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Abstract 

Background: Advancements in the treatment of non-infectious disease have enabled survival 

rates to steadily increase in recent decades (e.g., diabetes, heart disease, and cancer). 

Epidemiological studies have revealed that the treatments for these diseases can have life-

threatening and/or life–altering effects. Thus, realizing the full beneficial potential of advanced 

treatments necessitates new tools to algorithmically consider all major components of the health 

outcome, including benefit and detriment. The goal of this dissertation was to develop a 

framework for improving projected health outcomes following planned radiation exposures in 

consideration of all beneficial and detrimental, early and late, and fatal and non-fatal effects. 

Methods: We designed a generally applicable framework for aggregating the benefits and 

detriments of planned exposures to individuals, groups, and populations. We demonstrated the 

utility of this framework with illustrative hypothetical example applications to emergency 

response, diagnostic radiology, and cancer radiotherapy. Finally, we used this new framework to 

directly optimize health outcomes in a population of men with prostate cancer receiving 

radiotherapy. We compared the resulting projected outcomes to those of conventional treatment-

planning methods.  

Results: Applications of the comprehensive framework to three illustrative scenarios revealed the 

utility of this framework for guiding objective and algorithmic decision making. Radiotherapy 

outcome-optimization methods yielded equivalent or superior projected health outcomes 

compared to conventional dose-optimization methods for every patient in the population. On 

average, outcome-optimized plans increased the probability of treatment benefit by 1%, while 

simultaneously decreasing the cumulative probability of long- and short-term treatment side 

effects by 3% compared to conventional treatment plans. We estimate that this would add up to 7 



xi 

additional healthy-life months to each patients’ life expectancy compared to that from 

conventional treatment plans. 

Conclusions: The major finding is that it is feasible to directly optimize the projected health 

outcome of planned radiation exposures (e.g., industrial, diagnostic, or therapeutic) in a 

personalized or population-averaged manner. Furthermore, these methods are entirely 

compatible with current approaches and limits. This work, taken together, provides a 

comprehensive methodological framework that could enable a paradigm shift towards more 

objective and automated approaches to realizing the full beneficial potential of planned 

exposures. 
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Chapter 1. Introduction 

1.1. Background and Motivation 

The principles of medical ethics comprise four main tenets: autonomy, beneficence, non-

maleficence, and justice1. When considered together, the tenets of beneficence and non-

maleficence represent what is known as the Hippocratic Oath, which implores medical 

practitioners to do no harm. Rarely, however, does there exist a medical intervention free from 

all risks of harmful side effects. For example, while advancements in non-infectious disease 

treatments have enabled survival rates to steadily increase in recent decades (e.g., diabetes2, heart 

disease3, and cancer4), studies have revealed that the treatments for these diseases can have life-

threatening and/or life–altering effects5-7. Thus, in practice, medical practitioners aim to ensure 

that the benefits of the intervention outweigh the risks of harmful side effects, thereby producing 

some net benefit for the patient1. As survival rates continue to rise, however, the number and 

complexity of potential benefits and detriments is likely to increase as well, thus necessitating 

new tools to algorithmically consider and balance all major components of the health outcome. 

Of these non-infectious diseases, cancer is one of the most significant health-care problems in 

the world today. It is responsible for 1 in 6 deaths worldwide and is the second leading cause of 

death in the developed world8. In the United States, it is estimated that nearly half of all men and 

women born today will be diagnosed with some form of cancer in their lifetime9. Furthermore, 

increasing cancer-survival rates have created a large and growing population of cancer survivors, 

expected to surpass 20 million in the next decade10. The majority of cancer survivors received 

radiation therapy as a part of their care, as it is one of the most commonly used tools in the 

treatment of cancer11. This is largely due to the many benefits of radiation therapy, which include 

that the treatment is considered safe, effective, and is one of the least invasive of the cancer-
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treatment options. As with most medical interventions, however, radiotherapy is not free from 

risks of side effects.  

The side effects with which radiotherapy is linked can be divided into two broad categories: 

early and late. Early effects of radiotherapy tend to occur during the course of treatment or 

shortly thereafter and include such effects as bladder toxicity12, lung pneumonitis13, and bone 

fractures14, to name a few. The late effects of radiotherapy, on the other hand, can occur months, 

years, or even decades after the completion of treatment and include effects such as second 

cancer15, cardiac toxicity16, and fertility complications17. Epidemiological studies on the large 

and growing population of cancer survivors have revealed that many long-term cancer survivors 

suffer from one or more of these conditions for the duration of their lifetime7. Thus it would 

appear that the full beneficial potential of radiotherapy cannot be realized without innovative 

approaches to not only increase rates of tumor cure, but also minimize the myriad long- and 

short-term harmful side effects18. 

One approach to achieving this is by way of treatment-plan optimization. Most current 

radiotherapy treatment-planning methods optimize the spatial distribution of absorbed dose in 

the patient. Absorbed dose, however, is a purely physical quantity and is a poor surrogate for the 

health outcome19. New developments in treatment-plan optimization instead aim to directly 

optimize the clinical goals of treatment, namely, the patient’s health outcome. Early attempts at 

direct optimization replaced purely dosimetric constraints with biologically-guided dosimetric 

constraints20, 21. More recent work has focused on replacing dosimetric constraints entirely with 

dose-response functions. The majority of these studies only attempted to consider the early 

effects of treatment, thereby neglecting the patient’s long-term health outcome22-28. Relatively 

less is known about optimizing the late effects of radiotherapy29-31. Furthermore, only two of 



3 

these studies considered the dose deposited by stray-radiation exposures in the healthy tissues 

outside of the therapeutic target29, 32, which contributes to the risk of late effects15.  

1.2. Statement of the Problem 

We lack a framework for combining all outcomes (i.e., beneficial and detrimental, long- and 

short-term, fatal and non-fatal) associated with all of the dose (i.e., therapeutic and stray) in all of 

the tissues (i.e., diseased and healthy) in individual radiotherapy patients. Doing so necessitates 

new methods to combine risks of varying types and severity into a single metric and to directly 

optimize the outcomes. It will also require several new tools to calculate and evaluate the dose 

from both therapeutic and stray exposures in individual patients. Therefore, the feasibility of 

improving projected health outcomes (i.e., inclusive of long- and short-term health effects of 

varying severity) by optimizing them directly, rather than their surrogate (i.e., indirectly with 

constraints on the distribution of absorbed dose), is currently unknown. 

1.3. Objective 

The goal of this dissertation was to develop a framework for improving projected health 

outcomes following radiation exposures in consideration of all health effects, including 

beneficial and detrimental, early and late, and life-threatening and non-life-threatening effects. 

We achieved this via practical examples in medicine and occupational radiation protection. For 

these examples, we first developed tools to close a chronic gap in the knowledge of radiotherapy 

exposures, namely, the evaluation33 (Chapter 2) and calculation34 (Chapter 3) of the absorbed 

dose from therapeutic- and stray-radiation exposures in individual patients. Next, we designed a 

generally applicable framework for aggregating all of the beneficial and detrimental effects of 

planned radiation exposures to individuals, groups, and populations. We demonstrated the utility 

of this framework in a variety of planned-radiation-exposure settings with three illustrative 
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example scenarios: emergency response, diagnostic radiology, and cancer radiotherapy35 

(Chapter 4). Finally, we used these new dose-calculation and risk-aggregation tools to directly 

optimize the health outcomes for a population of prostate-cancer radiotherapy patients. We 

compared the projected health outcomes for outcome-optimized treatment plans to those for 

conventionally dose-optimized treatment plans to determine the beneficial potential of these new 

methods36 (Chapter 5). 

  



5 

Chapter 2. An Objective Method to Evaluate Radiation Dose Distributions 

Varying by Three Orders of Magnitude 

2.1. Introduction 

Modern radiotherapy practices require that the absorbed dose to the patient is accurately 

predicted to within 5% of the prescribed absorbed dose (�Rx) in order to ensure adequate tumor 

control and/or ablation of non-cancer disease (e.g., arteriovenous malformation)37. Additionally, 

protecting the surrounding normal tissues from acute injury necessitates the accurate knowledge 

of the absorbed dose down to the 5-10% dose level, relative to �Rx. Thus, radiotherapy 

treatment-plan development38-41 and evaluation42 typically consider dose magnitudes of 5 to 10% 

of �Rx and higher. Epidemiological studies, however, have revealed a burgeoning population of 

long-term cancer survivors4 who are at risk of serious late-occurring health conditions7 including 

second cancer15, cardiac toxicity16, and fertility complications17. The low-dose exposures from 

radiotherapy (i.e., below the 5 to 10% relative dose level) are implicated in a number of these 

side effects15, 17, 43, 44. This has spurred the development of various methods for obtaining these 

out-of-field dose magnitudes, including measurements45, analytical model calculations40, 46-50, 

and Monte Carlo simulations46, 50-52. 

A great deal is known about how to evaluate therapeutic dose distributions (i.e., in regions with 

dose (�) ≥ 5% of �Rx). Typically, the evaluation approach comprises a comparison of reference 

and test dose distributions. Metrics like dose difference, distance to agreement, or some 

combination of these (e.g., the gamma (γ) index) are well understood and widely used for such 

comparisons53-55. Further, for assessing accuracy inside of the therapeutic treatment field, a 

                                                 
This chapter was previously published as L.J. Wilson, W.D. Newhauser, C.W. Schneider, "An 
objective method to evaluate radiation dose distributions varying by three orders of magnitude," 
Medical Physics 46, 1888-1895 (2019). Reprinted by permission of John Wiley and Sons. 
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wealth of literature exists on the level of agreement that can be achieved42, 56-58. However, γ -

index passing rates vary with the user’s selection of agreement criteria, which are selected 

subjectively59. Relatively less is known about how to evaluate doses below the 5% relative dose 

level. Numerous recent studies reported that γ -index analysis is insensitive to dosimetric 

discrepancies outside of the therapeutic dose region60-62. Our review of the literature did not 

reveal a method for reliably evaluating the accuracy of dose distributions spanning three orders 

of magnitude.  

The purpose of this study was to develop a method to assess dosimetric agreement that works 

universally, i.e., in both high- and low-dose regions of distributions spanning three orders of 

magnitude in dose. To do this, we generalized γ -index analysis methods to include an additional 

agreement criterion specifically for the low-dose region (i.e., for doses ≤ 5%). We also created 

an algorithm to objectively select the appropriate magnitudes for each agreement criterion. We 

then demonstrated this new evaluation method in 1-, 2-, and 3-dimensional dose distributions 

obtained from measurements, treatment-planning-system calculations, Monte-Carlo simulations, 

and analytical-model calculations. 

2.2. Materials and Methods 

2.2.1.   Generalized Gamma Index 

Traditional γ-index methods utilize a threshold dose, �thresh, below which all data are excluded 

from analysis. �thresh is typically placed between 5 and 10% of �Rx, thus limiting the scope of 

applicability42. To expand the scope, we generalized traditional γ-index methods. Specifically, 

we calculated the generalized gamma index, ΓG, for a 1-dimensional comparison by,  
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ΓG��m, �c� =
⎩⎪
⎨
⎪⎧�����m, �c�� � + "#���m, �c���R� , for �m where ���(� > �thresh 

�����m, �c�� � + "*���m, �c���A� , for �m where ���(� ≤ �thresh
   2.1 

where �m and �c are the locations of measured and calculated dose values, �, respectively. 

���m, �c� is the difference in location between measured and calculated dose values. This was 

calculated for all combinations ��m, �c� by 

 ���m, �c� = |�m − �c|∀0�m, �c1. 2.2 

"R��m, �c� is the relative difference between measured and calculated dose values at locations �m 

and �c, computed as 

 "R��m, �c� = �c��c� − �m��m��Rx  , 2.3 

where �c��c� and �m��m� are the calculated and measured absorbed-dose values at �c and �m, 

respectively. These two factors are identical to those commonly used in traditional γ-index 

analysis. Additionally, the proposed ΓG in Eq. 2.1 includes "A��m, �c�, the absolute dose 

difference between measured and calculated dose values at locations �m and �c, respectively. We 

calculated this as 

 "A��m, �c� = �c��c� − �m��m� 2.4 

where �c��c� and �m��m� are the same as in Eq. 2.3. Finally, � , ��R, and ��A, represent the 

ΓG agreement criteria of distance to agreement, relative dose difference, and absolute dose 
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difference, respectively. As in traditional γ-index methods, �thresh in Eq. 2.1 represents the 

threshold dose, which is used here to discriminate between therapeutic and out-of-field locations. 

The magnitudes of agreement criteria and the placement of �thresh will be discussed in section 

2.2.2. 

Following traditional γ-index methods, the final generalized-gamma-index array, 2G��m�, at all 

locations �m was found by 

 2G��m� = min0ΓG��m, �c�1∀0�c1. 2.5 

Thus, as with traditional γ-index analysis, a value of 2G��m� ≤ 1 indicates that the result of a 

comparison at �m is a pass. A value of 2G��m� > 1 signifies a failure at �m. For the reader’s 

convenience, the corresponding versions of Eqs. 2.1 through 2.5 for 2- and 3-dimensional 

comparisons are given in Appendix B. Calculating 2G in this way generalizes γ -index methods 

to universally evaluate the high- and low-dose regions, i.e., all data may be included in the 

analysis. 

2.2.2. Objective Determination of Agreement Criteria 

These 2G-index methods include three agreement criteria, two that are used in traditional γ-index 

analysis, �  and ��R, and an additional criterion, ��A. No standard values for this new criterion 

yet exist. In addition, it cannot be assumed that �  and ��R values from traditional γ-index 

analysis are appropriate for the generalized method. Thus, we systematically determined the 

proper magnitudes for all three criteria. Traditionally, γ-index criteria have been determined by 

manual retrospective analyses of which criteria were achievable at a specified pass rate and 

�thresh (typically, 90% pass rate with �thresh = 5% of �Rx)63, 64. Although this method may be 

used with 2G, we developed an algorithmic approach to determine the agreement criteria that 
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enables automation and reduces subjectivity. The algorithm determines the set of agreement 

criteria corresponding to a specified passing rate. The ability to specify an arbitrary passing rate 

is important because passing-rate requirements vary with the application, e.g., patient care, 

epidemiological research, and dose-algorithm development.  

Our algorithm for determining the 2G-index agreement criteria utilizes a systematic search for the 

minimum agreement criteria magnitudes that result in the specified passing rate. This search was 

performed using in-house code written in MATLAB (The MathWorks Inc., version R2016a, 

Natick, Massachusetts, United States). The systematic search required two inputs: a 

representative data set and the initial conditions for the search. The former is representative of 

the dose-determination method (e.g., measurement, treatment planning system (TPS) calculation, 

Monte Carlo simulation, etc.) to which the agreement criteria will be applied. The latter is a set 

of agreement criteria that are so large such that the initial 2G passing rate surpasses the ultimately 

specified passing rate. First, the code iteratively and monotonically reduced the agreement 

criteria values by steps of 0.05 mm, 0.05%, and 0.05 mGy/Gy for � , ��R, and ��A, 

respectively. The code flagged all combinations of agreement criteria that resulted in the 

specified passing rate or higher. Each flagged set of agreement criteria was assigned an overall 

score according to, 

 7 = 8 ∆ :∆ min; × = ∆�R,:∆�R,min> × = ∆�A,:∆�A,min> 2.6 

where ∆ :, ∆�R,:, and ∆�A,: are the distance-to-agreement, relative-dose-difference, and 

absolute-dose-difference criteria magnitudes in the ith set of flagged agreement criteria. ∆ min, 

∆�R,min, and ∆�A,min are the minimum magnitudes of each criterion amongst those in the list of 
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all flagged combinations. Next, the list of scored sets of agreement-criteria triplets were sorted in 

order of ascending score. The final result was the set of agreement criteria with the lowest score. 

In addition to these three criteria, the 2G-index method requires the user to select �thresh (See Eq. 

2.1). This threshold was represented as a percentage of �Rx. Following current clinical practice, 

we used �thresh = 5% of �Rx. To confirm that our results were insensitive to our selection of 

�thresh, we additionally calculated passing rate as a function of �thresh. 

2.2.3. Demonstration of New Methods 

In order to demonstrate the new 2G-index method, we performed an example of the analysis 

method in two steps. First, we demonstrated the use of our algorithm for determining 2G-index 

agreement criteria for a set of measured and calculated dose profiles. Second, we used the new 

2G-index method to perform three example evaluations: one 1-dimensional comparison of dose 

profiles (independent from those used in determining the agreement criteria), one 2-dimensional 

comparison of dose planes, and one 3-dimensional comparison of dose volumes. In each case, 

we performed both traditional- and generalized-gamma-index analyses. We designed this 

demonstration to be of relevance to clinical, research (e.g., epidemiological studies), and 

development (e.g., dose-algorithm development) applications. The following sections contain 

details on each of these steps and the data used for this demonstration. 

2.2.3.1 Determination of Agreement Criteria.  

We used the systematic-search algorithm (see Section 2.2.2) to find the agreement criteria 

corresponding to four specified passing rates (100%, 95%, 90%, and 67.5%). The 100% passing 

rate corresponds to the agreement criteria that accommodate the maximum discrepancy between 

reference and test dose magnitudes, i.e., all data agree within these criteria. The 90% pass rate is 

commonly used to evaluate clinical therapeutic dose distributions42. Finally, 95% and 67% 
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passing rates conveniently correspond to 2-? and 1-? confidence intervals, respectively. The 

initial guesses of agreement criteria were �  of 50 mm, ��# of 10%, and ��* of 20 mGy for the 

pass rate of 100% (2G-index analysis confirmed a 100% 2G passing rate). The initial guesses for 

the searches at the next lower passing rate were the resulting agreement criteria from the next 

larger passing rate (e.g., initial guesses for a systematic search for criteria corresponding to a 

95% passing rate were the results of the search for a 100% passing rate, etc.). 

2.2.3.2 Example Gamma-Index Evaluations  

Table 2.1 contains the agreement criteria, �thresh, and test passing rate used for 1-, 2-, and 3-

dimensional γ- and 2G-index evaluations. It should be noted that traditional γ-index comparisons 

used only ��#, � , and �thresh, while the 2G-index comparisons additionally used ��A.  

Table 2.1. Parameters for example gamma- and generalized-gamma-index evaluations. 
Parameters include the agreement criteria (i.e., relative dose difference, ��#, absolute dose 
difference, ��A, distance to agreement, � ), threshold dose, �thresh, and the test passing rate. 

 ��# [%] ��A [mGy]1 �  [mm] �thresh [%] Test Passing 
Rate [%] 

1-D 3.0 0.8 3.0  5.0 ≥90 
2-D 4.6 0.8 0.5 5.0 ≥90 
3-D 3.0 0.8 3.0 5.0 ≥90 

1used for 2G-index comparisons only   
 
2.2.3.3 Reference and Test Absorbed Dose Distributions.  

We acquired the data for this study by four methods: measurement, treatment-planning-system 

calculation, Monte-Carlo simulation, and analytical-model calculation. Measured dose profiles 

were previously published by Kaderka et al.65 The measurements utilized in this study were 

performed on an electron linear accelerator (Elekta SL25, Stockholm) equipped with an MLCi2 

at Universitätsklinikum (KGU) in Frankfurt, Germany operated at 6 MV. Kaderka et al. 

measured photon doses to a distance of 40 cm from the beam central axis (CAX) with a 1.03-mm 

spatial resolution using a diamond detector (60003 PTW, Freiburg) in a water-tank phantom 
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(PTW, Freiburg) and reported a maximum relative uncertainty of 9%. These data were used as 

the reference data in the systematic search for appropriate agreement criteria and in the γ- and 

2G-index evaluations of a 1-dimensional absorbed dose profile. 

We used one commercial TPS (Eclipse, Varian Medical Systems, Palo Alto, CA) and one 

research TPS (CERR)66 in this study. The commercial TPS was commissioned for the electron 

linear accelerator (Elekta Synergy, Stockholm) equipped with an MLCi2 at Mary Bird Perkins 

Cancer Center in Baton Rouge, Louisiana and provided the test data for the 1-dimensional 

evaluations. Prior to these evaluations, we took steps to confirm that the commercial TPS was 

suitably commissioned for calculating beams from the treatment unit measured by Kaderka et al. 

for the purposes of this manuscript (i.e., average dose difference of 1.5% and 0.4 mGy/Gy in the 

high- and low-dose regions, respectively). The dose grid for these TPS calculations extended to a 

distance of 40 cm from the beam CAX in the in- and cross-plane directions with a resolution of 

0.5 x 0.5 x 0.5 cm3. The commercial TPS, however, only calculated non-zero dose magnitudes to 

a distance of 16.5 cm from the beam CAX. Only this non-zero dose region was included in the 

example comparison. The research TPS, CERR, provided the test data for the 3-dimensional 

evaluations with a 1 x 1 x 1-cm3 grid resolution covering the entire imaged patient anatomy 

(axial distance of 30 cm). Additionally, we created an extended version of CERR that includes 

dose calculations in the low-dose region based on the analytical model of Schneider et al.67 This 

extended version of CERR provided the reference data for the 3-dimensional evaluations with a 

0.10 x 0.10 x 0.25-cm3 grid resolution also covering the entire imaged anatomy. The 3-

dimensional dose distributions were calculated for a single AP photon beam to the prostate in a 

patient previously treated at our institution (Mary Bird Perkins Cancer Center, Baton Rouge). 
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Monte Carlo simulations of absorbed dose were performed using the Monte Carlo N-Particle 

eXtended (MCNPX) transport code version 2.768. The MCNPX model was designed based on 

design information for an Elekta Precise medical linear accelerator equipped with an Agility 

MLC provided by the manufacturer. The phantom used in the simulations was a homogeneous 

water box measuring 120 cm x 120 cm in the plane perpendicular to the beam central axis 

(CAX) and 30 cm deep in the plane parallel to the beam CAX. Photons and electrons were 

transported and F6 lattice tallies for each particle type were used to determine the energy 

deposited in each 1.0 x 1.0 x 1.0-cm3 voxel in the phantom extending to a distance of 20 cm from 

the beam CAX in the in- and cross-plane directions. We utilized high-performance-parallel-

computing resources at Louisiana State University to simulate 109 electrons on target on 256 

CPU-cores resulting in an average statistical fluctuation of 6.9%. These data were used for the 

reference dose plane in the 2-dimensional comparison. 

We used an analytical absorbed dose model40, 67 to generate the test data for both the 

determination of appropriate agreement criteria and the 2-dimensional γ- and 2G-index 

evaluations. This model was previously trained and validated for an Elekta SL25 medical linear 

accelerator (see above) with a reported average uncertainty of 9.9%67. We used this model to 

calculate absorbed dose with a spatial resolution of 0.1 cm to a distance of 50 cm from the beam 

CAX. 

Table 2.2 lists the configuration details for all reference and test data sets used in this study. 

Different sources of reference and test data were used for each comparison to provide 

representative examples of a variety of research and future clinical applications of the 

generalized-gamma-index method. The example agreement-criteria determination is 

representative of using this method in the research setting to characterize the accuracy of a new 
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dose-calculation algorithm. The one-dimensional evaluation provides a representative example 

of a possible future clinical application of this method to compare measurements and commercial 

TPS calculations. The two-dimensional evaluation is representative of using this method in the 

research setting to test the accuracy of an analytical model during algorithm development. 

Finally, the three-dimensional example is representative of a research application of this method 

to the clinical translation and commercialization of a new dose-calculation algorithm. Figure 2.1 

shows a representative example of reference and test data used in the systematic search for 

appropriate agreement criteria. Figure 2.2 shows the reference and test dose distributions used 

for 1-, 2-, and 3-dimensional γ- and 2G-index analyses. 

Table 2.2. Configuration for all reference and test data used for the demonstration of generalized-
gamma-index methods. Details include the square field size, source-to-surface distance (SSD), 
depth in water, profile orientation (in plane or cross plane), and the source of data. 

Agreement Criteria Determination 
Field Size 

(cm2) 
SSD 
(cm) 

Depth 
(cm) 

Orientation Source of 
Reference Data 

Source of Test 
Data 

5x5 100 1.5 In-Plane Profile Measurement65 Analytical 
Model40 

5x5 100 1.5 Cross-Plane Profile Measurement65 Analytical 
Model40 

5x5 100 10 In-Plane Profile Measurement65 Analytical 
Model40 

10x10 100 1.5 In-Plane Profile Measurement65 Analytical 
Model40 

10x10 100 1.5 Cross-Plane Profile Measurement65 Analytical 
Model40 

Example Evaluations 
10x10 100 1.5 Cross-Plane Profile Measurement65 Commercial TPS 

(This work) 
10x10 100 1.5 2-Dimensional Plane Monte Carlo (This 

work) 
Analytical 
Model67 

6.5x6.5 94.8 N/A 3-Dimensional 
Volume 

Extended CERR 
(This work) 

CERR66 
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Figure 2.1. Representative example of reference and test profiles for the systematic search for 
appropriate agreement criteria. Absorbed dose, D, versus off-axis distance, x, for a 10x10 cm2, 6-
MV photon field at a depth of 1.5 cm in a homogeneous water-box phantom in the cross-plane 
direction. Reference data were measured65 and test data were calculated using an analytical 
model40 (See Table 2.2). 

2.3. Results 

2.3.1.   Determination of Agreement Criteria 

Using the systematic-search method described in Section 2.2.2, we found the agreement criteria 

listed in Table 2.3. These results show that the appropriate agreement criteria are generally 

sensitive to the selected passing rate. More specifically, the magnitudes of the agreement criteria 

are inversely related to the passing rate. The information contained in Table 2.3 demonstrates the 

advantages of the systematic-search method over a priori user-selection of criteria; namely that 

the passing rate may be largely an artifact of the subjectively selected criteria. Thus, a priori 

selection provides limited information on algorithm performance. By the proposed method, one 

may obtain a more complete picture of the performance envelope of the algorithm in question. 
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Figure 2.2. Reference and test data used for gamma- and generalized-gamma-index analyses in 1, 
2, and 3 dimensions. 

Table 2.3. Agreement criteria found by the systematic search for four selected passing rates. 
Results are based on the analysis of data listed in the top section of Table 2.2 and plotted in 
Figure 2.1. Criteria include distance to agreement (� ), relative dose difference (��R), and 
absolute dose difference (��A).  

Passing 
Rate �  (mm) ��R (%) ��A (mGy) 

100% 3.7 9.1 9.6 
95% 1.0 5.2 1.6 
90% 0.5 4.6 0.8 

67.5% 0.5 1.6 0.2 
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2.3.2.  Example Evaluations 

Table 2.4 lists the passing rates for 1-, 2-, and 3-dimensional γ- and 2G-index evaluations. Each 

of these reference and test data pairs contained known discrepancies outside of the therapeutic 

treatment field due to clinically-realistic errors. Discrepancies in the 1- and 3-dimensional dose 

distributions resulted from the significant underestimation of stray dose by the treatment 

planning systems38-41. These discrepancies were so severe and widespread in the 3-dimensional 

dose distributions that only 1.05% of the low-dose region passed the generalized-gamma-index 

analysis. This, combined with the fact that the low-dose region comprised 93% of the total 

volume considered, resulted in the strikingly lower 2G-index passing rate for this test. 

Discrepancies in the 2-dimensional dose distribution resulted from the fact that we calculated the 

reference and test dose distributions for different treatment machines with different MLC models 

(See Section 2.2.3.3). γ-index analysis only looks at the region where ���� ≥ �thresh, rendering 

it insensitive to these discrepancies. This led to test results of “pass” in each case, despite the 

discrepancies. 2G-index, on the other hand, looks at the entire dose distribution and correctly 

resulted in a passing rate considerably lower than 90% and a “fail” of all three tests.  

Table 2.4. Passing rates for gamma- and generalized-gamma-index analyses. See Table 2.1 for 
corresponding test criteria. 

 Traditional Gamma Index  Generalized Gamma Index 
Evaluation γ Passing Rate Test Result  γG Passing Rate Test Result 

1-dimensional 100% Pass  55.4% Fail 
2-dimensional 97.8% Pass  44.5% Fail 
3-dimensional 96.4% Pass  8.9% Fail 

2.4. Discussion 

We developed a generalized gamma-index-analysis method in 1-, 2-, and 3-dimensions. The 

major finding of this study is that the proposed 2G-index method provides a reliable and objective 

assessment of the agreement of distributions spanning three orders of magnitude in absorbed 
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dose. In particular, this new method correctly characterized dosimetric errors in the lowest dose 

region, which are excluded by traditional γ-index methods60-62. We also proposed a method for 

objectively determining the appropriate 2G-index agreement criteria at any specified passing rate 

using an algorithmic approach. This new method comprises a more systematic approach with 

lowered requirements for user skill and subjective judgement. 

Traditional γ-index analysis methods exclude all dose magnitudes <5% of �Rx. Our study 

suggests that it is possible to evaluate the accuracy of dose distributions spanning multiple orders 

of magnitude with a single, universal method. The proposed 2G-index method could find use in a 

variety of scientific and development applications. For example, to study the long-term side 

effects of radiotherapy treatments, radiation epidemiologists require methods to calculate the 

absorbed dose everywhere in the patient, not just in the therapeutic dose region. Moreover, an 

understanding of the uncertainties associated with these dose magnitudes can be just as important 

in these studies as the doses themselves. Thus, the proposed 2G-index method could find utility in 

developing and benchmarking the required dose algorithms. Additionally, the method for the 

objective determination of 2G-index agreement criteria enables a more complete description of 

the envelope of agreement, elucidating vital information about the associated uncertainties. 

Our findings are in good agreement with previous γ-index studies in the literature. Nelms et al.62 

and Zhen et al.61 studied the sensitivity of passing-rate to patient dose errors for 2- and 3-

dimensional γ-index analyses, respectively. In each of these studies, the authors simulated 

increased and decreased MLC transmission in a dose calculation and assessed whether traditional 

gamma-index methods were sensitive to these errors. Nelms et al. concluded that there was no 

correlation between γ passing rates and the introduced errors while Zhen et al. found negligible 

to weak correlations. Much like these previous studies, the MLC transmission differed between 
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our reference and test 2-dimensional dose distributions. Similarly, our traditional γ-index test still 

passed despite these errors, adding to the growing body of evidence showing the insensitivity of 

traditional γ-index analysis to dosimetric errors outside of the therapeutic treatment field60-62. 

In this study, we showed for the first time that it is possible to simultaneously evaluate high- and 

low-dose regions of a dose profile spanning three orders of magnitude using a universal method. 

The major strength of this study was that it utilized the well-established and widely used γ-index 

analysis at doses above the threshold dose level, providing coherence with previous works and 

consistency with current clinical practices. Another strength of this study is that it demonstrated 

evaluations of 1-, 2-, and 3-dimensional dose distributions in both simple (i.e., water-box 

phantom) and clinically-realistic geometries. 

This study has several limitations. One limitation is that we only demonstrated the new method 

on single-field, conventional dose distributions. This is not a serious limitation because a study 

by Nelms et al. found that the majority of clinics perform field-by-field analysis in patient-

specific quality assurance tests rather than composite analysis42. Further, the purpose of this 

work was to develop and demonstrate the ability of the new method to overcome limitations of 

hitherto methods, not to conclusively characterize any particular dose distribution. Future work, 

however, should examine the application of the proposed method to additional treatment types 

(e.g., IMRT, etc.) and for measurements taken in other QA phantoms (solid water, 

anthropomorphic phantom, etc.). 

2.5. Conclusion 

The new method developed in this study enables the analysis of 1-, 2-, and 3-dimensional dose 

distributions across three decades of absorbed dose. Additionally, we proposed an objective, 
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algorithmic procedure for determining the appropriate agreement criteria, e.g., relative and 

absolute dose difference and distance to agreement. The demonstration of the 2G analysis method 

revealed that the new 2G method is capable of simultaneously evaluating the agreement of dose 

distributions spanning three orders of magnitude in both high- and low-dose regions. Moreover, 

the results were insensitive to the user-selected �thresh. 

Recent interest in understanding and mitigating the long-term side effects of radiotherapy 

treatments has led to the emergence of numerous whole-body-dose calculation methods, such as 

analytical algorithms and Monte Carlo simulations. A standardized method of meaningfully 

assessing dosimetric accuracy throughout the whole human body (i.e., high- and low-dose 

magnitudes) is required to assess and compare the accuracy of these dose algorithms. The 

generalized-gamma-index method proposed here could initially find utility in a variety of 

research applications including dose algorithm development and translation, as well as in 

epidemiological studies on radiation toxicities. Furthermore, continued interest in improving 

long-term patient health outcomes will likely lead to the clinical implementation of such dose 

algorithms, at which point this same method could also be applied to clinical tasks including 

patient-specific quality assurance and machine commissioning. 
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Appendix B. Additional Generalized Gamma Index Equations 

The generalized gamma index can be calculated for 2- and 3-dimensional analyses by the 

following equations: 

2-Dimensional Analysis: 

ΓG��m, Zm, �c, Zc�
=

⎩⎪
⎨
⎪⎧�����m, Zm, �c, Zc�� � + "#���m, Zm, �c, Zc���R

� , for �m, Zm at therapeutic locations

�����m, Zm, �c, Zc�� � + "*���m, Zm, �c, Zc���A
� , for �m, Zm at out-of-field locations

   B.1  

  
 ���m, Zm, �c, Zc� = ¿��m − �c�� + �Zm − Zc��∀0�m, Zm, �c, Zc1 B.2  
   
 "	���, Zm, �c, Zc� = �c��c, Zc� − �m��m, Zm��	


$ B.3  

   
 "+���, Zm, �c, Zc� = �c��c, Zc� − �m��m, Zm� B.4  
   
 2G��m, Zm� = min0ΓG��m, Zm, �c, Zc�1∀0�c, Zc1 B.5  

 

3-Dimensional Analysis: 

ΓG��m, Zm, Àm, �c, Zc, Àc�
=

⎩⎪
⎨
⎪⎧�����m, Zm, Àm, �c, Zc, Àc�� � + "#���m, Zm, Àm, �c, Zc, Àc���R

� , for �m, Zm, Àm at therapeutic locations

�����m, Zm, Àm, �c, Zc, Àc�� � + "*���m, Zm, Àm, �c, Zc, Àc���A
� , for �m, Zm, Àm at out-of-field locations

   B.6  

  
 ���m, Zm, Àm, �c, Zc, Àc�= ¿��m − �c�� + �Zm − Zc�� + �Àm − Àc��∀0�m, Zm, Àm, �c, Zc, Àc1 

B.7 

   
 "	���, Zm, Àm, �c, Zc, Àc� = �c��c, Zc, Àc� − �m��m, Zm, Àm��	


$ B.8 

   
 "+���, Zm, Àm, �c, Zc, Àc� = �c��c, Zc, Àc� − �m��m, Zm, Àm� B.9  
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 2G��m, Zm, Àm� = min0ΓG��m, Zm, Àm, �c, Zc, Àc�1∀0�c, Zc, Àc1 B.10  
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