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ABSTRACT

A semigroup has the congruence extension property (CEP) provided that
each congruence on each subsemigroup can be extended to the semigroup.
This property, along with the ideal extension property (IEP) and the group
congruence extension property (GCEP) are studied in this work. Whether each
of these properties is productive, hereditary or preserved by homomorphisms
is determined {except for the homomorphic property for CEP). Conditions
under which the homomorphic image of a semigroup with CEP has CEP are
established.

Disruptive element and disruptive pair theory is developed and shown to
be an important concept in the study of CEP and IEP.

Properties of semigroups with CEP are sought. It is proved that each
semigroup with CEP has index less than four, and that this is both necessary
and sufficient for a cyclic semigroup to have CEP. It is established that a
group has CEP if and only if it is a torsion group with GCEP. In particular,

an abelian group has CEP if and only if it is a torsion group.
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Introduction

Motivation for this work was provided by the 1972 paper of Albert Stralka
regarding the extension of congruences in semigroups. While extensive liter-
ature on group congruence extensions has existed for many years, results on
semigroup congruence extensions remain limited. Recent results on algebra
extension which appear the papers of Bird, Kiss, and Pédlfy and of Day have
had a significant influence on this work.

The objectives of this research are:

(1) Provide useful methods of detecting whether & semigroup has the congru-
ence extension property (CEP); and
(2) Find conditions under which the homomorphic image of & semigroup with

CEP also has CEP.

Groups and cyclic semigroups are considered first, since these are impor-
tant atoms in all semigroups. These are studied in Chapters 2 and 3.

A property which is similar to the congruence extension property in an
algebra and called the ideal extension property (IEP) is studied in Chapter 4.

In Chapter 5, a theory pertaining to the relations between the congruences
on a semigroup and those on its homomorphic images is presented. Special
tools whose names are borrowed from terms in category theory are developed
and studied. Based on this analysis, we have derived results which give con-
ditions for & homomorphic image of semigroup with the congruence extension

property (CEP) to also have CEP.

Chapter 6 deals with methods to determine whether a semigroup has CEP.

v



These are mostly useful to establish that a semigroup does not have CEP.

Examples are the primary concern of the results of Chapter 7. This de-
velopment is rendered in the spirit of “new examples from old”. Many of the
examples pr.esented prior to this chapter are computer generated examples of
finite semigroups. This chapter opens a path to infinite examples. It is limited
in the variety of types of examples however.

Chapter 8 presents some uséful diagrams to summarize the results of the
other chapters. It also lists some questions which remain open to future re-

search on the congruence extension property for algebraic semigroups.



CHAPTER 1

BASIC CONCEPTS

The primary purpose of this first chapter is to establish the notions that
will be used in the rest of this work, to recall previous work done in related
areas, and to present a few general results that will be employed in later

chapters.

A congruence o on & semigroup S is defined to be an equivalence relation
on 5 which is compatible with the semigroup operation, i.e.,
(1) As € o, where As = {(z,z):z € 5} is the diagonal of § (& is reflexive};
(2) ¢! = ¢, where ¢~ = {(b,2): (a,b) € ¢} (o is symmetric);
{(3) coo C o, where o o ¢ is the composition of o with itself (¢ is transitive);
and

(4) H (a,b) € o and (¢, d) € o, then (ac,bd) € o (o is compatible).

It is well-known that if condition (1} and (3) are present, then condition
(4) is equivalent to the statement: If (a,b) € o and s € 5, then (as,bs) € o
and (sa, 3b) € o (see [Clifford and Preston, 1963]).

If S is a semigroup, T is a subsemigroup of § and ¢ is a congruence on
T, then a congruence & on a subsemigroup @ of S is called an extension of o
provided TC Qand o N(T x T) = 0.

A semigroup § is said to have the congruence extension property

(CEP) provided that for each subsemigroup 7T of § and each congruence ¢ on

1



T, o has an extension to §.

The following example illustrates that an extension of a congruence need

not be unique,

1.1 Example. Congruence extensions are not always unique. Let S =

{1,2,3,4,5} with multiplication defined by the Cayley table:

11111
11111
113 3 3
i23 45
1 2 3 45

Let T be the subsemigroup {3,4,5} and let ¢ = {(4,5),(5,4)} UAr. Then ¢

is a congruence on T and each of the following is an extension of o to S
7 = {(4,5),(5,4),(1,3),(3,1)} UAs

and

" = {(4,5),(5,4),(1,2),(2,1)} UAs.

If § is any semigroup, observe that the diagonal Ag = {(s,3):5 € §}isa

minimal congruence on § and S x S is a maximal congruence on §.

For a semigroup §, let C(S) = {o: ¢ is a congruence on §}. Then {o: 0 €
C(S)} = As and |Y{o:0 € C(S)} = § x §.

Observe that a finite semigroup S whose order is less than or equal to three
must have the congruence extension property, since the only congruences on a
proper subsemigroup T of § are T'x T and Ar, and thus (S x S)N{T x T) =
IT'xTand AsnN(T xT) = Ar.



H S is a semigroup and p is a subset of § x §, then the congruence
generated by p on S (denoted (p)s) is the minimal congruence on S containing

p. It is immediate that {p)s = ({o:0 &€ C(S) and p C ¢}.

When no confusion seems likely, we write {p) for {p}s.

1.2 Proposition. Let S be a semigroup. Then S has the congruence
extension property (CEP) if and only if each subsemigroup of § has the con-

gruence extension property.

Proof. If each subsemigroup of § has CEP, then since S is a subsemigroup
of itself, then S has CEP.

On the other hand, suppose that § has CEP. Let T a subsemigroup of 5,
let K be a subsemigroup of T', and let ¢ be a congruence on K. Since K is
a subsemigroup of S and S has CEP, there is an extension ¢* of ¢ to §, i.e.,
c*N{K xK)=o¢. Let # = 0*N(T x T). Then 7 is a congruence on T,
TN(K x K)=0*"N{K x K) = o, and hence 7 is an extension of ¢ to T'. We
conclude that T has CEP. g

We will use IN throughout to denote the set of all positive integers and

for n € IN, p{™ denotes the n-fold composition of a relation p.

The following result concerning congruences generated by a given relation
can be established using results found in [Clifford and Preston, 1963]. A proof
is presented here from basic concepts to illustrate some of the techniques to be

employed in later arguments.

1.3 Proposition. Let S be a semigroup, T' a subsemigroup of §, o a



congruence on T', 6 = 0 U As, and let p = {(zay, zby):(a,d) € §,z,y € §'}.
Then the congruence generated by o is given by

(e)s = J ™.

nelN

Proof. Let 0* = |J p{"). We first want to prove that o* is a congruence
on §. e

Since Ag C 6 C p C 0", we have that ¢* is reflexive.

In view of the fact that ¢ is symmetric and Ag is symmetric, we see that
& is symmetric. It follows that p is symmetric. Let n € IN. To see that p{™) is
symmetric, let (¢, d) € p{™). Then there exist elements €;,€;,...,e, = din S
such that (c,e;),(e1,€2),...,(en-1,d) are in p. Since p is symmetric, we have
that (e;,c),(e2,€1),...,(d,en—1) are in p. Reversing the order of this sequence
we have that (d,en_1),...,{e2,€1),{e1,¢) arein p, and we see that (d,c) € p{™
and p{™ is symmetric. From this it follows that ¢* is symmetric.

To see that o is transitive, let (a,b),(b,c) € o*. Then {a,b) € p'™ and
(b,c) € p{™ for some n,m € IN. Thus (a,c) € p™ 0 p{™) = plm+n) C o* and
we conclude that o* is transitive.

To complete the argument that ¢* is a congruence, we need to show that
it is compatible with the multiplication on S. For this purpose, let (¢,d) € o*
and let s € S. Then (c,d) € p{™ for some m € IN. Thus there exists a
sequence €j,€z,...,€m = d in § such that (c,e;),(e1,€2),...,(em-1,d) are in
p- From the definition of p, we have that (sc,se;),(ses, se2),...,(sem—1,3d)
are in p, and hence (s¢,sd) € p C o*. Similarly, (es,ds) € o*. We conclude

that ¢* is a congruence on §.



Observe that c C§C p C o™

Let § be a congruence on S such that ¢ C 8. We next show that ¢* C
B. Now Ag C f and hence § = ¢ U Ag C (. Since B is compatible with
multiplication on §, ¢ C A, and from the definition of p, we have p C 8. For
each n € IN, we have (in view of the transitivity of ) that p{*) C 8. It follows
that ¢* = |J p™ C 8.

nelN
Now (c)s is defined to be the minimal congruence on S contairing ¢.

Since {¢)s contains ¢, we have that ¢* C (¢)s from the previous paragraph.

From the minimality of {¢})s, we conclude that {o}s = o*. 3

1.4 Proposition. Let S be a semigroup, T’ a subsemigroup of S, and let
o be a congruence on T. Then o has an extension to § if and only if (¢})s is

an extension of o to §.

Proof. Suppose that o is a congruence on T and o has an extension to
S Let & be an extension of o to §. Then 7 is a congruence on § containing
o, and hence {o)s C & Now {o)s N(T' xT) CeN(T xT) = 0. Since
cC(T ;: T) and o C {0)s, we have that ¢ C {0)s N (T x T'). We conclude
that (o)sN(T xT) =o0.

The converse is immediate. g

1.5 Corollary. Let S be a semigroup. Then S has the congruence ex-
tension property (CEP) if and only if for each subsemigroup T of S and each

congruencec on T, (o)s N (T xT) = 0.

1.8 Corollary. A semigroup S has the congruence extension property

if and only if for each subsemigroup T of S and each congruence ¢ on T,



(o)sN(TxT)Co.

Proof. This follows from the fact that the reverse containment is always

valid and from 1.5. g

1.7 Proposition. Let S be a semigroup which is a union of a tower of
subsemigroups {S,:n € N}. Then S has the congruence extension property

(CEP) if and only if each 5, has the congruence extension property.

Proof. If S has CEP, then from 1.2, we see that each S, has CEP.

On the other hand, suppose that S, has CEP for each n € IN. Let T bea
subsemigroup of S and let ¢ be a congruence on T'. Let T, = T'N §, for each
nEN. ThenT=TNS=TN Y Sp= |J T,. Now,foreachn e N, T}, isa

nelN nclN
subsemigroup of S,,. Moreover, since S;, C Sp+1, TNS, C TNSpnyq and hence
T, C Thy1 for each n € N. Let 0, = ¢ N (T, x T,,) for each n € IN. Then o,
is a congruence on T,. Since T, C Tpyq, o N (T X T) € 0 N (Tpq1 X Topr)
and thus o, C opia.

Since T, is a subsemigroup of S,, and S,, has CEP, o, has an extension
op to S,. Without loss of generalization, we can assume that this extension is
the minimal extension,i.e., &, = {¢n}s,. Note that o, C 641 and S, C Spyg
for each n € IN and hence 7y, = {0)s, € (On)s,,; € (On+1)Snss = Tnta. Let
7= U Fn

nEMN

We claim that 7 is & congruence on §. It is clear that 7 is reflexive and
symmetric. To show transitivity, suppose that (a,b) and (b,¢) are in & Then

(a,b) € Ty, and {b,c) € 7, for some m,n € IN. We can assume that m < n.

Thus (a,b) € &y C Ty, and hence (a,b) and (b,c) are both in 7,. It follows



that (a,c¢) € @, C @ and 7 is transitive.

To complete the argument that 7 is a congruence, it remains to show that
7 is compatible with the multiplication on S. For this purpose, let (e,b) € 7
and let s € 5. Then (a,b) € &, and s € 5, for some m,n € N. i m = n,
then (sa,sb) € o, € 7. If m < n, then (a,b) € G C 7o and hence (sa, sb) €
0n ©0. n <m,then s € S, C 5, and (sa,sb) € 7, C 7. In any case,

(sa,sb) € 7. Similerly, (as,bs) € . We conclude that 7 is a congruence on S.

Observethat o= |J 0, C |J 7, =7F.
neElN n&N

To complete the proof that 7 is an extension of ¢ to S, it remains to
demonstrate that 7N (T x T) C o. Let (z,y) € 5N(T x T). Then (z,y) € Fm
and (z,y) € (T, x T,,) for some m,n € IN. f m = n, then (z,y) € 7., N
(Tm xTin} = 6. Hm < n, then (2,y) € Fn C on and (2,y) € {Tn. x T0).
Thus (z,y) € Fo N(Th X In) = 0, C 0. If n < m, then (z,y) € G and
(2,9} € (T X Tp) € (Trn X Ti). Thus (2,9) €T N (T X Ty} = 0n C 0.

Thus 7 is an extension of ¢ to 5, and we conclude that § has CEP. g

1.8 Lemma. Let S be a semigroup which is a union of a tower of sub-

semigroups {Sq: & € A}, let ¢ be a congruence on a subsemigroup T of [ S,
acA

and let 0, = (0)5. for each a € A. Then ¢* = |) o, is a congruence on §.
acA

Proof. Note that 0o Cogfora < 8, Ag= |J As,,and foreach a € 4,
atAd

As, Coy. Thus Ag C |J 0o = 0" and o* is reflexive.
atA
From the fact that ¢* is a union of symmetric relations, it follows that ¢*
is symmetric.

To see that ¢* is transitive, let (e,b) and (b,¢) be in ¢*. Then (a,b) € 05



for some 8 € A, and (b,¢) € o, for some v € A. Without loss of generalization
we can assume that 8 < 4. Then o5 C o and hence (e,b} and (b,¢) are in
o~. Since o, is transitive, we have that (a,c) € 0., C ¢*. It follows that ¢* is
transitive.

Let (a,b) € o* and let s € §. Then (a,b) € 04 for some a € A and
s € Sgfor e A Ha=g,then (se,8b) € 64 =05 C ¢*. If @ < 3, then
(a,b) € 0o C 05 and (sa,8b) € o5 C o*. If § < a, then s € §3 C 5, and
{sa, sb) € 04 C ¢". In any case, ¢* is compatible with the multipleation on S,

and thus is a congruence on 5.

A congruence o on a semigroup S is called a principal congruence if «

is generated by a single pair (a,b) € (5§ x S5).

Notation. If § is a semigroup and (a,b) € (5 x §), then the minimal

congruence on S containing the pair (a,b) is denoted by a(a,d).

If S is a semigroup and (a,b) € (§ x §), then &°(e,b) can be constructed

as follows:
ap = {(a,b), (b, )}
a; =agUAs
az = {(zcy,zdy): (c,d) € 4, z,y € §'}
Then

a5(a,b) = U ag“).
neN

A semigroup S is said fo have the principal congruence extension



property (PCEP) provided that for each (g,4) € (§ x 5) and each subsemi-
group T of S, a%(a,b) N (T x T} = aT(a,b).

The existence of 2 maximal extension of a congruence for a subsemigroup
T of a semigroup S is essential to our proof of the equivalence of the congru-
ence extension property and the principal congruence extension property for

semigroups.

Let T be a subsemigroup of a semigroup S and let ¢ be a congruence on
T. A pair (T*,0") is said to be a maximal extension of ¢ provided that
T" is a subsemigroup of S containing T and ¢* is an extension of ¢ to T™*
which does not extend to a subsemigroup of § which contains T* as a proper

subsemigroup.

1.9 Lemma. Let S be a semigroup, T’ a subsemigroup of S, and let ¢ be

a congruence on T'. Then ¢ has a maximal extension.

Proof. Let P = {(P,n): P is a subsemigroup of § containing T' and =
is an extension of ¢ to P}. Then (T,¢) € P and hence P # (. Define <
on P by (P,m) < (R,p) provided P C R and p is an extension of 7 to R.
Then < is a partial order on P. From the Hausdorff Maximality Principal,
P contains a maximal chain C. Let T* = | J{P:(P,n) € C} and let ¢* =
[J{{e)p:(P,n) € C}. Then ¢* is a congruence on. T* by Lemma 1.8, and since
(o) p is an extension of ¢ by Lemma 1.4, we have that ¢” is an extension of o.

To see that (T'*,0") is a maximal extension of &, suppose that ¢* has an
extension p to a subsemigroup M of S containing 7. Then y is an extension

of o to M and hence (M, ) € C. In view of the maximality of C, we have that
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M =T", and conclude that (T'"",0*) is & maximal extension of 0. §

The following example illustrates that a maximal extension need not be

unique.

1.10 Example. A maximal extension congruence is not always unique.
Let S be the semigroup of example 1.1, let T = {1,2,4,5}, and let ¢ =
{(1,2),(2,1},(4,5),(5,4)} U Apr. Then the congruence & whose classes are
{1,2,3} and {4,5} are both maximal extensions of ¢ to §. In view of the fact

that S has CEP, each maximal extension of ¢ must have S as its semigroup.

If P is a class of relations on a semigroup 5, then \/ P denotes the con-

gruence on S generated by |J P.

The next result was presented for algebraic varieties in [Day, 1970]. Its
adaptation to semigroups and the maximality argument in the proof that fol-

lows is new.

1.11 Theorem. A semigroup S has the congruence extension prop-
erty (CEP) if and only if S has the principal congruence extension property
(PCEP).

Proof. Suppose that § has PCEP, let T" be a subsemigroup of § and let
o be a congruence on I'. In view of 1.9, we see that & has a maximal extension
(M,o*). We will produce an extension of ¢ by producing an extension of o*
to S.

Let P = {p:p is & congruence on S and pN (M x M) C ¢*}. Now P is

not empty, since Ag € P.
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Let p€ P,and let D = {b€ §:(b,m) € p for some m € M}. Then Disa
subsemigroup of §.

We claim that D = M. Now Ap € As C p and hence M C D. Define
v ={(p,q) € (D x D):(p,m) € p and (g,m) € p for some m € M},

We will show that v is a congruence on D. It is immediate that ~ is
reflexive and symmetric. To see that v is transitive let (p,¢),(g,r) € 4. Then
(p,m),(gq,m) € p for some m € M. Also (g,n),(r,n) € p for some n € M. We
obtain that {(g,m),(n,q) € p and hence (m, ¢g),{g,n) € p. Since p is transitive,
we have that (m,n) € p. Thus, (p,m),(m,n) € p and (r,n) € p. From
(p,n},(ryn) € p and the definition of ¥ we conclude that (p,r) € 4 and 7
is transitive. Finally, to see that 4 is compatible with multiplication on D,
let (p,q) € v and let d € D. Then (p,m),(g,m) € p for some m € M and
(dp,dm),(dg,dm} € p. It follows that (dp,dg) € v, and ¥ is & congruence on
D.

Now if (a,b) € pN (M x M), then (a,b) € p. Since (4,b) € p, we have
that (a,b) € 4. It follows that + is an extension of ¢* to D. In view of the
maximality of (M,o"), we see that M = D.

Let a € P and let § € P. We claim that a VB € P. Let (a,b) € (V)N
(M x M). We want to show that (a,b) € o*. Since (a,b) € a V3, there exists a
EEQUENCE a = g, %1,22,...,2, = bin S such that (a,z1) € o, (z1,22) €B, ...
We can assume that (¢,,—1,6) € #. Nowa € M and (a,z;) € a. Thusz; € M,
since o € P and M = D. We also have (z2,z;) € 8, since (z1,2;) € 8, and
from B € P, we have z; € M. Continuing recursively, we have that z; ¢ M
for i =0,1,...,n. Hence, (a,b) € (a N(M x M)) V(BN (M x M)) C o*. We
conclude that (a V 8) € P.
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We next claim that \/ P € P. Observe that \/ PN(M x M) = ({pN(M x
M):p € P}. Let (a,b) € (VP)N (M x M). We want to show that (e,b) €
o*. Since (a,b) € \/ P, there exists a sequence a = 2, Ty, T2y.ey Ty = b
in § such that {a,z1) € ay, (£1,%2) € az, ..., (Tm-1,0) € am for some
a; € P fori=0,1,2,...,m. From (a,z1) € a1 and (21,%2) € 2, we have
(2,22) € (a3 V az) € P, and hence (a,z;) € ¢*. From (a,2;) € (a; V a2) and
(x2,%3) € a3, we have (e,23) € (@1 V a2 V a3} € P, and hence (a,z3) € o".
By recursion, we obtain that (a,b) € ¢*, and conclude that \/ P € P.

Let § = \/ P. We claim that § 1 (M x M) = o*. To see this, first observe
that § € P from the preceeding paragraph. Thus é N (M x M) C ¢*. Let |
(a,8) € o*. Then a®(a,b) N (M x M) = aM(a,b) C o*. Thus a%(a,b) € P
and (a,b) € VP = 6. It follows that 6* C 6 and § N {M x M) = o*.

We conclude that S has CEP.

The converse that CEP implies PCEP is immediate, §

1.12 Proposition. Let S be a semigroup and T a subsemigroup of § such
that S\T (the complement of T in §) is an ideal of T. Then every congruence

on T can be extended to S.

Proof. In view of 1.11, it suffices to show that each principal congruence
on T extends to S. Let (¢,b) € (T x T') and let (¢,d) € a5(a,b)N(T x T). Let
(cyd) = (s1as2,83b34) [or (31032,31a384) or (31as2,53a33) or (s;bs2,53bs4)] for
some 8y,82,83,84 € 5. Since S\T is an ideal of S, s; € T fori = 1,2,3,4. It

follows that (c,d) € @7 (a,b) and a5(a,b) is an extension of aT(a,}). 3

Observe that if S, T, and o are as in 1.12, then 7 = ¢ U[(S\T) x (S\T)]
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is an extension of o to S.

1.138 Corollary. Let S be a monoid and ¢ a congruence on the group of

units H(1) of S. Then o has an extension to §S.

Proof. This follows immediately from 1.12 and the known fact that

S\H(1) is an ideal of S. g

We adopt the following standard convention: If S is a semigroup, then
8! = § if S is a monoid (has an identity), and §* = S U {1} (§ with an

identity adjoined) otherwise.

1.14 Proposition. A semigroup S has the congruence extension property

(CEP) if and only if §! has the congruence extension property.

Proof. Let S be a semigroup. If § = §!, there is nothing to prove. Thus
we assume that § £ §1.

Let us first see that if o is a congruence on §, then ¢ hes an extension to
5!, Define 7 = o U {(1, 1)} Then 7 is the desired extension. |

If §! has CEP, then it follows immediately from 1.2 that S has CEP.

On the other hand, suppose that S has CEP. Let T be a subsemigroup of
5. Now if 1 ¢ T, then T is a subsemigroup of S and in view of the fact that
S has CEP, each congruence on T can be extended to § and hence to §* as
above. We thus can assume that 1 € T'.

Let (a,b) € (T x T'). To complete the proof (using 1.2), we need to show
that " N(T X T') C aT(a,b). If ¢ = b, then &° = Ag: and A1 N (T x T) =
Ap C aT(a,b). We can thus assume that a # b. If ¢ # 1 and b # 1, then
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a5 (a,b) = a(a,5)U{(1,1)} and & N(TXT) = ((a, b)U{(1, )}IN(TxT) =
- aT(a,b) U{(1,1)} = a¥(a,b). In the case that b =1 (or similarly that ¢ = 1),
let (c,d) € a5 (a,1) N (T x T). We consider three cases:

(1). If d = 1, then ¢ = a" for some n € IN and hence (c,d) = (¢,1) =
(e™,1) € aT(a,1).

(2). If ¢ =1, then the argument is dual to that of case (1).

(3) fc# 1andd # 1, then (¢,d) € &° (a,1) N (S x §) (which is &

congruence on S) and hence (¢,d) € aT(a,1). 3

A semigroup variety is a class of semigroups which is closed under sub-
semigroups, homomorphic images, and cartesian products. Much of the study
of the congruence extension property to date has been restricted to varieties
(see [Biré, Kiss, and Palfy, 1977]). If we consider the class of semigroups
with the congruence extension property, we have seen that it is closed under
subsemigroups (1.2) and we will address the problem of homomorphic images
later. However, this class is not closed under cartesian products as illustrated

in the following example.

1.15 Example. The congruence extension property (CEP) is not pro-
ductive. This is an example of a semigroup S which has CEP but S x S does
not have CEP.

Let § = {1,2,3} with multiplication defined by the Cayley table: '

bt b i
B b
Gl BD =

Then S has CEP, since each order 3 semigroup must have CEP. Rename the
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elements of § x & according to the following scheme:

1=(1,1) 4=(1,2) 7=(1,3)

2=(2,1) 5=(2,2) 8=1(2,3)

3=(3,1) 6=(3,2) 9=(3,3)

The Cayley table for § x § is

111111111
11211211 2
123123123
1111114 4 4
11 2112 4 45
1 2312 3 456
1 11 4 4 4 7 7T 7
11 2 4 45 7T 7 8
1 23 45 6 7 8 9

Let T = {1,4,5,7,8} and let o = {(7,8),(8,7)} U Ap. Then T is a subsemi-
group of S x S and ¢ is a congruence on T'. The congruence on S x § generated

by o is
(‘7)(st) = {(L 2)s (2, 1): (4,5)’ (5s 4),(7,8),(8, 7)} U A~(.<.v‘:-<.‘.i)-

Now (7)(sxs) (T xT) = {(4,5),(5,4),(7,8),(8, 7)} U Ar # 0. It follows that
S x § does not have CEP.

A group G is said to have the group congruence extension property
(GCEP) provided that for each subgroup H of G and each congruence ¢ on
H, there exists a extension of ¢ to G.

This property will be discussed in detail in a later chaper.

1.168 Notes. The following is a list of facts about congruences in groups

(see [Clifford and Preston, 1961] and [Biré,Kiss, and Palfy, 1977]).
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(1) [Clifford and Preston, 1961]. Let G' be a group and o a congruence on G.
Then there exists a normal subgroup N of G such that (a,b) € o if and
only if ab™! € N.

(2) [Biré,Kiss, and Palfy, 1977). Let G be a group. Then G has the group
congruence extension property (GCEP) if and only if whenever H is'a
subgroup of G and K is a normal subgroup of H, there exists a normal
subgroup N of G such that NN H = K,

(3) Corollary. A group G such that every subgroup H of G is normal in G has
the group congruence extension property (GCEP), or equivalently, abelian
and hamiltonian groups have GCEP.

The following study of periodic semigroups is based on some of the work

found in {Stralka, 1972], and is included to complete the material in this area.

1.17 Lemma. Let § be a semigroup, let x € 5, and let n € IN such that

z" = 2. Then "~k — ¢ for each k € IN.

Proof. The proof is by induction on k.

For the case that k = 1, we have g"H("~1) = g3n—1 — gngn—1 & pon-1 =
=z.

Assume that the result is true for k = m — 1, i.e., gnH(n—D(m-1) = g
Then for & = m, we have that znHr—1)m — grimn—m _ pgmu-mtlgn—1 _

n—1

zz =z"=z.9

An element z of & semigroup S is said to be a periodic element provided
there exists n € IN with 1 < n such that 2™ = z. The least such n is called

the period of z. We say that § is a periodic semigroup if every element of
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S is periodic.

A semigroup § is said to be a uniformly periodic semigroup provided

that there exists n € IN such that =™ = z for every z € §.
1.18 Proposition. A finite periodic semigroup is uniformly periodic.

Proof. Let § = {z;,22,...,2,} and let p; denote the period of z; for each
t=1,2,...,n. Let m be the least common multiple of {p; — 1:¢ = 1,2,...,n}
and let p = m+1. Then for each ¢, there exists k; € IN such that k;(p;—1) = m.
-Let i€ Nwithl <{<n Thenzl =zl = :1::':’‘:"""-IH"'l = a:f"'"(p‘_l)(k‘_]) =

z; from Lemma 1.17. §

A semigroup S is said to be medial if for each z,y,2,w € 5, zyzw =
zzyw. It has been shown in [Anderson and Hunter, 1962] that this condition

is equivalent to zyzz = zzyz.

1.19 Notes.
(1) {Stralka, 1972). A semilattice has the congruence extension property. Re-
call that a semilattice is a commutative semigroup in which each element

? = ¢ for each element e),

is idempotent (i.e., e

(2) [Stralka, 1972]. Let S be a medial semigroup and let A be a subsemigroup
of the regular elements of § such that A is a band of groups. Then each
congruence on A can be extended to S.

(3) [Bird, Kiss, and Palfy, 1977]. A medial uniformly periodic semigroup has

the congruence extension property.

A homomorphism of a semigroup S is a map ¢: 5 — T from S to a
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semigroup T such that ¢{zy) = ¢(z)d(y) for each =,y € S.

If M is a subsemigroup of a semigroup S and ¢: S — M is a homomor-
phism of § onto M such that ¢}M = 1ps (the identity of M), then ¢ is called
a homomorphic retraction of 5 onto M and M is called a homomorphic

retract of S.

1.20 Proposition. Let § be a semigroup, M a homomorphic retract of

S, and let o be a congruence on M. Then there exists an extension of o to S.

Proof. Let ¢: § — M be a homomorphic retraction. Define ¢* = {(a,d) €
(S x S):(¢(a),#(b)) € ¢}. Then o* is an extension of 7 to S.

1.21 Corollary. Let S be a commutative semigroup having a group

minimal ideal M. Then each congruence on M can be extended to S.

Proof. Let e be the identity of M. Then = — ex is a homomorphic

retraction of S onto M. |

1.22 Corollary. If § is a finite commutative semigroup, then each con-

gruence on the minimal ideal M{S) of § can be extended to S.

It is well-known that the minimal ideal of a compact commutative semi-

group is a group.



CHAPTER 2

THE GROUP CONGRUENCE EXTENSION PROPERTY

Much of the work in this chapter is an amalgamation of the work of

previous authors. These results will be used in later chapters.

A study of congruences on groups appears in [Biré,Kiss, and Pélfy, 1977 as
a digression in their study of the congruence extension property for varieties
of algebras. Their study was restricted to varieties (a class which is closed
under subalgebras, products, and homomorphisms). The congruence extension
- property for semigroups is not productive (closed under products), but it is

productive in the case of abelian groups.

A non-abelian group G such that every subgroup of G is a normal subgroup
is called a hamiltonian group.

It has been shown [Rotman, 1965] that a hamiltonian group G is of the
form G = @ x A x B, where @ is the quaternions, A is a (abelian) group
in which each element has order 2, and B is an abelian group in which each

element has odd order.

A group G is called a t-group if the relation is a normal subgroup of is
transitive among the subgroups of G, i.e., if L, M, and N are subgroups of G

such that L « M a N, then L 4 N (where < indicates normal subgroup).

Recall from Chapter 1 that a group G has the group congruence extension

19
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property (GCEP) provided that for each subgroup H of G and each congruence
o on H, then exists a congruence & on G such that N{H x H) = ¢, i.e., o has
an extension to G. It is immediate that a group with the congruence extension
property will also have the group congruence extension property. However,
the converse of this statement is not true, as will be shown later in the next

chapter.

2.1 Notes. The following sequence of results is contained in [Biré,Kiss,

and Palfy, 1977], [Best and Tausky, 1942], and [Zacher, 1952]. Let G be a

group and & a congruence on G.

(1) There exists a normal subgroup N of G such that (¢,b) € ¢ if and only if
ab™' e N,

(2) U e is the identity of G, then N = {g € G:(g,¢) € o} (in (1)).

(3) A group G has the group congruence extension property (GCEP) if and
only if whenever H is a subgroup of G and K is a normal subgroup of H,
there exists a normal subgroup N of G such that NN H = K.

(4) A group G has GCEP if and only if each homomorphic image of G has
GCEP.

(5) [Biré,Kiss, and Palfy, 1977] In a finite group G with GCEP, the relation
is a normal subgroup of is transitive among the subgroups of G.

(6) X G has GCEP, then every subgroup of G has GCEP.

(7) If G has GCEP, then every subgroup of G is a t-group.

(8) [Best and Taussky, 1942] A p-group G which is a t-group is either abelian

or hamiltonian.

(9) [Biré,Kiss, and Pélfy, 1977] A finite group with GCEP is solvable.
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(10) [Zacher, 1952] If G is a solvable finite t-group and the prime divisors of
the order of G are py < p2 < --+ < pyr, then there exist Sylow p;-subgroup
P; of G such that:
(i) For each i, 1 < j < 7, P; is ebelian or Hamiltonian; and
(i) 1 €4 < j < r implies P; is normal in Ng(P;) (the normalizer of P; in
G), and for each g € P;, there exists n € IN such that g~'ag = e for all
a € P;.
(11) [Biré,Kiss, and Pélfj, 1977] A finite group G has GCEP if and only if G
is a solvable t-group.
(12) (see [Howie, 1976]) Let G be a group, M and N normal subgroups of
G, and let opr and on be the congruences defined on G' by M and N,
respectively. Then opr Non = opasny and opr 0 o = o

(13) [Best and Taussky, 1942] A normal subgroup of a t-group is a t-group.

An immediate consequence of 2.1(1) and 2.1(2) is that the group defined
on & group G by the universal congruence G X G is just G, and the group
corresponding to the diagonal congruence Agis the trivial group consisting of

the identity of G.

2.2 Proposition. A group G such that each subgroup is normal has the

group congruence extension property.

Proof. Let H be & subgroup of G and suppose that ¢ is a congruence
on H. Then o determines a normal subgroup K < H. Let & = {(a,b) € (G x
G):ab™! € K}. Then K is a subgroup of G, and hence, from our hypothesis, we
have that K «G. It follows that 7 is & congruence on G. Clearly,oN(H x H) =
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2.3 Corollary. Abelian and hamiltonian groups have the group congru-

ence extension property (GCEP).

2.4 Proposition. Let G be a finite group. Then G has the group congru-
ence extension property (GCEP) if and only if G has the congruence extension

property (CEP).

Proof. This is immediate from the fact that a subsemigroup of a finite

group is a subgroup. g

2.5 Proposition. Let {Gy:a € A} be an ascending family of groups with
the group congruence extension property (GCEP), and let G = | J{G4: € A}.

Then G has the group congruence extension property.

Proof. Let H be a subgroup of G and let H be a normal subgroup of H.
For each a € A, let H, = H N G,. Then H, is a subgroup of G, for each
a € A. Let K, = KNG, Then K, is a subgroup of G, for each o € A.

We claim that K, is a normal subgroup of H, for each @ € A. To prove
this let z € K,, and let y € Hy. Then ¢ € K and y € H. Since K < H,
ylzy € K. Since = and y are both in G, we have y~'zy € G4, and thus
y lzy € (G4 N K) = K,. 1t follows that K, is a normal subgroup of H,.

In view of the fact that G, has GCEP for each o € A, we see that thereisa
normal subgroup N, of G, such that NoNH, = K. Let N = (J{N.:a € A}.
We will prove that N is a normal subgroup of G.

To see that N is a subgroup of G, let z,y € N. Since {Ga:a € A} is
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ascending, there exists § € A such that z,y € Gg. Thus 2,y € NNGg = Npg.
It follows that zy~! € Ng C N and N is & subgroup of G.

To establish that N is normal in G, let z € N and let y € G. Then, since
{Go: a € A} is ascending, there exists 8 € A such that 2,y € Gg. In particular,
x € Ng. In view of the normality of Ng in G3 we have that y~lzy e Ng C N

and hence N is normal in G.

From the fact that N N H = K, we conclude that G has GCEP. 3

2.6 Example. This is an example of a finite group which does not have
the congruence extension property (CEP). Let G = S5 (the symmetric group
on five elements). It is well known that G is not solvable. In view of 2.1(11),
we see that G does not have the group congruence extension property (GCEP).
From 2.4, we conciude that G does not have CEP. It was observed in [Best
and Taussky, 1942] that S, is a t-group for each n # 4.

2.7 Example. The additive group of real numbers IR has the group
congruence extension property (GCEP) (2.3) but does not have the congruence
extension property (CEP), since IR contains the additive semigroup IN which
does not have CEP (see 1.2). '

2.8 Example. This is an example of a group @ which has the congru-
ence extension property (CEP), but @ x @ does not have CEP. Let Q bé the
quaternion group. Then @ is a finite group with the group congruence exten-
sion property {(GCEP) and hence @ has CEP by 2.4, To see that Q x @ does
not have CEP, we will show that it does not have GCEP (since, again Q x Q@

is finite).
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Let G = (i) x @, where (i) denotes the subgroup of @ generated by 1.
Then G is a subgroup of @ x Q. We claim that G' does not have GCEP. Let
H;y = (i} x {j}. Then H, is a normal subgroup of G. Let

Hz = {(i,7),(—4,~3),(1,1),{~1,-1)}.

Then H, is an normal subgroup of Hy. Now z = (i,k) € G and y = (4,7) €
H,. Moreover, 7 yz = (~i,—k)(i,7)(i, k) = (=%, ~kjk) = (i,ik) = (i,~7).
Thus, 2 'yz ¢ H;. It follows that H; is not normal in G. Thus G is not a t-
group, aﬁd hence does not have GCEP. Since GCEP is hereditary, we conclude
that @ x Q does not have CEP.

A @-finite group is called a torsion group. This conforms to the usual
definition of a torsion group, i.e., a torsion group is a group in which each

element has finite order.

2.9 Example. This is an example of a torsion group which does not have
the congruence extension property (CEP). Let Q be the quaternion group of
2.8. Since @ x Q is finite, it is a torsion group. Thus @ x @ is a torsion group

that does not have CEP.

2.10 Lemma. Let G be a forsion group. Then G has the congruence
extension property (CEP} if and only if G has the group congruence extension
property (GCEP).

Proof. It will be sufficient to show that each subsemigroup of G is a
group. To prove this let T be a subsemigroup of G and let * € T. Then

2™ € T for each n € IN. Since G is a torsion group, there exists m € IN such
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that ™ = e (the identity of @). It follows that e € T'. Since z - 2™~! = ¢, we

see that ™1 = 2™~ is also in T, and hence T is a subgroup of G. §

2.11 Theorem. Let G be a group. Then G has the congruence extension
property (CEP} if and only if G is a torsion group with the group congruence

extension property (GCEP).

Proof. Suppose that G is a torsion group with GCEP. Then G has CEP
from 2.10.

Suppose, on the other hand, that G has CEP. Then G does not contain
an infinite cyclic group, since otherwise G' would contain a copy of the additive
semigroup IN of natural numbers and this would be contradictory to the fact
that CEP is hereditary (1.2). It follows that G is a torsion group. Since CEP
implies GCEP, we conclude that G is a torsion group with GCEP. g

2.12 Corollary. Let G be an abelian group. Then G has the congruence

extension property (CEP) if and only if G is a torsion group.

2.13 Corollary. The homomorphicimage of a group with the congruence

extension property (CEP) has the congruence extension property.

Proof. Suppose that G has CEP and that H is a homomorphic image of
G. Then, according to 2.11, G has the group congruence extension property
(GCEP) and is a torsion group. It follows from 2.1(4) that H has GCEP. It
is immediate that H is a torsion group. Thus from 2.11, we conclude that H

has CEP. g



CHAPTER 3

CYCLIC SEMIGROUPS

Cyclic semigroups are the atoms of every semigroup, i.e., each semigroup
is a union of its cyclic subsemigroups. Thus a characterization of cyclic semi-
groups with the congruence extension property (CEP) is an important step
in searching for a general characterization. We present & characterization of
cyclic semigroups with CEP in this chapter (3.8). As a consequence of this
result, it is established that each semigroup with CEP must have index at most

three (3.9).

A semigroup S is called a cyclic semigroup if S is generated by some
a € S. We write f(a) = {a,a?,d%,...} and denote that S is cyclic with
generator a by writing § = 6(a).

Observe that a semigroup S is cyclic if and only if § is a homomorphic

image of the additive semigroup of positive integers.

8.1 Proposition. An infinite cyclic semigroup does not have the congru-

ence extension property (CEP).

Proof. Suppose that S is an infinite cyclic semigroup with generator a.
Then S = {a,a?,d%,...}. Let T'= {e*,a%,a%,...}. Then T is a subsemigroup
of §. Let I = {a?,a%,a’,a%...}. Then Iis anideal of T'and p = (I x [)UA7

is a congruence on T'.

26
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Suppose that p is an extension of p to §. Then (a,a) € As C 5 and
(a?,a*) € p C P, and hence (a?,a®) € p. It follows that (a®,a°) € N (T x T).
In view of the fact that (a®,a%) ¢ p, we see that 5 cannot be an extension of

p. This contradiction proves that an extension cannot exist, and hence § does

not have CEP. g

Let S be a finite cyclic semigroup. A number s € IN is called the index
of S provided that § = -{a,az,aa,...,a"} with these element distinct and
a"tl =g forl <s<n.

Observe that a finite cyclic semigroup of index s can be written
S = {a,a?,...,e* 1} U {a’a’",...,a"}

and hence

S = {a,a*,...,a" 1} U M(S),
where M(S) is the minimal ideal of S and is a cyclic group.
3.2 Lemma. Let S be a finite cyclic semigroup of index 2 and let T be a

proper subsemigroup of §. Then T is a subgroup of the minimal ideal M(S5)
of §.

Proof. Let S = {a} U M(S) and let T be a subsemigroup of S. If a were
in T, then we would have T = §. Thus e ¢ T and T' C M(S).

3.3 Proposition. Let S be a finite cyclic semigroup of index 2, Then S

has the congruence extension property (CEP),

Proof. Let § = {a} U M(S) be a finite cyclic semigroup of index 2, let

T be a subsemigroup of S, and let ¢ be a congruence on T'. Since M(S) is
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a cyclic group, it has the group congruence extension property (GCEP) from
2.3. In view of the fact that M(S) is a finite group, each subsemigroup of
M(S) is a group, and hence M(S) has CEP. Now if ¢ € T, then T' = § and
there is nothing to prove. Thus we can assume that T is a subsemigroup of
M(S). Let o* be an extension of & to M(S5).

We claim that @ = ¢* U {(a,a)} is an extension of o* (and hence of ¢) to
S. It is immediate that 7 is reflexive, symmetric, and transitive.

It remains to show that if (¢®,a™) € ¢* {1 < m,n), then (a"*!,a™*!) €
o*. From 2.1(1), there exists a (normal) subgroup N of M(S) such that
oc* = {(e,b) € (M(S) x M(S)):ab~! € N}. Since (a",a™) € ¢*, we have
that a®e™™ € N. Let v = a®¢™™. Then u € N and ua™ = @". Thus
ua™t! = g"*1 go that v = a"tla~(mH1), It follows that a®tlg—(m+1) ¢ N

and a"t1g~(m+1) ¢ N and (¢™+!,a™+?) € 0*. We conclude that S has CEP. j

8.4 Lemma. Let S = {a,a?}UM(S) be a finite cyclic semigroup of index
3 and let T be a subsemigroup of S, then either:
i T=S8;
(ii) T = H for some (normal) subgroup of M(S5);
(iii) T = 6(a?); or
(iv) T = 6(a®) U M(S).

Proof. Let H = T'N M(S) and observe that H is a subgroup of M(5).
HeecT,then T=5.Ifa¢ T and a® ¢ T, then T = T N M(S) = H « M(5).
We therefore, hereafter in this proof, assume that a ¢ T and that o € T.

From the fact that a? € T, we conclude that a** € T for all k£ € IN.

If a® € T, we claim that T' = {a?} U M(S). To see this, let n € IN with
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n > 2. Then a?"t! = g?("—1). g and hence a?™*? € T for n > 2. It follows
in this case that T = {a?} U M(S5).

If a®™+! € T for some m € IN, we claim that a® € T. To see this, observe
that there exists r € IN such that a?™+1a" = @3, since M(S) is a finite cyclic
group. Now if 7 is even, then a” € T and we have that a® € T. If r = 2j +1 for
some j € IN, i.e., ris odd, then a® = a?™+1a?/+1 = @Im+2i+2 = g3 m+i+)) ¢

From these observations, we conclude that T' = 6(a?) if no odd power of

aisin T, and T = 0(a®) U M(S) otherwise. 3

3.5 Lemma. Let S = {a,a?}UM(S) be a finite cyclic semigroup of index
3 and let T be a subgroup of M(S). Then each congruence ¢ on T can be

extended to S.

Proof. There exists a normal subgroup H of T such that ¢ = {(z,y) €
(T xT):zy~! € H}. Since M(S) is a finite cyclic group, it has the congruence

extension property. Thus o has a extension ¢* to M(S). Let
7 = o* U{(a,a),(a?,a%)}.

Then 7 is an equivalence relation on S and extends o. It remains to show that
v is compa.tiblel with multiplication on S. For this purpose, let (a",a™) € 7
and let ¢’ € 5, with r,m,s € IN. We want to show that (a"**,a™1*) € 7.

If 3 < s, then a® € M(S), and hence (a"+*,a™*?) € ¢* C 7.

If s =1or s =2, then (¢™**,a™*?) € o* by the same argument used in
the proof of 3.3.

Finally, we have (a,a){(a?,0?) = (a®,0%) € Apys) C0* C 7. 3

3.8 Lemma. Let S = {a,a’} U M(S) be a cyclic semigroup of index 3,
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and let T = {a?} U M(S5). Then each congruence ¢ on T' can be extended to
S.

Proof. Let ¢ be a congruence on T' and let 7 = o U {(a,2)}. We claim
that & is an extension of ¢ to §. It is immediate that 7 extends & and is an
equivalence relation on 5. It remains to show that ¥ is compatible with the
multiplication on 5. For this purpose, let (¢",e™) € 7 and let a* € §, with
r,m,s € IN. We claim that (¢"**,a™**) € ¢ C 7.

Suppose that » > 1. Then m > 1 and hence (a",a") € 0. Nowif s > 1,
then (e™*,a™**) € ¢ follows from the fact that o is 2 congruence on T. If

s =1, then (a"*1,a™*?) € ¢ follows by using the argument in the proof of 3.3.

If r = 1, then m = 1 and hence (a’**,a'*?) c Ap C 0. 3

8.7 Lemma. Let S = {a,a?} U M(S) be a cyclic semigroup of index 3,

and let T = 8(a®). Then each congruence o on T can be extended to S.

Proof. Now T = {a*}U H, where H = T'N M(S) is a subgroup of M(S).
Let o be a congruence on T, and let oy be the restriction of & to H. Then
oy extends to a congruence ops on M(S), and o* = {(a?,a%)} U oy is an
extension of ¢ to the subsemigroup {a®} U M(S) of §. According to 3.6, o*
extends to a congruence @ on §. It is immediate that 7 is an extension of &

to S. g

3.8 Theorem. Let S be a cyclic semigroup. Then S has the congruence
extension property (CEP) if and only of § is finite and S has index at most 3.

Proof. Suppose that S is a finite cyclic semigroup with CEP and let s
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denote the index of S.

Suppose that 4 < s. Denote § = {a,0%,a?,...,a"} U M(5), let T =
{a%,d%,...,a"} U M(S), and let I = {a?,a*,a’,a%,...,a"} U M(S). Then T
is a subsemigroup of S and I is an ideal of T. Let o = (I X I)U Ap. Then o
is a congruence on T'. Let @ be an extension of ¢ to S. Then (a?,a*) €0 C 7
and a € §. Thus {(a®,a®) € . We thus have that (®,a®) € TN(T x T) = 0.

From this contradiction, we conclude that s < 3.

If S is a finite cyclic semigroup of index s < 3, then it follows from 3.3,

3.4, 3.5, 3.6, and 3.7 that S has CEP. g

A semigroup S is said to be §-finite provided that each cyclic subsemi-

group of § is finite.

3.9 Theorem. Let S be a semigroup with the congruence extension
property (CEP). Then S is 0-finite and each cyclic subsemigroup of S has

index at most 3.

Proof. Each subsemigroup of § has CEP from 1.2. Thus each cyclic
subsemigroup of § has CEP. The conclusion follows from 3.8. g

The following example shows that the converse of 3.9 is not valid.

8.10 Example. This is an example of a finite semigroup S such that each
element has index at most 2 and S does not have the congruence extension

property (CEP).
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Let S = {1,2,3,4,5} with Cayley table given by:

[ BT I
W R O BN =
(N )
[ SRR N Y
[ S S g X

Let T be the subsemigroup {1,2,4,5} and let # be the congruence on T' defined
by ¢ = {(3,5),(5,3)} U Ar.

The congruence on S generated by o is
{o}s = {(3, 4)a(4: 3),(3,5),(5,3),(4,5),(5,4)} U As,

and (0}s N{T x T') # o. It follows that S does not have CEP.
Now 6(1) = {1}, 6(2) = {2}, 6(3) = {1,3} (3° = 3), 6(4) = {1,3,4}
(4% = 4% = 1), and 4(5) = {1,3,5} (5* = 5% =1). It follows that each of 1,2,

and 3 have index 1 and that each of 4 and 5 have index 2.



CHAPTER 4

THE IDEAL EXTENSION PROPERTY

In this chapter we discuss the important concept of the ideal extension
property (IEP) of a semigroup (ideals of subsemigroups are determined by
ideals in the parent semigroup). The relation between the congruence extension
property (CEP) and IEP is investigated. It is established that IEP is preserved
by homomorphisms (4.3).

A special class of semigroups called ideal semigroups (congruences are de-
termined by ideals) is discussed in detail and those with CEP are characterized
(4.9).

This chapter is rich in examples which yield a substantial quantity of

information on semigroups with IEP.

A semigroup S is said to have the ideal extension property (IEP)
provided that for each subsemigroup T' of S and each ideal I of T' there exists
an ideal J of 5 such that JNT = 1.

4.1 Proposition. A semigroup S has the ideal extension property (IEP)
if and only if each subsemigroup of S has the ideal extension property.

Proof. If every subsemigroup of 5 has IEP, it is clear that S has IEP.

Suppose that 5 has IEP, let T" be a subsemigroup of 5, let K be a sub-
semigroup of T, and let I be an ideal of K. Since K is also a subsemigroup of
S and S has IEP, there exists an ideal J of § such that JNK =1I. Now JNT

33
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isanideal of T and JNTNK = JN K = I. It follows that T has IEP,

4.2 Example. To see that the semigroup (IN, +) does not have the ideal
extension property (IEP), let T' = {2,3,4,5,...} and let I = {2,4,5,6,...}.
Then T is a subsemigroup of IN and I is an ideal of T'.

Suppose there exists an ideal J of IN such that JNT = I. Then2e¢ I CJ
and 1 € IN. Thus 2 +1 =3 € J. We obtain that 3 € JNT, but 3 ¢ I. This
contradiction establishes that (IN,4) does not have IEP.

As a consequence of 4.1, we see that the additive semigroup H = [0, c0)
does not have the ideal extension property, since IN is a subsemigroup and IN

does not have the ideal extension property.

4.3 Proposition. A homomorphic image of a semigroup with the ideal

extension property (IEP) has the ideal extension property.

Proof. Let ¢:5 — S* be a homomorphism of a semigroup S with IEP
onto a semigroup S*. Let T be a subsemigroup of $* and let I* be an ideal
of T*. Then T' = ¢~(T™) is a subsemigroup of § and I = ¢~(I*) is an ideal
of T'. Since S has IEP, there exists an ideal J of § such that JNT = I. Let
J* = ¢(J). Then, since ¢ is onto $*, we have that J* is an ideal of S*.

To complete the proof, we will establish that J* N T* = I*.

Let ¢ € J*NT*. Then ¢~!(z) C J and ¢~1(z) C T'. Therefore, $~1(z) C
JNT = 1. It follows that = € ¢(I) = I"*.

Let y € I*. Then ¢~ (y) CI=JNT. Thusy € ¢(JNT) = $(J)N(T) =
J*NnT*.

We conclude that J* N T* = I"*, and hence S* has IEP. 3
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For a subsemigroup T of a semigroup S and a € T', we let Jy(a) denote

the ideal of T generated by a,i.e.,
Jr(a) =TT = {a} UeT UTa U TaT.

A semigroup S is said to have the principal ideal extension property
{PIEP) provided that for each subsemigroup T of § and each a € T, Jr(a} =
J s(a) nT.

4.4 Theorem. Let S be a semigroup. Then S has the ideal extension
property (IEP) if and only if S has the principal ideal extension property
(PIEP).

Proof. Suppose that § has the principal ideal extension property, and let

T be a subsemigroup of § and I and ideal of T'. Let J = |} Js(a). Then J is
acl

anidealof Sand JNT = (Y Js(e)NT = Y (JIs(e)NT)= Y Jr{e) = I.
We conclude that S has theaififaal extension p:§;erty. "

On the other hand, suppose that § has the ideal extension property, and
let T be a subsemigroup of § and a € T'. Then, since Jr{a) is an ideal of
T, there exists an ideal I of § such that INT = Jp(a). Since a € I, we
have that Jg(a) C I, and hence Js(e) NT C INT = Jp(a). To establish
the other inclusion observe that Jr(a) = T'aT! € §'aS* = Js(a) and hence

Jr(a) CIs(a) N T.

A congruence ¢ on a semigroup S is called an ideal congruence provided

that there exists an ideal I of S such that ¢ = (I x I) U Ag.

A semigroup S is called an ideal semigroup if each congruence on § is
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an ideal congruence.

4.6 Proposition. Let S be an ideal semigroup. Then:

(1) S has a zero element 0; and

(2) If p is a congruence on S, then p = (IxI)UAg, where I = {z € S:(z,0) €
p}-

Proof. To prove (1), observe that A = {(s,s):s € S} is a congruence
on §. Since S is an ideal semigroup, there exists an ideal I of S such that
A=(IxI)UA. Thus I xI C A and I xI = {(0,0)}. We conclude that
I = {0} and $ has a zero element 0.

To prove (2), let p be a congruence on 5. Then, since § is an ideal
semigroup, there exists an ideal I of § such that p = (I x I) U Ag. Let
J = {z € S:(2,0) € p}. Then J is an ideal of § and J C I. To complete
the proof, we will show that I C J. Let z € I. Then (x,0) € I xI C p. We

conclude that z € J.

4.8 Proposition. The homomorphic image of an ideal semigroup is an

ideal semigroup.

Proof. Let S be an ideal semigroup and let ¢: § — T be 8 homomorphism
of § onto a semigroup 7" and let & be & congruence on T'. Define p = {(z,y) €
5 x §:(¢(z),#(y)) € c}. Then p is a congruence on 5. Since S is an ideal
semigroup, p = (I x I) U Ag for some ideal I of S. Let J = ¢(I). Then J is
an ideal of T'.

We claim that ¢ = (J x J}U Ar. Suppose that (¢(z),¢(y)) € 0. Then
(z,y) € p. If 2 = y, then (z,y) € Ar. If 2 # y, then (z,y) € I x I and
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(¢(=), d(y)) € J x J. 1t follows that o C (J x J)U Ar.

On the other hand, let (a,b) € J x J. Then a = ¢(z) and b = ¢(y) for
some (z,y) € (I x I). Thus {(z,y) € p and we conclude that (a,d) € o. It
follows that ¢ = (J x J)U Ar and T is an ideal semigroup. g

4.7 Proposition. Each ideal semigroup with the congruence extension

property (CEP) has the ideal extension property (IEP).

Proof. Let S be an ideal semigroup with CEP, T' a subsemigroup of S,
and let I be an ideal of T. Then o = (I x I) U Ay is a congruence on T.
Since S has CEP, there exists an extension & of o to 5. Since § is an ideal
semigroup, there exists an ideal J of § such that 7 = (J x J)U As. Since
o =FN(T x T), we obtain that I = JNT, and hence § has IEP. 3

4.8 Example. This is an example of an ideal semigroup which has the
ideal extension property and does not have the congruence extension property.

Let § = {1,2,3,4,5} with Cayley table:

Ll
B e ek e
I R )
- G0
OV =t = B

Let T = {1,2,3}. Then T is a subsemigroup of § and o = {(2,3),(3,2)} U
Ar is a congruence on T and (0} 5 contains the pair (2,1) = (5,5)(2,3). Thus

its restriction to T is not o.

4.9 Proposition. Let S be an ideal semigroup. Then S has the congru-
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ence extension property (CEP) if and only if § has the ideal extension property

(IEP) and each subsemigroup of S is an ideal semigroup.

Proof. Suppose that § has IEP and that each subsemigroup of § is
an ideal semigroup. We claim that § has CEP. For the purpose of proving
this claim, let T' be a subsemigroup of S and let & be a congruence on T.
Then, since T' is an ideal semigroup, there exists an i(iea.l I of T such that
o = (I x I)U Ar. Since S has IEP, there exists an ideal J of § such that

JNT =1. Let & =(J x J)U As. Then 7 is a congruence extension of & to
S ,.a.nd hence § has CEP.

Suppose, on the other hand, that § has CEP. Then S has IEP from 4.7.
Let T be a subsemigroup of S and let & be a congruence on I'. Then, since S
has CEP, there exists an extension 7 of o to S. Since S is an ideal semigroup,
there exists and ideal J of § such that & = (J x J)UAg. Let I = JNT.
Then I is an ideal of T and ¢ = (I x I) U Ag. We conclude that T is an ideal

gemigroup. g

4,10 Example. This is an example of a semigroup S such that each
subsemigroup of S is an ideal semigroup and S does not have the congruence

extension property (CEP).

Let § = {1,2,3,4,5} with multiplication table:

11111
1112 3
1 2311
11145
1 4511
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Now § is congruence free and each subsemigroup of 5 is an ideal semigfoup.
The only ideals of S are § and {1}. The semigroup S does not have CEP, and
hence does not have IEP.

To see that S does not have CEP, consider the subsemigroup T = {1, 3,5}
andlet o = {(1,5),(5,1)}UAr. Then a is a congruenceon T'. Since (2,2) € Ag
and (1,5) € @, we have that (2-1,2.5) = (1,3) € {a)s. Thus (1,3) €
{@)s N (T x T), but (1,3) ¢ . It follows that & does not extend to 5, and we
conclude that S does not have CEP.

4.11 Proposition. Let S be an ideal semigroup. Then § is congruence

free if and only if S is 0-simple.

Proof. Suppose first that § is (-simple and let ¢ be a congruence on
5. Then there exists an ideal I of § such that ¢ = (I x I) UAg. Since § is
0-simple, either I = {0} or I = §. H I = {0}, then ¢ = Ag. If [ = S, then
o =85 x §. In any case, we conclude that .5 is congruence free.

Now suppose that § is congruence free and that I is an ideal of 5. Then
p = (I xI)UAg is a congruence on 5. Since S is congruence free, either
p=Asorp=SxS5. Hp=As thenI={0}. fp=5x S,then I =S5. We

conclude that S is 0-simple. 3

A commutative semigroup S which has the congruence extension property
(CEP) has the ideal extension property (IEP). This is established as a corollary

in chapter 6.

4.12 Example. This example shows that the property of being an ideal
semigroup is not productive. Let Ty = {1,2} and let T3 = {1,2,3} with
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multiplication tables:

|l
[y

and

1 11

1 1 2

1 2 3
respectively. Let § = T3 x T, and rename the elements of § according to the
following scheme: 1 = (1,1), 2 = (1,2), 3 =(1,3), 4 = (2,1), 5 = (2,2), and
6 = (2,3). Then the multiplication table for § is:

111111
11211 2
1 231 2 3
111111
11 211 2
123123

Then each of T; and T; are ideal semigroups. Consider a®(5,6) and
observe that for each ideal K of S, 1 € K. In particular, if 5 € K, then
(1,5) € (K x K). However, (1,5) ¢ a°(5,6). It follows that S is not an ideal

semigroup.

4.13 Exemple. This is an example of an ideal semigroup which contains
a subsemigroup which is not an ideal semigroup. Let S be the semigroup of

Example 4.8, i.e., § = {1,2,3,4,5} with multiplication table:

= e e
B el el
-GS e e
(SR N Y Yy S
[ RS E\ —
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Let T be the subsemigroup {1,2,3}. Then S is an ideal semigroup. Ob-
gerve that each ideal of T' must contain 1. Let o = {(2,3),(3,2)} U Aq. Then
a is a congruence on T' and a # (I X I)UAq for any ideal I of T. We conclude

that T is not an ideal semigroup.

4.14 Example. This example illustrates that the ideal extension property

(IEP) is not productive. Let S = {1,2} with multiplication:
11
1 1

and let T = {1,2,3} with multiplication:

—
B =
o = =

Then each of S and T have IEP. In § x T we rename the elements according
to the scheme: 1 = (1,1), 2 = (1,2), 3 = (1,3), 4 = (2,1), 5 = (2,2), and
6 = (2,3). The multiplication table for S x T is:

111111
111111
12312 3
111111
111111
1 231 2 3

Consider the subsemigroup U = {1,2,4,5} of § x T and let I = {1,5}.
Then I is an ideal of U. Let J be any ideal of § X T containing I. Then 5 € J
and 3 € SxT,and hence 3-5=2¢€ J. Wesee that 2€ JNU, but 2¢ I. We
conclude that S x T' does not have IEP.
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4.15 Example. This is an example of a cyclic semigroup which is not an
ideal semigroup. Let § = {a,a?} U M(S), where M(§) = {a® = a’,a*,0a%,a?},
be a finite cyclic semigroup of index 3. Let ¢ = a%(a%,e¢®). Then ¢ =
{(a®,a®),(a%,a%),(c%,e?),(a®,a*)} UAs and ¢ # (I x I)U As for any ideal I
of §.



CHAPTER 5

HOMOMORPHISMS

The study of congruences in semigroups is closely related to the study of

homomorphisms, since the kernel of a homomorphism ¢: § — X defined:
ker¢ = {{a,b) € § x S:¢(a) = ¢(b)}

is a congruence on S, and each congruence o on a gemigroup S may be regarded
as the kernel of the natural homomorphism m: S — S§/0. We consider this
connection in detail when congruences on subsemigroups of .5 can be extended
to S.

It remains an unsolved problem to determine whether the homomorphic
image of & semigroup with the congruence extension property (CEP) also has
CEP (see [Bir6,Kiss, and Pilfy, 1977]). Some partial results in this connection
are obtained in 5.23 and 5.24. These are applied to show that the ideal quotient
image of a semigroup with CEP also has CEP. In light of the groupoid example
of [Biré,Kiss, and Palfy, 1977 (discussed in 5.12 and 5.27) which shows that
the homomorphic image of a groupoid with CEP need not have CEP, it ap-
pears that associativity has an important role in a resolution of this problem.
Recall that a groupoid is a set with a binary operation (not necessarily asso-
ciative). Indeed, the groupoid under consideration is not associative. There is
yet another feature of this groupoid that comes to the attention of the reader.
This groupoid is finite and contains no idempotent element. It is well known

that finite semigroups have idempotents.
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If ¢: S — T is a homomorphism of a semigroup 5 onto a semigroup T', P
is an ideal [or subsemigroup| of §, and @ is an ideal [or subsemigroup] of T,
then it is well-known that ¢(P) is an ideal [subsemigroup} of T and ¢~(Q) is

an ideal [subsemigroup| of 5.

5.1 Lemma. Let ¢: 5 — T' be a homomorphism of a semigroup S onto
a semigroup T, let Q@ be a subsemigroup of T, and let o be a congruence on

Q. Then the relation p = {(2,3) € $7(Q) x ¢$7(Q):(#(2),4(3)) € e} is a

congruence on the subsemigroup ¢~(Q).

Proof. It is immediate that p is reflexive and symmetric. To see that
it is compatible with multiplication on ¢~1(Q), let (2,4) € p and let t €
¢~1(Q). Then (¢(zt), p(yt)) = (¢(z)$(2), $(v)$(t)) € o, since (v,y) €pand &
is compatible with multiplication on Q.

To see that p is transitive, let (s,%),(¢,w) € p. Then (¢(s),¢(t)) and
(#(),#(w)) are in o. Since o is transitive, we have that (¢(s), p(w)) € o.

Hence (s,w) € p and p is transitive.
The relation p in 5.1 is called the pullback relation of o.

5.2 Proposition. Let S be a semigroup. Then the following are equiva-

lent:.

(1) The semigroup S has the congruence extension property (CEP);

(2) For each subsemigroup T of § and each homomorphism ¢:T — @ of T
onto a semigroup @, there exists a homomorphism «: 5 — R of § onto a
semigroup R and an embedding a: @ — R such that the following diagram

commutes:
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T—— @
where i: T — § is the inclusion map; and
(3) For each subsemigroup T of § and each congruence o on T', the congruence

(0)s has the property that {o)s N (T x T} = a.

Proof. To prove that (1) implies (2), suppose that S has CEP, let T
be a subsemigroup of §, and let ¢:T — @Q be a homomorphism of T onto
a semigroup Q. Let o = ker(¢)= {(a,d) € (T x I'):¢(a) = ¢(b)}. Then ¢
is a congruence on T. Let & be an extension of ¢ to § and let R = §/7.
Let 4: 5 — R be the natural homomorphism. Since ker ¢ C ker+, there is a
one-to-one homomorphism a: @ — R such that the above diagram commutes.

To prove that (2) implies (1), suppose that the condition of (2) holds. Let
T be a subsemigroup of S and let o be a congruence on T'. Let @ = T'/o and
let ¢: T — @ be the natural homomorphism. Let 4:5 — R and a: @ — R
be the homomorphisms which the condition states exists to make the diagram
above commute. Then & = ker+ is an extension of o to S.

That (3) implies (1) is immediate, since (in the case of the condition of
(3)), {0} is an extension of o to 5.

To prove that (1) implies (3), suppose that § has CEP, let ¢ be a con-
gruence on a subsemigroup T of S, and let & be an extension of & to §. Then
o C {o)s C @, since {o}s is the congruence on § generated by o. In view of
the fact that 7 is and extension of o, we see that 7 N (T x T') = o, and hence

(o}sN(T xT)=0.7y

5.3 Notes. The following is a summary of some basic facts found in
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[Clifford and Preston, 1963] and in [Howie, 1976).

(1) If p is a congruence on a semigroup S, then S/p is a semigroup with the
operation defined by a*b* = (ab)* for each a*,b* € S/p, and the map
p*: S — S/p defined by p(z) = z* is a homomorphism, where z* denotes

the p-class of z.

(2) Let p be a congruence on a semigroup S. If ¢: $ — T is a homomorphism
such that p C ker ¢, then there exists a unique homomorphism §:5/
p — T such that ¢ and 8 have the same range and the following diagram

commutes:

¢

§——7T

Slp———5/p
Sle

(3) Corollary. If p and & are congruences on S with p C o, then there exists

a unique homomorphism f:S/p — §/p such that the following diagram

commutes:
a.#
S—2 1 8/o

cl e

S/PI—’ S/e
S/e

5.4 Proposition. Let S be a semigroup, T a subsemigroup of S, ¢ a
congruence on T, and let & be a congruence on §. Then 7 is an extension of o
if and only if there exists an embedding ¢:T/oc — S/ such that the following

diagram commutes:
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S—aiS/E

iI 195

B

T2 \T/o

where ¢ is the inclusion map of T’ into S, and o and 3 are natural homomor-

phisms.

Proof. Suppose first that & is an extension of ¢. Then ¢ is induced,
since ker § = ¢ C & = kera. To see that ¢ is one-to-one, let s,¢ € T such that
#{B(s)) = ¢(8(t)). Then a(i()) = a(i(s)) and (¢,3) € 7. SinceTN(T'xT) =0
and ¢,s € T, we have that (1,3) € o. It follows that 8(1) = 8(s), and ¢ is

one-to-one.

On the other hand, suppose that the one-to-one homomorphism « exists
which makes the diagram above commute. Let (s,t) € #N (T x I'). Then
ia(s) = ia(t). From the diagram, we have ¢(8(s)) = #(B(¢)). Since ¢ is one-
to-one, we see that #(s) = B(t). Since § = ker o, we conclude that (s,t) € o,

and o is an extension of o t0 S. 3

5.6 Corollary. Let S be a semigroup. Then S has the congruence exten-
sion property (CEP) if and oaly if for each subsemigroup T and each homo-
morphism ¢:T — K of T onto a semigroup K, there exists a bomomorphi.;'m
~4:5 — R onto a semigroup R and an embedding a: K — R such that the
diagram

s—T R

¢

T ——— K

commutes, where 1 is the inclusion of T into §.
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5.8 Notes. The bicyclic semigroup IB is the semigroup on two gener-
ators p and ¢ with an identity subject to the relation gp = 1 (see [Clifford and
Preston, 1961]).

(1) If ¢ is a homomorphism of IB onto a semigroup §, then either ¢ is an
isomorphism or ¢(IB} is a cyclic group.
(2) Corollary. If & is a congruence on B, then B/¢ is isomorphic to B or is

a cyclic group.

5.7 Example. The semigroup IB does not have the congruence extension
property (CEP).

Let T be the subsemigroup {p,p?,...} of B, and let I = {p*,p%,...}.
Then I is an ideal of T and T'/I is a three element semigroup {r,r%,0}, where
rr? = 0. Let o be the congruence on T defined by o = (I x I} U Az. Suppose
that ¢ can be extended to a congruence p on IB. Then the diagram:

B—— B/7

i] Lﬁ

T————T/e

commutes and ¢ embeds T/ into IB/p. Now IB/p is either a cyclic group or
is isomorphic to IB. In either of these cases we would have that ¢(0) is a zero
element for the image, which cannot be the case. We conclude that IB does

not have CEP.

5.8 Proposition. Let § be a finite cyclic semigroup of index s and let
¢:S — T be a homomorphism of § onto a semigroup T'. Then T is a cyclic

semigroup with index t such that { < s.
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Proof. Let § = {a,d%,...,a%,a°*1,...,a"" = a®} and let & = ¢(a).
Then b is a cyclic generator for 7. Let ¢ be the index of T. Then ™! =
#(a™t?) = ¢(a®) = b° implies that ¢ < s. g

5.9 Corollary. Let S be a finite cyclic semigroup with the congruence
extension property and let ¢: § — T be a homomorphism of § onto a semigroup

T. Then T has the congruence extension property (CEP).
Proof. This follows from 3.8 and 5.8. §

5.10 Proposition. Let S be an ideal semigroup with the congruence
extension property and let ¢: S — T be a homomorphism of § onto a semigroup

T. Then T has the congruence extension property.

Proof. In view of 4.7, we see that 7' is an ideal semigroup. From 4.10,
it sufficisis to show that T" has the ideal extension property and that each
subsemigroup of T is an ideal semigroup. For this purpose, let P be 2 sub-
semigroup of 7. Then @ = ¢~*(P) is a subsemigroup of § and hence is an
ideal semigroup. Again, P = ¢(@Q) is an ideal semigroup. Let I be an ideal
of P and let M = ¢~I). Then M is an ideal of § and there exists an ideal
J of § such that JNQ = M. Let K = ¢{J). Then K is an ideal of T and
K NP = I. 1t follows that T has the ideal extension property and hence has

the congruence extension property from 4.10. g

5.11 Note. It was established in [Biré,Kiss, and Pélfy, 1977] that if G
is a finite group with the group congruence extension property (GCEP) and

¢:G — H is a homomorphism of G onto a group H, then H has GCEP. An
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alternate argument is provided by observing that H is solvable and hence is a

t-group. A finite solvable t-group is known to have GCEP.

5.12 Example. This is an example of a groupoid § with the congruence
extension property and a groupoid X which is a homomorphic image of § and
does not have the congruence extension property.

This example appears in [Biré,Kiss, and Palfy, 1972). We let § be the set
{1,2,3,4,5} with multiplication table:

3 3333
3 3 3 4 4
3 3 2 5 4
4 4 5 5 4
4 4 4 4 4
It is a matter of checking to verify that § has CEP. Let X = {a,b,¢,d}

with multiplication table:

c ¢ ¢ ¢
e ¢ ¢ d
c ¢ b d
d d d d

Define ¢: 5 — X by ¢(1) = a, ¢(2) = b, ¢(3) = ¢ and ¢(4) = ¢(5) = d. Then
¢ is a homomorphism of the groupoid S onto the groupoid X.

Let ¥ denote the subgroupoid {a,b,c} of X, and let a = {(a,b),(},2)} U
Ay. Then a is & congruence on ¥V, However, the congruence on X generated
by ais (a)x = X x X. Thus {a) x N(¥ xY) # a since (¢,d} € {a)x N(Y xY)
but is not in a. It follows that X (which is & homomorphic image of S} does
not have CEP.

| Observe that {(¢,b) € {(a)x because X is not associative. Notice that

(8ye) € o« and thus (b,a)(d,d) = (bd,ad) = (d,c) € {e)x. Also notice that
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{(bd)c,(ad)c) = (d,b) € (a)x. By symmetry and transitivity, we obtain that
(c,8) € (@)x. On the other hand, if § were associative, then (bde,adc) =
((bd)ec,(ad)c) = (b(dc),a(dc)) and thus (d,8) = (d,c). From this, we have
(e,0) = (e,d) % (d,b) = (¢,d) * (d,¢) = (c,c) € Ay, where * is defined by

(z,y) * (y,2) = (=,2). In this case the congruence would extend.

5.13 Lemuma. Let S be a semigroup and ¢: S — X be a homomorphism
of S onto a semigroup X, let & be a congruence on X, and let p be the pullback
of @ to §. Then ker¢ C p. Moreover;

(1) Hp= Ag, then o = Ax;

(2) If o = Ay, then p = ker ¢;

(3) If « = Ax and ¢ is one-to-one, then p = Ag;

(4) p=Sx Sifand only ifa = X x X; and

(5) If B is a congruence on X with pullback ¢, and @ C 3, then p C 0.

Proof. To see that ker¢ C p, let (z,y) € kerp. Then ¢(z) = ¢(y), so
that (¢(z), #(v)) € Ax C a. It follows that (z,y) € p.

'To prove (1), suppose that p = Ag, and let (z,y) € a. Let a,b € S such
that ¢(a) = = and ¢(b) = y. Then (¢(a),4(b)) € a and (a,b) € p. Since
p=~Ag,a=>~,and hence z = ¢(a) = ¢(b) =y. Thusa C Ay and a = Ay.

To prove (2), suppose that @ = Ax. Let (a,b) € p. Then (¢(a),d(d)) €
a = Ay and ¢(a) = ¢(b). We conclude that (e,b) € ker, and p C kerg.
Since we have already shown that ker ¢ C p, we see that p = ker ¢.

To prove (3), suppose that & = Ax and that ¢ is one-to-one. Let (a,3) € p.
Then (¢(a), $(b)) € @ = Ax, and hence ¢(a) = ¢#(b). Since ¢ is one-to-one, we
have a = b, and (a,b) € As. Thus p C Ag and p = As.
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To prove (4), first suppose that p = § x 5, and let (z,y) € X x X. Let
a,b € § such that ¢(a) = = and ¢(b) = y. Since p= S x 5, we have (e,bd) € p,
so that (¢(a),#(d)) = (=,y) € a. Thus a = X x X. Suppose, on the other
hand, that « = X x X, and let (a,b) € § x §. Then (¢(a),p(b)) e X x X =@,
and hence {a,b) € p. It follows that p =5 x §.

To prove (5), suppose that § is a congruence on X with pullback o, and
that « C 3. Let (a,b) € p. Then (¢(a),$(d)) € a, and hence (¢(a}, #(d)) € 5.
Since o is the pullback of 3, we conclude that (a,b) € o and p C 0.

5.14 Proposition. Let ¢: 5 — X be a homomorphism of a semigroup

S onto a semigroup X, e, a relation on X, p2 a relation on 5, a = UIN ag")
ne
(the transitive closure of a3), and let p = |J p(z") (the transitive closure of

nelN
pz2). Then

(1) If pg is contained in the pullback of az, then p is contained in the pullback
of a;

(2) If the pullback of a3 is contained in pz, then the pullback of a is contained
in p; and

(3) If p2 is the pullback of a3, then p is the pullback of a.

Proof. To prove (1), suppose that p; is contained in the pﬁllback of ay
and let (a,b) € p. Then there exist ro,r1,72,...,7n € § such that a = ro,
b = rp, and (ri—1,7;) € p2 for ¢ = 1,2,...,n. Since p; is contained in the
pullback of az, we have that (¢(ri—1),#(r:)) € az fori =1,2,...,n, and hence
(¢(a), #(b)) € . We conclude that p is contained in the pullback of c.

To prove (2), let (a,b) be in the pullback of a. Then (¢(a),d(b})) € «,
and thus there exists %g,%1,...,8n € X such that &y = ¢(a), t» = ¢(b), and
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(ti—1,%i) € az for i = 1,2,...,n. Let 7 = @, r, = b, and 7; € § such that
$(r;) =t;fori=1,2,...,n — 1. Then ((ri—1,¢(r:)) €@z fori =1,2,...,n,
and hence (r;—1,7;) € p2 fori = 1,2,...,n, since the pullback of a; is contained
in p2. It follows that (a,b) € p, and we conclude that the pullback of o is
contained in p.

The conclusion of (3) is an immediate consequence of (1) and (2). g

5.15 Proposition. Let ¢: 5§ — X be a homomorphism of a semigroup

S onto a semigroup X. Let p be a congruence on S and definea = |J a.(;‘)
. nelv

where az = {(2,3) € (X X X):(2,y) = (¢(a), ¢(b)) for some (a,b) € p}. Then

« is a congruence on X.

Proof. Now « is the transitive closure of az2. Hence it is sufficient to show
that oy is reflexive, symmetric, and compatible with the multiplication on X.

Since As C p, {(#(s),#(s)):s € S} C az. Let 2 € X and let s € § such
that ¢(s) = z. Then (z,2) € a2, and we conclude that a; is reflexive.

The symmetry of o, is immediate from the symmetry of p.

Finally, to show that a; is compatible with multiplication on X, let
(#,¥) € a; and let z € X. Then (z,y) = (¢(a),$(d)) for some (a,b} € p.
Let s € S such that ¢(s) = z. Then, since p is a congruence, (sa, 8b) € p and
(zz,2y) = (¢(s)¢(a), d(s)p(b)) = (#(sa), #(sb)). We conclude that (zz,2y) €

oy and similarly (z2,yz) € a3. 3

The congruence a in 5.15 is called the pushout of the congruence p.

5.16 Lemma. Let ¢:5 — X be a homomorphism of a semigroup S

onto a semigroup X. Let p be a congruence on S and define a; = {(z,y) €
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(X x X):(z,y) = (¢(a), ¢(b)) for some (a,b) € p}. If ker$ C p, then a; is a

congruence on X, and hence a; is the pushout of p to X.

Proof. Let (z,w) and (w,y) be in az2. Then there exist (e,c) and (d,b)
in p such that (z,w) = (¢(a),¢(c)) and (w,y) = ¢(d}, #(b)). Since w = ¢(c) =
#(d), we have that (c,d) € ker¢ C p. Thus (e,c),(c,d) and (d,b) are all in p.
Since p is trensitive, we conclude that (a,b) € p. Thus (z,y) = (¢(a), #(b)) and
(a,b) € p. We conclude that (z,y) € a; and «; is transitive. The conclusion

follows from 5.15. g

5.17 Lemma. Let ¢: S — X be a homomorphism of a semigroup S onto
a semigroup X, let a be a congruence on X and let p be the pullback of & to
S. Then « is the pushout of p to X.

Proof. Now p = {(e,b) € § x §:(é(a),¢(d)) € a}. Let az = {(z,y) €
X xX:(z,y) = (¢(a), (b)) for some (a,b) € p}. Then@= |J o™ (transitive
closure) is the pushout of p by definition. Now if {a,b) Enlf:: ¢, then ¢(a) =
(1), (¢(a),4(d)) € Ax C a and (a,b) € p. Thus ker¢ C p. From 5.16, a; is
a congruence on X and hence a; = & is the pushout of p.

It remains to show that a; = a. For this purpose, let (z,y) € az. Then
(z,y) = (¢(a), #(b)) for some (a,b) € p, and (z,y) € . We have that a; C a.

To prove the other inclusion, i.e., that a C ay, let (z,¥%) € «, and let
a,b € S such that z = ¢(e) and y = ¢(b). We see that (¢(a), #(b)) = (z,9) € a
and hence (a,b) € p. From this and the definiton of a3, we have (z,¥) € a.

1t follows that a = a;. g

5.18 Lemma. Let ¢:5 — X be a homomorphism of a semigroup S onto
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a semigroup X. Let p be a congruence on S and let a be the pushout of p to

X. Let ¢ be the pullback of & to S. Then p C 0.

Proof. Let (c,d) € p. Then (¢(c), ¢(d)) € &z C a. Thus (¢,d) € {(a,b) €
S x §:(¢(a), 9(b)) € a} = 0. We conclude that p C 0. g

5.19 Lemma. Let ¢: S — X be a homomorphism of a semigroup S onto
-a semigroup X, let p and o be congruences on S, and let a and 8 be the

pushouts of p and &, respectively. If p C o, then a C 8.

Proof. Let ay = {(z,y) € X xX:(z,y) = (¢(e), ¢(d)) for some (a, b} € p}
and let B, = {(z,7) € X x X:(z,y) = (¢(a), $(b)) for some (a,b) € }. Then
a is the transitive closure of a; and § is the transitive closure of 8. It will be
sufficient to show that a; C ;. Let (z,¥) € ay. Then (z,y) = (¢(a), #(b)) for

some (a,b) € p. Since p C &, we have that {e,b) € ¢ and hence (z,y) € 5. 3

5.20 Lemma. Let ¢: S — X be a homomorphism of a semigroup S onto
a semigroup X, let Y be a subsemigroup of X, let T' = ¢~1(Y), let a be
a congruence on Y, let @ = (a}x, let p be the pullback of « to T, and let

p = {p}s. Then @ is the pushout of p.

Proof. Let a; = aUAx, and let a; = {(zuy, zvy):(u,v) € ay and z,y €
X1}. Then @ is the transitive closure of a3, Let 8; = {(¢(a), 4(b)):(a,b) € p}.

To establish that @ is the pushout of 5, we need to show that & = |J ;").
nelN

To show that |J 5“) C @, it is sufficient to show that §2 C @, since @
neElN

is a congruence (and hence is transitive). To establish this containment, let

(a',8") € B2. Then a' = ¢(a) and ' = ¢(b) for some (a,b) € p (from the
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definition of 83). Nowp = {J pg"), where p; = {(sct,sdt):(c,d) € (p U As)
nelN
and s,t € §1}. We consider four cases:

Case 1. i (a,b) € p, then (¢(a),$(b)) € & C @, since p is the pullback of

(and hence « is the pushout of p from 5.17).

Case 2. Suppose that (a,b) = (sect,sdt) for some (c,d) € p and s,t € S,
Then (¢(c),#(d)) € o (again, since a is the pushout of p from 5.17). Thus
(¢(a), #(b)) = ($(sct), ¢(sdt)) = (¢(s)d(c)$(2), $(s)$(d)(t)) € o2 C .

Case 3. If (¢,b) = (sct,sct) for some (¢,c) € Ag, then (a,b) € As. Thus
(¢(a), #(a)) € Ax C &

Case 4. Suppose that there exists a sequence ¢p,€1,...,¢m such that a = ¢,
b=cm,and (¢;_1,¢;) € pz for i = 1,2,...,cm. Then (¢(ci-1),¢(c;)) € a2 and
(6(a), 6(8)) € 3™ C &.

To show the other inclusion, note again that since p is the pullback of «,
a is the pushout of p i)y 5.17. Since p C p, the pushout of p is contained in
the pushout of 7 from 5.17. Thus « is contained in the pushout of 5. Now,
the pushout of g is a congruence on X which containg «, and hence it must

contain &. g

5.21 Lemma. Let ¢: 5 — X be a homomorphism of a semigroup S onto
a semigroup X. Let p be a congruence on S and let a be the pushout of p to

S. Then p is the pullback of a if and only if ker ¢ C p.

Proof. Let a be the pushout of p and suppose that ker¢ C p. Then
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a= | o™, where az = {(¢(a}, ¢()): (e, ) € p}. From 5.16, we obtain that
o =r:f:qin this case. It follows that if (¢(a),#(d)) € @, then (a,b) € p, and
hence p is the pullback of a.

On the other hand, if p is the pullback of «, since Ax C «, we have ker ¢

(= pullback of Ax from 5.13) is contained in p from 5.14.

If @ and 3 are congruences on a semigroup 5, then a V § denotes the

congruence on § generated by a U S.

5.22 Lemma. Let ¢: S — X be a homomorphism of a semigroup S onto

a semigroup X. Let p be a congruence on § and let « be the pushout of p to

X. Then ¢ = p V ker ¢ is the pullback of a to S.

Proof. Let yu be the pullback of a to §. Then p = {(s,t) € § X
S:(¢(s),4(t)) € a}. Now ker¢p C p and p C p by 5.18. Since p is a con-
gruence on §, we obtain that o = p Vker ¢ C p.

To establish the other inclusion, let (¢,d) € . Then (¢(c), ¢(d)) = (=,y) €
a. Recall that o = | al™, where o7 = {(¢(a), $(6)): (a,b) € p}.

If (z,y) € az, t’;s: (z,¥) = (¢(a), d(b)) for some (a,b) € p. Thus ¢(c) =
¢(a) = z and ¢(d) = ¢(b) = y. It follows that (c,a) € kerg, (a,b) € p,
and (b,d) € ker¢. In view of the transitivity of o = ¢ V ker ¢, we have that
(c,d) € o

If there exists (z,2),(2,y) € az, then

(2,2) = (#(e), d(e)) for some (a,) € p and

(2,9) = ($(£), 4(8)) for some (£, 5) € p.

Since z = ¢{e) = ¢(f), 2 = ¢(a) = ¢(c), and y = ¢(d) = ¢(b), we have
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that

(c,a) € ker @, (a,e) € p, (e, f) € kex ¢, (f,b) € p, and (b,d) € ker ¢.

Thus (¢,d) €ker ¢V p = 0.

An extension of this argument establishes that (c,d)} € o if we assume
that (z,y) € agm) for some m € IN. It follows that p C or;

From the arguments above, we conclude that = o = p Vker¢. g

5.23 Theorem. Let ¢:5 — X be a homomorphism of a semigroup S
onto a semigroup X, let Y be & subsemigroup of X, and let o be a congruence
on Y. If the pullback of {a)x is an extension of the pullback of «, then a

extends to a congruence on X.

Proof. Let T = ¢~ (YY), @ = {a)x, p the pullback of a to T, and let
? = {p}s. From 5.20, & is the pushout of  and by 5.22, & = p V ker ¢ is the
pullback of @. According to our hypothesis, we have that o N (T x T') = p.

We will show that @ is an extension of a to X. For this purpose, let
(z,9) € @anN(Y xY). Since ¢ is the pullback of @, there is a pair (e, ) € o such
that (z,y) = (¢(a), 4(b)). Sin;:e (z,9) € (Y xY), it is also true that (a,b) €
(T xT). Thus (a,b) € oN(T xT) = p. It follows that (z,y)} = (¢(a), #(b)} € a,
since p is the pullback of a. We conclude that & N(Y xY) C a,and & is an

extension of a. g

5.24 Theorem. Let ¢:5 — X be a homomorphism of a semigroup §
with the congruence extension property (CEP) onto a semigroup X, let Y be
a subsemigroup of X and let T = ¢~1(Y'). Suppose that (ker¢ N (T x T))s =

ker ¢. Then each congruence on Y can be extended to X,
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Proof. Let a be a congruence on Y and let p be the pullback of e to
T = ¢ (Y). Let @ = (a)x and let p = {p)s. Then, according to 5.20, & is
the pushout of p. Since p is the pullback of a, ker ¢ N (T x T) C p. From our
hypothesis that (ker¢ N (T x T')}s = ker ¢, we have that ker¢ C p. Thus, by
5.21, p is the pullback of @.

To see that @ is an extension of a to X, let (z,y) € @anN(Y x Y). Then
(z,y) = (¢{a), d(b}) for some (a,b) € p, since p is the pullback of @ As a
consequence of the fact that S has CEP, we have that 5N (T x T') = p. Since
(z,y) € Y xY, we have that (a,b) € T x T and hence (a,b) € gN(T x T') = p.
We conclude that (z,y) = (¢(a}, ¢(b)) € & from the fact that p is the pullback
of a. It follows that aN(Y xY)C a. §

5.25 Corollary. Let ¢: S — X be a homomorphism of a semigroup S
onto a semigroup X, let Y be a subsemigroup of X, and let T = ¢~(Y). If

#|(S\T) is one-to-one, then each congruence on Y can be extended to X.

Proof. Let o be a congruence on Y and let p be the pullback of a to T
Observe that ker ¢ = (ker N(T x T))UA 5, and hence (ker pN(T'x T))s =
ker ¢. Therefore, by 5.24, o can be extended to X.

5.26 Corollary. Let S be a semigroup with the congruence extension
property (CEP) and let I be an ideal of S. Then S/I has the congruence

extension property.

Proof. Let X = S/I, ¢:5 — X the natural homomorphism, let ¥ be a
subsemigroup of X, T = ¢~1(Y'), and let 0 = ¢(I) be the zero element of X.

We consider two cases:
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Case 1. f0 €Y, thenI CT,sothat (I xI)N(T'xT)=1IxIand
hence (ker¢ N (T x T)}s = (I x I) U As = ker¢. It follows from 5.24, that
each congruence on Y can be extended to X.

Case 2. If0 ¢ Y, then TNI =0, Let @ = ($) x, let p be the pullback of &
to T and let p = {p}s. Since S has CEP,pN (T x T') = p. Let o = pVker¢ be
the pullback of @ Then ¢ = pU{(IxI)and oN(T'xT) = (pUI xI))N(T xT) =

7 N{T x T} = p. The conclusion that & extends & now follows from 5.23. g

5.27 Example. We investigate the groupoid example of 5.12 in view of
the results of 5.23 and 5.24. Recall that S = {1,2,3,4,5} and X = {e,b,¢,c}
with ¢: § — X defined by ¢(1) = a, ¢(2) = b, ¢(3) = c, and ¢(4) = ¢(5) = d.
Now Y = {a,b,c} is a subgroupoid of X and T' = ¢~ (YY) = {1,2,3} is
subgroupoid of S. We list some relations determined by o below by exhibiting

their classes:

a {a, b}, {c}

p = the pullback of & {1,2}, {3}
5= (p)s {1,2,5}, {3,4}
(@)x {a,b,c,d}

o = the pullback of {a)x {1,2,3,4,5}

Since o is not an extension of p, the hypothesis of 5.23 does not hold.
Morover, (ker¢d N (T x T))s = Ags # ker ¢, and thus the hypothesis of 5.24

does not hold. It is also evident that {a)x is not an extension of a.



CHAPTER 6

DISRUPTIVE ELEMENTS AND DISRUPTIVE PAIRS

One of the features of this chapter is a characterization of semigroups with
the congruence extension property (CEP) in terms of disruptive pairs (6.11).
Unfortunately, disruptive pairs are difficult to identify in a semigroup. Disrup-
tive elements are more generally accessible in semigroups, but their absence
does not guarentee that the semigroup has CEP (6.13). It is true however,

that a commutative semigroup with CEP contains no disruptive elements.

An element a of a semigroup S is said to be a disruptive element if
there exists a subsemigroup T of S such that ¢ € T and Jp(e) C Js(a)NT
(proper containment). Recall that Jr{a) = T?aT"? is the ideal of T' generated
by a.

In view of 4.4, we see that if § is & semigroup, then these are equivalent:

(1) S has the ideal extension property (IEP);

(2) S has the principal ideal extension pfoperty (PIEP); and

(3) S contains no disruptive elements.

A element 7 of a semigroup S is called a regular element provided there
exists ¢ € S such that rétr = ». The element ¢ is called an inverse for r.

Observe that if e is an idempotent element of §, i.e., e? = ¢, then e is regular.

8.1 Proposition. Let S be a commutative semigroup and let T be a

subsemigroup of §. Then no regular element of T is disruptive in T'.

61
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Proof. Let r be a regular element of T and let £ € T be an inverse of
r. Let p € Js(r) N T. Then p = sr for some s € S and p € T. Therefore,
pir = srir = sr = p. Since p,t € T, we have p € Jr(r), and hence Jp(r) =

Js(r) NT. We conclude that r is not disruptivein T'. g

6.2 Corollary. No idempotent element of a commutative semigroup is a

disruptive element.

A commutative semigroup which consists entirely of idempotents is called

a semilattice.
8.3 Corollary. Each semilattice has the ideal extension property.

6.4 Theorem. Let S be a commutative semigroup. If § has the con-
gruence extension property (CEP), then S has the ideal extension property
(IEP).

Proof. Suppose, for the purpose of proof by contradiction, that 5 does
not have IEP. Then S contains a disruptive element ¢, and consequently there
exists a subsemigroup T of § containing a such that Jr(a) C Js(e) N T. Let
s € 8 such that sa € T and sa # ta for all £ € T1.

According to 6.2, ¢ # a®. Since T is a subsemigroup of §, we have
(e,0?) € (T x T). Now sa € T and se® = (sa)a € T. Thus (sa,sa?) €
a5(a,a®) N (T x T). In view of the characterization of a%(e,a?) following
1.8, and the facts that sa # ta for all t € T?! and sa # sa?, there is no
transition in T linking sa to sa?, and hence (sa, sa?) ¢ a¥(a,a?). We obtain

that oT(a,a®) # a°(a,e?) N (T x T). By 1.11, this contradicts that § has
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CEP.

6.5 Corollary. Let § be a commutative semigroup with the congruence

extension property (CEP). Then S contains no disruptive elements.

6.6 Proposition. Let ¢: 5 — X be a homomorphism of a commutative
semigroup S onto a semigroup X. If b is a disruptive element of X, then each

element of $~1(b) is a disruptive element of S.

Proof. Let Y be a subsemigroup of X such that b € ¥ and Jy(b) C
Jx(b) ﬂ-Y. Let a € ¢~1(b). Now there exists r € X such that b € Y
and rb # gb for all ¢ € Y. Let s € ¢7I(r), and let T = ¢~ (Y). Then
#(sa) = ¢(s)p(a) =rb € ¥, and hence sa € 7.

Suppose that sa = ta for some ¢ € T!, and let ¢ = ¢(t). Then ¢(s)¢(a) =
¢(t)¢(a), so that rb = gb and g € Y. This contradiction proves that se # ta

for all ¢t € T, and hence a is disruptive. g

8.7 Corollary. Each homomorphic image of a commutative semigroup

with the ideal extension property has the ideal extension property.

We consider some examples of commutative semigroups which do not have
the ideal extension property (IEP) due to the presence of a disruptive element.
It follows from 6.4 that these examples do not have the congruence extension

property (CEP).

6.8 Example. Consider the semigroup (IN, -}, where - is the usual multi-
plication on IN. The element 6 is disruptive. To see this, let T = {2, 4,6,...}.
Then 3:2 = 6 € T, but no product of elements of T is 6. We conclude that
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(IN,-) does not have IEP and does not have CEP.

6.9 Example. The semigroup (IN, +) does not have CEP. We claim that
4 is disruptive. Let T = {4,6,8,...}. Observe that 2+ 4 =6 € T, but no two

elements of T' have sum 6.

6.10 Examples. From 6.8, 6.9, and in view of 1.2, we see that each of
the following do not have CEP: H = ([0, o0), +}, (IR, +), and (IR,-), where IR

denotes the real numbers,

Let 5 be a semigroup, T' a subsemigroup of § and let =,y € T. A Malcev
chain from = to y in T is a sequence of pairs (p;—1,p:) € (T x T) for { =
1,2,...,m such that py = = and p,, = y. Each pair (p;_1,p;) is called a link
of the chain and we say that = and y are linked in T by the Malcev chain
{(pi=1,pi):i = 1,2,...,m}. This is denoted

(z,¥) = (Po, 1) * (P1,p2) * - * (Pm—1,Pm)

Let § be a semigroup. A pair (a,b) € (§ x §) is called a disruptive pair
provided that there exists a subsemigroup T of § and elements z € TN Jg(a)
and y € T'N J(b) such that = is linked to y in S be a Malcev chain with links
of the form (syus;,syvsz), where sy,8; € S? B.Il(i u,v € {a,b}, but z is not
linked to y in T by a Malcev chain with links of the form (¢;ut;, t;vi;), where
ty,42 € T! and u,v € {a,b}.

If S is a semigroup, T is a subsemigroup of S, and (a,b) € (T x T'), then
aT(a,b) = {(z,y) € (T x T):z is linked to y by a Malcev chain in T with links

of the form (fyuis,{3vis), where #y,%2,t5,¢4 € T and u,v € {a,b}}. This is
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a consequence of the characterization of aT(a,b) as the transitive closure of
az = {(ret,rdt):{c,d) € ay,r,t € T}, where ay = Ar U {(a,b),(b,a)}, which
follows 1.8 in Chapter 1.

6.11 Theorem. A semigroup S has the congruence extension property

(CEP) if and only if § X § contains no disruptive pairs.

Proof. Suppose that § x S contains a disruptive pair (a,b). Then there
exists a subsemigroup T of § and elements ¢ € T'N Jg(a) and y € T N J5(b)
such that = in linked to y in § by a Malcev chain with links of the form
(s1usz,81v32), where 81,82 € S, and u,v € {e,b}, but z is not linked to
y in T by a2 Malcev chain of the form (fut;,?;v¢z), where ¢;,¢; € T?, and
u,v € {a,b}. Thus (z,3) € a°(a,b) N (T x T), but (z,y) ¢ T (a,b). It follows
from 1.11 that S does not have CEP.

The converse follows from the fact that if (z,y) € @5(a,b)N(T x T'), where
a,b € T for some subsemigroup T of §, and (z,y) ¢ aT(a,b), then (z,y) is a

disruptive pair. g

6.12 Proposition. Let S be a commutative semigroup and let a be a

disruptive element of S. Then (a,a®) is a disruptive pairin § x S.

Proof. Since a is a disruptive element of 5, there exists a subsemigroup
T of S such that Jp(a) C Js(a) N T. Let s € §? such that sa € T but t € T
Now ¢ # a? from 6.2 and sa # sa’ (otherwise sa = sa-a). We also have
3a® = gsa-a € T, since s € T and a € T. Thus sa and sa? are linked by a
Malcev chain with one link (sa,sa?) in §, but sa and sa® are not linked in T

by a Malcev chain with links of the form (ta,?a?) or (te?,ta), since sa # ta
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and sa 5 ta® (otherwise sa =tfa-aandta € T)forallt € T. )

8.13 Example. This is an example of a semigroup which has no disrup-
tive elements and does not have the congruence extension property (CEP).

Let § = {1,2,3,4,5} be the semigroup of 4.8. The multiplication table
for S is

11111
1111 2
1 1131
113 41
12115

We claim that S has no disruptive elements. QObserve that 1,4, and 5 are
idempotent elements and hence are not disruptive.

Let T be a subsemigroup of § such that 2 € T. Then 22 =1 € T, and
so {1,2} C Jr(2). Now Jr(2) € Js(2) = {1,2}. Thus J5(2) = Jr(2) for all
subsemigroups T' of S containing 2. It follows that 2 is not disruptive. The
same type of argument used to show that 2 is not disruptive also works to
show that 3 is not disruptive.

Now &S does not have CEP, since T = {1,2,3} is a subsemigroup of 5,
o = {(2,3),(3,2)} U Ar is a congruence on T and & = (¢)s contains the pair
(2,1) = (5,5)(2,3). We conclude that N (T' x T') # o and S does not have
CEP.



CHAPTER 7

FURTHER RESULTS AND EXAMPLES

This chapter is devoted to the expansion of the class of known examples of
semigroups with the congruence extension property (CEP). There are numer-
ous examples of finite semigroups with CEP. Indeed, every semigroup of order
3 or less has CEP. This is due to the fact that the only congruences on a‘m order
two semigroup S are Ag and § x 5, and these always extend. The following

table details the number of semigroups with CEP for orders 3 through 6.

Order Semigroups CEP % CEP
3 18 18 100
4 126 112 88
5 1,160 T3 66
6 15,973 6,490 40

The initial example of this chapter shows that left trivial semigroups (du-
ally right trivial semigroups) have CEP. Thus, an infinite set given left trivial
multiplication is an example of an infinite semigroup with CEP. That a left
trivial semigroup has CEP is also a consequence of the theorem of [Biré, Kiss,
and Pélfy, 1977] that a uniformly periodic medial semigroup has CEP. Our

approach to the example is to demonstrate the extension.

Example 7.2 is yet another example of an infinite semigroup (group) with

CEP. This semigroup is commutative (and hence medial), but it is not uni-
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formly periodic. That it has CEP is & consequence of 2.11.

Example 7.5 demonstrates that semigroups do not generally have maximal
CEP homomorphic images. This question arises naturally from the fact that
semigroups have maximal semilattice homomorphic images and semilattices

have CEP by [Stralka, 1972].

An attempt was made to determine which completely simple semigroups
have CEP (see [Clifford and Preston, 1961]). We conjecture that (indepen-
dent of the sandwich function) if the Schutzenberger group has CEP, then so
does the completely simple semigroup. Using a special result regarding the
structure of subsemigroups (7.7) when the sandwich function maps the entire
domgin the the identity of the group (and thus the semigroup is a threefold
product), it was established that completely simple semigroups of this type
having Shutzenberger groups with CEP do have CEP (7.8).

7.1 Example. A left trivial semigroup has the congruence extension
property (CEP). Let § be any set with left trivial multiplication,i.e., zy = & for
all z,y € S. It is well known and simple to show that any equivalence relation
on § is a congruence. We claim that $ has CEP. Let T' be a subsemigroup of
S and let o be a congruence on T. Then 7 = ¢U Ag is an equivalence relation

on § and hence is a congruence extension of o.

7.2 Example. The group Z(p*), where p € N is a prime, which consists
of the p th. roots of unity for n = 0,1,2,--- as a subgroup of R/Z is an
example of a group with the congruence extension property (CEP). This is a

consequence of 2.11.
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If S is a semigroup, then §; = SU{1} is the semigroup S with an identity
adjoined (even if § already has an identity), and Sy = §U{0} is the semigroup
5 with a zero adjoined (even if S already has a zero).

If o is a congruence on S, then oy = o U {(1,1)} is a congruence on §;
and 09 = ¢ U {{0,0)} is a congruence on Sy. For the congruence extension
property (CEP), these are equivalent:

(1) S has CEP;

(2) 51 has CEP; and

(3) So has CEP.

If § is a nondegenerate semigroup with an identity e such that § is an
ideal semigroup, then S is not an ideal semigroup, since the congruence which
identifies 1 and e is not determined by an ideal of 5;. However, if § is an ideal

semigroup, then so is S.

7.3 Proposition. Let S be an ideal semigroup. Then S, is an ideal
semigroup.

Proof. Let o be a conéruem:e on So. Then o N (S x §) is a congruence
on S. In view of the fact that S is an ideal semigroup, we see that there exists

an ideal I of S such that o N (S x §)=(I x I)U Ags. Let
J=1IU{z € Sp:(2,0) € o}.

Then J is an ideal of S,.

We claim that ¢ = (J x J)U Ag,.

Let (a,b) € 0. fa=0o0rb =0, thena,bc J. Hasz#0#D>b, then
(e,0)€eoeN(SXxS)C(IxTUVAs C(JxJ)UAg,. In any case, we have that
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e C(J x J)U As,.

To show the other inclusion, let (a,b) € J x J. If (a,b) € I x I, then
(a,b) € o. If (a,0),(5,0) € o, then (a,b) € o, since ¢ is symmetric and
transitive. It remains to show that if (a,0) € o, a € S, and b € I, then
(e,b) € o (or the dual case). Since (a,0) € o, we have that (at,0) € o for all
t € S, so that again by symmetry and transitivity, we have (a,at) € o for all
t€S lfat=aforalltc S, then aisazerofor Sandhenceac I. It at # a
for some ¢ € S, then (a,at}) € e N(S x S)C (I x I}U Ag, and hence a,at € I,
since at # £. Again, we have that a € I, and (e,b) € (I X I)N(§ x §) Co. g

7.4 Example. A zero semigroup has the congruence extension property
(CEP). If S is a zero semigroup, i.e., S has a zero element 0 and zy = 0 for
all z,y € S, then S has CEP. To see this, let T' be a subsemigroup of S. Then
0 € T. The congruences on a zero semigroup are the equivalence relations.
Thus if ¢ is a congruence on T, then o is an equivalenceon T and F=c U Ag
is an equivalence (hence a congruence) relation on §. It foliows that § has

CEP. Moreover, for each (a,b) € § x §, a°(a,b) = {(a,b),(b,a)} U As.

7.6 Example. The additive semigroup IN of natural numbers does not
have a maximal homomorphic image with the congruence extension property
(CEP). Suppose that IN has a maximal CEP homomorphic image H. Then H
is & cyclic semigroup with CEP. Hence, according to 3.8, H is a finite cyclic
gemigroup with index at most 3. Let T be a finite cyclic semigroup with index
at most 3 and order greater than the order of H. Again, by 3.8, T' has CEP
and hence is a CEP homomorphic image of IN. In view of the maximality of

H, we see that T is a homomorphic image of H. This is not possible, since
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H has fewer elements than T'. We conclude that IN has no maximal CEP

homomorphic image.

7.6 Lemma. Let G be a 0-finite group, I a left trivial semigroup, R a
right trivial semigroup, and let e denote the identity of G. Let § = L x G x R,
let T be a subsemigroup of S, and suppose that (a,g,b) € T. Then (a,e,b) € T.

Proof. Let (a,9,b) € T. Then (a,g,b)" = (a,9™,b) for each n € N. Thus
(a,g™,b) € T for each n € IN. Since G is 6-finite, there exists m € IN such that
g™ = e. We conclude that (e,e,b) € T.

7.7 Lemma. Let L be a left trivial semigroup, R a right trivial semigroup,
G a @-finite group, and let T' be a subsemigroup of § = L x G x R, Then there
exist AC L, B C R, and a subgroup H of G such that T = A x H x B.

Proof. Let H = {g € G:(a,9,b) € T for some ¢« € L and b € R}.
Then H is a subsemigroup of G. As it was observed in the proof of 2.10, each
subsemigroup of a torsion group is a subgroup, and hence H is a subgroup
of G. Let A = {a € L:(a,9,b) € T for some g € G and b € R} and let
B ={bec R:(a,g9,b) e T forsome a € L and g € G}. Then AC L, B C R,
and T C A x H x B. '

To show that Ax H x B C T, let (a,h,b) € Ax H x B. Since a € A, there
exists g € G and y € R such that (¢,g,y) € T. Since h € H, there exist r € L
and 8 € R such that (r,k,s) € T. From the fact that b € B, we have that
(p,w,b) € T for some p € L and w € G. Since G is §-finite, (p,e,b) € T, and
(a,e,y) € T from 7.6. In view of the facts that (a,e,y),(r,h,8),(p,¢,b) € T,
we see that their product {a,h,b) € T 3
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7.8 Theorem. Let L be a left trivial semigroup, R a right trivial semi-
group, and let G be a group. Then § = L x G x R has the congruence extension

property (CEP) if and only if G has the congruence extension property.

Proof. If S has CEP, then for d € L and f € R, the subsemigroup {d} x
G x {f} has CEP by 1.2, Since this subsemigroup (subgroup) is isomorphic to
G, we conclude that G has CEP.

Suppose, on the other hand, that G has CEP. Let T be a subsemigroup
of § and let o be a congruence on T'. Since G has CEP, G is #-finite from
3.9. From 7.7, there exist 4 C L, B C R, and a subgroup H of G such that
T=AxHxB.

Let oy = {(u,v) € H x H:((a,u,b),(z,v,y)} € o for some a,z € L and
some b,y € R}.

It is immediate that o is reflexive and symmetric. To see that o is
transitive, suppose that (z,v),(v,w) € oy. Then there exist a,z,r,8 € L and
b,y,t,p € R such that

(2,2, (2,,)) € @
and _

((ryv,t),(s,w,p)) € 0.
Multiplying both of these on the left and on the right by (e,e,b) (where ¢ is
the identity of G) and observing that (a,e,b) € T, since (a,u,b) € T by 7.6,
we obtain that

((a?u! b): (a, v, b)) co

and

((e,v,b),(a,w,b)) € 0.
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Since ¢ is transitive, we have that
((ayu,d),{e,w,d)) € o,

and hence (u,w) € oy. We conclude that oy is transitive and is therefore an
equivalence relation on H. _

To show that oz is compatible with the multiplication on H, let (u,v) €
o and let ¢ € H. Then there exist a,z € L and b,y € R such that
((a,u,b),(,v,y)) € o and (a,9,b) € T. Since ¢ is a congruence on T, we
have that ((e,u,d) : (a,9,b),(z,v,¥) - (a,9,8)) = ((a,ug,b),(=,vg,b)) € o, 50
that (ug,vg) € og. This (together with ite dual) proves that oy is a congru-
ence relation on H,

Let 04 = {(a,z) € A x A:((e,u,b),(=,v,y)) € o for some u,v € H and
some b,y € B}.

Let g = {{b,y) € B x B:({a,u,b),(z,v,y)) € o for some a,z € A and
some u,v € H}.

Then o4 is a congruence on 4 and op is a congruence on B. To varify
that 04 is a congruence on A first observe that o4 is reflexive and symmetric.
For the purpose of proving that ¢4 is transitive, let (a,z),(z,t) € 4. Then

there exist u,v,w,z € H and b,y,c,k € B such that

((ayu,b),(z,v,9)) €0

and

((3: w, ¢),(t, z, k)) €o.

Now (as in the argument for o), we have

((‘11 € b), (a:: €, y)) Eo
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and

((z,e,¢), (2, e,k)) € @

Multiplication of the latter by (z,e,y) on the right yields,

((=, é’ y),(t,e,9)) € 0.

Since o is transitive, we have

((aye,b),(te,9)) €@

and hence (a,t) € 4. It follows that o, is transitive and is therefore an
equivalence on A. Since 4 is left trivial, we conclude that o4 is 2 congruence
on A. |

Let oy, be an extension of 04 to L, let g be an extension of o to R (see
7.1), and let ¢g be an extension of oy to G.

Define 7 = {((a,u,b),(z,v,%)): (a,) € og,(u,v) € 0¢ and (b,y) € o5}
Then 7 is a congruence on S and o C 7. It remains to show that #N(T'xT) = 0.

Let ((a,u,b),(z,v,9)) € 7N (T x T). Then (a,z) € o1, N (A X A) = o4,
(v,v) €ogN(H x H) =0y, and (b,y) € or N (B x B) = op.

Since (a,z) € ¢4, there exist h,g € H and s, € B such that

((a’ h,s),(z,9,1)) € o.

Since & is compatible with multiplication on T', we have ((e, k", s),(z, g™, 1)) G
o for each n € IN. Since T is -finite, we have that ((a,e,s),(z,¢,t)) € o,
where e is the identity of G.

Since (b,y) € op, there exist z,w € H and p,m € A such that

((p, 2,0),(m,w,y)) € 0.
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As in the preceeding paragraph, we have ((p,¢,b), (m,€,y)}) € 0.
From the fact that (u,v) € o, we have that ((r,u,c),(k,v,7)) € & for

some r,k € A and ¢,j € B. Thus each of the pairs
Py = ((a,e,8),(z,€,t))

P, = ((r,u,c),(k,'v,j))

and

P = ((p,e,b),(m,e,y))

is in ¢. Since o is a congruence on T, we have that
Py - Py - Py = ((a,u,b),(z,v,¥))

is in . It follows that N (T’ x T) C 0. y



CHAPTER 8

SUMMARY AND OPEN QUESTIONS

In the table and diagrams below, we summarize some of the attributes of:
(1) The congruence extension property (CEP);
(2) The principal congruence extension property (PCEP);
(3) The ideal extension property (IEP);
(4) The principal ideal extension property (PIEP);
(5) Ideal semigroups (IS}); and
(6) The group congruence extension property (GCEP).

The term “hereditary” refers to subsemigroups in all cases except for
GCEP. In this case it refers to subgroups. The term “homomorphic” means

preserved by homomorphisms.

Hereditary Productive Homomorphic
CEP yes (1.2) no (1.15) ?
IEP yes (4.1) no (4.14) yes (4.3)
IS no (4.13) no (4.12) yes (4.6)
GCEP yes (2.1) no (2.8) yes (2.1)

Whether CEP is preserved by homomorphisms remains an open question.

Chapter 5 gives some partial results for this problem. For quotient homomor-
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phisms (with ideal kernel), the answer is yes (5.25). H the domain semigroup
is an ideal semigroup, then the answer is also yes (5.10). For groupoids, the

answer (in general) is no (5.12).

The following implication diagram summarizes the relations between these

properties for semigroups:

Index< 3

3.10 { }3.9

1.11 6.10
PCEP+—CEP+—No disruptive pairs

IS 4.8
sl

PIEP ——IEP+——No disruptive elements
4.4 def

(1) A commutative semigroup with CEP has IEP (6.4);

(2) For an ideal semigroup, CEP«—IEP plus each subsemigroup is an ideal
semigroup (4.9); and

(3) For a eyclic semigroup, CEP+— index< 3 (3.8).

(4) A commutative semigroup with no disruptive pairs has no disruptive ele-

ments (6.11).
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The following diagram summarizes the relations between these properties

for groups:
def 2.1
CEP - GCEP+—Solvable t-group
2.7

2.11 I

GCEP + Torsion group

An abelian group has CEP if and only if it is a torsion group (2.12).

OPEN QUESTIONS.

(1) The main problem still remaining is whether the congruence extension
property (CEP) is preserved by homomorphisms.

We conjecture that this is true. An extensive computer search for a counter-

example among the lower order semigroups was conducted. None were discov-

ered. In view of the groupoid example of 5.12, it appears that a proof must

involve some consequence of associativity.

(2) A complete characterization of semigroups with the congruence extension
property (CEP} is not known.
We are searching for a characterization which involves properties of semigroups

which are easily detected. The characterization which we presented in Chapter
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6 involving disruptive pairs does not enjoy this feature. A place to start is
perhaps the condition that the index be less than four. In view of the example
of a semigroup with index 2 that does not have CEP (3.10), it is immediate
that this condition will not stand alone {although the converse holds with just
this condition (3.9)).

(3) Itis not known whether each completely simple semigroup whose Shutzen-
berger group has the congruence extension property (CEP) has CEP.
We conjecture that this is true. The special case, where the sandwich function
maps the entire domain to the identity of the group is established in Chapter
7. The technique which was employed in that argument does not extend to the
case where the sandwich function is more complicated, since subsemigroups do

not generally have a product structure.

(4) It is yet to be determined whether the structure of the lattice of congru-
ences of a semigroup reveals information regarding the congruence exten-
sion property (CEP) for the semigroup.

We have not considered this problem here. It appears that there is some
potential for such & connection, and that this could lead to a resolution of

open question (1).
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