ll + Mb Jvar(g; 0,b).
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Hence f x dg € BV([0,}]; X). The proof of the case that # € Lip([0,b};C) and g €
BV ([0,b]; X) is the same.
(b) Suppose that f € C([0,b]; X) and g € BV([0,b]; T). Without loss of generality, we
may assume that f # 0 and that g is not constant. Recall that if a function & : [0,5] —
X is weakly measurable, is almost separably valued, and satisfies fob [|A(¢)]ldt < oo, then
h € L([0,b]; X). Define h := f*dg on [0, b]. First, we show that h : [0,b] — X is weakly
measurable. Note that C1([0,5]; X) is dense in C([0,b]; X) and that C([0,b]; X) C
Lip([0,b); X). Hence for every n € IN, there exists an f,, € C([0,}]; X) such that

_ 1
0% 1£(2) = fa(t)ll < 7 and thus

t t
I [ £t~ 0)doe) ~ [ fult =)o)l < Zvac(ai0,)

for all t € [0,b]. By (a), fn * dg is contained in BV([0,b]; X) and is hence weakly
measurable on [0,b] for every n € IN. Thus, f * dg, the uniform limit of the sequence
{fn * dg}nen, is weakly measurable on [0, ].

To show that f * dg is almost separably valued on [0, b], it will suffice by Lemma 1.1.1
to find a.countable subset of X whose closure contains (f * dg)([0,b]). Let @ be the
set of rational numbers in [0,b] and let P be the set of all complex numbers with
rational real and imaginary parts. Define D := { f:l p;if(g;) | p; € P, g; € Q, and
m € IN} which is countable in X. Let ¢ € [0, ] ;1—1d let € be any positive number.
Since (f * dg)(t) exists, there exist a partition 0 = sp < 81 < +++ < 8y = t of
[0,t] and intermediate points §; € [sj—1,s;] for j € IN with 1 < j < m for which
[ fot J(t —s)dg(s) —-Jg:l F(t = &)lg(s;) — g(sj=1)]ll < §. Since £ is continuous, f(Q) =

£([0,8]). Therefore, for every j € IN with 1 < j < m, we can find points ¢; € Q and
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p;j € P for which

max ||f(t—&)— flg)ll < W;O_b)

1<;<m
i
and lg(s5)~g(8;5-1)=p;| <
Jj=1 0<t<b "f( )"
Thus,

I [ asto) = 3 rlamsl

J—l

< 1 [ = 9g(o) = 3 16~ &lotos) = olos-o)l

j=1

+||Z[f(t—£j)—f(qj)] [9(s5) = g(s5-)] Il + IIEf(qJ [9(s5) = g(sj-1) — p5] |l
i=1

=1
< €

This shows that (f * dg)([0,]) C D. Finally, the inequality fob I(f * dg)(t)]|dt < oo
follows from the inequality || fot f@t—s)dg(s)| < Joax, || £(3)|| - var(g; 0, b) for all £ > 0.
Therefore, f * dg € L*([0,b]; X). The case f € C([0,b);C) and g € BV ([0,b]; X) can
be shown similarly by replacing the set P by a countable subset P; of X for which
9([0,b]) C Py (which exists by Lemma 1.1.2).

(c) Suppose that f € C([0,b]; X) and g € BV([0,b); €)NC([0,b]; C). Let € > 0 be given.
Since f € C([0,b]; X) and since the variation of a continuous function of bounded
variation is continuous, there exists § = d(¢) > 0 such that ||f(t) — f(s)|| < € and
var(g; s,t) < € for any s <t € [0,b] with ¢t — s < d. Hence, for any s < t € [a,b] with

t—s<é,

I/ *da)®) = (£ +d)M < [ [1e=r)= o= nlda+1 [ 6= rag(r)]

< € var(g; 0,b) + max [|f(r)[lvar(g; 5,2).
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This shows that it follows that f * dg € C([a,b]; X). The proof of the case that f €
C([0,b); €) and g € BV([0,b); X) N C([0, b]; X) is the same.
(d) Suppose that f € L([0,b];C) and g € Lip([0,}); X). We define the Riemann-
Stieltjes integral fot f(t — s)dg(s) of f and g as follows. For t € [0,b], define operators
Ky : O([0,6} €) = X by Kb = [2h(t — )dg(s). Then |iKehl] < llgllzipliill. Thus,

K has a bounded extension to L([0,b]; €) and for every ¢t > 0,

Kef®)= [ 1= 9)ig(o) 1= Jim [ hatt = (o)

is well-defined, where {h,}.en is a sequence of continuous functions converging to f
in L1([0,8]; C). It follows from (c) that the function t fot hn(t — s)dg(s), t > 0 is
continuous for every n € IN. Moreover, ||K:f — Kihn| < llgllLipll f = Anll1. Thus, the
function t = K,f is the uniform limit of the continuous functions. This shows that
[ *dg € C([0, b]; X). The proof for the case that f € L!([0,b]; X) and g € Lip([0, ]; C)

is the same. [/

Remark.

The Stieltjes convolution f * dg of functions f € C([0,b]; X) and g € BV ([0,b]; C) is
not necessarily continuous. To see this, take g € BV ([0, b}; X) with g(0) = 0 and which
is not continuous. Then t — (1 * dg)(t) = g(t) is not continuous on [0, b}.

The Stieltjes convolution f*dg of functions f € C([0, ]; X) and g € BV ([0, b]; C) is not
necessarily of bounded variation. To see this, consider the function g(s) := x(0,00)(5),
and a function f € C([0,b]; X) which is not of bounded variation. Then f *dg = f is

not of bounded variation on [0, b].



21
Lemma 1.2.2. Let f be a continuous function on [a,b] X [c,d]. Let g and h be
functions of bounded variation on [a, ) and [c, d], respectively. Assume that one of the

functions f, g, and h has values in a Banach space X and the other two in €. Then

b pd b od
// 1t )dn)dls) = [ / £(t, 5)dg(s)dh(z). (12.1)

Proof. Let f € C([a,b] X [c,d]; X), g € BV([a,b];C), and h € BV ([c,d];C). Then
i) : f(t,8)dh(t) and [ cd f(t, s)dg(s) are continuous on [c, d] and [a, b], respectivel};. Hence
the iterated integrals in (1.2.1) exist. If X = @, then (1.2.1) follows from the mean
value theorem for Riemann-Sticltjes integrals and the integral property [ kd(a+ 8) =
[ kda + [ kdB (see Theorems 30.6 and 31.9, and Exercise 31.v in [B], for example).

Let X be a complex Banach space and let z* € X*. Then
[ s, == [ [ 16,0, santdste
= [ [0, eds@ancy
= /c ‘ /a ’ £(t,8)dg(s)dh(t), =*).

Since z* € X* is arbitrary, (1.2.1) follows. The proofs of the other cases are similar.

/!

Corollary 1.2.3. Let f be a continuous function on [a,b] x [a,b] and g be a function
of bounded variation on [a, b], Assume that one of f and g has values in a Banach space

X and the other in €. Then

/a b j{a bf(t,S)dg(S)dt = j‘{ b /a bf(t, s)dtdg(s). (1.2.2)
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Proof. Since both ¢+ [ :’ f(t,8)dg(s) and s+ [ : f(t, s)dt are contained in the space
Cla, b X), § [2 £(t,s)dg(s)dt = [ [2 £(t,8)dg(s)dt and §° f(t,s)dt = [ f(t,s)dt

(see Section 1.1). Hence, by Lemma 1.2.2, the statement (1.2.2) follows. //

Lemma 1.24. Let T > 0 and A € C. Let f be a continuous function and g be a
function of bounded variation on [a,b]. Assume that one of f and g has values in a

Banach space X and the other in €. Then

/OT ]{ e~ Mf(t — s)dg(s)dt = }g T /, T e~ Mf(t — s)dtdg(s). (1.2.3)

If f is Bochner integrable and g is Lipschitz continuous on [0, T], then (1.2.3) remains

valid.

Proof. By Proposition 1.2.1, the hypotheses on f ?,nd g imply that f*dg is contained
in L*([0,T); X) and that s — f_,T e~ f(t — s)dt is continuous on [0,T]. Hence the
integrals in (1.2.3) exist. Let Q2 be the region {(z,s) € R? | 0 < s £t < T}. Define
f:[0,7) x [0,T] = E by

- _ e—'\tf(t - s) if (t,S) €N
F(t,8) = {e-'\t £(0) otherwise.

Then f is continuous. By Corollary 1.2.3,

/0 ! }gT f@t = s)dg(s)dt = fsT /0 . F(t — s)dtdg(s).

Since

T T Tt T T
/0 ]é F(t — s)dg(s)dt = /0 fg =M f(t — s)dg(s)dt + fo }{ e~ £(0)dg(s)dt
T pt T
= [ § e re- g+ [ eNar) - gt aes0
0 0 0
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and

]ﬁT /; ' f(t — s)dtdg(s) = }gT /., Te""‘f(t—s)dtdg(s)+ }éT /o " e= M £(0)dtdg(s),

it suffices to show that

T T s
/0 e [g(T) - g(t)]dt = jﬁ /o e~Mdtdg(s). (1.2.4)
When A =0,
T T
[ @ -glae=To) - [ oar  and
0 0
T ps T
jg /0 dtdg(8)=Tg(T)—A g(s)ds.
When A # 0,

T 1 —e=?T T
| el - at0)at = 25 —o@) - [CeMotiar and

0
T s T 1 _ e—,\.s
f / e~Mdtdg(s) = f 5 dg(s)
o Jo 0

= %[Q(T) - /0 ' e™Mdg(s)|

1 A T
= 3o —ea@) - [ reg(e)as]
0
1—e AT
A
Thus, the statement (1.2.4) holds. //

T
o(T) — /0 &M g(s)ds.

As usual, we call an operator family S = {S(t)}:>0 in L(X) strongly continuous
if S(-)z : [0,00) = X is continuous for every z € X. The following will be applied in

Chapter 3,
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Lemma 1.2.5. Let S be a strongly continuous operator family. Let f € C([0, c0); X)

and let p € BVjoc([0,00); €) with p£(0) = 0. Then for every t > 0,

/ | }{ - S(t—s—r)f(s)dp(r)ds = f{ | / t"' S(t —s—r)f(s)dsdu(r).  (1.2.5)
o Jo 0o

Proof. For t > 0, let Q be the region {(s,7) € R2 |0<s<t 0<r <t-—s)

Define g : [0,2] X [0,t] = X by

S(t—s— s) if (s, Q
g(s,r) = {SéO)f(S) NHe) otl(ler1;2isee.

Then g is continuous on [0,¢] x [0,t]. For each s € [0, 1],
t

[ otomantrr = [ sa=s=r)seant+ [ 5O s(eantr
0 0

te—s
t—s

= [ St=a=r)f(e)du(r) + SOF@u(®) - SOF @z ).

The function s fot g(s,r)du(r)—S(0) f(s)u(t) is continuous [0, t]. Since u has at most
countably many discontinuities, the function s = S(0) f(s)u(t — s) is almost separably
valued. It is clear that the function s — S(0)f(s)u(t — s) is weakly measurable and
norm-bounded on [0, T). Thus,

t—s

4
se S(t — s —r)f(s)du(r) = /0 g(s,r)dp(r) — 5(0)f(s)u(t) + S(0)f (s)u(t — s)

is contained in L([0, ¢]; X). Hence the left hand side of (1.2.5) exists. For each r € [0, ],

t—r

/tg(s, r)ds = S(t—s—r)f(s)ds+ t S(0) f(s)ds.
0 0 t—r

Thus,
t—r t

rer [ S(t—s—1)f(s)ds = / “ssryds— [ SO)f(s)ds
0 0 t—r
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is continuous in [0,¢]. Hence the right hand side of (1.2.5) exists. Now, we show the

equality in (1.2.5). By Corollary 1.2.3,

/ot f;g(s, r)dp(r)ds = f; t /o tg(s, r)dsdu(r).

Calculating each side of this equation, we obtain that
/0 /0 o(s,7)du(r)ds
= [ § stenduias+ [ § sosts)auas
=/ t ¢ St - 5 = 1) f(s)du(r)ds + | S@#0)[1) - te - )]s,
and
t t
¢ [ ot rrdsantr)
to tgr t t
-4 | ats,ryasdutry + ¢ [ SO f(e)dsdutr)
t t—r t t
=4 [ ateriasautr) + [ s@s(s)ds-utt) - [ wtrra]
t t—r t t
= jg / | o(s,r)dsd(r) + | tS(O)f(S)ds-u(t)— / tS(O)f(t—r)u(r)dr
= ¢ [ stor)dsautr) + JRECIOITOR | s (et - o)as
t t—r t
= }{ / S(t — s — ) f(s)dsdu(r) + / S(0)£(s) [u(t) — (¢ — 5)]ds.
0 JO 0

t

. S(O)f(s)ds]

Therefore, the equality in (1.2.5) follows. //

Lemma 1.2.6. Suppose that S : [0,00) = L(X) is strongly continuous and that

f € C(]0,00); X). Then for ¢t >0,

/ot /,t S(s)f(r — s)drds = /0‘ /: S(8)f(r — s)dsdr, (1.2.6)
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Proof. Let 2 be theregion {(r,s) €IR | 0< s <7 <t} Defineg: [0,t]x[0,t] — X
by
_JS(s)f(r—s) if(r,s) e
g(r,s) = {S(s)f(O) otherwise,

Since S is strongly continuous and since f € C([0, 00); X), it follows that g is continuous

on [0,t] X [0,t]. For every r € [0,1],
t r t
/0 g(r,8)ds = /(; S(8)f(r— s)ds + /r S(s)f(0)ds.

Hence

T /or S(8)f(r—s)ds = /otg(r, s)ds + /: S(s)f(0)ds

is continuous on [0,t]. For every s € [0, ],
/ot g(r,s)ds = /os S(8)f(r—s)ds + /: S(s)f(0)ds.

Hence

5 /o " 8(s)f(r — 8)ds = /o " o, 5)ds + / " $(s)£(0)ds

is continuous on [0,t]. Thus, the integrals in (1.2.6) exist. Now, we show that they are

equal. By Lemma 1.2.2,

/(; t /0 t g(r,8)drds = /o t /o t g(r, s)dsdr.

Calculating each side of this equation, we obtain

/: /otg(r, s)drds = /o‘t /’t S(s)f(r — s)drds +/0t /; S(s)f(0)drds
= /ot /: S(8)f(r - s)drds—}-/a‘t sS(s)f(0)ds,
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and
t pt t pr t pt
f / a(r, s)dsdr:/ / S(s)f(r—s)dsdr+/ / S(s)f(0)dsdr.
0 Jo 0o Jo 0o Jr
Thus, it suffices to show that _/'0t f: S(3)f(0)dsdr = fot 8S(s)f(0)dsdr. By the integra-

tion by parts formula (1.1.1),

t tS(s)f(O)dsdr:- t'r tS’(s)f(O)ds = tr-S(r)f(O)dr.
k. ) swsoad = |

Therefore,

/Oe /: S(s)f(r — s)drds = /0 g /or S(s)f(r— s)dsdr. //

The Laplace transform of a Stieltjes convolution has the following multiplicative

property, which is essential for transforming the Volterra equation (VE) to the charac-

teristic equation (CE).

Proposition 1.2.7. Suppose that f € C([0,00); X) with w(f) < co and that g €
BV,([0,00); C) for some € > 0. Let w > max{w(f),€e}. Then abs(f *x dg) < w and for
rAeC,,

F*dg(n) = F(N)dg(N).

Proof. The proof is similar to the standard one for the Laplace transform (see [S],
for example). It follows from Proposition 1.2.1 that f*dg € L}, ([0,00); X). Let T' > 0

and let A € €. Applying Lemma 1.2.4, we obtain that
T
[ e dayae
0

= [ § e sa-aagn= § [ s~ oyisigls
- ng /0 "7 ) (1) dtdg(s) = }{‘pe-’“ /0 7 M) dtd(s) = I
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Divide the region {(t,s) € IR? | 0L s < T, 0 <t < T — s} of the integral I into

three subregions as follows :

s/\

AN

e}

e

o
i
N

Figure 1.

Then

= [T

“H

~3sdg(s) / e~ (t)dt

/ “ [ gy adg(s) + / / " M (t)dtdgls)

=I(T) + IT) + IIIT) (in order of the integrals).
Hence, it suffices to show that both II(T") and III(T") converge to 0 as T —» co. We

start with II(T). From the integration by parts formula (1.1.1) and by differentiating

the integrand of the Riemann-Stieltjes integral in II(T'),

)= [ e [ e ] asts)

z
2

_ -e"A%Q(g)A% e M f(t)dt — ﬂT g(s)d[e"“’ /OT_’ é—'\tf(t)dt]

T
T,

= -e**%g(.zr":) / T e f(t)dt
0
T T—s
.+ /7- e~ *g(s) [/\/ e Mf(t)dt + e MT=3) £(T — s)] ds
5 0
=! IL(T) + II2(T)  (in order of the integrals).

Since Re A > w(g) > w and Re A > abs(f), we obtain that II;(T) — 0 as T — co.
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The integral II;(T') is estimated as follows :
|TL2(T)]|

u T
< [N sup /0 e~ M7 (e + aup e M| /:_ e™Re Xe|g(s)]ds.

0€ug

Since Re A > abs(f), it follows that sup sup I f5' e=*f(t)dt]| < oo. Since Re A >
T200<ug

w(f), it follows that sup sup |le~uReAf (u) || < 00. These inequalities and the con-
T200<ugt

dition Re A > abs(g) imply that II;(T) — 0 as T —+ oo. Thus, II(T) — 0 as

T — oo. Applying the integration by parts formula (1.1.1) yields
L T—s
—  [=2s =t
1I(T) = /0 [e /¥ & £(2)dt] dg(s)
;1 T—s
— —As —At
- /0 g()de /; &= (t)d]
t ” T-s .
=‘/0‘ e~ *%g(s) [e AT )f(T—s)+A e '\‘f(t)dt]ds.

It follows that

u )
@)l < [ sup o RN+ sup Jp ™ 1s@la] [ oo

= <ulT

Since Re A > w(f) and since Re A > abs(f), it follows that
u
[ s Ms@l+ s [e ™ Mppla] — o0
FSusT FusrJ %

as T' —» oo. This fact and the condition Re A > abs(g) imply that III(T) — 0 as
T — co. Consequently, It converges to @()\)f(/\) as T' — oo which implies that

f¥dg()) exists and is equal to f(\)dg()\) for every A € C,,. [/

Finally, we investigate the differentiability of Stieltjes convolutions.
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Lemma 1.2.8. Suppose that f is a continuously differentiable function with f(0) =0
and that g is a continuous function of local bounded variation on [0,00). Assume that
one of f and g has values in a Banach space X and the other in €. Then u:= f*dg €

C'(]0,00); X), and for every t > 0,

vt = | " Pt = s)das).

Proof. Let H := f’ x dg. Then by Proposition 1.2.1, H € C([0,00); X). Hence it

suffices to show that v’ = H. Let T > 0. Applying Lemma 1.2.4 for X =0,

T pt T ,T
a@)= [ [ re- o= [ [ - oadg(o)
T pT—s , T ° T
= /o /o f'(t)dtdg(s) = /0 f(T — s)dg(s) — /0 f(0)dg(s)
T
= /0 F(T = s)dg(s)

= u(T).

Thus, v/(t) = H(t) for everyt >0. //

Corollary 1.2.9. Let n € INy. Suppose that f is an n-times continuously differen-
tiable function with f(¥)(0) = 0 for k € IN with 0 < k < n—1 and g is a continuous
function of local bounded variation on [0, 00). Assume that one of f and g has values
in a Banach space X and the other in €. Then u := f x dg € C"([0,0); X) @d for
every t > 0,

t
un(e) = [ 10t~ s)dg(s)
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Lemma 1.2.10. Let f € L!([0,b]; €) and g € Lip([0,b]; X). Then the function u :=
£ * (dg!) is differentiable a.e. on [a,b], and

vie)= [ 7t = s)dgle) + 19 O0)

a.e. t € [0,b). Moreover, u is continuously differentiable if g(0) = 0.

Proof. By Proposition 1.2.1 (d), the function ¢ ~» fot f(t—s8)dg(s) is well-defined and

in C([0,b]; X). Let 0 < T < b. By Lemma 1.2.4,
T pt T ,T
/ || £t = s)dgts)at = / | £t s)atagle

T ,pT—s T
= = (1] - S
/o /0 £(t)dtdg(s) /0 (T - 5)dg(s)
T
= £1(0)g(T) — fH(T)g(0) /0 o(8)df (T — s)
T
= - T)g0)+ [ o) (T = 5)ds
. 0
= /0 £(T = s)dg!)(s) — fU(T)g(0)

= u(T) - fH1(T)g(0).
Therefore, u'(t) = fot f(t—s)dg(s)+ f(t)g(0) for almost all ¢ € [0, b] and it follows from

Proposition 1.2.1 (d) that «/ is continuous if g(0) =0. //

The following lemma will be used to prove a variation of constants formula for

integrated solution operator families in Section 3.1.

Lemma 1.2,11. Suppose that S : [0,00) — L(X) is strongly continuous and that
f € C*([0,00); X). Then for t > 0,

21 [ st- oo = s+ [ ste- o eas
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Proof. Fort >0,

t—s

[ s6-910s= [ srse-siis= [ s@ro)+ [ rirras
= [ s@sonis+ [ [ sto)steyinas,

Since S is strongly continuous, s +» S(s)f(0) is continuous on [0,¢]. Hence it suffices
to show that
dr [t [t=* t
—-[/ S(s)f’(r)drds] = / S(t—s)f'(s)ds.
dtlJo Jo 0
By change of variables and from Lemma 1..2.6,
t pt—s t ot
/ S(s)f'(r)drds =/ / S(s)f'(r — s)drds
0 0 Js
ot r t pr
= / f S(s)f!'(r — s)dsdr = / / S(r — s)f'(s)dsdr.
o Jo 0o Jo
From the proof of Lemma 1.2.6 we obtain that r — [ S(r — s)f'(s)ds is continuous

on [0,t]. Therefore,

[/; ot_" S(‘s)f’('r)drds] - /: S(t—s)f'(s)ds. [/

&



CHAPTER 2 EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF ABSTRACT VOLTERRA EQUATIONS

In this chapter we study the abstract Volterra equation
t
o(t) = A / o(t — s)du(s) + f(t)  fort >0 (VE)
0

by applying Laplace transform theory. We assume that A is a closed linear operator
with domain D(A) and ranée in a complex Banach space X, that u € BV,([0, 00); C)
for some € > 0, and that f is a Laplace transformable function in C([0,00); X) (for

notations, see Section 1.1).

A function v € C([0, 00); X) is called a solution of (VE) if f(: v(t —s)du(s) € D(A)

for every t > 0 and if it solves (VE).

A function v € C([0,00); X) is defined to be a weak solution of (VE) if

(v(t), ¥°) = ((v*dp)(®), 2°) +(f(2), ¥*)

for all t > 0, y* € D(A*), and 2* € A*y*. Note that A* is multi-valued unless A is
densely defined. However, ((A — A)~!)* = (AI — A*)™! is single-valued and bounded
(but not necessarily one-to-one) for every A € p(A). For a definition and discussion of
strong solutions of (VE), see Chapter 3. We first show that weak solutions of (VE)
are solutions of (VE). The following is a slight generalization of a result from [Pr)
(Proposition 1.4).

33
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Theorem 2.1. Suppose that p(A) # 0. Then every weak solution of (VE) is a solution

of (VE).

Proof. Let A € p(A). Suppose that v € C([0, 00); X) is a weak solution of (VE). Let

t > 0. Then
(v(t), ¥*) = ((v*ap)(t), 2*) + (f(¢), y*)

for every y* € D(A*) and every z* € A*y*. Hence
((v*dp)(t), —2*) = (f(t) —v(t), y*) and thus,
((v*du)(t), My* —2*) = (A(v*dp)(t) + £(2) — v(t), ¥*).

Let z* € X*. Since X € p(A*), there exists a y§ € D(A*) such that z* € (A\I — A*)yg. It
follows that z* = Xy§ — 2z for some 2§ € A*y5. Hence, (A\—A*)"1z* = (A-A)~1)*z* =

y2, and
(v dp)(e), =) = (A d)(2) + £(2) = o(2), (M — A)™1)*a).

Thus, (wrdp)(t), 3*) = (A= A)" (Mwsdu) (1) +£(2)—v(t)), *).

Since z* € X is arbitrary, it follows that (vxdu)(t) = (A—A)=1(A(vedp) (t)+£(t)—v(t)).

Therefore, A(v * du)(t) — A(v * du)(t) = A(v * du)(t) + f(t) — v(t). From this equation

we conclude that v is a solution of (VE). //

Exponentially bounded solutions of (VE) can be characterized in terms of the

Laplace transforms of the functions involved in the equation (VE) and the characteristic

equation

(I = dpN Ay =F) (A >w) (CE)
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for some w > 0.

Theorem 2.2. Let v € C([0,00); X) with w(v) < 00 and let w be any number such
that w > max{e, abs(f), w(v)}. Then the following are equivalent.

(i) v solves (VE).

(i) du(\)B(A\) € D(A) and (I — du(A)A)5(A) = F()) if A € T,

(ifi) du(k)o(k) € D(A) and (I — du(k)A)o(k) = F(k) if w < k € IN.

Proof. To show (i) = (ii), suppose that v is an exponentially bounded solution of
(VE). Since the Laplace transforms of the functions ¢ — vxdu(t) and t = A(v*du)(t) =
v(t) — f(t) exist for A € C,, it follows from the closedness of A and Proposition
1.2.7 that ZAN)3(A) € D(A) and ATE(ND(N) = 9(A) — F(A) for all A € C,. The
implication (ii) = (iii) is obvious. We show the implication (iii) = (i) by means of
the Phragmén-Doetsch Inversion Formula (1.1.8). Suppose that (iii) holds. Let o' > w.
Observe that Proposition 1.2.7 and (1.1.4) imply that +{?, fl?, and (v*du)i?) = v2 xdp
are all contained in Lip. ([0, c0); X). It follows from (1.1.6) and (1.1.5) that 9()\) =
AdEI(), F(0) = MFE(N), and FA)IAQN) = (W dp)(A) = Ad(v * du)P)A(A) for
A € C,,. We obtain from these identities and from (iii) that

dvP) (k) - dFPI(K) = A(d(v  dp){)A (k) (21)
for every k € IN with k > w'. Hence, by the inversion formula (1.1.8),

(e 1) = Jiy 5~ CF et o),
and |
W3A(t) — fA@) = lim i -(-——lgfl.ie‘"j/l(d(v * dp)13)A (ng).
J!

iy
jhhad-r



36
Thus, by the closedness of A,
o2 () — f(t) = A(v * dp)l(2)

for every t > 0. Since all the functions involved in this equation are twice differentiable

and since A is closed, it follows that v solves (VE). //

Theorem 2.2 says that solving the equation (VE) can be simplified to solving
the equation (CE) in which the time variable ¢ is eliminated. The Laplace transform
approach to (VE) consists of three steps. First, find a solution y of (CE) on (w,c0).
Second, check whether or not the function y is a Laplace transform of a continuous
exponentially bounded function. Finally, if y has a Laplace transform representation,
then the inverse Laplace transform of y is an exponentially bounded solution of (VE).
The main difficulty in the Laplace transform approach to (VE) is in the second step. In
other words, it is hard to check if a function can be represented as a Laplace transform of
a continuous, exponentially bounded function. On the other hand, the representation as
a Laplace-Stieltjes transform of a Lip,-functions can be verified by Widder’s Theorem.
The following is a Hille-Yosida type characterization of the Lip, ([0, 00); X)-solutions

of (VE).

Corollary 2.3. Let w > max{e, abs(f)} and M > 0 be a constant. Then the
following are equivalent,

(i) There exists a solution v € Lip, ([0, 00); X) of (VE) with |jv]lLsp, < M.

(i) There exists a function y € C((w, 00); X) for which ||y]lww < M, dz(Ny()) €

D(A), and (I — dp(A)A)y()\) = AF()) for every ) € C..
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(iii) There exists a function y € Cjp((w, 00); X) for which ||yllw. < M, du(k)y(k) €

D(A), and (I — dp(k)A)y(k) = kf(k) for every k € IN with k > w.

Proof. It follows from Widder’s Theorem (Theorem 1.1.3) that F € Lip,,([0, co); X)
if and only if dF : A = dF(A) = AF()) is contained in C33((w,oc0); X) and that
IFlizip. < M if and only if ||dF||lw. < M. To show (i) => (ii), suppose that (i)
holds. Then, by Theorem 2.2, Adu(\)3()) € D(A) and (I — dp(A)A)IAT(N) = Af())
for all A € C,,. Hence, setting y()\) := AB()\) = dv()) for every A € C,,, we obtain (ii).
Obviously, (ii) implies (iii). To show (iii) = (i), suppose that (iii) holds. Then there
exists a v € Lip, ([0, 00); X) such that y()) = dv(\) = AY(A) for every A € C,,. Thus,
(I - @(k)A)ﬁ(k) = f(k) for all k € IN with k > w. Hence statement (i) follows from

Theorem 2.2, //

It follows from Theorem 2.2 that the exponentially bounded solutions of the

Volterra equation (VE) are unique if and only if for any w > 0, the equation
(I-dpMAy(N) =0 (A >w)

has no nonzero solution y which has a Laplace representation y(A) = 9(A) for some v €
L} .([0,00); X). Another uniqueness theorem is given by the following generalization of
the results in [H-P] and (L] for the abstract Cauchy problem. In the following theorem
a condition on the range of 2/7 and the point spectrum o,(A) of A implies that the

equation (VE) has at most one exponentially bounded solution.
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Theorem 2.4. Suppose that there exists a sequence {Ax}ren in €, such that Re Ay
— 00 as k —+ 00, and for which either @(Ak) =0or @(Ak)“l ¢ ap(A) for all k € IN.

Then (VE) has at most one exponentially bounded solution,

Proof. It suffices to show that » = 0 is the only exponentially bounded solution to

the equation

t
v(t) = A/(; v(t — s)du(s)  fort >0.

Suppose that v € C([0,00); X) is an exponentially bounded solution of this equation.

Then it follows from Theorem 2.2 that
B(N) = du(A)AD()N)

for all A € C,,, where w = max{e, w(v)}. We claim that 7 =0 on C,. Let us assume
not. Notice that F(\) = du(A;)AD(\r) for sufficiently large k € IN since Re A, — 00
as k —» oo. Since either @(Ak) =0or E;\L(/\k)—l ¢ op(A), it follows that ¥(\i) = 0 for
all sufficiently large k. Then since ¥ #Z 0 on C,,, Ay, is a zero of order m of the analytic
function 7 for some m € IN, i.e., 9 (\;) =0for 0 < j<m-—-1 .a.nd 7™ (Ax) # 0.
Hence, by the closedness of A,

o (he) = A D)™ () = 4L (7)F 00) 2 ) = T 49 ),
Jj=0

Since 3™ (\y) # 0, it follows that du(Ax)~! € gp(A), which is a contradiction, Hence
7 =0 on C,. Thus, by the Uniqueness Theorem (Corollary 1.1.4) and from the conti-

nuity of v we conclude that v =0 on [0,00). //



39

Next, for 2 € n € IN, we consider the Volterra equation
o(t) = EA / u(t — s)dpi(s) + f(t) fort>0. (2.2)

We assume that A; are closed linear operators in a Banach space X, that u; are
functions BV,([0,0); C) for some constant ¢ > 0 and all j € IN with 1 < j < n, and
that f is a Laplace transformable function in C([0,00); X). Exponentially bounded

solutions of (2.2) can be characterized as in Theorm 2.1.

Theorem 2.5. Let v be an exponentially bounded function in C([0, 00); X). Suppose
that (v * du;)(t) € D(A;) for every ¢t > 0 and abs(A;(v * du;)) < oo for every j € IN
with 1 < j £ n — 1 for some integer n > 2. Let w be any number such that w >
max{e, abs(f), w(v), abs(A;(v * du;)) for j € IN with 1 £ 7 < n — 1}. Then the
following are equivalent.

(i) v solves (2.2).

(i) If A eC,, then d’;Tj(/\)ﬁ(/\) € D(A;) for every j € IN with 1 < j < n and

(1= 3 B (4790 = FO.

(iii) Ifw <k € N, then du(k)o(k) € D(A;) for every j € IN with 1 < j < n and

(- 2 a3 (k) A;)o(k) = Fk)-

Proof. The proof is similar to that of Theorem 2.2. To show (i) ==> (ii), suppose
that v is an exponentially bounded solution to (2.2). Since v is a solution of (2.2), it
follows from the hypothesis that abs(A, (v * du,)) € w. Hence, Laplace transforming

the equation (2.2) for A € C,,, by Proposition 1.2.7 and the closedness of the operators
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A;, the statement (ii) follows. The implication (ii) == (iii) is obvious. We show the
implication (iii) = (i) by means of the Phragmén-Doetsch Inversion Formula (1.1.8).
Suppose that (iii) holds. By Proposition 1.2.7, abs(v * du;) < w for all j € IN with
1 £ j < n. Let w' > w. Then we observe that Proposition 1.2.7 and (1.1.4) imply that
ol 12 and (v * du;)® = vl2 % dy; for j € IN with 1 € § < n are all contained
in Lip, ([0,00); X). It follows from (1.1.8) and (1.1.5) that T(\) = A(E)EJ(A), that
F(2) = AdfE()), and that D(A)dp(X) = v*dpi(A) = Md(v * dp;)EYA(R) for § € N

with 1 < j < n for every A € €. Hence, from (iii) and these identities,

B ) — FPICR) = 3 As(d(w PG

=1

for every k € IN with k& > «'. As in Theorem 2.2 it follows from the inversion formula

(1.1.8) and the closedness of the operators A; that for every ¢ > 0,

oI(t) - 118) = 3 dy(o dsg) o)

J=1

Since A; are closed and all the functions involved in this equation are twice differen-

tiable, the statement (i) follows. //

The Lip,, ([0, 00); X)-solutions of (2.2) can be characterized as follows. For closed

linear operators A; in a Banach space X for j € IN,1 < j < n, | ﬁ D(Aj;)] denotes the
Jj=1
Banach space ] D(4;) equipped with the graph norm |z]|g = ||z|| + ||Aiz| +--- +
Jj=1
n
|Anz| for z € ) D(A;).
i=1

Corollary 2.6, Let w > max{e, abs(f)} and M > 0. Then the following are equiva-

lent,
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(i) There exists a solution v € Lip, ([0, 00); [:(j: D(A;))) of (2.2) with ||v]|Lip, < M.

(i) There exists a function y € CF((w, 00); [:(j: D(A;)]) with ||lyllww < M such that
Tun(Ny() € D(4,) and (I — ,ZZ% d;(N)A;)y(\) = Af() for all A € C.,.

| (iif) There exists a function y € C{((w, 0); [:ﬁl1 D(A;)]) with ||ly]lw.w < M such that

i (k)y(k) € D(Ayn) and (I— é (k) A;)y (k) = kF(k) for all k € IN with k > w.

Proof. It follows from Widder’s Theorem that F € Lip, ([0, o0); [nﬁ: D(A;)}) if and
j=
only if dF : A + dF(\) = AF()) is contained in Cr((w, c0); [nﬁ: D(A;)]) and that
| FllLip, < M if and only if Ilﬁ‘ﬂw,w < M. To show (i) = (ii), szl;pose that (i) holds.
Since v € Lip,, ([0, c0); [nﬁ: D(Aj))]), it holds that w(v) < w and Ajv € Lip, ([0, 00); X)
forjeINwithl<j 5:— 1. Hence, by the closedness of A; and by Proposition 1.2.7,
we obtain abs(A4;(v * duj)) = abs((A4;v) *dy;) Swforall je Nwith1<j<n-1.
Hence, from Theorem 2.5 and by the facts from Widder’s Theorem mentioned at the
beginning, it follows that du,(M\)9(\) € D(A,) for all A € C,, and that y := 7 €
70,005 1) D(A3)) with [yl < M. Als, (- 3 F50) 490 = AT for
all A € €. The implication (ii) = (iii) is obvious. To show (iii) => (i), suppose that
(iii) holds. Then there exists v € Lip, ([0, c0); [n(-]: D(A;))) such that y(A) = Zl;(A) =
j=
AG(A) for every A € €. Since v € Lip, ([0, 00); [nﬁ: D(A;)]) and since the operators A;
are closed, it follows from Proposition 1.2.7 that ;-I;S(Aj(v*dyj)) = abs((A;jv)*dy;) < w
for all § € IN with 1 < j < n— 1. Hence, du; (k)3(k) € D(A;) for all k € IN with k > w
and for every j € Nwithl < j <nand (J- il d’}Tj(k)Aj)a(k) = (k) for every k € IN
j=

with & > w. Thus, by Theorem 2.5, the statement (i) follows. //



CHAPTER 3 SOLUTION OPERATOR FAMILIES

This chapter is built on the discussion of Volterra equation
t gn
o(t) = A / oi=s)duls) + oo fort20andze X, (3.1)
0 . )

where A is a closed linear operator in a complex Banach space X, p € BV([0,00); T)
for some € > 0, and n € INg. The equation (3.1) can be obtained by integrating the
equation
u(t) = A/; u(t — s)du(s) + =

n-times and setting v(¢) := ul™l(¢). For this reason we call (3.1) an integrated Volterra
equation. Suppose that (3.1) has a unique exponentially bounded solution v(-) = v( )
for every € X. For every ¢ > 0, define a linear operator S(t) : X — X by S(t)z :=
v(t, z). It follows from Theorem 2.2 that

1

(I = dp(\)A)B) = TS

for all A > w for some number w > €. Assuming that (I — a!T;(A)A)"1 exists in L(X)

for A > w, we obtain that
— 0o oo
(I — Gp(\)A) 1z = A+ / e=My(t)dt = A™H! / =25 (¢)adt.
0 0

This observation motivates us to investigate those operators A for which there exist a
constant w > € and a strongly continuous, exponentially bounded family {S(t)}:>o of
operators in L(X) for which (I — dp()\)A)~! € L(X) and
. o0
(I - dp(M)A) 'z = A+l /0 e~ MS(t)zdt = ANz

42
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for all z € X for all ) > w.

Section 3.1 deduces some properties of the operator family {S(t)}e>0, which is
called the integrated solution operator family with generator (A, z). We will show that
the Volterra equation

(0) = A [ oft = au(s) + 59 B
has unique exponentially bounded solutions v for sufficiently regular functions f if
(A, 1) generates an integrated solution operator family. Most results in Section 3.1 are
generalization or modifications of results in [A-H-N] and [A-K]. Section 3.2 investigates

the wellposedness of the equation (3.1) and its stronger version
v(t) = /(;t Av(t — s)du(s) + g—:-a: for t > 0 and = € D(A).
A function v € C([0, 00); [D(A)]) which satisfies the equation
v(t) = /ot Av(t —s)du(s)+ f(t) fort>0 (3.2)

is called a strong solution of (VE). Section 3.3 shows Trotter-Kato type approximation
theorems for stable sequences of integrated solution operator families. Section 3.4
shows some properties of analytic integrated solution operator family. Finally, Section

3.5 discusses an elementary example in terms of solution operator families.
3.1 Integrated Solution Operator Families

In this section we study integrated solution operator families associated with
Volterra equations (VE). In a sense this is a generalization of the method of inte-

grated semigroups, which has been used successfully to study the abstract Cauchy
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problem u'(t) = Au(t) , u(0) = = (see for example, [A], [N], or [A-H-N]). We assume
throughout that A is a closed linear operator with its domain D(A4) and range in a

complex Banach space X and p € BV,([0,00); C) for some € > 0.

Definition 3.1.1. Let n € INy. Let M > 0 and w > € be some constants. Suppose
that S : [0,00) = L(X) is a strongly continuous mapping which satisfies the following.
(i) IS@®)] £ Me*t for all t > 0.

(iii) For every A > w, (I — dp(N)A)~! exists in L(X) and
o]
(I —dp(\)A)" 'z = ANz = /\""'1/ e~ MS(t)zdt forallz € X. (3.1.1)
0

Then S is called the n-times integrated solution operator family (of exponential type
(M;w)) with generator (A, p). A 0-times integrated solution operator family is simply

called a solution operator family.

Remark 3.1.2.

(i) If (3.1.1) holds for all A > w, then it holds for all A € @, i.e., if (A, ) generates
an integrated solution operator family, then (I — EIL(/\)A)‘I exists in L(X) and (3.1.1)
holds for every A € €,,. This will be shown in Lemma 3.1.7.

(ii) It follows from (3.1.1) and the Uniqueness Theorem (Corollary 1.1.4) that for each
n € INy, every pair (A, 1) generates at most one n-times integrated solution operator
family.

(ili) An n-times integrated solution operator family with gener#tor (A, 1) where p(s) =

s, is the n-times integrated semigroup generated by A.
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(iv) If S is the n-times integrated solution operator family of exponential type (M;w)
with generator (4, 1), then S € Lip, ([0, 00); L(X)). From (1.1.5), ,\Em(,\)a: =50\)z
for all A\ > w and = € X. Hence {S11(t)}¢>0 is the (n + 1)-times integrated, norm

Lipschitz continuous solution operator family with generator (A, 1), and

(I = dp()4)=1 = An+2 / oMl (1)t = Am+L f e~ MqS(1)
0 0

for all A > w, where the Bochner and Riemann-Stieltjes integral is taken in the operator

norm.

Lemma 3.1.3. Let $ be an integrated solution operator family with generator (A, u)

Then S(t)z € D(A) and AS(t)z = S(t)Az for every t > 0 and every z € D(A).

Proof. Let S be the n-times integrated solution operator family of exponential type
(M;w) with generator (A, 1). Without loss of generality we may assume that 3/7 Z0
on (w,00). Let A, v > w with du(v) # 0. Let z € D(A). Then z = (I — @(V)A)“lz
for some z € X. Since (I — du(A)A)~! and (I — dp(v)A)~! are bounded and commute,

and since A is closed,

/ ” e~ MS(t)xdt = / ” e~ MS(t)(I — dp(v)A)~zdt
0 0

ST VRIS

(I — du(N)4)~
ARFT z]

= (I - qu()a)™|
= (I - dp(v)A)™ / ” e~ MS(t)zdt
0

- / " e M(I - Ta(v) A)-1S(t) 2.
0
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Hence, by Corollary 1.1.4, S(t)z = (I — du(v)A)~1S(t)(I — dp(v)A)z for almost all
t > 0 and thus, (I - @(V)A)S(t)a: = S(t)(I - EIL(V)A):I: for almost all ¢ > 0. Since
du(v) # 0 and S is strongly continuous, we conclude that AS(t)z = S(t)Az for every

t > 0 and every z € D(A). //

The following lemma shows that if (4, 1) generates an n-times integrated solution

operator family S, then ¢t - S(¢)z is a solution of (3.1) for every =z € X and a solution

of (3.2) for every z € D(A).

Lemma 3.1.4. Let S be an n-times integrated solution operator family with gener-

ator (A, p) for some n € INg. Then
t tn
S(t)z = / S(t — s)Azdu(s) + i for every t > 0 and z € D(A), (3.1.2)
o .
5 8(t — s)zdu(s) € D(A), and

t n
S(t)z = A/ S(t — s)zdu(s) + %—'m for every t > 0 and z € X. (3.1.3)
0 .

Proof. Let S be an n-times integrated solution operator family of exponential type
(M;w) with generator (A, 1). Let A > w and let z € D(A). We obtain from (3.1.1) and
Proposion 1.2.7 that
o t" 1
—At —
/0 e di = e
=5\ - dp()\)A)z

= /(; ” e—At [s(t)m - /0' t S(t- s)A:vdu(s)] dt.
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The Uniqueness Theorem (Corollary 1.1.4) and the strong continuity of S yield the
equation (3.1.2). It follows from Theorem 2.2 and (3.1.1) that the function ¢ — S(t)z

satisfies (3.1.3) for everyt >0and z € X. //
The following is an immediate consequence of (3.1.3).

Corollary 3.1.5. Let S be an n-times integrated solution operator family. Then

S(0)=TIifn=0and S(0)=0ifneIN.

In fact, the properties of an integrated solution operator family derived in Lemma
3.1.3 and Lemma 3.1.4 characterize those exponentially bounded, strongly continuous

operator families S in L(X) which are integrated solution operator families.

Proposition 3.1.6. Let S be a strongly continuous operator family in L(X) for which
there exist constants M > 0 and w > € such that ||S(t)|| < Me“t. Let n € Ng. Then S
is an n-times integrated solution operator family with generator (A, u) if and only if §
satisfies the foilowing.

(i) S(t)z € D(A) and AS(t)x = S(t)Az for every t > 0 and z € D(A).

(i) S(t)z = Af(;t S(t — s)x du(s) + ‘;",-a: for every t > 0 and z € X.

Proof. To show that (i) and (ii) are sufficient conditions for S to be an n-times
integrated solution operator family, suppose that S satisfies (i) and (ii). For £ € D(A)
the functions t — S(¢)z and t — AS(t) = S(t)Az are continuous on [0, 00). Thus, by

the closedness of A, we obtain that A fot S(t — s)zdu(s) = fot S(t — s)Azdu(s).
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Therefore,

S(t)x = /ot S(t — s)Azdu(s) + i—':a:

for every t > 0 and z € D(A). For A > w, take the Laplace transforms of this equation
and the one in (ii). By Proposition 1.2.7, S(A)(I -—@(A)A)m = sprx for all z € D(A).
Moreover, by Theorem 2.2 it follows that @(A)g(A)x € D(A) and (I -@(A)A)g(A)w =
sipre for all z € X. Hence (I — du())A)~! exist in L(X) and (I — du(\)A)~'z =
A+18(A)z for all A > w and z € X. Thus, S is the n-times integrated solution operator

family with generator (A, u). //

Lemma 3.1.7 Suppose that (A, ) is a generator of an n-times integrated solution

operator family S of exponential type (M;w). Then
1 L - -~
WT(I —du(N)A)"lz=8(\)z forallze X (3.1.4)
holds for every A € C,,.

Proof. By the definition of an n-times integrated solution operator family, (3.1.4)
holds for every A > w. It follows from elementary Laplace transform theory that @
and § exist on C,. Let A € C,,. From the equation (3.1.3), the closedness of A, and

Proposition 1.2.7, it follows that for every = € X,

o0 tn
e~ M _gdt
n!

~ 1 _ o0 At
8z ~ are = /0 =MS(t)adt — /o
oo t
=A / e Mt / S(t — s)zdu(s)dt
0 0

= dp(\)AS())z.
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Similarly, from the equation (3.1.2) and Proposition 1.2.7, it follows that for every
z € D(A),
SNz - L= ooe"'\tS(t) dt — we"\‘f-::cdt
e A"+1m - 0 $ 0 !
oo t
= / e~ / S(t — s)Azdpu(s)dt
0 0
= §()\)du(\) Az.
Hence we conclude that (I — c’.’.ﬁ()\)A)‘1 exists in L(X) and that (3.1.4) holds for all

AeCuo. [/

Corollary 3.1.8. Let A be an unbounded, closed linear operator in a Banach space
X and p € BV,([0,00); C) for some € > 0. Assume that there exists a sequence {\r}ren
in C,, for which du(M\) = 0 for all £ € IN and Re M\, — 0o as k — 0o. Then (A, 1)

does not generate an integrated solution operator family.

Proof. Assume that (A, 1) generates an n-times integrated solution operator family
of exponential type (M;w) for some constants M > 0, w > ¢, and n € INg. Then by
Lemma 3.1.7, the function G(\) := (I — c’i;\z()\)A)‘1 is analytic on C,,. By assumption,
there exists a A\, € C,, with Eﬁ(,\k) = 0. Since the zeros of a nonzero Laplace-Stieltjes
transform have no limit point, a small circle I" around A; in €, such that Eﬁ has no
zero in and on I' can be chosen. Applying the Cauchy Integral Formula to the function

G, it follows from the closedness of A that

dA

B 1 G 1 [ AT —dp(\)A)"z
A”‘AG(’\k)”‘Azwi/N\-,\kd’\“ el R Y W

_ 1 [ dpNAUI - dp(M)A) s PUE (I -dp(\)A) 'z -z i
2miJr (A= Ap)du(N) S 2miJr (A= Ag)du(N)
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for all z € D(A). Thus, for some constant M; > 0, ||Az|| < M||z|| for all z € D(A)

which contradicts the unboundedness of A. [/

If (A, ) generates an n-times integrated solution operator family of exponential

type (M;w), then it follows from (3.1.4) that

MM

R\ — 0 forall A € C,.

(T = du(N)A)~Y| <

Observe that for any w' > w, the set {gz— | A € C.r} is bounded. From this we
conclude that if (A, p) generates an integrated solution operator family, then there
exist constants M > 0, w 2 ¢, and a > 0 such that (I — (7,17(/\)A)‘1 exists in L(X) and
NI =dp(N)A)Y) < M |A]e for all A € €. In fact, this polynomial boundedness of the
operator (I — E;\z(,\)A)"1 on a right half plane is a necessary and sufficient condition
for a pair (A, p) to generate an integrated solution operator family. The following is a

modification of Theorem 3.2 in [A-K].

Theorem 3.1.9 A pair (A, p) generates an integrated solution operator family if and
only if there exist constants M > 0, w 2 ¢, and a > 0 such that (I —(?ZL(/\)A)‘1 € L(X)

with [|(I — du(A)A) =} < MIM|® for all A € C.,.

Proof. It is left to show that the conditions are sufficient for (A, ) to generate an
integrated solution operator family, Suppose that there exist constants M > 0, w > ¢,
and a > 0 for which (I — du(A\)A)~! exist in L(X) and ||(I — dg(A)A)~Y|| < M|A°

for all A € C,,. Then ||-'\J-I-'-'—‘f\ﬂq.%)£t—ll| < M for all A € €. Let n be an integer such
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that n > aand let b := n—a > 0 for A € C,. Then n > 1, and by Theorem
1.1.7, there exists a function S € C([0,00); L(X)) and a constant C > 0 such that
IS()|| € Ctbet for all ¢ > 0 and &@M = b [P e~ MS(t)dt for all A € C,.
Hence, U;&;ﬂ,,-':\;)léﬁ = [y e~MS(t)dt for all X € @, Therefore, (A,sx) generates an

n-times integrated solution operator family. //

Analogously to integrated semigroups, a Hille-Yosida type characterization of an
integrated solution operator family with generator (A, u) is possible if A is a densely
defined closed linear operator and y is absolutely continuous in BV([0, c0); C) for some

€ 2 0. The following is modified from and improves Theorem 2.2 in [A-K].

Theorem 3.1.10. Suppose that A is a densely defined, closed linear operator in a

Banach space X and that p is an absolutely continuous function in BV,([0, c0); C) for

some € 2 0. Let n € INg, M > 0, and w > €. Then the following are equivalent.

(i) The pair (A, ) generates an n-times integrated solution operator family of expo-

nential type (M;w).

(ii) For every A > w, (I — ZZZ(A)A)‘I € L(X) and the function H : (w,00) = L(X)
defined by H(\) = s (I — Eﬁ()\)A)‘1 is contained in C*°((w,o00); L(X)) and
satisfies the estimates

M
(X — w)FH

HE) ()

I 7 for all k € INg and X > w. (3.1.5)

)Ils

Proof. Toshow (i) = (ii), suppose that S is the n-times integrated solution operator

family of exponential type (M;w) with generator (A,u). Let A > w, z € X, and
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k € No. From (3.1.1) and Remark 3.12 (iv), [zker(I ~ @(A)A)-l]m = 5N =
[ e e"'\‘dSm(t)]:z: for all z € X. By Widder’s Theorem, H € C3((w, 00); L(X)). This
proves (3.1.5). To show (ii) = (i), suppose that (ii) holds. Then H is contained in
C((w, 00); L(X)). Hence, by Widder’s Theorem, there exists T' € Lip,,([0,00); L(X))

such that dT = H on (w,c0) and Tl Lip, = |Hllww < M. From (1.1.6),

AH2T()) = (I —dp(MA)™!  for A > w.

Hence, T is the (n 4 1)-times integrated solution operator family with generator (A4, u).
We obtain from Lemma 3.1.4 that T'(0) = 0 and

n+1

t t
T(t)z = /0 T(t — s)Azdu(s) + mm

for all t > 0 and all z € D(A). Let g(t) := T(t)Az. Then

t n+1 t n+41
T(t)z = /o g(t — s)p/(s)ds + -(7;—_*_—1?:1: = /0 't — 8)dgltl(s) + ('rf+ 1)!:1:.

It follows from Lemma 1.2.10 that ¢t — T'(t)z is continuously differentiable and that

dT(t)x _ [t , A A tn
o —/0 y(t—s)dg(s)-i—-"g:c_/o w(t s)dT(s)A.'z:-{-n!a:

for all z € D(A). Next, we show that T'(-)z is differentiable for all z € X. Let ¢ > 0.
Since T € Lip, ([0, 0c0); L(X)), the difference quotients D), := M};ﬂﬂ are uniformly
bounded for i with 0 < |k| < 1 and t + h > 0. Since ’lig}] D,z exists for z € D(A), we
obtain from the Banach-Steinhaus Theorem (Theorem 1.1.11) that there exist operators
§(t) € L(X) such that §(t)z = lim Dyz = lim Teth)z=T(t)e fo, 4)) 2 € X, Notice that

S is of exponential type (M;w). To prove the strong continuity of the operator family
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Sylet z € X, € >0, and z € D(A) with ||z — z|| < e. It follows from [|S(t)z — S(tp)z|| <
IS@I Nz = 2l + [|S(£)z — S(to)zl| + 1S(to)ll llz — 2|l the continuity of ¢ = S(t)z for
z € D(A), and the exponential boundedness of § that ¢ — S(t)z is continuous on [0, 00).
Thus, the operator family T is strongly differentiable on [0, c0) and 17—;({2 = S(t)z for

all t > 0 and z € X. Therefore,

— o ] o0
(I — Ga(\)A)~1z = Am+2 / =M (t)pdt = AP+ / e~ M5 (t)zdt
0 - 0

for all z € X and A > w. This shows that S is an n-times integrated solution operator

family with generator (A4,u). //

For n = 0, Theorem 3.1.10 includes the Generation Theorem in [Pr] (Theorem 1.3)
which was proved first by G. Da. Prato and M. Ianelli in 1980 ([Da P-I]). To see this
let a € Lj,.([0,00); €) such that [~ e~“a(t)|dt < oo (which is the condition on the
kernel given in [Pr]). Then the function ¢ ~ u(t) := fot a(s)ds is absolutely continuous

and by (1.1.4), u € BV, ([0,00); C) for all w' > w.(see Section 1.1).

Theorem 3.1.11. Suppose that (A4, 1) generates an n~times integrated solution op-
erator family S for some n € INg. Let f be a Laplace transformable function in
C([0,0); X). Define w(t) := [} S(t — 5)f(s)ds for every ¢ > 0. If w € C™+1([0, 00); X),
then w("*1) is a solution of (VE). If v € C([0,00); X) is a solution of (VE), then

w € C™1([0,00); X) and v = w(n+1),

Proof. Lett >0 and 0 < s < t. Since S is an n-times integrated solution operator
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family with generator (A, u), it follows from (3.1.3) that

St-9f6)=4 [ 5=t=r)fe)utr) + L 5(s).

Suppose that ¢t = w(t) := fot S(t — s)f(s)ds is a C™*1([0, 00); X)-function. Then it
follows from (3.1.3), the closedness of A, and Lemma 1.2.5 that
¢
w(t) = / S(t — s)f(s)ds
=a[ [ st —s=r)s(s)dutryds + / E=9)" (5)as
0
t pt—r
=a [ [ st =r-s)(s)asdutr) + fl"“l(t)
0o Jo
¢
= A/ w(t —r)du(r) + fPHUGg).
0
If w € C™t1([0, 00); €), then the closedness of A and Corollary 1.2.9 imply that

W) = A [ W= r)d(r) + 1),

For the converse, suppose that v is a solution of (VE). Since (A, 1) generates the n-times

integrated solution operator family S, it follows from (3.1.3) that

=9l () = 52 = a)o(s) - 4 t_’S(t—s—r)v(s)dW)

Hence

o) = / (t= 'v(s)ds
- /O S(t — s)v(s)ds — A /0 /0 St~ 5 — r)o(s)du(r)ds.

By Lemma 1.2.5 and by change of variables,
t ptes t pt—r
A/ / S(t — s —r)v(s)du(r)ds = A/ / S(t — s —r)u(s)dsdu(r)
0 JoO 0 Jo
t pt
= A/ / S(t — s)v(s — r)dsdu(r).
0 Jr

(3.1.8)
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We claim that

t pt t s
/ / S(t — s)v(s — r)dsdu(r) = / S(t—3) / v(s — r)du(r)ds.
0 Jr 0 0
To prove this, let £ be the region {(r,s) € R? | 0 < r < s < t}. Define g : [0,¢]x[0,t] —

X by

- (S(t—- - if (r,5) € 2
g(r,s) := { Sgt _ z;zgg) g otl(;ri)rise.

Then g is continuous on [0,%] x [0,%). Hence, by Corollary 1.2.3, it follows that

/Ot /r‘ S(t — s)u(s — r)dsdu(r) + /0 ¢ /0 " S(t — s)v(0)dsdu(r)
= /Ot /0-' S(t — s)u(s — r)dp(r)ds + /ot /at S(t — s)v(0)du(r)ds.

It suffices to show that

Lt /Or S(t — s)v(0)dsdu(r) = /Ot [ S(t — s)v(0)du(r)ds.

Since . .
/Ot[/; S(t—s)v(O)ds]du(:‘)
- /0 S(t - s)v(0)dsp(t) — /0 u(r)d| /0 St~ s)o(0)ds]
= /0 S(t — s)v(0)dsp(t) — / w(r)S(t — r)u(0)dr,
and ’

t ot ;
/0. /8 S(t — s)v(0)du(r)ds = /0 S(t — s)v(0) [;L(t) - ;L(S)]ds
= / S(t — s)u(0)dsp(t) — / S(t — s)v(0)pu(s)ds,
0 0

the claim holds. Since fot'u(t —7)du(r) € D(A), and since S(t) and A commute on the

domain of A, it follows that

A/ot /;t S(t —s)u(s —r)dsdu(r) = A /Ot S(t—r) ‘/08 v(s — r)dp(r)ds
= /: S(t—r)A /03 v(s — r)du(r)ds
- /0 " 8(t = s)ul(s)ds — /0 " §(t = 5)f(5)ds.
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Hence it follows from (3.1.8) that
t
ontl(y) = / S(t - 5)f(s)ds = w(t).
0

Thus, w € C"*1([0, 00); X) with w(0) =0 and w(**) =v, [/

Remark.

There is an essential difference between integrated solution operator families for
Volterra equations (VE) and integrated semigroups for inhomogeneous abstract Cauchy
problems. For an n-times integrated semigroup S with generator A, S satisfies the
equation
t "
S(t)z = / S(t — 5)Azds + S
0 n.
for all z € D(A) and ¢t > 0. Thus, the mapping ¢t — S(t)z for ¢ > 0 is continuously

differentiable for all z € D(A) and

n-1

S'(t)z = S(t)Az + (_7:?'1?”’

If S is an n-times integrated solution operator family with generator (A, ), S satisfies
the equation
t tn
S(t)z = / S(t — s)Azdu(s) + %

0 .
for all z € D(A) and t > 0. However, without any further regularity assumptions on
i, this does not yield the differentiability of t — S(t)z for z € D(A).
Let f € C™1([0,00); X) and let w(t) := fot S(t — s)f(s)ds for every t > 0. Then, by

Lemma 1.2,11,

w'(t) = S(t)f£(0) + ‘/: S(t—s)f'(s)ds fort>0.
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Since in general there is no differentiability criteria for ¢t ~ S(¢)f(0), we have to

assume that f*)(0) = 0 for 0 £ k¥ < n in order to get that w € C™*+1([0,00); X) if

f € C™+([0,00); X).

Corollary 3.1.12. Suppose that (A, 1) generates an n-times integrated solution op-
erator family S for some n € INy. Suppose that f = gl**+1 for some g € C([0, 0); X).

Then the function v defined as
t
v(t) := / S(t — s)g(s)ds, fort >0
0
is a solution of the Volterra equation v'(t) =A fot v(t — s)ds + f(t) for t > 0.

Proof. This corollary follows immediately from the previous remark and Theorem
3.1.11. However, since the proof of Theorem 3.1.10 is somewhat longwinded, we give
an alternative direct proof. Let £ > 0 and 0 < s < t. Since S is an n-times integrated

solution operator family generated by (A, ), it follows from (3.1.3) that

t—s

Se-slg) =4 [ 5= s=riatelatr) + Lt

It follows from the closedness of A and Lemma 1.2.5 that

o(t) = /ot [A ot-a S(t—s—1r)g(s)du(r)ds + (= ) g(s)] ds
= A/ /t—s S(t — s —r)g(s)du(r)ds + / ( g(s)ds
- A/o /ot—r S(t —r — s)g(s)dsdp(r) + 9["“] (t)

=4 /0 "ot = r)du(r) + 1),
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Since S is strongly continuous and g is continuous, v € C([0,00); X). Therefore, v is

an (exponentially bounded) solution of (VE). [/

The following is a modification of Theorem 3.1.11 for strong solutions of (VE).

The proof is omitted.

Corollary 3.1.13. Let (A,u) be a generator of an n-times integrated solution oper-
ator family S for some n € INp. Let f € C([0, 00); X). Define w(t) := fot S(t—s)f(s)ds
for t > 0. Then (VE) has a strong solution v € C([0,00);[D(A)]) if and only if
w € C™*1([0, 00); [D(A)]). When one of these equivalent conditions holds, v = w("+!)

is the unique strong solution of (VE).
3.2 The Wellposedness of Abstract Volterra Equations

Let A be a closed linear operator with its domain D(A) and range in a complex
Banach space X and let u € BV,([0,0); €) for some € > 0. In Section 3.1 we showed

that the Volterra equation
v(t) = A/ v(t — s)du(s) + =T fort >0 (3.2.1),
0 :

has a solution v : t = S(t)z for all z € X if (A,p) generates an n-times integrated
solution operator family S. In fact, S(:)z is the unique solution of the Volterra equation
(3.2.1), for all z € X. The convolution notation * is also used for the integral

fot S(t — s)f(s)ds =: (S * f)(t) for a strongly continuous mapping S : [0,00) = L(X)

and f € C([0,00); X). The following result is similar to Proposition 2.1 in [O],
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Proposition 3.2.1. If (4,n) generates an integrated solution operator family, then

(VE) has at most one solution.

Proof. Let S be the n-times integrated solution operator family generated by (A4, 1)
for some n € IN. Let j,, denote the function ¢ — % for t > 0. Suppose that v(t) =

A [} v(t — s)du(s). Then
Sxv(t) =8 x A(v*du)(t)

t t—r
= /0 S(r)A/0 v(t — 7 — s)du(s)dr
= /t A - S(r)v(t — r — s)du(s)dr
o Jo

=4 / B TR

Jo Jo
= /o [Sit—-r)— gt-——-.r—)-]'v(r)dr

n!
= S *v(t) — Jn * v(t)

for every t > 0. Thus, jp * v = 0. Therefore, v=0. //

We will show next that (3.2.1),, has a unique, exponentially bounded solution for
all z € X if and only if (A, ) generates an n-times integrated solution operator family.

To show this the following lemma is crucial.

Lemma 3.2.2. The following statements are equivalent.
(i) The Volterra equation (3.2.1),, has a unique, exponentially bounded solution for
all z € X,
(ii) The Volterra equation (3.2.1), has a unique, exponentially bounded solution v(-) =
v(-,z) for all z € X and there exist constants M > 0, w > € such that [|v(t)|| <

Me*||z| for all z € X and t > 0.
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Proof. The implication (ii) = (i) is obvious. We show that (i) = (ii). Suppose
that (i) holds. Considering C’([b, 00); X) as the Fréchet space with the seminorms
pr(f) = ,2up If@®)ls, T = 0, define a map ¢ : X = C([0,00); X) by z + v(-,z).
Then ¢ is—lix:ear since v(:,z) is a unique solution of (3.2.1), for each z € X. We
show that ¢ is continuous. Suppose that a sequence {z,,}men converges to = in X,
and the sequence {v(:,Z;)}men converges to u in C([0,00); X). Since the sequence
{fEu(t — 8,2m)dp(s)}men converges to Jou(t — s)du(s) in X for every t > 0, we

obtain from the closedness of A that (u * du)(t) € D(A) and
t in
u(t) = A / u(t - s)du(s) + 2o
0 n:

for every t > 0 and z € X. Hence ¢ is closed and everywhere defined, and therefore,
continuous. For every ¢t > 0 define S(¢) : z — v(t,z) on X. Clearly, the operators S(t)
are linear. Since S(t)z = v(t,z) = ¢(z)(t), we obtain that S(¢) € L(X). Since ¢t
S(t)x = v(t,z) is exponentially bounded for each = € X, it follows from the Uniform
Exponential Boundedness Theorem (Theorem 1.1.10) that there exist constants M > 0

and w > € such that ||S(t)z| = |Jv(t, z)|| < Me*||z|| forallz € X and£ > 0. [/

Theorem 3.2.3. Let A be a closed linear operator in a Banach space X and u €
BV,([0,00); €) for some ¢ > 0. The following are equivalent,.
(i) The equation (3.2.1),, has unique, exponentially bounded solutions for all z € X.

(i) (A,p) generates an n-times integrated solution operator family.

Proof. The implication (ii) == (i) was shown in Proposition 3.2,1, Suppose that (i)

holds. By Lemma 3.2.2, there exists a strongly continuous operator family {S(¢)}¢>0 C
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L(X) for which there exist constants M > 0, w > 0 such that [|S(t)]| £ Me“! for all
t>0and
t "
S(t)z = A/ S(t — s)zdu(s) + % fort >0
0 .
and for every z € X. Let z € D(A) and ¢ > 0. Define v(t) := fot S(t—s)Azdp(s)+ %w
Then v(t) € D(A) and
t n
Av(t) = A/ S(t — s)Azdu(s) + :1—'44:1:
0 1}
" tn
n! n!
= S(t)Az.
Thus,
t " t tn
u(t) = / Av(t - s)du(s) + —z = A/ v(t — s)du(s) + —z.
0 n: 0 n:
Then, by the uniqueness of the solutions of (3.2.1),, v(t) = S(t)z. Thus, AS(t)z =
S(t)Az for all ¢t > 0 and z € D(A). Thus, by Proposition 3.1.6, S is an n-times

integrated solution operator family generated by (A, u). //

If (A,u) generates an n-times integrated solution operator family S, then the

equation

t "
u(t) = /0 Av(t — s)du(s) + —e fort >0 (3.2.2),

also has an exponentially bounded solution v : t = S(t)z in C([0,00); [D(A)]) for all
z € D(A), i.e., the equation (3.2.1),, has exponentially bounded strong solutions for all
z € D(A). Recall that [D(A)] is defined as the Banach space D(A) equipped with the
graph norm ||z||4 = ||z|| + ||Az]]. The following lemma can be shown by modifying the

proof of Lemma 3.2.2 by replacing the space X with [D(A4)].
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Lemma 3.2.4. The following are equivalent.
(i) The equation (3.2.2),, has a unique, exponentially bounded solution in the space
C([0,00); [D(A)]) for all z € D(A).
(i) The equation (3.2.2), has a unique, exponentially bounded solution v(:) = v(:,z) €
C([0,00);[D(A)]) for all z € D(A) and there exist constants M > 0, w > € such

that |[v(2)|| £ Me“!||z|| for all z € D(A) and ¢t > 0.

By modifying the previous results on the equation (3.2.1),,, it can be shown that
(3.2.2), has a unique, exponentially bounded solution in C([0,0);[D(A)]) for every

z € D(A) if and only if (A, 1) generates an n-times integrated solution operator family.

Theorem 3.2.5. Let A be a closed linear operator in X and p € BV,([0,c0); C) for
some € > 0. The following are equivalent.
(i) The equation (3.2.2), has a unique, exponentially bounded solution in the space
C([0,00); [D(A)]) for all z € D(A).

(ii) (A, ) generates an n-times integrated solution operator family.

Proof. To show (ii) = (i), suppose that (A, 1) generates an n-times integrated so-
lution operator family S of exponential type (M;w). Then it follows from Lemma 3.1.3
and Lemma 3.1.4 that the function ¢t - S(t)z for t > 0 is an exponentially bounded
solution in C([0, 00); [D(A)]) of (3.2.2), for all z € D(A). We show the uniqueness of
S():c as an exponentially bounded solution of (3.2.2), which is continuous in || « |4

for all z € D(A). Suppose that v(t) = fot Av(t — s)du(s) for every ¢t > 0 for some
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exponentially bounded function v € C([0,00); [D(A)]). It can be shown as in the proof
of Proposition 3.2.1 that v(t) = 0 for all ¢ > 0. We show (i) == (ii). This implication
can be shown similarly to the proof of Theorem 3.2.3. Suppose that (i) holds. Then it
follows by Lemma 3.2.4 and the closedness of A that there exists a strongly continuous,

uniformly exponentially bounded operator family {S(t)}s>0 € L{[D(A)]) such that
t in
S(t)z = A / St~ S)edu(s) + oz for t20
0 .

for every z € D(A). It can be shown by the same proof of Theorem 3.2.3 that S is an

n-times integrated solution operator family with generator (4,u). //
3.3 Approximations of Integrated Solution Operator Families

Let X be a Banach space and {Sy,}men be a sequence of functions from [0, 00) to
L(X). If there exist constants M > 0 and w > 0 such that ||Sm(t)|| < Me“t for all m €
IN and ¢ > 0, then the sequence {Smn }men is said to be (M;w)-stable (or simply stable).
Let n € INg. In this section we prove Trotter-Kato type approximation theorems on
the convergence of a stable sequence {Sm }mewof n-times integrated solution operator
families Sy, with generators (Am, i) in terms of the convergence of the sequence

{(I = Apm(A) A) %} men for every A > w and z € X.

Theorem 3.3.1. Let n € INg, € > 0, M > 0, and w > € be some constants. Let
{Sm}men be an (M;w)-stable sequence of n-times integrated solution operator families

Sm Wwith generators (Apg, itm ), Where A,, are closed linear operators in X and pp, €
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BV,([0,00); C) for all m € IN. Suppose that there exist A, a closed linear operator
in X and a function u € BV,([0,00);C) such‘ that (I — dp())A)~! exists in L(X) for
every A > w and "}me(l - @(A)Am)“lm = (I - EIL(A)A)_I:B for every A > w and
z € X. Then (A, p) generates an (n + 1)-times integrated solution operator family
T € Lip,([0,00); L(X)) with ||T||Lip, < M. Moreover, for every z € X, {S,[Tl,] (t)z}men
converges uniformly to T'(¢)z on every compact interval in [0,00). If, in addition, A
is densely defined and p is absolutely continuous on [0,00), then (A, u) generates an

n-times integrated solution operator family of exponential type (M;w).

Proof. Define T,(t)z := fot Sm(s)zds for every m € IN, t > 0, and z € X. Then the
(M;w)-stability of {Sm}men implies that Ty, € Lip, ([0, 00); L(X)) with [T Lip, <
M for all m € IN. It follows from (1.1.6) that e (I — pm(NAm) "1z = 5‘,\,,()\)1: =
m(/\)m = ATa(M)z for every A > w and z € X. Hence, T}, is the (n + 1)-times
integrated solution operator family of exponential type (M;w) with generator (A, )
and by the hypothesis, {m(/\)m}mew converges to (I — dp(\)A)~1z for every A >
w and z € X. Since ||Tr()z||Lip, < M|z|| for a'.ll m € IN and ¢ € X and since
the sequence {an(z\)m}mem is convergent for every A > w, it follows from Theorem
1.1.6 that for every z € X, there exists a T, € Lip,([0,00); X) with ||Tz|lip, <
M]||z|| for which the sequence {T,(-)z}memn converges uniformly to Ty(-) on every
compact interval in [0,00). Define T'(t)z := Ty(t) for every ¢ > 0 and every z €
X. Then, by the uniqueness of a limit, T'(¢) : X — X is linear for every ¢t > 0.
Moreover, T' € Lip,,([0, 00); L(X)) with ||T||Lip, < M. Since {Tr(t)z}men converges

uniformly to T'(t)z on compact intervals in [0, 00), it follows from Theorem 1.1.6 that
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{Jﬁ,(A)m}meN converges uniformly to Ef’(}\)w on compact intervals in (w, 00). Hence,

by the uniqueness of limits,

1

sz —dp(N)A) 'z = %cﬁ‘(/\)w =T(Ne

for every A > w and z € X. Thus, T is the (n 4 1)-times integrated solution operator
family with generator (A, u). Assuming that A is densely defined and u absolutely
continuous, the same reasoning as in the proof of Theorem 3.1.10 yields that d—q;(flz- =:
S(t)z exists for all ¢ > 0 and z € X, and that § = {S(t)}s>0 is an n-times integrated

solution operator family generated by (A4, ). //

The previous theorem says that if {Sy, }men is a stable sequence of n-times inte-
grated solution operator families with generators (Am, ftm) Where p, € BV, ([0,00); C)
for all m € IN, and if A is densely defined closed linear operator in X and x an ab-
solutely continuous function in BV,([0,00); C), the strong convergence of the sequence
{(I = dpm(A\)Am) " }men to (I — dp(X)A)=! implies the existence of an n-times inte-
grated solution operator family S with generator (A, 1) and the strong convergence of
the sequence {S,[,I,](-)}meN to SIU(.). In the following the uniform convergence of the
sequence {Sm(-)z}men to S(:)z on compact intervals in [0,00) for all z € X will be

shown with some additional assumptions on (A, 1) and (A, ) for m € IN.

Theorem 3.3.2, Let n € INg, € > 0, M > 0, and w > € be some constants, Let
{Sm}men be an (M;w)-stable sequence of n-times integrated solution operator families

Sm with generators (A, ftm) wWhere A,, are densely defined, closed linear operators
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in a Banach space X and p,, are absolutely continuous functions in BV,([0,c0); C)
for all m € IN. Subpose that there exist a densely defined, closed linear operator A
in X and an absolutely continuous function p € BV,([0,00); €) such that fiﬁ £ 0 on
(w, 00), (I—dp(A)A)~! exists in L(X) for every A > w, and Ji_x’noo(I-—d’p:,(/\)Am)“lm =
(I — dp(N)A)~'z for every A > w and z € X. In addition, assume the following.
(i) QN D(Am) (N D(A) contains a dense subset D of X.

m
(ii) u!, € Lip,([0,00);C) for all m € N, ||uh,|lLip, < M for some constant M; > 0

and all m € IN, and {u},(t)}men converges to u'(t) for every t > 0.
Then, (Av, 1) generates an n-times integrated solution operator family S of exponential
type (M;w), and for every z € X, {Sm(-)z}men converges uniformly to S(-)z on

compact intervals in [0, 00).

Proof. By Theorem 3.3.1, there exists an n-times integrated solution operator family
S of exponential type (M;w) with generator (A, u). For the convergence, we first show
that for every y € D, the sequence {Sm(:)y}men converges uniformly to S(-)y on

compact intervals in [0,00). Let y € D. By Lemma 3.1.4,
t "
Sm(t)y = /0 Sim(t = 5) Amydim(s) + Sy (3.3.1)

and  S(t)y = fo (¢~ s)dydu(s) + Sy (3.3.2)

for every ¢ > 0. Define hm()) := (I — dpm(A)Am)~" and h()) := (I — du())A)=! for
every m € IN and A > w. Then mh'_gl}’o hm(A)z = h(A)z for every A > w and = € X. Let

Ao > w such that gﬁ(/\o) # 0, Define z := (I — Z;\L.(/\o)A)y. Then y = k()2 and

15m (2% = SEI < 15m(2) (B(A0)2 = hn(30)2) | + S (D)D)= = S(ER o)zl
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Since the sequence {Sm}men is stable, it suffices to estimate the second term in this
expression. It follows from the assumption (ii) and Theorem 1.1.6 that {c’iﬁ(/\o)}mem
converges to di()\g), that {1/, (-)}mem converges uniformly to u’ (+) on compact intervals

in [0,00), and that ' € Lip, ([0, 00); C). By (3.3.1) and (3.3.2),
| Zi0) (M) 15 () hm(P0)z = SE)(o)z]
—— t
= [@A0o0)dam (o) | /0 Sm(t — 8) Amhim(%0) 2 tm(s)
t n .
- [ 5t = ) An0)zau(s) + 5 () = BO0))e]
— t — t
< 1@(0) [ Smlt = )im(0) = Hadhis(5) = Fim(Po) [ §(&=)bha) = Hedu(s)]
0 0
+t£!-||hm()\g)z — h(Xe)|

Since hy, (Ag)z — h(Xo)z as m — 00, it suffices to estimate the first term in the last
expression. This yields
18 (%0) Jy Sm(t = 8)lm (M0)z = 2tfn (s)ds—
dpm(20) Jy S(t = 9)[h(Xo)z — 2Ju!(s)ds]|
< 1800) = Gum o)l [l Jy Sim(t = 8)llim(M0)2 = 2]t (s)ds]
Hm (Do) 1| J§ Sen(t = 8)[bm(Da)z = 2ty (s)ds — Ji S(& — 8)[(No)2 — 2} (s)dis]l.
Since {|| f; Sm(: = $)[hm(ro)z — 2]p,(s)ds|| | m € N}mew is uniformly bounded on

compact intervals in [0, 00), it suffices to estimate the second term above.
¢ t
I [ St = )ltn()z = 2tn(s)ds = [ 52 = s)n(Ao)s = ()]

< /0 Sm(t = ) [ (Mo)z = 2]t (s)ds]) + | /0 St = )[(M0)2 — 2llutn(s) — ' (s)]ds]

+ fy [Sm(t = 5) = S(t = 5)] [n(A0)z — 2l (s)as].
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Since the sequence {Sm}men is stable and since pl, € Lip,([0, c0); €) for all m € IN,
the first term converges uniformly to 0 as m — oo on compact intervals in [0, 00).
Since { Sy }mew is stable and {4}, }men converges uniformly to u on compact intervals

in [0, 00), it suffices to estimate the third term above. By integration by parts,

t
I [ [mte = 5) = (¢ = )] b3z = e

S I[SEE) - s8] ()2 - 2)]

+ess sup, 1) / I[s8(s) - 59()] (hA0)z — ).
sglo

Since {Sg](-)z}mem converges uniformly to T(:)z = S1(-)z on compact intervals in
[0,00) for every z € X and since p” is essentially bounded on compact intervals in
[0, 00), the last expression converges uniformly to 0 as m — oo on compact intervals
in [0,00). This shows that {S,,(:)¥}men converges uniformly to S(-)y on compact
intervals in [0,00) for every y € D. Since D = X and {Sym}men is stable, it follows

that {Sm(-)z}men converges uniformly to S(-)z on compact intervals in [0, 00) for

everyz € X. [/
3.4 Analytic Integrated Solution Operator Families

In this section we will briefly discuss analytic integrated solution operator families
for Volterra equations. These solution operator families are the analog of analytic inte-
grated semigroups for the abstract Cauchy problem. In contrast to the characterization
theorem (Theorem 3,1.10) of integrated solution operator families, the conditions on

the function H()) := (I — 2;7()\)./1)"1 on (w, 00) which characterize analytic integrated
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solution operator families are much easier to be checked. We assume that A is a non-
trivial, closed linear operator in a Banach space X and that u € BV,([0,00); C) for

some € > 0 with :iﬁ Z0on C,.

For n = 0 the following definition coincides with that of analytic resolvents in [Pr].

If n =0, u(t) =t, and w = 0, then it reduces to the definition of a bounded, analytic,

strongly continuous semigroup (see, for example, [G]).

Definition 3.4.1. Let 6p € (0,%], n € INg, M > 0, and w > €. Suppose that a
function S : {0} U Zo,6, = L(X) satisfies the following.

(i) The restriction S|jp,c0) of S to [0,00) is an n-times integrated solution operator

family of exponential type (M;w) with generator (A, p).

(ii) S is analytic on the sector X g,. |

(iii) For every @ € (0,6p), there exists a constant My > 0 such that
sup |le~¥*S(2)|| £ Mp.
z€Lo,0

Then § is said to be an analytic n-times integrated solution operator family of analyt-

icity type (w;fp) and with generator (A4, p).

Proposition 3.4.2. Let (A,p) be the generator of an analytic n-times integrated
solution operator family of analyticity type (w;6p). Then Eﬁ admits an analytic con-
tinuation to the sector 0.+ 5, the function H ; (w,00) = L(X) defined by H(A) =
o - @(A)A)—l admits an analytic continuation to the sector 39,43, and

sup  ||(A = w)H(A)|| < oo for every 8 € (0, 6).
€Zu,0+F
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Proof. By Theorem 3.1.7, the function H extends to the half plane C,, and H(\)z =
§(A)a: for every z € X and A € C,. By Theorem 1.1.9, the function H also, admits
an analytic continuation to the sector £,,6,+z and ] gup (A = w)H(A)|| < oo for
every 8 € (0,68y). Choose z € D(A) and z* € X* su:l:’;;iat the function ¢(}) :=
AHLH(N)z, o*) = (I — du(A)A) 1z, z*) = [7° e~ (S(t)z, z*)dt for A € Su gtz

on C,, is not a constant function. (Such = and z* exist since A and u are nontrivial.)
Then ¢ is analytic and
(N = dp N - Bp(N)A) "2 Az, o) = G (NN (H(N)* Az, 2*)
on By 90+ The function ¢ defined by 9(X) := ((I - d(A)A)~2Az, z*) is not identi-
cally zero on X, g,+ 1. Since otherwise, ¢ = a constant on C,,, which is a contradiction.
Also, 1 is analytic on Iy, 6,4z . Thus, @'(A) = %’((:T\)l for A € C,, with 1(}) # 0. Hence
EZL, extends analytically to Z,0,+5 and
() = dp (N - du(A)A) Az, z*)

= BN Gy - Gy A2 ds, 2
u( )

d“((A; ((I= N Az — (I = du(X)4) 'z, a°)

du dp (A) a(A)
" dp(n)
where the function g(}) := (I — dp(\)A)~2z — (I — dp(\)A) 'z, z*) is analytic on

Zw 00+ Thus, dp()) = %%lg(/\) for A € €, with ¢'()) # 0. Therefore, dp extends

analytically to Ty 6,42. //

Proposition 3.4.3. Let n € INo, w > ¢, and 6 € (0, §]. Suppose that (I —('i'/st(/\)A)'1

exists in L(X) for every A > w and that the function H ; (w,00) =+ L(X) defined by
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H()\) = 5T - Zl:L(/\)A)‘"l admits an analytic extension H to the sector X,,g,+ 2
such that ] gup A = w)H(A)|| < oo for every 8 € (0,68p). Then (A, ) generates a
norm cont;inuowt'las:r ;‘Zn + 1)-times integrated solution operator family S which admits an

extension S to {0} UXp g, such that S is analytic on X g, and sgp [le=«2S'(2)|| < o0
2€Zo0,0

for every 6 € (0, 6p).

Proof. It follows from Theorem 1.1.8 that there exists an analytic function W :

Yo,6, = L(X) such that sup |le“*W(z)|| < oo for every 8 € (0,8;) and

2€Zo,0

1

HQ) = v

(I—dp(\)A)™! = / ” e~ MW (t)dt
0

on (w, 00). Defining S(t) := fot W (s)ds for every t > 0, H(A) = X [ e~*£S(t)dt for all

A>w. [/

Theorem 3.4.4. Let A be a densely defined, closed linear operator in X and let u
be an absolutely continuous function in BV,([0,00); C) for some € > 0. Let n € INy,
w > ¢, and g € (0, ]. The following are equivalent.
(i) The pair (A, u) generates an analytic, n-times integrated solution operator family
S of analyticity type (w; ).
(i) (I —dp())A)™! exist in L(X) for all A > w and the function H : (w,00) = L(X)
defined by H(\) = o (f — ETL()\)A)—I has an analytic continuation H to the

sector Ly g,+3 such that sup  ||(A —w)H(N)|| < oo for every 6 € (0, 6p).
’\Ezw,ﬂi-it

Proof, The implication (i) = (ii) was shown in Proposition 3.4.2, To show the

implication (ii) = (i), suppose that (i) holds. It follows from Theorem 1.1.8 that
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there exists an analytic function S : Zg ¢, = L(X) such that sup |e=“*S(2)|| < o0

ZCo,0

for e.very 6 € (0,60p) and

1

H(A):c = :\—7;-*_-1-

oo
(I —du(N)A)™lz = / e~ MS(t)xdt
0
for all A > w and z € X. Since for some constant M > 0, ||S(¢)|| £ Me*“* for all t > 0,

it follows that

La® el = 1L /°° Atk < /°° Y B
IGE Nzl =g | e " S@adt <M | e loll = M5l

for every k € INg, A > w, and z € X. Theorem 3.1.10 yields that (A, 1) generates an

n-times integrated solution operator family S;. Since

o0 o0
(I~ T4z = / M8 (t)zdt = / =M, (t)adt
A 0 0

for all z € X, the Uniqueness Theorem (Corollary 1.1.4) implies that S(t) = S;(2) for

all t > 0. This shows (i). //

For n = 0, Theorem 3.4.4 coincides with the generation theorem of analytic resolvents
in [Pr], and for n = 0 and u(t) = t, it is the generation theorem of analytic, strongly
continuous semigroups. The following is an immediate consequence of Theorem 1.1.8.

The estimate (3.4.1) improves Corollary 2.1 in [Pr].

Remark 3.4.5. Let S be an analytic, integrated solution operator family of ana-
lyticity type (w;6p) with generator (A, u). Then, for every 6 € (0,6;), there exists a

constant Cy > 0 such that
1 S® ()] < Coc ™ *(|ull2] + 1)* (3.4.1)

for all z € 9.
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3.5 An Example

In this section we demonstrate some results of Chapter 2 and 3 by discussing the

delay problem
v'(t) = Av(t) for 0<t<1,
v'(t) = Av(t) + Av(t — 1) for t>1,
(0) = z, | (3.5.1)

where A is an unbounded, closed linear operator in a Banach space X and z € X.
Integrating (3.5.1), we obtain the equivalent equation
fot Av(s)ds +x for 0<t<1,
Y= { fol Av(t — s)ds + fo Av(t —s)ds+z for t>1.

Thus, the problem (3.5.1) can be written as

¢
v(t) = / Av(t — 8)du(s)+=z  for t2>0, (3.5.2)
0
where
) = t for 0<t<1,
BY=2t for t>1. (3.5.3)

Clearly, u € BV,([0,00); C) for all € > 0 and a simple calculation shows that 2;7(/\) =

H‘—Ei for every A € Cq. In the following the mild solutions of (3.5.2), i.e., the solutions

of the equation

t
u(t) = AA v(t —s)du(s)+=x  for t20 (3.5.4)

with g as in (3.5.3), will be studied.
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We ask first for which unbounded operators A, the pair (A, 1) generates an analytic,
integrated solution operator family. As in the proof of Corollary 3.1.8 it can be shown
that if A is unbounded and (A,7) generates an analytic, integrated solution operator
family of analyticity type (w;6p), then Zi?;(A) # 0 for all A € By,904z- Since {X €
C | du(A) = 0} = {(2n+1)i | n € IN}, no pair (4, p) with A unbounded generates

an analytic, integrated solution operator family.

Next, we ask for which operators A the'pair (A, 1) generates an integrated solution
operator family. Theorem 3.1.9 says that (A, u) generates an integrated solution op-
erator family if and only if there exist constants w > 0, M > 0, and a > 0 such that
(I —dp(MA)™! € L(X) and ||(I — du(A)A)~]| £ M|AJ for all A € C,,. Let w > 0.

Since

[—a(N)A) ! = (e — )1
(I —du(N)A) du(,\)(du()\) )

for all A € C,,, a necessary condition on A for (A4, 1) to generate an integrated solution

operator family is that fl,\ = o= € p(A) for all A € C,,. The function A - 1+¢>

1(A)
maps the half plane C,, onto the open disk D with center (1,0) and radius e, which
is contained in a sector Zg ¢ for some 6 € (0, 5. The function A - + maps D into the
same sector Yg,¢. Consequently, C,, is mapped into the sector Zg4+ 5 by the function

AP -IT():‘T,\- Thus, if there exist some constants M > 0, 8 € (0, §], and b > —1 for

which A satisfies

Sog+5 C p(A) and [[R(A, A)]| < MIA!? for all A € Sopss, (3.5.5)
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then (I — du(A)A)~! € L(X) and

I—cT,\A‘1=,\1 < '-'-'—1—_M,\b+1
(T = du(X)A) ="l Id.u(r\)ln (d ES) Al £ P (A)|b+1< 1|A|

for a constant M; > 0 and all A € C,,. Therefore, the condition (3.5.5) is sufficient for
(A, 1) to generate an integrated solution operator family. Moreover, if the resolvent
set of A does not contain a region Z,¢+z for any w > 0 and 4 € (0, §], then (A4, 1)
does not generate an integrated solution operator family. In this case, the results of

Chapter 2 can be applied. This will be done in the following.

Let A be the differential operator & in X = Cy([0, 00); €) with maximal domain. To
solve (3.5.4) by means of Theorem 2.2, we solve first the characteristic equation of
(3.5.4), i.e., the first order differential equation

Lty ) = 2a(r)  forr 20 (35.6)

(I-

for every A > w for w > 0. From the condition that y(A) € Cp([0,00); C) for all A > w,

the solution

A
14+e

y(A)(r) = z(r + ) ) forr>0

1
1+e~*
o (3.5.6) is obtained. Let z(r) = e~ for every 7 > 0. Then

1 g g S VY e”" xz(r)
y()\)(r) = 1 +e_'\‘/0‘ e ‘lte e (7‘+t)dt = YF1t e = A(l — (_1 i—'\)).

Hence

s =2 3 (L

k=0

B

3=0

for A>w 2> 2. Let

>—IH

Ik(/\) .
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for every &k € INg and A > 2. Since the inverse Laplace transform of the function

A ;1; is (—,%'f__:fl)—,- for ¢t > 0 for every k& € IN and since the inverse Laplace transform of

the function A — e':\j'\ is Hj = 1(; 00 i-€., the unit step function at j, it follows that

t (4 _ q)k=1 ;
(t=s) H;(s)ds = HJ[-'”I (t) fort>0.

i

Thus, the inverse Laplace transform of the function y, given by
(=] k L "
Lyt =23 (-1)*Y (J,)H,l Ity fort>0, (3.5.7)
k=0 J=0

is a mild, exponentially bounded solution of the equation (3.5.4) for X = Cy([0, o0); T),

A=4%& and z(r) =e™"

Clearly, the problem (3.5.1) can be solved directly by the variation of constants formula

(see also [Pr]). The problem (3.5.1) can be written as
v'(t) = Av(t) + f(t) fort >0, v(0) = =,

where
0 for0<t<1
/()= {Av(t -1) for t>1

Suppose that A is a generator of a Cp-semigroup {T'(¢)}:>0. Then by the variation of

constants formula,
t
o(t) = T(t)z + / T(t—s)f(s)ds fort>0
0

is a solution of (3.5.1). Thus, (3.5.1) has a mild solution v(t) = T'(t)z on [0,1] for all

z € X. On [0, 2] the problem (3.5.1) has a mild solution for all z € D(A) which is given



(4

by
; T(t)z for 0<t<1
(&)= T(t)z + fl (t—s)Av(s—1)ds for 1<t<2
T(t)z for 0<t<1
T(t)z+ (t - 1)T(t - 1)Az for 1<t<L2

In general, (3.5.1) has a mild solution v on [0, 7] for all z € D(A™!) and it is given by
n—1
t— k
oty = 3 =Ry _ gy, ) a8,
k=0
where ¢4 = max{t,0} for ¢t € R.
Again, let X = Cp([0,0);C), A = a‘%,-, and z(r) = e¢™". Then A is the generator of the
shift semigroup {T'(t)}:>0 defined by T'(t)g(s) = g(s +t) for g € X. Let z(r) = e™".
Then since A¥z = (—=1)*z and T((t — k)4)A*z = (—1)ke~(t=K)+z for every k € INy,
the solution v to (3.5.1) with X = Co([0,00); C), A = £, and z(r) = e~ is given as
Z (¢~ ")+) (=1)ke~((t=8)1+)g  fort > 0. (3.5.8)
k=0

By the uniqueness of Laplace transform, the solution (3.5.8) coincides with the solution

(3.5.7).
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