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ABSTRACT

This thesis studies the relationship between subsets
and specified minors in a 3-connected matroid. For positive
integers k and m, a set S of k-connected matroids is
(k,m)-rounded if it satisfies the following condition.
Whenever M is a k-connected matroid having an S-minor and
X is a subset of E(M) with at most m elements, then M
has an S-minor using X.

Oxley characterized the (3,2)-rounded sets that
contain a single matroid. In Chapter 2, we obtain an analog
of this result for binary matroids. 1In Chapter 3, we use
this result to characterize the pairsvof matroids which
form (3,2)-rounded sets.

The methods of Chapter 3 are generalized to
4-connected matroids in Chapter 4 to determine the
(4,2)-rounded sets that contain a single matroid. This
extends results of Coullard and Kahn.

For a 3-connected minor N of a 3-connected matroid
M, the following question arises from roundedness theory.
Let X be a subset of E(M). How small a 3-connected minor
of M can we find which both uses X and has an N-minor?
Seymour answered this question for |x] =1 and 2.

We answer this guestion for |[X| > 3 in Chapter 5.
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Finally, in Chapter
theory are applied to the
3-connected matroids. An
Nishizeki, and Seymour is

which are non-regular.

6, results from roundedness
study of 3-element circuits in
extension of a result of Asano,

obtained for binary matroids
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CHAPTER 1

Introduction to Roundedness Theory

1.1 Notation and Terminology

The study of the property of roundedness in matroids
involves such matroid-theoretic concepts as connectivity,
extensions, and representability. We shall first discuss
these concepts before beginning our investigation of
roundedness theory in Section 1.6.

We start with some notation and terminology. Most
of the matroid terminology used follows Welsh [47], while
most of the graph terminology used follows Bondy and Murty
[5]. Let M be a matroid. The ground set of M is denoted
by E(M). Let N be a minor of M. If E(N) is a proper

subset of E{M), then N is said to be a proper minor of M.

If Y is a subset of E(M), then we say that M uses Y. An
N-minor of M is a minor of M that is isomorphic to N.
Let S be a set of matroids. We say that M has an S-minor
using ¥ if M has an N-minor using Y for some member N
of S.

The deletion and contraction of Y from M are denoted
by M\ Y and M/Y, respectively. The restriction of M to~
Y, M\(E(M)-Y), is denoted by M|Y. Distinct elements

e and f of M are said to be in parallel in M if {e,f} is



a circuit of M. We shall say that e and f are in series
in M if {e,f} is a cocircuit of M. If P is a maximal
subset of E(M) such that every pair of elements of P

are in parallel in M, then P is said to be a parallel class

of M. We say that S is a series class of M if it is a

*‘
parallel class of M . The simplification of M is obtained

by deleting all but one element from each parallel class
of M and deleting all loops. The cosimplification of M
is obtained by contracting all but one element from each
series class of M and deleting all coloops. Note that
these matroids are only defined up to isomorphism. Let
™M denote the simplification of M. The cosimplification of
M is denoted by M.

The rank and closure of Y in M are denoted by rkMY
and oM(Y). We will sometimes write rk Y for rkMX and
rk M for rkME(M). Three-element circuits and cocircuits of
M are called triangles and triads, respectively. Flats

of M of rank two and three are called lines and planes,

respectively. The property that M cannot possess a circuit
and a cocircuit which meet in one element is referred to as

orthogonality.

We now give some graphs and matroids which are referred
to in the subsequent chapters. We shall only consider
graphs with a finite number of edges in this dissertation.
The complete graph on n vertices is denoted by Kn‘ Let

Ks-a denote the graph which is obtained from KS by deleting



an edge. K3'3 is the complete bipartite graph with two
vertex classes of size three. The wheel graph with n
spokes and 2n edges is denoted by wn for each integer n
exceeding two [47, p.80]. We shall let w" denote the
whirl matroid of rank n for each integer n exceeding

one [47, p.81].

The uniform matroid of rank r with n elements is
denoted Ur,n and the Fano matroid is denoted by F7[47].
We shall denote the r-dimensional vector space over
GF(g) by V(r,q). We let V(r,qf denote the set of non-zero
elements of the vector space V(r,g). The rank-(n+l)
affine geometry over GF(g) is denoted by AG(n,q) [47].

Euclidean representations for some rank-three and

rank~four matroids are given in Table 1.
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Matroid
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Table 1 cont.
Matroid

Pg = J10\%10

Sg = Jio\legre g}

Some Rank-3 and Rank=-4 Matroids

Euclidean Representation

J10NE10

Jla\{eg,elo}




1.2 Connectivity in Matroids and Graphs

The property of n-connectivity in matroids was
conceived by Tutte [46] as a generalization of vertex
connectivity in graphs [5]. This property plays an
essential role in the theory of roundedness in matroids.
We shall begin with the definition of n-connectivity in
a matroid and then give some useful facts about this
concept.

If k is a positive integer, then a bipartition(A,B)

of E(M) is a k-separation of the matroid M if A and B

both have at least k elements and rkyA + rkyB - rk M < k-1
[46]. For an integer n which is at least two, M is
n-connected if M has no k-separation for any k < n.

We say that M is connected if, whenever e and £
are distinct elements of M, there is a circuit of M
which contains both e and £ [47]. M is connected if and
only if it is 2-connected [47, p. 71, (4)].

We shall mostly be concerned with the class of
3-connected matroids in this dissertation. Tutte's
wheels and whirls theorem is given next. This is the
result which began the study of 3-connectivity in matroids.
An element e of a 3-connected matroid is said to be

essential if both M\e and M/e are not 3-connected.



1.2.1 Theorem [46]. Let M be a 3-connected matroid in

which every element is essential. Then M is either the

cycle matroid of a wheel graph or is a whirl of rank at

least three.

An easy extension of Tutte's wheels and whirls
theorem is the following result. This result is well
known (see, for example, [23,(4.1)]). Recall that ’

02 4 is the whirl of rank two.
’

1.2.2 Theorem. Let M be a 3-connected matroid
with at least four elements +that is neither a wheel-
matroid nor a whirl. Then there is a seguence My iMyreeo /M

of 3-connected matroids such that M; is a wheel-matroid or

1

a whirl, M = M, and, for each i in {1,2,...,n-1}, M,

is a minor of M,,, obtained by deleting or contracting a

single element. O

Seymour strengthened the previous theorem with the

next result.

1.2.3 Theorem [36,(7.3)]. Let M and N be 3-connected

matroids having at least four elements such that N is a




minor of M. Further suppose that if N is isomorphic to

M(W, ), then M has no M(wk+1)-minor, while if N is isomorphic
k+1

to wk, then M has no W -minor. Then there is a segquence

Myr My M ceer Mo of 3-connected matroids such that

2l
M, is isomorphic to N, M, =M, and, for each i in
{1,2,...,n}, M;_; is obtained from M; by deleting or

contracting an element. U

The following connectivity results will be frequently
used. For a subset A of E(M), the next fact is easily

checked.

i

(1.2.4)  rkyA+rky, (E(M)=-A) - rk M = rk A + rky,A - |al. =

Suppose M is 3-connected with at least five elements.
It follows from (1.2.4) that M has no 3-element subset
which is both a triangle and a triad. The following

result is also a direct consequence of (1.2.4).

1.2.5 Lemma [23]. If M is an n-connected matroid

with at least 2(n-1) elements, then every circuit and

cocircuit of M contains at least n elements. U




The next lemma of Oxley is often used.

1.2.6 Lemma [23,(2.1)]. Let M be a matroid having at

least two elements and n be an integer which is at least

two. Suppose that M\e is n-connected and e is not a

coloop of M. If e is not contained in a circuit of M

with fewer than n elements, then M is also n-connected. U

We may determine when the cycle matroid of a graph is
3-connected by using the following well-known result

(see, for example, [47,pp. 78-79]).

1.2.7 Lemma. Let G be a graph without isolated

vertices. If G has at least four vertices, then M(G) is

3-connected if and only if G is 3-connected and simple. U

The next result is an immediate consequence of Hassler

Whitney's 2-isomorphism theorem [49].

1.2.8 Theorem ([49]}. Let G and H be loopless 3-connected

graphs. Then M(G) and M(H) are isomorphic if and only if

G and H are isomorphic. o
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This result will be used implicitly in our investi-
gation of roundedness in 3-connected graphic matroids.
It allows us to conclude that there is, up to isomorphism,

only one graph representing a 3-connected graphic matroid.
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1.3 Extensions of Matroids

In our study of roundedness we shall need to produce
n-connected matroids which have a given n-connected
matroid as a minor. Results of Brylawski and Crapo on
constructing such matroids are given in this section.

We begin with some notation.

Let N be a matroid. Suppose M is a matroid with
ground set E(N) U {e} such that M\e = N. We denote this
by M = N+e and say that M is an extension of N. Note
that N+e is not uniquely determined. If e is not in any
circuit of M of size one or two, and e is not a coloop

of M, then M is called a non-trivial extension of N.

Suppose M/e = N. Then M is said to be a lift of N.
Suppose e is not in any cocircuit of M of size one or two,
and e is not a loop of M. Then M is said to be a non-

trivial lift of N. Lemma 1.2.6 is now restated in terms

of 3-connected matroids.

1.3.1 Lemma. Let N be a 3-connected matroid with at

least three elements and M be an extension of N. Then M

is 3-connected if and only if M is a non-trivial extension

of N. O

Crapo's theory of modular cuts is used to construct

extensions of a matroid. A pair of distinct flats (Fl'FZ)
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of a matroid M is said to be a modular pair if

rkF., + rkF, = rk(FlLJ F2) + rk(F1[1 F2). Let F be a flat

2
of M such that if G is any other flat of M, then (F,G)
is a modular pair of flats of M. Then we say that F

is a modular flat of M.

A modular cut M of M is a subset of the set of flats

of M satisfying the following two conditions.

(1) 1If Fle M and F2

then F., ¢ M.

is a flat of M containing Fl,
2
(2)_ 1f (F3,F4) is a modular pair of flats in M , then

F3(W F4 is also in M.

Evidently the intersection of two modular cuts in
a matroid is also a modular cut of that matroid. 1If
{Fl’Fz""’Fn} is a set of flats of a matroid, then the

modular cut generated by this set is the intersection

of all modular cuts containing {FI’FZ""'Fn}° A

principal modular cut is a modular cut generated by a

set containing a single flat.
A modular cut of a simple matroid gives an extension

of M with flats as specified in the next result.

1.3.2 Theorem [14]. Let M be a modular cut of a

simple matroid M and suppose e is not in E(M). Then M

determines a unique extension of M on E(M) U {e}. The
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flats of this extension, M + e, are as follows.

(1) Those sets F such that F is a flat of M not in M .

(2) Those sets F |U e such that F ¢ M.

(3) Those sets F U e such that F is a flat of M that is

not in M and is not covered in M.by a flat of M . O

If M + e, M, and M are as given in Theorem 1.3.2,
then we shall refer to M + e as the extension of M
determined by M.

Now, let M and N be matroids such that E(M) and
E(N) meet in the set F. Suppose that F is a flat of both
M and N. Further suppose that F is a modular flat of M.

Then the generalized parallel connection of M and N

across F is denoted by PF(M,N) [7,8ect. 5}. This is the
matroid on E(M) U E(N) such that a subset A of E(M) |J E(N)
is a flat of PF(M,N) if and only if A N E(M) is a flat of
M and AN E(N) is a flat of N. We now list some properties

of PF(M,N) that we will use later. Let P = PF(M,N).

1.3.3 Theorem [7,(5.5)]. If A is a flat of P, then

rkPA = rkM(Ar\E(M))+rkN(Ar\E(N))-rkM(AfﬁF). In particular
rkP = rk M + rk N — rkMF. 0
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1.3.4 Theorem [7,(5.11)]. et me E(M) - F, neE(N) ~F,

and f e F.

(1) P\m = P (M\m, N).
(2) P\n = P_(M,N\n).

(3) P/m = PG(M/m, N) where G is the ground set of

(M{oy (F U m)) /m.
(4) P/n = PF(M,N/n).

{5) P/f = PH(M/f, N/f) where H is the ground set of

(M‘F)/f. o
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1.4 Representability

We shall investigate roundedness in certain classes
of representable matroids in Chapters 2 and 6. Some
notation and fundamental observations about representable
matroids are given in this section..

Let A be a matrix with entries in a field F. The
dependence matroid on the columns of A is denoted by D(3).

If M = D(A), then we say that M is representable over F.

In particular, when F = GF(2), we shall call A a binary

matrix and D(A) a binary matroid. If column e is adjoined

to A, then A + e will denote the resulting matrix. If
M = D(A), then M + e will denote D(A+e).
We shall use the following characterizations of

binary matroids.

1.4.1 Theorem [47,p.162]. The following statements about

a matroid M are egquivalent.

(1) M is binary.

(2) Any circuit C and cocircuit C* meet in an even number

of elements.

2
symmetric difference C,A C, contains a circuit C.

(3) 1If ¢, and C, are distinct circuits of M, then their

(4) If C, and C, are distinct circuits of M, then their

1 2
symmetric difference C,A C, is a disjoint union of

circuits. 0O
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1.4.2 Theorem [45]. A matroid is binary if and only

-minor. ™

22 2: 2388 22 T4

The fact that a graphic matroid is representable
over every field will be used [32]. We shall also
implicitly use the following well-known fact [9,(3.7)].
Binary matroids are uniquely representable in the fellowing
sense. If A and B are binary matrices with the same
dimensions such that D(A) and D(B) are isomorphic, then
A can be transformed into B by a sequence of elementary
row operations followed by a permutation of the columns.
The binary matroids given below will be referred to

in the subsequent chapters.



Table 2

Matroid

SS = D(Al)

AG(3,2)=D(a,)

P9=D(A3)

24=D(R))

Some Binary Matroids

Representing Binary Matrix

0 1 1 1
A1 I4 1 0 1 1
1 1 o0 1
1 1 1 1
:
0 1 1 1
A2 I4 1 0 1 1
1 1 o0 1
1 1 1 q
e; e2 e3 e, e5 ec e7 e8 e9
0 1 1 1 1
A3 I4 l1 -0 1 1 1
1 1 0 1 0
1 1 1 1 0
a,; a2 ay a, b1 b2 b3 b4 c4
0 1 1 1 1
A4 14 1 0 1 1 1
1 1 0 1 1
1 1 1 o0 1

17
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P9 = D(A3 )

b1 b2 b3 b4 c4 a,; a2 a3 a4

17

Z4 = D(A4)

)

Zr = D(A



1.5 Free Elements

The concept of a free element in a matroid is intro-

duced in this section. The properties of these elements
will be particularly useful in our study of roundedness.

Let M be a matroid with at least two elements.

An element e of M is said to be free if it is in no
circuit of size less than rkM+1l and it is not a coloop
of M.

Suppose that M is simple and £ is not an element of
E(M). Let F be a flat of M. Suppose M is the principal
modular cut of M generated by F and M+f is the extension
of M determined by M. Then we say that M+f is the

extension of M obtained by freely adding f to F. 1In

particular, if F = E(M), then M+f is said to be obtained

by freely adding £ to M.

Evidently if f is freely added to M, then f is
free in M+f. The relationship between free elements
and duality will be exploited. This relationship is

explained in the next theorem of Oxley.

1.5.1 Lemma [24,(2.2)]. Let e be an element of a

connected matroid M with at least two elements. Then e

*
is free in M if and only if e is in every dependent

flat of M. O

19
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In light of the above lemma, if e is an element in
a connected matroid M that has at least two elements, and
e is in every dependent flat of M, then e will be called
a cofree element of M. The next lemma is an immediate

consequence of Lemma 1.5.1.

1.5.2 Lemma. Let M be a connected matroid with at least

two elements. Then M has an element which is both free

and cofree if and only if M is isomorphic to U for

L4

some integer r such that 1 < r <n - 1.0

For integers r and n with 1 < r < n - 1, each element
of the matroid U, . is both free and cofree. Let M be a
14

connected matroid with at least two elements. The next

lemma is used several times in Chapters 3 and 4.

1.5.3 Lemma. Suppose M possesses at least m free elements

and at least n cofree elements. If |E(M)| > m + n,

then there exist disjoint subsets S, and S, of E(M)

having m and n elements, respectively, such that each

element of 5, is free in M and each element of 5, is

cofree in M.

Proof. Suppose e is both free and cofree in M. Then, by

Lemma 1.5.2, M is isomorphic to Usn for integers r and n

[ 4

with 1 < r <n - 1. Thus all elements of M are both free
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and cofree. O

We next show that, in general, a binary matroid does
not have any free elements. Let B be a base of a matroid
M and e be an element of E(M) which is not included in B.

The fundamental circuit of e in B is denoted by

C(e,B) [47]. The graph which is a cycle on n edges is

denoted Cnf

1.5.4 Lemma. -Let M be a simple binary matroid with

at least three elements. Then M has a free element if

and only if M is isomorphic to M(C ) for some n > 3. U

Proof. Let f be a free element of M and suppose that M
is not isomorphic to M(Cn). Evidently M has rank at least
two. Let B be a base of M\f. Now BU{f} is a circuit
in the binary matroid M, and M is not isomorphic to M(Cn).
Thus there exists an element e of E(M) which is not in
BU{f}.

Now, by Lemma 1.4.1(3), there exists a circuit C
contained in C(e,B)AC(f,B) = C(e,B)A(B'J{f})
= (B-C(e,B{) U {e,f}. since M is simple, C(e,B) has
at least three elements. Thus C has fewer than rkM + 1
elements. Hence f is not in C and C is a circuit other
than C(e,B) which is contained in BU {e}; a contradiction.

Thus M is isomorphic to M(Cn)‘
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Conversely, it is easily checked that, for n at least

three, each element of M(Cn) is free. O
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1.6 Roundedness in Matroids

The central theme of this dissertation, the theory of
roundedness in matroids, is discussed in this section.
We begin by examining the terminology and development of
this theory. OQuestions of the following type are addressed
by the theory of roundedness. Suppose we are given
structural information including connectivity about a
matroid M. Can we say, for an arbitrary subset T of E(M),
that M has a specified minor using T? Particular cases
of this question have been addressed by several authors
inciuding Asano, Nishizeki, and Seymour [1l], Bixby [2],
Bixby and Coullard [4], Coullard [10,11], Coullard and
Reid [13], Kahn [18], Oxley [24,25,27], Oxley and Reid [30],
Oxley and Row [31], Seymour [35,37,38,39,40,41]1, and
Tseng and Truemper [42].

The role of the theory of roundedness in the study
of matroid structure was surveyed by Seymour [41 ,
Section 3].

Let k and m be positive integers with k at least two.
The following definition is due to Bixby and Coullard [4].

1.6.1 Definition. Let S be a set of k-connected matroids.

Further suppose that each matroid in § has at least four

elements. The set S is (k,m)-rounded if and only if it

satisfies the following condition.
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(i) If M is a k-connected matroid having an S-minor and

a———

X is a subset of E(M) with at most m elements, then M has

an S-minor using X.

This definition generalized an earlier definition of
Seymour who called a set of matroids m-rounded when it
is (m+1l, m)-rounded in the above sense [38]. Seymour
developed an efficient test for the property of (3,2)-
roundedness. The set S is a collection of 3-connected
matroids with each matroid in § having at least four

elements.

1.6.2 Theorem [38]. The set S is (3,2)-rounded if and

only if S satisfies the following condition.

(i) If M is a 3-connected extension or 1lift of a matroid

in S, and X is a subset of E(M) with at most two

elements, then M has an S-minor using X. O

Oxley noted that there is a similar test for the

property of (3,1)~roundedness.

1.6.3 Theorem [24). The set S is (3,1)-rounded if and

only if S satisfies the following condition. If M is a

3-connected extension or lift of a matroid in § and e is

— | S——————— S—— i (————————urrr——y  S— ——— —

an element of E(M), then M has an S-minor using e. U
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Bixby and Coullard provided an analogous, but less
efficient, test for the property of (3,m)~roundedness
if m exceeds two [4].

The result which provided the impetus for the study

of roundedness in matroids is the next theorem of Bixby.

1.6.4 Theorem [2]. The set {U } is (2,1)-rounded. O
i LAl == === 2,47 = PSS 1)

The above theorem extends Theorem 1.4.2, Tutte's
excluded minor characterization of the binary matroids.

Seymour strengthened Bixby's result as follows.

} is

1.6.5 Theorem [38,(3.1)]. The set {U2 4} is
r’

(3,2) -rounded. U

Oxley extended this result with the next two theorems.
The first theorem presented is an example of the type of
results which are given in Chapters 2,3, and 4. 1It
characterizes, for particular values of k and m, when

certain seis of matroids can be (k,m)-rounded.

1.6.6 Theorem [24,(1.5)]. Let M be a matroid. The set

{M} is (3,2)-rounded if and only if M is isomorphic to

O

Uz,4°
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1.6.7 Theorem [27, (1.9)]. The set {u, ,, 6%} is
’

(3,3)-rounded. T

The singleton (2,1)- and (3,1)-rounded sets were
also characterized by O#ley. The matroid Q¢ is listed
Table 1. Let Q4 be the cycle matroid of the graph obtained
by adding an edge in parallel to one of the edges of a

triangle.

1.6.8 Theorem [24, (1.4)]. Let M be a matroid. The set

{M} is (2,1)-rounded if and only if M is isomorphic to

one of U, ,, Q,, and Q.. Moreover, the set {M} is
’

(3,1)-rounded if and only if M is isomorphic to u, ,
4

or Q- O

We conclude the section by listing some sets which
were shown to be rounded by Seymour and Oxley. The

matroid S8 is given in Table 2.

1.6.9 Theorem [38, (3.1)]. The sets {U2 4,M(w3)} and
. ’

{02'4, F7, F;, SB} are (3,2)-rounded. [



* .
1.6.10 Theorem [35]. The set {UZ,S’ U, g Fgr F7} is

both (2,1)- and (3,1)~-rounded.

1.6.11 Theorem [27, (3.6)]. The set {U. ., P., 0., W3}
Iheorem Ihe set 1U; g/ Pgs Qg

3

is (3,2)-rounded. The set {U3,6' Per Qg w, M(w3)}

is (3,3)-rounded. 0

27
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1.7 Observations on Roundedness

Some elementary facts about rounded sets are presented
in this section. These facts will be used in our study
of roundedness theory which begins in the next chapter.

The following fact is easily checked.

1.7.1 Lemma. A set {M;, My, ..., M } of matroids is

*
(k,m)-rounded if and only if {M,, My, ..., M } is

(k ,m) -rounded. U

This lemma is frequently used to invoke duality
in the subsequent chapters. The next elementary fact

will also be useful.

1.7.2 Lemma. Let S be a (k,m)-rounded set of matroids.

If M is a k-connected matroid having an S-minor, then

the set SU{M} is (k,m)-rounded. U

The lemma below will allow us to conclude that
certain rounded sets must contain a matroid which possesses
some free elements. This information will be of particular
use in classifying certain rounded sets of matroids in

Chapters 2, 3, and 4.
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1.7.3 Lemma. Let S be a (k,m)-rounded set of matroids.

Further suppose that S contains a matroid N with rank at

least k-1. Then S contains a matroid which has at least

m free elements. Moreover, if S contains a matroid with

corank at least k-1, then S contains a matroid which has

at least m cofree elements.

Proof. Let M be the matroid formed by freely adding m
elements to M. Then M is k-connected by Lemma 1.2.6.
Let A be a set of m free elements in M. Now M has an
S-minor using A. This S-minor possesses at least m free
elements. The second part of the result follows by

applying Lemma 1.7.1. O
Recall that Cn denotes a cycle on n edges. The next
corollary suggests that the property of roundedness is

not a natural property for the class of binary matroids.

1.7.4 Corollary. Let k be an integer exceeding two.

Suppose $ is a (k,m)-rounded set of matroids and some

member of S has rank at least k-1. Then S contains at

least one non-binary matroid.

Proof. S contains a matroid M which possesses a free element
by Lemma 1.7.3. Since S is (k,m)-rounded, M is 3-connected

and has at least four elements. Thus M is not isomorphic



to M(Cn) for any n.

M is non-binary. O

It follows from Lemma 1.5.4 that

30



CHAPTER 2

Roundedness in Binary Matroids

2.1 Introduction

In this chapter we shall concentrate on the classes
of binary and graphic matroids. These are natural classes
to consider for roundedness as they are both closed under
minors. The results on roundedness in binary matroids
are used in Chapter 3 in the characterization of the pairs
of matroids which form (3,2)-rounded sets. This chapter
is the result of joint work with James G. Oxley.

- It follows from Corollary 1.7.4 that a set of binary
matroids is not (k,m)-rounded for k exceeding two. However,
there is an obvious generalization of the property of
roundedness to the class of binary matroids, or any other
minor-closed class of matroids. Let k and m be positive

integers with k exceeding one.

2.1.1 Definition. Let F be a minor-closed class of

matroids. Suppose S is a set of k-connected matroids in

F each having at least four elements. The set S is

(k,m)~rounded within the class F if S satisfies the following

condition. -

(i) If M is a k-connected matroid in F having an S-minor

and X is a subset of E(M) with at most m elements, then

M has an S-minor using X.

31
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Note that condition 2.1.1(i) is obtained by adding the
restriction that M is in F to condition 1.6.1(i). 1In
this chapter we are only concerned with roundedness
within the classes of binary and graphic matroids. The

main results of the chapter are now stated.

2.1.2 Theorem. Let M be a 3-connected binary matroid

with at least four elements. The set {M} is (3,2)-rounded

within the class of binary matroids if and only if M is

isomorphic to M(WW;) or M(W,).

The methods used in the proof of Theorem 2.1.2 will
be adapted to the class of graphic matroids to obtain an

analog of this theorem for graphic matroids.

2.1.3 Theorem. Let M be a 3-connected graphic matroid

with at least four elements. The set {M} is (3,2)-rounded

within the class of graphic matroids if and only if M

is isomorphic to M(w3) or M(w4).

The proofs of these theorems are given in Sections
2.2 and 2.4 respectively. An extension of Theorem 2.1.2
to pairs of binary matroids is proved in Section 2.3. This
result is stated below. The binary matroid ij\br is given

in Table 2.
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2.1.4 Theorem. Let M and N be 3-connected binary matroids

each having at least four elements. The set {M,N} is

(3,2)-rounded within the class of binary matroids if and

only if either:

(i) at least one of M and N is isomorphic to M(W3): or
t

(ii) least one of M and N is isomorphic to M(W,)

and the other either has an M(#,)-minor or is isomorphic

to z \b, for some r exceeding three.

The next theorem is the result corresponding to
Theorem 2.1.4 for graphic matroids. This result is proved

in Section 2.4. The graph P is given below.

Figure 1

P

2.1.5 Theorem. Let M and N be 3-connected graphic matroids

having at least four elements. The set {M,N} is

(3,2)~-rounded within the class of graphic matroids if and

—— —— S————— ———— ——

N is isomorphic to M(w3) or M(w4).
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2.2 Binary Rounded Sets

The proof of Theorem 2.1.2 is given in this section.
The section begins with results which are used in the proof
of this theorem.

Let P, = D(A3) be the matroid on {el,ez,...,eg)

9
given in Table 2. Now P9\e6 is isomorphic to M(w4) where

the latter is labelled as below.

Figure 2

P9\e6 = M(w4)

The next three lemmas will be used to extend Theorem

1.6.9(1).

2.2.1 Lemma. The group of automorphisms of P, is transitive

on both {el,ez,es,eG} and {e8,e9} .

Procf. Let A, be the binary matrix representing P9 that

3
is given in Table 2. 1In A3, replace row i by row i + row 2

for i = 3 and 4. Then interchange rows 3 and 4 in the

resulting matrix. This gives a matrix which can be
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transformed into A, by a suitable permutation of its

3
columns. These operations induce an automorphism ¢ of

A3 such that ¢(e2) = eg and ¢(e8) = ey. Let y be the
automorphism of A3 induced by interchanging rows 1 and 2
of Ay, Evidently w(el) = e, and w(es) = eg-. The result

follows from considering compositions of these two
automorphisms.
Suppose r is an integer exceeding two. The graph Hr

illustrated below is referred to several times in the

remainder of the chapter.

Figure 3

H
r a

ag

Evidently H, is isomorphic to Ks-a. The graph

4
ngbz is isomorphic to the graph P given in Figure 1.

2.2.2 Lemma. Let n be an integer exceeding four. Then

M(H ) does not have an M(wn)—minor using c.

Proof. Let G be a graph obtained from»Hn by deleting

any edge other than c. Then either G has a degree-2 vertex,
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or G does not have a degree-n vertex. Thus G is not

isomorphic to wn. The result follows by Theorem 1.2.8. O

Although the next lemma is not explicitly stated
in [28], it is not difficult to check that it can be obtained

from the proof of Lemma 2.6 of that paper.

2.2.3 Lemma. Let M be a 3-connected binary extension of

M(w,). Then M is isomorphic to P ,MkK -a), or M* (K ).
4 —_— _ — 79 5 — 3,3
The next result is an extension of Theorem 1.6.9(i).

2.2.4 Lemma. Let n be an integer exceeding two. The set

{u, 4 /MW )} is (3,2)-rounded if and only if n is three or

four.

Proof. The set {U2 4,M(w3)} is (3,2)-rounded by Theorem
4

1.6.9(i). Let M be a 3-connected binary extension of M(w4).
Then, by Lemma 2.2.3, M is isomorphic to Pg,M(Ks-a), or

M* (K We show that each pair of elements in M is in an

3,3)"
M(w4)-minor.

By Lemma 2.2.1, if e is in {el,ez,es,es}, then
Pg\e = Pg\e6 = M(w4). Consider the graph H4 = K5-a given
in Figure 3. The deletion of an edge in {bz,b4,c} from H4
produces a w4—minor. The deletion of any element from
M*(K3 3) produces an M(w4)—minor. It follows from these

4
comments that M has an M(w4)—minor using any specified pair

of elements. Hence, by duality and Theorems 1.6.2 and

l1.6.5, the set {U2 4,M(w4)} is (3,2)-rounded.
14
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Suppose that n exceeds four. Consider the 3-connected
graph Hn given in Figure 3. The deletion of the edge c
from Hn produces a wn—minor. However, by Lemma 2.2.2,

M(Hn) does not have an M(wn)-minor using c¢. Thus

{U2'4,M(wn)} is not (3,1)-rounded. O

The following result is an immediate corollary of

Lemma 2.2.4. It is one direction of Theorem 2.1.2.

2.2.5 Corollary. The set {M(wn)} is (3,2)-rounded within

the class of binary matroids if and only if n is three

or four.

We pause to note a consequence of the above corollary.

It contains one direction of Theorem 2.1.3.

2.2.6 Corollary. The set {M(W )} is (3,2)-rounded within

the class of graphic matroids if and only if n is three

or four.

Proof. It follows, from Corollary 2.2.5 and the fact that

a graphic matroid is also binary, that the sets {M(w3)}

and {M(w4)} are (3,2)-rounded within the class of graphic
matroids. Suppose n exceeds four. Let Hn be the graph
given in Figure 3. By Lemma 2.2.2, M(Hn) has no M(wn)—minor
using c. Thus {M(wn)} is not (3,1)-rounded within the

class of graphic matroids. O
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We shall use the concept of a chain in a matroid in

the proofs of Theorems 2.1.2 through 2.1.5.

2.2.7 Definition. Let (Ti)1 k be a non-empty seguence
14

of subsets of a matroid M. Suppose that, for all i in

| e———————— S— ——

{l,z,..-,k'—l}’

(1) one of T, and T, ,, is a triangle and the other is

——

a triad;
(ii) |T,N T,,,] = 2; and
(iii) (T;,, = T;) A(r,UT,U...U T,) is empty.

Then we shall call (Ti)i,k a chain of M of length k.

.Evidently (Ti)l,k is a chain of M if and only if it
is a chain of M*, The following observations concerning
chains in a 3-connected binary matroié are used in the
proofs of Theorems 2.1.2 through 2.1.5.

Let N be a 3-connected binary matroid with at least
six elements. Let r = rkN. Evidently we may identify
N with the restriction to some set S of the matroid induced
on V(r,2). Let (Ti)l,k be a chain of N and suppose that

Tx

has k + 2 distinct elements. Order these elements so that,

is a triad of N. By (2.2.7) (ii) and (iii), (Ti)1 Kk
’

for each i in {1,2,...,k} , T, = {ai,ai+1,ai+2}. Take

a to be the element Ay 41 + ak+2 of V(r,2). Let

k+3

Te+1 = 1@k41734273k431 "

in the proofs of Theorems 2.1.2 through 2.1.5.

The next three lemmas are used
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2.2.8 Lemma. Suppose a, 5 is not in S. Let M be the

restriction V(r,2)|(SLJak+3). The following are true.

(1) (T3); x4 is a chain of M.

(2) Let N, be a 3-connected single-element deletion or

1
contraction of M which uses al and ak+3’ Then (Ti)l,k+l

is a chain of N, .

(3) Suppose that M\{f,g} is 3-connected for some elements

f and g of E(M) - {al,ak+3}. Then (Ti)l,k+1 is a chain

of M\{f,qg}.

(4) Suppose that M\f/g is 3-connected for some elements

f and g of E(M) - {al,ak+3}.
Then M\f/g has a chain of length at least k.

Proof of (2.2.8)(1l). Suppose Ti is a triad of N for some

iin {1,2,...,k}. Then T, or T, L)ak+3 is a cocircuit of
M. Suppose the latter and assume that i<k. Since Tk is
a triad, i < k - 2. Hence TiLJ{ak+3} meets the triangle

T in one element in N. This contradicts orthogonality.

k+1

Thus i=k and TiL){a } meets Tk+1 in three elements.

k+3
This contradicts Theorem 1.4.1(2). It follows that Ti

is a triad of M. Hence (Ti)l,k+1 is also a chain of M.O

Proof of (2.2.8)(2) and (3). Each element of

(TlLJTzLJ...L)Tk) - {al} is in both a triangle and a triad
of Mby (2.2.8)(1). By Lemma 1.2.5, Nl' N;, and the dual
of M\{f,g} are simple. From using these facts, both

(2.2.8)(2) and (2.2.8)(3) follow. O
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Proof of (2.2.8)(4). Both M\f/g and its dual are simple

by Lemma 1.2.5. It follows that there is a chain of M\f/g

of length at least k whose elements are in TlﬂJTzlJ...\JTk+l. [

Now take (Ti)1 x to be a maximum-length chain of N.
14

2.2.9 Lemma. Suppose 3y 43 is in S. Then N is a wheel-

matroid. .

Proof. Since T is a triangle of N and (Ti)1 K is a
—_—— ?

k+1
maximum-length chain, a,,3 is in TILJTzlJ... UI&.

Every element of (T, UT,U ... Ur _,) - {a;} is in a
triad of N which does not contain a8y 41 OF @y o- Thus, by

. . . | _
orthogonality, a is not in (Tl‘JTZLJ“‘L)Tk—z) {al}

k+3

= {az'a3,...,ak}. Since a is clearly not ay or

k+3 +1

o1 We conclude as a is in {al,az,...,ak+2}, that

k+3

k+3 = 21° Moreover, T1 is a triangle of N and k is even.

Now let A = {al,az,...,ak+2}. Then A is spanned in

A+
a

N and N* by {al’a3,a5'o..'ak+l} and {32,34,36,...,ak+2}u{al},
respectively. Thus

rkh + kA - |A] < 1.
Rewriting the left hand side here, we have

rk A + Tk (E(N) - A) - rkN ¢ 1.

Therefore, as N is 3-connected, E(N) - A has at most

one element and so

(2.2.10) «xkN = rkNA < (k/2) + 1.
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Now, for each j in {1,2,...,k/2}, sz is a triad in N.
The intersection of the complements of these k/2 triads

is a flat F such that
(2.2.11) rkNF <rk N - (k/2).

As a; is in F, rkNF > 1. Combining this with (2.2.10)

and (2.2.11), we deduce that
rk N = (k/2) + 1 and rkNF = 1.

Therefore F has exactly one element. As E(N)-A is

contained in F—{al}, it follows that E(N)-A is empty,

that is, A = E(N). Finally, we note that the closure

of {a3,a5,a7,...,ak+1} is a hyperplane of N whose complement

is {al,a }. Hence {al,az,ak+2} is a triad of N. Thus

2'%k+2
every element of the 3-connected matroid N is in both a

triangle and a triad and so, by Theorem 1.2.1, Tutte's

wheels and whirls theorem, N is a wheel-matroid. (]

2.2.,12 Lemma. Let M, and M, be 3-connected binary

1 2
matroids each having at least six elements such that

|[E(M;)| = |E(M,)|. Suppose that, whenever e is an
element of a 3-connected binary matroid M3 which is an

L T T e e arrem W w e e
— — k. 3

extension of M, or M,, M4 has an M- or Mz—minor using

e. Then either M. or M, has a triangle.

1 2

Proof. Let C = {cl,cz,...,cj} be a circuit of minimum
size among all the circuits of M1 and M2 and suppose
that j exceeds three. Suppose, without loss of generality,

that C is a subset of E(M Let r= rk M, and identify

1) 1
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Ml with the restriction to some set S of the matroid
induced on V(r,2). Let e denote the element <, + c2
of V(r,2). Evidently e is not in S. Let M1 + e denote
the restriction V(r,2) [(SUe). Both {cl,cz,e} and
{c3,c4,...,cj,e} are circuits of M1+e, and M1+e has an
1~ or M2—minor using e. Thus M1 or M2 contains a
circuit of size less than j; a contradiction. ”

M

The last lemma will often be applied in the special

case that M, = M We now begin the proof of the main

1 2°
result of the chapter.

Proof of Theorem 2.1.2. By Corollary 2.2.5, both {M(w3)}

and {M(w4)} are (3,2)-rounded within the class of binary
matroids. For the converse, suppose that N is a 3-connected
binary matroid such that the set {N} is (3,2)-rounded
within the class of binary matroids. Let r = rkN and
identify N with the restriction to some set S of V(r,2).

We conclude from Lemma 2.2.12 that N has a triangle
and hence N has a chain. Let (Ti)l,k be a chain of N of
maximum length where, for each i in {1,2,...,k}, T, is
{ai,ai+1,ai+2}. T, is a triad of N or N*. Without
loss of generality suppose the former.

Take a to be the element ak + ak+2 of v(r,2).

k+3 +1

kel = (34173427343 k+3
Let M be the restriction V(r,2)| (s Ua, ,4). By Lemma 1.3.1,

Let T }. Ssuppose a is not in S.

M is 3-connected. Thus M has an N-minor using both a;

and a By Lemma 2.2.8(2), (Ti)l,k+1 is a chain of

k+3°
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this N-minor. Hence, N has a chain of length k+1l; a
contradiction. Thus a 43 is in 8. 1It follows from Lemma
2.2.9 that N is a wheel-matroid. 8Since the set {U2'4,N}

.is (3,2)-rounded, the result follows by Lemma 2.2.4.0
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2.3 Applications

Several consequences of the proof of Theorem 2.1.2
are noted in this section. Theorem 2.1.4 will follow
immediately from the next result, the main result of the

section. The matroid Zr\br is given in Table 2.

2.3.1 Theorem. Let M and N be 3-connected matroids

with at least four elements. The set {U2 4,M,N} is
4

(3,2)-rounded if and only if either:

(i) both M and N are non-binary; or

(ii) at least one of M and N is isomorphic to M(w3); or

(iii) at least one of M and N is isomorphic to M(W,) and

the other is either non-binary, has an M(w4)-minor, or

is isomorphic to Zr\br for some r exceeding three.

The proof of this theorem is given at the end of the
section. We will first consider some special cases of

this result.

2.3.2 Lemma. Let N be a 3-connected matroid with at

least four elements. Then the set {U, 4,M(w3),N} is
14

(3,2)-rounded.

Proof. By Theorem 1.2.2, N must have a 02 4~ ©OF
14
M(w3)-minor. The lemma follows by Theorem 1.6.9(i) and

Lemma 1.7.2. O
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Lemma 2.3.2 and the next result will be used in
Theorem 2.3.4 to characterize certain (3,3)-rounded
collections containing U2'4 and M(w3). We shall then
continue with results used in the proof of Theorem 2.3.1.
The following result is an immediate consegquence

of Theorem 1.6.11.

2.3.3 Theorem. The set {M(w3)} is (3,3)-rounded within

the class of binary matroids.

A Euclidean representation for the rank-3 whirl

is given below. a

Figure 4 w

b — C

We next give an analog of Theorem 2.3.1(ii) for

(3,3)-roundedness.

2.3.4 Theorem. Let N be a 3-connected matroid with at

least four elements. Then the set {U, ,,M(W;),N} is
14

(3,3)-xrounded if and only if N is isomorphic to ws.

Proof. The fact that {U2 4,M(w3), w3} is (3,3)-rounded
r

follows immediately from Theorems 1.6.7 and 2.3.3. For
the converse, suppose that {U2 4,M(w3),N} is (3,3)~-rounded.
’

Let a,b, and c be the elements of w3 marked in Figure 4.
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w3 does not have a 3-connected proper minor that both
uses {a,b,c} and has at least four elements. Thus N is

isomorphic to w3. O

Results similar to Theorems 2.3.3 and 2.3.4 with
the rank-4 wheel replacing the rank-3 wheel are given next.
We shall use the following decomposition theorem in the
proof of these results. The binary matroid Zr is given

in Table 2.

2.3.5 Theorem [28,(2.1)]. Let M be a 3-connected binary

matroid with at least four elements. Then M has no M(w4)-

following:

. * .
(1) Zr'zr ’ Zf\br, or ZI:\cr for some r exceeding three; or

(ii) Fq,Fo*, or M(W,y). D

Let Ar be the binary matrix which represents z. and

is given in Table 2.

2.3.6 Lemma. Let r be an integer exceeding three. Then

the set {U2’4,M(w4),zr\br} is (3,2)-rounded.

Proof. Let M be a 3-connected binary extension or 1lift
of Zf\br, and e and £ be elements of E(M). If M has an
M(w4)-minor, then, by Lemma 2.2.4, M has such a minor using

both e and £f. Suppose that M does not have an M(w4)-minor.
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It follows from Theorem 2.3.5, and the fact that M has 2r
elements, that M is isomorphic to Zr or Zr*.

O#ley showed that the group of automorphisms of Zr
is transitive on the columns {al’az""’ar'bl'bz""’br}
of Ar[28,(2,3)]. Thus Z£\x is isomorphic to Zg\br for
each x in {al’aZ"'"ar’bl’bz""'br} . Hence, if
M is isomorphic to Zr’ thep there is a (Zé\br)-minor of
M using both e and £. Moreover, as Zr\br is self-dual,
if M is isomorphic to Zr*, then M has a (Zg\br)-minor
using both e and f£f. The result follows by Lemmas 1.6.2

and 2.2.4. 0O

We are now ready to prove an analog of Theorem 2.3.2.

This result is used in the proof of Theorem 2.3.1.

2.3.7 Theorem. Let N be a 3-connected matroid with at

least four elements. The set {U, ,,M(W,),N} is (3,2)-rounded
L4

if and only if either:

(i) N is non-binary; or

(ii) N is binary and has an M(w4)-minor; or

(iii) N is isomorphic to M(w3) or Z\b, for some integer

r exceeding three.

Proof. If N is listed in (i), (ii), or (iii), then,
by Lemmas 1.7.2, 2.2.4, and 2.3.6, {U2 4,M(w4),N}is
14
(3,2)~rounded. For the converse, suppose that N is binary,

has no M(w4)-minor, and is not isomorphic to M(w3) or
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z;xbr. It follows from Theorem 2.3.5 that N is isomorphic
to F7,F7*,Zr,zr*, or Zf\cr. To complete the proof we
will show that the set {U2'4,M(w4),N} is not (3,1)-rounded.

Consider the Euclidean representation for the matroid
58 given in Table 1. The element e, is the only element
of SB whose contraction produces a Fano-minor. Thus S8

has no F_-minor using e,. Hence {U M(W,),F,} is not
) 4 2,4 4 7

7
(3,1)~-rounded.

If x is an element of zr other than cr, then, by
counting triangles, we see that Zg\x is not isomorphic
to Zg\cr. Hence 2 has no (Z£\cr)-m1nor which uses C.-
Also, by Theorem 2.3.5, Zr has no M(w4)-minor. It follows
that the set {02’4,M(w4),2£\cr} is not (3,1)-rounded.

. . *

Zr+f\br+l’cr+1 is isomorphic to Zr [28,8ect. 2]. 1If
X and y are elements of Zr+1 other than Crt1’ then it
is easily checked that Zr+;\x,y has a triangle. Thus

A X,y cannot be isomorphic to Zr* since the latter

r+l
. * s .
has no triangles. Hence Zr+1 has no zr minor using ¢ _ .
We have shown that if N is isomorphic to F7, Zr*, or
Zé\cr, then the set {02’4,M(w4),N} is not (3,1)-rounded.

The result follows by duality. O

The preéeding theorem states that there are many matroids
N for which the set {U2 4,M(w4),N} is (3,2)-rounded.
’
The next theorem shows that quite a different result is

true for (3,3)-rounded sets of this type.
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2.3.8 Theorem. Let N be a 3-connected matroid with at

least four elements. Then the set {U2 4,M(w4),N}.i§ not

r

(3,3)-rounded.

Proof. Assume the contrary. Let a, b, and c be the
elements of w3 marked in Figure 4. Since w3 has no
3

U2 4—minor using {a,b,cl, N is isosomorphic to W~. The
4

graph H, of Figure 3 has a w4—minor, but does not have

4
such a minor using ayr a.y and ¢. Since M(H4) is binary,
it has neither a U2 4-minor nor a w3—minor. Hence,

7

{U2 4,M(w4),N} is not (3,3)-rounded; a contradiction. U
' .

We next give some technical lemmas before proving
Theorem 2.3.1. Let F be a minor-closed class of matroids.
In the next lemma, Seymour's quick test for (3,2)-roundedness
is adapted to test a set of matroids for the property of

being (3,2)-rounded within the class F.

2.3.9 Lemma. Let S Eg a set gf 3-connected matroids EE

F each having at least four elements. The set S is

(3,2)-rounded within the class F if and only if S satisfies

the following condition.

(i) Ef M 25 a 3-connected member g§ F which ig an extension

at most two elements, then M has an S-minor using X.

Proof. Note that condition (2.3.9) (i) is obtained by

adding the restriction that M is in F to condition (1.6.2)(1i).
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The class F is closed under minors. Hence, we may prove
this result by modifying the proof of Theorem 1.6.2 given

in [37] by requiring that each matroid in the proof be in

FoD

We require three more lemmas before beginning the
proof of Theorem 2.3.1.
For each integer r exceeding four, let Gr be the

3~-connected graph with 2r + 1 edges given below.
a “ a

Figure 5

Evidently Gr/g is isomorphic to Wy-

2.3.10 Lemma. Let n be an integer exceeding four. Then

M(Gn) does not have an M(wn)-minor using g.

Proof. Each element of M(Gn) other than ajed and g
is in a triangle. Thus, the only simple single-element
contractions of Gn are Gn/az, Gn/an, and Gn/g = wn'
Neither Gn/a2 nor Gn/an possesses a vertex of degree n.
Hence, neither is isomorphic to Wy It follows that Gn

has no wn—minor using g. O
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The graph Hn is given in Figure 3.

2.3.11 Lemma. Let n be an integer exceeding four. The

set {M(wn),M(Hn)} is not (3,1)-rounded within the class

of graphic matroids.

Proof. M(Gn) has an M(wn)—mlnor as Gn/g = wn. By Lemma
2.3.10, M(Gn) has no M(wn)-minor using g. The matroids
M(Gn) and M(Hn) have the same number of elements, but
different ranks, and hence are not isomorphic. Thus

M(Gn) has no minor in {M(wn),M(Hn)} which uses g. OO

The binary matrix Fr which represents M(Hr) is given

below.

- b, b2 «+. b 2,a,a;...a _,a _,a ¢
i 0 0 ... O 0 1 0
11 0 ... O 0 0 1
o 1 1 ... O 0 0 0
Figure 6 o 01 ... O 0 0 0
Fr - - - L] L] - -
I L] L] L J . * * L]

r
o 0 0 ... 1 0 0 0
o 0 0 ... 1 1 0 0
L o 0 0 ... O 1 1 1
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2.3.12 Lemma. Let n be an integer exceeding four. The

set {M(wn),M(Hﬂ\bz)} is not (3,2)-rounded within the

class of binary matroids.

Proof. Let e be the vector in V(n,2) with a one in each
position. Let FI;\b2 be the binary matrix which represents
M(Hﬁ\bz) and is given in Figure 6. Suppose B is the binary
matrix formed by adjoining the column vector e to Fﬁ\bz.

By Lemma 1.3.1, D(B) is 3-connected. Neither a, nor e is
in a triangle of D(B). Hence, any single-element

deletion of D(B) which uses a, and e has at least two
elements which are not in a triangle. It follows that

D(B) has no M(wn)— or M(Hﬁ\bz) ~-minor which uses a, and e. U

We are now ready to prove the main result of the

section.

Proof of Theorem 2.3.1. Suppose that the set {U2 4,M,N}
’

is of the form given in (i), (ii), or (iii) of Theorem
2.3.1. It follows immediately from Theorems 1.6.5 and
2.3.7 and Lemmas 1.7.2 and 2.3.2 that {U2,4,M,N} is
(3,2)-rounded.

For the converse, suppose that {U2'4,M,N} is a
(3,2)~rounded set which is not listed in (i), (ii), or
(iii) of Theorem 2.3.1. Then, as M and N are 3~connected

and binary, M and N must have at least six elements.
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If either of M and N is isomorphic to M(w3) or M(w4),

then, by Theorem 2.3.7, the set {U ;M,N} is of the form

2,4
listed in (ii) or (iii) of Theorem 2.3.1; a contradiction.

It follows that

(2.3.13) neither M nor N is isomorphic to M(w3) or

MW, .

We show in the next three lemmas that at least one

of M and N must be a wheel-matroid.

2.3.14 Lemma. ']E(M)| - |E(N)| l < 1. Moreover,

if ||EM)]| - |E(N)| | =1, then M or N has a minor

isomorphic to the other.

Proof. Suppose that |E(M)| < |E(N)| - 2. It follows
from Lemma 2.3.9 that {M} is (3,2)-rounded within the
class of binary matroids. Thus, by Theorem 2.1.2, M
is the wheel of rank three or four. This contradicts
(2.3.13). Thus

|E(MM)| £ |E(N)| - 2, and likewise,

|[E(N)| £ |E(M)| - 2. Hence ||EM)| - |EM)]||< 1.

The second part of the lemma follows by a similar argument. —

. Then either

2.3.15 Lemma. Suppose |E(M)| = |E(N)

Mor N ic a wheel-matroid.

Proof. {M,N} is (3,1)-rounded within the class cf binary

matroids. By Lemma 2.2.12, M or N possesses a triangle
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and hence a chain. Let (Ti)1 k be a chain of maximum

1
length among all the chains of M and N. From following
the proof of Theorem 2.1.2 we obtain that M or N is a

wheel-matroid. O

2.3.16 Lemma. Suppose [[E(M)| - |E(N)|| = 1. Then

either M or N is a wheel-matroid.

Proof. Assume the contrary. Suppose, without loss of

generality, that [E(N)| < |E(M)|. By Lemma 2.3.14, N

has an extension or lift which is isomorphic to M. By
duality, we may assume, without loss of generality,
that there is an element e of E(M) such that M\e = N.
Let r = rk N and identify N with the restriction

to some set S of V(r,2). Since M*/e = N*, it follows
from Lemma 2.2.12 that N*, and hence N, possesses a
chain. Let (Ti)l,k be a maximum-length chain of N.

It follows from applying Lemmas 2.2.8(2) and 2.2.9 to

N* that neither T1 nor '1‘k is a triad of N*. Hence

(2.3.17) both T, and T, are triads of N.

1 k

We next show that M has a chain. Order the elements

of the chain (Ti)l,k of N so that Ti = {ai’ai+l’ai+2} for

+ a

each i in {1,2,...,k}. Let a be the element a,

k+3 +1 k+2

of V(r,2). By Lemma 2.2.9, ak_’_3 is not in S. Let N + 343
denote the matroid V(r,2)| (S Ua,, ;). By Lemma 2.2.8(2),

N + a has no N-minor using a, and Ay 43° Thus N + a3

k+3 1
is isomorphic to M. We have shown that
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(2.3.18) M has a chain of length at least k + 1.

Let (Ri)1 m be a chain of M of maximum length. By
14
(2.3.18), m > k + 1. Order the elements of the chain so

that R, = {ci, } for each i in {1,2,...,m}.

Ci+1'Ci+2
Since M\e = N and m > k + 1, e must be in RlLJRZLL..L;Rm.

Since N is 3~connected, e is either c, orc . Hence,

m+2

either (Ri) or (Ri) is a chain of N. It follows

2,m 1,m-1
that m =k + 1. By (2.3.17), R1 or Rm is a triad of N.

Since M is a 3-connected binary matroid we obtain:

(2.3.19) Either R, or R is a triad of M.

It follows from Lemmas 2.2.8 and 2.2.9 and (2.3.19)
that M or N has a chain of length m+l; a contradiction.

This completes the proof of Theorem 2.3.16. O
It follows from Lemmas 2.3.13 through 2.3.16 that

(2.3.20) either M or N is isomorphic to M(wr) for some

r exceeding four.

Suppose, without loss of generality, that M is
isomorphic to M(wr) for some r exceeding four. We reguire
two more lemmas before completeing the proof of Theorem

2.3.1. The graph Hr is given in Figure 3.

2.3.21 Lemma. N is isomorphic to M(H_), M(H__;), M(H N\b,,

or M(Hr)\bz,br.
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Proof. By Lemmas 2.2.2 and 2.3.14, N is isomorphic to
M(Hr), or to some (2r-1)- or (2r)-element minor of M(Hr)
which uses c. Suppose N is a proper minor of M(Hr)'

Let x be an edge of Hr other than c. The simplification
of M(Hr)/x has at least 2r - 1 elements if and only if

x is in {a2,a3,...,a } . The cosimplification of

r-1
M(Hr)\x has at least 2r - 1 elements if and only if x

is in {bz'b3'°°”br}' The lemma follows from these facts. O

2.3.22 Lemma. N is not isomorphic to M(Hr_l) or

M(H_\b,,b_.

Proof. As M = M(wr), the only 3-connected minors of M
with at least four elements are wheel-matroids. Thus,
M has neither M(H__,) nor M(Hr)\bZ'br as a minor. The

result follows from Lemma 2.3.14. O

We now complete the proof of Theorem 2.3.1. It
follows from Lemmas 2.3.21 and 2.3.22 that N is isomorphic
to either M(H ) or M(Hg\bz). Thus {M,N} is either
{M(wr),M(Hr)} or {M(wr),M(Hg\bz)}. By Lemmas 2.3.11 and
2.3.12, {M,N} is not (3,2)-rounded within the class of
binary matroids. This contradiction completes the proof
of Theorem 2.3.1. Note that Theorem 2.1.4 is an immediafe

consequence of Theorems 1.6.5 and 2.3.1. O
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2.4 Roundedness in Graphic Matroids

In this section we shall adapt the methods used in
Sections 2.2 and 2.3 to the class of graphic matroids.
Proofs will be given for Theorems 2.1.3 and 2.1.5. We
first give some graph terminology which is used in these
proofs.

Let G be a loopless graph with at least four vertices.
Let LA and v, be vertices of G. Then (wl,wz) will denote
the edge of the complete graph on |V(G)| vertices which
contains G as a subgraph. Suppose Wy and W, are not adjacent
in G and e==(w1,w2). Then G + e denotes the graph with
edge set E(G) U {e} formed by adding e to G[5,p.9].

Let v be a vertex of G. Then dG(v) denotes the degree
of v in G. Suppose that dG(v) exceeds three. Let H be
a graph constructed from G as follows. Replace v by two
new vertices vy and v, that are joined by a new edge e.
Every edge of G that was incident with v is incident
with exactly one of vy and vy in H so that both vy and v,
have degree at least three. The rest of G is left unchanged.
Then we say that H has been obtained from G by splitting v.
Evidently H/e = G and H is a lift of G. We will let
G(v,e) denote the set of all graphs obtained from G by
splitting the vertex v into two new vertices Vi and v,

joined by e. The following result of Tutte [44] will be

used in the proofs of Theorems 2.1.3 and 2.1.5.
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2.4.1 Lemma. Let G be a simple 3-connected graph and

suppose H is a lift of G. The following are equivalent.

(i) H is simple and 3-connected.

(ii) H is obtained from G by splitting a vertex of degree

at least four. O

——

Theorems 2.1.3 and 2.1.5 are the graphic analogs of
Theorems 2.1.2 and 2.1.4, respectively. However, the class
of graphic matroids is not closed under duality. Thus,
duality cannot be invoked in the proofs of Theorems 2.1.3
and 2.1.5. It follows that the proofs of these theorems
are somewhat longer than the proofs of the corresponding
binary results given in the last section.

We next give some technical lemmas used in the proofs
of Theorems 2.1.3 and 2.1.5. Let Hl and H2 be 3-connected
simple graphs with at least four vertices. Identify the
elements of M(Hl) and M(Hz) with the edges of H1 and H2,
respectively. Let (Ti)l,k be a chain of maximum length
among all the chains of H1 and H2. Let H be the member
of {Hl'HZ} containing ‘Ti)l,k’ Order the elements of
(Ti)l,k so that Ti = {ai,ai+1,ai+2} for each i in
{1,2,...,k}. Suppose Ty is a triad of M(H). We can apply
Lemma 2.2.8 to thé class of graphic matroids if and only if
a and a are incident with a common vertex of H.

k+1 k+2
We next investigate when this occurs.
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2.4.2 Lemma. Suppose k exceeds one. Then each triad T of

(Ti)l " is a set of edges incident with a vertex of H of
’

degree three.

‘Proof. Let T = {e,f,g}. T meets some triangle of H in

two elements. Suppose, without loss of generality, that e
and f are in a triangle of H. Let v be the vertex of H
incident with both e and £. Suppose g is not incident

with v. Let w be an endvertex of g. Then {v,w} is a vertex
cut of H; a contradiction. Thus g is incident with v. 1If

dH(v) > 3, then H - {e,f,g9} is connected; a contradiction. O

The following assumption will be made throughout the

section whenever H1 or H2 has a vertex of degree three.

are incident with a common vertex.

(2.4.3) Both a and a

k+1 k+2

If k exceeds one, then, by Lemma 2.4.2, (2.4.3) must
hold. If K is one, then choose T1 to be a set of edges
incident with a vertex of degree three. It follows from

(2.4.3) that if T, is a triad and H1 or H2 possesses a

k
vertex of degree three, then we may apply Lemma 2.2.8
to the graph H and chain (Ti)l,k’

Suppose Tk is a triangle. We next give an analog of
Lemma 2.2.8 for this case. We require to following lemma
to prove this analog. Let v be the vertex of H incident

with a, and Ay 42°

+1
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2.4.4 Lemma. f H is not a wheel, then dH(v)> 3.

Proof.  Suppose dH(v) = 3. Let e be the edge of H incident

with v other than ak+1 and ak+2.

maximum-length chain, e is in TlLJTzLJ...LJTk. By

Since (Ti)l,k is a

orthogonality, e = aj- It is now easily checked using Lemma

2.4.2 that H is a wheel. O

Let G be the graph obtained from H by splitting v
into vertices vy and v, joined by ap,3 SO that dG(vl) = 3

and a k427 and a are incident with vl. Let

k+1’ @
1 = {a

k+3

T }. The next lemma is the dual of

k+1 k+1'%Kk+2"%K+3
Lemma 2.2.8.

2.4.5 Lemma. The following are true.

(1) Let G, be a 3-connected simple single-edge deletion

1
or contraction of G using a, and a, 5. Then (Ti)l,k+1 is

a chain of G, -

(2) Suppose that G\f/g is 3-connected and simple for some

edges £ and g of G other than a, and a, .. Then G\f/g

has a chain of length at least k.

(3) Suppose that G/f,g is 3-connected and simple for some

edges £ and g of G other than a, and ap43° Then (Tﬁ)l,k+1

is a chain of G/f,g. O

We require one more lemma before beginning the proof
of Theorem 2.1.3. Let v be a vertex of minimum degree
among all the vertices of H1 and H2. Suppose, without loss
of generality, that v is a vertex of Hl‘
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2.4.6 Lemma. Suppose dH (v) > 3 and IE(Hl)] = [E(HZ) .

1 4
Let G be a graph in fi;(v,e). Then G has neither an H,-minor
nor an Hz—minor using e.

Proof. Let f be an edge of G other than e. Since f is not

incident with both vy and v2 in G, the degree of at least

one of vy and v, is unchanged by deleting or contracting

2
f from G. Thus G\f and G/f both possess a vertex of degree
less than dH (v). Hence, neither G\f nor G/f is isomorphic to

1

-
H1 or H2. ol

We are now ready to prove the graphic analog of

Theorem 2.1.2.

Proof of Theorem 2.1.3. As a graphic matroid is necessarily

binary, it follows from Lemma 2.2.4 that {M(w3)} and
{M(w4)} are (3,2)-rounded within the class of graphic
matroids. For the converse, suppose that M is a graphic
matroid such that {M} is (3,2)-rounded within the class
of graphic matroids, but M is not isomorphic to M(w3)

or M(w4). By Lemma 2.2.2,

(2.4.7) M is not a wheel-matroid.

Let G be a graph such that M = M(G). By Theorem
1.2.8, up to isomorphism, G is uniquely determined. 1Identify
the elements of M with the edges of G. The following result

is an immediate consequence of Lemma 2.4.6.

(2.4.8) G possesses a vertex of degree three.




62

By (2.4.8), G has a triad and hence a chain. Let
(Ti)1 Xk be a chain G of maximum length. Let
’

T, = {ai,ai+1,ai+2} for each i in {1,2,...,k}. It follows

from Lemma 2.2.8(2), (2.4.3), and (2.4.8), that

(2.4.9) both T, and T

1 k are triangles.

Let v be the vertex of G which is incident with both

a1 and a, It follows from Lemma 2.4.4, (2.4.7), and

k+ +2°
(2.4.9) that

(2.4.10) dG(V) > 3.

However, Lemmas 2.4.1 and 2.4.5(1) and (2.4.8),
(2.4.9), and (2.4.10) imply that {M} is not (3,2)-rounded
within the class of graphic matroids; a contradiction.

This completes the proof of Theorem 2.1.3. [

We now give some preliminary lemmas which are used
in the proof of Theorem 2.1.5. In Figure 7 we give some
eleven-edge graphs which are referred to in the subsequent

lemmas.
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Figure 7
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The graph P is given in Figure 1. 1In the next three results
we show that the set {M(ws),M(P)} is (3,2)-rounded within

the class of graphic matroids.

2.4.11 Lemma [29,(Table 1)]. Let G be an eleven-edge

3-connected simple graph with a P-minor but no ws-minor.

Then G is isomorphic to J,, J,, or J,. O

The graphs in the next figure are both lifts of ws.
Note that L1 is isomorphic to the graph G5 given in

Figure 5.



Figure 8
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2.4.12 Lemma. Let G be a 3-connected simple 1lift of W;.

Then G is isomorphic to L, or L2.

Proof. Suppose v is the vertex of ws of degree five.

By Lemma 2.4.1, G must be obtained from ws by splitting v.
It is easily checked that G must possess a triangle. If

G has one triangle, then G must be isomorphic to L2. If

G has more than one triangle, then G must be_isomorphic to

L.. O

1

The graphs P, Hr, and Gr are given in Figures 1, 3,
and 5, respectively. Evidently, the graphs P and Hg\bz

are isomorphic.

2.4.13 Lemma. Let n be an integer exceeding four.

Then the set {M(Wn),M(HA\bZ)} is (3,2)-rounded within

the class of graphic matroids if and only if n is five.

Proof. Suppose that n exceeds five. By Lemma 2.3.10,
Gn does not have a Wn-minor using g. Any simple single-edge
contraction of Gn which uses g has no vertex of degree
n-1. Thus Gn does not have an (Hﬁ\bz)-minor using g. It
follows that {M(W ), M(H\b,)} is not (3,2)-rounded within
the class of graphic matroids.

We next show that the set {M(Ws),M(P)} is (3,2)-rounded
within the class of graphic matroids. This will complete

the proof, as P and Hg\b2 are isomorphic. Let G be a
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3-connected simple graph which is an extension or lift of

w
5 OF P.
Suppose G has no ws-minor. Then, by Lemma 2.4.11,
G is isomorphic to Jl,Jz, or J3. The deletion from J1 of

an edge in {(3,4), (3,6), (4,5)} produces a graph which

is isomorphic to P. The contraction from J, of an edge

2
in {(1,2), (2,4), (6,7)} produces a graph which is isomorphic

to P. By deleting from J. an edge in {(1,3),(1,4),(3,6)},

3
we obtain a P-minor. It follows that each pair of edges
of G is in some P-minor.

Now suppose G has a ws-minor. If G is an extension of

ws, then G is isomorphic to H The minors Hs\b2 and

50
Hs‘\b5 are isomorphic to P, while the minor Hg\c is isomorphic

to W.. Thus, every pair of edges of H5 appears in either a

5
P- or ws-minor. Suppose G is a 1lift of Wg- Then, by
Lemma 2.4.12, G is isomorphic to L1 or L2. Now Ll/b and

L2/f are isomorphic to Wg, while L1/a, Lllc, L2/e, and
L2/g are isomorphic to P. It follows that each pair of edges
of G appears in either a P- or ws-minor. Thus, by Lemma
2.3.9, the set {M(ws),M(P)} is (3,2)-rounded within the

class of graphic matroids. Since P and Hg\bz are isomorphic,

the result follows. O

We require one more lemma before beginning the proof

of Theorem 2.1.5.

2.4.14 Lemma. Let M be a 3-connected graphic matroid
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with at least four elements. Then either M is isomorphic

to M(w3) or M has an M(w4)—minor.

Proof. Suppose that M is not isomorphic to M(w3). Then,
by Theorem 1.2.2, M must have M(w3) as a proper minor.
Suppose M does not have an M(w4)-minor. Then, by Theorem
1.2.3, there is a 3-connected minor of M which is an
extension or lift of M(w3). HOwever, M has no 3-connected
graphic extensions. Moreover, by Lemma 2.4.1, M has no

3-connected graphic lifts; a contradiction. O

.The methods used in the proofs of Theorems 2.1.3 and

2.1.4 are now generalized to pairs of graphic matroids.

Proof of Theorem 2.1.5. Suppose that M(w3) is in the set

{Mm,N}, say N = M(w3). Then M has M(w3) as a minor by
Theorem 1.2.2. It follows from Lemma 2.2.4 that the set
{M,N} is (3,2)-rounded within the class of graphic matroids.
Likewise, Lemmas 2.2.4 and 2.4.14 can be used to show

that if M(w4) is in {M,N}, then this set is (3,2)-rounded
within the class of graphic matroids. Also, by Lemma 2.4.13,
the set {M(ws),M(P)} is (3,2)-rounded within the class

of graphic matroids.

For the converse, suppose that {M,N} is a set other
than {M(ws),M(P)} which is (3,2)-rounded within the class
of graphic matroids and which contains neither M(w3) nor
M(w4). The next lemma is the graphic analog of Lemma

2.3.14.
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2.4.15 Lemma. I[E(M)] - |[EM) || < 1. Moreover, if
l[E(M)] - |E(N) | '= 1, then one of M and N has a minor

which is isomorphic to the other.

Proof. By Theorem 2.1.3, neither {M} nor {N} is
(3,2)-rounded within the class of graphic matroids. Thus,
the result is an immediate consequence of the proof of

Lemma 2.3.14. O

The next lemma is a key step in the proof. The graph

Hr is given in Figure 3.

2.4.16 Lemma. Neither M nor N is a wheel-matroid.

Proof. Suppose that M is isomorphic to M(wr) for some r
exceeding four. Then, by Lemma 2.3.21, 2.3.22, and 2.4.15,
N is isomorphic to M(Hr) or M(Hg\bz). It follows from
Lemmas 2.3.11 and 2.4.13 that {M,N} is not (3,2)-rounded
within the class of graphic matroids; a contradiction.

Thus M, and similarly N, is not a wheel-matroid. O

Let G1 and G2

N = M(Gz) and identify the elements of M and N with the

be graphs such that M==M(G1) and
edges of G1 and G2, respectively. We next show that E (M)
and E(N) do not have the same number of elements.

2.4.17 Lemma. [[E(M)| - |E(N)| | = 1.

Proof. By Lemma 2.4.15, it suffices to show that |E(M) |

and |E(N)| are different. Suppose |E(M)| = |E(N)|. It
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follows from Lemma 2.4.6 that

(2.4.18) at least one of G, and G, possesses a vertex of

degree three.

It follows from (2.4.18) that Gl or G2 has a triad
and hence a chain. Let (Ti)l,k be a chain of maximum length
among all the chains of M and N. By Lemmas 2.2.8(2)
and 2.4.16, (2.4.3) and (2.4.18), Tk is a triangle. However,
Lemmas 2.4.4, 2.4.5, and 2.4.16 imply that {M,N} is not
(3,2)-rounded within the class of graphic matroids; a

contradiction. This completes the proof of Lemma 2.4.17. C

By Lemmas 2.4.15 and 2.4.17, either M or N has an
extension or lift which is isomorphic to the other.
Without loss of generality, suppose that g is an element
of E(M) such that either M\g or M/g is N. We first show

that the former cannot occur.
2.4.19 Lemma. M/g = N.
Proof. Suppose Gf\g = Gz. We now show that N has a chain.

(2.4.20) G, has a vertex of degree three.

Proof. Let v be a vertex of G2 of minimum degree and suppose

this degree exceeds three. Let HE:Gz(v,e). By Lemma 2.4.6,
H has no Gz-minor using e. By Lemma 2.4.1, H is 3-connected

and simple. Thus, H must have a Gl-minor using e. However,
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|E(H)| = |E(G1)|, but rkM(H) > rkM(G,) = rkM(G;). Thus

H is not isomorphic to Gl; a contradiction. O

It follows from (2.4.20) that G2 has a chain. Let
(Ti)l,k be a maximum-length chain of G2, and
Ti = {ai,ai+1,ai+2} for each i in {1,2,...,k}. By Lemmas
2.4.4, 2.4.5, and 2.4.16.

(2.4.21) T, and T., are triads of G2.

1 — "2 === =7 C

By Lemma 2.4.3 and (2.4.20), we may assume that

k+1 and Ay 42 are incident with a common vertex v. We

next show that G1 has a chain.

a

(2.4.22) G, has a chain of length at least k + 1.

1

Proof. Form the graph H from G2 by adding the edge Ay 43

so that {ak+1,ak+2,ak+3} is a triangle of H. Let

T By Lemma 2.2.8(2), H has no

k+1 = 18k4173K4273k433"

Gz—mlnor using a, and a43° Thus H is isomorphic to Gl’

and (Ti)l,k+1 is a chain of H. O

Let (R;) be a maximum-length chain of G,. By
i‘l,m 1
(2.4.22), m exceeds k. Recall that Gf\g = G2. By (2.3.19),
(2.4.21), and (2.4.22) we obtain that

(2.4.23) either R1 or R is a triad of G,.

By Lemma 2.2.8(2) and (3), either G, possesses a chain of

length m + 1, or G, possesses a chain of length at least

2
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k + 1; a contradiction. This completes the proof of

Lemma 2.4.19. 0

It follows from Lemma 2.4.19 that G1/g = G2. It
follows from Lemma 2.2.12 that G2 has a triangle. Let

(Ti)1 x be a chain of G2 of maximum length. We next show
14

that we may assume

(2.4.24) neither T, nor T, is a triad.

If k exceeds one, then, by Lemma 2.2.8(2) and (2.4.16),
(2.4.24) must hold. 1If k is one, then choose T1 to be
a triangle. By Lemmas 2.4.4 and 2.4.5 and (2.4.16) we

obtain that

(2.4.25) G, has a chain of length at least k + 1.

Let (R.) be a chain of G, of maximum length. By
i‘l,m 1

(2.4.24), (2.4.25), and the dual of (2.3.19) we obtain that

(2.4.26) either R, or R is a triangle of G, -

It follows from (2.4.16), (2.4.26), and Lemmas 2.4.4
and 2.4.5 that G1 or G2 has a chain of length at least
m + 1; a contradiction. This completes the proof of

Theorem 2.1.5. O



CHAPTER 3

Rounded Pairs of Matroids

3.1 Introduction

The main result of this chapter is a characterization
of all two-element sets which are (3,2)-rounded. This is
the result of joint work with J.G. Oxley. It extends
Theorem 1.6.6 of Oxley who proved the corresponding result
for one-element sets. The motivation for studying small
rounded sets is that, intuitively, these are the rounded
sets which provide the most structural information.

The main result is now given.

3.1.1 Theorem. Let M and N be 3-connected matroids. The

set {M,N} is (3,2)-rounded if and only if {M,N} = {U2 4,N'}
’

where either

(i) N' is non-binary, or

(ii) N' is isomorphic to M(w3) or M(w4).

The proof of this result will be given in Section
3.2. In Section 3.3 the definition of a (k,m)~-rounded
set is modified to allow such a set to contain matroids
‘on fewer than four elements. The effect of this modification
on the above theorem and the results of Chapter 2 is
discussed in that section.

The following consequence of Theorem 3.1.1 is proved

in Section 3.2.

73
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3.1.2 Corollary. Let M and N be 3-connected matroids.

The set {M,N} is (3,3)-rounded if and only if {M,N} is

3
{uy 4,97}

We next show that there are no one-element sets which
are (3,3)~-rounded. Thus the last corollary classifies

the smallest (3,3)-rounded sets.

3.1.3 Theorem. Let M be a matroid. The set {M} is not

(3,3)-rounded.

Proof. By Theorem 1.6.6, it suffices to show that the set
{U2 4} is not (3,3)-rounded. However, this follows from

14
considering the elemeéents a, b, and c of the matroid w3

given in Figure 4. O
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3.2 The Proofs

The proofs of Theorem 3.1.1 and Corollary 3.1.2 are
given in this section. Figure 9 gives Euclidean represen-
tations for some rank-3 matroids that will be referred to
in the proofs which follow. Let i and j be non-negative

integers.
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Evidently 02 1 is isomorphic to the matroid Q6 of
14

Table 1, while C is the matroid Q7 of Table 1.

3,1
The next result of Oxley is frequently used throughout
the proof of Theorem 3.1.1 to construct extensions of

matroids.

3.2.1 Lemma [24,(2.5)]. Let {xl,xz,...,xn} be a circuit

in a matroid M and suppose that x; is in every dependent

flat of M. Then a flat F of M is in the modular cut M

generated by OM[xl,xz} and OM[x3,x4,...,xn} if and only

if F contains one of the two generating flats. Moreover,

the generating flats are disjoint. O

Proof of Theorem 3.1.1. Suppose N' is a 3-connected

non-binary matroid. Then the set {U2 4,N'} is (3,2)-rounded
4
by Theorem 1.6.5 and Lemma 1.7.2. If N' is isomorphic to

M(w3) or M(w4), then the set {U ,N'} is (3,2)-rounded

2,4
by Lemma 2.2.4.

Now suppose that M and N are 3-connected matroids
such that {M,N} is a (3,2)-rounded set. If M is isomorphic
to U2'4, then we may assume that N is binary. Thus {n}
is (3,2)-rounded within the class of binary matroids. It
follows from Theorem 2.1.2 that N is isomorphic to M(w3)
or M(w4). Hence we may suppose that neither M nor N is
isomorphic to U2,4.

The remainder of the proof is devoted to obtaining

the contradiction that {M,N}! is not (3,2)~-rounded. We

begin with the following lemma.
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3.2.2 Lemma. Both M and N have rank and corank at least

three.

Proof. By duality, it suffices to show that neither M
nor N has rank two. We shall prove a stronger result.

The matroid Ci i is as given in Figure 9.
14

3.2.3 Lemma. If n is at least five, then neither M nor

N is isomorphic to U2,n,9£ Cn—3,1°

Proof. Assume the contrary and let m = min {n: M or N

is isomorphic to U or Cn-3 1}. Evidently m is at least
14

2.,n

five. Suppose that M is isomorphic to U Then C

m-3,1

has an M-minor but has no such minor using both b1 and c.

2,m’

Hence C has an N-minor using both b1 and c¢c. By the

m-3,1
choice of m, it follows that N is isomorphic to Ch-3.1°
4

But now the matroid D30 of Figure 9 has an N-minor,
[4
yet has no M- or N-minor using both e and g. This contra-

diction implies that M is not isomorphic to U

2,m

Similarly N is not isomorphic to Us e
[

We may now assume that M is isomorphic to Cm__3 1°
[

It follows that D . has an N-minor using e and g.

3,0
By the choi?e of m, N must have rank 3. Thus Dm—3,0 has
a restriction N1 that uses both e and g and is isomorphic
to N. Since N1 has no 2-element cocircuits, E(Nl) uses
at least two of d, h, and £f. It follows, since N1 is

3-connected, that it has at most one free element.
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Next consider the matroid C This matroid

m=-3,2°
has no C -minor using both b. and b.,, and so must have
a restriction isomorphic to N using both b1 and b2.
In such a restriction, both b1 and b2 are still free.
Hence N1 has at least two free elements. This is a
contradiction as we showed that Nl has at most one such

element. This completes the proof of Lemma 3.2.3 and

thereby that of Lemma 3.2.2. O

The next three results are used in the proof of
Lemma 3.2.7 where it will be shown that M and N have the
*
same number of elements. Let Q6' Q7, and Q7 be as given
in Table 1. Evidently C2,lg Q6 and C3'1s Q7 where C2’1
and C are as given in Figure 9. Thus the next lemma

3,1
follows immediately from Lemma 3.2.3 and its dual.

3.2.4 Lemma. Neither M nor N is isomorphic to Qg

or Q;. O

Although the next lemma is not explicitely stated
in [24], it is not difficult to see that it may be

obtained from the proof of Lemma 2.6 of that paper.

3.2.5 Lemma. Let N, be a 3-connected matroid having rank

1 =
and corank at least three and assume that N, has both a

free and a cofree element. Suppose that, whenever Nz is

a non-trivial extension of N;, each element of N2 appears

*
in an N -minor. Then N, is isomorphic to Q¢ or 04,. 0
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3.2.6 Lemma.

(i) M or N has at least two free elements; and

(ii) neither M nor N is a lift or an extension of the

other.

Proof. Part (i) follows immediately from Lemmas 1.7.3
and 3.2.2. To prove (ii), suppose that M/e is isomorphic
to N for some e in E(M). Let N + £ be formed by freely
adding £ to N. Now rk(N+f) = rk N<rk M and so N + £
has no M-minor. Thus N + £ has an N-minor using f and
hence N has a free element. As {M*,N*}] is (3,2}-rounded,
we may apply part (i) to it to get that M* or N* has at
least two free elements. Since N* is isomorphic to

M*\e, it follows, in either case, that N* has a free
element. Thus N has both a free and a cofree element.
Thus, by Lemma 3.2.5, N is isomorphic to Q6 or Q;. But,
by Lemma 3.2.4, this is a contradiction. We conclude
that M is not a lift of N and, by duality, M is not an
extension of N. Similarly, N is neither an extension

nor a lift of M. U

We are now ready to show that M and N have the same
number of elements. Recall that, by Lemma 3.2.2, M and

N each have rank and corank exceeding two.

3.2.7 Lemma. |E(M)| = |E(N)].
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Proof. By Theorem 1.6.6 and Lemma 3.2.2, neither of the
sets {M} and {N} is (3,2)-rounded. Thus, if |E(N)|<|E(M)]|,
then, by Theorem 1.6.2, M is an extension or lift of N.

But this contradicts Lemma 3.2.6(ii). It follows that

|[E(N)| > |E(M)| and likewise, [E{M)| > |E(N)]. O

The next step in the proof of Theorem 3.1.1 is to
show that M and N have the same rank. To prove this we
shall need the following lemma which is also used in the

proof of Theorem 3.2.12.

3.2.8 Lemma. At least one of M, N, M*, and N* has at

least one free element and at least two cofree elements.

Proof. By Lemma 3.2.6(i) and duality, at least one member
of each of {M,N} and {M*,N*}] has two or more free elements.
Thus either the lemma holds or, without loss of generality,
we may assume that both M and N* have at least two free

elements.

Let N + £ be formed by freely adding £ to N. 1If
N + f has an N-minor using £, then N has the required
property. Thus we may assume that N + f has no such minor.
Then N + £ pas an M-minor using £f. By Lemma 3.2.7, E(M)
and E(N) have the same number of elements. Hence at least
one of the two cofree elements of N + £ is in the M-minor
of N + £. Thus M has a cofree element and M* has the

required property. O
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3.2.9 Lemma. rk M = rk N.

Proof. Assume, without loss of generality, that

rk N < rk M. Then the fact that |E(M)| = |E(N)| implies
that rk M* < rk N*. By Lemma 3.2.8, either N or M* must
possess both a free and a cofree element. Since

rk N < rk M and rk M*¥ < rk N*, it follows that at least

one of N and M* satisfies the hypothesis of Lemma 3.2.5.
It follows that N or M* must be isomorphic to one of Q¢

and Q;. However, this is a contradiction to Lemma 3.2.4

or its dual. O

We next give a technical lemma before showing that
M and N must have rank and corank at least four. The

matroids C, ., D, ., and L, . are as given in Figure 9.
1,3] i,] i,]

3.2.10 Lemma. Let m and n be integers exceeding two.

Neither M nor N is isomorphic to L
’

Proof. Assume the contrary and let j = min {n: M or N is

isomorphic to Lo n}‘ We may assume that M is isomorphic
’

to Lm 5 without loss of generality. The deletion of ¢
’
from Cm,j-2 produces an M-minor. However, Cm,j-2 has no

M-minor using c. It follows from Lemmas 3.2.2 and 3.2.7
that N is isomorphic to a single-element deletion of

C

m, §-2 which uses c. The only such deletions are
14

Cm—l,j-z' Cm,j_3' and Lm+1,j-1' By the choice of j, N

is not isomorphic to L Thus N is isomorphic to

m+l1l,3-1°
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Suppose the former holds.

C or

m-1,3-2 °F Cm,j-3°

Now D has a C -minor, but has no such

m-1,3-3 m-1,j-2
minor using both e and g. It also has no M-minor. Thus

{M,N} is not (3,2)-rounded; a contradiction. It follows

that N is isomorphic to C By the 3-connectivity

m,j-3"

of N, j must be at least four. Now D has an N-minor,

m,j-4
but has no such minor using both e and g. As Dm §-4
14
has no M-minor, we obtain a contradiction. O
We require one more lemma before showing that the

set {M,N} is not (3,2)-rounded.

3.2.11., Lemma. Both the rank and corank 9£ M and N are

at least four.

Proof. Assume the lemma is false. Tﬁen by duality and
Lemmas 3.2.2 and 3.2.9, we may assume that rk M = rk N = 3
and M and N have the same number, say n, of elements.

By Lemmas 1.5.1 and 3.2.6(i) and duality, M or N, say N,
has at least two elements that are in every dependent
flat. Therefore N has at most one dependent line.

Thus either N is isomorphic to U or N is isomorphic

3,n’
to Li i for some i and j. However, the latter cannot occur
14
by Lemma 3.2.10. Thus N is isomorphic to U3 n and n
’

exceeds four.

Let C be as given in Figure 9. This matroid

2,1’1"4
has an N-minor, but has no N-minor using c¢. Thus, by

Lemmas 3.2.2 and 3.2.7, M is isomorphic to a single-element
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deletion of Cy n-4 which uses c¢. The only such deletions
4

are C2,n-5 and L3,n—3'

L3,n-3' Thus M is isomorphic to C2,n-3 and n is at

least six. Now D, . . has an M-minor but has no such
7

minor using both e and g. Also D2 n-6 has no N-minor.
’ b

i1t follows that the set {M,N} is not (3,2)-rounded; a

By Lemma 3.2.10, M is not isomorphic

to

contradiction. O

3.2.12 Theorem. The set {M,N} is not (3,2)-rounded.

Proof. By duality and Lemmas 1.5.3 and 3.2.8 we may

assume that

(3.2.13) M has a free element f together with elements

d1 and d2 which are in every dependent flat.

We remark that throughout this proof condition (3.2.13)
will provide the sole feature distinguishing M from N.

As the rank of M is not two, £ is not included in
oM{dl,dz}. Now augment {dl'dz} to a base
{dl,dz,al,az,...,ar_z} of M\f. Let M be the modular
cut of M generated by the flats OM{dl,dz} and
{al,az,...,ar_z,f} and let M + ey be the extension determined

by M. Evidently M + e, is 3-connected by Lemmas 3.2.1

1
and 1.3.1. Moreover, by Lemma 3.2.1 we have:
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(3.2.14) The dependent flats of M + e, are the circuit-

1
hyperplane {al,az,...,ar_z,f,el} Egéether with the sets

FLJe1 for which F is a flat of M containing both d1 and dz.

As {M,N} is (3,2)-rounded, there is an element 94
of E(M + el) - {el,f} such that (M + el)\gl is isomorphic
to M or N. We now eliminate the first possibility. Thus
assume that (M + el)\g1 is isomorphic to M. We shall show
that this implies the contradiction that (M + e;)\g,
has more dependent flats than M. First note that, as dl

and d, are in every dependent flat of M, no line of M

2
has more elements than OM{dl'dz}' Thus 9 is included in
OM{dl’dz}‘ Using this, it is not difficult to check that
for every dependent flat F of M, (F-—gl) U e1 is a dependent
flat of (M + el)\gl. Moreover, {al,az,...,ar_z,f,el}

is also a dependent flat of (M + el)\g1 since 9, is not

included in this set. Thus (M+e1) 9, does indeed have more

dependent flats than M. We conclude that

(3.2.15) (M + e )\g, is isomorphic to N.

As e, is in every dependent flat of (M + el)\gl,
it follows By (3.2.15) that

(3.2.16) N has an element that is in every dependent flat.

We next show that
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3.2.17 Lemma. N has a unique dependent line.

Proof. We shall first show that M or N has a triangle.
Among all the circuits of M and N, 1let {cl,cz,...,cj}

be one of minimum size and suppose that j is at least four.
Let P be the member of {M,N} that contains {cl,cz,...,cj}.
As both M and N have an element in every dependent flat,
we may assume that ¢, is in every dependent flat of P.

Let P be the modular cut of P generated by UP{cl,cz}
and oP{c3,c4,...,cj} and let P + e, be the extension
determined by P. By Lemma 3.2.1, both {cl,cz,ez} and
{c3,¢4,...,cj,e2} are circuits of P + e,. Thus any
single-element deletion of P + e, which uses e, contains
a circuit of size less than j. Hence P + e, has no M- or
N-minor using e, a contradiction. We conclude that M or
N has a triangle. 0O

Now, as d1 and d2 are in every dependent flat of M,
by (3.2.14), the only possible dependent line of (M + el)\g1
is (GM{dl,dz}LJ{el}) - {gl}. Since M or N has a triangle
and (M + el)\gl is isomorphic to N, we deduce that (M+e) gy

and hence N, has exactly one dependent line.

.

3.2.18 Lemma. g, is in {aj,a,,...,a,._,

Proof. Assume the contrary and let N' = (M + elv\gl.
Then N' has {al'a2'°"'ar-2'f'e1} as a circuit-hyperplane.
Since N' is isomorphic to N, the former has a unique

dependent line L. By (3.2.14) and Lemma 3.2.11, it follows



87

that L = (gM{dl,dz}Lj{el}) - {gl}. Moreover, e, is in
every dependent flat of N'.

Now let N' + e, be the extension determined by the

3
modular cut generated by the flats {el,f} and {al,az,...,ar_z}
of N'. By Lemma 3.2.1, {el,f,e3}, {al,az,...,ar_z,e3}

and L are all dependent flats of N' + e Moreover,

3¢
{el,f,e3}F§L = {e;} and {al,az,...,ar_z,eB}r\L is empty.
As {M,N} is (3,2)=-rounded, there is an element g3 of
E(N' + e3) - {el,e3} such that (N' + e3)\g3 is isomorphic
to M or N. Since (N' + e3)\g3 clearly does not have two
elements in every dependent flat, (3.2.13) implies that
(N' + e3f\g3 is not isomorphic to M.

We may now assume that (N' + e3)\g3 is isomorphic
to N. By Lemma 3.2.17, g, is in L LJ{el,f,e3} . But g,
is neither e; nor e, and, by (3.2.16), 95 is not £f.
Hence g, is in L-e,. Thus {al,az,...,ar_z,eB} is both a
circuit and a flat of (N' + e3f\g3. But (N' + e;)\g; =N
= (M + el)\g1 = N' and (cM{dl,dz}LJ{el}) - {gl}
is a derendent line of N'. Thus, by (3.2.14), the only
circuit-filats that (M + el)\g1 can contain are a triangle
and a hyperplane. Since {al,az,...,ar_z,e3} has rkN ~ 1
elements, this set is not a circuit-hyperplane. It must
therefore be a triangle, so r = 4 and both {al,az,e3} and
{el,f,e3} are lines of (N' + e3)\93. Since this matroid
is isomorphic to N, this contradicts the fact that N has

a unique dependent line. [
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By (3.2.14), the only circuit of M + e, containing

1
f and having fewer than r + 1 elements is
{al,az,...,ar_z,f,el}. Now 9, is in {al,az,...,ar_z}‘sy
Lemma 3.2.18. It follows that f is free in (M + el)\gl.
Also, by (3.2.14), (M + elr\gl has at least two elements
which are in every dependent flat. Since N is isomorphic to
(M + €,)\g,, we deduce that N satisfies condition (3.2.13).
Thus M and N obey the same hypotheses. Therefore we may
interchange them from (3.2.13) onward to deduce from Lemma

3.2.17 that M has a unique dependent line L Evidently

M
LM = cM{dl,dz}. As 97 is in {al,az,...,ar_z},
oM{dl,dz}LJ{el} is a dependent line of (M + el)\gl.

Since the last matroid is isomorphic to N, and N has a

unique dependent line L., we deduce that ILN|> Ly ! -
But again, since M and N obey the same hypotheses, we may
interchange them from (3.2.13) onward to get that

[Tyl > [Ty

Theorem 3.2.12 as well as that of Theorem 3.1.1.

. This contradiction completes the proof of

The next proof concludes the section.

Proof of Corollary 3.1.2. The set {U2 4,W3} is (3,3)=-rounded
7

by Theorem 1.6.7. For the converse, suppose the set
{M,N} is (3,2)-rounded. Then, by Theorem 3.1.1, the set

must contain U Suppose, without loss of generality,

2,4°
that M is isomorphic to U2 4° Consider the elements

14
a, b, and ¢ of w3 as marked in Figure 4. Since w3 has no

M-minor using {a,b,c}, it must have an N-minor using



{a,b,c}.

This implies that N is isomorphic to w3. O
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3.3 Small Matroids in Rounded Sets

Matroids with fewer than four elements are excluded
from (k,m)-rounded sets in the definition. 1In this section
we investigate the implications of dropping this condition
from the definition. |

Let k and m be positive integers with k at least two.

3.3.1 Definition. Let § Eg a set of k-connected matroids.

The set S is (k,m)o-rounded if and only if it satisfies

the following condition.

(i) If M is a k-connected matroid having an S-minor and

X is a subset of E(M) with at most m elements, then M

has an S-minor using X.

Let S be a set of matroids. Evidently S is
(k,m)-rounded if and only if it is (k,m)o-rounded and each
matroid in S has at least four elements. Using Lemma

1.2.5, the next fact is easily checked.

(3.3.2) The only 2-connected matroids with fewer than four

elements are UO,l' Ul,l' U1,2' U1'3, and 02'3. O

Let S be a set of k-connected matroids. If S contains
any of the matroids listed in (3.3.2), then S is
easily shown to be (k,l)o—rounded. We next show that the
inclusion of Ul,2' U1,3, and U2,3 in S does not provide

structural information.
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3.3.3 Lemma. If S contains at least one of U , U ’
2= = e = "1,2 1,3

and Uy 3r then S is (k,2),-rounded.
Proof. This follows from (3.3.2) and the fact that any

specified pair of elements in a 2-connected matroid is

in some circuit of that matroid. O

However, we next show that the inclusion of U1 3 or
'4
U2 3 in a (k,3)0-rounded set does provide structural
1
information about a matroid. We shall use the next result

of Oxley in investigating such sets.

3.3.4 Lemma [8,p.56,ex9]. A matroid with at least three

elements is 2~connected if and only if every three-element

subset is contained in either a circuit or a cocircuit. T

An immediate consequence of this theorem is the

following result.

3.3.5 Corollary. The set {U , U } is (k,3) ,~rounded
1’3 2'3 I 0_——

for each integer exceeding one. U

We will use the next two results in investigating
the effect on Corollary 3.1.3 of relaxing the definition
of a (3,3)-rounded set. A Euclidean representation for

the rank-three wheel is given below.
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Figure 10 M(w3)

3.3.6 Lemma. The set {M,U, 4} is (3,3)0—rounded if and
, =2 ==

only if M is isomorphic to U1 3
oot diuoliadial delsteihiiilcid ,

Proof. If M is isomorphic to U1 37 then the set {M,U2 3}
14 ’

is (3,3)0—rounded by Corollary 3.3.5. Conversely, suppose
{M,U2’3} is (3,3)o-rounded. Consider the elements

a, b, and ¢ of w3 as marked in Figure 4. Now w3 has a
U2'3-minor, but has no such minor using a, b, and c.

Thus M is isomorphic to U1,3 or w3. From considering the
subset {d,e,f} of M(w3) given in Figure 10 we see that the

latter cannot occur. ©

The next lemma is the dual of Lemma 3.3.6.

3.3.7 Lemma. The set {M,U1 3} 551(3,3)0—rounded if and

only if M is isomorphic to U, 3 O
ottt sololeohadiucto ,

We now obtain the following analog to Corollary 3.1.2

using Definition 3.3.1 instead of Definition 1.6.1.

3.3.8 Corollary. Let M and N be 3-connected matroids.

The set {M,N} is (3,3)0—rounded EE and only if {M,N} is

. 3
either {U2'4,w } or {U1,3,U2’3}.
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Proof. If both M and N have at least four elements, then
- the result is true by Corollary 3.1.2. Suppose that M
or N has fewer than four elements. By Theorem 3.1.3,
both M and N have at least three elements. It follows
from (3.3.2) that the set {M,N} contains U or U

1,3 2,3°
The result follows by Lemmas 3.3.6 and 3.3.7. O



CHAPTER 4

Roundedness in 4-Connected Matroids

4.1 Introduction

In this chapter we investigate the property of
roundedness in 4-connected matroids. Seymour conjectured
that the set {U2’4} is (4,3)~rounded [37]. This is a
natural conjecture in light of Theorems 1.6.4 and 1.6.5.
The next result, obtained independently by Coullard [11]

and Kahn [18], shows that this conjecture is false.

4.1.1 Theorem. The set {Uz 4} is not (4,3)-rounded. U
. r B e—

We extend their result by showing that, for any
matroid M, the set {M} is not (4,3)-rounded. This result
will follow from a characterization of the matroids M
for which the set {M} is (4,2)-rounded.

‘The main result of the chapter is now given. It

is a generalization to 4-connected matroids of Theorem 1.6.6.

4.1.2 Theorem. Let M be a 4-connected matroid with at

least four elements. The set {M} is (4,2)-rounded if

and only if M is isomorphic to U, 4-
’

It follows from Lemma 3.3.3 that the sets {U1 2},
’
{U1’3}, and {02,3} are (4,2)o-rounded. However, it is

easily checked that these sets are not (4,3)0—rounded.
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An immediate corollary of Theorems 4.1.1 and 4.1.2

is now given.

4.1.3 Corollary. Let M be a matroid. The set {M} is

not (4,3)-rounded. O

The proof of Theorem 4.1.2 as well as the following
extension of Theorems 1.6.6 and 4.1.2 are given in the

next section.

4.1.4 Theorem. Let k be an integer exceeding three.

Let M be a k-connected matroid with rank at least k.

Then the set {M} is not (k,2)-rounded.
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4.2 The Proofs

The proofs of Theorems 4.1.2 and 4.1.4 are given
in this section. We begin with a preliminary lemma that
is used in the proof of Theorem 4.1.4 to construct

extensions of a matroid.

4.2.1 Lemma. Let H be a hyperplane of a simple matroid

N. Let f, and f, be free elements of N which are not in

2
H, and F be a flat of N containing f1 and f2. Then a

flat of N is in the modular cut generated by F and H if

and only if it contains one of the two generating flats.

Proof. Suppose G is a flat of N containing F such that
(G,H) is a modular pair of flats. Thus rk(G N H) =

rk G+ rk H~-rxk(GUH)=rk G+ rk N-1-xrk N=1xk G- 1.

Suppose G NH is not a hyperplane of N. The elements
fl and f2 are free in G and are not contained in G\ H
From combining this with the fact that rk(GNH)=rk G - 1,
we obtain that
rk((GﬁH)LJ{fl,fZ})

= rk(GNH) + 2

rk G

v

=rk G- 1+ 2
= rk G + 1; a contradiction.
Thus GNH is a hyperplane and hence GMNH= H. So
G = E(N) and the modular cut generated by F and H consists

only of those flats containing F or H. [



97

We first prove Theorem 4.1.4 as this result is

used in deriving Theorem 4.1.2.

Proof of Theorem 4.1.4. Suppose that the set {M} is

{k,2)-rounded.

Let H., be a hyperplane of M. Now

0

rk Hy + rk(E(M) - Hy) - rk M = rk(E(M) - Hj) -1< |[E(M) -1 | - 1.

Since M is k-connected, it has no j-separations for any

j less than k. Thus E(M) - H0 must have at least k elements.

Observe by Lemma 1.7.3 that M possesses free elements

f, and £,. Let H be a hyperplane of M with the maximum

1 2
number of elements. Since |E(M) - H| > k, we may choose

1 and f2 are not in H. Let F be a set of k-1

elements of E(M)-H with £

H so that £

and f., being members of F.

1 2
We shall show that F is a flat of M. Assume the contrary.
Let X be in the closure of F but not in F. Then there is
a circuit C contained in FU {x}. Since C has at most
k elements, f1 and f2 are not in C. Thus C has at most
k-2 elements contradicting Lemma 1.2.5. Thus F is a flat
of M.

Let M be the modular cut of M generated by F and
H, and M + e be the extension of M determined by M.
Evidently M + e is k-connected by Lemmas 1.2.6 and 4.2.1.

Thus there is an element g in E(M+e) - {e} such that

(M+te\g is isomorphic to M.
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Now H (J{e} is a hyperplane of M + e which is larger
than the largest hyperplane of M. Thus g must be in H
as (M+te)\g is isomorphic to M. Therefore FUe is a circuit
of (M+e)\g as F and H are disjoint sets. Hence M has a
circuit with fewer than rk M + 1 elements. It follows
that M possesses a dependent hyperplane. Hence, by the
choice of H, it is dependent in M.

We next show that (HU{e}) - {g} is dependent in
(M+e)\g. Assume the contrary. By Theorem 1.3.2, there
is a circuit ¢, of M + e that contains e and is contained
in HU {e}. Evidently g is also in Cl' Since H is
dependent in M, there exists a circuit C2 of M contained
in H. Thus C2 is a circuit of M + e distinct from ;-
Now g must be in C2. By circuit elimination, we see that
M + e has a circuit C; contained in (C, UCZ) - {g}. Thus
C3 is a circuit of (M+e)\ g which is contained in
(HU{e}) - {g}; a contradiction. We conclude that
(HU {e}) - {g} is a dependent flat of (M+te)\g.

Now (H U{e}) - {g} and FUe are dependent flats of
(M+e)\ g which meet in e. Thus (M+e)\g has at most one
element in every dependent flat. However, this is a
contradiction as M is isomorphic to (M+e)\g, and M has at
least two such elements by Lemma 1.7.3. This contradiction

completes the proof of Theorem 4.1.4. O

The following lemma is used in the proof of Theorem

4.1.2'
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4.2.2 Lemma. Let N be a 4-connected matroid with at least

four elements. If N has rank less than four, then N

is isomorphic to one of U, 4r Uy 5» and U, . for some n
’ ’ [}

at least five.

Proof. It follows from Lemma 1.2.5 that both N and its
dual are simple. Moreover, if N has at least six elements,
then N has no dependent lines. The result follows

immediately from these facts. O

We now begin the proof of the main result of the

chapter.

Proof of Theorem 4.1.2. From Theorem 1.6.5 and the fact

that U is 4-connected, it follows that the set {U2 4}
14

2,4
is (4,2)-rounded. We prove the converse of Theorem 4.1.2
in the remainder of the section. Suppose the set {M} is
(4,2)-rounded for some 4-connected matroid M that has at
least four elements and is not isomorphic to U2'4. We
shall derive a contradiction to complete the proof of
Theorem 4.1.2.

The next two lemmas are used to prove Lemma 4.2.5

where it is shown that M has rank at least four.

4.2.3 Lemma. The sets {U } and {U } are not
3,5 —= 3,6° 2% UBt

(4,1)-rounded.
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Proof. Let N be isomorphic to U with the ground set

4,7
of N being {1,2,...,7}. Evidently N is 4-connected (see,
for example, [17]). Let N be the modular cut of N
generated by the hyperplanes {1,2,3}, {1,4,5}, {1,6,7},
{2,4,6}, {2,5,7}, {3,4,7}, and {3,5,6} of N. Observe that
any two such hyperplanes meet in one element. Suppose

are distinct flats of N other than E(N)

that F, and F

1 2
each containing one of the generating hyperplanes of N.
Then Fl and F2 are both hyperplanés. Thus rk Fl4-rk F2==6
but rk(FlLJFz) + rk(Flr\Fz) =4 +41=5, Hence (Fl’FZ)
is not a modular pair of flats and F1r1F2 is not in N.
Thus'N consists only of the seven generating hyperplanes
together with the flat E(N).

Let N + e be the extension of N determined by N .
It follows from Lemma 1.2.6 and Theorem 1.3.2 that N + e
is 4-connected. Since N + e has a U4,7—minor, it also has
both U3,5
has no U

and U3 6 as minors. We next show that N + e
[4

- or U -minor using e. This will complete
3’5 316
the proof of the lemma.
As N + e is a 4-connected matroid with at least

six elements, it has no triads by Lemma 1.2.5. Thus the
deletion of any three elements from N + e produces a
rank-4 matroid. Hence N + e has no restriction isomorphic
to U3,5 or U3,6’

Let g be any element of N + e other than e. Then

g is in exactly three circuits with four elements. A
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Euclidean representation for the rank-three matroid

(N+e) /g is given below with e as marked.

Figure 11 (N+e) /g &- @

Evidently (N+e)/g has no U - or U -minor using
3,5 3,6

e. Hence N + e has no U - or U -minor using e. [
3,5 3I6

4.2.4 Lemma. Let n be an integer exceeding six. The

set {U; } is not (4,1)-rounded.

21! -

Proof. Let K be the rank-4 matroid whose Euclidean

representation is given below.

Figure 12

K

We note that K is formed by freely adding the
element g to the matroid M(K2’3). Let N be the (n+2)-point
matroid which is formed by freely adding an element to
the flat {a,b,c,d} of K, and then freely adding n-6

elements to the flat {c,d,e,f}.
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If P is a plane of N, then rkN(E(N)-P) = 4. Using
this fact it is easily checked that N is 4-connected. Now

the contraction of g from N is isomorphic to Uy and

N+l
hence N has a U3 n—minor. We shall show that N has no

’

U -minor using g to complete the proof.

3,n
Let x be an element of E(N) other than g. Then

N/x is an (n+l)-point matroid which has a line with at

least four elements. Thus N/x has no U -minor. Clearly

3,n

N has no restriction isomorphic to U Hence N has no

3,n°

U3,n-m1nor using g. Thus the set {U3,n} is not

(4,1)-rounded. O

Since M is not isomorphic to U2 4 Ve obtain, from
r

Lemmas 4.2.2, 4.2.3, and 4.2.4, and duality:
4.2.5 Lemma. rk M > 4.0

From this result and Theorem 4.1.4, it follows
that the set {M} is not (4,2)-rounded. This contradiction

completes the proof of Theorem 4.1.2. O



CHAPTER 5

Subsets of 3-Connected Matroids

5.1 1Introduction

This chapter is the result of joint work with Collette
R. Coullard. We answer the following naﬁural question.
Let M be a 3-connected matroid. Suppose N is a 3-connected
minor of M and S is a subset of E(M). How small a
3-connected minor of M can we find that both uses S and
also has N as a minor? This gquestion is answered in
Theorems 5.1.1 and 5.1.2 for both the non-binary and
binary cases, respectively.

A structure result relating a three-element subset
in a 3-connected matroid to a 3-connected minor of that
matroid is given in Theorem 5.1.3. This result is used in
investigating the question mentioned above. The main

results of this chapter are now given.

5.1.1 Theorem. Let N be a 3-connected minor of the

3-connected matroid M. Suppose S is a subset of E(M)

with at least three elements. Then there exists a

3-connected minor M, of M which uses S and has a minor N,

that is isomorphic to N with |E(M;) - E(N;)|< 3|s|-3.

In [35] and [38] Seymour provided results corresponding

to the above theorem in the case that S has one or two

103
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elements. If M is binary, then the bound of 3|s|- 3 given
in Theorem 5.1.1 can be improved as shown by the next

result.

5.1.2 Theorem. Let N be a 3-connected minor of a 3-connected

binary matroid M. Suppose S is a subset of E(M) with at

least three elements. Then there exists a 3-connected minor

M, of M which uses S and has a minor N, that is isomorphic

to N with [E(M;) - E(N))| < 3|s|-4.

The proofs of the last two results are given in
Section 5.2. In Section 5.3 the bounds of 3|/S| - 3 and
3|8] -4 given in these theorems are shown to be best-possible.
Let N be a 3-connected minor of a 3-connected matroid
M. Suppose S is a subset of E(M). If M has no 3-connected
proper minor that both uses S and has an N-minor, then

M is said to be minimal with respect to N and s.

The following result is used in the proof of Theorem

5.1.2. This result is also proved in the next section.

5.1.3 Theorem. Let N be a 3-connected minor of a

3-connected matroid M with a, b, and ¢ being members of

E(M). Let Z = E(M) - E(N) and Y = {a,b,c} U 2. Suppose

that M is minimal with respect to N and {a,b,c}. Then one

of the following holds.

(1) |Z|= 6 and M|Y or M*|Y is isomorphic to W°.
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(2) |z| < 6 and M]Y or M*|Y is isomorphic to U, ..
’
(3) |2| < 6 and M|Y or M*|Y is isomorphic to a minor of w3,

The chapter concludes in Section 5.3 with some
applications of the results of this chapter to the theory

of roundedness in matroids.



106

5.2 The Proofs

The proofs of Theorems 5.1.1, 5.1.2, and 5.1.3 are
given in this section. Several results which are used in

these proofs are now given. The first of these is due to

Bixby.

5.2.1 Lemma [3,(1)]. Let M be a 3-connected matroid
and e be a member of E(M). Then at least one of M\e and
~7

Mre is 3-connected. T

The following two results of Seymour are used in the

proof of Theorem 5.1.3 as well as in Chapter 6.

5.2.2 Lemma [35, p.290]. Let N be a 3-connected minor of
a 3-connected matroid M and a be a member of E(M). If

M is minimal with respect to N and {a}, then either M = N

or one of M\a and M/a is isomorphic to N. U

5.2.3 Lemma [38, (2.11)]. Let N be a 3-connected minor

of a 3-connected matroid M and a and b be distinct elements

of M with a being a member of E(N). Suppose M is minimal

with respect to N and {a,b}. Then one of the following

holds.

(i) M = N.

(ii) oOne of M\a, M\b, M/a, and M/b is isomorphic to N.
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(iii) For some f in E(M) such that {a,b,f} is a circuit
of M, the minor M\b/f is isomorphic to N.
(iv) For some f in E(M) such that {a,b,f} is a cocircuit

cf M, the minor M\f/b is isomorphic to N. 0O

The next result of Bixby and Coullard is a key

component of the proofs of Theorems 5.1.1, 5.1.2, and 5.1.3.

5.2.4 Theorem [4,(5.1)]. Let N be a 3-connected minor of

a 3-connected matroid M. Suppose M and N have at least

four elements, and ¢ is a member of E(M). If M has no

3-connected proper minor using c which has N as a minor,

then, up to duality, one of the following holds.

(i) |E(M) - E(N)| < 1.
(ii) For some £ in E(M) and n in E(N) such that {c,f,n}
is a circuit of M, N = M\c/f.

(iii) For some f and g in E(M) and n in E(N) such that

{c,f,n} is a circuit, and {f,g9,n} is a cocircuit of

M, N = M\ {c,g}/f.

(iv) For some f and g in E(M) and distinct n and m in

E(N) such that {c,f,g} is a cocircuit, and {c,f,n} and

{c,g,m} are circuits of M, N = M\ {c,g}/f.

(v) For some £, g, and h in E(M) and n in E(N) such

that {f,g,n} is a cocircuit, and {c,f,n} and {g,h,n}

are circuits of M, N = M\ {c,g}/{£f,h}. Moreover, M\c/f

and M\h/g are isomorphic. OO
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We shall first prove Theorem 5.1.3 as this result is

used in the proof of Theorem 5.1.2.

Proof of Theorem 5.1.3. We obtain 3-connected minors

N=N,,N,,N,, and N, of M with acE(N;), {a,b} € E(N,), and

3
{a,b,c} € E(N;) as follows. First apply Lemma 5.2.2 to N
and acE(M). We obtain a 3-connected minor N1 of M which
uses a and has an N-minor with [E(N;)| - |E(N)| < 1.

Then apply Lemma 5.2.3 to Ny and the set {a,b} . We

obtain a 3-connected minor N, of M which uses {a,b} and

2
has an N;-minor with |E(N2)| - |E(Nl)| < 2. Finally,
apply Lemma 5.2.4 to N2 and c. We obtain a 3-connected
minor N3 of M which uses {a,b,c} and has an Nz-minor.

M is minimal with respect to N and {a,b,c}, and N3
is a 3-connected minor of M using {a,b,c}. Hence N, = M.
It follows from the minimality of M with respect to N and

{a,b,c}, that N, is obtained from N2 by one of cases

3
(i), (ii), (iii), and (iv) in Lemma 5.2.4.

For each j in {1,2,3}, let ij be IE(Nj)I - IE(Nj_l)l.
We obtain from Lemmas 5.2.2 and 5.2.3 and Theorem 5.2.4

that ij is at most j for each j in {1,2,3}. Hence,
(5.2.5) lE(M)| - |EM)]| < 6.
The next structure result forms the core of the

proof of Theorem 5.1.3. This result is a generalization

of Lemma 5.2.3 to three-eclement subsets of a matroid.
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For this reason, a more extensive list of cases is needed
to describe the structure of M than was given in Lemma

5.2.3.

5.2.6 Lemma. The structure of M, up to duality and

permutations of the set {a,b,c} , is as given in one of the

following cases.

(1) |z] < 3.

(2) For some f and g in E(M) such that {c,f,qg} is a

cocircuit, and {a,c,f} and {b,c,g} are circuits of M,

the minor M \{c,g}/f is isomorphic to N, or N,.

(3) For some f and g in E(M) such that {b,c,f} is

is a circuit
o

of M, the minor M\{b,c} /{f,g} is isomorphic to N or N,.

Moreover, {a,b,g} is a circuit of the minor M\c/f which is

3~connected.

(4) For some f£f and g in E(M) such that {a,b,c,g} is a

cocircuit, and {b,c,f} is a circuit of M, the minor

M\{c,g}/{b,f} is isomorphic to N or N,. Moreover, M\c/f is

3~connected.

(5) For some £ in E(M) such that {b,c,f} is a circuit of
M, the minor M\c/f is isomorphic to N,. Moreover,

E(N,) - E(N) = {a,b} .

o)
(6) For some f in E(M) such that either {a,b,f} or

{a,b,c,f} is a circuit of M, the minor M\b/{c,f} is

isomorphic to N,. Moreover, M/c is 3-connected.
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(7) For some f in E(M) such that {a,b,f} is a circuit

of M, the minor M\{b,c}/f is isomorphic to N,. Moreover,

M\c is 3-connected and E(Nl) - E(N) = {al.

(8) For some f,g, and h in E(M) such that {c,f,g} is a

cocircuit, and {a,c,flandlb,c,g}, are circuits of M, the minor

M\lc,g}/f is isomorphic to N Either NA\b/h is isomorphic to

5
N1 and {a,b,h} is a circuit of M while {f,qg,h} is not, or

Ni\h/b is isomorphic to Ny and {a,b,c,g,h} is a cocircuit
of M.

Proof. Recall that, for each j in {1,2,3}, ij = [E(Nj)l
- |E(Nj_1)| and ij is at most j. Also, Ny=N and Nj=M.

Thus 11 + 12 + 13 is at most six.

If i1 + i2 + i3 < 3, then M is as given in (5.2.6)(1).
Suppose i1 + i2 + i3 exceeds three. Then (il, iz, i3) is
a member of the set {(1,2,3), (0,2,3), (1,1,3), (0,1,3),
(1,0,3), (1,2,2), (0,2,2), (1,1,2), (1,2,1)}. We shall
show that for such (il, i2’ i3), the matroid M is as given
in one of the cases (2) through (8) of Lemma 5.2.6.
This will conclude the proof of Lemma 5.2.6.

We first show that, up to permutations of the set

{a,b,c}, M has the same structure if it is obtained from

N2 by either of cases (iii) and (iv) of Theorem 5.2.4.

5.2.7 Lemma. If i3=3, then we may assume that M is obtained

from N, by case (iv) of Theorem 5.2.4 with n=a and m=b.
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Proof. Suppose M is obtained from N, by case (iii) of

2
Theorem 5.2.4. Then there are elements £ and g in E(M)
and n in E(Nz) such that {c¢,f,n} is a circuit, and

{f,g,n} is a cocircuit of M, and M\{c,g}/fszNz. Moreover,
n is in {a,b} by the minimality of M with respect to N

and {a,b,c}. We may assume that n=b.

aY
It follows from Lemma 5.2.1 that (M/g) is 3~connected
~
as (M\g) is not. Now (M/g) has an N-minor. Thus

Mo
{a,b,c} & E(M/g) by the minimality of M. Hence one of

{a,b,g}, {a,c,qg}, and {b,c,g} is a circuit of M. By
orthogonality, {a,c,g} is not a circuit. 1If {b,c,g} is
a circuit, then, by circuit elimination, {b,f,gl is a
circuit of M. This contradicts the 3-connectivity of M
since {b,f,g} is also a cocircuit of M, and M has at least
five elements. Thus {a,b,g} is a circuit of M.

Now suppose M is obtained from N2 by case (iv) of
Theorem 5.2.4. Then there are elements f and g in E(M)

and n and m in E(Nz) such that {c¢,f,g} is a cocircuit, and

"

{c,f,n} and {c,g,m} are circuits of M with M\{c,g}/f = N.
Now {n,m} = {a,b} by the minimality of M with respect to N
and {a,b,c}. Thus, allowing permutations of {a,b,c},

M has the same structure as obtained when case (iii) of

Theorem 5.2.4 was used. This completes the proof of

Lemma 5.2.7. T
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It follows from Lemma 5.2.7 that if (il’iz’i3) is
one of (0,1,3), (1,0,3), and (1,1,3), then M is as given
in Lemma 5.2.6 (2).

Suppose that (il’iz’iB) = (1,2,3). Then N2 is

obtained from N, by Lemma 5.2.3 (iii) or (iv). Suppose

1
the latter occurs. Then, for some h in E(Nz) such that
{a,b,h} is a cocircuit of N2, we have Nz\h/b = Nl' By

Lemma 5.2.7, as {c,f,g} is a cocircuit of M,

(5.2.8) N, =M {c,g}/f£ =M {c,£}/g = M {f,g)}/c.

By orthogonality and (5.2.8), either {a,b,c,h} or
{a,b,c,g,h} is a cocircuit of M. The former cannot occur
by the minimality of M. Hence 5.2.6(8) holds. Suppose
N2 is obtained from N1 by 5.2.3(iii).

Let h' be in E(Nz) such that {a,b,h'} is a circuit
of N2 with Né\b/h' = Ni' Evidently, {a,b,h'} is also a
circuit of M by (5.2.8). If {f,g,h'} is a circuit of M,
then (M\h) is 3-connected, uses {a,b,c}, and has an
N-minor; a contradiction. Thus {f,g,h'} is not a circuit
of M. Hence M must be as given in Lemma 5.2.6 (8).
Similarly, if (il,i2,i3) = (0,2,3), then M is as given
in Lemma 5.2.6(8).

The cases where (il’iz'i3) is in {(1,2,2), (0,2,2),
(1,1,2), (1,2,1)} remain to be checked. We first consider
the cases with i3=2. Suppose i2 is also two.

M is obtained from N2 by Theorem 5.2.4(ii). Thus

M\c/f = N. for some f in E(M) and some n in E(Nz) such

2
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that {c,f,n} is a circuit of M. Evidently n is in {a,b}
by the minimality of M. We will assume that n=b without
loss of generality.
As iz = 2, N2 is obtained from N1 by case (iii)
or (iv) of Lemma 5.2.3. Suppose the former holds. Then
M is as given in Lemma 5.2.6(3). Suppose the latter holds.
Then there is an element g in E(Nz) such that {a,b,g}
By orthogonality,

is a cocircuit of N, and Nﬁ\g/b = N

2 1’
{a,b,c,g} is a cocircuit of M. It follows that M is as
given in Lemma 5.2.5(4). Thus the lemma is true if
(il’iZ'i3) is (1,2,2) or (0,2,2). If (il,iz,i3)=(1,1,2),
then M is as given in Lemma 5.2.6(5).

Finally, suppose that (il’iz'i3) = (1,2,1). We may
apply duality to assume that N2 is obtained from N1 by
Lemma 5.2.3(iii). Thus, for some f in E(Nz) such that
{a,b,f} is a circuit of N2, the minor Nﬁ\b/f equals N,-
Since i3=1, either M\c or M/c equals NZ' If the former
holds, then M is as given in Lemma 5.2.6(7). Suppose

M/c = N Then M is as given in Lemma 5.2.6(6). This

2°
completes the proof of Lemma 5.2.6. O

We now complete the proof of Theorem 5.1.3. Recall
that Z = E(M) - E(N) and Y = ZU {a,b,c}. We have shown that
M is as given in one of cases (1) through (8) of Lemma
5.2.6. Suppose |2| = 6. Then M is as given in case (8)
of Lemma 5.2.6. Thus {a,c,f}, {b,c,qg}, and {a,b,h} are

circuits of M. Aalso, {f,g,h} is not a circuit of M. A
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Euclidean representation for M|Y = M|{a,b,c,f,g,h} is

given below.

Figure 13 pMly

We observe from Figure 13 that M|Y is the rank-three
whirl. It is easily checked that if M is as given in
one of cases (1) through (7) of Lemma 5.2.6, then M|Y
is either isomorphic to U3'5, or is isomorphic to a minor

of w3. This completes the proof of Theorem 5.1.3.70

We now derive Theorem 5.1.1 from Lemmas 5.2.2 and

5.2.3 and Theorem 5.2.4.

Proof of Theorem 5.1.1. The result is proved by induction

on |s|. Suppose N has at least four elements. Then,
by (5.2.5), the theorem is true if S has exactly three
elements. Assume that S has more than three elements,
and that the theorem is true for sets with fewer elements
than S.

Let seS. By the induction hypothesis, there is a

3-connected minor M, of M that uses S-{s}, and has an

0
N-minor, N,, with ]E(Mo) - E(Ny)| 2 3|8 - {s}| -3 = 3|s| - 6.

Now apply Theorem 5.2.4 to Mo and s. We obtain from cases
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(i) through (iv) of this theorem that there is a 3-connected

minor M, of M that uses S, has an isomorphic copy of M0 as

1

a minor, and has at most three more elements than MO.

Thus M, possesses an N-minor, and has at most

3|]s|] - 6 + 3 = 3|S| - 3 more elements than N. It follows

that the theorem is true if N has at least four elements.
Suppose N has fewer than four elements. Then, by

(3.3.2), N is isomorphic to one of Uo,l' Ul,l' U1’2, U1,3,

and U In particular, N is a minor of the matroid

2,3°
U2'4. Clearly, the theorem is true if M has feweruthan
six elements. Hence we may assume that M has at least
six elements.

Suppose M is non-binary. Let e and f be elements
of S. It follows from Theorem 1.6.5 that M has a
U2'4-minor using both e and f. Apply Theorem 5.2.4 to

this U -minor and the elements of s- {e,f}. It is an

2,4

easy induction argument to show that M has a 3-connected

minor M, using S such that M, has at most 3|s| - 6 more

elements than some U2 4~minor of M. Thus M1 has an N-minor,
14

and M. has at most 3|{S| - 6 + 3 = 3|S| - 3 more elements

1

than N.
Suppose M is binary. Let e, £, and g be elements of

M. Now M has M(w3) as a minor by Theorem 1.2.2. Moreover,

by Theorem 2.3.3, M has an M(w3)-minor using {e,f,qgl.

Apply Theorem 5.2.4 to this M(w3)-minor and the elements of

s-{e,f,g}. Again, it is easy to show by induction that M

has a 3-connected minor M1 using S such that Ml has at most
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3|s| - 9 more elements than some M(w3)—minor of M,. Now N

has at most five fewer elements than M(wB)' Thus we obtain:

(5.2.9) M has a 3-connected minor M, using S. The minor M

1 1
has at most 3|S| - 4 more elements than some N-minor of M, .

This completes the proof of Theorem 5.1.1. O

The section concludes with the next proof.

Proof of Theorem 5.1.2. If N has fewer than four elements,

then the theorem is true by (5.2.9). Assume that N has at
least four elements. The result is proved by induction on

|s

Suppose that S has exactly three elements. Assume
that M is minimal with respect to N and S. Then M is
as given in one of cases (1) through (8) of Lemma 5.2.6.
If M is of the form given in case (8) of Lemma 5.2.6,
then, by Theorem 5.1.3(1), M is non-binary; a contradiction.
Hence, M is of the form given in one of cases (1) through
(7) of Lemma 5.2.6. Thus M has at most five more elements
than N. Eence the theorem is true if S has three elements.

Suppose S has more than three elements and the theorem

is true for sets with fewer than |S| elements. Let sc¢S.
By the induction hypothesis, there is a 3-connected minor
Mo of M that uses S~-{s} and has an N-minor, NO’ with

|E(My) - E(N < 3|s - {s}] - 4 = 3|s| - 7. Now apply

o) |

Theorem 5.2.4 to Mo and s. Again, by cases (i) through

(iv) of Theorem 5.2.4, there is a 3-connected minor M1
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of M that uses S, has an M,-minor, and has at most

0
3|s}] - 7+ 3 =3|S| - 4 more elements than N. The result

follows by induction. [
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5.3 Examples and Applications

In this section we show that the bounds given in
Theorems 5.1.1 and 5.1.2 are best-possible. Then the
result of this chapter are used to obtain a method for
embedding a matroid in a rounded set.

Let X and Y be disjoint subsets of a matroid M.
Then kM(X,Y) is defined to be min {rkMA + rkMB - rkM:
(A,B) is a bipartition of E(M) with X € A and Y € B}.
The following results of Seymour and Brylawski, respectively,
are uéed to show that the bound given in Theorem 5.1.1

is bést-possible.

5.3.1 Lemma [38,(2.3)]. If N is a minor of M and X

and Y are disjoint subsets of E(N), then kN(X,Y) 2 ky(X,Y).

5.3.2 Lemma [7,(3.4)]. A hyperplane of a matroid is a

modular flat if and only if it meets every line.

Let j be a positive integer. Let Tj be the rank-three

matroid whose Euclidean representation is given below.

Figure 14 T
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By Lemma 5.3.2, {e,f,sl,sz} is a modular flat of Tj‘

We next construct an eleven-element matroid N.
Then this matroid will be combined with the matroid Tj
using the operation of generalized parallel connection
mentioned in Section 1.3.

Consider the representation Jla\{eg,elo} of Sy
given in Table 1. Let e = e,- Note that e is the unique
element of 58 whose contraction produces a Fano-minor.
Freely add f to S8 to form the matroid Nl' Then freely

add s, to o, {e,f} in N, to form N,. Finally, freely

1 N1

to © {e,f} to form N. Note that both N and N\f

add S, N2
are 3-connected by Lemma 1.3.1 and Theorem 1.3.2.

A Euclidean representation for the rank-four matroid

N is given below.

Figure 15

N ) /
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We will use the next lemma in the proof of Lemma 5.3.5.

5.3.3 Lemma. The circuits of N containing s, or s, and

having fewer than five elements are the subsets of

{e,f,sl,sz} with three elements.

Proof. We first show that

(5.3.4) if C is a circuit of N, that contains f or s,

and has fewer than five elements, then C = {e,f,sl}.
Proof. Suppose that C # {e,f,sl}. |

If feC, then, as £ is free in Nl’ we must have

that s,e¢C. Thus we may suppose that sleC. Then, by

1
Theorem 1.3.2, on (C) =PWJ{51} where F is a flat of N1
2
containing o N {e,f} = {e,f}. Thus f is in
1l
on (C) = oN (C - {sl}). It follows that if £ is not in

2 2
C, then £ is in a circuit of N2 which does not contain Sy

and has fewer than five elements. This contradicts the

fact that £ is free in N, . Thus £ is in C. By circuit

elimination, there is a circuit of N, contained in

(C LJ{e,f,sl}) - {sl}. This circuit has fewer than five
elements again contradicting the fact that £ is free in

N Thus s ¢ C; a contradiction. O

1
Let C be a circuit of N that is not contained in
{e,f,sl,sz} and has fewer than five elements. Suppose Sy
is in C. Then s, is also in C by (5.3.4). Thus, by
Theorem 1.3.2, oy(C) = F LJ{sz} where F is a flat of N,

containing o {e,f} = {e,f,sl}. Evidently £ is not in C
2
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as C is not a subset of {e,f,sl,sz}. However, £ is in
oN(C) = oN(C - {sz}). This contradicts (5.3.4). Thus
S1 ¢ C.

Suppose s, is in C. Then s; is in cN(C - {sz}) but
not C. This contradicts (5.3.4). Thus s, ¢ C. This

completes the proof of Lemma 5.3.3. O

Let n be an integer exceeding two. We recursively
define the matroid P = PF(Tl,Tz,...,Tn_Z,N) as follows.

Let P, = PF(Tl,N). If n exceeds three, then, for each i

1

in{1,2,...,n=3}, let Pi+1 = PF(T Pi). Define P to be

i+1,

P Now N, and hence P, has a Fano-minor. We shall

n-2°
show in Lemmas 5.3.5 through 5.3.8 that P\f is minimal
with respect to F7 and {sl,sz,...,sn}. Since P\f has

(3n+4) - 7 = 3n - 3 more elements than F this will show

7’
that the bound given in Theorem 5.1.1 is best-possible.

5.3.5 Lemma. P\f is 3-connected.

Proof. We argue by induction on n. Suppose n is 3 and
(A,B) is a k-separation of P\f for some k<3. Now both
Tl\f and N\f are 3-connected minors of P\f and hence
have no k-separations. By Lemma 5.3.1,

th\g (RPE(N\E)) + riy, ¢ (B A E(N\E)) - rk(N\f)

= kN\f(An E(N\f), Bn E(N\f))

A

< Kp g (A0 E(N\E), BnE(N\))

rk

IA

P\fA + rkp\fB - rk (P\f)

< k.
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Thus A or B meéts E(N\f) in fewer than two elements.
Without loss of generality, suppose the former. A similar
argument shows that A or B meets E(Tl\f) in fewer than two
elements.

Now F = {e,f,sl,sz} = E(Tl)rﬁE(N). Since A meets
F - {£} in at most one element, B meets F - {f} in at least
two elements. Hence, as B meets E(Tl\f) in at least two
elements, A meets E(Tl\f) in at most one element. Thus A
has at most two elements. It is easily checked that both

P\f and (P\f)* are simple. Thus, by (1.2.4),

k < |a]
= rky A + rk(P\f)*A - |a]
= rkP\fA + rkP\fB - rk (P\f)

< k; a contradiction.

Thus the lemma is true if n is 3. Suppose n exceeds three
and the lemma is true for integers m with 3 < m < n.
Then a similar argument shows the result still holds. We

conclude that P\f is 3-connected. [

We require two more lemmas before showing that P\f

is minimal with respect to F, and {sl,sz,...,sn_z}.

5.3.6 Lemma. N\e has no Fano-minor. Let xeE(N) - F.

Then neither N\x nor N/x has a Fano-minor.
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Prcof. Suppose Q is a Fano-minor of N. Evidently N has

no restriction which is isomorphic to Q. Thus Q is a minor
of N/x for some x in E(N). By Lemma 5.3.3, if x is not e,
then N/x is a rank-three matroid which does not have a
Fano-minor; a contradiction. Thus x=e. Hence Q is a minor
of N/e. By Lemma 5.3.3, none of £, s and s, is in a

triangle of N/e. Thus Q = N\{f,sl,sz}/e. O

5.3.7 Lemma. Suppose Q is a Fano-minor of P\f. Then Q

——— o o—— — — —

is a minor of N\f.

Proof. Clearly, for each i in {1,2,...,n-2}, Q is not a
minor of Ti\f. Now Q is a 3-connected rank-three matroid.

It follows from Theorem 1.3.4 that Q is a minor of N\f.[

We now show that the bound given in Theorem 5.1.1

is best-possible.

5.3.8 Lemma. P\f is a 3-connected matroid which is

minimal with respect to F. and {sl,sz,...,sn_z}.

Proof. P\f is 3-connected by Lemma 5.3.5. Suppose M is
a 3-connected minor of P\f that uses {sl,sz,...,sn}
and has a Fano-minor. Moreover, suppose M is minimal
with respect to F, and {sl,sz,...,sn}.

Suppose (P\f)\X/Y = M. By Lemma 5.3.6, e ¢ X.
As {sl,sz} is independent in M, e ¢ Y. Thus, by Lemma

5.3.6, E(N) € E(M).
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For each j in {1,2,...,n-2}, let gj and hj be the
elements of .the matroid 'I‘j given in Figure 14. As M is
3—connected, for each such j( neither gj nor hj is_in X.
Moreover, as M is simple, for each such j, neithgr gj nor
hj is in Y. Thus E(M) = E(P\f) and P\f is minimal with
respect to F

and {sl,s 2}. a

7 oreeerSy_
' We next show that the bound given in Theorem 5.1.2

is best~possible. Let n.be an integer exceeding two.

We shall construct a 3-connected graphic matroid M(G)

with 5n + 4 elements. This matroid possesses an n-element

subset S such that M(G) is minimal with respect to an

M(wn+4)-minor and S. This matroid has (5n+4) - (2n+8)

= 3n-4 more elements than M(wn+4). This will show that the

bound given in Theorem 5.1.2 is best-possible.

Let H be the graph given below.
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Form the graph G from H as follows. Add new vertices

vl,vz,..., and Vn-2 to H so that these vertices are isolated.

Then add the edges s,

i+2

d = (vi,u) for each i in {1,2,...,n-2}. Evidently

i+2
M(G) is 3-connected by Lemma 1.2.7. The next lemma is
used in showing that M(G) is minimal with respect to

M(wn+4) and {sl,sz,...,sn}.

5.3.9 Lemma. Let e be an edge in E(H) - {s;,s,}. Then

neither M(G)\e nor M(G)/e has an M(wn+4)-minor.

Proof. Let Q be a wn+4-minor of G. We will show that
E(Q) consists of the edges of E(H) - {sl,sz}.

Let i and j be distinct members of {3;4,,..,n}.
Suppose that both {ci,di,si} and {cj,dj,sj} are in E(Q).
Then vi and vj are degree-three vertices of Q having three
common neighbors. This is a contradiction as wn+4 does
not possess two such vertices. Hence there exist no such
i and j. Thus we may assume, without loss of generality,
that Q is a minor of the subgraph G0 of G induced by
V(E)U {v,}.

Let X and Y be subsets of V(Go) such that Gd\X/Y = Q.
Now rk M(Go) = rk Q + 1. Thus Y has at most one element.

Suppose Y is empty. Then ¢ is the only vertex of
G0 of degree at least n+4. Thus c is not in X and c is

the unique vertex of Q of degree n+4., Hence

E(Q) = E(H) - {sllsz}-



126

Suppose |Y| = 1. Let Y = {e}. Then, as Go/e

d b,,b,,b b

3’ 3'53, ll 3’ n+3
If e is in {c3,d3,s3} , then it is immediate that

must have a vertex of degree n+4, e is in {c

},then it is

E(Q) E(H) - {sl,sz}. If e is in {bl,b3,b

n+3
easily checked that G0 has no M(wn+4)-minor. Thus

E(Q) = E(H) - {51’52}’ O

- We next show that M(G) is a 3-connected matroid
which is minimal with respect to M(wn+4) and {sl,sz,...,sn}
thereby showing that the bound given in Theorem 5.1.2

is best-possible.

5.3.10 Lemma. M(G) is minimal with respect to M(W_,,)

and {sl,sz,...,sn}.

Proof. Let M be a 3-connected minor of M(G) using

{sl,sz,...,sn} which is minimal with respect to an

M(wn+4)-minor and {sl,sz,...,sn} . By Lemma 5.3.9,
E(H) - {sl,sz} is in E(M). As {51’52""’Sn} is both
independent and coindependent in M, E(G) - E(H) € E(M).

Thus M = M(G). O

We conclude the chapter with some applications
to roundedness. Specifically, we show how to embed a
3-connected matroid into a (3,1)- or (3,2)-rounded set.
An alternate method for constructing (3,1)-rounded sets

was given by Oxley and Row [31].
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5.3.11 Theorem. Let N be a 3-connected matroid with at

least four elements. Suppose S = {K: K is a 3-connected

extension or lift of N, and K possesses an element which

is in no N-minor of K}. ThenSU {N} is (3,1)-rounded.

Proof. Let M be a 3-connected matroid having a minor in
S U {N}. Evidently M has N as a minor. Let ec E(M).
By Theorem 5.2.2, there exists a 3-connected minor M1
of M using e such that either M1 is isomorphic to N, or
M1 is an extension or lift of an N-minor. If M1 is not

isomorphic to a member of S U {N}, then Ml has an N-minor

using e. It follows that S U {N} is (3,1)-rounded. O

Note that the rounded sets listed in Theorems 1.6.7 through
1.6.11 are all closed under duality. By using Theorem 5.3.11
we next show that this is not always the case. The matroids

P, and Q6 are as given in Table 1.

6

5.3.12 Theorem. The set {U, ,Q.} is (3,1)-rounded.
’

Proof. It is easily checked that the matroids

U2,6' U3,6' P6' and Q6 are the only 3-connected extensions

or lifts of U Now Q6 is the only such matroid that

2,5°
possesses an element which is in no U2 s-minor. Let
’

N=U and 8 = {QG}' The set S U {N} is (3,1)-rounded

2'5
by Theorem 5.3.11. O
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A similar construction is given for (3,2)-rounded

sets in the next result.

5.3.13 Theorem. Let N be a 3-connected matroid with at

least four elements. Suppose S = {M: M is a 3-connected

matroid having N as a minor, |E(M) - E(N)| < 3, and

M possesses a pair of elements which are in no N-minor.}.

Then S'U{N} is (3,2)-rounded.

Proof. Let M be a 3-connected matroid having a minor in
SU{N} and e and f be elements of M. Thus M has N as a
minor. By Lemmas 5.2.2 and 5.2.3, M has a minor M' using
{e,f} such that M' has an N-minor, and |E(M')]| - |E(N)] < 3.
If M' is not isomorphic to a member of S U{N}, then M' has
an N-minor using {e,f}. Thus M has an (SU {N})-minor

using e and £. 0O



CHAPTER 6

Triangles in 3-Connected Matroids

6.1 Introduction

The relationship between a three-element subset
S of a 3-connected matroid, and a 3-connected minor of that
matroid was studied in Lemma 5.2.6 of Chapter 5. 1In this
chapter this relationship is investigated in the special
case that S is a triangle. We begin with the following

consequence of Lemma 5.2.6.

6.1.1 Theorem. Let {a,b,c} be a triangle of a 3-connected

matroid M, and N be a 3-connected minor of M. Then M

has a 3-connected minor M' using {a,b,c} such that M'

has an N-minor, and M' has at most four more elements than N.

The proof of this result will be given in Section 6.2.
In particular, if M is binary, then a somewhat sharper

result is obtained.

f a 3-connected

6.1.2 Theorem. Let {a,b,c} be a triangle

binary matroid M, and N be a 3-connected minor of M.

Then M has a 3-connected minor M' using {a,b,c} such that

M' has an N-minor, and M*® has at most three more elements

than N.

Theorem 6.1.2 can be used to give a proof of the

129
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following theorem of Asano, Nishizeki, and Seymour.

The original proof of this result used Seymour's decomposition

for regular matroids [36].

6.1.3 Theorem [1,(9)]. Let {e,f,g} be a triangle of a

3-connected non-graphic matroid M. Then M has a minor N

using {e,f,g} where

. . M . . .
(i) N =M (K3,3) if M is regular;
(ii) N = F, if M is binary but not regular; and
(iii) N = U2,4 if M is non-binary. O

The next theorem is a strengthening of Theorem 6.1.2.

The proof of this result is also given in the next section.

6.1.4 Theorem. Let {e,f,g} be a triangle of a 3-connected

binary matroid M, and N be a 3-connected minor of M using e.

Then M has a 3-connected minor M' using {e,f,g} such

that M' has an N-minor, and M' has at most two more elements

than N.

We will use this result to obtain the next theorem
which is a strengthening of Theorem 6.1.3 of Asano,
Nishizeki, and Seymour in the case that M is binary but
not regular. The matroids 88 and Jlo are as given in Table
1. Evidently J10 is the generalized parallel connection
across {es,eg,elo} of the Fano-matroid and the cycle matroid

of the complete graph on four vertices. Accordingly,
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we shall call {ea,eg,elo} the join-triangle of J10

6.1.5 Theorem. Let {e,f,g} be a triangle of a 3-connected

binary non-regular matroid M with at least eight elements.

Then M has a minor N using {e,f,g} such that one of the

following holds.

(i) N = SB;

n

(ii) N

Jq 2nd {e,f,g} is the join-triangle of J10°

The next result is an analog of Theorem 6.1.5 for

the class of binary matroids.

a 3-connected

6.1.6 Theorem. Let {e,f,g} be a triangle of

binary matroid M with at least eight elements. Then M

has a minor using {e,f,g} that is isomorphic to

SgM(W,), or M(Kg-a).
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6.2 Roundedness and the Splitter Theorem

In this section the proofs of the theorems stated
in the previous section will be given. The main tools
used are results from roundedness theory, and the splitter

theorem. We begin with some consegquences of Lemma 5.2.6.

Proofs of Theorems 6.1.1 and 6.1.2. Assume that M is minimal

with respect to N and {a,b,c}. Then M or M* is of the
form given in one of cases (1) through (8) of Lemma 5.2.6.
From using orthogonality and the fact that a 3-connezted
matroid with at least four elements is simple, we obtain
that {a,b,c} can only be a triangle of M in case(l), case
(7), and the dual of case (6). Note that M has at most
four more elements than N in these cases. This completes

the proof of Theorem 6.1.1.

Suppose M is binary. If M is of the form given
in case {7) of Lemma 5.2.6, then M|{a,b,c,f} is isomorphic

to U and this contradicts the fact that M is binary.

2,4
We next show that M is not of the form given in the dual
of case (6) of Lemma 5.2.6. It will then follow that M is
as given in case (1) of Lemma 5.2.6. This will complete

the proof of Theorem 6.1.2.
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Assume that M is of the form given in the dual of
case(6) of Lemma 5.2.6. The set {a,b,c,f}] meets the circuit
{a,b,c} in three elements. Thus, by Theorem 1.4.1(2),
{a,b,c,f} is not a cocircuit of M. It follows from the
dual of 5.2.6(6) that {a,b,f} is a cocircuit of M. Now
ﬁ:; is not simple and hence not 3-connected. Thus, by
Lemma 5.2.1, ﬁ7f is 3~connected. Since {a,b,c} is a
circuit, and {a,b,f} is a cocircuit of M,

N, = M\{c,£f}/b
Thus M/f and hence &}% has an N-minor. Moreover, as M

mn

M\{a,£f}/b = M\{a,b}/f.

Y
is binary, a, b, and ¢ are elements of M/f. This
contradicts the minimality of M with respect to N and

{a,b,c} thereby completing the proof of Theorem 6.1.2.7T

We shall use the following lemma several times in
the proof of Theorem 6.1.4. Let M1 and N1 be 3-connected
matroids with at least four eicments and X and Y be subsets
of E(Ml) such that Ml\x/Y = Nl. Suppose that {x,y,z}
is a triangle of M1 with {y,z} in E(Nl) and x in

E(Ml) - E(Nl)’ Evidently x is contained in X.

6.2.1 Lemma. Either N,+x is 3-connected or N,+x has

an Nl-minor using {x,y.,z}.

Proof. Suppose N1+x is not 3-connected. Then, by Lemma
1.3.1, x is contained in a circuit of N1+x of size one
or two, or x is a coloop of N1+x. The latter case clearly

cannot occur. Suppose that x is a loop of N1+x, or x
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is contained in a two-element circuit of N, +x with one of
y and z. Then, as {x,yY,2z} is a triangle of Ml' circuit
elimination implies that {y,z} is dependent in N1+x.

This contradicts the 3-connectivity of N, . Thus {x,x'}
is a circuit of N1 for some x' distinct from y and =z.

Hence (N1+x)\x' is a minor of N, +x that is isomorphic to

N1 and uses {x,y,z}.

Proof of Theorem 6.1.4. If £ or g is in E(N), then from

Lemma 6.2.1 we obtain M' as desired. Suppose that neither
f nor g is in E(N). Apply Lemma 5.2.3 to {e,f} and N.
There exists a 3-connected minor Ml of M using {e,f}

such that M1 has at most two more elements than some minor

N, which is isomorphic to N. 1If g is contained in E(Ml),

1

then let M' = M Suppose g is not an element of Ml'

1.
Now, by Lemma 6.2.1, either M1+g is 3-connected, or

M.+g has a minor isomorphic to My using {e,f,g}. 1In the

1
latter case, the result holds. Suppose the former case

holds.

If M, has exactly one more element than Nl’ let

1
M' = M1+g. Suppose that M1 has two more elements than

N Then M. is as given in case (iii) or (iv) of Lemma

1° 1

5.2.3. Suppose case (iii) holds. Then, for some element
g' of M,, Ml\f/g' = N, and {e,f,9'} is a circuit of M, .
Thus {e,f,g} and {e,f,g'} are triangles of the 3-connected
binary matroid M1+g. Hence g = g'; a contradiction.

Thus case (iv) of Lemma 5.2.3 holds.
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Let g' be an element of M., such that Mf\g'/f = N

1 1

and {e,f,g'} is a cocircuit of M, .

Now {e,f,g'}l or {e,f,g,9'} is a cocircuit of M) +g.
As {e,f,g,9'} meets the circuit of {e,f,g} in three elements
in the binary matroid M1+g, the former occurs.

Apply Lemma 5.2.3 to the elements e of E(Nl) and g

of E(M1+g) - E(N There exists a 3-connected minor

1)

M, of M; + g using {e,gl} such that M, has a minor N, = N,z N

with M2 having at most two more elements than N2.

has at most one more element than N2, or £ is in E(MZ)'

1f M2

then, as before, the result holds. Suppose M, has exactly

2
two more elements than N2 and fE:E(M1+g) - E(Mz). Then

(M1+9)/f = M. or (M1+g)\f = M,_.. However, {e,f,qgl is a

2 2
circuit, and {e,f,g'} a cocircuit of Mi+g. Hence M2 is

not 3-connected; a contradiction. O

Several results which are used in the proof of
Theorem 6.1.5 are given next. The following result of
Oxley is used in the proofs of Lemmas 6.2.3 and 6.2.7.

The matroids SB' Pg, and Z4 are as given in Table 2.

6.2.2 Lemma [28,(2.6)]. If Q is a 3-connected binary

extension or lift of Sg then Q is isomorphic to one of

P9,P;, z,, and zz. 0

6.2.3 Lemma. The set {U, ,,Sg} is (3,1)-rounded.
r
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Proof. Suppose M is a 3-connected binary extension of Sg -
Then M is isomorphic to P9 or Z4 by Lemma 6.2.2. By Lemma
2.2.1, both Pg\e8 and Pg\e9 are isomorphic to SB' Hence
each element of P, is in some S -minor of Pg.

9 8

Let A4 be the binary matrix which represents 24

and is given in Table 2. From considering the automorphisms
induced by interchanging any two of the rows of A4, we

see that the group of automorphisms of Z4 is transitive on
{bl’bz’bB’b4}' Hence, for each x in {bl,bz,b3,b4},

Thus each element of Z4 is in some

ZN\X = 2,\b, = Sg.

Se—minor of Z4. The result follows by duality and Theorem
1.6.4. O

The binary matrices Al and A2 which represent SS
and AG(3,2), respecitvely, are given in Table 2. The next

lemma is due to Seymour.

6.2.4 Lemma [38,p.375]. S8 and AG(3,2) are the only

eight-element 3-connected binary non-regular matroids. U

We next restate Lemma 6.2.4 in a form that will be
used in the proof of Theorem 6.1.5. Let B be the binary

matrix given below.

I lo 1 1 x|

Figure 17 B I4 1 0 1 X,
1 1 0 xq

] 1 1 1 X,
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6.2.5 Corollary. If (xl,xz,x3,x4)T has exactly two

entries which are equal to one, then D(B) and D(A1)==S8

are isomorphic.

Proof. D(B) is a non-trivial extension of F; and hence
is 3-connected and non-regular. Since D(B) contains
a triangle, it is not isomorphic to AG(3,2). Hence, by

Lemma 6.2.4, D(B) = S O

8°
The next lemma may be proved using Theorem 1.2.3

and Lemma 6.2.4. This lemma is used in the proof of Lemma

6‘2.7.

6.2.6 Lemma. Let M be a 3-connected binary non-regular

matroid with at least eight elements. 'Then M has an

Sg= or an AG(3,2)-minor. O

The investigation of the relationship between triangles
in 3-connected binary matroids and the matroid s8 was

motivated by the following result.

6.2.7 Lemma. Let M be a 3-connected binary non-regular

matroid with at least nine elements. Then M has an

Sa-mlnor.

Proof. By Lemma 6.2.6, M has an SB— or an AG(3,2)-minor.
Suppose the latter holds. Then, by Theorem 1.2.3, M has,
as a minor, a 3-connected binary extension or lift M'

of AG(3,2). By duality, we may assume the former. Let
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A, be the binary matrix representing AG(3,2) that is

2
given in Table 2. Suppose the binary vector

v = (xi,xz,x3,x4)T is adjoined to A2 to give a representation
for M'. Evidently exactly two or four of the coordinates
of v are one. It follows from considering A2+v and applying

Corollary 6.2.5 that M' has an Sa-minOr. O

We now give some notation and observations which are
used in the proof of Theorem 6.1.5. Let Al’ AZ, A3, Ag, A4

and AZ be the binary matrices given in Table 2 that
represent SB' AG(3,2), Pg, P;, Z4, and ZZ, respectively.

The following notation is used. Let v, . .
11'12'0-0’13-

and w. . . denote the non-zero vectors in V{4,2)
llflzlouo'lj

and V(5,2), respectively, with a one in positions
il'iz""' and ij and a zero in all other positions. Hence

Vi2g4 < (1,1,0,1)" ana Wo3g = (0,1,1,0,1)T. computations

*
such as (P9 + wlzs)/eg\e4 = S5 are made as follows. Note

* . [ . .
that (A5 + w125)/e9\e4 is the matrix B of Figure 17 with
x1=x2=1 and x3=x4=0. Then, by Corollary 6.2.5, we see

”
that (P9 = w125)/e9\e4 = Sg-.

Proof of Theorem 6.1.5. If M has eight elements, then,

by Lemma 6.2.4, M is isomorphic to Sg or AG(3,2). As M
possesses a triangle the former occurs and the result
holds. Suppose M has at least nine elements. Then M

has an Sa-minor using e by Lemmas 6.2.3 and 6.2.7.
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Hence, by Theorem 6.1.4, M has a 3-connected minor M'

using {e,f,g} such that M' has a minor N' which is isomorphic
to Sg with |E(M') - E(N')| < 2. Thus M' has at most ten
elements. If M' has eight elements, then, as above, the

result holds.

6.2.8 Lemma. If M' has nine elements, then each triangle

of M' is in some Sg-minor of M’.

Proof. From Lemma 6.2.2 and the fact that M' possesses a

triangle, M' is isomorphic to one of P9,P;, and Z4. From
considering the matrix A3 representing Py, we see that
P9\e8 = P9\e9 = SB' Each triangle of P9 appears in an
SB-minor as {es,eg} is not contained in a triangle of P9.
As P;/e9 = SB’ each triangle of P; appears in an Ss—minor.

If x is in {bl,b b3,b4}, then Z,\x is isomorphic to Sg-

2!
Hence every triangle of Z4 appears in an Sa—minor:E
Now suppose that M' has ten elements. Then, by

Theorem 1.2.3, for some x in E(M'), either M'\x or M'/x
is isomorphic to a member of {PQ'P;’Zd'ZZ} . In the
latter case, as x is not contained in a triangle of M',
Lemma 6.2.8 implies that each triangle of M' appears in
an SB-minor. In the former case, by Lemma 6.2.8, it will

suffice to show the following. If M' is not isomorphic

to J then each triangle of M' containing x appears

10,
in an SB-minor. If M' is isomorphic to JlO' then each
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triangle of M' other than the join triangle appears in

an Ss-minor. These cases are treated in Lemmas 6.2.9

through 6.2.12. 1In light of the above remarks, to show,
for example, that all triangles of P9 + v,,45 are contained

in some S,-minor, we merely provide enough information

8

to show that all triangles of P, + v containing V103

9 123

appear in some Ss—minor.

6.2.9 Lemma. If M'\x is isomorghic>£g Pgs but M' is

not isomorphic to Ji0° then each triangle of M' appears

in an SB-minor. Every triangle of J,, other than

{es(eg,elo} appears in an SB-mlnor.

Proof. Suppose the non~zero column vector x of V(4,2)

is adjoined to the binary matrix A3 to obtain a representation
, . .

for M'. Evidently x is in {v123,v13,v14,v23,v24,v34}.

From the symmetry of A3 induced by interchanging rows

1 and 2, we may assume that x is contained in

In A, + Vi3r replace row i by row i +

{v1237V137 V14341 3
row 2 for each i in {3,4}. After interchanging rows 3

and 4 and suitably reordering the columns, we obtain

A3 + v14. Hence P9 + v13 and P9 + v14 are isomorphic.

Thus M' is isomorphic to P9 + x for some x in {v123,v13,v34}.

Now (P9+v123)\e7 = P, and hence each triangle of

Pg + V923

by Lemma 6.2.7, each triangle of P9 + v,,3 appears in some

containing V,,3 appears in an SB-minor. Thus,

Ss-minor. Similarly, as (P9+v13)\{e8,e9} is isomorphic
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to SB' each triangle of Pg + V,3 appears in an Sa—minor.
Let €19 = V3g- Then the binary matrix A3 + €0

represents J, with the representation as given in Table

1. Thus P9 + Vi, = Jy49- Since (P9+v34)\{e8,e9} is

isomorphic to SB' it follows that each triangle of P9 + Vi,

other than {e8,e9,v34} appears in an Sa—minor. O

6.2.10 Lemma. If M'\x is isomorphic to Z,, then each

triangle of M' appears in an Sa-minor.

Proof. M' is represented by A4 + x, where x is in

{vlz'v13,vl4,v23,v24,v34} . From the symmetry of A,

induced by interchanging any two of its rows, we may

assume that x = Vig- As A4 + vy, can be obtained from
Az + Vyo3
+ Vip3r We deduce that Z4 + V12 and P9 + Vi23 are

by reordering columns, and A3 + V53 represents
Pg

isomorphic. Thus the result follows by Lemma 6.2.8. O

6.2.11 Lemma. If M'\x is isomorphic to ZZ, then each

triangle of M' appears in an Ss-minor.

Proof. M' is represented by Az + x, where x is one of
the twenty-two non-zero column vectors of V(5,2) that are
different from those vectors which are columns of Az.
From the symmetry of AZ induced by interchanging any two

of rows 1, 2, 3, and 4, we may assume X is in

*
InA, + w

row i by row i + row 1 + row 4 for each i in {2,3,5}.
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After suitably reordering the columns, we obtain AZ + W, .

15

* * . . *
Thus Z4 + Wio3 and Z4 + w5 are isomorphic. 1In A4 + Wyogs
replace row i by row i + row 1 + row 3 for i = 2,4, and 5.

*
After suitably reordering the columns we obtain A4 + Wi,

* *
Hence Z4 + W55 and Z4 + w;, are isomorphic. It follows
*
that M' is isomorphic to Z4 + x for some x in

{Wy23457 Wi2347 Y1237 Wip5t-

* [ . .
Now (Z4 + w12345)/c4\ai is isomorphic to 88 for
» — » *
i=1, 2, 3, and 4. Hence each triangle of Z4 + Wi2345
*
appears in an SB-minor. Note that Z4 + Wyo3y has no
1] * [ . .
trlapgle. Now (Z4 + w123)/b4 is isomorphic to Z4. Thus
*
by Lemma 6.2.7, each triangle of Z4 + W;o3 appears in an

* 3 . (3
S,-minor. Since (Z4 + w125)/b1\a1 is isomorphic to SS’

8
*
every triangle of Z4 + w,,, appears in an SB-minor. =

*
6.2.12 Lemma. If M'\x is isomorphic to Py, then each

triangle of M' appears in an Sg-minor.
*
Proof. M' is represented by A3 + x, where x is in V(5,2).

By the symmetry of A; induced by interchanging rows 1 and

2, we may assume that x is in {w12345, Wi245’ Y1357 W1a37

Wi257 W1347 Y1357 Wig457 Y3457 Wiy Wigr Wigr Wigr Wayo

W35r Wygle
*
Replace row i by row 1 + row 1 in A3 for 1 = 3, 4,

*
and 5. After reordering the columns we obtain A3 again.

From performing the same row operations on x we may assume
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that x is not one of w12, w123, w125, w14, w15, and Wyge
*
Replace row i by row i + row 2 in A3 for i = 3, 4,

*
and 5 and then interchange rows 4 and 5. We obtain A3

again after a suitable reordering of the columns. From
performing the same row operations on x, we may suppose

%*
35° Hence M' is isomorphic to P, + x

X is not w or w 9

135

for some x in {Wy,3.57 Wyoy5r Wyp35r Wyggr Wiggr Wayge

Wigr Waste

. . . *
Now, W;,35 appears in no triangle of Py + Wis3s-

The following computations show that each triangle of
*

P9 + X appears in an 58

following matroids is isomorphic to S

-minor for these x. Each of the
8:
* *
(Pg + Wyp3g5)/eq\e3s (Pg + wyyy5)/eg\ey,
%* *
(Pg + wy34)/eg\egs (Pg + Wy c)/eg\e,,
* %
(Pg + wyss)/eg\eys (Pg + wy,)/eg\e,,
*
(P9 + w45)/e7\e3.E

It follows from Lemmas 6.2.9 through 6.2.12 that if
M' has ten elements, then each triangle of M' appears in

an Sa-minor of M'. This completes the proof of Theorem

6.1.5.D

The next lemma is used in the proof of Theorem 6.1.6.

6.2.13 Lemma. Let {e,f,g} be a triangle of a 3-connected

binary matroid M which has an M(w4)-minor: "Then"M has an

M(W,)- or an M(K -a)-minor using {e,£,g9}.
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Proof. By Lemma 2.2.4, M has a minor N1 which is

isomorphic to M(w4) and uses {e,f}. If g is in E(Nl),
then the result holds. Otherwise, by Lemma 6.2.1, we may

suppose that N, + g is 3-connected. It follows from

1

Lemma 2.2.3 that N, + g is isomorphic to one of

1
M(Ks-a), M*(K3 3), and P9. The contraction of any edge
14

of K3 3 produces a w4-minor. Hence as M(w4) is self-dual,
’

each triangle of M*(K3 B)appears in an M(w4)—minor. By

Lemma 2.2.1, P9\x is isomorphic to M(w4) if x is in

g appears in an

M(w4)-minor. It follows that {e,f,g} appears in an

{el,ez,es,es}. Thus each triangle of P

M(w4)—minor of N. + g. OO

1
We now use Lemma 6.2.13 to generalize Theorem 6.1.5

to the class of binary matroids.

Proof of Theorem 6.1.6. It follows from Theorem 1.2.2 that

M has an M(w3)-minor. If M also has an M(w4)—minor, then
the result holds by Lemma 6.2.13. Suppose that M has no
M(w4)—minor. Then, by Theorem 1.2.3, M has a 3-connected

binary extension or 1lift of an M(w3)-minor as a minor.
*
Hence, M has an F7- or F7-minor and therefore is non-regular.

By Theorem 6.1.5, M has an S_- or Jlo—minor using {e,f,q}.

8
In the first case, the result holds. Suppose the second
case holds. Observe from the representation of J10 given
in Table 1, that if one of e e,r €., and ec is deleted

2 5
from J10 we obtain the generalized parallel connection
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across a triangle of two M(W3) matroids. This is the
matroid M(Ks-a) . Hence each triangle of Jlo appears in

an M(Ks-a)-minor. O



10.

11.

Bibliography

T. Asano, T. Nishizeki, and P. D. Seymour, A note
on non-graphic matroids, J. Combin. Theory Ser. B
37(1984), 290-293.

R. E. Bixby, {-matrices and a characterization of
binary matroids, Discrete Math. 8 (1974), 139-145.

R. E. Bixby, A simple theorem on 3-connectivity,
Linear Algebra and its Applications 45 (1982),
123-126.

R. E. Bixby and C. R. Coullard, Finding a small
3-connected minor maintaining a fixed minor and a
fixed element, Combinatorica 7 (1987), 231-242.

J.A. Bondy and U.S.R. Murty, "Graph Theory with

Applications", North-Holland, 1976.

T. H. Brylawski, A decomposition for combinatorial
geometries, Trans. Amer. Math. Soc. 171 (1972),
235-282.

T. H. Brylawski, Modular constructions for
combinatorial geometries, Trans. Amer. Math. Soc.
203 (1975), 1-44.

T. H. Brylawski and D. Kelly, "Matroids and
Combinatorial Geometries", Carolina Lecture Series,
University of North Carolina at Chapel Hill, 1980.

T. H. Brylawski and D. Lucas, Uniquely representable
combinatorial geometries, Teorie Combinatorie,

Proc. 1973 Internat. Collog. (Accademia Nazionale
dei Lincei, Roma, 1976), pp. 83-104.

C. R. Coullard, "Minors of 3-connected matroids and
adjoints of binary matroids", Ph.D. Thesis,
Northwestern University, 1985.

C. R. Coullard, Counterexamples to conjectures on
4-connected matroids, Combinatorica 6 (1986), 315-320.

146



147

Bibliography cont.

12.

13.
14.

15.

16.
17.
18.

19.
20.
21.

22.
23.

24.

C. R. Coullard, On chains of 3-connected matroids,
Discrete Applied Math. 15 (1986), 155-166.

C. R. Coullard and T. J. Reid, Subsets of 3-connected
matroids, in prepardtion.

H. H. Crapo, Single-element extensions of matroids,
J. Res. Nat. Bur. Standards Sect. B 69 (1965), 55-65.

H. H. Crapo and G. C. Rota, "On the Foundations of
Combinatorial Theory: Combinatorial Geometries",
(preliminary ed., M.I.T. Press, Cambridge, Mass.,
1870) .

W. H. Cunningham, On matroid connectivity, J. Combin.

Theory Ser. B 30 (1981), 94-99.

"T. Inukai and L. Weinberg, Theorems matroid

connectivity, Discrete Math. 22 (1978), 311-312.

J. Kahn, A problem of P. Seymour on non-binary
matroids, Combinatorica 5(1985), 319-323.

J. P. S. Kung, Growth rates and critical exponents
of classes of binary combinatorial geometries,

Trans. Amer. Math. Soc. 293 (1986), 837-8B59.

S. MacLane, Some interpretations of abstract Linear
dependence in terms of projective geometry, Amer.

J. Math. 28 (1937), 22-32.

J. G. Oxley, On a matroid generalization of graph
connectivity, Math. Proc. Camb. Phil. Soc. 90 (1981),
207-214.

J. G. Oxley. On matroid connectivity, Quart. J. Math.
Oxford (2)32 (1981), 153-208.

J. G. Oxley, On 3-connected matroids, Canad. J. Math.
33 (1981), 20~-27.

J. G. Oxley, On singleton l=-rounded sets of matroids,
J. Combin. Theory Ser. B 37(1984), 189-197.




148

Bibliography cont.

25. J. G. Oxley, On the intersections of circuits and
cocircuits in matroids, Combinatorica 4 (1984),
187-195.

26. J. G. Oxley, A characterization of the ternary
matroids with no M(K4)-minor, J. Combin. Theory
Ser. B 42 (1987), 212-249.

27. J. G. Oxley, On non-binary 3-connected matroids,
Trans. Amer. Math. Soc. 300 (1987), 663-679.

28. J. G. Oxley, The binary matroids with no 4-wheel
minor, Trans. Amer. Math. Soc. 301 (1987), 63-=75.

29. J. G. Oxley, The regular matroids with no 5-wheel
minor, J. Combin. Theory Ser. B, to appear.

30. J. G. Oxley and T. J. Reid, The smallest rounded
sets of binary matroids, submitted.

31. J. G. Oxley and D. Row, Fixing elements in matroid
minors, submitted.

32. R. Rado, Note on independence functions, Proc.
London Math. Soc. 7 (1957), 300-320.

33. T. J. Reid, Triangles in 3-connected matroids,
submitted.

34. W. R. H. Richardson, Decomposition of chain-groups
binary matroids, Proc. Fourth Southeastern Conference
on Combinatorics, Graph Theorey, and Computing
(Utilitas Mathematica, Winnipeg, 1973) 463-476.

35. P.D. Beymour, A note on the production of matroid
minors, J. Combin. Theory Ser. B 22(1977), 289-295.

36. P. D. Seymour, Decomposition of regular matroids,
J. Combin. Theory Ser. B 28 (1980), 305-359.

37. P. D. Seymour, On minors of non-binary matroids,
Combinatorica 1 (1981), 387-394.

38. P. D. Seymour, Minors of 3-connected matroids,
Europ. J. Combin. 6 (1985), 375-382.



149

Bibliography cont.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

P. D. Seymour, Adjacency in binary matroids, Europ.
J. Combin. 7(1986), 171-176.

P. D. Seymour, Triples in matroid circuits, Europ.
J. Combin. 7(1986), 177-185.

P. D. Seymour, Matroid structure, (to appear).
F. T. Tseng, K. Truemper, A decomposition of the

matroids with the max-flow min-cut property, Discrete
Applied Math. 15(1986), 329-364.

W. T. Tutte, A homotopy theorem for matroids, II,
Trans. Amer. Math. Soc. 88(1958), 161-174.

W. T. Tutte, A theory of 3-connected graphs, Nederl.
Akad. Wetensch. Proc. Ser. A 64(1961), 441-455.

'W. T. Tutte, Lectures on matroids, J. Res. Nat. Bur.

Standards Sect. B 69 (1965), 1-48.

W. T. Tutte, Connectivity in matroids, Canad. J. Math.
18 (1966), 1301-1324.

D. J. A. Welsh, "Matréid Theory", Academic Press,
London, 19%76.

N. White, editor "Theory of Matroids", Cambridge
University Press, 1986.

E. Whitney, 2-isomorphic graphs, Amer. J. Math.
55(1933), 245-254.



Appendix 1 Index of Notation

The following is a list of freguently used notation

and the page on which it was introduced.

A\e ... deletion of column e from mat;ix A, 138

A/e ... contraction of column e from matrix A, 138
AG(n,qg) ... rank-(n+l) affine geometry over GF(g), 3
C,AC

172
C(e,B) ... fundamental circuit of e in base B, 21

... symmetric difference of sets C1 and C2, 15

D(A) ... dependence matroid of matrix A, 15
dG(V) ... degree of vertex v in graph G, 57
E(M) ... ground set of matroid M, 1

E(H) ... set of edges of graph H, 125

F7 ... Fano matroid, 3 ‘

G\e ... deletion of edge e from graph G, 60

G/e ... contraction of edge e from graph G, 60

G(v,e) ... set of agraphs obtained by splitting vertex v
of G, 57

GF(g) ... Galois field with g elements, 3
kM(x,Y) veo 118

Kn ... complete graph on n vertices, 2

Ks-a ... graph obtained by deleting an edge of KS’ 2

K3'3 oee 3

M* ... dual of M, 2

150



151

S
M ... simplification of M, 2

ﬁ «e. Cosimplification of M, 2

M(G) ... cycle matroid of G, 8

MNY ... deletion of Y from matroid M, 1

M/Y ... contraction of Y from matroid M, 1

M|Y ... restriction to Y of matroid M, 1
PF(M,N) ... generalized parallel connection, 13
rkMY .. rank of ¥ in M, 2

rkY ... 2

rkM ... 2

UM(Y) ..» Closure of Y in M,‘2

(T a sequence of subsets, 38

ik o
Ur,n ... n-element uniform matroid of rank r, 3

V(r,q) ... vector space of n-tuples over GF(g), 3

V(r,q)' ... non-zero elements of V(r,q), 3

V(r,2)|S ... restriction to S of matroid induced on V(r,2), 38
V(G) ... set of vertices of graph G, 57

w? ... wheel graph with 2n edges, 3

w® ... whirl matroid with 2n elements, 3

(w,,w,) ... edge joining vertices w., and w,, 57
1772 1 2



Appendix 2 Index of Definitions

binary matrix ... 15
binary matroid ... 15

chain ... 38

cofree element ... 20

connected ... 6

contraction ... 1

cosimplification ... 2
deletion ... 1
essential element ... 6
extension determined by a modular cut ... 13
extension of a matroid ... 11
free element ... 19
freely adding to a flat ... 19
freely adding to a matroid ... 19
fundamental circuit ... 21
generalized parallel connection ... 13
join~-triangle of Jlo eee 131
(k,m)-rounded ... 23

(k,m)-rounded within a class ... 31
(k,m)o—rounded «es 90
k—separation~... 6
lift of a matroid ... 11
line in a matroid ... 2

minimal with respect to a minor and a set ... 104
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modular cut ... 12

modular cut generated by a set of flats ... 12
modular £lat ... 12

modular pair of flats ... 12
n-connected ... 6

N-minor ... 1

non-trivial extension ... 11
non-trivial 1lift ... 11
orthogonality ... 2

parallel class ... 2
parallel elements ... 1
plane in a matroid .... 2
principal mocdular cut ... 12
proper minor ... 1
representable over a field ... 15
restriction ... 1

series class ... 2

series elements ... 2
simplification ... 2
splitting a vertex ... 57
triad ... 2

triangle ... 2

uses a set ... 1
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