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Abstract

First part of this dissertation studies the problem of designing metamaterial crys-
tals with double negative effective properties for applications in optics by inves-
tigating the conditions necessary for generating novel dispersion properties in a
metamaterial crystal with subwavelength microstructure. This provides novel op-
tical properties created through local resonances tied to the geometry of the media
in subwavelength regime.

In the second part, this dissertation studies the representation formula used to
describe band structures in photonic crystals with plasmonic inclusions. By using
layer potential techniques, a magnetic dipole operator describing the tangential
component of the electrical field generated by magnetic distribution is studied. Its
compactness is proved and used to obtain the spectral representation formula for

the magnetic field.

v



Chapter 1
Notations

Throughout this thesis, we will denote by R?® and C3 the 3— dimensional real
and complex Euclidean spaces respectively. The differential operators V, V. and
Vx are defined in the usual way for a complex vector valued function defined
on a bounded domain D in C3. The integrals discussed in this thesis are always
understood in the sense of Lebesgue integration.

We denote by L?(D,C?) the complex vector valued square integrable functions

defined on a bounded domain D in C?® and, for u € L*(D, C?)

1
|2 = (/D [uf? dac>2

where |u| denotes the Euclidean norm of u. We denote by Li(D, C?) the space of
functions in L?(D, C?) that are periodic on dD. The inner product in L*(D, C?) is

given by

(u,v) := /Du(x) ~v(z) dx, u,v € L*(D,C?)

We frequently consider vector valued functions satisfying different partial differ-
ential equations in different parts of a domain which has certain inclusions as its
subdomains. In order to better characterize the problems such functions solve in
the whole domain, we often need to consider the jump in the value of these func-
tions across boundaries of inclusions. We denote by [u]gx the jump in u across
the boundary of K, while u’aK* and u ok represent the restriction of u to 0K
from inside and outside of the domain K respectively. Similarly, we often denote
by n - u’aK_ and n X u‘aK_ the restriction of the normal component and tangential
trace of the vector valued function v to 0K from inside of the domain K, while

n- u’ and n X u’aK+ represent the restriction of the normal component and

0K+

tangential trace of the vector valued function u to 0K from outside of the domain



K.

When the restriction of functions to the boundary of a domain is considered, it
will be necessary to study surface differential operators acting on tangential vector
fields defined the boundary of the domain. We will denote by V,u and A u the
surface gradient and surface divergence of the tangential gradient of tangential
vector field v on the boundary of the domain under consideration. We follow the

definitions for these boundary differential operators given in [12].



Chapter 2
Metamaterial Crystal

2.1 Introduction and Problem Setup

2.1.1 Introduction

Metamaterials are known to be the materials that exhibit novel properties which
are not found in nature. They are usually synthesized from patterned compos-
ite material components in a periodic structure. When the period length of such
microstructures is designed to be much less than the wavelength of incident light,
interesting interactions occur between the material and the electromagnetic waves.
Due to such interactions, structural geometry of material can be manipulated to
obtain desired novel optical properties. One of such novel properties that has been
the focus of research in recent years is the double negative metamaterials which
has frequency dependent negative effective magnetic permeability and negative
effective dielectric permittivity. Optical metamaterials with double negative effec-
tive properties have wide range of applications such as biomedical imaging, optical
lithography and data storage.

In 1968, the novel properties of materials were studied under the assumption of
negative dielectric constant and negative magnetic permeability [13]. The double
negative effective properties of periodic array of non-magnetic metallic split-ring
resonators at microwave frequency was studied in [14]. Artificial bulk magnetism
using infinite periodic array of micro-resonators was studied in [6]. The double
negative properties of metamaterials made from arrays of metallic posts and split
ring resonators was experimentally demonstrated in [15]. Double negative prop-
erty of materials obtained for such resonators with different geometric structures in
[16, 17, 18, 19, 20, 21, 30, 31]. Double negative properties of metamaterials obtained

by employing dielectric material with large permittivity studied in [34, 35, 36].



Obtaining double negative properties of metamaterials made from high dielectric
core with plasmonic coating at optical frequency studied in [22, 23, 38]. Metama-
terial crystals with double negative effective properties are obtained using periodic
array of unit cells consisting of two different inclusions in [7] and [8]. Negative bulk
dielectric permeability at infrared and optical frequencies using special configura-
tions of plasmonic nanoparticles studied in [39, 40].

The appearance of effective properties for describing scattering problems for
metamaterial inclusions made from subwavelength resonators is initiated in [1],
[9] in 3D. The dispersion relation and convergent power series representation for
Bloch wave in periodic high contrast media with a single inclusion are obtained
in [4] and [5]. Recently, the generation of double negative metallic media using
two scale expansions can be found in [10] and metamaterials from subwavelength
nonmagnetic resonators to control refraction was studied in [41].

Our goal in this chapter of this dissertation is to study the design of metamaterial
crystal constructed through the use of high dielectric and frequency-dependent
dielectric inclusions in the host material. The novelty in this work is that our
analysis is done based on full 3-D model. By using asymptotic expansion approach,
we obtain dispersion relation for the propagation of homogenized electromagnetic

waves through the mematerial crystal.

2.1.2 Problem Setup

The metamaterial crystal studied in this dissertation is constructed through pe-
riodic assemblage of a cube of side length d. In each cube, the region occupied
by the host material is denoted by H and it contains two types of non-magnetic
inclusions: one with a high dielectric constant and denoted by R, and the other

denoted by P has a frequency-dependent dielectric constant. A plane view of a



typical cube in the assemblage is shown below. Since we do not assume prescribed

H

point charges and currents, the Maxwell system of partial differential equations
which governs the electromagnetic waves traveling through this media takes the

following form,

OH
VXxFE = —lUg—
X Hd ot
V-(gE) = 0
OF (2.1)
VxH = ¢—
X €1y
V-H =0
where H and E denote the magnetic field and the electric field respectively.
The magnetic permeability g := g is given by its free space value while the

dielectric constant ¢, () of metamaterial crystal of period length d with period cell

Y4 = (0,d)? is given by

Ep,rel (w) in P
€a = 52{2@1 in R (2.2)
€0 in H

where ¢, ,; and €, ,¢; represent the dielectric permittivity of the inclusions P and R
respectively, and g is given by the dielectric permittivity value for the free space.

For the electromagnetic waves propagating through the crystal, we consider time-



harmonic fields in (2.1) that take the following form

E(z,t) = E(x)e™", H(z,t) = H(z)e ™! (2.3)
where w is the wave frequency. Substituting (2.3) into (2.1), we get

VxE = iwusH

VxH = —iwegkE

(2.4)
V-gE = 0
V-H =0

and both the electrical field £ and the magnetic field H are continuous across the
boundaries of inclusions R and P.
By changing the variable through y = x/d, we write (2.4) along with (2.2) as

the following problem posed in the unit cell Y = (0,1)3

VXxE = idwpuH [H = 0
VxH = —idwgyed,E [nx H = 0
(2.5)
V.eghbrdp = 0 [n-H) = 0
V-H =0
1-¢&/¢ in P
el (y) =11/ in R (2:6)
1 in H

with § = (g, raw?) /A, & = (Wierre)/(°€), p = d/(\/Erra) and wy, is the plasmon

frequency of the inclusion P. We set n = (2nd)/A and write

E(y) =Y eap)"eé™v,  H(y) =3 haly)n e, \Je =3 \Jear
n=0 n=0 n=0

We substitute them into (2.5) to get power series expansion of the Maxwell’s

equations. Our main results are obtained by collecting and studying the leading



order terms in this expansion.
The rest of this chapter is organized as follows: We present the main results in

section 2.2 and the proofs of the main results follow in section 2.3.

2.2 Main Results

2.2.1 Characterization of Leading Order Terms

Before presenting our main theorem, we first make clear the characterization of
the leading order terms ey and hg in the limit n — 0. Such characterizations are
realized by identifying the leading order terms as the solutions to certain problems

expressed in the following theorems.

Theorem 2.1. (1) The leading order term eq € H(curl,Y) is characterized as

ey =20 mn R
eo =Vyp+c in Y (2.7)
/ eo dy =c € W#Q(Y, C)

Y

where the space W#Q(Y, C) is given by
Wiy, C) = {u \ u€ L(Y,C), Qu e LL(Y,C), V-u=0inY, Vu+&=0inR }
for ¢ € C3 with the inner product on W;’Q(Y, C)

(u,v) = /Y Vu - Vudy u,v € WH(Y,C)

Also, ¢ = —c - ©*, and ©* is the solution to

V- la,(y)(Veh + & =0
a, (1) (V" + ) 25)
n-: €p,rel<£0)<v@k + Fék)‘ap, = n- (Vgok + gk)‘ap+
where €, k =1,2,3 are the basis vectors, and
1 yeH
a,(y) = (29)

gp,rel (60) Yy € P



(2) The leading order term ho € H(curl,Y) is characterized as

Vxhy = 0 in Y\R
V-hy = 0 inY (2.10)
VxVxhy = &hog m Y
and
[hol|,,, = 0, [hol|,,, =0 (2.11)
with

H(curl,Y) :={u |u €€ Hy(curlY), V-u=0}

Hy(curllY) = {u ‘u € L*(Y,C*, V xueL*Y,C*, wu isunit periodic on 8Y}

2.2.2 Homogenization Theorem

In our asymptotic analysis, we find that the electric and magnetic activity in
the unit cell are determined by the leading order terms ey, and hg. While the
homogenized electric activity is given by the volumetric average of ey over the
unit cell, the homogenized magnetic activity is dewscribed by a new quantity, the

geometric average 7{ hy which is given by .

<% ho>-ek::/rkh0-ekd%1

with I'; being a curve connecting two opposite points on the faces of the unit cube
Y and orthogonal to the unit vector e, and lying outside of R. The need for the
geometric average is due to the fact that the magnetic field is curl free in Y \ R,
meaning that the magnetic field along any curve connecting two points on the
opposite faces of Y and lying in Y\ R is the same as can be observed from the
definition of y{ hq above.

Now we are ready to present our main theorem in this chapter.



Theorem 2.2. (1) The plane waves (homogenized H field) Hpom(x,t) and the

homogenized magnetic field Bpom(z) are given by

Hpom(z,t) = <j§ h0> plikk-z—iwot)

(2.12)
Bhom<x7 t) = uefthom(xu t)
and Hpom(x,t) satisfies
-1 wg
V x gV x Hpom(x,t) = guefthom(x,t) (2.13)

(2) The plane waves (homogenized E field) Epom(x,t) and the homogenized elec-

tric displacement field Dpom(z) are given by

Ehom(m,t) = / €o dx e(ikfﬂ-xfiwot)
' (2.14)

Dhom<x7 t) = EeffEhom(xv t)

and Enom(x,t) satisfies

2
_ w
V X Meflfv X Ehom(x,t) — ?geeffEhom(x7t> (215)
where €, and p_,, are effective dielectric permittivity tensor and effective mag-

netic permeability tensor respectively.

2.2.3 Maxwell’s System of Equations For Homogenized Fields
Theorem 2.3. The homogenized fields satisfy the following Mazxwell’s equations

for a homogeneous effective media

V x Ehom = Z.5OWOBhom

V x Hhom = _iﬂOwODhom
) (2.16)
k - Dhom = 0
k- Bhom = 0



2.2.4 Homogenized Dispersion Relation
The homogenized dispersion relation for the electromagnetic waves traveling through

the metamaterial crystal is given by the following theorem.

Theorem 2.4. For given k and k, the frequencies & for which plane waves can
N k

propagate with polarization % hg in the direction k at wave length A = o ore the
T

roots of the equation

det e,k A + op, ., ()] = 0 (2.17)

with Ay = &-pmffpé'mnj [se_flf(fo)}npl%p, i,p,m,n,j = 1,2,3 where Epy, and

are the symbols for the Levi-Civita tensors.

The admissible polarization v = ]{ho lie in the null space of the matriz in (2.17)

and

ek A+ ops,, (S0)| v =0 (2.18)

By equation (2.17), we can find frequency regimes whereh both u, ., and €,

eff
exhibit negative behavior.
To fix ideas, if we assume that the material is isotropic, then for this media, the

dispersion relation is given by
fo=ek?a kbt (2.19)

where «, 7 are constants appearing in the the formulas €_,, = ol®, i = ~I3
which is the simplification of formulas of effective properties described in the next
theorem.

The equation (2.19) shows the existence of &, such that both « and -y are negative

or positive. The following figures illustrate such &, € [x1, 23] for which @ < 0,7 < 0

10



or &y € [x3,x4] for which a > 0,y > 0.
Y o

€0

£o

1
1
I
1
I
1
1
1
I
|
T
]
|
I
1
1
1
1
|
I

B
----__--H-_---_
s

2.2.5 Formulas for Effective Property Tensors
Theorem 2.5. (1) The effective magnetic permeability tensor p,, describing the

overall magnetic activity of the electromagnetic wave in the periodic media is given

by
;s (&) :i “ (/ %) ® (/ %) + I (2.20)
eff — A — & \Jy Y
where (A, ¢n), n = 1,2,--- are the eigenpairs of the following eigenvalue
problem
/(Vx%)-(wa):)\n/@n~@ we X (2.21)
Y Y
with
XZ:{U‘UEW#Q(Y,C?)), Vxu=0 in Y\R, V-u=0, fu:O}
and

W2V, C) = {u | u € LL(Y.C), du € LL(Y,C%)]

with the inner product

(u,v) = /Y (V) : (Vo)dy v € WE (Y, C%)

11



(2) The effective dielectric permittivity tensor €., describing overall electric

f

activity of the electromagnetic wave in the periodic media is given by

€.ty (50) = (51)(50)‘91’ + 6H>13 -Q

ep(60)Apn” +5,(6) (A" + A7) + ALY
0<pn<1 1 — pin + £5(80) i

= ([, 55)o (7

where Op, Oy re the volumes of P and H respectively, and 1, are the eigen-

functions associated to the eigenvalues u, of the following eigenvalue problem

B ) 1,2
Nn/y\RWun vv_/Pwﬂn Vo,  veW(Y\RC)

where W;Q(Y \ R, C) is the restriction of W;’Q(Y, C) to Y\ R.

2.3 Proof of Main Results
2.3.1 Proof of Theorem 2.1

We first prove (1) of Theorem 2.1.

Proof. Substitution of
B(y) = Y ealy)n"e™ . H(y) =3 halyh"e™, e =3 /e
n=0 n=0 n=0
into (2.5) gives the following

e In R

T[(V><GO—I—Z.’f]];‘X80)+77(v><61+i77]%><el)+...] ( )
2.22

= iny/ny (V& + &+ J&n? + - )(ho + 1y + 1Py + - --)

12



[(V x ho + ink x ho) +n(V x hq + ink x hy) + ---]
Vo

= ¥ fo—l—\/an%— En*+---)(eo +ner +n'ex + -+ -)

p
e InP

T[(Vxeo—i—in/;:xeo)%—n(vxe1+inl%x61)+...]

— iny/ny (V& + &+ J&r? + - )(ho + nhy + PRy + -

T[(V X ho + ik X ho) + n(V x hy +ink X hy) + -]

= —inJT _ & e e
= —inyao(G + &) (1= e eo +rer +

e InH

T[(V % eg + ink % eg) + n(V x ey +ink x e1) + - -]

= iny/ng (/& + &+ J&n® + ) (ho + hy + 1Pha + - -

7[(V X ho + ink X hg) +1n(V x hy +ink x hy) + -]

= —iny/mo(\/S + &+ /& + - )(eo + e + nles + -

e On R-H interface

”'(€0+77€1+"')’8R_

X [(V x e +ink x o) +1(V x ey +ink x e1) + - -

=nx [(V x eg+ink x eg) +n(V x ey +ink x e1) + - --

e On P-H interface

{\/g+77\/7+ &r
\/Ez+n\f+ )(eo + né1 + ))ap+

X [(V X eq + ink x eg) +n(V x ey +ink x ey) + - --

(eo +n&1 +

:n><[(Vxeo—l—inl%><e0)+77(V><e1+i7712:><e1)+---

13

:pzn.(eo+nel+...

' ‘)‘813,

)

)

)

(2.23)

(2.24)

)
(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)



We also have

e In R
(V-eo+ink-eq) +1(V-eq+ink-ey)+---=0 (2.32)

e InP
(\/570—1—77\/51—1—-~')[(V-eo—l—inl%-eo)—l—n(v-el+z'771%-el)+'--] =0 (2.33)

e InH
(V-eo+ink-eo)+n(V-er+ink-ey)+---=0 (2.34)

e On R-H interface

! = 2.35
" 2Clor- T Cilops (2.35)
e On P-H interface
N - Eprel€; op- =nNn-e; ap+ (236)
From (2.22), (2.24) and (2.26), we have
7(V X eg) = 0, in R
7(V X eg) = 0, in P (2.37)
7(V X eg) =0, in H
From (2.29), (2.31), and (2.36), we have
nxXV X eo‘aR_ =nxVX eo‘am
nxV X eO’BP— =nxV X 60’8P+ (2.38)
cprea(So)n - eo| , =n-eof .

14



From (2.32)-(2.35), we have

V- €o = 0, in R
V-e,ra€o = 0, inP
pret=o (2.39)
V- €9 = 0, in H
n'eo‘aR* =0
Using (2.37), we find that
/ |V x eol*dy = / IV x eo|2dy+/ |V x eoldy +/ IV x eol|*dy
Y R P H (240)
=0
So eg can be written in Y as
eo=Vyp+c, @ € WA(Y,C), ceC? (2.41)
Using (2.39), we observe that
/ leo|*dy =/ eo- V(p+c-y)dy
R R
OR-

=0

and this imples that eg = 0 in R. But since eg = Vo + ¢ = 0 in R, we notice that

¥ = c'(pka k:17273 (243)
o=~y yr € C°
with ¢ = ¢ - ¢*, and ¢* is the solution to
V- la, () (Ve* +ev)] =0 (2.44)
n-epral@) (Ve + )| = n- (Ve +&)|

where é¥, k = 1,2,3 are the unit normal vectors originated from the origin, and
1 ye H

0,(y) = (2.45)
eprei(éo) Y EP

15



Finally, we have

/Yegdy = /Y(Vw—l—c)dy

/ n e ds—+c (2.46)
oy
=c

which completes the proof of (1). O

Now, we prove (2) of Theorem 2.1.

Proof. The equation (2.11) is obvious.
Next, we prove the first two equations in (2.10). To do this, will collect the 0%
order terms of ) from (2.22)-(2.36) to identify the problem hg satisfies.
From (2.25) and (2.27) along with the fact that [ho] = 0 across the boundaries of
inclusions, we have
V xhg=0 in P
VXxXhyg=0 in H (2.47)
V-hg=0 inY
which directly gives the second equation in (2.10). From the fact that [ho] = 0

across the boundaries of inclusions, we have

=0

[n x V x ho]‘aR =

=0

[n x V x ho]’ap =

and

16



Now we observe that, for any ) € W;’Q(Y \ R)

V X hg - V¢ dy
Y\R

:/Vxh0~dey+/V><h0-Vz/zdy (2.48)
P H
— [ (n-V xho),, vds+ /{)P[n 'V x hol|, s

If h() = (hl, hQ, hg), then
V x hg = (Ozh3 — O3hy, —(01hs — 03hy), Oihy — Oahy)
n-V X ho = (nlaghg — ngalhg) — (n;;alhg — nlaghg)eg + (ngaghl - ngaghl)

and since n - V X hg is only involving tangential derivatives, we conclude that

/8 IV X hol| | vds =0 (2.49)
and we get
/M(n 'V % ho)|,wds =0 (2.50)

equations (2.48), (2.49), and (2.50) completes the proof of the first equation in
(2.10).

Finally, we prove the third equation in (2.10). To do this, we write (2.23) as

(V +ink) x (hg +nhqy +---)
:—i\/;TO(\/EO+77\/§71+"')(€0+77€1+"')

and apply the differential operator (V + znl%) X to the both side of (2.51) to get

(2.51)

(V +ink) x (V +ink) x (ho +nhy +---)

S ) (2.52)
= =2 myE 4 )(V k) X (eo +mex )
Collecting the 0 order term of 7 in (2.52), we find
V X V x hg = —ity/no\/&(V x eg + ik x eg)  in R (2.53)

17



Collecting the first order term of 7 in (2.22), we find

TVn_o/g(V X eo + ik X eg) = Z\/E &ho in R (2.54)

Substituting (2.54) into (2.53), we get

VxVxhy=6&hye in R (2.55)

Taking advantage of the first equation in (2.10) and the relevant result in [1]

completes the proof of (2). O

2.3.2 Proof of Theorem 2.2

Proof. The equations (2.12) and (2.14) are obvious.

Now we prove (2.13).

Comparing the terms with the first power of 1 in (2.23)-(2.27), we have the fol-

lowing equations
(V x e1 +ik x eg) =iy/ng"\J&oho ~ in R
7(V x e1 +ik x eg) =i/ng"\J&oho ~ in P (2.56)
T(V x ey + ik x eo) = i\/ﬁ\/goho in H

(V x hy + ik x hg) = —it\/ngv/Eex in R
7(V x hy + ik X ho) = —i\/Mov/Eeprei(fo)eo in P (2.57)
7(V x hy + ik x ho) = —iy/novEeo in H

Integrating equations in (2.56) in their respective domains and adding them up,

we get
T ]AC €p dy = .\/ 1\/6 / ho d 2.58
/YZ X Yy LAVRLN] 0 v 0 ay ( )

We define the effective magnetic permeability to be the tensor p . such that

K.y (]{ h0> = /Y ho(y)dy (2.59)

18



Now we can write equation (2.58) as

7 ik x (/Y e0> = iv/ng'éom,,, (7{ h0> (2.60)

By setting e = V(o' + v;), = 1,2,3 where ¢' and y; are defined as in (2.43),

we notice that
e =0 inR, V.eM=0, inY, / =g i=1,23  (2.61)
1%
and for any function p € qu(Y, C)

/ Vp- (V' +¢) dy:/ pV-et dy+/pV-e*’i dy
Y Y\R R (262)

—l—/ pni- [V + & ds—l—/ pn;- [V +€]ds=0
OR Y
where n; is the ith component of the outward unit normal vector to dR. We

multiply e*? to each equation in (2.57) and integrate them over their respective

domains. Adding the resulted equations and noting that e** = 0 in R, we get

(2.63)
We first observe that
/YV x hy - V(o' +y) dy
— Vxhl-V(¢i+yi)dy+/Vxh1-V(gpi—|—y,-)dy
Y\R R
gV V(g + i) dy + /Rhl VX V(4 ) dy (2.64)
OR oy
=0
By similar calculation, we find that
/ erer(€o,y)eo - € dy
Y
— [ ehienvlen- (V6 + ) dy 269

Z/Yéfez(&,y)(vwé)dy-?
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where

eo =Vx +e, / ey dy =€, X € W#Q(Y, C)
Y
Also, by the property of geometric average [1],

z'T//%th-e*’idy
Y
:iT-/ ho dye™ x k
Y
:z’r~/h0dy(Vgoi—|—é“')></%
Y
:ZT(]%Xj{ho)é/L

Finally, applying (2.64), (2.65), and (2.67) in (2.63) gives

i (k¢ fho) & = ~iv/imoy/6o | eb(6o,n)(Vx + e)dy - @

(2.66)

(2.67)

(2.68)

We now define the effective dielectric permittivity tensor to be € ;. such that

.07 @ = [ G y) (VX +e)dy - &

and write (2.68) as

(b ) = v )

which gives

1
/ eo N (Fx f ho)

Substituting (2.71) into (2.60), we obtain
—T2]27 X 8;;]% X j{ho = fol,lleff fho
Multiplying "3 to both sides of (2.72), we notice that
—7? (iﬂ X 8;}]:]% X %ho) eink% = éol’l‘eff j{ho eink%

By the relation
02 (emfc-g) _ az(eikfc-x)
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(2.70)

(2.71)

(2.72)

(2.73)

(2.74)



and vector product identity, we arrive at

Vo x e LV, x fho et =2 “b,, § o e (2.75)

Multiplying e~ to the both sides of (2.75) and noting that Hyom(z,t) = <}1{ ho) ik -w—iwot)

completes the proof of (2.13).

(2) By expressing ?{ho in (2.60) and substituting it into (2.70), we get
—7%k x p,e_flfl% X /Yeo = e, /Yeo

Multiplying e to both sides and using relation (2.74), we get

2

. w 7
-1 KT 0 nk-
CxX[J,effX/Ye()e :7€eff‘/ye()€

c2

als

Multiplying e~ to the both sides and noting that Fyomn(z,t) = / eo dx e likhk-a—iwot)
Y

completes the proof of (2.15).

2.3.3 Proof of Theorem 2.3
Proof. By multiplying ek to equation (2.60) and substituting cgg = \/n & =

—é}, we find that
c

V:p % (/ eo eiﬁ-I) = iEOWONeff (% hO eifi'm>
Y

to both sides and using (2.12) completes the proof of the first

—iwot

Multiplying e
equation in (2.3).
By multiplying e to equation (2.70) and substituting cgp = /ng ', & =

W
—OéT, we find that
c

V. X (% hy em'”> = —ifloWoE;, (/ € e“"x>
Y

—iwot

Finally, multiplying e to both sides and using (2.14) completes the proof of

the second equation in (2.3).
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The third and the fourth equations are the direct consequence of applying the

divergence operator to Hpypm and Ejey, in (2.12) and (2.14).

2.3.4 Proof of Theorem 2.4
Proof. We start with equation (2.72). Using Einstein summation notation and

Levi-Civita tensor notations, we can write

[Eeff §o)k x f{h’o = mny[ e_flf(€0)]%}n{7{h0}j (2.76)

and

(l% x [ef(60)k x fhoD' — Eipmby £2 () X § ho] (2.77)

Using (2.76) in (2.77), we get

(k x (o (&) x § hol ) = EipmyEnng (£ ()R] [ § o] (2.78)
We can also write
ek = [ecfr@)], ks (2.79)
So finally, we get
<1%>< [sgflf(go)l%xfhoD = EipmbpEons 0y (€ %ho ipomon,j=1,2.3.
(2.80)

By the matching of ith component, we can also write

Eob. 5 (€0) j{hO 50 Mgy fo ]{ho (2.81)
So equation (2.72) is written by components as

0= ’7'2 ];‘ X €e_flf(§0)];’ X fho -+ fo[.,l,eff (fo) f h()

(2.82)
= TQ(C/‘ipmkpgmnj [ eff ]4 hO + 50 Eff éO j{ hO
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Equation (2.82) implies that the determinant equation for &, for a given wave

number k can be written as

det [T2A + fOl’l’eff (£O>:| = 07 Aij = Eipm]%pgmnj [€;f1f<§0)}n ]%pa iapu m, naj = 17 27 3.

P

(2.83)

2
W,

Noting that 72 = k?e,, & = —ger completes the proof.
c

2.3.5 Proof of Theorem 2.5
Proof. (1) We will show the formula (2.20) by applying the series expansion for

ho in the definition of p_,, given by
B.ss ( y{ ho) = /Y ho(y)dy (2.84)
The leading order theory shows that hg belongs to the space H*(curl,Y) with
H*(cwr,Y) :=={u € Hy(curLY)| V-u=0, Vxu=0 in Y \R},
Hy(curlY) = {u ’u € L*(Y,C?), V xwue L*Y,C?, uis unit periodic on 8Y}
and solves the following problem
/Y(v % ho) - (V X @) = /Y&)ho W, we H(curl,Y) (2.85)

If we denote the geometric average of hg by % ho = z € C? and write hg = h* + 2

in Y\ R, then we find that h* solves

[ xm) (Vxm & [ now=b [ @ wex (250

It’s been shown in [1] that the solution A* to the problem (2.86) is given by

h* = Y anp, where {¢,} is the family of real valued, orthonormal family of
n=1

eigenfunctions associated to the eigenvalues A, of the eigenvalue problem

/Y(ngon)-(wa):An/ycpn-@ we X (2.87)
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and X = span{¢,}.
We write hg = h{ where h§ linearly depends on z. Since h§ is curl free in Y \ R,

we have:

V x V x hi = &hg

Using linearity, we write
hi(y) = z1ho(y) + 2ho(y) + zsho(y),  yeY
where hj is the solution of the following problem:
V x V x hi = &b

ho(y) = R (y) + e

Forz:g:%hg € C3?, we write

g: §re1 + &aen + E3e3
(2.88)

hg = h§ = &ihg + &2hg + &Ry

Substituting h*'(y) = Y_ a,¢, into the strong form of (2.86) with z = e;, we see
n=1

that

V x V x (ZangonJrel)

n=1

=V xVx (Zancpn>
n=1

N (2.89)
=\ Z ApnPn
n=1

=& ) anpn + o
n=1
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We take the dot product of both sides with ¢, and integrate over Y to get

Z/ anknwn-wkZ&)Z/ ans@k-sowr/foel-sok
n=1 Y n=1 Y Y

Using the orthogonality of the basis functions {p,}, we find

an)\n = é-()an + 6061 ' /Y Pn

Then, we get
Y §oer - /Y<Pn
=&
1 % &oér - /Y ¥Pn
h(y) = nZ::l T—&)%
. ol - /Y Pn
P P W

Repeating the above process for h*?(y) = Z bppn, and
n=1

we get
b — 5062'/Y<Pn
M=
.9 0 fo@'/y%%
h**(y) :;7%—50 @n
) oo 5062'/Yé0n
ML g e
and
. 5063'/}/9%
S
P e A
=t An— &
5 oo 5063'/YS%
hozgi)\n_fo ©On + €3
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h*3(y) = Z Cn¥n;
n=1

(2.91)

(2.92)



Now, we have

L 005061'/YS%
h0227%0n+€1

n=1 )\n - 50

o &oeg / Pn
=y N

n=1 >\n - 60

5 ) 5063'/1/9071
h3 = . JYy
0 n=1 )\n - 50

o + €3 (2.93)

Spn + €3
and

hy = &hy + &R+ &by

) '505161'/ Pn
Y
n=1 )\” - 50

i 505262 ’ / “n
+ )\—_g)@n + &2z (2.94)

n=1

N i §oéses - /Y ¥n

©n + 161

©n + &363

n=1 )\n - 60
Sl fﬂg ©n é,
= JE
n=1 )\” - 60 i

Since hg = hg with £ = f ho, substituting (2.94) into (2.84) delivers the following

formula for

_w &
Neff(§0> - ngl )\n _ 50

(A¢O®(L%J+ﬁ (2.95)

(2) We recall that the effective dielectric permitivity is defined such that

e (€0)= [ (Vx+d+5(@) [(Vx+8  xeW2(r.0)  (296)

where ¢ = / eo is the volumetric average of the homogenized F field eg. The
Y

formula for €_,, is obtained by applying the series expansion of x in the definition
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(2.96).

By (2.44), we see that the function y solves the following problem
divlay (0) (Vx + 3] = 0 in Y, xeWi(v,C)
or equivalently, in weak form
/H(vx+ &) - V@ + £, (&) /P(vx+ O V=0, weWP(Y,C)
The continuity of w in Y and w = 0 in R implies that
/(8R)+ Opw = 0, /ap[a”w]t =0
and using integration by parts in (2.97) we get
/Hvx VT + (&) /va Vw=0, weWL(,C)

We also introduce the bilinear form B, (u,w) which is given by

(2.97)

(2.98)

B, (u,w) = /H Vu-Vw dy + z/P Vu - Vw dy, u,w € W#Q(Y \ R,C) (2.99)

and the bilinear form B, (u, -) is viewed as a linear form 7, on W#Q(Y \ R,C).

Our next goal is to find the series expansion of the solution x expressed through

the spectral representation of the linear operator 7T,. This done by studying the

the following eigenvalue problem

un/ Vi, - Vo :/ Vi, Vo,  veWL(Y\R,C)
Y\R P

(2.100)

We first observe that the constant functions satisfy the problem (2.100), and we

introduce the following decomposition of W#Q(Y \ R,C):

WY \RC) =W, & Wod W36 C
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with the constant solutions being uniquely determined by u =0 and

Y\R
WG:I{U

VVé:: {IL

Ws C W;Z(Y \ R, C) is defined to be the subspace that satisfies W5 L (W; & Ws)

u € W#Q(Y \ R,C), Supp(u) CC P, /Y\R u= O}

u € W;’Q(Y \ R,C), Supp(u) C H with Supp(u)NoP = &, . u=0 }
Y\R

with the orthogonality is with respect to the inner product defined as
(u, v)y\r = /\ Vu - Vudy u,v € W#Q(Y \ R,C)
Y\R

By orthogonality, we find that u € Wj is characterized as u is periodic on 9Y’, 0,u

is antiperiodic on 9Y and

Wy = {u e WA(Y \ R,C)

Au=0 in PUH, anu\amzo, \ u:()}
Y\R

Calculation shows that the problem (2.100) is directly linked to the following

eigenvalue problem
1 _ 1 o
An(un,, w) = (Tuy,, w) = 5/ Vuy, -V dy — 5/ Vuy, -Vw dy — (2.101)
H P

1
for w € W#2(Y \ R, C) through the relation t,,, = u,, when p, = 5 An, and by

8], we have

X - a1¢1 + a/21/}2 + Z aM7Lq7Z)Hn

(2.102)
w = bll/Jl + b21/}2 + Z b#nwlf‘n

Substituting (2.102) into (2.97), we get

Sy P @@ V00Tt S 0, Ve O (V0 4 0T+ D B, T,)] =0

0<pn<1 O<pn<1

By choosing by = b, = 0, we have

/Y\R £(éo) [(%V% +aVipp + Y a,, Vi, +0) - blvaJ =0
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Using orthogonality of eigenfunctions, we have
a [ Vi Vit as,(&) [ V8 Vi + 8 [ VB +g@)F [ V8, =0

a [ V-V + e [ Vi =o.

So
Similarly, we have

Choosing all but only one of the particular b, to be nonzero on the equation,
wee see that

0= /Y\R £(&) {(CMV?M + aaVipg + Z au, Vb, +¢) - bumvaum}

So we get

_5./}/\}%5(&))%% o [/H wﬂmjusp(go)/]gwum}
/Y\Rs(go)V@DNm -Vﬂum /HV@DM .Vﬂum +e,(&o) /1:,v¢ﬂm .V@Mm

ay,, =

1
Subtracting 3 (Vu) - (Vw) from both sides of equation (2.101), we find that
Y\R

pn = [ Vo, - V. [ V-V, = 1=

and

v <_8' /H V%) ¢1+<_5‘ /P v¢2) 77DQJF0<#Z”<1 - /H Vlen,u: ipiii)gﬂ/jjﬂnv¢#n Hn
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Using this in (2.96) and denote the volume of P, H by 0p, 0y respectively, we see

/H(Vx+c”)+ep(€o)/P(VX+c”)
W ACIA AR CH AR

0<pin<1 1 — pin + €p(80) pin

+5p(§0)/P :<_5. /Hv¢1> Vi + (—5' /PV¢2) ViﬁQ}

+ep(&0) /P > (5_ /H VY, + (&) /P an) Vi, +e

0<pn<1 I — pp + 5p(§0),un

AOEIVADRIADEIAD
] { VA VA EEDIACH EIVALD

0<pn<1 L= pn + 8p(§0)ﬂn

5—1- (€p(£0)9p + HH) c

¢

_[ap(éo) (/H Wl) ® ( /P wl) +&p(&) ( /P w?) ® ( /P sz)] -
_ [ > ep(%o) (/H an) ® </P V?/%) +e5(60) (/P V%n) ® </P V%n>

¢

1 — pin + €5(&0) i

AEIVAD RS CIADEIVAD

5—1- <€p(§0>ep + QH) c
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s (men)e (o) s (f75)o (7o)

0<pn<l 1 - Hn + gp(é()),un

_[sp<€o> </HW1) ® ( /P vwl) +ep(6o) ( /P wz) ® ( /P w2)] ,
oy ep(&0) (/H%n) ®(/vaun)+sf;(€o> (/qupun>®</Pwun)

O<pn<l 1- Hn + 5p(§0)un

Finally, we see that

[, (Vx40 +e@) [ (Vx+)

S (ASRIASEASRIASIE

en(C0) ALY + &, (L) (AT + ATLP) 4 AT
0<pn<l 1— Hon + gp(ﬁ())/in

¢

E—F (€p<fo)9p + GH) c

ep(60) AL + 5, (L) (A" + ART) + ALY
0<un<1 1 — pin + €p(80) in

c+ (Ep(fo)ep + QH) c

L </DIV%>®</DZV%>7¢:1,2,...

Therefore, we have

en(€0) AT + e, (C) (AT + ART) + AL

€., (60) = (ep(60)0p + Op)T? — 3

0<p, <1 L= iy + 8p(£0):un
(2.103)
where
A= ([, o) & (f, 7o)
n Dy djﬂn ® Dy w,u‘n
And the proof of Theorem 2.5 (2) is concluded. O
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Chapter 3
Photonic Crystals

3.1 Introduction and Problem Setup
3.1.1 Introduction

Unlike metamaterial crystals, some types of photonic crystals occur in nature in
the form of structural color of animals or matter. But photonic crystals can also be
fabricated. Through the use of such fabircated photonic crystals, electromagnetic
waves from light can be manipulated to achieve a desired optical proprty.

The study of photonic crystals initiated in [24] by considering multi-layer metallic
stacks. But the investigation of three-dimensional photonic crystals in [25, 29] has
been followed by significant developments in the research on photnonic crystals
26, 27, 28].

The design of two-dimensional lossless photonic crystals with desired electromag-
netic resonant properties studied using variational methods in [3]. Creating band
gaps in photonic crystals with different configurations was studied in [44, 42].

Our goal in this chapter of this dissertation is to derive spectral representation
formula for the Helmholtz operator for vector wave equation. Using this formula,
we show the explicit characterization of the inverse of Helmholtz operator to to
obtain spectral representation of the solution to the vector wave equation. To ob-
tain the representation formula, we proved the compactness of magnetic dipole

operator along with the use of single layer potential operator.

3.1.2 Problem Setup
We study the representation formula for the differential operator in the following

Helmholtz equation

V x ((e(z))'V x h) =¢h (3.1)
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which is satisfied by the Bloch wave solution h traveling through a photonic crystal
made from periodic assemblage of unit cube consisting of a host material denoted
by H and a non magnetic plasmonic inclusion denoted by P. The incoming wave
frequency is denoted by & and the dielectric constant of the material £(z) as a

function of x is given by

g, (w) reP
1 reH

A plain view of a typical unit cube in this photonic crystal is visualized below.

The Bloch wave solution h to (3.1) is sought in the space
J* ={u € Hy(curl,Y), V-u=0} (3.2)

It is obvious that the constant function is a solution to (3.1). So, to simplify our

analysis, we look for solutions to (3.1) in the space J where
J:{UEH#(curl,Y), V-u=0, /u:O}
Y
with the inner product

(u,v) = /YV x u(z) -V xw(x) de u,w e J (3.3)
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The weak form of equation (3.1) is given by

/ (V xh)-(V %) d:c+5’1/(V><h)-(V><w) d:czf/ h-w do weJ
H PoJp Y

(3.4)
By observing (3.4), we introduce the bilinear form B, : J x J — C which is given

by

B, (u,w) = /

H(qu)-(Vx@) d:):—i—z/P(qu)-(wa) dr, u,w € J (3.5)

and view it as B, (u,w) = (T,u,w) for a linear operator 7, acting on .J.

In what follows, our goal is to find the representation formula for the differential
operator V x ((g(z))"'Vx in (3.1) by expressing the linear operator T, through
eigenpairs of a linear operator T" which is directly linked to the following eigenvalue

problem
)\(u,w):)\/Y(Vxu)-(Vx@)dy:/P(qu)~(wa)dy, welJ (3.6)

which has nonzero, real eigenvalues A, and the corresponding eigenfunctions 1,

that satisfy

)\n/y(Vxwn)~(Vxw)dy:/P(wan)~(wa)dy, weJ

We have the following property of the eigenfunctions of the eigenvalue problem

(3.6).

Lemma 3.1. The eigenfunctions ¢,, n = 1,2,3--- are a complete system of

orthogonal functions with respect to the inner product of J.

Our next goal is to decompose the solution space J into orthogonal invariant

subspaces spanned by eigenfunctions associated to the eigenvalues of problem (3.6).
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To do this, we proceed by defining J as the direct sum of orthogonal subspaces

Wy, Ws, and Wj5 as the following:
J=W, oW, ®Ws
where
Wy = {u ‘u € J, Supp(u) CC P,/Y u= O} (3.7)
Wy = {u ‘u € J, Supp(u) C H with Supp(u) NOP = &, /Y u=>0 } (3.8)

and W3 C J is defined to be the subspace that satisfies W3 L (W) @ Ws) with the

orthogonality is with respect to the inner product of J.

In view of (3.7) and (3.8), we notice that the subspaces W and W, are spanned
by the eigenfunctions associated to the eigenvalues 1 and 0 of the eigenvalue prob-
lem (3.6), and A € [0, 1]. The specific characterization of functions in Wj is given

by the next lemma.

Lemma 3.2. The subspace W5 C J is characterized as the following:

VxVxu=0imHUP, V-u=0, /u:O
Y
Ws=<ueJd

n x V X u is antiperiodic on 0Y, [ul*|op =0

3.2 Main Results
3.2.1 Mapping Property of Single Layer Potential Operator

In order to characterize the functions in W3, we parametrize the elements of Wj

by using single layer potential operator defined as
S(p)(@) = S(p)(@) = [ S(p)w)ds,

S(p) = APG(I,y)p(y)dSy, x & OP
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where p € L2(OP)? and
L}(OP)* = {p € Lz(aP)S‘ n-p=0 on 8P}
In view of Lemma 3.2, we observe that the following must hold for S(p) :
V- S(p)(@) = [ Glx.y)(Divp(y)ds, = 0 (3.10)
So p has to be chosen from L7 (9P)* where

L3(0P) = {p e LioP)’

Divp =0, / pds, = 0}
oP

and the differential operator Div is understood to be surface divergence.
Also, G is the dyadic Green’s function such that : G is separately periodic in x

and y with unit Y, twice differentiable in each of x and y for x # y, and

AGz,y) = > dz—y+n)—1 in D:i=U,z(Y +n) (3.11)

nez3

The specific characterization of G(z,y) is given by the next lemma.

Lemma 3.3. The dyadic Green’s function G(x,y) satisfying (3.11) is given by

2mn-(z—y)

e
G(z,y) = — 1
nEZ;\{O} 1272

where I is the unit dyadic.

In order to present the parametrization of elements in W3, we first establish the

following two lemmas that will be useful.

Lemma 3.4. Let the single layer potential operator S be defined as in (3.9). For

every p € L} o(OP)?, we have S(p) € Ws.

Lemma 3.5. The space of tangential vector fields L7 ,(OP)® is a dense subspace

of V;_% (OP) where

L2)0P) €V, * (0P = {(n x V)f 5 f e H}OP)} C H3(0P)  (3.12)
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wheret the space H3 (OP) of complex scalar valued functions defined on OP is given

by

M\»—l

H2(0P) = {u € L*(0P), Ju(z) = u(y)] € L*(OP x ap)}

lz —y|?

with

‘ l
HuHH2(<’9P (/ [ d$+/(9P/6P ]:1:— ]4 Ty dy) '

and the norm [|A|| _1 is taken to be
v, Py

41, -3,,,, = {0+ s oy s 0 €€ FEHYOP), (nx V)f = A}

(3.13)

Now we are ready to present an important mapping property of the single layer
potential operator that will be crucial in characterizing the spectral property of

the sesquilinear operator T'.

1
Theorem 3.6. The single layer potential operator S : V, *(0P)* — Wy is an

isomorphism.

3.2.2 Compactness of Magnetic Dipole Operator

The magnetic dipole operator M : L7(0P)* — L ,(0P)? describing the tangential
component of the electric field generated by the change in the magnetic distribution
is given by

M(p) = /6Pn X Vg x (G(z,y) p(y)) ds,, x € 0P

Theorem 3.7. M :V, (8P) V, *(OP)? is a compact operator and

(M v, (8P)> (K*; Hy 5(013)) (3.14)

where K* is the scalar valued Newmann-Poicaré operator defined on H, 2(OP)
which is the dual space of H2(OP), o (M; ‘/;%(GP):s) and o <K*; Hoé(ﬁP))

are the spectrum of M and K* respectively.
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1 1
It’s been shown [32] that the spectrum of K* lies in [—2, 2}. So by Theorem
3.7 we conclude that

(v orr) <[

3.2.3 Spectral Property of 7= SMS~!

Theorem 3.8. T'= SMS~' : Wy — W3 is a Hermitian, compact operator and

o(T; W) =0 (M; Vt%(ap)?’) (3.15)

3.2.4 Spectral Representation Theorem

Now we present the main result on the spectral representation of the Helmholtz

operator for the vector wave equation (3.1).

Theorem 3.9. we have the following identity for the spectral representation of the
differential operator

V x ((e(2)'Vx = —AT _,

p
where the Laplace operator is understood to be associated with the bilinear form

B | and we have the following spectral representation of the sesquilinear operator
p

Tgp which separates the effect of the dielectric constant e(x) from the underlying
geometry of the photonic crystal.

1 1
T _ju= gp—lplu +Pu+y {(2 + fin) + g;l(f _ un)} P,u

Hn
If 2% —(5 + 1)/ (5 — i), then we have

1 1
T = P Pt 2 el ) + (5

—1
I’I/TL 2 2
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3.3 Proof of Lemma 3.1-3.5

Proof of Lemma 3.1

Proof. Letting n # k, w = ¢4, and conjugating both sides, we get

N [V xai) - (V x )y = [ (V x) - (V x Bu)dy

Taking w = v,, and conjugating both sides, we get

M (V%26 - (F x )y = [ (T %) - (7 x D)y

Comparing (3.16) and (3.17), we see

(O =M) [ (VX 860) - (V % )y = 0

which shows
J (V5 6) - (7 x )y = 0
By (3.6), we have
(¥ x00) - (V x )y = 0
(V5 - (V x Ba)dy = 0

This along with the relevant result in [42] completes the proof.

Proof of Lemma 3.2

Proof. Since W3 C J, we only need to show that for u € W3, we have

VXxVXxu=0 in HUP

n x V x u is antiperiodic on 0Y
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First, for u € W3 and w € W5, we observe
oz/y(vXU).(va)dy
:/H(vXu)-(va)dy
= — 8y(n><V><u)~@dsy (3.18)
—i—/aR(nxqu)\*~@dsy

—|—/H(V><V><u)~@dy

Choosing Supp(w) CC H in the above equation implies that
VxVxu=0 in H

Choosing Supp(w) C dY, we have

\Y -w ds, =0
/8 Y(n x V xu)-w ds,
By defining the 6 faces of the unit cell as

L := left face of the unit cell = {(0,y2,93) [0 <y <1, 0<ys<1}
R :=right face of the unit cell = {(1,y2,73) [0 <y <1, 0<y3<1}

T := top face of the unit cell = {(y1,102,1) [0 <3 <1, 0<y <1}

D := downward face of the unit cell = {(y1,22,0) [0 <y <1, 0<ys <1}
F := front face of the unit cell = {(y1,0,y3) [0 <y <1, 0<ys<1}

B := back face of the unit cell = {(y1,1,y3) [0<y; <1, 0<ys3 <1}

and choosing Supp(w) such that w vanishes on JY except for the left and right

faces of the unit cell and using the periodicity w(0, y2,y3) = w(1, y2,y3), we get

R
/L (n x V xu(0,y2,y3) —n x V xu(l,y2,y3) - 0(1,1y2,y3) dsy, =0
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Repeating this for top, downward faces and front, back faces of the unit cell re-

spectively, we get

T
/D (n X V X U(?be% 1) —n X V X u(y17y270) 'w<y17y27 1) dsy = O

B
/F (TL X v X u(yb 17y3> —nX v X u(ylaoayS) ‘@(91, 171/3) dsy = 0

The last three equations show that n x V x w is antiperiodic on 0Y".

For v € W3 and w € Wy, we have

oz/y(qu)-(wa)dy
:/P(qu)-(VXw)dy (3.19)
:—/P(VXVXU)-@dy

Since Supp(w) CC P, the above equation implies that

VxVxu=0 in P

Proof of Lemma 3.3

Proof. we first examine V x V X h(y) where

hiy) € WYY, J, ho) dy =0
where
0 = € 00, e 17.0)

By writing h(y) in terms of Fourier series expansion, we notice that

hy) = > h(n) e

neZz3

~ 1 .
h(n) = Py /Y e 2 b (1) d
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and

Since

neZ3

e =) h(z) dz.

ei2n7r-(y7x) h(x) _ (hlei2n7r-(yfz)7 h2ei2n7r-(y7x)’ h3€i2nw-(y7:p))

we see that

V, x (h(z) 612"”'(3/”3)) =

€1

Oy

hy el2nm (y—zx)

€2

0ya

ho ei?’mr-(y—a:)

€3

0y3

h3 ei2n7r-(y—ac)

Oys(hs r(z,y) — Oys(he r(z,9))
= | =0y1(hs r(x,y)) — Oys(hy r(x,y))
y1(ha r(z,y)) — Oya(ha r(z,y))

Then by calculation, we find that

Vy % (h(l’) €i2n7r~(y—x)) _

Setting

(2’2n27rh3 — 1'2n37Th2>7’<I, y)

—(i2n17rh3 — ’i2n37Th1)7'($, y)

(i2n17rh2 — i2n27rh1)T(l', y)

a; = (i2nomhs — i2n3mhy)r(x, y)

as = (i2n3why — i2nywhs)r(x, y)

az = (i2nymhy — i2ng9mhy )r(x, y)

T<I,y) — eier-(y—w)
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We find

€1 (] €3

Vy X Vy X (h($) eiZnW-(yfx)) = ayl ayz ay3

aq (05} as

(3?J2a3 - 8y3a2)
= | —(Oyras — Oyzaq)
(83/1@2 - (992&1)

and calculation shows that the above is equal to

[(12n9m) (12117 ) hy — (i2n9m)%hy — (12n37)2hy + (12n7) (12n37) hs] (2, y)
= | —[(i2n17)2hy — (12n17) (i2n97) by — (12n97) (12n37) h3 + (12n37)%har (2, y)]

[(12n17) (12n37)hy — (12n17)%hs — (i2n97)2hs + (i2n97) (i2n37) hor (2, y)]

Using
Vy - (r(z,y)h(z)) = (12n17hy + i2namhy + 2ngmhs)r(z,y) = 0

repeatedly in the above, we get the following for V,, x V,, x (h(x) e u=o)):

[(12n97) (12117 ) hy — (i2n9m)%hy — (12n37)2hy + (12n7) (12n37) hs] (2, y)
= | —[(i2n17)2hy — (i2ny7) (i2n97) by — (12n97) (12037 ) hs + (12n37)%hs] r(z, y)

[(12n17) (12n37)hy — (i2n17)%hs — (12n97)%hs + (12n97) (12n37) ho| (2, y)

[—(12n,7)%hy — (12n9m)2*hy — (12n37)*hy] (2, y)
= | = [(i2n17)%ha + (i2n97)%ho + (i2n37)*ho] (2, y)
[—(i2n37)2hg — (12n17)%h3 — (i2nom)%hs] r(z, y)

= [[2n7*haes + [2n7*haes + |20 hses]| ()
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This shows that
V, x V, x (h(x) ei2””'(y_$)) = |2n7r|2(ei2m'(y_z) h(z))

provided that i2nm - (2" ¥=2) h(z)) = 0 or V - h(y) = 0.
So, now switching x and y, we have

(i(2mn) (z—y)

G(z,y) = )
(z,9) nezz;\o |27 |2
[
Proof of Lemma 3.4
Proof. It’s been shown [11] that, for p € L7((9P)* and 2 € P U H, we have
V- S(p)(x) = /a Gla,y)(Divp(y))ds, =0, € HUP. (3.20)
For z ¢ OP, we have
VX S()(a) = [V x Ve x Glay)oly)ds,
= [ 3z =)= Doly)ds, (3:21)
oP
=0
But at the same time
V XV xS(p)(x) =V(V-5(p)) = AS(p) = =AS(p) (3.22)
So we get
AS(p)(xz) =0, re HUP (3.23)
By the property of single layer potential operator, we know that
[S(p)()]],,, = 0. (3.24)
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which also implies

n-S(p)(@)]],, = 0. (3.25)

oP
Since S(p) is harmonic on the two sides of P, equation (3.25) along with (3.20)
implies that

V-S(p) =0, reyY (3.26)

Since V x G(z,y) is periodic, noticing that

nxVxS(p)(r)= /6Pn x V x G(z,y)p(y)ds,, (3.27)

we conclude that n x V x S(p)(z) is antiperiodic.

Finally,

n XV x S(p)|ons = /8 XV X Gla,y)lon p(y)ds,

~ [ ¢ oo, (325)

oP

=0

The equations (3.21), (3.24),(3.26), (3.27), (3.28), along with the fact that

[ S(p) dy=0

show that S(p) € Ws. O

Proof of Lemma 3.5

Proof. We start with Helmholtz-Hodge decomposition for tangential vector fields,

for p € L2(OP)3, we have [33]
p=Vso+nxVg (3.29)

for some scalar functions ¢, ¥ € H(9P,C) and V is understood to be the surface

gradient acting on ¢ and 1.
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For p € L}, (0P)?

Divp =0 = Asp =0

where A, is the surface divergence of tangential gradient of ¢. A calculation using
integration by parts show that for p € L?’O((?P)?’, the Helmholtz-Hodge decompo-

sition identity (3.29) is reduced to
p=mnxVa, Y € H(OP,C) (3.30)

1
We see that the density of WY2(OP) in H? (OP) implies that , for a given g €
H?(9P) \ C, there exists a sequence {g;}>~, € H'(9P)\C c H?*(dP)\ C such

that

lg=gill ,  <e (3.31)

HZ2 (aP)\C

Because n x V : H' (OP) \ C — L?,(9P)? is an isomorphism [12], we have that
1 _1
nx Vg; € L};(0P)*. By the continuity of the map n x V : H* (9P) — V; *(0P)?

and (3.31), we have that

[nxVg—nxVg| .  <lg—gl , <e (3.32)
v, %(ap)3 H?2 (8P)\C
_1
This shows the density that L7 (0P)?® is dense in V, *(9P)°. O

3.4 Proof of Main Results
3.4.1 Proof of Theorem 3.6

Proof. We prove the theorem by the following 2 steps.
First Step. We prove that S : L7 (9P)* — W5 is a bounded map.

Given p € L7,(0P)* and S(p) € W3, we have

15()lws = [V % S(p)- ¥ x S(p)

46



= [ T xS(0)-V x50+ [V xS() 7 x 5(o)

= [n x V x S(p):- S(p) (3.33)

:_/ps

For a scalar function f and a vector function g, we observe that

0= [ V-(V % (f9)
= [ n-Vx(fg)

(3.34)
= | I (Vfxg)+n-f(Vxg)
= [ gnx Vit [ fn-Vxg)
So we have
Apg'nXVf:_/apf(n'VXg) (3.35)

1
By writing p =n x Vf for f € H*(0P) \ C and using (3.35) in (3.33), we get

IS, == [ » S0
—~ [ nxVf- S0 (3.36)
op
= [ 10V xS0
opP
Since n -V x S(p) € Ho_%(aP), for f +o € H2(dP), it is also true that

1S3, = [ (f+0) n-V xS(p)
’ /"”3 ’ (3.37)

<N+l oy IV X SO, 3,

H? ap)|
Because the map n -V x S : ‘/;77(8]3)3 — H~2(9P) is bounded [12], by taking

the infimum of ||f + UHH%(ap) over all o € C, we arrive at

15O, < CIU+0ll3 o 01,4

(3.38)

<|lpl”
v, 2 (op)?

47



and

S < 3.39
156l < llel, -3 o (3.39)

The inequality (3.39) implies that S(p) is bounded for p as an element in €
12,(0P).
By the theorem on bounded linear extension of a densely defined map, we now see
that the extension map S : V, (8P) — Wj is bounded.

Second Step. We prove that S : V[%({?P)?’ — W3 is a bijection.
To do this, we first show that S is one-to-one. For a given p € V, ((9P) we have

u = S(p) € Ws.Furthermore
p:nXqu‘aP+—nXVXu‘aP_

:nxVXu‘ap+—nxVXu‘a (3.40)

+n><V><u’ —nxqu‘
Yy ay

:nxVXu‘ —nxVXu‘ —nxVXu‘
OH aP- oy
From the mapping property of tangential trace map, if f € L*(Q), V x f € L*(Q),

then we have n x f € H~2(99Q) and

17X Fll -3 90y < CUFllzz@) IV X fllz2) (3.41)

Now we take f =V x u , and using V x V xu =0 in H U P as well as triangle

inequality, we see that

:HnXVXu‘ —nXVXu‘
op+

HpHH—%(ap)B op- HH—%(aP)B

<nx Vxul, Flnx Vxall 5o+ [0 XV xul

T2(0H)3 “2(0P)3
S CI(HV X U||L2(H)3 + ||V X U||L2(p)3 + ||V X U||L2(Y)3>

< Colful

H*(curlY)

= 2| S(p)llws

(3.42)
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Now for py, pa € V, *(OP)3, we have

0 <|lp < Gol|S(p1) — S(p2)llws (3.43)

B 'OQHH—%(aP)B

1 L 1
The inequality (3.43) along with V, *(0P)® C H~2(9P)? implies that S : V, * (OP)* —
W3 is one-to-one.

Next we show that S is surjective. Assume that u € W3 C J is given. This means
V xue LL(Y,C), V xV xu=0.

By Helmholtz decomposition of vector fields in L?(Y,C3), we can write V X u as

the sum of divergence -free and curl-free parts, that is
V xu=p+Vg, V-p=0, pclLl*Y,C%, gecH(Y,C) (3.44)
Since V x V x u = 0, the decomposition (3.44) gives
Vxp=0 (3.45)
Therefore, we can write
p = Vg, for some scalar function ¢ € H'(Y,C) (3.46)
Now, applying (3.45) and (3.46) in the decomposition (3.44) gives
V x u(x) = Vo(x), v=g+qec H(Y,C) (3.47)

Taking the cross product of (3.47) with the normal vector n and then letting x

go to 0P, we get

opr =1 X Vv

nxV X u‘ N
or (3.48)

nxqu’ =nx Vv
opP- opP-
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In view of (3.48), we conclude that

,% 3
nxV x u‘ap+ eV, “(0P) (3.49)
nx V x u‘apf cV, *(0P)

Now we set
1
— T2 3
pu—nxqu’aPJr—nxqu’aP_ eV, “(0P)
and take w = S(p,) to find

VxVxw=0 in PUH, Vaw=0 inY, nxV xw is antiperiodic on 9Y.

and
(w—u,w—u)y:/)/Vx(w—u)-Vx(@—ﬂ) dy

= VX (w—u)Vx(w-—u)dy

HUP
= — — ( — 2 d
aYn><V><(w u) - (w—u) ds,
W7 - (w=u) d
+ aP[nxVx(w w)); - (w—u) ds,
+ VXVx(w—u) (w—u)dy
HUP

Using the antiperiodicity and the fact that
(nxVXxw)ogp=[nxVxu)ogp=pu, VXVX(w—u)=0 in HUP

we see that

(w—u,w—u)=0 implies w—u=C
But

O:/wdy—/udy:C’.
Y Y

So we conclude that w = u. This shows that S is surjective and thus bijective.
The application of open mapping theorem on S yields that S—! is bounded, and

then the claim of the theorem follows. O
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3.4.2 Proof of Theorem 3.7

Proof. We first establish that M is a bounded map of V;, *(9P)>. To do this, we

start with the following identity from [12]
K*(n-VxS8)=n-V xSM, for pe Lj (0P)’ (3.50)

where K* is the scalar valued Newmann-Poicaré operator of H, 2(0P) which is
1 _1

a bounded linear operator. The map n -V x S : V, ?(0P)® — H, ?(OP) is an

isomorphism [12]. On one hand, the boundedness of K* and the boundedness of

the inverse of the operator n -V x S show that

K*(n-V xS 1 <|n-V xS 1 <C _1 3.51
(005 5 SO gy < 129X Sy < Collell ), (351

On the other hand, the boundedness of the inverse of n -V x S also shows that

< . .
Co||Mp| f%(a . In -V x SM(p)|| 0,%(8 : (3.52)
In view of (3.51) and (3.52), we have
M <C 3.53
[ Mp]| [%(a o = slloll [%(a o (3.53)

1
So M(p) is bounded for p € L7,(0P)* C V, *(OP)>.

Now we observe that, since L7(OP)? is dense in V, *(OP)?, by the theorem on
bounded linear extension of a densely defined bounded linear map on a Banach

_1
space, we can extend M as a map of V, *(9P)? as

M(p) p € L}y (OP)?

1

lim M(pn) p€L30PP, {pa} € L(OP), po—peV; ' (P

n—oo

Since n -V x S : V, ?(0P)® — H, 2(0P) is an isomorphism, for a bounded

sequence {p,} € V, *(9P)3, we have
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. 1 < 1 .
IV > S(on)ll -1 o = Clleall -3 (3.54)

o 2 (0P) L 2Py

Which shows

[0V S(pa) ), € Hy *(9P),
and there exists a bounded sequence

{n-V x S(pu) Y, € Hy * (0P).
By the compactness of K* and (3.50), we have

{K*n-V x S(pn) e € H(;%(QP) is Cauchy
1 (3.55)
<= {n-V x S(M(pn,))}rey € Hy 2(OP) is Cauchy.

Because n-V xS : V, *(9P)* — H, ?(0P) is an isomorphism and K* is continuous

map, we have

Mp,, — Mpy,|| _1
|| Py p lHV} %(8P)3

[
v, 2 (@P)3

< CHn -V X S(M<pnk - pm))” -1

H, 2 (0P)
0 (3.56)

= C[|[K™n -V x S(M(py, — pm))HH-%(ap)

< Cy|jn -V x S(M(pn, — pm))llH—%(ap)

= Cilln -V x $(M(pn,)) =n -V x S(M{pu))ll -y
By (3.55), we conclude that

”Mpnk - Mpm”Vt—%(aP)B —0

1
which shows that {M(p,,)}.—, € V, *(0P)* is Cauchy and thus M is a compact

_1
operator on V, *(9P)3.
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Finally, the identity (3.14) is the direct consequence of the application of the
compactness of M : V, *(0P)3 — V, *(0P)3, compactness of Newmann-Poicaré
1 1
operator K* : Hy ?(0OP) — Hy ?(0P) as well as the isomorphic property of the
1
2

map n-V x 5 : V, 2(9P)* = Hy *(9P) in the identity (3.50).

3.4.3 Proof of Theorem 3.8
Proof. First we show that T : W3 — W3 is Hermitian. For u,w € W3,
(T, w) = /Y(v x Tu) - (V x W) dy
- /Y (V x SMS~'u) - (V x @) dy
- /H(v x SMS~1u) - (V x @) dy

+ / (V x SMS™\) - (V x @) dy
P
Using integration by parts and the

V xV xS(MStu) =0, in HUP
we see
-1 — _ -1, 17 =
/Y(VXSMS u).(wa)dy—/aP[nxVxSMS o] | ds,
By the jump condition

+ 1
n x Vg x S(p)‘ap = i§p+ M(p)

we now have

(Tu,w)=— | MS'u-wds,

oP

For some 3 € V, *(0P)3, we write u = Sf3, and have

(Tu,w) =— | MS'SB-w ds,
oP

= — Mp-w ds,
oP

:_;AP[TLXVXSWL—I—TLXVXS&']'sty
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and integration by parts give

1 _
b 8P[nXVXSB‘++nXV><SB‘_]'wdsy

—;/H(VXSB)~(V><w)dy—;/P(VxSﬁ)~(V><w)dy

So
1 _ 1 _
(Tu,w):—/ (V xu)-(V xw) dy——/(qu)-(wa) dy (3.57)
2JH 2Jp
Interchanging the position of u and v shows that 7" is Hermitian, that is
(Tu, w) = (u, Tw)

Now we prove the identity (3.15).

Let

1} <V, (oP).

[Eo (M; V["’(ap)?’) . Mp=ypp, (mp) € {—2, 3

There exists u € W3 such that u = Sp, and p = S~'u. Therefore, we have
MS™'u=puStu
This implies that
SMS 'u=pSS'u = Tu=uu,

which shows that o <M; v, ? (8P)3> Co(T; Ws).
If we have Tu = pu, then

1 _ 1 _

u(u,w):(Tu,w)zi/(qu)~(V><w)dy—i/(VXu)-(wa)dy
H P

Subtracting / (V xu) - (V xw) dy from both sides, we get,
Y

/P(qu)-(VXw)dyZ(;—,u)/Y(VXU)-(wa)dy

and we arrive at

)\/Y(qu)-(Vx@)dy:/P(qu)-(Vx@)dy. (3.58)

1
through the relation \ = 5 H and A € [0, 1]. O
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3.4.4 Proof of Theorem 3.9
Proof. By Theorem 3.8, we can conclude that there exist a countable subset of the

real line given by

(k= {55} U lid n =123,

with a single accumulation point at 0 and an associated family of orthogonal finite

dimensional projections{P,, } such that

Zuw , veJ

or
(T'u,v) Zuz AR ved

By (3.7) and (3.8), we have

1

(Tuy,v) = —§(u1,v), u; € W,
1

(Tug,v) = §(u2,v), Uy € Wy

for all v € J.
If we let P, be the projection operator acting on the solution u € J and takes it
onto the subspace spanned by the eigenfunctions corresponding to the eigenvalues
Wi, then we have

u=Pu+Pu+ Y Pou=atitatet+ Y. a, Y., (3.59)

—3<Hn<3 —3<un<}

with Pu, ¢ = 1,2, u, are the orthogonal projections of u onto the subspaces Wy, W,
and Wis.
Now we have the following representation formula for the linear operator T, asso-

ciated with the bilinear form in (3.5)

1
+ pn) + 2(=

(TLu,w) = (zPiu+ Pyu + Z [ 5

Hn

; — )| Pou, w) (360)
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for all u,w € J and.

For u,w € J, by (3.59) we have

B.(P,

On the other hand, by (3.57), we know that

U, W) = /H(v x Pou) - (V X @) dy + Z/P(v x Pou)- (V x @) dy (3.61)

(T Py, w) = ;/Hw X Pou) - (V x ) dy — ;/P(v X Pou) - (V x ) dy

:,un/H(VXPunu)-(VX@) dy+,un/P(V><PMnu)-(V><@) dy

which gives

1+M
/H(VXPMU)-(wa)dy:;_MH/P(VXPMU)~(V><w)dy

Also, by (3.58), we have

/P(VxPMnu)-(wa)dy:(;—,un)/y(VxPﬂnu)-(wa)dy

and (3.62) becomes

/H(VxPunu)-(wa)dy:(;—l—un)/y(VxPMnu)-(wa)dy

Substituting (3.63) and (3.64) into (3.61), we get

B.(P,u,w) = (; + pn) + z(; — un)] /Y(V X P,,u)- (Vxw) dy

We also note that
B.(Piu,w) = z/ (V x Piu) - (V xw) dy
P

B.(Pyu,w) = /H(V x Pyu) - (V x W) dy

So we can conclude that

B.(u,w) = (Lu,w) = (zPiu+ Pou+ ) {(

Hn

2 2
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(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

1 1
=+ pn) +2(5 — pn) P, u, w)



By setting z = ¢(z))!, we now see that

V x ((e(z))'Vx = —ATE;1

where the Laplace operator is understood to be associated with the bilinear form

1 1
T;lu =¢, Piu+ Pu+ Z {(2 + fin) + 5p(§ - Mnﬂ By,u
p Hn

The equations (3.65)-(3.67) shows that we have
-1 _ -1 1 1 -
T =P Pt Yz s ) e (G =] B,
Hn

for z # —(3 4 pn) /(5 — pta). This concludes the proof of Theorem 3.9. O
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