Louisiana State University

LSU Scholarly Repository

LSU Doctoral Dissertations Graduate School

2017

Moduli Spaces of Flat GSp-Bundles

Neal David Livesay
Louisiana State University and Agricultural and Mechanical College

Follow this and additional works at: https://repository.lsu.edu/gradschool_dissertations

b Part of the Applied Mathematics Commons

Recommended Citation

Livesay, Neal David, "Moduli Spaces of Flat GSp-Bundles" (2017). LSU Doctoral Dissertations. 4416.
https://repository.Isu.edu/gradschool_dissertations/4416

This Dissertation is brought to you for free and open access by the Graduate School at LSU Scholarly Repository. It
has been accepted for inclusion in LSU Doctoral Dissertations by an authorized graduate school editor of LSU
Scholarly Repository. For more information, please contactgradetd@Isu.edu.


https://repository.lsu.edu/
https://repository.lsu.edu/gradschool_dissertations
https://repository.lsu.edu/gradschool
https://repository.lsu.edu/gradschool_dissertations?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F4416&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/115?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F4416&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.lsu.edu/gradschool_dissertations/4416?utm_source=repository.lsu.edu%2Fgradschool_dissertations%2F4416&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:gradetd@lsu.edu

MODULI SPACES OF FLAT GSP-BUNDLES

A Dissertation

Submitted to the Graduate Faculty of the
Louisiana State University and
Agricultural and Mechanical College
in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy
in

The Department of Mathematics

by
Neal David Livesay
B.S. in Math., Longwood University, 2008
M.S., Virginia Commonwealth University, 2010
M.S., Louisiana State University, 2012
August 2017



Acknowledgments

It is a pleasure to thank Professor Daniel Sage for his guidance. He is exceptional
both as a mathematician and as a dissertation advisor. I am honored to acknowl-
edge the support of a VIGRE Traineeship from the National Science Foundation
and a Dissertation Year Fellowship from the Louisiana State University Graduate
School. I am grateful for the service of my advisory committee, which includes Pro-
fessors Pramod Achar, William McMillin, Gestur Olafsson, and Milen Yakimov.
Finally, I am thankful to my mom for her many sacrifices on behalf of me and my

education.

il



Table of Contents

Acknowledgments . ..... ... ... i
ADSETaCt ... iv
Chapter 1: Introduction .......... ... .. .. 1
Chapter 2: The Symplectic Vector Space, Group, and Algebra .............. 6
2.1 Symplectic Vector Spaces . . . . . . . ... 6
2.2 Symplectic and General Symplectic Groups . . . . . . . . ... ... 8
2.3 The Root System of Type C and the Category of Representations . 9
2.4 The Weyl Group W (C,,) and Regular Elements . . . . . ... ... 11
2.5 Symplectic Flags . . . . .. .. ... ... o 13
Chapter 3: Flat GSp-Bundles and Strata ................................... 15
3.1 Symplectic Lattice Chains . . . . . . . ... .. ... ... ..... 16
3.2 Formal Flat Vector Bundles . . . . .. ... ... ... ... .... 20
3.3 Formal Flat GSp,,-Bundles . . . . . ... ... ... ... .. ... 24
3.4 The Bruhat-Tits Building Z(GSp,,) and Moy-Prasad Filtrations . 26
3.5 Strata and Stratum Containment for Flat GSp,,,-Bundles . . . . . . 29
Chapter 4: Tori of Regular Type and Compatible Filtrations for GSp,,, ..... 32
4.1 Tori of Regular Type . . . . . . . . . ... ... 33
4.2 Compatible Filtrations . . . . . . . . ... ... ... ... ..... 45
4.3 Tame Corestriction . . . . . . . ... .. ... 50
4.4 Regular Strata . . . . . ... 54
4.5 Useful Lemmas . . . . ... ... ... ... 55
Chapter 5: Moduli Spaces of Flat GSp,,-Bundles on P* .................... 58
5.1 Flat GSpy,-Bundleson P* . . . . ... ... ... .. L. 58
5.2 Extended Orbits . . . . . . .. ... 61
5.3 Construction of Moduli Spaces . . . . . .. .. ... .. ... .. .. 79
References .. ... 83
N 85

il



Abstract

A classical problem in the theory of differential equations is the classification
of first-order singular differential operators up to gauge equivalence. A related
algebro-geometric problem involves the construction of moduli spaces of meromor-
phic connections. In 2001, P. Boalch constructed well-behaved moduli spaces in the
case that each of the singularities are diagonalizable. In a recent series of papers,
C. Bremer and D. Sage developed a new approach to the study of the local behav-
ior of meromorphic connections using a geometric variant of fundamental strata,
a tool originally introduced by C. Bushnell for the study of p-adic representation
theory. Not only does this approach allow for the generalization of diagonalizable
singularities, but it is adaptable to the study of flat G-bundles for G a reductive
group.

In this dissertation, the objects of study are irregular singular flat GSp,,,-bundles.
The main results of this dissertation are two-fold. First, the local theory of funda-
mental strata for GSp,,-bundles is made explicit; in particular, the fundamental
strata necessary for the construction of well-behaved moduli spaces are shown to
be associated to uniform symplectic lattice chain filtrations. Second, a construction
of moduli spaces of flat GSp,,,-bundles is given which has many of the geometric

features that have been important in the work of P. Boalch and others.
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Chapter 1

Introduction

A fundamental problem in the theory of differential equations is the classification of
first-order singular differential operators up to gauge equivalence. A modern variant
of this problem, rephrased in the language of algebraic geometry, involves the
construction of moduli spaces of meromorphic connections on a complex algebraic
curve C.

Meromorphic connections are well-understood in the following situation. Let
V 2 0% be a trivializable rank n vector bundle over the Riemann sphere P!, and
let V be a meromorphic connection on V' with an irregular singularity at the point
y. Fix a local parameter z at y. Then, once one picks a trivialization, V can be

expressed locally as:

V=d+ (M_.z27"+ M_,pz7"" +..) %

with M; € gl,(C) and r > 0. Important information about the connection can be
extracted from an analysis of the leading term M_,.. For example, if the leading
term is not nilpotent, then r is an invariant of the connection known as the slope.
Roughly, the slope is a measure of the “irregularity” of the connection. For example,
if the slope is 0, then the connection is said to be reqular singular. If the slope is

positive, then the connection is irreqgular singular.



More can be said when the leading term is regular semisimple, for » > 0. In
this case, a classical result due to Wasow [19] guarantees that all terms of V can
be simultaneously diagonalized; i.e., there exists a trivialization with the property

that

V=d+ (D_,z"+ Dz +..) d?'z

where D; is a diagonal matrix. The diagonal one-form appearing in this expression
is known as a formal type. Meromorphic connections with formal types at each
irregular singularity have been studied extensively in recent years. In particular,
P. Boalch [2] constructed moduli spaces of meromorphic connections on P! with
specified formal types at each irregular singularity.

However, there are many interesting meromorphic connections that do not have
regular semisimple leading terms. For example, E. Frenkel and B. Gross [9] con-

sidered a connection of the form

0 2!
V =d+ &
1 0
) - (1.1)
0 1 00
=d+ z7h+ &
0 0 10

In this case, the leading term is not regular semisimple. Moreover, it is nilpotent.
Hence, the classical analysis of leading terms fails to produce a canonical form for

the connection matrix, and fails to compute the slope.



In a recent series of papers [5, 6, 7], C. Bremer and D. Sage generalized the notion
of leading term using a geometric theory of fundamental strata. Fundamental strata
were originally developed by C. Bushnell [8] to study p-adic representation theory.
The key observation of Bremer and Sage was that fundamental strata play an
analogous role in the p-adic setting to that of a nonnilpotent leading term in
the geometric setting. Some of the primary benefits of the approach of studying

connections via fundamental strata are as follows:

e While it is not always the case that a connection has a nonnilpotent leading

term, it is always the case that a connection contains a fundamental stratum.

e C. Bremer and D. Sage defined a generalization of regular semisimple leading
term called a regular stratum. Many of the interesting connections which do
not have a regular semisimple leading term, such as the Frenkel-Gross con-
nection in Equation (1.1), contain a regular stratum. Connections containing
a regular stratum can be “diagonalized” to a generalized formal type ([5,
Theorem 4.13]). A construction of moduli spaces of connections on P! with

these generalized formal types is described in [5, Theorem 5.6].

e The approach of studying connections via strata is purely Lie theoretic. In
particular, this approach can be adapted to the study flat G-bundles, for G

a reductive group.



The focus of this dissertation is on flat GSp,,,-bundles, where GSp,,, is the general

symplectic group. The two primary accomplishments are as follows.

1. The local theory: The theory of regular strata and formal types for flat GSp,,,-

bundles is made explicit.

2. The global theory: Constructions of moduli spaces of flat GSp,,,-bundles anal-

ogous to the constructions of Boalch, Bremer, and Sage are described.

More specifically, it is shown in Chapter 4 that regular strata can be described in
terms of uniform symplectic lattice chain filtrations. This mirrors the situation for
flat GL,-bundles [5, 7], where (strongly uniform) regular strata can be described
in terms of uniform lattice chain filtrations. The construction of moduli spaces of
flat GSp,,,-bundles in Chapter 5 is very similar to the construction for GL,. This
may suggest that constructions of moduli spaces of other flat G-bundles can be
carried out similarly.

There are a few important things to note about the work in this dissertation.
First, it is not known whether general fundamental strata for GSp,,-bundles can
be described in terms of lattice chains. L. Morris [14] shows that, in the case
that G is a classical group, the fundamental strata in the p-adic setting can be
described in terms of a generalization of the class of lattice chain filtrations known
as C-filtrations. A potential next-step project involves adapting these results to

the geometric setting. Second, the definition of stratum containment for GSp,,, -



bundles is simplified in Proposition 3.7. This result depends on the category of
representations for GSp,,, satisfying certain properties (Lemma 2.2), which may
not be true for the category of representations of general reductive groups. Another
next-step project involves the investigation of analogous results to Proposition 3.7
for other groups. Finally, many of the results necessary for the construction of
moduli spaces in this dissertation do not depend on regular strata being defined
in terms of lattice chain filtrations. This may suggest that many of aspects of the
constructions of moduli spaces in this dissertation are generalizable. A final next-
step project involves an investigation into the construction of moduli spaces for

general flat G-bundles.



Chapter 2

The Symplectic Vector Space, Group,
and Algebra

This chapter recalls some well-known definitions and facts related to the represen-
tation theory of the symplectic and general symplectic group. For those inclined

to skim or skip this chapter, please note the following highlights:
e The standard ordered symplectic basis is described in (2.1).
e Lemma 2.2 is a critical component of the proof of Theorem 4.13.

e Equation 2.2 is useful for explicit computations of the moduli spaces de-

scribed in Chapter 5.

2.1 Symplectic Vector Spaces

Let £ D R be an algebraically closed field of characteristic 0. A symplectic k-vector
space (V,w) is a k-vector space V' equipped with a nondegenerate, skew-symmetric
bilinear form w. It is straight-forward to show that any finite-dimensional symplec-

tic vector space has a symplectic basis

{617627---76n7f17f27'"afn}

with the property that w(e;, f;) = —w(fj,e:;) = ;; and w(e;,e;) = w(fi, fj) = 0.

With respect to the basis order

(617627---7€n7fn7fn717-"7f1)7 (21)



the bilinear form w is represented by the matrix

where K is the n x n matrix with 1’s on the anti-diagonal:

This particular basis order ensures that the Borel subgroup for the symplec-
tic group defined in Section 2.3 is upper triangular. In this paper, this ordered
symplectic basis will be called the standard symplectic basis; unless otherwise
stated, elements, endomorphisms, and bilinear forms of symplectic vector spaces
will be expressed with respect to this ordered symplectic basis (when expressed
in coordinates). Note that much of the literature (e.g., [16]) uses the basis order
(e1,€2, ... €n, f1, f2,- -, fn). When it is convenient, the standard symplectic basis
will be written as (e1, €a,...,€n, €ni1,Enia, ..., e2,) (Where e,; = fry1-; for f; as
defined as in (2.1)).

Recall that the transpose A’ of a square matrix A is defined by [A"];; = [A];..

Define the weird transpose A% of a k x k square matrix A by [A"']i,j = Apt1—jkt1-i-



For example, the weird transpose of a 3 x 3 matrix is illustrated below:

—_ - * —_ -
ai; Qa2 a3 a3z Q23 A13
(21 Q22 Q23| — |az2 az app
ag1 asz g3 @31 A91 A11

2.2 Symplectic and General Symplectic Groups

Let (V,w) be a symplectic vector space. The general symplectic group GSp(V') (or
the group of symplectic similitudes) is the group of automorphisms g of V' pre-
serving w up to an invertible scalar; i.e., the group of ¢ € GL(V) such that, for
all v,w € V, w(gv, gw) = A(g)w(v,w) for some invertible scalar A(g). The sym-
plectic group Sp(V') is the subgroup of GSp(V') consisting of elements preserving
the symplectic form; i.e., Sp(V') consists of all g € GSp(V') for which A(g) = 1. In

coordinates,
GSpy,, := GSp(k**) = {g € GLa, |g'Jg = A(g)J for some A(g) € G, } .
The general symplectic group is a central extension of the symplectic group
1 — Sp,,, = GSp,,, = G, — L.

Note that Sp, = SLs and GSp, = GLs,.
The (matriz) symplectic Lie algebra sp,, is the set of endomorphisms X of k"

satisfying w(Xv,w) + w(v, Xw) = 0. In coordinates,

5Py, = {X € gly, : X'J+JX =0}.



Consequently, elements X in sp,,, have block form

where B = B* and C' = C*. The (matriz) general symplectic Lie algebra gsp,,, is
the direct sum

g5Ps,, = Po, © k-sp{/}
where [ is the 2n x 2n matrix with 1’s on the diagonal and 0’s elsewhere.

Unlike the general linear Lie algebras, the symplectic Lie algebras are not nec-

essarily associative. This fact is a consequence of the following useful lemma.

Lemma 2.1. Suppose X € sp,,,. Then X™ is symplectic if and only if m is odd

or X™ =0.

Proof. This follows immediately from the fact that X € sp,, if and only if X™J =

XX = = (=1)"X™ 0

Note that the above lemma does not extend to all elements of gsp,, ; in particular,

(vI)™ € gsp,,, for all field elements v and positive integers m.

2.3 The Root System of Type C and the Category of Representations
The symplectic group Sp,,, is connected, simply connected, and semisimple, and
the general symplectic group GSp,,, is connected and reductive. Fix a maximal

torus Tsp, C Spy, of the form

TSan - {diag<a17 ceey Ony G b 7afl)‘ai € k*} = GZ@)

n



and a maximal torus 7" C GSp,,, of the form

. ApQpi1 Ap Q41 * ~ ~n+1
T = {d1ag(a1,...,aman+1, e Na; € k" p = G
Ap—1 (451

The Lie algebra tg,, of Tgp, has the form
{(ar,... a4, —ap,...,—a1)|a; € k} Zk".

We will regularly specify a point in tg,, by referring to its first n coordinates
(a1,...,a,).

Denote the characters and cocharacters of T" by X* and X, respectively. The
group of characters X* are generated by {x;},_,, where

. Anpa
Xi(dlag(a'h'"7an7an+17"'a 2 n+1)) = Q.
ap—1

The set of roots with respect to T"is ® = {%x; + x; —{0}, and corresponds

}1§i,j§n

to the Dynkin diagram C), for n > 2. Fix simple roots

A:{Xl_X27X2_X37"'7Xn—1_XTZ72X7L}'

The Borel subalgebra b and subgroup B corresponding to this set of simple roots
are upper triangular with respect to the standard symplectic basis defined in Sec-
tion 2.1.

Let Rep(GSp,,) denote the category of finite-dimensional representations of

GSp,,,. The following result will be useful in Section 3.7.

Lemma 2.2. Rep(GSp,,,) is generated from the standard representation V' and the

operations of taking subrepresentations, duals, direct sums, and tensor products.

10



Proof. The representations of the Lie algebra sp,, can be generated as such [10].
Since Sp,,, is simply connected, it follows from [11, Theorem 5.6] that the represen-
tations of sp,, and Rep(Sp,,) correspond functorially. Finally, since Rep(GSps,,,)
is generated from Rep(Sp,,) and the determinant representation /\2" V' via direct

sum, the claim follows. O

2.4 The Weyl Group W (C,) and Regular Elements

The Weyl group W = W(C,,) of type C, (for n > 2) is isomorphic to the hype-
roctahedral group of order 2"n!. In [4, Proposition 24], Carter gives a clear and
concise description of the elements and conjugacy classes of W, which is largely
repeated verbatim here. The elements of W act on the weights {+x;};_, for the
standard representation by permuting elements of {x;};_, and changing the signs
on a subset of them. To elaborate, each element w € W determines a permutation

of {1,2,...,n}, and this permutation can be expressed as a product of cycles. Let

(k1ko ... k) be such a cycle. Then w acts via
Xk, j:sz — :f:)(k,3 = .= j:an — j:X/ﬁ'

The cycle is said to be positive if w"(x1) = x1 and negative if w"(x1) = —xi1-
The lengths of cycles together with their signs give a set of positive and negative
integers called the signed cycle-type of w. For example, in W(C5), the identity
element has signed cycle-type (1 1), the involution given by x; — —x; — X;
for i € {1,2} has signed cycle-type (—1 — 1), and the Coxeter element given by

X1 X2 — —X1 — —X2 — X1 has signed cycle-type (—2). Conjugacy classes in W

11



(which will henceforth be called Weyl classes for brevity) are determined by their
signed cycle-type.

In Chapter 4, Weyl classes consisting of reqular elements are of particular in-
terest. More information on regular elements for Coxeter groups can be found in
[18]. The regular Weyl classes in W(C,,) are characterized by the following signed

cycle-types:

(di) = (dd...d) for d|n odd, and

2777,
<<_C_l> ) = <—£l _gl_c_l) for d|2n even.
2 2 2 2

Note that there is exactly one regular Weyl class in W (C,,) consisting of order d
elements for each divisor d of 2n. Also note that, for all n, the conjugacy class (1")
of the identity element and the class (—n) of Coxeter elements are regular. For

quick reference, the regular Weyl classes for 2 < n <9 are given below.

[S]

Regular classes in W (C),)

12



2.5 Symplectic Flags

The symplectic complement W< of a linear subspace W C V is defined to be
W ={v eV :w,w)=0 for all w € W}. Notice that a linear subspace W of a
symplectic vector space V is not necessarily symplectic; in fact, this is only the
case precisely when W N W< = (). Recall that a flag .% in a k-vector space V is
a sequence {F’}ZO of k-subspaces F'* C V that is decreasing; i.e., F'* D F! for
all 0 < i < m. A symplectic flag in a symplectic k-vector space V is a sequence

{F'}, of k-subspaces F'" C V that is decreasing and closed under symplectic

complements. In other words, .% satisfies the following properties:

o F' D FHlforall 0 <i<m—1,and

e for every i, there exists some j such that F’/ = (F")~.

Note that in order for a k-linear subspace to belong to a symplectic flag, it must be
comparable to its symplectic complement via inclusion; i.e., it must be isotropic,
coisotropic, or Langrangian. For example, F' = k-span {ey, f1} is not comparable
to its symplectic complement F* = k-span {es, fo}.

The signature of a symplectic flag { F}.", is the sequence (dim(F"))",. A com-
plete symplectic flag is a symplectic flag with signature (dim(V') — i)?izrg(v). There

is a simply transitive action of GSp(V') on the space of all symplectic flags in V

with orbits parametrized by signature. Parabolic subgroups (resp. Borel subgroups)

13



can be defined alternatively as the stabilizers of symplectic flags (resp. complete
symplectic flags).

A standard symplectic flag in k*" is a symplectic flag where each subspace F* is
defined as the k-span of some subset of the standard symplectic basis. A symplectic
flag (and its parabolic subgroup and subalgebra) is uniform if d; — d;11 is a fixed
constant for all 7.

The set of all complete symplectic flags in a symplectic vector space is a principal
homogeneous space called the symplectic flag variety, and is commonly identified
with B\ GSp,,,. The expression below provides a distinct set of representatives for
this quotient group:

|_| Bw (w'UPwNU) (2.2)

weW

where U is the unipotent radical of B. This expression is useful for explicit con-

structions of the moduli spaces described in Chapter 5.

14



Chapter 3
Flat GSp-Bundles and Strata

The focus of this chapter is the local theory of flat GSp,,,-bundles. In particular,
formal flat GSp-bundles are discussed in Section 3.3, and strata are discussed in
Section 3.5. A key component of a stratum is a specification of a well-behaved fil-
tration on the loop algebra g?p?t Specifically, the role of a well-behaved filtration
on the loop algebra is played by the Moy—Prasad filtrations [15], which is a class
of filtrations indexed by points in the Bruhat-Tits building for G/Sp\zn These are
discussed in Section 3.4. In Chapter 4, it is shown that the Moy—Prasad filtrations
corresponding to symplectic lattice chains are sufficient for the study of a special
type of strata, called regular strata. Symplectic lattice chains are discussed in Sec-
tion 3.1, and regular strata are discussed in Section 4.4. Note that much of this
chapter consists of restatements of the theory introduced or discussed in [5, 6, 7]
for the specific case that G = GSp,,,.

The following conventions are fixed henceforth. Let F' := k((z)) be the field of
formal Laurent series over k with ring of integers o = k[z]. Write A* := Spec(F)
for the formal punctured disk, and Q! := QL Ik for the space of differential one-
forms on A*. Denote the Euler vector field z(% by 7. Let ¢, be the inner derivation
(or contraction) by 7, so that the order —1 one-form v := % is the unique one-form

satisfying ¢,(v) = 1. Any one-form w € Q! can be written w = ¢, (w)r where ¢,

15



is the inner derivation of a differential form by 7. For a given reductive group G,
denote the loop group G(F') by G and the loop algebra g®@ F by §. If V € Rep(G),

denote the representation V ® F' of G by V.

3.1 Symplectic Lattice Chains

Let V be a 2n-dimensional vector space over F. An o-lattice L C V is a finitely
generated o-module with L ®, ¥ = V. If L is a lattice, then the set L* =
{veV :w,L)Co} is a lattice, called the dual lattice of L. Two lattices L and
L' are defined to be homothetic if L = fL’ for some f € F*. The space of lattices
homothetic to L is precisely {ZiL}z‘eZ‘ A symplectic lattice is a lattice L with the
property that the set of lattices generated from L by homothety and duality (or,
equivalently, the set of lattices homothetic to L or L*) is totally ordered by inclu-
sion (i.e., a chain). For example, the dual of the lattice L = o-span {ey, ea, fo, 2f1}
is L* = o-span {z ey, €9, fo, f1}. The set of lattices homothetic to L or L* can be

totally ordered by inclusion

D2 WD LD L DLD 2L D 2L D ...

Hence L is a symplectic lattice. On the other hand, the lattice L' = o-span{zey,
27 eqy, fa, f1} is not symplectic, since the dual lattice (L')* = o-span{ey, es, 2 fo,
271 f1} is not comparable to L’ via inclusion. This discussion naturally motivates

the next definition.

16



Definition 3.1. A symplectic lattice chain £ is a collection of lattices {L'},,
that is decreasing and closed under homothety and duality. In other words, £

satisfies the following properties:
o L' D LY
o Lt¢ = 2L" for some fired ¢ = ey (called the period of £ ), and

o if Le L, then L* € L.

Note that any lattice appearing in a symplectic lattice chain is automatically a
symplectic lattice. A complete symplectic lattice is a symplectic lattice chain with
period e = 2n.

There is a simply transitive action of GSp(V') on the variety of symplectic lattice
chains. A parahoric subgroup P C GSp(V) is the stabilizer of a symplectic lattice
chain .Z; i.e.,

P={geGSp(V): gL' =L foralli}.
A parahoric subalgebra p C gsp(V') is the Lie algebra of a parahoric subgroup P.
Equivalently,
p={Xegsp(V): XL' C L' for all i} .
An Twahori subgroup I is the stabilizer of a complete symplectic lattice chain, and
an [wahort subalgebra i is the Lie algebra of an Iwahori subgroup 1.
Suppose that V = V, ®; F for a given symplectic k-vector space V. There

is a distinguished lattice V, = Vi ®; 0, and a map p : V, — Vj induced by

17



the k-linear “evaluation 0” map o — k (determined by z +— 0). Any subspace
W C Vi that is comparable to its symplectic complement (i.e., any W that is
isotropic, coisotropic, or Langrangian) determines a symplectic lattice p~1 (W) C
V. Moreover, any symplectic flag # = {V;, = F* 2 F1 > ... D F° = 0} determines

a period e symplectic lattice chain £z = {L'},_, by setting L™ = 29p~1(F") for

1€EZL

all integers g and 0 <r <e—1:

The corresponding parahoric subgroup may be referred to as p~1(Q), where Q is
the stabilizer of the 7.

A symplectic lattice chain (and its associated parahoric subgroup and algebra)
is called standard if it corresponds to a standard symplectic flag, and uniform
if it corresponds to a uniform symplectic flag. Alternatively, .Z is uniform if
dimy L'/L""Y = 2n/egy for all i. Note that the period of a uniform symplectic

lattice chain must divide 2n.

Example 3.2. An ezample of a period 1 standard uniform symplectic lattice chain
is gwen by £ = {L'},_, , where L' = z'0*. The corresponding parahoric subgroup

is P = GSp,(0), with parahoric subalgebra p = gsp,(0).

18



Example 3.3. A period 2 standard uniform symplectic lattice chain £ = {U}iGZ

1s generated from the following two lattices by homothety:

0 0

0 0
L’ = > L'=

0 Z0

0 Z0

FEquivalently, set L? = 2'L° and L**! = 2'L' for all integers i. Its corresponding

parahoric subgroup and subalgebra, respectively, are

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
P = NGSpy(F), p= Ngspy(F)
zZ0 Z0 0 0O zZ0 Z0 0 O
zZ0 ZO0O 0 0O zZ0 Z0o 0 0O

Example 3.4. A period 4 standard uniform symplectic lattice chain is generated

by the following four lattices by homothety:

0 0 0 0

0 0 . 0 ) 0 5 zZ0
L0 = > L'= D L*= > L=

0 0 Z0 zZ0

0 Z0 Z0 zZ0

19



This special parahoric subgroup (resp. subalgebra) is called a standard Twahori sub-

group (resp. subalgebra), and is denoted by I and i.

o o o0 o 0o 0 o0 o0
zo 0 o0 o Zo 0 0 0

I = NGSpy(F), i= N gspy(F)
zo zo 0F o Z0 20 0 O

zZ0 zZ0O ZzZO0 O zZ0O Z0O ZzZOo O

Any symplectic lattice chain in V' induces a filtration on gsp(V') as follows. Let

Z be a symplectic lattice chain in V' with parahoric subalgebra p C gsp(V'). Define

{p®},cy by setting
p*={X €gsp(V): XL' C L' for all i} .

This is a filtration on gsp(V) with p® = p and p'™®¢ = 2p’ for all i. Since any
symplectic lattice chain £ is also a lattice chain, it follows that péﬁp(v) = pg[(v) N
gsp(V).

There is a corresponding filtration on GSp(V') by congruence subgroups P?® for
s > 0. In contrast to the analogous filtration for GL(V') (as in, e.g., [5, Section
2.1]), it is not the case that P* = I 4 p® for all s > 0.
3.2 Formal Flat Vector Bundles
A formal flat vector bundle (U, V) on A* is a finite-dimensional F-vector space U
equipped with a connection V. A connection V is a k-derivation V : U — QY (U),

which means that:
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e V is k-linear, and

e V satisfies a “Leibniz rule”; ie., for f € F,u € U, V satifies V(fu) =

%u+fV(u).

Define the rank of a connection to be the dimension of U. It is often desirable to
express a connection “in coordinates.” With this goal in mind, fix a trivialization
of U; i.e., fix a vector space isomorphism ¢ : U — F™. Define V¢ := ¢V¢ !, and
set [V], equal to the matrix in M, (Q') = M,(F) @r Q' with columns given by

V?(e;) with respect to the standard basis for . Then

V? =d+ [V],,

where d is the usual exterior derivative on F™. To see this, let Y )", fie; be an

arbitrary element of F™. Then

f1
Vel =V? (XL, fies)
L fn a
= >, VO(fiei) by k-linearity of ¢ and V
= >, oV(fio~ (e:) by F-linearity of ¢

=390 (%Qb_l(ei) + fz'V((b_l(e,-))) by the Leibniz rule for V

=i %ei + fiV?(es) by F-linearity of ¢
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We call [V], € M,(Q) the connection matriz of V with respect to ¢, and we
call the expression d + [V], the matriz-form for V with respect to ¢. Note that
it is common in the literature to suppress the naming of a trivialization ¢ in the
notation and simply write V = d + [V].

A connection corresponds to a first-order system of differential equations in a
natural way. To see this, first define V, := ¢,(V) (where ¢, is the usual inner-
derivation, or contraction, of a differential form by a vector field). Then V. can
also be expressed in a matrix-form with respect to a triviliazation. Let ¢ be a

trivialization. Then

Ve =1+ [V.]s

where [V,], € M, (F). The horizontal section of V? — i.e., the solutions to 7 +
[V.]s — are exactly the solutions v € F" to the first-order system of algebraic
differential equations 7(v) = —[V,]s(v). We will call the matrix [V.], = ¢-([V]s)
the (contracted) connection matrix for V, with respect to ¢, and 7 + [V,], is
the (contracted) matrix-form for V. with respect to ¢. Note that [V]s = [VT]qs%;
contraction can be viewed as a way to express a matrix-form for V in terms of

Laurent series instead of one-forms.
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Some low rank examples of formal vector bundles can be described as follows.

The trivial connection Vi, on F™ is defined by Vi, (e;) = 0. Hence \VA4

triv. d’
where ¢ : F™ — F" is the identity. An example of a connection on F? with a

diagonal connection matrix is given by Vi, where V;(e;) = ae; and Vi (ey) = bes.

Then

Vi =d+ —,
z

where ¢ is the identity isomorphism on 2. The Frenkel-Gross connection Vrg [9]

on F? is defined by Vpg(e1) = 27 tey and Vipg(ez) = 27 te;. Then
Vi =d+ -,

where ¢ again is the identity on F2.

There is a left simply-transitive action of GL,,(F") on the space of trivializations.
To elaborate, if ¢ : V — F" is a trivialization of V and ¢ : F™ — F™ is an
automorphism, then g- ¢ :=go ¢ : V — F™ is a trivialization of V. One of the
primary reasons we use trivializations ¢ : V' — F™ instead of frames ¢ : F™ — V is
that the natural action of GL,,(F") on frames is a right action instead of a preferable
left action. The action of GL,,(F) naturally corresponds to an action of GL,,(F')

on the connection matrix, given by

9+ [Vl = [Vigs = g[V]sg™" — (dg)g™".
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This action is known as the gauge-change action. An action of GL,(F) on con-

tracted connection matrices is defined by

9+ [Vilo = [Vilgo = 9lVilog™ — 7(9)g ™"
Similar actions can be defined on @ ® Q! and 5{2 Each of these actions are also
known as gauge change actions.

Note that if X € End(U @ Q'), the formula d + X is not a priori well-defined.
However, if U is endowed with some fixed k-structure, say U = U, ® I, then d + X
does make sense: (d + X)(fv) = %v + fT(v) for f € F and v € Uy. In subsequent
sections, we will frequently consider flat vector bundles on V=VaF , where V' is
a k-vector space. In this case, expressions of the form d + X are defined in terms
of the natural k-structure.

A flat vector bundle (U, V) is called regular singular if there exists an o-lattice
L C U with the property that V.(L) C L. This implies that there exists a trivi-
alization for which there is a trivialization ¢ for which [V] has at worst a simple
pole. Otherwise, V is called irreqular singular. The deviation of an irregular singu-
lar connection from the regular singular case is measured by an invariant known
as the slope. One of the primary results of the work of C. Bremer and D. Sage in

[5, 7] is a novel formulation of the slope in terms of fundamental strata.

3.3 Formal Flat GSp,,-Bundles
We now turn our attention from flat vector bundles to flat GSp,,-bundles. The

necessary definitions and mechanics of flat G-bundles for arbitrary connected
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reductive groups G are compiled in [7, Section 2.4]. We recall that exposition
here (mostly verbatim) for the specific case that G = GSp,,,. A formal principal
GSp,,,-bundle G is a principal GSp,,-bundle over A*. A GSp,,,-bundle G induces
a tensor functor from Rep(GSp,,) to the category of formal vector bundles via
(V,p) = Vg := G X@asp,, V. By Tannakian formalism, this tensor functor uniquely
determines G. Formal principal GSp,,-bundles are trivializable; hence it is always
possible to choose a trivialization ¢ : G — Gr/Sp\Qn A trivialization ¢ induces a
compatible collection of maps ¢y : Vg — V. As was the case for formal vector
bundles, there is a left action of @ on the set of trivializations.

A flat structure V on a principal GSp,,,-bundle G is a formal derivation that
determines a compatible family of flat connections Vy (which we usually write as
simply V) on Vg for all (V, p) € Rep(GSps,,,). In practice, once a trivialization has
been fixed, V may be expressed in terms of a one-form with coefficients in @
This means that there exists an element [V], € Q(gsp,,), called the connection
matriz of V with respect to the trivialization ¢, for which the induced connection

V on V is given by d + (dp)([V]e). We will formally write

for the flat structure on @ induced by ¢. The left action of @ on trivial-

—_—
izations corresponds to a gauge change action of GSp,,, on the connection matrix.
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3.4 The Bruhat-Tits Building %(@) and Moy—Prasad Filtrations

Much of the relevant definitions and general theory involved with Bruhat—Tits
buildings and Moy-Prasad filtrations are summarized in [7]. The notation used
here is also consistent. Denote the reduced Bruhat—Tits building and the enlarged
building of G/Sp\271 by @(G/S—p\%) and A (G/Sp\%) respectively. We will refer to both
as the Bruhat—Tits building, or simply the building, of G/Sp\% The standard apart-
ments .7 (resp. .2%) are affine spaces isomorphic to X, (7 N S/pgl) ®z R (resp.

X.(T) ®z R). This isomorphism induces a canonical isomorphism % 2 (tg,, ).

The image of € .4, via this isomorphism is denoted Z. As discussed in Section 2.3,
T=(21,...,Tp,—Tp,...,—T1)

can be specified via its first n coordinates; for the sake of being concise, we will

often commit a mild abuse of notation and write
T=(Z1,...,Tp)
or
r=(x1,...,2,).

The point corresponding to (0,...,0) € (tgp,, )r is denoted by o.
The standard apartments are endowed with a cell structure induced by the affine
roots. With respect to the roots ® and simple roots A defined in Section 2.3, the

affine roots are given by

P+Z={x+r:xe®reliZ}
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and the simple affine roots are given by AU{1—2x,} (note that 2y; is the highest
root with respect to A). The fundamental alcove is the intersection of the positive
half-spaces determined by the simple affine roots. For example, the fundamental

alcove in Z(GSp,) is illustrated below with coordinates for the O-simplices labelled.

(0,0) (30)

Given a point in the Bruhat-Tits building for G/Sp\Qn, Moy and Prasad [15]
define compatible, “periodic” R-filtrations {‘A/W}TER on each representation 1%
for V' € Rep(GSp,,). When considering filtrations corresponding to the reduced
building, it is enough to consider Rep([GSp,,,, GSps,]) = Rep(Sp,,). Note that
the weights for a representation V' € Rep(Sp,,) are closed under inversion. This
implies that Crit, (V) is symmetric about 0 for all V' € Rep(Sps,)-

There are corresponding Rs-filtrations {(G/Sp\%)w}r6R>0 on the parahoric
subgroups (@)x = ((ﬁp\%)x’o. As is the case in general [7, Section 2.6],

(@)H = (@)xWr is the pro-unipotent radical of (@)x, i.e., there is a

split short exact sequence

1= (GSpay)ot = (GSpay)er — Us — 1,
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where U, is the unipotent subgroup of the parabolic corresponding to (@)x

Likewise, there is a split short exact sequence

1= (GSpap)or — (GSpay)e — Qu — 1,

where @, is the parabolic corresponding to (@p\%)x

Moy—Prasad filtrations can also be defined on the smooth k-dual space g?p\%v
with respect to a fixed nondegenerate invariant symmetric bilinear form [7, Section
2.6]. We define one such bilinear form below. The trace function Tr : gsp,,, X gsp,y, —
k is a symmetric, invariant k-bilinear form. It is easily checked (by considering k-
basis elements for gsp,, ) that Tr is also nondegenerate. Note that the Killing form
is also a nondegenerate invariant symmetric bilinear form, but Tr has the advantage

of being simpler computationally. Define (-, -), : gsp,, X gsp,, — k by

(A, B), = Res[Tr(AB)v].

This nondegenerate invariant symmetric k-bilinear form induces an isomorphism

gsp,. — 5Py, given by X — (X,-),. As in [7, Section 2.6], set (g?p\%);r equal

\
z,r’

to the image of (§5pyy,)e, under this isomorphism. Given o € (gspyy,)Y.,, we will
denote by a,, an element in (gsp,, ). for which a(-) = (a,, -),. We will call such an

element corresponding to o a functional representative. The set a, +(@8Py, o, —rs =

ay, + (@)ir is precisely the set of functional representatives for «.
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3.5 Strata and Stratum Containment for Flat GSp,, -Bundles

In [7], Bremer and Sage develop a geometric theory of strata for flat G-bundles. The
necessary definitions are recalled in this section; in particular, definitions of strata,
fundamental strata, and stratum containment for flat GSp,,-bundles are given.
In addition, a simplified version of stratum containment for flat GSp,,,-bundles is

described in Proposition 3.7.

Definition 3.5. A G/Sp\%—stmtum is a triple (z,r, 5) with

o 2 € B(GSpy),

e >0 a real number (known as the depth of the stratum), and

—

e B¢ ((@)m,r/@sph)x,r-&-)v'

—

By [7, Proposition 3.6], the quotient ((gsPy,)azr/(@5Pay)ert)” may be identified
with (@)Z_T/(@);{_H We call 8 € (@);{_T a representative for g if
3 corresponds to 3 -+ (9?}3\2”);3/’,7-4, € (g?p\%):\v/,,,/(g?]:EL)\I’,Wr Recall [7, Section
2.6] that (gsp,, )" = Q(gsp,,) (via (X,), = X %). Denote by X7 the one-form
corresponding to the functional B. A stratum is associated to a flat GSp,,,-bundle

as follows.

Definition 3.6. A flat GSp,,-bundle (G, V) contains the @—stmtum (x,7, )

with respect to the trivialization ¢ if, for any (or equivalently, for some) represen-
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tative [} € (§5pa,)Y.—, of B,
dz ~ PN
Vo —i— = X5 ) (Vai) C (V) i)+ (3.1)
for alli € R and V € Rep(GSp,,,).

Stratum containment is well-behaved both with respect to conjugation. By [7,
Lemma 4.2], if (G, V) contains a stratum (x, r, ) with respect to ¢, then it contains
(gx,r, g) with respect to g - ¢.

Stratum containment for flat GSp,,,-bundles is significantly simplified by the
result below. Note that an analogous result holds for G = GL,, by [7, Corollary

A2].

Proposition 3.7. The Gr/Sp\Qn—stmtum (x,r,B) is contained in the flat GSpy, -
bundle (G, V) with respect to ¢ if and only if (3.1) holds for the standard repre-

sentation (with respect to ¢).

Proof. The forward direction is obvious. Suppose (3.1) holds for the standard rep-
resentation. By [7, Proposition A.1], the subset of Rep(GSp,, ) satisfying (3.1) is
closed under taking subrepresentations, duals, direct sums, and tensor products.
Then (3.1) holds for all representations in Rep(GSp,,, ) by Lemma 2.2. Therefore,

(G, V) contains (z,r,3) (with respect to ¢). O

There is a useful equivalent definition of stratum containment in the case that
(x,r,B) has = € % [7, Proposition 4.3]. Given x € <), we say that the flat

GSp,,,-bundle contains (x,r, 3) with respect to a trivialization ¢ if
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o [Vly — 7% € gopy, , and

o~

o ([V]y—TL)+(gsp,,)Y ., determines the functional 8 € ((g5Py,)ur/(@5P20 )ars)” -

If » > 0, then § is simply the functional induced by [V]s.

When studying strata contained in flat G-bundles, it is often desirable that the
strata be fundamental. A theory of fundamental strata is developed in [7]. A few
important results from that paper are recounted below, expressed for the particular
case that G = GSp,,,. A stratum (z,r,5) is fundamental if the corresponding
coset B + (g?p\%);/% + does not contain a nilpotent element. There is a useful
equivalent definition of fundamental strata in the case that x € o). Let EO denote
the unique homogeneous representative in (gsp,, )Y (r) for 3. A stratum (z,r,f3)
(with (gspy,). € %) is fundamental if and only if f is not nilpotent. The depth
of a fundamental stratum contained in a flat GSp,,-bundle is an invariant of the
connection known as the slope. Every flat GSp,,,-bundle contains a fundamental
stratum.

The strata that are of interest for the construction of moduli spaces in Chapter 5
are called regular strata. These are defined in [6, Section 4]. Regular strata for flat
GSp,,,-bundles are particularly nice in that the filtrations of interest correspond
to symplectic lattice chains as discussed in Section 3.1; this is the main result of

Chapter 4.
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Chapter 4

Tori of Regular Type and Compatible
Filtrations for GSp,,

In order to study regular G-strata (for G a reductive group), it is necessary to
compare Moy—Prasad filtrations with the natural filtrations on the maximal tori
in G. In [6, Section 3|, Bremer and Sage define compatibility between points in
%(@) and maximal tori in G. A study of regular strata is simplified if attention is
restricted to only those Moy—Prasad filtrations compatible with a maximal torus
corresponding to a regular strata. Furthermore, since strata and tori behave well
with respect to conjugation, it is possible to choose a set of “canonical” tori from
each relevant conjugacy class of tori. The first step then is to identify these relevant
conjugacy classes.

It is well-known (see, e.g., [13, Lemma 2|) that there is a correspondence between
the set of conjugacy classes of tori in G (resp. CSA’s in g) and the set of Weyl
classes for G. A maximal torus S C G is said to be of type v if v is the Weyl
class corresponding to S. By [6, Corollary 4.10], the maximal tori S for which
there exist S-regular strata are precisely the maximal tori S of type v a regular
Weyl class. One of the primary results in this chapter is a concrete definition of a
canonical CSA in @1 of type ~ for each regular class v (see Section 2.4 for the
classification of regular Weyl classes in W (C,,)). These CSA’s are each compatible

with a unique filtration satisfying certain properties, described below.
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Theorem 4.1. The CSA defined in Section 4.1.3 (resp. Section 4.1.5) is of type
<(—g)27n> (resp. (d%)). FEach of these CSA’s are compatible with a unique point
x € ) (defined in Section 4.2.1 and 4.2.2, respectively) satisfying the following

properties:

o Crit,(gsp,,) = % Z, where d is the order of an element in v, and

o o E{ W} .
reR

These points have the property that {‘A/M} corresponds to a uniform symplectic
reR

lattice chain of period the corresponding integer d.

Definitions of CSA’s for each regular type are given in Section 4.1. The cor-
responding compatible points are given in Section 4.2. Finally, an explicit tame
corestriction is defined for each of these specified CSA’s of regular type in Sec-
tion 4.3. Tame corestriction is an important tool in the theory of regular strata

and formal types.

4.1 Tori of Regular Type

First we recall the situation for G = GL, and v = (n) the Coxeter class for
W (A,_1) outlined in [6, Remark 3.14]. Note that a torus of arbitrary type v €
W (A,_1) can be defined by taking a block-diagonal embedding of appropriately

sized tori of Coxeter type.
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4.1.1 A Torus in GL, of Type (n) € W(Ay)

Let ¢ be a primitive n'™ root of unity and define u to be an n'™ root of z.
Define wqr, () = Z?;ll €iit1 + 2en1. This element of 5[; is regular semisim-

ple over E := k((u)). In particular, Ad(gar,,(n)) 2 i1 §U€i = WGL,,(n), Where
9GL, () I8 the Vandermonde matrix Y 7, & (i=Niyi=1e; ; (with inverse ggp ) =

Ly~ =00yl =ie, ). Set T := Gal(E/F). The corresponding CSA is

(Ad(gar, m)(E(E)" = <Ad(gc;Ln,<n>)(3@ (i §iuei,i))>r

T

I
/N

sar (A (g, ) (L1, E'ues))
r
= <3g/[; (wGLn,(n))>

= 30 (WaL,.,(m)
- @z 0 F wGLn (n)"

The corresponding torus is Flwar,,@m)]*-

It remains to show that this torus is indeed a Coxeter torus (i.e., a torus of

Coxeter type). Let o be the generating element of I' determined by u + {u. Then

gGLn,(n Z g i— 1)(J+1 @ZJ = gGLn,(n) (6171 —+ Z@Zl 1) .

7] 1 =2

Since g 'o(g) = (e1n + D1y €ii—1) IS a representative for the n-cycle
W:xX1—=7X2—=...=2 Xnt—=X1
in W (A,,), it follows that this torus has Coxeter type and gar,, (») is a w-diagonalizer.
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Example 4.2. Let n =4. Then

WGLy,(4) =

z

The corresponding Cartan subalgebra of type (4) in E/lE; s given by

( 7 )

ca,b,c,d € F

cz dz a b

bz cz dz a
\ L . V,

Now let G = GSp,,,. An explicit definition of a torus for each regular type in

W (C,,) is given in the following sections.

4.1.2 Type (—n)
There are two slightly different cases depending on whether n is even or odd. In
either case, let £ be a primitive 2n'" root of unity and let u be a 2n'" root of z.

First suppose that n is even. Define

n—1 2n—1
WGSpy,,,(—n),even -= E €ii+1 — E €iit1 T Z€2,.1-
=1 i=n

Then wasp,, (=n)even € @ is a regular semisimple element over E := k((u)). For
convenience, the diagonalizers for the tori in @ are defined in terms of the

diagonalizer gar,,,(2n) for G/L;l, using the natural embedding of @ into @p\%
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Set

Q= <Z €ii + Z (_1)iei,i> , b= (Z Cint1-i T Z 6”> )

i=n+1

(Zg” T + Z e>

i=n+1

Define 9GSp,,,,(—n),even ‘= agGLgn,(Qn)ﬁfY' Then

Ad(gGspy, (—n)even) (D iy £ et ud " P fle) =
Ad(agcL,,,@2n)5) ( D i §M e +“Ez n+1 516“) =
Ad(agoL, @) (WD Eey) =
Ad(a)(wargn,,2n) =

WGSp,,,,(—n),even-

The corresponding CSA is

2i—1
3@ (wGSPan(_n)veven F-1® @ wGSp ans(—n),even’

This can easily be proven by noticing that I and any power of wgsp,  (=n),even COM-
mutes with wgsp, (—n)even, but exactly I and the odd powers of wqsp, (—n)even
are similitudes by Lemma 2.1. Since g?p\% has rank n + 1, these linearly inde-
pendent elements span the CSA, proving the claim. The corresponding torus is
Flwasp,, (—n)even) N G/Sp\Qn We remark that it may not be immediately clear why
the factor of v is present in the definition of ggsp, . (—n)even; this factor makes
9GSpy,,,(—n)even @ similitude. The proof of this fact is tedious and is therefore omit-

ted.
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Suppose that n is odd. Define

n 2n—1
WGESpy,,,(—n),0dd = E €iit+1 — E €ii+1 + 2€241.
i=1 i=n+1

Again, wasp,, (—n)even € @ is a regular semisimple element over E. The diago-

nalizer gasp, (—n)odd is defined similarly: gasp, (—n)odd := Q9YGLa,,2n)37- Then

n 2n
Ad(QGSan,(—n),odd) (U Z 5”“71'6@',1 +u Z g&.i) = W@Spy,,,(—n),0dd-
i=1

i=n+1

It remains to show that the associated tori Sgsp, (—n)even and Sasp,, (—n)odd
corresponds to the Coxeter class (—n) in W(C,,). Note that the coset representa-
tive in W(C},) corresponding to géépzn7(—n),even‘7(gGszm(—n)7even) is the same coset
representative corresponding to (gGr,,,2n)0) " 0(9GLan,2n)3); the column and row
scaling matrices o and v do not change the representative. Then the coset repre-

sentative is given by

1 -1 _ 2
Yy lgGL2n7(2n)0_(gGL2n,(2n))B - 6 ! (617271 + ZZZQ ei,i—l) B
n—1 2n
=> 0 €iit1+enon+entia+ Zi:n_‘_g €ii—1;

which corresponds to the (—n)-cycle
W:EXn = EXno1 . X = X Fn:

Hence the torus Sasp, . (—n)even 18 indeed of type (—n) and gasp,, (—n)even 1S @ w-
diagonalizer. The analogous statements all follow similarly for the case that n is

odd.
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We can more generally define a regular semisimple element

n—1 2n—1
o n+1
WaGSp,,,,(—n) = E i1+ (—=1)"en 1 — E €iit1 T 221,
i=1 i=n+1

which equals wasp,  (—n)even When n is even and wasp, ,,(~n),0dd When n is odd. Below
are two examples of wasp, (—n)even and its centralizer in the case that n = 2 and

n = 3.

Example 4.3. Let n = 2. Note that way, ) s not an element of gsp, via the

obvious embedding of gsp, into Q/E. Instead we take

WaGSpy,(—2) =

The corresponding Cartan subalgebra of type (—2) in gsp, is given by

f 7 3\
a b c
cz a —b
ra,b,ce F
—cz| a —b
bz —cz a
\ L - Vs
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Example 4.4. Let n = 3. Then

WGSpg,(—3) =

a b c d
dz a b —c
dz «a b c
ca,b,c,d e F
cz dz| a —b
—cz —dz a —b
bz cz —dz a
\ L . /

2n
d

4.1.3 Type <(—g) ) (for d|2n Even)
The main result of this section is the definition of an explicit CSA of type ((—g) 27”)

as a block-diagonal embedding of 27” copies of CSA’s in gsp, of type (—g). We first

define the %7" block-embeddings of copies of wgsp,, (~q¢) into gsp,,. The j™ block-
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embedding w 2n\  Of Wasp,, (~q) is defined explicitly by
G Pons ( ) J

9%

d
— 2

_1)d41 B
wGsp%,((,g)%")J = 2= O 8) oD (L) G-t T (=1) €(4)(j-1)2n—(4)j+1

d

Let & be a primitive d-root of unity and let u be a d*'-root of z. Define

2n
d

w 2n = 4 AW 2n
Gspans((-4)7) 2= % Gspan((-9) 7 )

™~

for some nonzero a; with distinct modulus (e.g., a; = 7). Then w o (( d)#> is
Pan» )

regular semisimple over E := k((u)), with corresponding CSA given by

2n da
a 2
- s | = F. 21
dg5pa, <wGSp2na((_g)d>> re ]6—91 G—? : wGspzn’((_%)%)’j

Define ¢’ to be an appropriate block-diagonal embedding of copies of gasp,,(—d),even
OT gGSp,,(—d),0dd, depending on whether d is even or odd respectively. It is straight-

forward to see from arguments in Section 4.1.2 (using the block-diagonal form of

g') that
: d
dyq1—4 %
Ad(g') UZ€2 -1 (2 i, (-1)(Z) i T U Z § o2 tion—j2 i
i=1 i=241
2

= W

™~

GSan’<(7%)#>J.

2n
Hence ¢’ is a w-diagonalizer, for w the ((—g) d >—cycle defined by
w : ngj —> ngj—1 = j:)(g(j_l)Jrl = FX

. 2n
foralllgjgj.
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Example 4.5. Let n = 2. Then

wGSp4,((—1)2)71 = |71 a/nd WGSP4,((_1)2)72 = | —)

z

The corresponding CSA 3 (WGSp4,((—1)2),1 + 2wGSp47((_1)2),2) of type ((—=1)?) is given

by

ca,b,ce F

cz | a

bz a
\ L . Vs

4.1.4 Type (n) (for n Odd)

h

Let £ be a primitive 2n'™ root of unity and let u be an n'" root of z. Define

n—1 2n
WGSpy,,,(n) = E :ei,iJrl + zén1 — E €iit1 t 2€2mmt1 | -

i=1 i=n+1
Then wgsp,, ) € @sp,, is regular semisimple over E := k(). This regular
semisimple element can be viewed as a block-diagonal embedding of copies of

WGL,,(n) and —war,, (n):

WGLy,(n)

wGSPan(n) =

‘ —WGL,,(n)
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To define the diagonalizer gasp, (n), first set automorphisms ¢, 3, and v as follows:

g/ — Z (§2)(i71)jui716i’j + Z (§2>(i71)jui716i+n7j+m

i,j=1 i,5=1

. (Z+ 5 ) (Zg" Y )

i=n-+1 i=n+1
The automorphism ¢’ can be viewed as a block-diagonal embedding of two copies
of the diagonalizer ggr,, n) = Z?Fl(g)(i*l)jui*lem for war, ). Note that the
expression for gaqr,,(n) here appears slightly from that in Section 4.1.1; this is

because £ is now assumed to be a 2n*-root of unity. Define gasp, (n) := ¢'87. To

show that gasp, (n) 18 a w-diagonalizer, first note that

Ad(gaspy,, m) (w22 (€)™ e — w3l (6%) €irnien) =
Ad(g'8) (u 323y (€)™ eis — w30, (€) €inin) =
Ad(g') (w32, (%) eri — ud iy () €ivnisn) =

WGSpy,, (n)-

The corresponding CSA is

21—1
3geny. (Waspy,, () = I+ 1 & EB“GSpZm

This can be proven using the same arguments in Section 4.1.2. The purpose of the

factor of «y in the definition of ggsp,, (n) is that it makes gasp,, (n) @ similitude.
Let o be the generator of Gal(E/F) determined by u +— &%*u. It remains to

show that géép%(n)a(ggsp%,(n)) is a representative for w € (n). The factor z in

9GSp,,,(n) Can be ignored in this computation; hence we consider the automorphism

42



B71(g ) to(g')B. The upper-left block is given by

n -1 n
(Z ei,n+1i> <9éin,(n)U(QGLn,(n))> (Z ei,n+1i> ;
i=1 i=1

which represents the permutation x, — Xn_1 — ... — X2 — X1 — Xa. Mean-
while, the lower-right block is given by and the lower-right block is given by
géin,(n)a(gGLn,m))’ which represents the permutation —y, — —Xp_1 — ... —
—X2 — —X1 — —Xn. Hence the above product represents a positive n-cycle de-

fined by

X0 = X1 - X2 X~ FXae

An example of wasp, (—n),0dd and its centralizer is given below.

Example 4.6. Let n = 3. Then

WaSpg,(3) =
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The corresponding Cartan subalgebra of type (3) in gspg is given by

(T 7 \

a—+d b c
cz a-+d b

bz cz a-+d

ca,b,c,d e F

\ L . J

4.1.5 Type (di) (for d Odd)
The main result of this section is the definition of an explicit CSA of type (d%)
as a block-diagonal embedding of % copies of CSA’s in @ of type (d). First we

define the 4 block-embeddings of copies of wqsp,, @) into gsp,,. For d > 1, define

d—1
wGsp%,(d%),j = D i1 Cd(—1)+id(i—1)+i+1 T ZEdjd(j—1)+1—

d—1
- Zizl €on—dj+i2n—dj+i+1 — 2€2n—d(j—1),2n—dj+1
for all 1 < j < 2. Let & be a primitive 2d™-root of unity and let u be a d™-root of

z. Define

wGSp2n,(d%) = i aijSp%,(d%),j’

for some nonzero a; with distinct modulus (e.g., a; = 7). Then wGSp%(ﬁ) is

regular semisimple over E := k((u)), with corresponding CSA given by
a d
_ o 2i-1
dg5pan (WGSpQH,(dZ)) =F-1e 691 (@F wGSp%,(dg),j> '
j: =
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Define g’ to be a block-diagonal embedding of copies of gasp,, (n). It is straight-
forward to see from arguments in Section 4.1.4 (and the block-diagonal form of ¢’)

that

s

d d
Ad(g) (u Z E e gt otyari — U Z 52262n—jd+i,2n—jd+i> = wGSan,(d

i=1 =1

)

Hence ¢’ is a w-diagonalizer, for w the (dg)—cycle defined by

EXaj — EXdj—1 = - EXaG-1+1 = EXag-1) — FXa»

. 2n
for all 1 < j < =

In the specific case that d = 1, define

WGSp,,,,(17),5 *= #€j,j — Z€2n+1—j2n+1—j

for each 1 < j < n. The corresponding CSA

sge (O Jwasp,, g = F - 1 ® D F - wasp,, am)4

i=1 i=1
is the usual split CSA in gsp,,. It is easy to see that this CSA is of type (1m).

4.2 Compatible Filtrations
Let S be a maximal torus in G with CSA s. Compatibility and graded compatibility

between a Cartan subalgebra s and a point = in % is originally defined in [6,

Definition 3.2]. We recall the definition here.

Definition 4.7. A point x € % is compatible with s if the filtration induced

by x on s is the (rescaled) Moy-Prasad filtration on s, i.e., 5, = gz, N for all
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r. If x € @, x is graded compatible with s if s(r) = g.(r) N's for all v and

5(0) C 1(0) = t.

For each regular class v in W (C,,), we describe a point 2 € .4 compatible with
the corresponding CSA of type v (as defined in Sections 4.1.3 and 4.1.5) that is

unique with respect to the following properties:

o Crit,(gsp,y,) = éZ, where d is the order of an element in v, and

o 0¥ ¢ {XA/N} .
reR
These points are particularly well-behaved in that {XA/M} corresponds to a
reR

uniform symplectic lattice chain of period the corresponding integer d.

4.2.1 Type ((—g)zT) (for d|2n Even)
Suppose that s is a CSA of type (—n) as defined in Section 4.1.2. Assume that

x € o is graded compatible with s. Then

es (= (95pan) L),
w —n — | = n —
Gsp2n7( ) 2n g p2 €T 2”

implies that 1 —2x1(z) = 2x,(x) = (x;s —Xi+1)(2) = 55 forall 1 < < n—1. These
equations uniquely determine x to be the barycenter of the fundamental alcove,

with coordinates

2n—21+1
Ty = ——.
’ in
Then
k .
R 2" o-sp{eq, ..., €, 26011, 2€i40, ..., 269, , 1 <i<2n
‘/;7271—4311'+1+k -
PARE R 1= 2n
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has Crit, (V) = ;- + 5 Z. This filtration is uniform and corresponds to an obvious
complete symplectic lattice chain with ‘717724%1 = 02",
d

2n
Now consider the more general case. Suppose s is the CSA of type ((—5) d )

defined in Section 4.1.3. Suppose z € .4 is graded compatible with s. Then

w es(1) = (@) (L) ns
GSan,((fg)%L> d = (85P2, z \ d
implies that
1
1— 2Xg(j71)+1($) = 2ng($) = <X%(jfl)+i - Xg(j71)+z'+1> (z) = a

forall 1 << g —land 1 <5 < 27". These equations uniquely determine x to be
the barycenter of the facet of the fundamental alcove determined by the vanishing

of the roots Xdj = Xdjp foreach 1 < j < 27". The coordinates for = are given by

d—2(i — | 229 + 1

d 2

2d

Tr; =

The filtration {IA/M} is uniform with Crit, (V) = Qid + é Z and ‘/}m%;-l =0?". In

reR

particular, this point corresponds to a uniform symplectic lattice chain filtration

of period d.

Example 4.8. Let s be the CSA in gsp, of type (—2) defined in Evample 4.3. This
CSA s graded compatible with © = (%, %) A period of the Moy—Prasad filtration

at this point is given by

~ A ~
V., () %7_%:0—817{61,62,63,264} 2

[eeJ[9)



Vx% = o0-sp{ey,ea, zeg,ze4} 2V, s = o-sp{ei, zeq, €3, z€4} .

Z,

This filtration corresponds in a natural way (via translation and scaling of the

index) to the complete symplectic lattice chain defined in Example 3.4.

Example 4.9. Let s be the CSA in gsp, of type ((—1)?) defined in Evample 4.5.
This CSA is graded compatible with x = (}L, %) A period of the Moy—Prasad filtra-

tion at this point is given by

L
V.a=0' 27,

1 =0-sp {e1, eq, ze3, ze4 } .

S

This filtration corresponds to the period 2 uniform symplectic lattice chain defined

in Example 3.5.

Example 4.10. Let 5 be the CSA in gsp, of type (—2) as in Example 4.3. This
CSA is graded compatible with x = (%, %) A period of the Moy—Prasad filtration

at this point is given by

N A ~
V. _3=0" D %7_%:0—817{61,62,63,264} 2

|

el = o-sp{ei,ea, ze3, ze4} 2 Vx% = o0-sp{e1, zea, €3, z€4} .

This filtration corresponds in a natural way (via translation and scaling of the

index) to the complete symplectic lattice chain defined in Example 3.4.
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4.2.2 Type (di) (for d Odd)
Suppose that s is a CSA of type (n) (where n is odd) as defined in Section 4.1.4.

Assume that z € o7 is graded compatible with s. Then

1 _ 1
WGSpy,,(n) € 8 o I(Eﬁp%)x n Ns

implies that y; — xi11 = % for all 1 < ¢ < n — 1. An arbitrary point in the
locus defined by these equations has coordinates z; = % + ¢ for some constant
c. In order for a point in this locus to satisfy Crit,(gsp,,) = %Z, it must be the
case that c € %Z (otherwise the critical numbers have 2n steps). A point in this
discrete locus with the property that {\//\;T} contains 02" has the property that

reR

x; = —x; for all 1 <7 < n; this defines the unique point x with coordinates

n—2+1

€T; =
2n

The corresponding filtration has Crit, V = %Z and 0?" € 1//\;3,73“. To describe the

filtration explicitly, first note that any element of %Z can be written uniquely as

% + k for some 1 < i < n and k € Z. The filtration {‘7“} is defined by
reR

k 1 .
~ z @1:0 0-Sp {enl+1, oy Cpldiy RCplitly RCnl4it2, - - - 726nl+n} , 1<i<n
VLL‘, 7L722T’i+1 -‘rk =

Zk.02n’ i=n

Now consider the more general case. Suppose s is the CSA of type (dg) defined in
Section 4.1.5. Suppose x € . is graded compatible with s. Either d =1 or d > 1.

First suppose that d = 1. The conditions Crit,(gsp,,) = Z and 0" € {‘A/M}
reR
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uniquely determine the origin, which corresponds to the period 1 symplectic lattice
. . k 2
chain filtration {z 0 n}kEZ'

Now suppose d > 1. Then

1 — 1
WGSpZd,(d)€5 ZZ :(gsp%)x E ns

implies that Xa—1)+i — XdG—1)+i+1 = é forall1<:<d-1and 1< j <% There
is a unique point x in this locus satisfying these equations with the property that

02" € {‘//\;”} ; its coordinates are given by
reR

d=2(i— |51) +1
2d '

€T, =

The corresponding filtration has Crit, (V) = éZ and 02" € ‘A/x —ay1. In particular,
o 2d

this filtration corresponds to a uniform symplectic lattice chain filtration with

period d.

Example 4.11. Let s be the CSA in gsps of type (3) defined in Evample 4.6.

This CSA is graded compatible with v = (%,0, —%) A period of the Moy—Prasad

filtration at this point is given by

~ o ~
‘/;7,% =0 2 Vyo=o0-5p {61,62726376476& 266}
2 V;;,% = 0-sp{e1, zey, z€3, €4, 2€5, Z€6 } .

4.3 Tame Corestriction
In [6, Lemma 4.2], Bremer and Sage show that there exists a tame corestriction map

for general connected, reductive groups G over algebraically closed fields & with
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characteristic 0. In Proposition 4.12 below, we give a reformulation of [6, Lemma
4.2] with G = GSp,,,. The proof includes explicit definitions of tame corestrictions.

Given a torus S in GSp,,,, write p; : g?p\%v — 5" for the restriction map.

Proposition 4.12. Take z € of, and let (x,r,5) be a graded regular stratum
with connected centralizer S. There is a morphism of s-bimodules 7, : gspy, — &

satisfying the following properties:

1. 7, restricts to the identity on s,

—

2. T, ((gsp%)m) =g and mi(s)) C (g?p\%)v

x,l’

3. the kernel of the restriction map

ﬁs,l : (ﬂ-: (5\/) + (g?p\%z):\p/,lfr)/(@)%(l—r)-i- — 5\//52/177‘)+

is given by the image of ad*((@)\m/ﬁr)(ﬁ), where 3 € (g?p\gn)\m/,r is any

representative of (3,
4. if Z €5 and X € gsp,,, then (Z,X), = (Z,m5(X)),,
5. ms (resp. mF) commutes with the adjoint action of N(S), and
6. the image ! (s,') consists of those elements in (g?p\%)vl stabilized by S.

Z,

Proof. We proceed by defining a map 7, for each S of regular type v as defined

in Section 4.1, and then show that each of these maps =, satisfies the conditions

o1



m(X) =) Y (X (0¥ (4.1)

m(X) = ) Z%(X)Wéspzm(dg)’f (4.2)
s=—o00 j=1

It is easily checked that for small enough s, 17(X) = 0, and that 7, is a s-map.
A direct (but tedious) computation shows that for n € N(T'), ms(Ad(n)(X)) =
Ad(n)(ms(X)), proving (5). Since ¢ vanishes on all entries not on the 5 “block”

corresponding to w 2 ) ) (resp. wGSan,( d%>,j)’ it follows that 7, vanishes

Gszn,((—%)T" ,

off the collection of 2 (resp. %) blocks. Since

it follows that 7, is the identity on s, proving (1).

To prove the first part of (2) — i.e., to show 7, ((@)IJ = 5, — first note
that the compatibility of z with s implies that s; C (gspy,)es. Then, by (1),
51 = me(5)) C 75((@5Pay,)es). To show the reverse inclusion, let X € (gsp,, )z, It
suffices to show that (X, Z) = =0 for any Z € s_;, = s;-. This follows immediately,
since

Sy =560 (@)x,fkf C (@)iz
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To show the second part of (2), let a € 5. It suffices to show that W:(a)((g?p\%)il) =

0. But this is true because

—

(@) ((8503)z1) = 72 () ((85Pn)z—1+) by [6, Proposition 2.2]
= a(7o((85P2)z,-1+))

=a(s_1y) as shown above

=0,

concluding the proof of (2).
We now consider statement (6). Begin by taking a € 5} and s € S. If X € gsp,,,

then
Ad*(s)my (a)(X) = m(a) (Ad(s™) (X))
= a(m(Ad(s71)(X)))
= a(Ad(s™)ms(X)) by (5)
= a(ry(X)) since 7m4(X) C 5

=7 () (X).

5

Then S stabilizes 77 (s"). Recall that (2) implies that 7}(s)) C (@)Zl Con-
versely, suppose that a € @V is stabilized by S. Choose a functional represen-
tative Y for « so that a(-) = (Y,-),. Then Ad*(s)(a) = « for all s € S if and
only if Ad(s)Y =Y for all s € S. This implies that Y € s. By (4), it follows that
a(X) = (Y, X), = (Y, 7(X)), = a(rs(X)) for any X € gsp,,. Then a = 77(a),
where a € 5V C @V, and so « € m:(s"). This implies that the image 7} (s") con-
sists of those elements in @Lv stabilized by S. Then (6) follows by as a corollary

of (2).
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The proof of (3) is a corollary of the results proven above. Its proof can be found

in the proof of [6, Lemma 4.2]. O

4.4 Regular Strata

In [6, Section 4], Bremer and Sage define regular and graded regular G-strata.

Theorem 4.13. Any regular @p\%—stmtum can be based at a point x correspond-

ing to a uniform symplectic lattice chain.

Proof. Let (x,r,3) be a regular stratum with corresponding torus Z°(3) of type
7. By [6, Proposition 4.9], (z,r, 8) is conjugate to a graded regular stratum (and
regular) (g-z, 7, Ad*(¢)(B)) with g-z € <. By [6, Corollary 4.10], the set of x € .2
which support an S-regular stratum for some .S of type  is precisely I1,. In the case
that v = ((—g) 27”) (for d|2n even), the locus IL, is precisely given by the standard
uniform symplectic lattice chain filtrations period d. Hence ¢! - 2 corresponds to
a uniform symplectic lattice chain filtration. In the case that v = (d%) (for d
odd), the discrete subset determined by the intersection of I, is precisely given
by standard uniform symplectic lattice chain filtrations of period d. In this case,
g - x can without loss of generality be chosen to be one of these discrete points,
and thus x corresponds to a uniform symplectic lattice chain filtration. In either
case, (z,r, ) is based at a point x corresponding to a uniform symplectic lattice

chain filtration. O

o4



By the above theorem, the defining data (z,r, 3) for a regular @p\%—stratum
can be replaced by the equivalent data (Pg,, e, 3), where £, is the uniform

symplectic lattice chain corresponding to x and

€ (P /)" = ((85P2n)ar/ (§5P20) ),

mirroring [5, Definition 2.13]. Furthermore, by Proposition 3.7, the definition of
stratum containment of regular @—strata (x,r,B) in flat GSp,,,-bundles can
be reformulated into a lattice chain theoretic definition analogous to [5, Definition
4.1]. Thus many of the results in [5] for GL,-strata defined in terms of lattice chains
translate into results for regular Gr/Sp\Qn—strata defined in terms of symplectic lattice
chains. It is important to note that it is not known whether the same is true for
fundamental @—strata in general.

4.5 Useful Lemmas

In this section, some of the lattice-theoretic results in [5] are translated into results
in the setting of GSp,,,-bundles. Throughout, assume that z is a point in # (@)
corresponding to a uniform symplectic lattice chain .Z,. We will frequently make
use of the fact that there is an embedding of G/Sp\M into GTL;l with the property
that (@p\%)m = PZ N Gr/Sp\Zn for all nonnegative r € Crit,(gsp,,), where
Py, is the parahoric subgroup in G/L\gn stabilizing the lattice .%, in F'*". Similarly,
CT =p N@sp,,, for all € Crit,(gsp,, ), where py, C Eﬁ;«z is the parahoric

corresponding to .Z,.
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Lemma 4.14. If p € (GSp,, )., then 7(p)p~! € (§5Pg )us -

Proof. Since p € (GSpy,)s C Pg,, [5, Lemma 4.4] implies that r(p)p~! € Py .
But since the gauge action of (@p\m)x on (gsp,, ). is an action, it follows that

T(p)p_l € (@)x Hence

T(p)p~t € ply N (85P2,)0 = (3592, )t

Lemma 4.15. Suppose that (x,7,3) is an S-regular stratum. Let 8%, 3% € s be

functional representatives for 3. If Ad(g)(B.u') = B2 for some g € G/Sp\Qn, then

By =B,

Proof. Let (z,r,3), 8L, 3%, and g € @ satisfy the hypotheses. Let (Pg,, eg,r, 3')
be the corresponding regular @—stratum, with corresponding torus S’. Let
(BL) and (/3?)" represent the embeddings of B and (2 respectively in s'. Since

Ad(g)((BL)) = (%), [5, Lemma 3.20] implies that (8L) = (8%)', and therefore

B, =8 O

Lemma 4.16. Suppose that (x,r,3) is an S-reqular G/Sp\%—stmtum and that (3, €
S5_, 1S a functional representative for 5. Let A € (g?pzl)v be the functional deter-
mined by 5,. Then A determines an element A; € (gﬁ/p?n);\v/z by restriction. The

stabilizer of A; under the coadjoint action of ((ﬁp\%)gcZ is given by Si((ﬁp\%)wv(r_iyr

whenever r > 2i, and (@p\h)m whenever r < 2i.
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Proof. Let (x,r,B), B,, and A satisfy the hypotheses. Let (Pg,, e, (') be the
corresponding regular @l-stratum, S’ the corresponding torus in G/L;n, and ],
the embedding of 3, into gﬁ; Then the embedding A" of A into gﬁ;v is induced

by B,. By [5, Lemma 3.21], A" induces an element A,  ; € (p;sizi)v by restriction,

for 7 a nonnegative multiple of , and the stabilizer of A, i under the coadjoint

1
e,
action of R;fmi is given by (S')¢%:" P¢%"~¢2:"t1 whenever rey, > 2iey,, and P;fz
whenever rey, < 2iey,. Set A; equal to the restriction of A;%i to g?p\%v. Then
A; is exactly the restriction of A to (g?]:gl)iZ The stabilizer of A; under the coad-

joint action of (Gr/Sp\Qn)a;Z = Py’ =" 0 G/S[EL is given by the symplectic similitudes

. P
stabilizer of A, ;; i.e.,

(S/)exzipezzr—efm”l N @ = Si(G/Sp\Qn)fC,(T*i)+

whenever r > 2i and (G/Sp\zn)m whenever r < 2i. O
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Chapter 5

Moduli Spaces of Flat GSp,, -Bundles on
I[Dl

In this chapter, we describe the construction of the moduli space
M (Al, e ,Am)

of “framable” flat GSp,,-bundles on P!(C) with singular points {y1,...,yn} and

formal type A at 1;. We also construct a second moduli space

(AL AT

of “framed” flat GSp,,-bundles on P! with formal types A’ at y;. Finally, we show
that the prior moduli space is the Hamiltonian reduction of the latter via a torus

action. The main result of the chapter is Theorem 5.5.

5.1 Flat GSp,,-Bundles on P!

Set k = C. Denote by F, = F the field of Laurent series at y € P', and let 0, C F,
be the ring of power series. Let G be a trivializable principal GSp,,,-bundle on P*.
The space of global trivializations is a GSp,,, (C)-torsor. If a basepoint is fixed,
each global trivialization ¢ can be identified with an element g € GSp,,(C). Given
a flat structure V for G, we will write [V] for the connection matrix of V with
respect to the basepoint, and g - [V] for [V].

Define (Gr/S[EL)y := GSpy, ®o,, Fy. The inclusion

GSPy,(C) = T(PY; V) C (GSpay)y
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induces a natural C-structure in ((ﬁp\%)y Furthermore, there is a designated
maximal parahoric subgroup G, := GSp,, ®0,, 0, = GSp,,(0).

Let S, be a torus of regular type 7 in GSp,,, (F,) with the property that S, (o,) C
GSp,,(0,). By Theorem 4.1, there is a unique point x,, that is compatible with S,
and satisfies 02" € {V,,}, g, Where V is the standard representation of GSp,,,(C).
In the following, (G,V) is a flat GSp,,-bundle on P!, and A, € & (S,,r) is a
formal type associated to (G, V) at y; i.e., the formal completion (G,,V,) at y
has formal type A,. Denote the corresponding GSp,, (F))-stratum by (z,, 1y, 5).
It can be assumed without loss of generality that S, has the block-form described
in Chapter 4. Let U, be the unipotent group U, corresponding to = as defined in

Section 3.4.

Definition 5.1. A compatible framing for (G, V) aty is an element g € GSp,,,(C)
such that the formal completion (G,, V) contains the stratum (x,,ry, B,). The flat

GSp,,,-bundle is called framable at y if there exists such a g.
Let A = {Ay,...,A,} be a collection of formal types A; at points y; € P

Definition 5.2. The category €*(A) of framable flat GSp,, -bundles with formal

types A consists of flat GSp,,,-bundles (G, V), where

e G is a trivializable principal GSp,, -bundle on P!,
e V is meromorphic with singular points {y;},

e (G,V) is framable and has formal type A® at y;,
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and with morphisms given by principal GSp,,-bundle morphisms compatible with

the flat structures. The moduli space of this category is denoted by #*(A).

Following [5] and [2], we define an extended moduli space %(A) for which

A *(A) can be resolved via symplectic reduction.

Definition 5.3. The category %*(A) of framed flat GSp,,-bundles with formal

types A consists of triples (G,V,g), where
e (G,V) satisfies the first two conditions of Definition 5.2,
o g=(Uyg1,...,Uy,gm), where g; is a compatible framing for V at y;,

e the formal type (A')" for (G, V) at y; satisfies (A')'|s, = A’

s -

The moduli space of this category is denoted by 4 *(A).

Symplectic reduction is an important tool in our constructions of moduli spaces.

A list of well-known general properties of moment maps is given below for reference.

Lemma 5.4. Let X, X; be symplectic varieties, and let K and H be Lie groups.

1. Let p: H — K be a Lie group homomorphism, and let p* : ¥ — g¥ be the
pullback. Suppose that K acts on a variety X in a Hamiltonian fashion, with
moment map pg. Then the induced action of H on X is also Hamiltonian,

with moment map pg = p* o pugk.

2. In particular, this applies if H is a Lie subgroup of K and p s the inclusion

map.
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3. Suppose X1 and X5 are equipped with Hamiltonian actions by K, with cor-
responding moment maps jy : X1 — g” and po : Xo — g¥ respectively. Then
the induced diagonal action of K on the product X, x X5 is also Hamiltonian

with moment map [y + fio.

In Section 5.2, the formal types A; at y; are used to define the extended orbits

M; and % The proof of the following theorem is given in Section 5.3.

Theorem 5.5. Let #*(A) and %(A) be the moduli spaces defined above.

1. The moduli space #*(A) is a symplectic reduction of the product [ [, #;:
M(A) = (H ///> /o GSpy, (C).

2. Similarly,

M(A) = (H /7/> /o GSpy,(C).

Moreover, #*(A) is a symplectic manifold.

3. Let S; = S,.. There is a Hamiltonian action of S? on ;/7*(A), and A*(A)

is a symplectic reduction of;/\//*(A) by the group [, T7.

5.2 Extended Orbits

In this section, we construct the symplectic manifolds that make up the “local
pieces” of the moduli spaces /Z/(A) and ;/\//*(A) Following the convention of [5],
we call these symplectic manifolds eztended orbits. Without loss of generality, let

y = 0 be our singular point. We suppress the subscript y from Fy, o,, A,, U,
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etc. In this section, (ﬁp\271 is equivalent to GSp,, (F}), and g?p;L is equivalent to
gsp,, Qc k.

The study of extended orbits requires a familiarity with the relationship between
actions on funtionals and their functional representatives. For example, the follow-
ing lemma (the proof of which follows immediately from definitions) relates the

coadjoint action with the adjoint action.

Lemma 5.6. The map gsp,, — (asp,, )" determined by v (i.e., the map defined
by X — (X,-),) intertwines the adjoint action of ((ﬁp\%)m on gsp,, with the

coadjoint action of (@)m on (gspy,)Y.

Proof. Let Y € (gsps, ), and p € ((ﬁp\%)x Then

Ad*(p)((X,),)(Y) = Ad(p~)"((X, -),)(Y)
= (X, Ad(p™)(Y)),
= Res [Tr(X Ad(p~")(Y))/]
= Res [Tr(Ad(p)(X)Y)v]
= (Ad(p)(X),Y)y

= <Ad(p) (X)> >1/<Y)

The following proposition relates the coadjoint action with the gauge change

action.
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Proposition 5.7. The map gsp,, — (@sp,,)Y determined by v intertwines the

gauge action of(G/Sp\Qn)x on gsp,, with the coadjoint action of(@)x on (gsp,,)Y.

Proof. Let p € (G/Sp\zn)x and let (X, )y |Gy, € (g5p,,)Y be an arbitrary func-
tional, so that X € gsp,, . Note that Lemma 4.14 and [7, Proposition 3.6(1)] implies

that 7(p)p™" € (§5P2,)e+ = (85P3,); - Then

- X, Mg, = Ad@X) =70 M.

= (Ad()(X), Mg — (@~ Mg, Dby bilinearity of (-, -)

= (Ad(P)(X), M gmm)e since 7(p)p~! € (g5pa,)~
= Ad"(p)((X, -)](@)z) by Lemma 5.6.
]

Suppose that A is a formal type at 0 stabilized by a torus S with S(o) C
(G/Sp\gn)x Further, suppose that the corresponding regular stratum (z,r, 3) has
r > 0 (so V is irregular singular at 0). Recall from Section 3.4 that @, is the
parabolic subgroup corresponding to (G/Sp\Qn)gg and that U, is its unipotent radical.
Note that (GSps,)or C (GSpy,)s C (GSpay,)e and (GSpay)e/(GSPyyJas = Q. For
any subgroup H C (G/Sp\%)o, there is a natural projection of functionals py :
(§5p5,,)Y — bY defined by py := iy, where iy : b — (@D, )o is the natural inclusion.
Denote the projection of A onto (gsp,, )Y, by A*;ie., A* = Dgerrn).s (A). Denote
the (@)x—coadjoint orbit of A by & and the (Gr/Sp\%)H—coadjoint orbit of AT

by 0.
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Definition 5.8. Let A be a formal type with positive depth r > 0. Let @), be the

parabolic subgroup corresponding to ((ﬁp\%)w and let U, be the unipotent radical

of Q.. Define the extended orbits M (A) and .#(A) by

o M(A) C (Q\GSpy, (C)) x (gspy,)Y is the subvariety defined by
M A) = {(Qur0)  pgrmy, (AT (9)(@) € 6, and

o M(A) C (U,\GSpy,(C)) x (g5pan)Y is defined by

M(A) = {(Us, @) : Digayr),., (A" (9) (@) € O}

—~

Proposition 5.9. The extended orbits 4 (A) and 4 (A) are isomorphic to sym-
plectic reductions of T*((@)O) x O and T*((G/Sp\%)o) X O respectively:

M(A) = T*((GSpy)s) X O Jlo (GSpyy)s

—~

M (A)

I

T*((GSpan)o) X OF flo (GSpay)as-

The natural symplectic form on the product T*((@)O) X O descends to a sym-

—~

plectic form on M (A) (resp. M (A)).

Note that T*((Cgp\%)o) is not finite-dimensional. However, [5, Remark 5.12]

notes that it is still possible to treat extended orbits as if they were finite-dimensional.

Proof. We proceed to prove the second isomorphism. The proof of the first is simi-
lar. The group ((ﬁp\%)ﬂ acts on T*((@)O) by the usual left action p- (g, o) =

(pg, @), and on O by the coadjoint action p- 3 = Ad*(p)(3). On each factor, the
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action of (@)H is Hamiltonian with respect to the standard symplectic forms
on cotangent bundles and coadjoint orbits. By Lemma 5.4(3), the moment map

for the diagonal action of ((ﬁp\%)ﬁ

p- (9, B3) = (pg,a, Ad"(p)(B)) (5.1)

is given by the sum of the moment maps on the factors; i.e.,
Has e, - T ((GSPa)o) X 07 —= (8592, )44

is defined by

H(Gmmes (95 B) = Dy, (= Ad(9) (@) + 5. (5.2)
Hence
o (0) = {(9,0,8) : pigazz.., (~ Ad"(9)(@)) = B}
Since U, = (G/Sp\%)ﬁ/(Gr/Sp\%)oJr, it follows that

Uﬂf\ GSan(C) = (Gsp2n)$+\(GSp2n)0

Thus it is possible to define a map u ~—  (0) = .#(A) via
(GSp2TL)O+

(9,0, 8) = ((GSpay)arg: ).

Since the fibers are (G/S-p\%)ﬂ—orbits, this map identifies

(@Sp2)ei\ (K, (0)) = A(A).

GSp2n)9€+
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—~

We want to describe an action of GSp,,, (C) on #(A) (resp. .#(A)). Let res :
(g505,)Y — @sp,,(C)Y be the restriction map dual to the inclusion gsp,, (C) —

(8505, )o- Explicitly, res(a) is the map corresponding the usual residue of a,v.
Proposition 5.10. There is a Hamiltonian left action of GSp,,, (C) on #(A)
defined by

h-(Qug, @) = (Qugh™", Ad" (h)(a))
with moment map pcsp,, ) : A (A) — g5p,,(C) given by

MGSan(C)(ng: a) = res(a).

Likewise, there is a Hamiltonian left action of GSp,,, (C) on 4 (A) defined by

h- (Usg, @) := (Upsgh™", Ad*(h)(a))

with moment map figsp,, ) : A (A) — gsp,,(C) given by

ﬁGszn(C)(Uan a) = res(a),

Proof. We prove the second part of the statement. The proof of the first statement
is similar. The usual Hamiltonian left action of (@)O on its cotangent bundle
T*((@)O) restricts to a Hamiltonian left action of GSp,,, (C) on T*((@)O),
given by

p(h)(g,0) = (gh™", Ad*(h)av).

Extend this action to T*((G/Sp\zn)o) X Ot

p(h)(g, a, B) = (gh™", Ad*(h)av, B).
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The corresponding moment map is given by p,(g, @) = res(«). It is clear that this
action commutes with the action of (Gr/S];>\2n)x+ described in (5.1). Furthermore, p,,

. = . . .
is (GSpy,, ).+-invariant, since

to(p - (9, B)) = p(pg, @, Ad"(p)(8)) = res(@) = p,(g, v, ).

—~

By [5, Lemma 5.13], p descends to a natural action on .#(A), which is the one
described above. O

Lemma 5.11. GSp,, (C) acts freely on 4 (A).

Proof. We want to show that if h € GSp,,, (C) fixes some arbitrary point (U,g, «)
in the framed extended orbit, then h = 1. We begin by showing that it is sufficient
to assume that g = 1. To see this, first note the following general fact about group
actions: h fixes z if and only if ghg™! fixes g - x. Now suppose that the claim is
true for g = 1; i.e., suppose that h - (U,,«) = (U, ) implies that h = 1. Then
ghg™t - (Ug, ga) = (U, ga) implies that ghg™ = 1. But ghg™' = 1 if and only if
h = 1, and, by our general statement about group actions, ghg™' fixes (U,, ga) if
and only if h fixes (U,g, ). Hence h fixes (U,g, @) implies that h = 1, proving the
claim. Thus we assume that h € GSp,, (C) fixes some (U,, «) € /Z/J(A)

By [7, Proposition 3.6], there exists a functional representative «, = Z?:_T t'M;

(for M; € gsp,,,(C)) for a with terms only in nonpositive degrees. Since Ad*(h)(«) =
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a, it follows that Ad(R)(a,) = a, + X for some X € (gspy, ). Then
a, + X =Adh)(w)

= Ad(h) (X, t' M)

= S0 AR ()
The fact that Ad(h)(M;) € gsp,,(C) implies that a, + X has no terms of positive
degree; i.e., X =0 and Ad(h)(aw) = .

We next proceed to show that h is (@)H—wnjugate to an element of S(0);

the reason for proving this will become apparent in the next paragraph. Since

(U,«) € A (A), it is possible to choose p € (Gr/Sp\Qn)xJr such that

Ad"(p) (p(gapzm)., (@) = AT

—

Then Ad*(p)(a) € 7} (s”,) + (g5pa,)s - By [6, Proposition 4.9(2)], there exists
ap € P" C P! and a representative A+ € mi(sY,) for A' with the property that
Ad*(p)(Ad*(p)(a)) = A*. Setting ¢ = p'p € (@p\zn)ﬂ, we find that
Ad*(ghg™)(A%) = Ad"(q) Ad"(h) Ad*(g~)(AF)

— Ad*(g) Ad“(h)(a)

= Ad*(¢)(«) as shown above

— A+,
By Proposition 4.12(6), it follows that ghg™ € S. Moreover, since ghq™! € (G/Sp\%)o,
it follows that ghq~' € S(o).

We have shown that h is (G/Sp\zn)ﬂ—conjugate to an element of S(0). Recall

from Section 3.4 that (@)H = U, X (Gr/Sp\Qn)oJr. Then there exists some g €
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((ﬁp\%)mr and u € U, such that guhu='g™" € S(0). This implies that uhu™' €

g 1S(0)gNU, = {1}. Therefore h = 1, completing the proof of the proposition. []

Define S” C T to be subgroup generated by the rational cocharacters of S. Then

S” = S(0) N GSp,, (C) and S(0) = Spi x 5.

Lemma 5.12. If (Q,g1, @) and (Q.g2, ) both lie in M (A), then g2 = pgy for some

p € Q. Moreover, if (Uyg1,a) and (Upga, ) both lie in M (A), then go = usgy for

some u € U, and s € S".

Proof. To prove the first statement, we first show that it is sufficient to prove the
following specialized statement: if (Q,, ) and (Q,g, @) both lie in .Z (A), then g €
Q.. To see this, suppose (Q.g1, @) and (g2, ) both lie in .#Z(A). Acting on these
two elements by g;!, we find that (Q., Ad*(g1)()) and (Q,g29; ", Ad*(g1)(cx))
satisfy the conditions of our specialized statement. Hence gog; ' € Q,; equivalently,
there exists p € (), such that go = pg;. The reformulation of the second statement
is as follows: if (U,, @) and (U,g, @) both lie in /ZZV(A), then g = us for some u € U,
and s € S°.

We proceed to prove our specialized statement. Let (Q., a), (Q.g9,a) € A (A).

Then p a) € 0. Let oy, be a functional representative for «. Then it

(G/s£n>m+<

is possible to choose p; € (G/Sp\%)x such that Ad(p;)(ew) € s + (@8Py, )ey is a

representative for A. By [6, Proposition 4.9(2)], there exists some ¢1 € (GSpy,, )ur+

such that A, := Ad(qip1)(ew) € s is a “diagonal” functional representative for
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A. Likewise, we can choose py € (@)x and ¢a € ((ﬁp\%)LH such that A/ =
Ad(gop2)(Ad(g)(aw,)) € s is another “diagonal” functional representative for A.
Since A, and A’ are representatives in s for A with Ad(gpagp; 'q; ') (A,) = A’
it follows by Lemma 4.15 that A, = A’. The fact that gapogp; ‘¢ centralizes the
regular semisimple element A, € s implies that gapagp; "¢y € S ﬂ(@)o = 5(o).
Note that pi,p2, q1,q2 € (@p\gn)x and S(o0) C (@)z Hence g € (@)x N
GSpy,(C) = Qo

To prove the second statement, we let (U, ), (Ug, o) € .#(A). By similar argu-
ments to those used above, it is possible to choose s’ € S(0) and p; € (CTSP\%L)x+
with the property that g = p;'s'ps. Since (Gr/Sp\zn)gcJr is normal in (Gr/Sp\Zn)x, it
follows that there exists ¢ € ((ﬁp\gn)ﬁr with the property that s'p, = ¢s', giv-
ing g = p;'qs’. The fact that S(o) = Sy, x S° implies that s’ = s”s for some
s" € So. and s € S”. Note that u := p;'¢s” = gs~' € GSp,, (C). Hence there

is a factorization ¢ = us with s € S” and u € GSp,,(C) N (G/Sp\zn)IJr = U,, as

desired. O

Lemma 5.13. Let o € (gspy,)Y be a functional satisfying Pgerp)es (@) = AT,

Then s € S(o) implies that p L(Ad*(s)a) = AT,

5P2)a

Proof. Let a, and (A%), be functional representatives for « and A%, respectively,

which satisfy the hypothesis. Then

ay, + (@)9% = (AJr)V + (@)H €5+ (@)H
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The claim now follows, since S(o0) stabilizes elements of s and preserves (gspy, )zt

O

Proposition 5.16 below states that .#(A) is a symplectic reduction of .#Z(A) by

an action of S°. The action of S” on .#(A) is defined in the following lemma.

Lemma 5.14. There is an action of S° on .4 (A) given by

s (Ugg,a) = (Upysg, ).

—~ —

Proof. Let (U,g,a) € #(A). We show that s - (U,g,«) € #(A). To start, recall
that S* C GSp,,(C), so U,sg makes sense. Since (U, g, a) € ///ZV(A), it follows from
definitions that pgz=) . (Ad*(g)(a)) € 07, and thus there exists u € (G/Sp\zn)gwr

such that
Ad™ (u) (P, (Ad™(g)(a))) = AT

It suffices to show that there exists a u' € (@)H such that

Ad" (u') (p (Ad™(sg)(a)) = A™.

5P, )t
The element sus™' € (Gr/Sp\Qn)xJr has the property that

Ad*(191,&9’1)(]?(9?‘3;)%+ (Ad*(sg)(a))) =

= Pgarn).. (Ad"(sus™') Ad*(sg)(r))  since sus™" € (@)0

= Ad*(s)AT as shown above
= A" by Lemma 5.13,
completing the proof. O
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Let (U,g, ) € .#(A). Then there exists some u € (@p\%)ﬁ such that

Pgmrn)es (Ad™(ug)(a)) = AT (5.3)

Define a map pg : 4 (A) — (s°)V by

psr (Usg, @) = =(Ad" (ug)(e)) s

Lemma 5.15. The map pg» is well-defined; i.e., if u,u’ € (C}/S_p\Qn)a;+ satisfy (5.3),

then

—(Ad"(ug)(a))]¢ = —(Ad"(v'g)(a))ls-

Proof. Let A = Ad*(ug)(a). Then

Ad*(W'g)(a) = Ad* (v'u™t) Ad*(ug)(a) = Ad*(W'u"")(A).

The claim is equivalent to the following: if «' € (Gr/Sp\Zn)gcJr satisfies (5.3), then
Ay = (Ad*(Wu ) A)|,. By Lemma 4.16, v'u™" € S(o)(@)m. Hence, the fol-
lowing statement is stronger than the above claim: if s € S(0) and p € (@)x,r,
then A lp = (Ad*(sp)g) |- The following statement is even stronger, and is proved

in the following paragraph: if s € S(0) and p € ((ﬁp\%)wﬂ, then
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Let A, be a functional representative for A, and let X € s N (§5P5, )z Then

Pemiamimy. (A (sp) (D) (X) = (Ad(sp) &, X),
= (m.(Ad(sp)A,), X), by Proposition 4.12(4)
= <Ad(8)7T5(Ad(p>ZV), X), by Proposition 4.12(5)
= (1.(Ad(p)A,), X), since S stabilizes s.
Hence m,(Ad(p)A,) is a functional representative for Der(@emm)e (Ad*(ug)(A)). How-

ever, Proposition 4.12(5) implies that

-~ o~

mo(Ad(p)A,) — To(A)) € (8595 )t = ((85P2,)0) "

Thus 7 (A, ) is a functional representative both for p,q g (Ad*(sp)(A)) and for

pm(@)m(;l) by similar arguments to those used above. The claim follows. O]

Proposition 5.16. Set A := Al,,. The action of S* on /ZZV(A) defined in Lemma 5.14

18 Hamiltonian with moment map ubs. Moreover,
M(A) = M(A) f_ S

Proof. We proceed by first defining a Hamiltonian action of S” on T*((@)(,) X
OF. Given 3 € 0F, o € (gsp,,,)Y can be chosen such that Dgars)es (@) = B. Define
an action of S on 0% by s- 8 = Pgars)es (Ad(s)(a)). This can be shown to be a
well-defined action by similar arguments as those used in the proof of Lemma 5.14.

A moment map for this action of S* can be described as follows. Consider the

semidirect product S° x (@p\%)ﬁ C (@p\%)m with Lie algebra §” X (g5py, )ot
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Then AT € 0F can be lifted to A € (8 x (g8py,)as ). Let & C (s x (§8Pgy)as )"
be the S* x (@)x+—coadjoint orbit of A. Since S° stabilizes both AT (by
Lemma 5.13) and &, it follows that S” stabilizes A. Thus the action action of
((ﬁp\%),ﬂr on @ is transitive. In Lemma 5.17 below, it is shown that the natural

map 7 : 0 — 0+ defined by A Atisan S >_equivariant symplectic isomorphism.

Therefore, the moment map fi : 0 — (s”)V is given by

() = me (@ (),

b —

where g is the projection (8” x (gsp,,)er )" — (5°)V.

Note that there is amguity in the choice of lift for AT; an arbitrary lift of A"
has the form A+ for v € ((§8pay)es)” = (s°). To see the change in the moment
map, let 3 € 07T be arbitrary; i.e., let § = Ad*(u)A™ for some u € (@)H
Then

F1(B) = 7 (A" () AT) = Ad*(u) (AT + 7).

Let 2z € ”. Since

Ad"(u) (AT +7) (2) = Ad"(u) (A7) (2) + 7(2) = B(2) + 7(2),

it follows that the corresponding moment map differs from g by ~.

—~

The action of S” on .#(A) defined in Lemma 5.14 descends from a Hamiltonian
action of S* on T*((@p\%)o) x OF. To see this, let (g,«, 5) € T*((@)O) x O,

Then

S (970476) = (3970‘75’B)7
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with s- 3 defined as above, defines a Hamiltonian action of S” on T*(((ﬁp\%)o) X0t
with moment map y’ given by the sum of the natural moment map on the cotangent

bundle T*((G/Sp\%)o) and i. Note that the action of S* preserves pu~t

1 .
o (0), since

P(@)H(Ad*(sg)(a)) + Ad*(s)(B) = 0 if and only if P@pi)es (Ad*(g)(a)) + B = 0.

—~

Moreover, the map & : “(g%ﬁ\) +(O) — M (A) is S°-equivariant, since
2n/)x

s -®(g,a,p) =5 (Upg,a) = (Upsg,a) = ®(sg,a,s- ) = P(s- (g,, 5)).

In order to invoke [5, Lemma 5.13], it is necessary to show that the restriction

of i’ to ,u(_Gl/Sp\) (0) is (@p\%)ﬁ—invariant. With this goal in mind, let (g, «, 8) €
2n)x+
M (A). Define 1(g,a) to be the projection of Ad*(g)(a) onto (8 x (g&pay)es)”-

Let u € (GSpy, )ss. Then

plu-(g,0,8) = p'(ug, o, Ad*(u)B)
=g (— Ad"(w)(g, @) + mem H(Ad"(u)(8))
=g (— Ad™(u)(g, @) + Ad™(u)7(B)) -
Since (g, a, 3) € “(G%@H(O)’ it. follows that pgry,, (Ad*(9)(a)) € OF. Hence
¥(g,) (the projection of Ad*(g)(a) onto s x (gsp,,)ss) must lie in a S* x

(@)H—wadjoint orbit containing A — v (where A is the specified lift of AT

to 8 X (g5py,, )es) for some 7y € (5°)Y. Thus

T (—(g, ) + 7 1(B)) = me (— Ad"(w)th(g, @) + Ad™(u)T(8)) = 7.

— —~

Hence i/ is (GSpy,, ).-invariant. By [5, Lemma 5.13], the action of S* on .#(A) is

Hamiltonian, and the corresponding moment map descends from p'.
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It remains to give an explicit formula for this moment map; in particular,
v = pe (Usg, ). By (@)H—invariance, it is possible to assume without loss

of generality that pgzp—).  (Ad*(g9)(a)) = AT. By construction, pu(A™) = 0, so

85h2,,

Y= Ad*(Q)(O‘)‘sb = MSb(nga Oé).

—~

Finally, it remains to prove that .#(A) = .# (A) J/_»S’. Suppose that (U,g, a) €

A (A) is in the fiber u;}(—A) of —A. We show that (Q.g,a) € #(A). Since

(Upg, ) € M (A), fix u € (G/Sp\%)ﬁ such that p (Ad(ug)(a) = A". Let

8502, )
a,, be a functional representative for o. Then Ad(ug)(ow,) € A, + (gspy, ). for

any functional representative A, for A. Then m,(Ad(ug)(a,,)) = A, + z for some

z € 5(0). However, note that the assumption that (Uyg, ) € pg, (—A) implies that

—Alp = —A = pg (Urg, a) = — (Ad™(ug)(a)) [s;

i.e., the restrictions of Ad*(ug)(a) and A to (s°)" agree. Hence z € 5 N (§5Pq, )t
and so Ad(ug)a— A lies in the kernel of p, , as defined in Proposition 4.12(3). Hence
there exists some p € (G/Sp\gn)m such that Ad(p) Ad(ug)o,u € A, + (@5Py,)es, SO
Pgarn). (Ad"(pug)a) = A. Then Ad*(g)(ar) € &. Thus there is a map fig (—A) —
M (A) given by (U,g,a) + (Q.g, ). To show that the fibers of this map are S°-
orbits, suppose that (U,g1,51) and (U,gs, 52) both map to (Q.g,a). Then 3, =

» = . By Lemma 5.12, it follows that there exists some s € S” such that
p y ,

(Ux927a) = (stglaa) =S (Umvgl)a
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ie., (Uyg1,a) and (U,go, ) lie in the same S°-orbit. The desired isomorphism

follows. O
Lemma 5.17. The map 7 : O — O+ is an SP-equivariant symplectic isomorphism.

Proof. Let 7 : 0 — O be the natural map (described in the proof above) defined
by A — AT Then 7 is a ((%p\%)ﬁ-map; i.e., Ad*(u)A — Ad*(u)AT for all u €
(Gr/Sp\Qn)xJr We first show that 7 is S”-equivariant. Since (Gr/Sp\Qn)xJr acts transitively
on O, it follows that an arbitrary element of & has the form Ad*(u)A for some

u € (@)H Let u € (G/Sp\Qn)xJr and s € S°. Then

7(s- Ad*(w)A) = F(Ad*(s) Ad*(u)A)
— T(Ad*(s) Ad*(u) Ad*(s71)A) since S stabilizes A
= 7(Ad*(sus™)A)
= Ad*(sus™ 1) A" since sus~ € (GSpy, )urt
= Ad"(s) Ad*(u)A*
=5 F(Ad*(u)A)

Next we show that 7 is injective. Suppose that Ad*(u)A, Ad*(u/)A have the
same image via 7 for some wu,u’ € (G/Sp\%)ﬁ Since 7 is a (G/Sp\%)ﬂ—map, it
can be assumed without loss of generality that ' = 1. But Ad* (u)g, A have the
same image if and only if Ad*(u)AT = A", which is true if and only if u is in
the stabilizer of AT. Thus, to prove that 7 is injective, it suffices to prove that

the stabilizer of of A in (@)H is equal to the stabilizer of A* in ((ﬁp\%)ﬂ
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With this goal in mind, let 4, € (@)L_T be a functional representative for
A. Then A, € (s + (g5py,)s) N (8°)+. Lemma 4.16 implies that the stabilizer of
A* s (S(0) N (GSpyy)as ) (GSpPay)awr if 7 > 0+ and (GSpy, )us if 7 = O-+. Since
the stabilizer of A is a subgroup of the stabilizer of AT, it suffices to show that
this group stabilizes A. Since A, € s + (g8py,)a, it follows that S N ((ﬁp\%)ﬁ
stabilizes A. To show that (@)m stabilizes A, let u € (G/SIEL)W, z € ", and

T e (Q?IJ\ZTL):EJr Then

Ad*(u)(A)(z + X) = A(Ad(u "z + Ad(u™)X) = A(Ad(u""2) + A(X).

Thus it is sufficient to check that Ad*(u)A(z) = A(z). By Proposition 4.12(4),

Ad*(w)A(2) = (Ad(w)A,, 2), = (me(Ad(w)A,), 2),.

—_—

Then Proposition 4.12(3) implies that 7, (Ad(u)A,)+(§5ps, )er = Te(A)+(@5Po )t

SO

proving the claim.

Finally, we show that 7 preserves the natural symplectic form on each coadjoint
orbit. Since & and & are (Gr/SIEL)H—orbits, it suffices by transitivity to show that
the symplectic forms are the same at A and AT. This is equivalent to A([X; +

21, Xo + 2]) = AY([X1, Xo)) for 21,2 € 8" and X, X, € (@)H Note that the
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diagonal entries of [z;, X;] are all 0, so Tr(D[z;, X;]) = 0 for any diagonal D. Hence

A([Xl -+ Zl,XQ + ZQ]) = A([Xl,XQ] + [Zl,XQ] -+ [Xl,ZQ] —+ [21, 22])
= A([X1, Xa]) + A([21, Xa]) + A([X1, 22])

A([X1, Xs))

= AT ([ X4, Xa)).

The last step follows since [X1,Xs] € (§8py,)es, and the restriction of A to

(g5Py )os is AT, This completes the proof. O
5.3 Construction of Moduli Spaces

This section contains a proof of Theorem 5.5. Let G be a trivializable principal
GSp,,-bundle on P!, and let V be a flat structure with singularities at {y1, ..., Ym}-
Assume that V has compatible framings {U g1, . . ., Upngm } for each singularity, and
that V has formal type A; € (g5ps,,(Fy,))x

. at y;. Define 0; C (gsp,,(Fy,))z,, to be

Y Y

the coadjoint orbit of A; under (GSpy,(Fy,))s,,, and define ;" C (g5py,, (Fy,))e,, +
to be the coadjoint orbit of A under (GSpy,(F},))s, +. For each y;, set 4 =
M (AY) and ; = 4 (A). Fix a global trivialization as a basepoint.

The following definition mirrors [5, Definition 5.21].

Definition 5.18. The principal part [V,,|”? of V at y; is the image of [V,,] in

(952, (Fy,)y by the residue-trace pairing.

Let [V;]PP be the principal part of V at y;. It is a consequence of the Duality

Theorem ([17, Theorem II1.2]) that V is uniquely determined by the collection
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{[Vi]PP}" . Moreover, the Residue Theorem ([17, Proposition I1.6]) implies that
Yo res([V]PP) = 0.

A proof of Theorem 5.5 is given below.

Proof. Consider the map .#; — (gsp,,(Fy,))" defined by (Q.,g, ;) — «;. This
map is injective. To see this, let (Q.,9,q;) and (Q.,h, ;) be elements in ;.
Lemma 5.12 implies that g = ph for some p € Q,,. Then (Q., 9, ;) = (Qu,ph, ;) =
(Qa,h, «;), proving injectivity. This map identifies elements of the extended orbit
M; with the principal parts of a framable flat structure V at y; with formal type
A;. Hence any element of [[, .#; with ) res(coy) = 0 corresponds to a connection
V that is framable with formal type A; at each y;.

By Proposition 5.10, there is a Hamiltonian action of the global gauge group
GSp,,, (C) on each extended orbit .#; given by h-(Q., g, ;) = (Qu,gh™, Ad*(h)()).
The corresponding moment maps .#; — (gsp,,(C))Y is given by (Q.,g,a) —

res(a). Then the diagonal action of GSp,,(C) on the product [], .#; is given by

)

By Lemma 5.4(3), the corresponding moment map pasp, () : [[; #; — (9592, (C))"

is given by

HGSpy (C) (H(Qigi,ai)) = res(a;).

7 7

A moment map g : [ [, #(A); — gsp,,,(C)" can be defined similarly. These actions

of GSp,,,(C) correspond to the actions of the global gauge group GSp,,(C) on
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global trivializations. The Residue Theorem translates into an m-tuple lying in
p~1(0), and two flat structures are the same when they lie in the same global

gauge group orbit. Hence,

M*(A) = (H //) /o GSPy,(C).

Likewise,

—

AM(A)

12

(H %) //0 Gszn(C>'

This completes the proof of (1) and (2).

[t remains to show that .#*(A) is a symplectic reduction of M (A). By
Lemma 5.11, GSp,,, (C) acts freely on M, so the diagonal action of GSp,,,(C) on
IL M; is free. Let A; = Ai|ﬁzi. The action of [], S} on [], /Z/ZA)Z commutes with
the action of GSp,,, (C). By [5, Lemma 5.13], there is a Hamiltonian action of [], S,

on ./Z*(A). Similarly, there is a Hamiltonian action of GSpy, (C) on

)

H (J/Z’//f/\i Sf) = (H /7@> JTL(-A) HSf

Taking an iterated symplectic reduction of [, M, by the actions of GSp,,,(C) and

[1,S? is independent of order; i.e.,

(2

<(H ./?;) /o GSp%((C)> //Hi(_Ai) H S? = H (/Zf;//—m SE) /o GSp,, (C).
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Therefore,

M (A) = ([1; A2) [Jo GSps,(C) by (1)
= (I (4 /-7 32) ) o GSp,(C) by Proposition 5.16
= ((IT:#) /o GS02,(C) ) 1,40 T1; S as shown above
= M) a0 TS by (2),

completing the proof of (3).
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