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I have never done anything “useful”.
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Abstract

This dissertation is devoted to the study of three-dimensional (regularized) stochas-
tic Navier-Stokes equations with Markov switching. A Markov chain is introduced into the
noise term to capture the transitions from laminar to turbulent flow, and vice versa. The
existence of the weak solution (in the sense of stochastic analysis) is shown by studying
the martingale problem posed by it. This together with the pathwise uniqueness yields
existence of the unique strong solution (in the sense of stochastic analysis). The existence
and uniqueness of a stationary measure is established when the noise terms are additive
and autonomous. Certain exit time estimates (exponential inequalities) for solutions to
such switching equations are obtained, and its connection with its counterpart in the non-

switching scenario is discussed.

vi



Chapter 1. Functional Analytic Setup
1.1. The Navier-Stokes Equations

The motion of (viscous) fluid flows is described by a system of partial differential
equations known as the Navier-Stokes equations. If the fluid is compressible (e.g., air or
gas), then the motion of such a flow is modeled by compressible Navier-Stokes equations;
if the fluid is incompressible (e.g., water or honey), then the motion of such a flow is mod-
eled by incompressible Navier-Stokes equations. In this article, we focus on the study of
incompressible flows and refer the reader interested in the mathematical theory of com-
pressible flows to, for instance, [21] and [46].

Let G be a bounded domain in R?%. Let u(x,t) and p(x,t) denote the velocity and
pressure of the fluid at each € G and time ¢ € [0,7T]. The motion of viscous incompress-

ible flow on G is described by the Navier-Stokes system:

du—vAu+ (u-Viu+Vp=0 in G x|[0,T], (1.1a)
V-u=0 in G x[0,T], (1.1b)

u(z,t) =0 on 90G x [0,T] (1.1c)

u(z,0) = ug(z) on G x {t=0}, (1.1d)

where v > 0 is the viscosity coefficient of the fluid. The condition (1.1b) indicates incom-
pressiblity of the fluid. There are several well-known books on Navier-Stokes equations
such as [54, 58, 59]. It is worth mentioning that if G C R3, then the uniqueness of the
global weak solution of such a system (1.1) is an open problem, and is one among the Mil-

lennium Prize problems.



If randomness is introduced into (1.1a), then the resulting model is called stochas-
tic Navier-Stokes equations. The study of stochastic Navier-Stokes equations has been an
important and active area of research, and has received considerable attention in recent
years. The introduction of randomness in Navier-Stokes equations arises from a need to
understand (i) the velocity fluctuations observed in wind tunnels under identical exper-
imental conditions, and (ii) the onset of turbulence. Random body forces also arise as
control terms, or from random disturbances such as structural vibrations that act on the
fluid. It was originally the idea of Kolmogorov (see e.g., [61]) to introduce a white noise in
the Navier-Stokes system in order to obtain an invariant measure for the system. In fact,
Kolmogorov’s point of view to the theory of turbulence states that “the ultimate goal is to
find an invariant measure of turbulence (see e.g., [7, 43, 44]).”

On the other hand, randomness may occur naturally. As a matter of fact, it can be
shown that (see, e.g., [8]) additive noise has to be added into the Navier-Stokes equation
for a proper description of fully developed turbulence; in addition, if there are “jumps” in
point vorticities (velocity gradient), then multiplicative noises should be added into the

deterministic equation to adjust (see, e.g., [8]), i.e., equation (1.1a) becomes
du—vAu+ (u-V)u+ Vp=—£f+o(t,u)dW(t) + / G(t—,u, 2)N(dz,dt),
z

where W (t) is a Wiener process and N(dz, ds) is a compensated Poisson random measure.
As mentioned in previous paragraph, the well-posedness of a (global-in-time strong)
solution to a three-dimensional Navier-Stokes equation is an open problem. In order to

resolve such an issue, we follow Leray’s idea [36] to modify the original Navier-Stokes equa-



tion: for a mollifier k,
du—vAu+ ((kxu)-V)u+ Vp=0. (1.2)

Equation (1.2) is often called Leray regularization of Navier-Stokes equation (see, e.g.,
[48]). Therefore, the corresponding (regularized) stochastic Navier-Stokes equation appears

as
du—vAu+ ((kxu) - V) u+Vp=£f+o(t,u)dW(t) /G N(dz,dt).

If the noise coefficient is subject to random changes, then we capture such changes
in the noise coefficient in a class of equations. We introduce a Markov chain {v(¢)} to such

a class of equations appears as follows:

ou—vAu+ ((k+u)-Viu+Vp
(1.3)

=f +o(t,u,v(t))dW(t) + / G(t—, u,t(t—), 2)N(dz, dt).
z
We shall call equation (1.3) as three-dimensional reqularized stochastic Navier-Stokes equa-
tion with Markov switching. Moreover, equation (1.3) can be transformed into the follow-

ing formulation:

du(t) + [vAu(t) + Bg(u(t))]dt
(1.4)

= f(t)dt + o(t,u(t),v(t)dW(t) + / G(t—,u(t—),(t—), Z)N(dz, dt).
z
The study of equation (1.4) is the main theme of this article. In particular, we also study

the non-switching equations which refers to the following:

du(t) + [vAu(t) + By (u(t))]dt

21
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This thesis is organized as follows. Preliminaries, functional analytic settings, and
auxiliary results will be introduced in Section 1.2. A priori estimate will be introduced
in Chapter 2. Chapter 3 is devoted to the study of three-dimensional regularized stochas-
tic Navier-Stokes equations with Markov switching (1.4). The martingale problem and
existences and uniqueness of stationary measures for the equations are investigated. The
exit time estimates (exponential inequalities) for solutions to switching equations are es-
tablished, and its relation with the Freidlin-Wentzell type large deviation principle are
studied.

1.2. Preliminaries

In this section, we review facts that will be used repeatedly throughout this work.
1.2.1. Facts from probability

Let (€, F,P) be the underline probability space. Suppose X € L*(P). By Markov

inequality, we mean the following estimate:
P(IX] = X) < ATE(|X])

for any A > 0.
Definition 1 (Uniform integrability). A family of random variables X in L'(P) is said to

be uniformly integrable if

lim sup/ | X|dP = 0.
{IX[>c}

c—00 Xex

We introduce some properties regarding uniform integrability below and refer the

interested reader to [52, Sec. 6.5.1] and [55, Lem. 5.3] for more details.



Lemma 1.2.1 (Crystal Ball Condition). Forp > 0, the family {|X,[P} is uniformly
integrable if sup,, E(]X,|P*?) < oo for some § > 0
Lemma 1.2.2. Let f € C(Q) and sup, EP[|f|'*°] < C for some § > 0. Let {P,}
be a sequence of probability measures on ) with P, = P, asn — oo. Then we have
EP(1£1) = E7(1f]).
1.2.2. Facts from analysis

For 1 < p < oo, we set ¢ to be the number such that é + % = 1. By basic Young
inequality, we mean

a? bl
abS _+_7
p q

where a, b are positive numbers. If 1 < p < oo and a,b > 0, then
(a+b)? <2071 (a? +bP). (1.6)

Let f and g be two measurable functions in R%. Then the convolution of f and g is

defined by

(f*xg)(x) = . f(t)g(z —t)dt.

Let p, ¢, and r satisfy 1% + é =1+ 1 If f € LP(RY) and g € LI(R?), then by Young’s

convolution inequality, we mean

Lf * glle < [ £llpllgllq-

Now we introduce the uniform integrability and tightness for general measure space

and then the Vitali Convergence Theorem.



Definition 2. Let (X, M, ) be a measure space and {f,} a sequence of functions on X,
each of which is integrable over X. The sequence {f,} is said to be uniformly integrable
over X provided for each ¢ > 0, there is a 6 > 0 such that for every natural number n and

measurable subset E of X,

if W(E) <9, then/ |fnldp < e
E

The sequence {f,} is said to be tight over X provided for each € > 0, there is a subset X

of X that has finite measure and, for any natural number n,

/ | faldp < e.
X\ Xo

Theorem 1.2.3 (The Vitali Convergence Theorem). Let (X, M, 1) be a measure space
and {f,} a sequence of functions on X that is both uniformly integrable and tight over X.
Assume f, — [ pointwise almost everywhere on X and the function f is integrable over X.

Then

n—oo

lim fnd,u:/ fdu.
X X

In particular, if X is of finite measure, then the tightness condition on {f,} is removable.
Theorem 1.2.4 (Gronwall inequality). Let T' > 0 and «(-) an integrable function. Let
u(+) be a Borel measurable bounded nonnegative function on [0,T] and (-) a nonnegative

integrable function on [0,T]. If

u(t) < aft) +/0 B(s)u(s)ds



for all0 <t <T, then

oty < a)+ [ ae)pts) e ([ syir)as

for all 0 <t <T. In addition, if a(t) >0 for 0 <t < T, then

u(t) < /toz(s)ﬁ(s) exp </t B(r)dr) ds
0 s

for 0 <t <T. In particular, if a(t) =0 for all 0 <t < T, then we conclude that u(t) =0
forall0 <t <T.

In what follows, we shall recall some facts regarding the Sobolev spaces. The inter-
ested reader is referred to [3, 19] for more details.

By domain, we mean an open connected set in R?. Let G C R? be a bounded
domain, and 0G denote the boundary of G.
Definition 3 (Geometric properties of boundary [19, App. C.1]). We say the boundary 0G
is C* if for each point o € OG, there exist r > 0 and a C*-function ¢ : R — R such

that (upon relabeling and reorienting the coordinates if necessary) we have
G N B(xg,r) ={x € B(xo,7) : g > ¢(T1, -+ ,x4-1)}

Likewise, 0G is C* if G is C* for all k € N, and G is analytic if ¢ is analytic.
Definition 4 (Outer normal [19, App. C.1] ).

(1) If OG is Ct, then along OG is defined the outward pointing unit normal vector
fieldn = (ny,--- ,nq). The unit normal at any point xo € 0G is n(xg) = n =
(n1, -+, na)

(i) Let u € CY(G). We call
ou
_— = . D
5, = n-Du

the (outward) normal derivative of u.



Throughout this thesis, we assume that G is a bounded domain with smooth

boundary, i.e., G is C*°.

Let C2°(G) denote the space of infinitely differentiable functions ¢ : G — R, with

compact support in G. For a multiindex o = (ay,- -+ , ) of order |a] =ag + -+ - + o, = &,
we write
o or
Do = — ... ,
¢ oz Oz ¢

Now we are in a position to introduce the definitions of weak derivative and Sobolev
spaces.
Definition 5 (Weak Derivative). Suppose u,v € L} (G) and « is a multiindex. We say

loc

that v € L .(G) is the a'"-weak partial derivative of u, written

D%u = v,

provided

/ uD®¢dx = (—1) / vodr

G G

for all ¢ € CX(G).

Definition 6 (The Sobolev space). Fiz 1 < p < oo and let k be a nonnegative integer. The

Sobolev space
W (G)

consists of all locally summable function u : G — R such that for each multiindex o with

la| < k, DY exists in the weak sense' and belongs to LP(G).

iin the sense of Definition 5



The norm of WkP(G) is defined by

1
" (S o |Douldz)” (1< p < o0)
Uu Wkp(G) =

o<k €SS SUPg | Dyl (p = 00).

If u € C(G), then it is clear that u has certain values on dG. Therefore, it is intu-
itive for defining Cy(G) as the space of continuous functions defined on G that vanish on
OG. After introducing the Sobolev spaces W1P(G), one may analogously define VVO1 (@)
as the space of W!P-functions that vanish on OG. This definition is plausible. However,
notice that a function v € W'?(G) is only defined almost everywhere on G, and the d-
dimensional Lebesgue measure of G is zero. Therefore, the assertion “u vanishes on 0G”
is (at least, at this stage) meaningless.

To resolve this problem, we shall introduce the notion of trace operator.

Theorem 1.2.5 (Trace theorem [19, Sec. 5.5]). Assume G is bounded and OG is C*. Then

there exists a bounded linear operator

T : WY (G) — LP(0G)
such that
(i) Tu = ulag if u € WHP(G) N C(G), and

(i) |Tullroc) < Cllullwie) for each u € WHP(G), with the constant C' depending
only on p and G.

Moreover, we call Tu the trace of u on 0G.
With the concept of trace, we may introduce the space Wy (G formally.

Theorem 1.2.6 (Trace-zero functions in W'? [19, Sec. 5.5]). Assume G is bounded and OG



is C1. Suppose furthermore that u € W'P(G). Then
we WyP(G) if and only if Tu=0 on OG.

The following theorems are the Sobolev inequality (see, e.g., [3, Thm. 4.12]) and

the Gagiardo-Nirenberg-Sobolev inequality (see, e.g., [3, Ch. 5]). We shall remind the

reader that the Sobolev inequalities may be proved under different conditions of dG. The

interest reader may consult [3, Ch. 4] for a detailed discussion.

Theorem 1.2.7 (Sobolev Embedding/ Sobolev Inequality). Let G C R"™ be a bounded

domain and C' a constant.

(i) If n > kp, then WE?(G) — L% (G). In other words,
[ull |z (G) < Cllullwsrc)-

[ n—kp

(ii) Ifn < kp, then W*»(@Q) — C* =L IG5 (@),

In particular, if n = 2, then

W22(G) — LYG); (1.7)

if n = 3, then

W22(G) = L3(G); (1.8)

Theorem 1.2.8 (The interpolation inequality/ Gagiardo-Nirenberg-Sobolev inequality). Let

p,q,7, 7, k, 0 and o satisfy the following relation

10



Then we have

lllwaie < Cllulleae lullly e,

for all u € WH(G) N W3 (G), where C is a constant depending on G.

In particular, when n = 3, we have

1 1
||U||W%,2(G) < C||U||13V1,2(G)||u||z2(c)- (1.9)

Next, we review a few essential concepts and results pertaining to operators on
Hilbert spaces. The interested reader is referred to [11, 50] for more details.

Let (U, (+,-)v) and (H, (-,-)n) be two real separable Hilbert spaces. We denote by
L(U, H) the space of all bounded linear operators from U to H. For simplicity, we use
L(U) to denote L(U,U). For an operator T' € L(U, H), we denote by T* € L(H,U) its
adjoint operator. An element 7" € L(U) is called symmetric if (Tu,v)y = (u, Tv)y for all
u,v € U. In addition, T' € L(U) is called nonnegative if (T'u,u)y > 0 for all u € U. Let

T € L(U) and {eg }ren be an orthonormal basis of U. Then the trace of T is defined by

trl = Z(T@k, er)u

keN

if the series is convergent. In addition, the trace of T' takes the same value for any orthono-
mal basis of U, and thus it is well-defined (see, e.g., [50, Rmk. B. 0.4.]).

We shall start by introducing some important operators on real separable Hilbert
spaces.

Definition 7 (Nuclear operator). An element T' € L(U, H) is said to be a nuclear operator

11



if there exists a sequence {a;}52, in H and a sequence {b;}32, in U such that

Tu= Z a;(bj,u)u
j=1

for all w € U and

> laglla bl < oo
=1
Denote by L1(U, H) the collection of all nuclear operators from U to H. For T € L,(U, H),

define

1T lles i —mf{ZHaJHHHb o Tu—zaj wu, ueU}.

Then || - ||z, w,m) is a norm, and (L1(U, H), || - ||z,w,m)) i a Banach space, which is called a
Nuclear space.

In particular, if U = H and T € £,(U, H) is nonnegative and symmetric, then 7" is
called trace-class operator.
Definition 8 (Hilbert-Schmidt operator). A bounded linear operator T : U — H is called

Hilbert-Schmadt if

1120wy = Y I Terllzy < oo,
k=1
where {ex}32, is an orthonormal basis of U. The number ||T||%2(U7H) is independent of
the choice of the orthonormal basis {ey}3>, and thus is well-defined (see, e.g., [50, Rmk.
B. 0.6]). Denote by Lo(U, H) the collection of all Hilbert-Schmidt operators from U to H.

Then (Lo(U, H), || - || zow,m)) s a Banach space. Furthermore, for S, T € Lo(U, H), define

i Sek, T@k
k=1

then (Lo(U, H), (+,*)z,) is a separable Hilbert space.

12



The following lemma gives useful relationships between £,(U, H), L2(U, H), and

L(U, H).
Lemma 1.2.9. Let (K, (+,-)k) be a further real separable Hilbert space.
(1) If T € Lo(U, H) and S € Lo(H, K), then ST € L4(U, K) and

18T 2, w,r) < NS cocer, i) | T 2o (v, 1)

(ZZ) Let Sl S £(H,K), SQ S E(K,U), and T € £2(U,H) Then SlT S £2(U,K),
TSQ S EQ(K, H), and

1517 || 2o,y < 1Sl e, | TN oo, o)
| TSa| o (x,m) < Sellcceon | TNl 2oy

Recall that a bounded operator T": U — U is called compact operator if the image
under 7' of a bounded sequence has a convergent subsequence. It is worth mentioning that
both nuclear operators and Hilbert-Schmidt operators are compact operators.

Let G C R? be a bounded domain with smooth boundary. Throughout this thesis,
the notation L?(G), H*(G) etc. would mean three-dimensional vector-valued functions
defined on G whose components are in L*(G), H'(G) etc.

Let V denote the divergence-free members in C§°(G). Define the spaces H and V
as the completion of V in L?(G) and H'(G) norms respectively. Recalling Definition 4,
Theorem 1.2.5, and Theorem 1.2.6, we are in a position to introduce the characterization

of spaces H and V (see, e.g., [59, Sec. 1.4, Ch. I]):

H={uel*G):V-u=0,u-n,, =0},

V={ueW,?*G):V-u=0},

iDefinition 3

13
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where the divergence V - u is understood in the weak sense' and n is the outward normal of
G.
Invoking the Helmholtz decomposition, one may decompose the space L?(G) as the

direct sum of H and its complement, i.e.,
L*(G)=Ho H (1.10)
Having such a decomposition, one may further define the orthogonal projector

II: %) — A, (1.11)

which is known as the Leray-Helmholtz projector. For the detailed discussion regarding
the space H* and the Leray-Helmholtz projector, we refer the interested reader to, e.g.,
[54, Sec. 2.5, Ch. II], [58, Sec. 1.6], and [59, Sec. 1.4, Ch. I].

Let V’ denote the dual space of V. Define the Stokes operator A : V. — V' by

Au = —]],Au for u e D(A), where D(A) is defined as
D(A) = {u eH:-[[Auc H} — W22(G) NV,
H

and the second equal sign above is guaranteed by the Cattabriga-Solonnikov Regularity
Theorem (see, e.g., [54, Lem. 2.3.2, Ch. IIIJ).

It can be shown that A : D(A) — H is bijective if G is bounded, which implies
that A=! : H — D(A) is well-defined and onto (see, e.g., [24, Eq. (6.2)] or [54, Thm.
2.1.1, Ch. III] and reference therein). In addition, it follows from the Rellich theorem that

the natural inclusion i : D(A) < H is compact (see, e.g., [3, Thm. 6.3], [19, Sec. 5.7]).

liiin the sense of Definition 5

14



Therefore, if we view A~! as an operator from H to H, then A~' : H — H is a compact
operator.

It can be shown, by using integration by parts, that A is symmetric: (Au, V) g =
(u, AV)H for all u,v € D(A); it turns out that A~! is also symmetric.

Thus, we infer from the spectral theory of compact symmetric operator in Hilbert
space that there exists an orthonormal basis in H, which consists of the eigenfunctions
of A7 (see, e.g., [2, Ch. V], [11, Thm. 6.11], [19, Thm. 7, App. D]). We shall state such
statements formally as the following theorem and refer the interested reader to, e.g., [10,
Thm. IV. 5.5] or [59, Sec. 2.6, Ch. 1.
Theorem 1.2.10. Let G C R? be a bounded domain with Lipschitz boundary.” There
exists an increasing sequence of positive real numbers {\g}32,, which tends to infinity, and
a sequence of functions {ey}72, which is orthonormal in H, orthogonal in V and in D(A),
forming a (complete) basis in H, in'V, and in D(A), and a sequence of functions {py}3,

in L3(G)Y satisfying

—Ae, +Vpr = \er, in G, (1.12a)
V.e,=0 in G, (1.12b)
er =0 on O0G. (1.12¢)

Utilizing the special basis {ej}32, obtained from Theorem 1.2.10, one obtains
D(Az) =V and D(A~2) = V'. In addition, ||ully = ||Vul|z = |Azu||y for u € D(A2).

Therefore, it is not hard to see that (Au,u)y = |[ul|? > 0 for all u # 0 in D(A), which

V¢ is Lipschitz continuous in Definition 3.
VLA(G) := L*(G)/R is a quotient space. See [10, Def. IV. 1. §].

15



concludes that A is positive definite. For a detailed discussion, we indicate the reader to,
e.g., [24, Sec. 6, Ch. II}, [54, Sec. 2, Ch. III].

The asymptotic behavior of A, has been derived in [40]: Ay ~ Cla) - ki, as k — oo,
where d is the dimension of the domain G and Cy ¢ is a constant depending on d and G.
The interested reader may also consult [29] for more details.

The Poincaré inequality in the context of this thesis appears to be
2 1 2
el < <l (113)
1

for all u € V, where \; is the first eigenvalue of the Stokes operator A and is the best
constant for which inequality (1.13) holds. The reader may consult [24, Eq. (5.11), Ch. II]
and references therein. For Poicaré inequality in general contexts, we indicate reader to,
e.g.,[19, Sec. 5.8], [24, Sec. 4, Ch. 1], or [54, Sec. 1, Ch. II].

Next, we recall the basic results on weak and weak-star topologies. The contents
are adapted from [11, Ch. 3.

Let F be a Banach space and let f € FE’, where E’ is the dual space of E. We
denote by ¢¢(z) : E — R the linear function ¢¢(z) = (f,z). Then the weak topology on FE,
denoted 7(E, E'), refers to the coarsest topology on E under which the map ¢ for each
f € E' is continuous. For every z € F consider the linear functional ¢, : £ — R defined
by f — ¢.(f) = (f,x). The weak-star topology 7(F’, E) is the coarsest topology on £’
with respect to which the collection {p, }.cp is continuous.

Let {x,}5°, be a sequence in E. By x,, — = weakly in E, we mean (f,z,) — (f,x)

for any f € E’. The next theorem is a special case of Banach-Alaoglu Theorem, which
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characterizes an important property of the weak-star topology. The interested reader is
referred to, e.g., [11, Ch. 3] or [19, App. D.4].

Theorem 1.2.11 (Banach-Alaoglu Theorem). Let E be a reflexive Banach space. Suppose
the sequence {x,}52, C E is bounded. Then there exists a subsequence {x,,}32, and x € E

such that

Tp; = X

weakly in E.

Recall that a Polish space is a complete separable metrizable topological space (see,
e.g., [34, Sec. 33, Ch. 3]). Then we introduce Lusin space (see, e.g., [41, Ch. IV]) and one
theorem regarding it (see, e.g., [41, Thm. 1, Ch. IV]).
Definition 9 (Lusin space). A topological space Y that is the image by a one-to-one con-
tinuous mapping f : X — Y of a Polish space X 1is called a Lusin space.
Theorem 1.2.12. A topological space Y is a Lusin space if and only if it is homeomorphic
to a topological space which is a Borel set B of a Polish space.
1.2.3. Facts from stochastic analysis

We shall collect some concepts and facts pertaining to the infinite-dimensional
stochastic analysis. The interested reader is referred to, e.g., [17], [26], [45], and [50] for
details.

Throughout this subsection, (U, (+,-)y) is a real separable Hilbert space, and L(U)
denotes the set of all bounded linear operator on U. We use B(X) to denote the Borel

o-algebra of a topological space X.
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Definition 10 (Gaussian measure). Fiz an element v € U, define the bounded linear
mapping ¢, : U — R by ¢,(u) := (u,v)y for allu € U. A probability measure p on
(U,B(U)) is called Gaussian if for all v € U, the mapping ¢, has a Gaussian law, i.e., for

all v € U there exists m :=m(v) € R and 0 := o(v) € [0,00) such that, if o(v) > 0,

1 (z m2)
() -1 A — A — - 202
(oo, )(A) = pu(p, € A) s /Ae dx

for all A € B(R) and, if o(v) =0,

mo ¢;1 = 6m(v)7

which is a Dirac delta function centered at m(v).
Let N(m, Q) be an R%valued Gaussian random vector with mean vector m =
(my,--- ,mg) and covariance matrix @ = (gi;j)axa- Then the characteristic function (or

Fourier transform) of N(m, Q) is given by
Fy(u) = ™ u-zu"Qu (1.14)

where u € R? is a vector and u” denote the transpose of u, and it is known that the char-
acteristic function uniquely determines a random variable. We will see in next theorem
that the same properties hold for the infinite-dimensional setting, i.e., the Fourier trans-
form of a Gaussian measure takes form similar to (1.14), and the Fourier transform also
uniquely determines such a measure. In addition, in the finite-dimensional case, the covari-
ance matrix () is a nonnegative symmetric matrix, and we will see that those properties
are inherited by the “covariance operator” in the infinite-dimensional setting.

Denote by i the Fourier transform of .
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Theorem 1.2.13. A measure  on (U, B(U)) is Gaussian if and only if

/l(u) = / el(u7v)U/-L(dU) — ei(m,u)U—%(Q%u)U’
U

where w € U, m € U, and Q € L(U) is nonnegative, symmetric with finite trace (trace-
class*'). In this case p will be denoted by N(m,Q), where m is called mean and Q is called

covariance operator. The measure p is uniquely determined by m and Q). Furthermore, for

alh,geU,
[ @ montds) = (m. 1
[ (@t = ) (@90 — .90 )n(d) = (@hg)o
[z = mlfutaz) = e
Proof. We refer the reader to [50, Thm. 2.1.2]. O

Let @ € L(U) be a nonnegative symmetric trace-class operator. Then @ is a com-
pact operator, hence, there exists an orthonormal basis {0y}, of U consisting of eigenvec-
tors of @ with corresponding eigenvalues {(;}7>,. Then the following proposition connects
the Gaussian measure in infinite dimension to the Gaussian random variable in one dimen-
sion.

Proposition 1.2.14 (Representation of a Gaussian random variable). Let m € U and
Q € L(U) be nennegative, symmetric, with finite trace. Then a U-valued random variable

X on a probability space (Q, F,P) is Gaussian with P o X' = N(m, Q) if and only if

X = Z\/aﬁkok_’_m’

k>1

Visee the paragraph after Definition 7
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where By, k > 1, are independent real-valued random variables with P o Bk_l = N(0,1) for all
k > 1 with ¢x > 0. The series converges in L*(2, F, P;U).

Now we are in a position to introduce one the key ingredients in the infinite-
dimensional stochastic analysis: -Wiener process. To this end, we let ) € L(U) be

nonnegative, symmetric, and of trace-class. Let T > 0 be a fixed real number.

Definition 11 (Q-Wiener process). A U-valued stochastic process W(t), t € [0,T] , on a
probability space (Q, F,P) is called a Q-Wiener process if

(i) W(0) =0,

(i) W has continuous trajectories P-almost surely,

(iii) W had independent increments, i.e., the random variables
W(t1), W(ta) = W(t1), -, W(tn) — W(tn,)
are independent for all 0 <t; <---<t, <T,n €N,
(iv) the increments have the following Gaussian laws:
Po(W(t)—W(s))™ = N(0,(t—s)Q)

forall0 <s<t<T.

Similar to the infinite-dimensional Gaussian random variable, the ()-Wiener process
admits the following representation formula which connects it to the real-valued Brownian
motion.

Proposition 1.2.15 (Representation of the Q-Wiener process). Let {05}, be the or-
thonormal basis of U consisting of the eigenvectors of QQ with corresponding eigenvalues

{G}%2,. Then a U-valued stochastic process W (t), t € [0,T], is a Q-Wiener process if and
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only if

W(t) = /CBe(t)ox,

k>1

where t € [0,T) and By, k € {n € N : (, > 0}, are independent real-valued Brownian
motion on a probability space (Q, F,P). The series converges in L*(, F,P;C([0,T];U)),
and thus always has a P-almost surely continuous modification. In particular, for any Q) as
above, there exists a QQ-Wiener process on U.

Let (H,(-,-)g) be another real separable Hilbert space and Q € L(U) be nonneg-
ative, symmetric, and of trace-class. Define the subspace Uy := Q%(U ) with the inner

product given by

for u,v € Uy, where Q_% is the pseudo inverse of Q% in the case that () is not one-to-one
(see, e.g., [50, App. CJ). Then it follows from [50, Prop. C.0.3 (i)] that (Uy, (-, -)o) is again
a separable Hilbert space.

Let L£5(Uy, H) denote the separable Hilbert space of the Hilbert-Schmidt opera-

tors! from Uy to H. Then it can be shown that (see, e.g., [50, p. 27])

1L eawo. ) = 1L 0 Q2 |y ) (1.15)

for each L € LUy, H).
Let T' > 0 be a fixed real number, (2, F, {F; }1>0, P) be a filtered probability space,

and o 1 [0,7] x Q — L(Up, H) be predictable. If E [ [|o(s)[|%,y, mds < oo, then for

viiDefinition 8
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t € [0,T], the stochastic integral

/O ()W (s)

is well-defined and is a H-valued continuous square integrable martingale with the Ito

isometry (see, e.g., [50, Sec. 2.3])

T 9 T
B[ oW | =B [ ool emds

Define

t
(M), = /0 ()1 010l

for t € [0,7]. Then it follows from [50, Lem. 2.4.3] that (M), is the unique continuous
increasing (F;)-adapted process starting at zero such that |M(t)||% — (M), t € [0,T], is a
local martingale.

Let f be an (F;)-adapted continuous H-valued process. Define
T T
| t@o0ave) = [ asave) (116
0 0
where
G5(s)(u) = (f(s),0(s)u) .

u € Up. Then it follows from [50, Lem. 2.4.2] that (1.16) is a well-defined continuous real-
valued stochastic process. More precisely, 7 is a Pr/B(Ly(Up, R))-measurable map™ from

Q x [O,T] to £2(UO,R) with

15 (@, Dl cawor) = o™ (w,8) fw, ) [,

Vi D = dr ® P, where dz is the Lebesgue measure.
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for all (w,t) € Q x [0,T] and, for P-almost surely,

T T
/ 1642 womds < sup |flla / 10(5)]| 2agei.snyds < oo.
0 te[0,T] 0

Next, we recall some facts regarding the Poisson random measure, Point processes,
and the stochastic integrals with respect to point processes. The contents are adapted
from [30, Sec. 8,9, Ch. I and Sec. 3, Ch II.].

Let (Z,B(Z)) be a measurable space, M be the collection of all of nonnegative
integer-valued measure on (Z,B(Z7)), and B(M) be the smallest o-field on M with respect

to which all N — N(B) are measurable, where N € M, N(B) € Z*U{oc0}, and B € B(Z).

Definition 12 (Poisson random measure). Let (2, F,P) be the underline probability space.
An (M, B(M))-valued random variable N : Q — M is called a Poisson random measure if

(i) for each B € B(Z), N(B) is Poisson distributed, i.e.,

forn=0,1,2,---, where v(B) = E(N(B)), and

(i) if By, Ba, -+, B, € B(Z) are disjoint, then N(B;),N(Bz),---,N(By,) are mutually
independent.

The measure v in the above definition is called the intensity measure, the mean
measure, or the Lévy measure of the Poisson random measure N.

A point function p on Z is a mapping from D(p) to Z, where D(p) is the domain
of p and is a countable subset of (0,00). A point function p defines a counting measure

N,(dz,dt) on Z x (0,00) by

Ny(E x (0,t)) :==#{s € D(p) : s <t, p(s) € £},
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where t > 0 and F € B(Z).

Let 11z be the collection of all point functions on Z and B(Ilz) be the smallest
o-field on II; with respect to which all p — N,(E x (0,¢]), t > 0, E € B(Z), are measurable.
Definition 13. Let (2, F,P) be the underline probability space. A point process p on Z
is a (I1z, B(Ilz))-valued random variable, i.e., a mapping p : Q — Iz which is F/B(Illz)-
measurable.

Let p be a point process with domain D(p). For ¢ > 0, define (6;p)(s) := p(s + t),
where the domain of 6;p is D(0:p) = {s € (0,00) : s+t € D(p)}. Then p is called stationary
if p and 6,p have the same probability law for every t > 0. A point process p is called
Poisson if N,(dz,dt) is a Poisson random measure on Z x (0,00). A Poisson point process is

stationary if and only if its intensity measure v,(dz, dt) = E(N,(dz, dt)) is of the form
vp(dz,dt) = v(dz)dt

for some measure v(dz) on (Z,B(Z)). The measure v(dz) is called the characteristic mea-
sure of p.

Let (2, F, {F:}t>0, P) be a filtered probability space. A point process p = p(t) on Z
defined on (2 is called (F;)-adapted if for every ¢t > 0 and E € B(Z),

Ny(E )= Y 1g(p(s))
)

seD(p
s<t

is Fi-measurable. A point process p is called o-finite if there exist E,, € B(Z), n € N, such

that £, T Z and E(N,(E,,t)) < oo for all t > 0 and n € N.
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For a given (F;)-adapted, o-finite point process p, let
I'y={EFe€B(Z) :E(N,(E,t)) <oo forall t>0}.

If £ € T'y, thent — N,(E,t) is an adapted, integrable increasing process, hence, there
exists a natural integrable increasing process N,(E,t) such that N, : t — N,(E,t) =
N,(E,t) — N,(E,t) is a martingale.

Definition 14. An (F;)-adapted point process p on (2, F,P) is said to be of the class
(QL)™ with respect to (F;) if it is o-finite and there exists N,(E,t) such that

(i) for E € Tyt — N,(E,t) is a continuous (F;)-adapted increasing process,

(i) for each t and almost all w € Q, E — N,(E,t) is a o-finite measure on (Z,B(Z)),

(iii) for E € Tyt — N,(E,t) = N,(E,t) — N,(E,t) is an (F,)-martingale.
The random measure {N,(E,t)} is called the compensator of the point process p (or
(NJ(E.D}).
Definition 15. A point process p is called an (F;)-Poisson point process if it is an (F)-
adapted, o-finite Poisson point process such that {N,(E,t + h) — Np(E,t)}h>0,8eB(2) 15
independent of F;.

An (F;)-Poisson point process is of class (QL) if and only if ¢ — E(N,(E,t)) is con-

tinuous for E € T,. The compensator in such a case is given by N,(E,t) = E(N,(E,t)). In
particular, a stationary (F;)-Poisson point process is of the class (QL) with compensator

N,(E,t) = v(E)t, where v(dz) is the characteristic measure of p.

Let p be a point process. Then it follows from [30, Thm. 3.1] that N,(-, E) is a

XQuasi left-continuous
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square integrable martingale for £ € I',,, and we have
(N, 1), Ny, Ba)) = Ny(-, By 1 ).

Before proceeding to the discussion regarding the stochastic integral with respect to
the Poisson random measure, we shall introduce the (F;)-predictable process. Let H be a

real separable Hilbert space.

Definition 16. A H-valued function f(w,z,t) defined on Q x Z x [0,00) is called (F;)-
predictable if the mapping (w, z,t) — f(w, 2,t) is P/B(H)-measurable where P is the small-
est o-field on Q x Z x [0,00) with respect to which all g having the following properties are
measurable:

(i) for eacht >0, (w,z2) — g(w, z,t) is B(Z) x F;-measurable;

(ii) for each (w,z), t — g(w, z,t) is left-continuous.

Let (Q, F,{Fi}i>0, P) be the underline filtered probability space. Let p be a sta-

tionary (F;)-Poisson point process of class (QL). Then N,(dz,dt) is a Poisson random
measure with compensator N, (dz, dt) = v(dz)dt.

Suppose that f(w, z,t) is an (F;)-predictable process. Then

/t+/f 2,8)Np(dz,ds) == Y f(.p

s€D(p)
s<t

The integral is well-defined whenever the right hand series is absolute convergent. In addi-

tion, if f is such that

E/Ot+/z|f(-,z,s)|y(dz)ds < o0 (1.17)

26



for every ¢ > 0, then it can be shown that

/t+/|f 2, )| Ny (dz, ds) /t+/|f . 8)(d2)ds, L.18)

Set

/H/fzs (d2, ds) /t+/fzs (d2, ds) //f v(d2)d

Then t +— fOH f(, 2,8)N,y(dz, ds) is an F,-martingale.

If f satisfies (1.17), and further,

E/Ot+/zlf(~,z,s)|2y(dz)ds < 00,

then ¢ — f I, f N, (dz,ds) is a square integrable martingale and

/H/f z,5)Ny(dz, ds)) /t+/f2 z,s)v(dz)ds (1.19)

Let M(t) be a right-continuous submartingale and 7" > 0 be a real number. By

basic submartingale inequality (see, e.g., [31, Ch. 3]), we mean

AP{ sup |M(t)] = A} < E|M(T)]

0<t<T

for any A > 0.

Let M(t) be a cadlag (right continuous with left limits) process. Denote by [M], =
[M, M]; the quadratic variational process of M (t). The following well-known theorem
gives us lower and upper LP-bound estimates for the expectation of the supremum of a
martingale. The case for 1 < p < oo was established by Burkholder [5], and the case of
0 < p < 1 was established by Burkholder and Gundy [6]. Finally, the case of p = 1 was
established by Davis [14]; we therefore refer the Davis inequality to the case of p = 1.
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If M(t) is of Ré-valued, the interested reader may consult, e.g., [30, Sec. 3, Ch. III],
[31, Sec. 5.6], [32, Ch. 17] or, [49, Sec. 5, Ch. 1V] for the detailed discussion and proof; if
M (t) is of infinite-dimensional Hilbert spaced valued, the interested reader may consult,
e.g., [12, Ch. 6], [38], or [51, Sec. 3.9] the detailed discussion and proof.
Theorem 1.2.16 (Burkholder-Davis-Gundy inequality). Let T'> 0. For any 0 < p < oo,

there exist universal constants c,o and C, o such that

e B (M) <B( sup (M) < CpB([ME?).

0<t<T

It may be of interest to study the optimality of the constants. The interested reader
may consult, e.g., [4], [15, Sec. 3, Ch. VII], [25], [47] and references therein. For the gener-
alizations of Burkholder-Davis-Gundy inequality, we indicate the reader to, e.g., [35].

In this thesis, we take C/, = /2 for continuous martingales starting from 0 (see,
e.g., [47]); for general cadlag martingales, we take C/, = V10 (see, [25]). For general
1 < p < oo and cadlag martingales, we take C)/5 = (p%l)p (see, [31, Thm. 5.6.3]).

Let K be a complete separable metric space with distance d. For T" > 0, we de-

note by D([0,T]; K) the K-valued cadlag functions defined on [0,T]. Let Ar be the set of

increasing homeomorphisms of [0, 7]. Define the metric

or(z,y) = inf { sup d(x(t),z o A(t)) + sup [t — A(t)| + sup logL;\(S) } (1.20)

AeAr ieo ) t€[0,7] st t—

Then it is known that (D([0,T]; K), dr) is a complete separable metric space (see, e.g.,
[20]). The topology induced by dr is called the (Skorohod) J-topology and the space
D([0,T]; K) endowed with J-topology is called the Skorohod space. For more information
regarding the Skorohod space, we refer the interested reader to [9, 41].
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Let m € N. Let {v(¢) : t € RT} be a right continuous ergodic * Markov chain with

generator I' = (7;;)mxm taking values in S := {1, 2,3, .....m} such that

. o vgh+o(h) i i # ],
Ru(i,7) = R(e(t + h) = jle(t) = 1) =
L+ h+o(h) if i=j,
and
Yii = — Z%j-
i#]

The transition probability R.(i, j) satisfies the Chapman-Kolmogorov equation:

Revslisk) =Y Ryli, j)Ru(4 k).
j=1
There exists a stationary distribution 7 = (7, -+, m,,) for this Markov chain t(¢), where

7; satisfies
lim R¢(i,j) = m,
t—o0

In addition, t(¢) admits a stochastic integral representation (see, e.g, [42, Sec. 1.7], [53,

Sec. 2.1, Ch. 2], or [64, Ch. 2]): Let A;; be consecutive, left closed, right open intervals of

*irreducible aperiodic positive recurrent, see [33].
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the real line each having length ;; such that

Al? = [07 712)7

A1z = 712,712 + M13),

m—1 m
Ay = [Z Yij> Z%g)a
j=2 =2

m m—1 m m
Ao = [Z’Ylj + Z ’723'72713‘ + Z ’Yzj)

=2 j=lj#2 =2 i=1j#2

and so on. Define a function
h:SxR—=R
by
j—i it yeAy,
hi,y) = (1.21)
0 otherwise.

Then

de(t) = /R h(e(t—), y)No(dt, dy), (1.22)

with initial condition v(0) = vy, where Ny(dt, dy) is a Poisson random measure with inten-
sity measure dt X £(dy), in which £ is the Lebesgue measure on R.
We assume that such a Markov chain, Wiener process, and the Poisson random

measure are independent.
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1.2.4. Facts from the theory of large deviations

Here, we recall the basic definitions and properties of the theory of large deviations.
The interested reader is referred to, e.g., [16, 18, 60].

Let (X, B) be a topological space, and {pu.} is a sequence of probability measures
defined on it.
Definition 17 (Rate function). A rate function I is a lower semicontinuous mapping
I:X —[0,00] (such that the level set Y (a) :={x : [(z) < a} is a closed subset of X for
all € [0,00)). A good rate function is a rate function for which all the level sets ¥ («)
are compact subsets of X .

For any set I', I' denotes its closure and I'° denotes its interior.We adapt the con-
vention that the infimum over an empty set is oo.
Definition 18 (Large deviation principle). The sequence of probability measures {j} is

said to satisfy the large deviation principle with a rate function I if

— inf I(z) <lim iglfelog pe(I') < limsupelog p (') < —inf I(x)
e—

xelre €0 zel
for allT" € B.
One of the properties of the large deviation principle is that it is preserved under a
continuous mapping.
Theorem 1.2.17 (Contraction principle). Let X and Y be Hausdorff topological spaces and
f:X =Y a continuous function. Consider a good rate function I : X — [0, 00].

(i) For each y € Y, define
J(y) :=inf{l(z):z € X,y = f(z)}.

Then J is a good rate function on ).
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(ii) If I controls the large deviation principle associated with a family of probability
measures {f} on X, then J controls the large deviation principle associated with

the family of probability measures {pco f~1} on Y.

In the context of this article, the probability measures under consideration are
(mostly) defined on a complete metric space (Polish space). In such a case, the large devia-
tion principle is known to be equivalent the “Laplace—Varadhan principle.” In what next,
we will collect the definition of the Laplace-Varadhan principle, and a theorem that shows
the equivalence between the large deviation principle and the Laplace-Varadhan principle.
The interested reader is referred to, e.g., [31, Ch. 12]. Let E be a Polish space.

Definition 19 (Laplace-Varadhan principle). A sequence of E-valued random variables

{X,} is said to satisfy the Laplace-Varadhan principle with a good rate function I if

lim log E (e = — inf {h(x) + I(x)}

n—oo M zelR

for all h € Cy(E). The inequality

1
lim sup — logE<e_”h(X")> < —inf{h(z) + I(z)}

n—oo T zek

18 known as the upper bound for the Laplace-Varadhan principle, and the inequality

lim inf 1 log]E(e*”h(X")> > —inf {h(z) + I(2)}

n—oo N, zel

1s known as the lower bound for the Laplace-Varadhan principle.
The following theorem gives the equivalence between the large deviation principle
and the Laplace-Varadhan principle. The interested reader may consult [31, Thm. 12.2.1

and 12.2.2] for the detailed discussion and proofs.
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Theorem 1.2.18. Let E be a Polish space.

(i) Let {X,} be a sequence of random variables taking values in E and satisfy large
deviation principle on E with a good rate function I. Then

. 1 —nh(Xn)\) _ .
S 3 o8 B 0) = — int hi) + 1)
for all h € Cy(E).
(i1) If I is a rate function on E and the limit
.1 n :
b S B(m0) - g+ )

holds for all h € Cy(E), then {X,,} satisfies the large deviation principle with rate
function 1.

1.2.5. Functional analytic setup
From now on, H and V is reserved for the following specific spaces that have been

introduced in the previous section:

H={uel*G):V-u=0,u-n,, =0},

V={ueW,?*G):V-u=0},

and we denote the H-norm (V-norm, resp.) by | - | (|| - ||, resp.) and the inner product
on H (duality pairing on V, resp.) by (-,-) ((-,-)v, resp.) when there is no ambiguity. In

addition, we have the following inclusion between the spaces:
Ve H<=V,

and both of the inclusions V' < H and H < V'’ are compact embeddings ( see, e.g., [54,
Lem. 1.5.1 and 1.5.2, Ch. IIJ).

The set {e;}2, is reserved for the orthonormal basis obtained from Theorem 1.2.10
and H,, := span{e;}! ; I, is the orthogonal projection of H on H,,.

33



Let k be a mollifier with ||k;||g = 1. Define b(k % -,-,) : V. x V xV = R by

3
b(kxu,v,w):= Z /G (k * u)i%wjdx,

ij=1

which induces a bilinear form By (u, v) by b(k *xu,v,w) = (Bx(u,v),w)y. A combination of

(generalized) Holder inequality and the Young convolution inequality yields
[b(k = w, v, w)| < |k *ulls|Vvi2lwls < [kl [lulls[Vvi[2]w]s, (1.23)
which together with (1.8) and (1.9) further implies
bk w,v, w)| < Cllul=[uf||v]|[|w|=|w]? (1.24)
In particular, when u = w, we have
[b(k +w, v, u)| < Cllall - juf - [Jv]]. (1.25)

For the sake of simplicity, we shall assume that C' = 1 in this article.
For the (U-valued) Q-Wiener process W(s) introduced in Section 1.2.3, we take

U = H and write

Il = I+ lleatao.m),

where || - || z,(#o,m) 15 defined in (1.15) with Hy = Uj.

Now we introduce hypotheses of the noise coefficients.

The functions o : [0, 7] x H x § — Lo(Ho, H) and G : [0,T] x H x § x Z — H are
continuous and satisfy the following Hypotheses H:

H1. For allt € (0,7) and i € S, there exists a constant K > 0 such that
lo(t, w, i)IL, < K1+ [u” + i)

for p = 2,3 (growth condition on o).
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H2. For allt € (0,7), there exists a constant L > 0 such that for all u,v € H and
1,7 €S8,

||U(t,u,i) - U(t,V,j)H%Q < L(’u - V|2 + |Z _j|2)

(Lipschitz condition on o).
H3. For all t € (0,7) and i € S, there exists a constant K > 0 such that
/ Gt w i, 2)Po(dz) < K(L+ [up +|if?)
z
for p=1,2, and 3 (growth condition on G).

H4. For all t € (0,7T), there exists a constant L > 0 such that for all u,v € H and
1, €S,

/ G(t,u,i,2) = G(t,v, 5, 2)|"v(d2) < L(lu = v[* + i — j|)

z

(Lipschitz condition on G).

Without further notice, we will assume the noises coefficients satisfy Hypotheses H.
Any change that we made on the noise coefficients will be clearly specified at the begin-
ning of each chapter or section.

The transformation from (1.3) to (1.4) is sketched as follows. By applying the
Leray-Helmholtz projector (1.11) to each term of (1.3), and utilizing the Helmholtz decom-
position (1.10), one transforms (1.3) into (1.4). For more details, we refer the interested
reader to [37, 54]. In addition, we shall remind the reader that (1.4) is understood in the

following integro-variational sense:

(O + [ Au() + Buals)), v

= O+ [ (6 ([ ol W, (020
[ Gl ulsm) sl Wi ds) v
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forall pe V.
Now we are in a position to introduce the Ito formula. We remind the reader that

the It6 formula introduced here is in the context of u(t), which is the solution to equation

(1.4). For full generality, we refer the reader to, e.g., [12, 30, 31, 42, 45, 51, 53].
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Let F:]0,7] x V x 8§ — RT be a continuous function with its Fréchet derivatives F},

F,, and F,, are bounded and continuous. Define the operator

LE(t,v,7): = Fy(t,v,i) + (—vAv — By(v) + £(t), B (,v,7))v

- 1
+ ZVZ]F(t Vaj) + §tT (Fvv(t> v, i)0<t7 v, Z)QU*(t7 v, Z))

j=1

+ /Z (F(t,v Y Gt,v,0,2),4) — F(t,v,1)
- <Fv(t,v,i),G(t,v,i,z))H>y1(dz).

Then we have the following change of variables formula due to Ito (see, e.g., [42, Thm.

1.45], [53, Lem. 3 in Sec. 2.1, Ch. 2]):

F(t,u(t),t(t)) = F(0,u(0),t(0)) + /0 t LF(s,u(s),(s))ds
. / (Fu(su(s), (). o5, u(s). e() IV (s)
N / t / (F(s,u(s=) + Gls—u(s—),x(s-), 2), ¥(s-))
~ F(s,u(s=), () ) Ni(dz. ds)
N / t / (P(s u(s=), v(s=) + hix(s-). )

— F(s,u(s—), t(s—)))Ng(ds, dy),

Ni(dz,ds) is the compensated Poisson random measure introduced in Section 1.2.3,

Ny(ds,dy) = Na(ds,dy) — £(dy)ds and Ny(ds,dy) = N(ds,dy) in (1.22), and £(dy)ds is

as in (1.22); h(s,y) is defined as in (1.21). In particular, if F(¢,u(t),7) = |u(t)|?, then the
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term Y " yi;u(t)[* = 0, therefore, we have

a(®)f? = [u(0) +2 / (—vAu(s) - Bu(u(s)) + £(5), u(s))vds
/ s, u(s) (s)) s + 2 | (u(s), (s, u(s), €IV (5)
// [u(s) + Gls—u(s—), e(s=). 2 — fu(s ) ) Ny (dz. ds)
" / ] (1) + Gls.u(e).9).2)F = fus)?
- 2(u(s), G (s, u(s), t(s), z))H> vi(dz)ds.

Denoted by {7;}1_, the topologies

71 = J-topology on D([0,T]; V"),
T, = weak topology on L*0,T;V),
73 = weak-star topology on L>(0,7; H),

T4 = strong topology on L*0,T;H),
and €); the spaces

Q, = D([0,T]; V"),
Q, = L*(0,T;V),
Q3 = L°°(O,T; H),

Q4= L*0,T; H).

Then {(€,7:)}i, are all Lusin spaces™.

XiDefinition 9.
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Definition 20. Define the space Q0* by

Let 7 be the supremum of the topologies™ induced on Q* by all 7;. Then it follows from [41,
Prop. 1, Ch. IV] thati

(i) (Q*,7) is a Lusin space.

(1) Let {ugtren be a sequence of Borel probability laws on Q* (on the Borel o-algebra

B(7)) such that their images {u }ren on (Q, B(7:)) are tight for 7; for alli. Then
{1 }ken is tight for T.

As shall be seen, the space (2%, 7) is the path space of the “solution” u(t) of equa-
tion (1.4). Let (2, F,P) be a (complete) probability space on which the following are
defined:

(i) W={W(t):0<t<T}, an H-valued Q-Wiener process.

(ii)) N={N(z,t):0<t<T and =z € Z}, the Poisson random measure.
(iii) v={v(t) : 0 <t < T}, the Markov chain.
(iv) &, an H-valued random variable.

Assume that &, W, N, and t(¢) are mutually independent. For each ¢, define the o-field

Fi=0(&x(t),W(s),N(z,s):z€ Z,0<s<t) U {all P-null sets in F}.

Then it is clear that (F;) satisfies the usual conditions, and both W (t) and N(z,t) are

Fi-adapted processes.

XiiThe coarest topology that is finer than each 7. See, e.g., [27, Sec. 5.2
*MNote that all the natural inclusion Q; < Q1, ¢ = 2, 3,4, are continuous.
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Denoting by J the J-topology in the space D([0,T7];S), we define
Q= Q* x D([0,T]; S),

(1.27)
T=rxJ.

We are in the position to introduce the concept of solutions of equation (1.4). The follow-

ing contents regarding the concepts of solutions are adapted from [31, Ch. 6].

Definition 21 (Strong solution). The H x S-valued process (u(t),(t)),t € [0,T], defined on
(Q, F,P), is called a strong solution of the stochastic Navier-Stokes equation with Markov
switching (1.4) with initial condition (u(0),t(0)) = (&, r) if it satisfies
(i) (u(t),x(t)) is Fi-adapted with sample path in (QF, 7).
(ii) For all p €V, fOT(uAu(s) + Bi(u(s)), p)vds < oo P-almost surely.
(iii) E [y llo(s,u(s),¥(s)) [} ds < oo.
(iv) EfOT [, 1G(s,u(s),(s), 2)|*r1(dz)ds < oo.
(v) For each t € [0,T], the equation (1.26) is satisfied P-almost surely.
Definition 22 (Strong uniqueness). The stochastic Navier-Stokes equation with Markov
switching (1.4) with initial condition (u(0),tv(0)) = (&,7) has a unique strong solution if,

for any two strong solutions (uy(t),t1(t)) and (ug(t),t2(t)) on (Q, F,P), one has
Plw: (ui(w,t),t1(w, ) = (ug(w, t),t(w,t)) Vte[0,T]} = 1.

Similar to the study of the Navier-Stokes equations (NSEs), the study of stochastic
Navier-Stokes equations (SNSEs) allows one the defines “weak solutions.” However, unlike
the study of NSEs, the “weak” here does not mean “less differentiable” but mean “finding

solutions in another probability space.”
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Definition 23 (Weak solution). Suppose that, on some probability space (0, F,P), there
exists an increasing family (G;) of sub o-field of F, an H x S-valued random vector (§,r)
with given distribution p, and Gy-adapted processes W (t), N(z,t), u(t), and v(t) such that
(i) (W(t),G:, P) is an H-valued Q-Wiener martingale.
(ii) N(z,t) is an square integrable martingale with respect to (Gy).
(1) W(t), N(z,t), and (§,r) are mutually independent.
(iv) For allp €V, P{w : f0T<uAu(w, s) + Bi(u(w, s)), p)vds < oo} =1.
(v) For allt and p €V,
¢
(0 )y + [ (wA(e) + i), s
=€ [ 186 pvds + ([ ot uls) 6D (. 5).
+ (/Ot/zG(s—,u(s—),t(s—),z)](ﬁ(w,dz,ds),p>v
P-almost surely.
Then the family (Q, F, (G:), P, &, r, {W (&)}, {N(z,t)},{u(®)}, {x(t)}) is called a weak solu-
tion of the stochastic Navier-Stokes equation (1.4).
Similar to the NSEs case, a strong solution of an SNSEs is also a weak solution.
Next, we define the “uniqueness” that is suitable for the weak solutions of SNSEs.

Definition 24 (Pathwise uniqueness). A weak solution of the stochastic Navier-Stokes

equation (1.4) is said to be pathwise unique if, for any two weak solutions give by

(Q,F, (G, P, & r' AW (&)}, {N(z,6)}, {u’(t) }, {t'(t)}), i = 1,2, the following holds:

L (1), (1) = (w(0). (1) v >0} =1.
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1.2.6. Auxiliary results

In this thesis, we will need some compactness of functions or measures for extract-
ing a suitable convergent (sub)sequence, and we collect them in this subsection for the ben-
efit of the reader. The first lemma can be viewed as a desired formulation of the Aubin-
Lions Lemma (see, e.g., [58, Sec. 3.4], [59, Sec. 2.1, Ch. III]) in the context of stochastic
differential equations. The statement of which is adapted from [41, Lem. 3, Ch. VIJ.
Lemma 1.2.19. Consider the continuous dense embeddings V — H — V' with V. — H
and H — V' being compact. Suppose that a set B in L9(0,T; H) N D([0,T]; V') is rela-
tively compact in D([0, T]; V") and bounded in L1(0,T;V). Then B is relatively compact in
L0, T;H).

Next we introduce a lemma due to Aldous that gives a criterion for the tightness
(compactness) of a sequence of probability measures. For the details, we refer the reader
to, e.g., [1, 9, 31, 41, 63].

Lemma 1.2.20 (Aldous’ criterion). Let {X,,}2, be a sequence of processes with paths in

the space D([0,T);V"). Suppose that for each rationals t € [0,T], we have
lim lim supP(HXn(t)HV/ > N) ~0. (1.28)
N—o0 n

Then { X, }5° is tight in D([0, T]; V') if the following condition is satisfied:
For every sequence (T, 6,) where each T, is a stopping time such that T, + 6, < T,

and 0, > 0, 6, — 0, we have || X, (T, + 0,) — Xu(T0))|lv: — 0 in probability as n — oo.
Proof. The interested reader may consult [31, Thm. 10.4.1], [63, p. 354, Th. 6.§] O

The next lemma characterizes a property of cadlag functions (see, e.g., [9, Lem.
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1, Ch. 3]): there can be at most finitely many points at which the jump exceeds a given
positive number .
Lemma 1.2.21. Let K be a separable Hilbert space. For each x € D(]|0,T]; K) and each

positive €, there exists points to, t1,...,t, such that

O=to<ti<---<t, =T

and

supJlals) — #(t) e < 6,
S,tE[tz‘,tprl)
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Chapter 2. A Priori Estimates

In the chapter, we establish a priori estimates to the approximation of (1.4). Re-
calling the definitions of {¢;}°,, H,, and II,, from Section 1.2.5, we define W,, := II,,W,
N, :=1I,N, o, :=11,0, and G,, :=1I,,G.

Define u,, as the solution to following equation: for each v € H,,,

d(u,(t),v) =[( — vAu,(t) — B(u,(t)), v)]dt + (£(t), v)ydt
+ (0 (t, wa (), (1)) AW (1), V) (2.1)
/ G, ( t—),t(t=), 2) Ny, (dz, dt),v)

with u,,(0) = IT,u(0), where Ny, = I, Ny and Ny(dz,ds) = Ny(dz, ds) — vy (dz)ds.
Proposition 2.0.1 (A priori estimates). Let T > 0 be fired. Suppose that E|u(0)]* < oo

and £ € L?(0,T;V"). Then, under Hypotheses H, we have
t T
Bl +VE [ ua(s)]ds < CEOPE [ 186) s Kom 7). (22)
0 0
for any t € [0,T] and

T T
Eamme+m/n%@wwsammwﬂ/|mwmmMij» (2.3)
0 0

0<t<T

Suppose further that Elu(0)]> < oo and f € L*(0,T;V"). Then, under Hypotheses H,

we have

T T
E sup |u,(t)f + 21/E7/ [, ()| (5) [[*ds < C(EIU(O)I37E/ 1£(s)[I¥-ds, v, K,m,T)
0 0

0<t<T

(2.4)
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Proof. Let N > 0. Define
¢
= inf{t € 0,7 :|un(t)P +/ lun(s)[Pds > N
0
¢
or |u,(t—)|? +/ |w,(s)|*ds > N}.
0

It follows from the Itd formula that

A = PO +2 [ (A (s) = Bulu () + 5] s)vs
+AMWW%@u4$q$m@%+zlmmm4@n4a%@»mmmm@»
+AmwéQ%@ﬁ+a$ﬁW$ﬂxW%@Pﬂ%@ﬂ@Nﬂwd@
+A”fé@%@+GAMM@»@¢W—mAﬂZ

— 2(u,(s), G5, 1, (s), ¥(s), z))H>V1(dz)ds.
(2.5)

Note that u,, € H,, C D(A), therefore, it follows from the property of A that!

(Auy(s), un(s))y = (Aun(s), un(s)) ;= llwa(s)[l%,

which implies that

tATN tATN
2/ —v{(Au,(s),u,(s))yds = —2V/ Hun(s)Hst.
0 0

By the definition of By, (Bg(u,(s)), u,(s))y = 0. For the external force term f, one de-
duces from the basic Young inequality that

5 /O "6 (s), un ())vds

tATN

tATN 1 t ) )
<2 [ O llds < 5 (IR [ ) Pds

iTheorem 1.2.10 and references therein.
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A simplification of the last term in (2.5) gives

/OtATN /Z <|11n(8) + Go(s,u,(5),t(s), 2)|* — [un(s)?

—2(un(s), G (s, un(s), t(s)>z))H>V1(dZ)ds
/t/\TN/ |G S, un ( )72)|2V1(dz)d5,

Now, taking expectation on the both side of (2.5), using Hypotheses H1 and H3, and

then putting everything together, we obtain

tATN
]E|un(t/\TN)|2+VE/ |u,(s)||*ds
0

t

1 T
< EJu(0)* + ;E/O I£(s) 3 ds + QKE/U lu,.(s A7) °ds + 2KT(1 + m?). (2.6)

Denoting Cr := E|u(0)*> + iE fOT I£(s)||3+ds + 2KT(1 + m?), we utilize the Gronwall’s

inequality to obtain
E|un(t A 7']\[)’2 S CTQQKT. (27)
A combination of (2.6) and (2.7) yield
tATN
Elun(t A )| + VE/ [ (s)|2ds < Cp(1 + 2KTeT). (2.8)
0
In particular,

tIATN 1
]E/ [w,(s)|’ds < —Cr(1 + 2KTe*T). (2.9)
0 l/
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An application of Davis inequality yields

2E  sup /0 (unp(s),0(s,u,(s),t(s))dW(s))

gw%wammwm%mwww@

TNATN
gm@Esw\MW+NME/ (s, wa(s), v(s))|I2, s
0

0<t<TATy

and

s [ (0l Gl (7). 2) , oz )

O<t<T/\TN

TATN
< 2V106E  sup \un(t)\z—i-Q\/l_OCeQE/ /]G(s,un(s),t(s),z)]QV(dz)ds
0 z

0<t<TATN

Therefore, It6 formula implies

TATN
B s fn(OP 0B [ fu(o)|ds
0

0<t<TATN

1 T
< E|u(0)|* + ;E/o 1£(s)||3ds + 2(\/561 + \/EEQ)E sup |, ()

0<t<TATN

+mﬂ@+w/TWmmm<»mw
+ (2100, +1) / TN/\G (5,1 (s), €(5), ) (d2)ds

Take ¢; = Then C,, = 2v/2 and Ce, = 24/10. One obtains from above

1 _ 1
el and €y = VAT
and (2.9) that

1 TATN
ﬂswlww+ﬂ/ lua(s)]2ds
0

0<t<TATN
1 T TATN
§E|u(0)|2+;E/ ||f(s)|]%,,ds+50KE/ (14 [un(s)[2 + m2)ds
0 0

1 T
< Eu(0)]* + ;E/ |£(s)||Zds + &CT(l + 2KTe* ) + 50KT(1 +m?)

0
= Cy(T). (2.10)
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Now consider the event {ry < T'}. By the definition of 7y, we have

(v < 7y = {Jua0F + [ fuals)17ds > N} O {funo+ [ ua(o)ds > v}

for some t € (0,71, therefore,

Plry < T} < P{lu,(t) + /Ot lua(s)lPds > N} + P{Jua(t-)* + /Ot Jua(s)|2ds > N},

which together with the Markov inequality imply

E(Jun(8)? + fy lhwa(s)]2ds) X E(Jun (=) + fy [u(s)]ds)

P{TN < T} S N N

Using (2.10) in above, we obtain

2 TNATN 2
Pliv<Th<~(E s [u(0)f +]E/ Jun(s)|Pds ) = - Ca(T).
0

0<t<TATy N
Note that Cy(T") is a constant independent of N, therefore, P{ry < T} — 0 as N — o0,
which implies that 74+ — oo almost surely as N — oo. This together with the fact that

Ty is increasing in N further imply that T' A 7v — T almost surely as N — oco. Letting

N — o0 in (2.10) and (2.8), we obtain (2.3) and (2.2).
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Define

= int{t € 0.7) a0 + [ (o)) s > N
or =)+ [ (o)) s > N
Denote
M) =2 [ (5. o150 (5) (D 5,
A0 =2 [ (oA (s) = Bulun )+ Es)ua s + [ oo (6) K9 s
] () + G515 20 )
— 2(n(s), G (s, un(s), v(s), z))H) vi(dz)ds,

9(2,8) = [n(t=) + Glt—, wa(t=), e(t=), 2) = [uat=)1%,

temporarily. Then the process |u,(t)|* defined in (2.5) is a real-valued process and can be

expressed in the following formulation
t+ ~
lw,(H)]* = [u(0)]* + M(t) + A(t) + / / g(z,8)Nin(dz, ds).
0o Jz

Let F(z) = z2. Then F'(z) = 3z and F'(z) = %\/%E Utilizing the It6 formula in Tkeda

and Watanabe [30, Thm. 5.1, Ch. 1I] to |u,(¢)[?> with F(z) = z2, we have
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1 [t3 1 2
+§/O 4 TROL A" (s, un(s), v(s))un(s)l|7,,ds
[ ] { (s s + Gl (5550 ) = s (s) )

A simplification of the second term on the right of above gives

/\un (0 (), 05, w0, (5), €)W, (5));
a simplification of the third term gives
/ [, (5) | (—v Aty (5) — Be(wy(s)) + £(s), wn(s))vds
/ [, ()]0 (5 1, €5
//|un MGl als), 1(s), 2) 2o (d2)ds

20



a simplification of the forth term gives

3 710 (s, 0a(s), (D),
§A . (s)] s

a simplification of the fifth term gives

/OtJr/Z ((’un(5_>| + |Gn<5_,un(S—),t(S—>72)’)3 _ |un(3_)|3)N1n(dz,ds);

a simplification of the sixth (last) term gives

Hence, we conclude
. (0 = lu(O)f*
43 / (5[ (=2 At (s) — Be(tn(s)) + £(s), wn(s), Jyds
+3/Wml (0 (5), (5, e (5), ¥(5)) Wi ()
/ oo, (5, I s / |0 (5, W (s g (:) (s)II%QdS
ﬁAéI%wﬁ+%@mﬁﬂM%@Wﬂ%w%)MMwM
# [ (10066) + Gl 9,160 207 = a0

— 3lu,(s)|(un(s), Ga(s, un(s), t(s), z))H> v(dz)ds.

(2.11)
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Taking integration up to ¢ A 75 and then expectation in (2.11), we have

Bl (¢ 75 + 308 [ " ) haa(s)lds (2.12)
< Bu(O)f +38 | " (M) (5 s

+38 | Y (9l (5,13, 2, ds

28 [ [ (10209 + Gt w9 90, )

— 3lu,(s)| (un(s), Ga(s, un(s), t(s), z))H> v(dz)ds.

An application of triangle inequality and Hypothesis H3 yields

]E/OMT]/V/Z(|un(s)+Gn(s,un(s),t(s),z)|3— , (5)° (2.13)
= 31, (3)] (W (5), G5, a(5), ¥(5), 2)) , ) (d)ds
<e [ (IG5, (5) w(s). 2o )i
+E [ [ (1G5, (). (5) 2) (=) s
+E [ [ 1Ga(sso)x(5)2) Pr(dzis
< 10KE /O N an(s)ds + 6K (1 + m)E /0 ()P

tATY
—|—3K(1+m2)E/ lu,(s)|ds + KT(1 4+ m?).
0

It follows from the basic Young inequality and the property |- | < || - || that

3II(8) v un ()]l wn(s)]] (2.14)
< %IIf(S)H?’w + 20(Jun () [[un(s)])? < %Ilf(S)Hg’v' + 20|, (s)[[un (s)]]*.
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Using Hypothesis H1, (2.13), and (2.14) in (2.12), one has
tATN
E\un(t/\T]’V)P—l—uE/ [, (s)]||u.(s)|*ds (2.15)
0
. 1 tATN . tATN )
< EJu(0)]” + EE/ 1£(s)]y-ds + 6K (1 + m)]E/ lu,(s)|“ds
0 0
tATY tATN
+ 4K (1 + mg)E/ lu,(s)|ds + KT(1+m?) + 11kIE/ lu,(s)*ds.
0 0
Notice that

tAT& t
/ ua(s)ds < / [ (5)]ds
0 0

since t A 7jy < t. Thus, by the Schwarz inequality, the Jesen inequality (for concave func-

tions), the property that |- | < || - ||, and (2.2), we have
tATY t
E/ lu,(s)|ds < E/ lu,(s)|ds (2.16)
0 0
t % t %
gE(/ u, ()%ds) VT < ﬁ(E/ () s
0 0
we also have
tAT t
IE/ [, (s)[*ds < IE/ |, (s)||?ds < C. (2.17)
0 0

Making use of the above two estimates in (2.15), we then use the Gronwall inequality to

obtain
T
Elu,(t A )l < C(EIU(O)\?’,E/ 1£(s) 117 ds, v, K,m, T). (2.18)
0
Utilizing above bound on the last term on the right of (2.15), we conclude
t/\TN
Blun(tA TP+ 7B [ (o) (o) s
0

T
< C(E(0)],E / 1€(s) [3ds, v, K, m, T).
0
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It follows from the It0 formula that

w,(t)° = [u(0)]* + 3/; un (8)[(—vAuL(s) — Bi(un(s)) + £(s), un(s), )vds
+ 3/{: [ (5)[(un(s), on (s, un(s), t(s))dWa(s))
#3 [ (o)l ma). () 5
+/t/ (Iun(s=) + Gals, wa(s=), ¥(s), 2) = [ (=) ") N (dz, ds)
[ 0050, 0

Taking supremum over 7' A 75 and then expectation on (2.19), we have

TATy
E sup Iun(t)|3+3vE/ [, (s)|[|un(s)[|*ds
0

0<t<TATY

< Bl 438 [ ()., s) vl

sup 3/ lw, (8)][(u,(s), o(s,u,(s), t(s))dWs(s))

0<t<T/\‘rN

+3E / ™ Ja(5)lu(s, wals) e s

+E/TM}V/ |un s—) + Gp(s,u,(s—),t(s), 2)|* — |un(s—)|3>N1(dz,ds)

T/\’TN
—|—3E/ /|un un (s,u,(s),t(s), 2 ))H v(dz)ds.
By the Davis inequality, we have

sup /lun (W), 0 (5, (), 0(5)) AW (5))

O<t<T/\TN
1

< 3vaE{ ( / ||a<s,un<s>,t<s>><|un<s>|un<s>>||%g)5}
<svaE{ s uoP( [ " o uato), e ga5)

0<t<TATly

o4

(2.19)

(2.20)



invoking the basic Young inequality and Hypothesis H1 and continuing,

<3VIE{Ze s Jui(t) + 30 /OWV”"(S’“”“)’t(@)“%@*)g}

0<t<TATY 3

T/\T]/v

lor(s, wa(s), v(s)) 7, s}

TAT,

<2V2eE  sup  |u,(s)P + ﬂﬁKC’GE/ : lu,(s)[*ds
0

0<t<TATY

2 1
< 3\/§]E{§e sup  |u,(t)> + g(]eﬁ/
0

0<t<TATly

+V2KT2(1+m?)C.. (2.21)

An application of triangle inequality and expanding the cubic power yields

TATYy
+E/ / |G (5, u,(5),t(s), 2) P Ni(dz, ds);
0 z

invoking Hypothesis H3 and continuing,

TAT)
< 3]E/ / 1, (5) |G (5, 1 (5), (), 2)|(d2)ds
0 Z
TATY
+ 3E/ / [0, (3)]|G (5, un(5), t(s), 2)|*v(dz)ds
0 Z
TATYy
SB[ [ (Gl (o) vls). 2P ud)s
0 Z
TATYy TATYy
< 7KIE/ |un(s)|3ds+3K(1+m)E/ lu,(s)|*ds
0 0
T/\T]/v
+3K(1+m)E / wn(s)|ds + K (1 +m®)T. (2.22)
0

Employing (2.21) and (2.22) in (2.20) and then using Hypotheses H1 and H3 and
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the basic Young inequality, we have

TATY
E sup |un(t)|3+VE/ [, ()] [, (s)]]*ds
0

0<t<TAT)

5 1 T/\T]/V 3
S A O

TAT,

+2V2E  sup  |un(s)]P + \/éﬁKC'E]E/ " [, (s)Pds + V2K T? (1 + m?)C.
0

0<t<TATl

TATN

TAT) )
+3K(1+m2)E/ \un(s)]ds—i—?)KE/ lu,(s)]*ds
0 0
TATY TATY
+7KIE/ |un(s)|3ds—|—3K(1+m)E/ , (5)[2ds
0 0
TATY
—|—3K(1—|—m2)E/ lu,(s)|ds + K (1 +m*)T
0

T/\T]/V T/\T]/V
+3K(1 —i—m)E/ (5)2ds + SKE/ ,(s) s
0 0
Choose € = ﬁi‘ Then C, = 4v/2. The inequality above can be simplified as

1 5 TATY )
3B s (0P 0B [ un(o)l (o) Pds
0

2 0<t<TATY

TAT) TAT)
< (13+8\/T)KE/ (5 Pds + 6(1 +m)KIE/ , (5)[2ds
0 0

/
TATy

+6(1+ m2)m€,/ [wa(s)lds + (8VT + 1)(1 + m*) KT.

Using (2.16), (2.17), and (2.18) in above, we conclude, upon a simplification, that

TATy
E sup |Un(t)|3+2VE/ ()] [, (s)]*ds
0

0<t<TAT)

T
< C(E[u(0)P,E / 1€(5) 3 ds, v, K, m, T),

0

which leads T'A 7y = T as N — oo. Therefore, (2.4) is proved.
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Chapter 3. Stochastic Navier-Stokes Equations with Markov
Switching

This chapter is devoted to the study stochastic Navier-Stokes equations with
Markov switching (1.4). We first establish the existence of a weak solution (in the sense
of stochastic analysis) by studying the martingale problem posed by it. Then we show
that the weak solutions are pathwise unique so that by a well-known result of Yamada
and Watanabe [62], the existence of a unique strong solution (in the sense of stochastic
analysis) is obtained.

Having the solution to equation (1.4), we turn our attention to study certain prop-
erties of the solution. We establish the existence and uniqueness of the stationary measure
of the system (1.4), and obtain exit time estimates as well. These estimates will be com-
pared to the corresponding ones obtained for the non-switching case. The relation between
the latter and the Freidlin-Wentzell type large deviations are also discussed
3.1. Martingale Problem

Suppose that w! = (u,t) is a solution to equation (1.4). Then it is not hard to see

from the Ito6 formula that
M (t) := F(t,u(t),x(t)) — F(0,u(0),t(0)) — /0 LF(s,u(s),(s))ds (3.1)

is a p-martingale, where p := P o w! ™" is the distribution of w', and L is the operator
introduced in Section 1.2.5.
Recalling (1.27), we have defined Qf := Q* x D([0,T];S). Now let w = (u,i) be a

generic element in QF. Substituting (u,t) by (u,4) in (3.1), we obtain a canonical expres-
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sion:

Me(t) = F(t,u(t), i(t)) — F(0,u(0),i(0)) — /O LF(s,u(s),i(s))ds. (3.2)

The aim of this section is to identify a measure p on the path space Q under which M (-)
in (3.2) is a martingale, and this is called the martingale problem posed by the stochastic
Navier-Stokes equation with Markov switching (1.4).

Recalling the definition of path space (7, 77) from (1.27), we let B denote the

Borel o-field of the topology 71. Define
Fii=ow(s):0<s<t, we Q).

Recall that L is the operator introduced in Section 1.2.5. We are in the position to intro-

duce the definition of a solution to a martingale problem.

Definition 25. A probability measure p on (QF, B) is called a solution of the martingale
problem with the initial distribution g and operator L if the following hold:
(i) The time marginal of pn at t =0 is o, i-e., fil=o = fio
(ii) The canonical expression M (t) defined in (3.2) is an Fi-martingale.
Let X;(w) = w(t) for all w € QF be the canonical process on Q. Therefore, in terms

of the canonical process, the definition becomes:

Definition 26. A process X = {X;} with path in (QF,71) defined on a probability space
(Q, F,P) is called a solution to the martingale problem for the initial distribution po and
operator L if the following hold:

(i) The distribution of Xq is .
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(ii) For any F € D(L), the process (3.2) is a F;* -martingale.
The study of martingale problem was introduced by Stroock and Varadhan. More-
over, it is shown that the existence of such a measure is equivalent to the existence of a
weak solution to a stochastic differential equation.
Theorem 3.1.1. Assume that E|lu(0)|* < oo and f € L*(0,T;V"). Then, under Hypotheses
H, there exists a unique strong solution to (1.4).
3.1.1. The proof of existence
As mentioned in the beginning of Section 3.1, the existence of the solution is estab-
lished by studying its martingale problem. There are several equivalent formulations of
a solution to a martingale problem (see, e.g., [55]), and we introduce one of them in the
following lemma. The interested reader is referred to [31, Prop. 7.1.2] for more details.
Lemma 3.1.2. The following statements are equivalent:
(i) X is a solution to the martingale problem for the operator L.

(ii) For all f € D(L), 0<t; <ty <--+<tyi1, h1,ha, - h, € Cy, and n > 1, we have

E{ (f(Xip) = F(X0,) / £1(X.)ds)

hj(th)} =0

1

J

Let ¢(t,1) be a real-valued bounded smooth function with compact support (in
each variables). For p € D(A) C V, 0 < s < t, and each generic element w = (u,i) € QF,

define
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= ((ut), v i(0) — Ol(u(s).phv.i(5)) = [ D vyl {ur) phvs )
= [ (# ) o) - (~vAu(r) = Bulu(r) + £0). v )

(3.3)

— &' ((u(r), p)v,i(r)) - (G(r,u(r),i(r), 2),p>v) v(dz)dr,
According to Lemma 3.1.2, to show M?(t) is a solution to the martingale problem,

it suffices to find a Radon measure p such that

m

EM<H¢j(sj)(M¢(t) - M¢(s))> =0, Vs <8 < e < Sm <1,

j=1
where 1; € C3(€2) and F,-measurable.

Define the truncation of M?(t) as follows:
M;7(t) — My (s)

= GUult) b i0) = o((uls), v i) = [ 3 -0l alr) )

= [ (# )it - (~vAutr) = Bi(u(r)) + £0). )y )i

- %/S QS,,((U(T)’p)Vai(T)) ) (pv Jn(T,U(T),i(T))QJZ(T,U(T),i(T))p)HdT

— [ ] (9) + Galru(r),i(1).2), v () = S((ulr). i)
= & (), )y i() - (Gl ulr) i(r), 2), b (=),

60



where A,, = II,A, B} = I1,By, 0, = 1,0, G, = II,,G, and w = (u,4) € QF is a generic
element.

Let (u,,t) be the solution to equation (2.1) and denote by p,, the (joint) distribu-
tion of (u,,t). Then it follows from the (finite dimensional) It6 formula that M¢(t) is a

un-martingale, therefore, for all n,
B [ i(s) MO(t) =0, Vs < 51 < -+ < sy < 1,
j=i
for ¢; € Cp(Q2) and Fy-measurable. Hence,

HILIEOIE“” ﬁ@bj(sj)Mf(t) =0,Vs<s < <8, <t
j=i
for ¢; € Cp(2) and Fs-measurable.
If we can show that
M1. there exists a probability measure p such that u, “converges” to u,
M2. lim,, o M2(t) = M?(t) p-almost surely, and
M3. lim,, o, Ef" M?(t) = EFM(t),
then we conclude that M?(t) is a y-martingale.

Now we prove M1. Recall that u, is the solution to (2.1) for each n.

Lemma 3.1.3. The sequence {u,} forms a relative compact set in D([0,T]; V).

Proof. 1t is clear that {u,} is a subset of D([0, T]; V).
Let N > 0. By the Markov inequality, the property that || - ||y» < | -], and (2.2), we

have
1 2 1 2
P(llaa(®)llv: > N) < Eua ) < B @) < .
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Therefore,
lim lim sup73<||un(t)||vx > N) —0.
N—o0 n

Let (T,,0,) be a sequence, where T,, is a stopping time with 7;, + 6, < T and 6,, > 0

with 9, — 0. For each € > 0, the Chebyshev’s inequality implies

Pllan (T + 6n) — wn(T0) v > €)

1 1
< SEu(To + 60) = w(Ta)l[vr < FEun(T+ 0) — wn(T0)

It follows from the It6 formula and the Gronwall inequality that

1
Elu, (T, 4 0,) — u,(T,)|* < <;E/O I1£(3) (|2 ds + 2K5n>62K5" 0

as n — oo. Therefore, ||u, (7, + 9,) — u,(T3,)|lv» — 0 in probability as n — co. By Aldous’
criterion, we conclude that {u,} is tight in D([0,T]; V).

Hence, {u,} is relatively compact in D([0,T]; V). O

We have a even stronger convergence which is proved in the following proposition.

Proposition 3.1.4. The sequence {u,} forms a relative compact set in L*(0,T; H).

Proof. Tt follows from (2.3) that {u,} is bounded in L?*(0,T;V); also, we have

T T
IE/ lu,, (t)]%dt < IE/ |w, (t)]|2dt < C,
0 0

which implies that {u,} C L*(0,T; H) N D([0, T}; V).
In addition, by Lemma 3.1.3, {u,} is relatively compact in D([0, T]; V).

Hence, the proposition follows from Lemma 1.2.19. O]
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Recalling Definition 20 and u,, being the solution to (2.1), we deduce from a priori
estimates and Banach-Alaoglu theorem that {u,} is relatively compact in (9, 75) and
(Q3,73). In addition, Lammata 3.1.3 and 3.1.4 imply that {u,} is compact in (2, 7;) and
(Q4, 74), respectively. Therefore, by Prohorov’s theorem, the induced distribution {u}}! is
tight on each space (€2, 7;) for j = 1,2, 3,4. Hence, by (ii) in Definition 20, {x} is tight
on (Q*, 7).

Let p, be the joint distribution of (u,,t). Then {u,} is tight on the space (QF, 77),
hence, there exist a subsequence {(,, }s and a measure p such that u,, = p.

Next, we consider M2. Recall from Section1.2.5 that H, = span{e;}}_, and II, is a
projection operator from H onto H,. Denote by {n,}?°, the indices such that u,, = pu.

Lemma 3.1.5. For each p € D(A), IL,,p = p in V, as { — oo.

2

one sees || f;|| = He)\])' = /\—J = 1. This implies that {f;} is a

Proof. Defining f; = %,
complete orthonormal basis in V. Thus,

Ny

Z P, fj ija Hnep = pne - Z(pv fj)ij'
7j=1 Jj=1
As a consequence, [|p — I, pll =327\ (p, fi)vfi — 0, as £ — oc. O

Lemma 3.1.6. For each p € D(A), we have

lim / & ((u(r), phv i(r)) (—v A u(r), phydr = / & ((u(r), )y () (—vAu(r), p)vdr,

{—00 s

Proof. A direct computation gives, for almost all r € [¢, 5],

<_VAWU(T)7 :0>V = —V<Au<7“), p’ﬂe> — —V(AU(T), p>

_ -1
=Pou,
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as { — oo, by Lemma 3.1.5. In addition,

[(=vAnu(r), p)v| = | = v(Au(r), pn,)| < vllpllvllu(r)]-

Notice that u € Q*, therefore, u € L*(0,T;V) C L(0,T;V). Hence, the lemma follows from

the Lebesgue Dominated Convergence Theorem. [

Lemma 3.1.7. For each p € D(A), we have

lim/ ¢'(<U(7“),P)v,i(T))<BZ‘(U(T))7p>vd?"=/ ¢ ((u(r), phv, i(r))(Bi(u(r)), p)vdr

{—00

Proof. A similar argument as in Lemma 3.1.6 shows that

By (u(r), p)v = (B (u(r)), p)v

as ¢ — oo for almost all r € [s,t]. In addition

[(Bi (u(r)), phv] = [(Br(u(r), pu)v| < ulr)llu(r)]lon|

by (1.25). Since u € Q*, v € L*(0,T;V). Thus,

/

&' ((ulr), p)v, 1) (Bi(u(r), phv] < 1|9 |l l[u(r)]?,
which is an L!-function. Therefore, the lemma follows from the Lebesgue Dominated Con-

vergence Theorem. O

Lemma 3.1.8. For each p € D(A), we have

lim / 6" ((u(r), pvi(r)) (s o, (r ulr), i(r)) Qo (r, u(r), i(r)) p) ydr

=/ ¢ ((u(r), p)v,i(r) (p, o (r,u(r),i(r))Qo™ (r, u(r), i(r))p) ,dr,
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Proof. For the notation simplicity, we write o(r) = o(r,u(r),i(r)) when there is no ambi-

guity. A direct computation shows that
(090, (1) Q0 (1)p) yp = (P 0 (1) Q0 (1))
= (0w, (1)Q0™ ("), p) yy = (0(r)QE™ () Py Py gy

therefore,

(P 0, (1) Qa, (1)) y = (s (M)QT™(1)p) yy = (P> (1)Q0* (P)pn,) iy — (s 0 (1) Q™ (1))
which implies
(0,00, (1)Q0,(1)p) = (0, 0(1)Q0™ (r)p) /]
< | (pngs 0 (r)Qa™ (1) pr, — o (r)Qa™ (1)) | + [ (pny — p, 7 (r)Q5™(r)p) ;]
< pn,llo(r)Qa™(r)|lon, — pl + |pn, — pllo(r)Qa™(r)|[p]
= 2[pllpn, — plllo(r)llg < 20loll - lpn, = oIl - lo(r)llq
Thus, by Lemma 3.1.5,
(P00, (1)Q0, (1)p) = (0,0 (1)Q0™*(r)p)
as ¢ — oo for all r € [s,t]. In addition,
16" ((u(r), p)v,i(r)) (p, o, (r, u(r), i (1)) Qo (r, u(r),i(r))p) |
<6 ool pmllo ()l < 16 llso - lloll - llo(r,w(r), i(r)) |l 1q-

Consider

1

/ lor.u(r). i(r))qdr < VT / lo(r.ur), i) gdr)
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Recall that u € Q*, therefore, u € L*(0,T; H); Hypothesis H1 implies

/Haru o dr</ K+ [u(r)]? + 2)dr < C

for a constant C'. Therefore, we conclude that the function

"

6" (Culr), p)v,i(r)) (p, o, (r,u(r), i(r))Qoy, (r, ulr),i(r))p) |

is bounded by an L'-function, hence, the lemma follows from the Lebesgue Dominated

Convergence Theorem.

Lemma 3.1.9. For each p € D(A), we have

lim / [ (60000) + o). 0). 21, b)) = L) )
= (), P i) - (G (), ) 2) ) ()i
= [ [ (6t) + Glrutr).i60), 2. i) = oulr), phv. i)

/

= ' ((ulr), phv. i(1)) - (G(r,u(r), i(r), 2), phv |v(dz)dr,
Proof. Tt follows from Lemma 3.1.5 that
(G (r,u(r), i(r), 2), )y = (G(r,ulr), i(r), 2), puv = (Glr,ulr), i(r), 2), phv
as ¢ — oo for all r € [s,t]. Therefore, the convergence of the integrand is shown.
For a fixed ¢, writing a = (u(r), p)v and b = (u(r) + Gy, (r,u(r),i(r), z), p)v, we
deduce from the Mean Value Theorem that
(b((u(r) + Gng(ru u(T), i(’f’), Z)? p>V7 Z) - ¢(<U(7’)7 IO>V7 Z(T)>

= ¢/<C, Z(r>><Gne (T u(r), i(?"), Z)? p>V7
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where ¢ € (a,b). Therefore,

[0((u(r) + G, (r, ulr), i(r), 2), pv,i(r)) = ¢((ulr), p)v,i(r))]

<16 ool pne |G (r, u(r) i(r), 2)],

which implies

(S((ulr) + G (ru(r),i(r), ), P} i) = S((ulr), phvi(r))
= ' ((u(r), v (1)) - (G, (1 (), (). 2). ) )
< 10((u(r) + Gy (1 u(r), i(r), 2), ) i(r)) = S((u(r), p)vi(r)
16 ((ulr). phv. (1) - (G, (1 u(r), (1), 2). p)v |

< 2|6 |l |G (r, u(r), i(r), 2)].

By Hypothesis H3, [, |G(r,u(r),i(r), z)|v(dz) is an L'-function. Thus, this lemma follows

from the Lebesgue Dominated Convergence Theorem. O]

In light of Lemmata 3.1.5 to 3.1.9, M2 has been proved. Moreover, as shown in the

proofs of Lemmata 3.1.5 to 3.1.9, the expectation and limit is exchangeable, i.e.,

lim EM?(t) = E lim M?(t).

n—o0 n—oo

Lastly, we consider M3. Clearly, if the assumption of Lemma 1.2.2 is fulfilled, then
M3 is obtained. So far, we have a sequence of measures {1, }, and there exists a measure
i such that p,,, = p as £ — oo. Therefore, it remains to prove that
(i) M?(t) is continuous on (92, 77), and
(ii) for some § > 0, sup,, E#*~ <|M¢(t)|1+5> < C, where C is a constant.
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We begin the proof of continuity of M?(t) with the following auxiliary lemma.
Lemma 3.1.10. Let {u,} and u be members of (2*, 1) with u,, — v asn — oo in 7-

topology. For almost all t € [0,T], k =0,1,2, and each i € S, we have

L (8). P ) = e o((ult). ),

as n — 0.

Proof. Define C(u) := {t € [0,T]; P(u(t) = u(t—)) = 1}. Then it follows from Lemma
1.2.21 that the complement of C'(u) is at most countable (see, e.g., [9, Lem. 1]). Therefore,
for almost all ¢ € [0,7], one has u,(t) — u(t), as n — oo. This further implies that
(un(t), pyv — (u(t), p)v , as n — oo for any p € D(A). Therefore, the lemma follows from

the smoothness of ¢. O]
Lemma 3.1.11. M?(t) is continuous in the (71)-topology.

Proof. Tt suffices to prove that M?(t) is continuous in the T-topology since there is no
convergence issue in t.

Let {u,} and u be members of (2*,7) with u, — u as n — oo in 7-topology. Let
M?(u,(t)) be the function where wu, is in place of u in (3.3). Given u, — u. We need to
show that lim,, ., M?(u,(t)) = M?(u(t)), and we prove it by taking the term-by-term
limit.

The first three terms follows from Lemma 3.1.10 and the Bounded Convergence

Theorem.
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For the A term, it is not hard to see that

(Aun(r), p)v = (un(r), Ap)v — (u(r), Ap)v

as n — oo for almost all r € [s,¢] by Lemma 3.1.10. Consider

[{Aun(r), p)vI* < [lun ()1l ]V,

and

T T T %
| et = ol [ o) < oy VT [ unoliar)” < 0

for all n and a constant C' since u,, — u in 7-topology and thus in 75. This implies that

T
sup/ [(Au, (1), p)v[*dr < co.
0

Thus, by Lemma 1.2.1, {{Awu,(r), p)y} is uniformly integrable, and thus by Theorem 1.2.3,

we have

t

lim <—uAun(7’),p>V:/<—VAU(7’),,0>V.

n—oo s

For the B term, using the definition of B, we have

|(Br(un(r)), p)v — (Br(u(r)), p)v|

< bk un(r), un(r) — u(r), p)| + [b(k * (un(r) = u(r)), u(r), p)l;
which together with (1.24) further imply

(B (un(r)), p)v — (Br(u(r)), p)v|

< 2| pll e () 12 () = w(r) |2 |t () = ()2
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Therefore, the Schwarz inequality implies

[ 1B v~ (Btutr). ol
<2l [ T )* ([ nte) = wtr)uar) = ufar)
<2l [ hunar) ([ bl ) = atdr [ o) = utryiar)

<2l [ lnoiPar)’
A ) ([ ) - wopar)’
+ (/OT ) 2dr ) é(/OT fun () - u(r)\zdrf}%.

Since u,, and u are members of Q*, the L*(0,T;V)-norms are finite. In addition, u, — u
in 7-topology implies that u, — w in 74 (the strong topology in L*(0,T; H)). Hence, we

conclude that

lim / |Bi(tn (1)) o)y — (Bi(u(r)). phyldr = 0,

n—0o0

which implies

t

lim [ (By(un(r)). p)vdr = / (Bu(u(r)), p)vdr.

n—oo s

For the term represents the continuous noise, consider

(0,0 (r,un (1), i(r)) Qo™ (r,un(r),i(r)p) ;y — (o (r,u(r), i(r))Qa" (r,u(r),i(r))p)
< p o alrun(r), i(r)Qo (run(r), i(r)p — o (r,u(r), i(r)) Qo™ (r, u(r), i(r))p
< |pl* o(r,un(r), i(r)Qo" (r,un(r), i(r)) — o (r,u(r), 1)) Q0" (r,u(r),i(r)) .

70



Recalling the definition of Lg-norm, we see that
o (r,un(r),i(r) Qo™ (r, un(r), i(r)) — o(r,u(r), i(r)) Qo™ (r, u(r), i(r))
= llo(r,un(r),i(r)) — o(r,u(r),i(r))| e

Therefore, by Hypothesis H2, we have

2

/0 (0, 0 (r,un (7). i(r)) Qo™ (r,un(r),i(r)p) ;y = (p o (r,u(r), i) Qo™ (r, ulr), i(r))p) , dr

T T
<l [l r),00) = )i < Ll [ () = ) P
which approaches to 0 as n — oo since u,, — w in 7 means that u,, — u in 74 (the strong

topology in L*(0,7; H)). Thus, we have

t

lim (p, (1, un(r),i(r) Qo™ (1, un(r), i(r))p) ,dr

= / (p, o (r,u(r), i(r)Qo* (r,u(r), z'(r))p)Hdr.

For the jump noise term, notice that G is continuous in all of its components, there-

fore, by Lemma 3.1.10

lim G(r,u,(r),i(r), z) = G(r,u(r),i(r), z)

n—oo

for almost all 7 € [s,#] and all fixed z. This implies that
O((un(r) + G(r,un(r), i(r), 2), p)v, i) — d((un(r), p)v,i(r))
= ¢ ((wa(r), p)v,i(r)) - (G un(r), i(r), 2), p)v

converges to
¢((u(r) + G(r,u(r),i(r), 2), phv,i(r)) — ¢(u(r), p)v, i(r))
— ¢ ({u(r), phv,i(r)) - (G(r,u(r), i(r), 2), p)v

71



almost surely in [s,t] x Z. Writing a,, = (u,(r), p)v and b, = (u,(r) + G(r, u,(r),i(r), 2))v,
one infers from the Mean Value Theorem that

O((un(r) + G(r,un(r), i(r), 2), p)v,i(r)) = ¢((un(r), p)v,i(r))

= ¢ (cuy i()(G(r, ua(r),i(r), 2), p)v,
where ¢, € (a,,b,). Therefore,

¢((un(r) + G(r,un(r), i(r), 2), phv, 1) = ¢((un(r), p)v,i(r))
=0 ({un(r), p)v,i(r)) - (G(r, un(r),i(r), 2), p)v

< O((un(r) + G(r,un(r), i(r), 2), p)v,i(r)) — ¢({un(r), p)v, i(r))
+ & ((un(r), phvi(r)) - {G(r,un(r),i(r), 2), p)v

= ¢ (ca)(G(run(r),i(r), 2), p)v
+ & ((un(r), pv, i(r)) - {G(r,un(r), i(r), 2), p)v

< 2] oo pl| G (ryn (), (), 2),
which implies

/O / O({tn(r) + Gr, wn(r), (1), 2), Py i(r)) — D({aun (), )y i(r))
8 (n(r), p)+ i) - (G, un(r), i(r), 2), phyr dr
< 4| / / G, un(r), i(r), 2)Pdr < 4K ||} / (1 + un () [2)dr

where the last inequality follows from Hypothesis H3. Since u,, — u in 7-topology, u,, — u

in 74, which implies that
T
sup/ lu, (1)|2dr < C
n Jo
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for a constant C'. Therefore, we have

s%p/o /Z¢(<un(r)+G(nun(r),i(rhZ),p>v,i(7“))—cb((un(r),mv,i(r))

- ¢/(<un(r)’p>V’i(T)) ’ <G(7", un(r),i(r), Z)7p>V er < Cv

which shows the validity of Lemma 1.2.1. Hence, we conclude

i [ (o) + Gl )02 s 4)) = DGl - i0)
= (Gun(r), o 80) - (Gl (), 80), =), ()
= [ [ (500000) + G 01,20, ) = 60 i)
= 6 (). phv.i(r) - (Glrulr), (1), 2), p)y )v(d2) .
which completes the proof. 0

The following lemma is the final piece of the required argument. It is the only place
where we require E[u(0)|> < 0 and f € L3(0,T;V").
Lemma 3.1.12. Suppose that Hypotheses H is fulfilled, Elu(0)|*> < oo, and £ € L3(0,T;V").

There exist some 6 > 0 such that
sup B/ [[ M) < C,
¢

where C' is an appropriate constant.

Proof. Recalling from (3.3) the definition of M?, we employ inequality (1.6) and the Mean
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Value Theorem (on G) to deduce
(MO < 5o ((u(t), pv, i(r))['° + 5o ((u(s))v, i(r))[F
50 [ |Aur) + Bulur) +Gs) phul
+55H¢"||oo/ [(p, o (ryu(r),i(r)) Qo™ (r,u(r), i(r))) | 0dr

+55/ 16| /Z<G(7’,u(r),i(r),z),p>vu(dz) o

since ¢ is bounded smooth function.

For the A term,

t t
[ st oo i <04 [ (ol laste) e < 0 [ uto s

S

where C; = v'0||Apl|y+. This implies that

E“"e/| (Au(r V|1+5dr<(J]E“"£/ luG)|5dr = E /||uw ()|,

hence,
w [ 146
supE Z/ (VAu(r),p)v = dr < Ca
4 s

if 6 < 1.

For the nonlinear term, (1.24) and Hélder inequality imply

B { / Buu(r). e 7} < B / ()l () )
< ol {Ee (sup o)} (el [ utoisany? )y,
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where % + é = 1. Choosing ¢ such that (1 + §)q = 2, we have

E“ne{ / t<Bk ”‘5} (3.5)

+ i
<upu“5{w sup ()5} 7 (e [ futolfar)
5 + 1+5
= ol {E s 057} 7 {E [ ol o)
0<t<T

Taking § = % we have 2(%) = 3. The first expectation on the right of (3.5) will have
a uniform bound by (2.4) if we further assume that E|u(0)> < oco. The boundedness of

Ef la,, (r)||%dr is followed from (2.2). Therefore, (3.5) implies that

t
supB{ [ (Bu(ulr)).phy Tdr} < C
if 9 <

1
=

For martingale terms, we have
[ ot ie)Qe () i))e)

2(1+46
< o5 [Nttt

< | gt (1—|—m +u(r) %) = dr

S

1+6

t
< AR T”“(<1+m2)T+/ fulr)fydr)

where the second inequality follows from Hypothesis H1 with p = 2, and the last inequal-

ity follows from the concavity of the power #2. Using Hypothesis H3 and inequality (1.6),

/: /Z<G(T’“(7’)7i(7“),Z);p)vu(dz) s

t
< 25|p|}j5K1+5<(1 +m)'HT +/ |u(r)|;,+5dr).

we have
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Therefore, taking expectation and then supremum over ¢ on martingale terms, the above

estimates imply

SapE" [ (pyo{r,ulr). ir)Q0 (rulr). ir)p) , ' < Co(T)

and

sgp ]E”f/ /Z(G(r,u(r),z'(r), 2), pyvv(dz) dr < Cg(T)

since, by (2.2),

t t
e [ O = [ 0]
St S t
<E [ un(n)Pdr =B [ utr) i <

if 6 < 1.

1

In conclusion, the argument above shows that for 0 < 4§ < ¢

, there is a constant C
such that sup, E™[|M?|}*+9] < C provided that E[u(0)|? is finite. Hence, we complete the

proof. n

As M1, M2, and M3 are shown, the existence theorem follows:
Theorem 3.1.13. Suppose that Elu(0)|*> < co and £ € L3(0,T;V"). Then, under Hypotheses
H, M?(t) is a p-martingale, i.e., p is a solution to the martingale problem posed by (1.4).
3.1.2. The proof of uniqueness

In this subsection, we prove that the (weak) solution obtained in Theorem 3.1.13 is
pathwise unique.
Theorem 3.1.14. Let E|u(0)|*> < co and £ € L3(0,T;V"). Then, under Hypotheses H, the
solution obtained in Theorem 8.1.13 is pathwise unique.
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Proof. Let w = u — v, where u, v are solutions with same initial data. Let F(t,x,i) :=
e "Mz, where p(t) is a function that will be determined later. Then the It6 formula im-
plies
t
O [w () + 20 / O |[w(s)|Pds
v ) t
— [ 0@l Pds — [ e Bu(u(s)) ~ Bulv().uls) - v(s)vds
0 0
t
+ [ ot us). i) = oo v(). (6D s
t
+ 2/ e "N (u(s) — v(s), [o(s,u(s),i(s)) — (s, v(s),j(s))]dW (s))
0
t
49 / / o—p(s)
0 Jz
_> - V<S ) G(S_ 11( )7 Z.(S_)7 Z) - G(S_u V(S_)7j<8_>’ Z))HNl(dZ7 dS)

/ / e PG (s u(s—),i(s—), 2) — Gs—v(s—), j(5—), 2) PNy (dz, ds).
(3.6)

Applying the basic Young inequality to the nonlinear term, we see that

| ] Bt = Buv(o).uts) = vis)vis
< [ el - (o) Fulds

t 1 t
< V/ e POlw(s)|IPds + — [ e " |w(s)]*[lu(s)| ds.
0 4V 0

7



Therefore, choosing p(t) := ;- fo lu(s)||*ds, we deduce form (3.6) that

OO + v / O w(s)ds (3.7
< [ e, i06) — oo (516D s
2 [ Hu(s) = v(6), oo, u(s)5)) — ol ¥(5) DIV
+2 /O t /Z e )
a(5—) = v(5-), Gls—, uls—),(5=), 2) — Gls—,v(s-), H(5—),2)) y Ma d ds)

//e PG (s—,u(s—),i(s—), 2) — G(s—,v(s—),j(s—), 2)|*N1(dz, ds).

Moreover, by the Davis and the basic Young inequalities and Hypotheses H2 and H4, the

martingale terms in (3.7) have the following estimates.

E sup /O 2¢~"Nu(s) — v(s), [o(s, uls),i(s)) — o(s,v(s), j(5))]dW (s))

0<t<T

T
<Oy {e s I+ C [l Pas)

0<t<T

and

e, [
(u(s=) = v(s—),G(s—, u(s—),i(s—),z) — G(s—,v(s—), j(s—), z))HNl(dz,ds)

T
< QﬁC%E{E sup ep(t)lw(t)\Q—l—CG/ e’p(s)|w(s)|2ds}.
0

0<t<T

As a consequence, taking supremum over [0, 7] and then expectation, one obtains from
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(3.7) the following.

T
E sup e_p(t)|w(t)|2+VE/ |w(s)||*ds
0

0<t<T

T T
< QLE/ e |w(s)|?ds + CeE sup eV |w(t)]* + €C’€E/ e ") |w(s)|2ds,
0 0

0<t<T

where ¢ = 4v/LC 1. Choosing € small enough so that €e < %, one obtains from above that

T T
E sup e "O|w(t)]> < CIE/ e PO w(s)|?ds < CE/ sup e " |w(r)[*ds,
0 0

0<t<T 0<r<s
where C stands for a generic constant. Furthermore, we employ the Gronwall inequality
E

to obtain Esupy<;<z e~ "®|w(t)|> < 0, which implies the pathwise uniqueness. Hence, we

complete the proof. O

3.1.3. Martingale problem for non-switching case

It is not hard to see that (1.5) is a special case of (1.4), and thus the solution is
guaranteed by Theorem 3.1.1. More precisely, suppose now that the noise coefficients
o:[0,T) x H— L9(Hy,H) and G : [0,T] x H x Z — H are continuous and satisfy the
following Hypotheses H':

H1’. For all t € (0,7, there exists a constant K > 0 such that
lo(t, W)z, < K(1+[uf?)
for p = 2,3 (growth condition on o).

H2’. For all t € (0,7, there exists a constant L > 0 such that for all u,v € H,
lo(t,w) — ot v)|l7, < L(ju—v[*)

(Lipschitz condition on o).
H3’. For all t € (0,T), there is a constant K > 0 such that
/ Gt u,2)Pu(dz) < K(1+ [u]?)
z
for p=1,2, and 3 (growth condition on G).
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H4’. For all t € (0,7, there exists a constant L > 0 such that for all u,v € H,
/ IG(t,u,2) — G(t,v, 2)|*v(dz) < L(ju — v|?)

(Lipschitz condition on G).
It is clear that the Hypotheses H' is a subclass of the Hypotheses H, therefore, the exis-
tence and uniqueness of the solution to equation (1.5) is guaranteed by Theorem 3.1.1.
Corollary 3.1.15. Assume that Elu(0)|* < oo, and £ € L3(0,T;V"). Then, under Hypothe-
ses H', there exists a unique strong solution to (1.5).
3.2. Stationary Measures

In this section, we study the stationary measures of the system (1.4). The study of
the invariant measures of the two-dimensional Navier-Stokes equations has been addressed
by several authors (see, e.g., [22, 23, 39, 56]) under a variety of conditions. Here, the noise
coefficients o and G are assumed to be additive and autonomous, i.e., the equation under

study is
du(t) + [vAu(t) + By(u(t))]dt = £(t)dt + o(x(t / G(t 2)Ny(dz,dt), (3.9)

where u(0) =up € H.

Instead of Hypotheses H, we assume that the noise coefficients ¢ and G satisfy
Hypotheses A (throughout this section). Though these hypotheses can be written more
simply, we state it as below since it would be more useful for our future work when the
Markov chain has more general state space. Suppose that the functions o : S — Lo(Hy, H)
and G : S x Z — H are continuous functions and satisfy

A1l. For any ¢ € S, there exist a constant K > 0 such that

lo(@)7, < K1 +1i),

80



(growth condition on o).
A2. For any 7,7 € S, there exist a constant L > 0 such that

lo(é) = (i), < L(li = 51),

(Lipschitz condition on o).
A3. For any i € S, there exists a constant K > 0 such that
[ 16t 2pvids) < K+ li)
for p=1,2, and 4 (growth condition on G).
A4. For any 7,7 € S, there exist a constant L > 0 such that
] 1662 = Gl 2w < L =51

p=1,2, and 4 (Lipschitz condition on G).

It is clear that Hypotheses A is a subclass of the Hypotheses H, therefore, the
existence and uniqueness of equation (3.9) follows from Theorem 3.1.1. In addition, under
a new hypothesis, the solution u of equation (3.9) satisfy the following modified estimates.
Proposition 3.2.1. Let T > 0 be fived. Assume that Elu(0)|> < oo and £ € L*(0,T; V).

Then, under Hypotheses A, the solution u of equation (3.9) satisfies the following esti-

mates.

t
Elu(t)|? + VE/ |lu(s)||*ds (3.10)
0
2 1 ! 2 2
< EJu(0)]* + ;]E I£(s)|l7-ds +2(1 +m*)Kt
0

t
ZCEM®RE/HKMW%wmwKﬂ
0
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for each t € (0,T], and

E sup |u(t)|2+1/E/0 |u(s)||*ds (3.11)

0<t<T

4 T
< 2E[u(0)|? + 3—VIE/0 I£(s)||2ds 4+ 100(1 + m*) KT

T
= CEN(O)E [ £(s)|} s, v, K.T),
0
Proof. The proof is skipped since it follows a similar argument as the proof of Proposition
2.0.1. O

The next step is to establish auxiliary results for proving exponential stability.

t
(1) = [ als). o) () (.12
0
t
My(t) = / / (Iu(s) + G(x(s), 2) = u(s)) N (dz, ds). (3.13)
0 JZ
Let us denote M*(T) := supg<,;< |M(t)| for a martingale M (t).
Lemma 3.2.2. Assume that Elu(0)]? < oo and f € L*(0,T;V’). In addition, if

limy o0 7 fOT I£(s)|3ds = F > 0, then there exist a sequence {T,} with T,, — oo as

n — oo such that lim,_,., M (T,)/T,, = 0 almost surely for i =1, 2.

Proof. For M;(t), utilizing the Davis inequality, we have

EM;(T) = E sup / (u(s), o (x(s)) AV (s))

te[0,7

< vaa{( [ o tutolion)'y < VEs{( [ 1o el oras)

invoking Hypothesis A1, the property |- | < || - ||, the Schwarz inequality, and continuing

<V2K(1 +m2)E{(/T Hu(s)||2d5>é} < VAK(L+m?)(E /OT ||u(5)|]2ds>%.

0
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In addition, it follows from (3.11) that

(e ) Ras) < (CEIOF + 5E / () s + 20ATMORT Y

Therefore,

EM*(T 2K (1 2) /92 4 T 100(1 HKTN 5
(1) V2K +m)(;E|u(0)|2+—E/ I£(s)[Bods + 22 +Vm> )

T - T 32
_V2K(1+m?) (gE|u(o)|2 N 4 E [ E(s)]3ds | 10001 +m2)K>;
VT v T RIZ T v )

Moreover, it follows from the assumption of f that EM;(T)/T — 0 as T — oo. Thus,
there exists a subsequence {13 ,} such that M;(T3,)/T1, — 0, as n — oo, almost surely.

For Ms(t), we have

:/t/ |u<s)+G<t(s),z)|2—|u(s)\2)z\71(dz,ds)
/ /2 u(s ))N1 (dz,ds) + / / |G (¢(s), 2) 2Ny (dz, ds),

therefore, the Davis inequality, Hypothesis A3, and the property |- | < || - ||, imply

EM;(T) < VI0E{ ( / T / (u(s), G(x(s), 2)) 2V<d2>d3>%}

+\/1_E //|G )| dz)ds)}

<\/_IE / /yu M2IG(x( )|2ds)é}+\/1OKT(1—|—m4)
< VIO T mE{ ( / u)ds) '} + IR + )

83



invoking the Schwarz inequality and (3.11), continuing

< V10K (1 + m2)<IE /T ||u(s)||2ds>% + VI0KT(1 + m4)

0

2 4 r 100(1 +m*) KT 3
< \/1OK(1+m2)<;E|u(O)|2+WE/O I£(s)]|2.ds + V ) )

+ 10KT(1 +mb).

This implies that EM;(T)/T — 0 as T' — oco. Therefore, by an analogous argument as for
M, (t), there exist a sequence {13} such that M;(Ts,)/Ts,, — 0 almost surely as n — oc.

Let {T,,} be a common subsequence of {7}, } and {75, }. Then

M:(T,)
lim ———— =0
im —

n—o0 n

almost surely for ¢ = 1, 2. O

Remark. The argument employed in Lemma 3.2.2 is in the context of stochastic Navier-
Stokes equations. One may employ other method to deduce the such a limit. For instance,
one may utilize [57, Lem. 2.1] to obtain the almost surely limits of My and My of the origi-
nal sequence instead of a subsequence (cf. [56, Eq. (3.17)]).

Recall that A; is the first eigenvalue of the Stokes operator A and K is the constant
in Hypotheses A.
Lemma 3.2.3. Assume that Elu(0)]> < oo and f € L*(0,T;V"). In addition, if

im0 7 fOT 1£(s)|12ds = F > 0 and

3\ — Flv

K <
2(1+m?2)’
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then

almost surely.

Proof. Tt follows from the It6 formula and the basic Young inequality that

T
SM)m@F+u/|mwmws
0

0<t<T

ﬂdﬂ?1/anmw+lndmmmw+mmﬂ+Mwm

/”/m 2)Pu(d=)ds

where M;(T) and My(T') are defined as in (3.12) and (3.13), respectively, and M (T),
1 = 1,2, are introduced before Lemma 3.2.2. Using Hypotheses A1, A3, and dropping

SUpg<y<p [U(t)|?, we have

—/uuuw

< (0)]? L1 1 fo 1£(s)|12ds N 2(1 +m?)KT N 2M;(T) N M;(T)j
1/2T 3 T 2T v2T v2T

which implies

M= 2 [ s
Vlﬁ u(s s

lu(0)|? 1 fo I£(s)IFds  2(1+m?)K  2M;(T) M;(T)
> _
2 vh ( V2T ts V3 T + v? + v2T V2T >

By Lemma 3.2.2, the assumption of f, and the requirement of K, we conclude

Tn 2
lim (1A — — lu(s)|2ds) > vr, — £ - 2LEMIE
0

n—00 vT,, v3 v?

almost surely.
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Let u;(t) be the solution of (3.9) with initial conditions u;(0) = u; and t;(0) = v;.
Write W(t) = 111(75) — LlQ(t), Uu(t) = O(tl(t)) - O'(tg(t)), and Glg(t, Z) = G(lfl(t>,2> —
G(ta(t), z). Now we are in a position to introduce the exponential stability.

Theorem 3.2.4 (Exponential stability). Assume that Elu(0)|*> < oo and f € L*(0,T;V").

Suppose that imyp . 7 fOT I£(s)|2.ds=F >0, K < %, and L < ”;(’\1:”1;/)”. Then

lim |[w(#)[? = 0

t—o00

for almost all w € €.

Proof. 1t follows from the 1t6 formula that

it +20 [ () s + / (B (s)) — By(un(s)) s (s) — up(s)yds

_ |W(Ot)| T / lous($)II2, ds +2 / (w(s), 0ua(s)dVV (s)) -
+/0 /Z <|W(s) + Guals, 2)2 — |w(s)|2>N1(dz,ds)

+ /Ot/z (\W(s) + Gia(s, 2))? — |w(s)|* — 2(w(s), Gia(s, z)))u(dz)ds.

For the non-linear term, we have

|[(Br(ui(s)) = Br(uz(s)), wi(s) —uz(s))v| < [[w(s)ll[wls)|[u(s)],

therefore, one infers from the basic Young inequality that

2 / (Bi(wi(s)) — Be(uz(s)), ma(s) — ug(s))y|ds
<v / Ivw(s) s + / w(s)[? [ (s) | 2ds.
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Let
(1) = [ ().l )
MQ(t):/Ot/z<|W(s)+G12(s,z)|2—|W(s)|2)N1(dz,ds).

Using the notation Mi(t), i = 1,2, the estimate for nonlinear term, and Hypotheses A2

and A4 in (3.14), we obtain
t
(o) +v [ Iws)lds
0
2 1 ! 2 2 ! 2 Vi Vi
< wO)"+— [ Iw(s)F[[wi(s)[IPds + | Llea(s) = va(s)["ds + 2M7(T) + M3 (T)
0 0
t
—|—/ Lty (s) — va(s)[*ds.
0
Using the Poincaré inequality (1.13) and the fact that |t;(s) — ta(s)| < m, we have
t
1 - -
lw(t)]* + / (A — ;Hul(s)HQ)\W(s)\st < |w(0)|* + 2M;(T) + M3 (T) + 2m>LT.
0

Writing Cp = [w(0)|? + 2M;(T') 4+ M;(T) + 2m2LT, one infers from the Gronwall inequality

that

w()]? < Cre I M=blm©IRds — o= [ (o) 2as)T

The theorem follows from Lemma 3.2.3 and the fact that C'r is growing as a polynomial in

T. [l

Now we study the existence of the stationary measure induced by u(¢), the solution

to (3.9). Denote by Q;(x,i; B, j) the transition probability function of (u,t):
Qu(w,i5 B, ) = P((u(t), ¢(t)) € (B, )|(u(0),(0)) = (z.),
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where x € H, B€ B(H), and i,j € S.
Let ¢(x,i) : H x S — R be a bounded continuous function. Let u(t) be a solution to

(3.9) with initial conditions ug = = and vy = i. Define

(Q)(wi): =Y [ 6 1) Qi ) = B (6(ult), (t). (3.15)
k=1"H

We say A(y, j) is a stationary measure if

> [ (@ow i) =Y [ 6lwidvi)
j=17H j=17H

for all t > 0 and ¢ € Cy(H x S).

Theorem 3.2.5. Assume that Elu(0)|* < oo and ||f(z)|}, = F > 0. If

i\ — F/v vA\ — F/v
2(1+m?) 2(1+m?)

then there exists a unique stationary measure, with support in V x S and a finite second

moment, for the solution u of the equation (3.9).

Proof. We begin the proof by showing the existence. It follows from (3.10) that
y t
;E/ |u(s)|*ds < C (3.16)
0

for £ > 1 and C' is an appropriate constant independent of ¢t. Hence by the Chebyshev

inequality
1 t
jim sup / P(llu(s)| > N)ds = 0 (3.17)
0

follows.
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Let {t,} be any increasing sequence of positive numbers with lim,, ,, ¢, = oo.

Define probability measures A, as follows:

1 (™

for all B € B(H) and j € S.
Let N be an positive integer and A := {v € V : ||v]| < N}, which is a bounded
set in V. Then by the compact embedding i : V' — H, A is a relative compact set in H.

Consider

. 1 [ . .
)\n(Aca]) = t_/() Qs(xaz;Acaj)dS

= [ PG50 € ()00, 50) = (5,0)

n

_ % [P > N and (1) = jiu(0) = = snd (0) = i),

which together with (3.17) further imply
1 [t
(A7) = t_/ P(|lu(t)|| > N and t(t) = j|u(0) = z and v(0) =) — 0
n Jo

as N — oo. Hence {\,} is tight in the space of probability measures on (H x S, B(H x S))
equipped with the weak topology. Therefore, the Prokhorov theorem implies that there
exists a subsequence {\,,} such that \,, = A.

For ¢ € Cp(H x S), we have

> /H (Qu)(y: )My, j) = Jim 3 /H (Qi) (Y, )M, (dy. )

m

1 [t
- lm ; /H (Q)(w.3); /0 0, (x, i dy, j)ds.
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Using (3.15) in above, we further have

(Q:9)(y,5)\(dy, 5) (3.19)
;/H Y,J Y,J
zggozz/ / 6(2, k) Qu(y, j: dz, F) 1/0 O.(z.i: dy, j)ds.

=1 k=1
The Chapman-Kolmogorov equation gives

Quyi(z,i5dz, k) / Qu(w,4;dy, j)Qu(y, j; dz, k).

Plugging the above formula into (3.19), we have

;/H(Qt@(y,j))\(dy,j) :éllrilo;/H¢(Z> kj)i/omZ Qsye(x,i5dz, k)ds.

Note that

1 tn[ 1 tng-i-t
lim — Qsit(z,i;dz, k)ds = lim —/ Qu(x,i;dz, k)du
{—00 tnz 0 {—00 ne Jt
tny+t t

= th — / Qu(x,i;dz, k)du +/ Qu(x,i;dz, k)du —/ Qu(z,i;dz, k)du)

—oo t ng t"e 0

1 [t

= lim — Qu(x,i;dz, k)du

Thus, we have

Z:/H(Qt@(yaj))\(dy j) = hm Z/ o(z, k) 11” /Onz Quii(w,i;dz, k)ds
= lim Z/ oz, k) W/O Q. (. i; dz,k)du:;/Hgb(z,k))\(dz,k).

Hence, we conclude that )\ is a stationary measure.

For the second moment of A\, one employs the lower semi-continuity of the H-norm

to deduce

H

Z/ (191> + ) \(dy, j) <hmmf2/ (191> + 5%) Ane (dy, ).
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Then using (3.15) and (3.18) with ¢(y, 7) = |y|* + 72, one further deduce

iL(IyI2+j2)Ang(dx,i) =Zm:/H¢(y,j)n%/om Q,(z,i;dy, j)dt
/ Z/¢93th,z,dyj) ——/ (Ju?(t)]* + ¢*)dt < oo

by (3.11). Therefore, the second moment for the measure A exists.

For the support of A, let u denote the solution of (3.9) started at uy and vy, where
the (joint) distribution of (ug, t) is given by . By (3.16), it follows that u(s) is almost
surely V-valued for almost all s. In particular, A has support in V' x S.

Let A\ and Xy be two stationary measures. To show the uniqueness, it suffices to

show that

ZZE /H ¢(x, 1) (dw, i) = i:; /H ¢(x,9) Mo (d, 1)

for all ¢ € Cy(H x S).
Let u” denote the solution of (3.9) with uy = x and t'(¢) the Markov chain ()

with tg = 7. Define

A“ ' / Q(x,i; B, j)d

for all B € B(H) and j € S. Let A(dx,i) denote a stationary measure. Then by stationar-

ity,

Xm:/¢(55@ A(dx, 1) ZZ//qbyjA“dyj))\(dxz)

i=1 Y H i=1 j=1
ZZ//cbyJA“dy PN da|i)m,
=1 j=1
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where m1 = (mq,- -+, 7y) is the unique stationary distribution of the Markov chain v(¢).

Furthermore, one obtains

Z/qﬁm (dz,) =i§://¢yjA“dyJ) (deli)m

i=1 j=1

—Z/ / E=4((u(t), e(t)))deA(da]i)m Z/ / (1)) dEN(da]i) s

Hence,

Z/gzﬁ:cz/\ldxz Z/(bwz)\gdwz)
= > [ [ s, e

-y /H % /0 E(é(u®”(£), ¢ (£)))deNs(duw]i):

By Theorem 3.2.4 and the continuity of ¢, we have

Su”(t),v'(t)) — p(u”(t),v'(t)) — 0

as t — oo for almost all w € ). Therefore,

7| w06 0) - o o.60) a0

<[ [ 3 [ R0 0,60 - o0, 0) dndrlia(dulim.

(3.20)

as T' — oo. Finally, it follows from Lebesgue Dominated Convergence Theorem that

(3.20)— 0 as T'— oo. This implies

gb(x,z)d)\l = qb(!lf,l)d)\g

HxS HxS
for all ¢ € Cy(H x S). So that A\ = As.
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3.2.1. Stationary measures for non-switching case

Consider the following equation:
du(t) + [vAu(t) + By(u(t))]dt = f(z)dt + o(x)dW (t) + / G(z, 2)Ny(dz, dt) (3.21)
z

with u(0) = up € H, where the noise coefficients satisfy the following Hypotheses A’:

A1’. There exist a constant K > 0 such that
lo(z)|7, < K,
(growth condition on o).

A2’. There exists a constant K > 0 such that
/ Gz, 2)Pu(dz) < K
z

for p=1,2, and 4 (growth condition on G).
It is clear that Hypotheses A’ is a subclass of Hypotheses H, therefore, the solution u to
equation (3.21) exists and is unique. Moreover, the system (3.21) admits a unique station-
ary measure since Hypotheses A’ is a subclass of Hypotheses A:

Corollary 3.2.6. Assume that Elu(0)|* < oo and ||f(x)||}, = F > 0. If

3\ — F/v
2 Y

K <
then there exists a unique stationary measure, with support in V and a finite second mo-
ment, for the solution u of the equation (3.21).

3.3. Exponential Inequalities

In this section, we focus our attention on a completely different probabilistic behav-

ior of solutions on a class of stochastic Navier-Stokes equations with Markov switching.
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Let W(t) be a one-dimensional Wiener process defined on the filtered probability
space (2, F,{F}i>0,P). Let r > 0 be fixed, define 7, := inf{t € [0,T] : |W(t)| > r}, the
first time (before time T) that the process W (t) exists the interval (—r, ). In addition, it

can be shown that

P(r, <T)="P(sup [W(t)|>r)< 25

0<t<T
It can be seen from above that the exist time estimate for the (one-dimensional) Wiener
process decays exponentially, therefore, we usually refer it exponential inequality. In gen-
eral, exponential estimates for exit times for a class of stochastic evolution equations were
obtained systematically by Chow and Menaldi [13]. Inspired by their work, we consider
those exit time estimates (exponential inequalities) for the solution to equation (3.9) and

start the investigation from a less-complicated case:
du(t) + [vAu(t) + Bi(u(t))]dt = £(t)dt + o(x(t))dW (¢) (3.23)

with u(0) = up € H, where o satisfy Hypotheses A.

Proposition 3.3.1. Assume that there exists a constant F' > 0 such that

T
2
/0 I£(s)|l5-ds < F.
Then, for any given r > 0, the solution u of (3.23) satisfies

P{ sup [u(t)| >r} < Crexp ( — r26‘2K(1+m2)T)7
0<t<T

where Cy = exp (|u(0)|2 +L+ K1+ m2)T>.
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Proof. Tt follows from the It6 formula and the basic Young inequality that

t
uwF+2¢/|mwm%s
0

=|<W+2/Kﬂ><>ww+2/<<> o(e(s /na DI s
< |u(0) /||f ||V,ds+u/ llu(s)||*ds + n(t) +2/ lo* (v HLst (3.24)

/ua NI s,

where

n(t) = /<<><< W (s —Q/Ww ()12, ds.
By Hypothesis A1, one deduces
/Ha 92 ds</K1+z)]u( J2ds < K(1 4+ m?) /|u )[2ds.
Using above estimate and the assumption on f in (3.24), we have
F+u/nu (5)]1%ds
<OP+= ") 2K+ m?) / u(s)2ds + K (1 +m)t.

Dropping the second term on the left and using the Grownwall inequality, we have

u(t)|* < (Iu(0)|2 + g +(t) + K(1+ m%))
+ /t (o + 5 1(s) + K1+ m?)s) )26 (1 + m?)e2K0me-g

F 2
S (lu(0)|2 + — + sup n(s) + K(1+ m2)t))62K(l+m )t

0<s<t
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Hence, for fixed r > 0, we obtain,

73{ sup |u(t)| > r}

0<t<T

F 2
: P{ ('“(0”2 +— 4 sup n(t) + K(1 + m2)T)>@2K(1+m TS r2}

14 0<t<T

F
= 73{ sup n(t) > r2e 2KWHmIT _1q0)2 — Z — K(1 4 mz)T}
v

0<t<T

F
- 73{ sup ¢" > exp <r26-2K<1+m2>T Ca(0))P - = — K(1+ m2)T>}
1%

0<t<T

F
< exp ( . 7,,26721((1er2)T + \u(0)|2 + 4 K(l + m?)T)
v
by the basic submartingale inequality, and the proof is complete. O

Next we consider the solution u to equation (3.9), where ¢ and G satisfy Hypothe-
ses A.

Proposition 3.3.2. Assume that there exists a constant F' > 0 such that

T
| 1@ as < F
0
Then, for any given r > 0, the solution u of (3.9) satisfies

7‘2
P{ sup |u(t)] >r} <Che™ =
0<t<T

where Cy = 2 exp (% + L+ K(1+ mZ)T).
Proof. Tt follows from the 1t6 formula that
u(t)]* = [u(0)[*
[ ({1 (DI, + 20606000 2o+ [ G601 21 )ds (3.25)
¢

+2 /O (u(s), o(e(s))dW (s)) + / <2(u(5),G(t(s),z))+|G(t(5),z)|2>N(dz,ds).

0
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For a > 0, let F,(z) = log(1 4+ az)=. Applying It6 formula to (3.25) with F,(z), we have
1
Liog(1 + afu(t)]?)
1
== log(1 + a|u(0)[*) + na(t) + 0a(t)

[ e (17 @), + 2060 0() 2o

1+ aju(s)|

(3.26)

where

T]a(t) ::/D ;SPQU-(S),O'(‘C(S))dW(S» —9 HU ( ( )) (5|)HLQd

o (I+afu(s)]?)?

and

S L[ (1 22000 601 GED.I

1+a\u< P
s), G(x(s), 2)) + |G(x(s), 2)|?)
// log (1+ = T+ alu(s) P )
a((u(s), G(t(s), 2)) + |G(x(s), 2)|?) do\ds
1+ alu(s)]? fridz)ds.

Since 1/(1 + aju(s)]?) < 1, we have

o™ (e(s ))HLQ t |G(t(s),z)|2y e L
o 1+ afu(s )|2d s < K(1+mAT, / z 1+ alu(s)]? (dz)ds < K(1+m")T,  (3.27)

and from the basic Young inequality that

JIECCEC PRy O

1+ alu(s)|? v 1+ alu(s)|?
Utilizing above estimates in (3.26), we obtain

[u(s)|?

1 t
—log(1 t)? —_—
Slox(1 +au() +v [ o

1 F
< —log(1+ afu(0)]?) + 2K (1 + m*)T + — + sup n.(t) + sup 0,(t).
« v 0<t<T 0<t<T
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Thus, for given r > 0,

73{ sup |u(t)| > 7"}

0<t<T

— 73{ log(1 + alu(t)?)s > log(1+ 0”"2)%}

1 F 1
< 73{ log(1 + aju(0)|?)a + 2K (1 +m?)T + — + sup na(t) + sup O4(t) > log(1 + arz)a}

v 0<t<T 0<t<T

1 14 ar? F
:77{ sup 7q(t) + sup 0,(t) > —lo <—>———2K1+m2T}
ogthn() OgtET ®) o & 1+ aju(0)? v ( )
1/1 1+ ar? F
o > (o () o s eyr))
=Py et =5 (Gl (T auee) — v ~ 20

—1-77{ sup 0,(t) > 1(élog <1+—ow“2> — g —2K(1 +m2)T>}

0<t<T 2 1+ alu(0)]?
1/1 14+ ar? F
_ nalt) <, <_<_1 (—>———2K1 2T)>}
7’{02?56 P \a T aaop) o T2
1/1 14+ ar? F
2 sup 0 exp (L(Liog (5 Y ey )) )
og?gTe P 2\« & 1—|—oz|u(0)|2 v ( m)

Notice that both e”™® and e?*(®) are martingales, therefore, we conclude from the basic

submartingale inequality that

Ia 1+ ar? 3a
P{ sup |u(t)| >} < 2exp (K(l +m?)T + 5, ~log (W) )

0<t<T

Taking o — 0, we obtain the desired estimate. O]

3.3.1. Exponential inequality and the large deviation principle
In this subsection, we study the exit time estimate for the solution to the following

(non-switching) equation

du(t) + [vAu(t) + Bi(u(t))]dt = £(t)dt + o(t)dW (t) (3.28)
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with initial condition u(0) = ug, and o(t) satisfies the following growing condition: For all

t € [0, 7], there exists a constant K > 0 such that

lo(O)]rg < K. (3.29)

It is clear that equation (3.28) is a special case of equation (3.9), therefore, the exit time
estimates that we obtained in Propositions 3.3.1 and 3.3.2 shall be able to apply to the
solution to equation (3.28). In what next, we will study the exit time estimate by using
small noise asymptotics provided by large deviations theory. It is worthwhile to point out
that the analysis is carried out despite the fact that the stochastic equations do not have a
small parameter in the noise term.

Remark. The content of this subsection is adapted from the author’s earlier work [28].

Consider the unique solution z(t) of

dz + Azdt = o(t)dW (t). (3.30)

with z(0) = 0. Define v := u — 2z, and notice that

ov_ou_ oz
ot ot Ot
dWw dW
= (—Au— By(u) +f(t) + o(t)%) — (—Az + a(t)ﬁ)

=—A(u—1z)—By(u)+f(t) = —Av—-By(v+z)+f

Therefore, with z given, solving for u — z would be equivalent to solving for v in

0
8—Z+Av+Bk(v+z)+f:0 (3.31)
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with initial data v(0) = ug € H. Note that equation (3.31) is a non-random, nonlinear
partial differential equation and is solved for each w, where w enters the equation through
z(w).

From a priori bounds, one can easily show that (similar to Proposition 2.3 in [?]),

E < sup |z<t)y2) +E </0T||z(t)\|2dt) < C(w,T,K)

0<t<T
where C(v,T, K) is a finite constant that depends on v, T, and K that appear in the
(3.29). Hence, one obtains that almost surely, z € Co([0,T); H) N L*(0,T; V).
Lemma 3.3.3. Given a function ¢ € Co([0,T); H) N L*(0,T;V), let map A : ¢ — v, be
defined by
ov,,

Lt AV T BV, + ) + =0 (3.32)

fort € [0,T], with v,(0) = u(0). Then A is a continuous map from Cy([0,T]; H) N

L2(0,T;V) to the space C([0,T]; H) N L*(0,T;V).

Proof. Consider functions ¢; and ¢y in Co([0,T]; H) N L*(0,T; V), and denote the corre-

sponding solutions of equation (3.32) as vy and vy, respectively. Let
w; :=vVv;+p; for i =1,2.

Then, by the energy equality,

[vi(t) = va(t)* + 21// [vi(s) = va(s)[|*ds
0 (3.33)

2 / (Bu(wi(s)) — Bi(ws(s)), va(s) — va(s))vds.

100



By the basic properties of the bilinear operator By, we have,

(Br(w1(s)), vi(s) — va(s))v

= (Br(w1(s), wa(s)), vi(s) — va(s))v + (Br(W1(s), o1 — 2), vi(s) — va(s))v

which enables us to write the integrand on the right side of (3.33) (suppressing the time

parameter s) as

<Bk(W1) - Bk(W2), Vi — V2>V
= (Br(W1 — W2, W2), vi — Vo) + (Br(Wi, 01 — 2), vi — Va)v
= (Br(vi — v2, W), Vi — Vo) + (Br(p1 — 02, W2), Vi — vo)v

+ (Br(wi, 01 — 2), vi — va)v. (3.34)

Thus the integral on the right side of (3.33) can be split into three integrals, each of which

is bounded as follows: First, consider

/0 (Bi(vi(s) — va(s), wa(s)), vi(s) — va(s))vds

< g/o ||V1(S) — Vg(s)Hst +§/0 |V1(5) — VQ(S)‘2||W2(S)||2dS (3‘35)
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by applying (1.25) and the basic Young inequality. Next, consider

/ Br(1(5) — @als), wals)), vi(s) — va(s))vds

<V / Ivi(s) — va(s)|%ds + > / lo(5) — @a() |2y [Wals) 20 eyl

| /\

/Hvl - ds+—/|¢1 ()Pl wa(s) |2ds
v / lor(s) — pa(s)|2lwwa(s)Pds
<% [ vt ds+—[sup i)~ s [ (o)

0<s<

+ s [l [ (o) = gats) ] (3.30)

0<s<T

Finally, /O (Bio(wi (), 21(5) — 0a(5)), vi(5) — Vals))vds

3
<2 [i) = vats)lPds + [ snp fons) = )P [ (ol

0<s<

+ s ) [ (o) = gats) ] (3.37)

0<s<T

by the same reasoning employed in obtaining (3.36). Using bounds (3.35), (3.36) and

(3.37) in equation (3.33), we obtain upon simplification,

Wit = vl + v [ i) = vals) s
/|v1 () wals) [2ds
13 sup Louls) — pals )|)/<||w1< P + wals)[)ds

UV 0<s<T

+§( sup |w1(s)]> + sup. |W2 /||901 2(s)]*ds. (3.38)

V " 0<s<T
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Dropping the second term on the left, and applying the Gronwall inequality, we obtain

[vi(t) = va(t)]”

| o

<

(0 lea(s) = ea(6)) [ (i) + Iwa)P)espls” [ [wato) s

V "o<s<

3
+=( sup |wi(s)]*+ sup |wa(s)]?)
V " 0<s<T 0<s<T

/ lor(s) — a8 exp{ / [ wa(r)|Pdr}ds. (3.39)

If ¢, — ¢ in Co([0,T); H) N L*(0,T;V), as n — oo, it is simple to obtain an upper bound

uniform in n for sup |w,(¢)| and fo |lwy(s)||ds, where w,, :== v,, + ¢,,. Hence, (3.39) allows
0<t<T

us to conclude that v, — v — 0 in Cy([0,T]; H), and we use this result to estimate (3.38) to
justify that v, — v — 0 in L?(0,T;V) as well. The continuity of the map A has thus been

proven. O

For each h € L*(0,T; Hy), we will use the notation G°( f; h(s)ds) to denote the set

of all solutions of the equation
dz(t) + Az(t)dt = o(t)h(t)dt

with 2(0) = 0.

For each € > 0 , let z¢ denote the solution of

dz (t) + Az (t)dt = \/eo(t)dW (1)

for 0 <t < T with z¢(0) = 0. Then z* \/_fo Si—s0(s)dW (s) where S is the semigroup

generated by A. It is well-known (cf. [?]) that the large deviations rate function for the
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family {z‘} is given by,

1 T
I(x) = inf —/ h(s)|?ds.
( ) {heL2(0,T;Ho):z€Go ([, h(s)ds)} 2 0 | ( )|O

Define the map T from Cy([0,T]; H) N L*(0,T;V) to C([0,T]; H) N L*(0,T;V) by
['(z) =z + A(z).

Then T is continuous by Lemma 3.3.3, and u® = I'(z°) for all ¢ > 0. Hence, by Theorem
1.2.17 (the contraction principle), {u‘} satisfies the large deviation principle large devia-

tions principle with rate function

J(A)= inf I(2)

z e I'~1(A)

for any Borel set A in C([0,T]; H) N L?(0,T;V), and in particular,

limsup elog P{u® € B{} < —J(By). (3.40)

e—0

Thus, for any given 6 > 0, there exists an €; > 0 such that for all 0 < € < ¢,
1
Pluc e Br} < exp (- —(J(BY) —9)).
€
That is,
73{ et F—I(BC)} < ( L) 5)) (3.41)
z € — exp | — — —9)). :
\/E T — p € T
Let A denote the set F(\/igf_l(Bﬁ)). Then (3.41) can be written as
1
Pluc A} < exp ( — ~(J(B) - 5)).
€
We have thus proved the following theorem:
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Theorem 3.3.4. For any given r > 0 and § > 0, there exists a large positive constant py,
such that for all p > po if we define the set A, :=T'(pI'"*(BY)), then solution u of equation
(3.28) satisfies

Plu(t) € Ay} < exp(—p(J(B) - 0) (3.42)

where B, = {h € C([0,T]; H) : sup |h(t)|* <1},

0<t<T

J(By)= inf I(x),

z€l~1(Bf)

and

1 (T
I(x) = inf - / h(s)|3ds.
(z) {heL2(0,T;Uo): € GO(f; h(s)ds)} 2 Jo I15)lo

Remark.

(i) In case py = 1, Ay coincides with BE, and the theorem gives the rate of decay as
J(BE). Also, if we can ascertain the existence of an R such that B, C A, , the
above result leads to a simpler inequality.

(ii) Since we know, by Proposition 3.3.1 that the rate of decay is of the order of r*, we
can follow the above procedure by considering the set

F,={z:J(x)<r?}

forr > 0 and define the set G, as any open neighborhood of F,.. Then given any
0 > 0, there exists an €; > 0 such that for all € < €1, we have

Pluc e 6o} < exp (= ~(J(G5) - 9))
("~ 5)

by the definition of G,. Thus, we can conclude that

A= =

Sexp(—

Plue r(%r—l(c;;:))} <exp (- %(TQ -5). (3.43)
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3.3.2. Discussion
Let u be the solution to equation (3.28), which is a special case of equation (3.23).

Thus, it follows from Proposition 3.3.1 that u satisfies

P{ sup |u(t)] >r} <Ciexp ( — T26_2K(1+m2)T>’ (3.44)

0<t<T
where C) = exp <|u(0)|2 + L+ K(1+ mz)T>. In addition, processing the argument of the

proof of Proposition 3.3.2, one deduces that u satisfies

P{ sup [u(t)] > r} < Che, (3.45)

0<t<T
where Cy = exp <|u(0)|2 + L4+ K(1+ m2)T>.

Comparing the inequalities (3.44) and (3.45), we see that the latter is sharper than
the former. Moreover, we see from the two inequalities that there are many constants that
will effect the estimates, but the constants K, m, and T are the factor for making (3.44)
looser.

On the other hand, (3.43) gives a different story. (3.43) reveals that the exponential
inequality may be obtained independent of all the factors in both (3.44) and (3.45); it only
depends ¢, the smallness of the noise, which is arbitrary according to Theorem 3.3.4. How-
ever, there is still a price to pay if one employs Theorem 3.3.4 to obtain the exponential
inequality. Notice that e appears on the both side of (3.43). Therefore, if one chooses a
small € to obtain a sharper estimate, one enlarges the set (whose diameter depends on r
and €) that u escapes from while in (3.44), one only need to enlarge K, m, or T' (without
effecting the size of the r-ball).

HE is the constant relates the external forcing f, K is the constant that appears in the growing condi-
tion of o, and m is the largest element of the state space S of the Markov chain t(t).
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