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ABSTRACT

Let R be a commutative ring with identity. Let M be
an R-module. Define A-rank (M) = m provided A™m # 0 and
Am+lM = 0. If no such m exists, define A-rank (M) = o=,
Similarly define ®-rank and S-rank (symmetric rank).

Chapter I investigates the behavior of the ranks
defined above relative to exact sequences.

Chapter II applies the results of Chapter I to prove,
for V a DVR, that A-rank (M®N) < A-rank (M) A-rank (N)
and A-rank (APM) < (A—ragk(M)) for all V-modules M and N.

In Chapter III, weaker conclusions than those in
Chapter II are obtained for R a Noetherian ring of finite
Krull dimension.

In Chapter IV, we investigate what conditions on

A-rank (M) follow from the condition “A-rank (APM) = q".
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INTRODUCTION

Throughout, R is a commutative ring with identity and
all R-modules are unitary. Unless otherwise indicated,
module means R-module. M, N, A, B, and C always stand for
modules; 4, p, 4, m, n, i, and k always stand for non-negative
integers.

We will use FP (or GP) to stand for one of the functors
Qgp, sP or AP: Category of R-modules and R-module homomor-
phisms —— Category of R-modules and R-module homomorphisms.

If there is any question as to what ring we mean, we will

use subscripts, e.qg., Fg, Fg' .
Definition. F-rank(M) = m iff F®(M) # 0 and F™1(m) = 0.

Notice that m is unique, if it exists, because of the canon-

ical R-module homomorphism [of Proposition 0.13] of

(m+l)+k(M

F )@ PR (M) onto F

). If such an m exists,
we will say that M has finite F~rank or F-rank (M) < o,
Note also that F-rank(M) = 0 if and only if M = 0.

We will make some straight-forward observations about
F-rank (and, in particular, A-rank).

i) If M h > N ~ O is exact, then F-rank(M) >

F-rank(N) since Fp(h):Fp(M) — Fp(N) —> 0 1is also exact.
(FP is neither left nor right exact nor does it

preserve injections.)



Consider the following isomorphisms: [Prop 0.15]

RF(adC) = éo [E] & 2 @.0F o

'

P -
Pado=T @ P Far® sk );

k=0
P ~ 2 p-k k
AF(A®C) = @ (4 A®ANTC).
k=0
Now suppose that F-rank(A) = a and F-rank(C) = ¢ and

consider, for p = a + ¢ + 1, Fp—k(A)éb Fk(C), where 0 < k <
p. Either p-k > a + 1 or k > ¢ + 1; therefore either
Fp—k(A) or Fk(C) is 0; hence, for 0 < k < p,
Fp_k(A)QQFk(C) is 0; hence the preceeding isomorphisms
tell us that FP(aédC) = 0. Thus,

ii) F-rank(A @ C) < F-rank(A) + F-rank(C).

Suppose M is an R-module and R' is an R algebra. The

isomorphism Fg(M)®R R' FP, (M @, R') of Prop. 0.14 yields:

iii) Fp-rank(M) > Fp,-rank(M @, R')

R R'

A special case of Prop 0.14 is the following isomorphism,

where S is any multiplication closed set of R (Oﬁé S).

p =~ P
[FRM g F FRr(Mg)
S S
Since a module N is 0, if and only if, N. = 0 for

Q

every maximal ideal Q, we obtain from the above isomorphism:
iv) F_-rank(M) = max{F_, -rank(M.)|Q is a maximal ideal
R RQ Q
of R}.
Throughout this paper, we will be concerned primarily

with A-rank, dealing with ®-rank and S-rank only in

Chapter I.




The main objective of the paper is to bound A-rank (APM)
by a number that is a function of p and A-rank(M) and to
bound A-rank(M & N) by a number that is a function of
A-rank(M) and A-rank(N). Unfortunately, I have not been
able, in general, to do this, and, although we will find
bounds when R is a Noetherian ring of finite Krull dimension,
the bounds depend also on the Krull dimension and are almost
certainly excessive. When R is a discrete valuation ring
(DVR) , we obtain the "best possible bounds" via theorems
(in Chapter I) concerning rank and exact sequences.

We will also look at the problem of bounding A-rank (M)
by a number that is a function of A—rank(ApM) and p.

Suppose now that M and N are free on m and n generators
respectively. Then APM is free on (g) generators (by

Examples 0.12 ¢), implying that A-rank(M) = m; therefore

the A-rank of a finitely generated free module is the free

rank (the number of elements in a basis).
v) We have, for finitely generated free modules M and N,

A-rank (M®N) = A-rank(M) - A-rank(N) (because M@®N is free

A—rank(M))

b (by the

on mn generators) and A-rank (APM) = (

preceding paragraph).

vi) If R is quasi-local and M is minimally generated by

g elements, then Nakayama's Lemma and the fact that 7

commutes with ring homomorphisms enable us to reduce to the
case of a field (over which all modules are free) to conclude
that A-rank(M) = g. Since M finitely generated implies APM

finitely generated for every p > 1, A—rank(ApM) = (g).



From vi) and the fact that A and tensor product

localize well we have:
vii) If M and N are punctually finitely generated,

then A-rank(M @N) < A-rank(M). A-rank(N) and A-rank(APM) =

A—rank(M))
P .
Examples of non-finitely generated modules M for which

(

A-rank (APM) < (A—ragk(M)) are easy to find.

[Consider the Z-module M = 2P 2 ® Q/Z. A-rank(M) = 3 but
t-rank(a?m) = 2 < () = 3.]
It seems reasonable to ask whether or not the following

always hold:

a) A-rank(M @ N) < A-rank(M)+ A-rank(N)

A-rank(M))
p

I know of no examples of modules M and N for which a)

b) A-rank(APm) < ¢

and b) do not hold. On the other hand, I have been unable
to show in general that the finiteness of A-rank(M) implies
the finiteness of A—rank(ApM) for p > 1.

(Note: For a ring R, the following statements are

equivalent:

1) For all R-modules M, A-rank(M) < « implies that
A-rank(APM)< = for all p > 1;

2) For all R-modules M, A-rank(M) < « implies that
A—rank(AzM) < w5

3) For all R-modules M and N, A-rank(M), A-rank(N)

< o implies that A~rank(M ® N) < «,



Proof: 1) = 2) obvious

2) = 3) Suppose M and N have finite exterior
rank. Then, by ii), M@ N has finite exterior rank and
by hypothesis A2 (M@ N) has finite exterior rank. But
Az(M(B N) = AZM@ (M®N)C—BA2N. Hence M®N is a homo-
morphic image of AZ(MGB N); therefore by i), A-rank(M @ N)
< A-rank (AP (M@ N) ) < =,

3) == 1) Suppose A-rank(M) < «=. Then, by
hypothesis and induction, A-rank(&‘pM) < o and A—rank(ApM)

< o by i) since APM is a homomorphic image of ®"M.)



CHAPTER O. BACKGROUND MATERIAL

Herein are noted results necessary to the understanding
of the body of the paper. All rings are commutative with
identity and all modules are unitary.

Let R be a ring. Let Ai’ A, and B be R-modules, n, i,

p, t, and k stand for natural numbers, a, € At’ and r,r'e R,

t

Definition 0.1.

a) A function ¢:A1X ce. X An —— B is called a

multilinear map provided that ¢(al, ceer ra, + r'ai ’ ...an)

= r¢(al, cec@yy ...an) + r'¢(al, ...a{ P W
b) A multilinear map w:g A —— B is called symmetric
provided that w(al, ...an) = w(ao(l)""’ao(n)) for all

permutations o of {1,...,n}.

c) A multilinear map e:§ A —— B is called alternating

provided that e(al,...,an) = (0 whenever a; = aj for some
i# 3.

d) A multilinear map y:§ A —— B is called skew-
symmetric provided y(al,...,an) = 51gn(c)y(a0(l),...,%(n))
for all permutations o of {1,...,n}.

Prop 0.2. An alternating multilinear map is skew-

symmetric.

Proof: First suppose 6:A X A —» B is an alternating
multilinear map. To verify the above, we need only show that
e(al,az) = -e(az,al).

We have e(a1 + ayr ay + a2) = 0 but e(al + ayr aj + a2)

6



= f(a ,al) + e(al,az) + e(az,al) + e(az,az)

1
= e(al,az) + e(az,al).

Thus e(al,az) + e(az,al) = 0, or e(al,az) = -e(az,al).

By a similar argument, if 96:A X ... X A —— B is an
alternating multilinear map, then e(al, see@p g 50 35 90
"'aj-l' aj, aj+l""'an) = -e(al, R T aj, ai+l’ ..

aj—l’ ajs aj+l""’an)‘ Therefore, interchanging two

coordinates of the tuple simply changes the sign of the
image; but interchanging two coordinates is the same as
operating on the indices with a transposition; and any
permutation o is a product of t transpositions, for some
t, the sign of o being (-1)%. g.e.d.

Prop. 0.3. Let R be a ring. Every skew-symmetric
multilinear map is alternating = 2 is a unit in R.

Proof: <« Suppose 2 is a unit in R. Suppose

n-factors
Yy:A X ... XA —— B is a skew-symmetric multilinear map.

Y(al, ceeB; e Ay 859 "'aj—l’ aj aj+1""’an)

—Y(al, ceeBi g @5 A4 q0 "'aj-l’ a. ., aj+1""'an)

or 2y(al, cee@y g a =0

«eed.
1- ]-—

10 a4 aj+l,...,an)

But 2 is a unit in R; so y(al, "‘ai—l' a

a. .

i’ 241
., a. ceesa
i’ “i+1’ !

,...,an) = 0 and y 1s alternating.

j-1'
237 4541
= Suppose that 2 is not a unit in R. Consider the map
Y:R X R —— R/2R given by (r,r')—— rr'. Yy is bilinear

and y(r,r")= -y (r',r); hence y is a skew-symmetric bilinear

map but vy is not alternating because y(1,1) = 1 # 0.



The construction in ( w») may make one think that, in
order for y not to be alternating, 2 must annihilate the
image of y. The following example shows that this is not
the case.

Let R be a ring in which 2 is not a unit.

Let F be free on {el,ez}.

Let y:F X F — FQ F/({2e1®el, 2e,®e,, el®e2—e2®el}>
by (fl’fZ) — fzéifg be the obvious bilinear map.

This map is also skew~-gsymmetric because it is skew-symmetric
on the generators. However Y(el,el) # 0 by the following
argument: If y(el,el) = (Q, then elqgel = a(2el€>el)

+ b(2e2® e2) + c(el®e2—e2® el), a, b, ce€ R.

The elements el® e, e2® €y el® e,-e, D e,, are

linearly independent over R because {el@9 e eZCZ)ez,

el® e2-e2®el,
form a basis for F® F; thus we see that 2a =1, 2b = 0,

e263>el} can be easily seen to

and ¢c = 0. But 2a =1 => 2 is a unit in R. » <«

Tensor Products

Definition 0.4. The Tensor Product

Let A ...A_ be R-modules. Then AlQD .. ®A =

l'

FAlX...XAn/K’ where FAlX...XAn is the free R-module on the

elements of A X...XAn and K is the submodule of F

1 AX...XA

1 n

generated by elements of the form (al, e, ragtrtal ..., a))

i
1 e @4 sy an)-—r'(al Peeer @5 peeny an), r,r'€ R;

ateiAt.Let J:AlX...XAn —_— Alﬁ)...<EAn by (al Pe ey an) —

- r{a



al® ...®an . Notice that J is multilinear and that the

image of J generates Al®"'®An'
The tensor product of Al’ c ey An has the following
universal property:

Corollary 0.4:1 Suppose that d):AlX ...XAn — B

is a multilinear map. Then there exists a unique R-module

homomorphism $:Al®... ®a — B such that the following

diagram commutes:

N

Proof: |[Bbki.: Prop. 1, p. 244]

Some Facts About Tensor Product:
Prop. 0.5. Tensor product is associative. i.e. (AQ® B)®
CZTAOB®Cby (a®b)® c+—sr a@b® cC.
Proof: Consider the function ¢:A X B X C — (A B)
@ C by (a,b,c) —> (a® b)® c. ¢ is R-multilinear; hence
we get an R-module homomorphism $:A @B X C — (A B)® C
given by a®@ b® ¢c t—— (a @ Db) ® c.
Now we need only construct an R-module homomorphism
3)\' : (A®B) R C —» ADBRXRC where (a ®Db)® ¢ +—>
a®b ®c. Then :5 and d;\' will be inverses of each other
because their compositions are the identities. For every ce€C,
let A\ s A XB — AR®B® C by (a,b) ——> a®@b®c. Ao is

R-bilinear; hence we get an R-homomorphism f\\C:A B —
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AX®B — AR B C. Now define ¢':(a,c) = Ac(oc) where
o & A®B. ¢' is R-bilinear; hence we get an R-module
homomorphism q/;'\: (APB)®C —— A ®BX®C under which
(a®b)@ch— a®@b ®c.

By a similar argument, we can get a generalized
associative law for tensor product.

Prop. 0.6. Tensor product is commutative, i.e. A® B

TB®A by a® br—>b®a

Proof: Let ¢:A X B —> B® A by (a,b) — b ® a.
¢ 1is bilinear, hence induces an R-module homomorphism @:
AQRQB —> B®A given by a ® b +——> b ® a. By a similar
argument, we can obtain an R-module homomorphism 6\': B&® A
——A ® B such that b ® a —— a ® b. Thus the compositions
are the identities on generating sets, hence are the
identities.

Prop. 0.7. If A L B and A' L—» B' where £ and f'

are R-linear (R-module homomorphisms), then the map £ X f':
AXA —>B®B' by £ X £'((a,a") = £f(a) ® f(a') is
bilinear, hence induces uniquely an R-linear map f ® f':

A®A' —> B®B' by a® a' —— f(a)® f(a').[Bbki:

Remarks, p. 250] If A £, B -4 C -+ 0 1s an exact

- foyidD

sequence of R-modules, and D is an R-module then A & D
g@idD

BXD

251]

C® D —— 0 is exact. [Bbki.; Prop. 5, p.

Prop. 0.8. Tensor product distributes over direct sum.

i.e., for 2 modules, (AP B ®C ZA® JP(B® C)by (a,b)®c

b (a® c, b®c). [Bbki.; Prop. 7, p. 255]
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Note: If there is any question as to what ring R over
which we are taking the tensor product, we will use sub-

scripts, e.qg., A(Eh B.

Tensor, Symmetric, and Exterior Powers

Definition 0.9.

®°A = S°(A) = A°A = R; ®A = si(a) = ala = a;
If p is an integer > 1, then
p-factors
A®r =20 ...0a
P - - -
b) sP(a) = ®a/N, where N, = {{a;® ... oa_

aé?l)..mao(p)lc is a permutation of {1, 2, ...p}})

c) AP(a) = @pA/N2 where N, = <{al® ... Da [ai = a,

p J

for some i # j}7
For the image of al® ®ap in sP(a) (resp. APA) under
the canonical homomorphism "mod Nl" (resp., "mod N2") we
1 * *
write a; *... ap (resp., By Aeeen ap).
Let FP(A) be(XPA (resp., Sp(A); resp., ApA)

p-factors
Let J:A X ... X A —— FP(A) be the canonical map (al, ceey

ap) — a, *,..% ap. Then J is multilinear (resp., symmet-
ric multilinear; resp., alternating multilinear).

Note: When we use Fp(A) to stand for one of the three
modules @PA, Sp(A), or APA, then we will use a; ... * ap to

stand for the image of (al ,...,ap) under J.

Also if there is any doubt as to the ring involved we

will write Fg(A) )
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The modules of Definition 0.9 have the

Prop. 0.10.

following universal properties:

p-factors
Suppose ¢:A X ... X A —— B is multilinear (resp.,

symmetric multilinear; resp., alternating multilinear).
——

Then there exists a unique R-module homomorphism @:FP(A)
B commuting the following diagram:
FP(a)
J 3t $

p-factors
AX ... XA ¢ -+ B

Prop 6, p. 500; Prop 7,

Proof: [Bbki: Prop 1, p. 485;

p. 511]

The universal properties yield the following functorial

properties:

Prop. 0.11. Suppose f:A —— B is an R-module homo-

Consider the following diagram:

morphism.

p-factors
AX ... XA

p-times
£ X ...

p—-factors

BX ... XB

p-times

JB o(f X ... X £f)

linear; resp.,
a unique R-module homomorphism FP(f) that makes the diagram

is multilinear (resp., symmetric multi-

alternating multilinear); hence there exists
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commutative. [Observe that Fp(f) (al * oL * ap) = f(al)

LI f(ap).]

Note: 1If A £ > B » 0 is exact, then Fp(A)

_FP(f)

FP(B) —— 0 is also exact because {bl LK bplbifE B}
generates Fp(B) (because the set {bl®.u. ®bp} generates
@f@) and since, f is onto, each bl * L% bp is the image of

an a, *.,.* ap G-FP(A).

1
Examples 0.12

Let L be a free R-module with basis {el,..., en},

a) For p > 1, ®pL is free on {ei(io - ®e, } where
1
(il, i2,..., ip) ranges over all sequences of length p

taking values from {1 ,..., n}

Proof: This follows by induction from the fact that
tensor product distributes over direct sum and the fact that,
for any ring R, RO R® ... ® Ris freeon1® ... ® 1.

b) For p > 1, sP(L) is free on {ei *o..0* e, } where
1 P
i < ... <1i_and i, € {1 ,..., n}
- i J

1 24

2

Proof: Let R[Xl’ ...,Xn] be the polynomial ring in
n-variables over R. Consider the R-multilinear map
p _i._ 1 rt——. -
XFL - R[xl ,...,xn] given by (eil( ...,eip) ~> Xil
Xi -...~Xi . Since the polynomial ring is commutative, ¢ is
2 P
symmetric and induces an R-module homomorphism'$ESp(L) —_
1 * * . . .
R[Xl ""’Xn] given by eil “en eip — Xil Xi2 “en Xip.
Thus we have a subjective R-module homomorphism of sP (1)

onto the homogeneous polynomials of degree p in R[Xl’ ces Xn]’

* * - . .
{eil .en eiplljc {1, ... n} and i, 24,
a generating set for sP(L) and its image under 3 is a basis

< ... < 1 £
< p} orms
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for the homogeneous polynomials of degree p in R[Xl ,...,xn].

* * . . . .
Thus {eil Lo* ey Ilj €{l, ... n}and i, < i, < ... < lp}
is a basis for sP(L).

c) For 1 < p < n, APL is free on B = (€5, neeen ) |ise

1 p'J

{1, ... n} amd i) <i, < ... <il}:if p>n, APL = o.

1 2
Proof: We first prove the statement for p = n. AL

is generated by €1 ~eeen € and we wish to see that
€ ~eeen € is a free generator. It suffices to show that

there exists a homomorphism of AL to R that takes

€. neeen € to 1. Consider the alternating multilinear map ¢

n-factors T11) t12 Tln
of LX ... XL —— R given by é ’ f Py
nl) n2 nn
(1) (o) (0)
0|1 0
— det (rjk). ({00}, «.. , |0 = 1, ¢ induces
01" :
. 0
l-\OJ kOJ \l)a
1 0 0
0 1 0
%:A"L —— R such that 1 =3||0o| ~ [0 ceen 1zl =
: : 0
0 1 1
(b(el ~ e2 Ne oo en). qoe.d.
h < < n. . . Aeean €,
Now suppose that 1 p n Let (i) r(l) ell elp

be a relation on the elements of B. We wish to show that

r 3y = 0 for every (i). Fixing (i), let i;+1’ e ié be the
values of {1, ... n} that do not appear in ii, ce ié.
Now consider the element X = & I . (e, Aveen €, A
(i) (i) i 1p
e, PN ein)eAnL.

p+l n
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X = 0 because X is the image under the canonical homomorphism
Y APL @ A""PL —— AL of the element O<®(ei. NPT ),

p,n-p p+1 n
which is 0.

All the terms in X have repeated components and are O

except r,., e, .. e. e. Aeeon €.; . Therefore
P (iHh Tir o~ ~ if o~ Fi! if !
1 p p+l n
0 = r Y] e-‘ Ae o e A e-‘ Ae-, A e s e A e.] =+ I' ] e A e s
] — : 1
(1) iy lp lp+l i, (i")
. . n
N and since € ~---~ € 15 2 free generator for AL,
r ., = 0, as desired.

(1)
If p > n then APL is generated by elements of the form

1 1n 1n+l P

In each element of this form, we have at least one repeated

e. Neeon €. A €. Aveen € where ije-{l, ... N},

component; hence each generator is 0 and AP = o. g.e.d.

Prop. 0.13. There exists a subjective R-module homo-

morphism :FP(a) ® F4(a) —— FP'9(a) given by (a,

P,qg
* ..* a al *,...* a') pb—s a, *, .. ¥ a_ * aq! *,  _* a',
E) ® ( 1 q) 1 P 1 q
Proof: If pr g exists, it is subjective because Fp+q(A)
_— 14

is generated by elements of the form a; *,..*% a_ * ai *... a'.

P g

By the generalized associativity of tensor product, we
get the homomorphism @yp g Q9pA ® ®9a s @PF9a,
14
Suppose now that F = § (resp., A). Consider the

following diagram

y
@Pa) ® (@9a) BP9, @PtIy

|

ApP & Apg Apptq

|

v
FP(a)® Fd(n) F_Pra_, pP*d(a)

where AFp, AFq, and AFp+q are the canonical homomorphisms
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AFk
* *
al® ®ak — a; *-..¥ a
Since AFp & AFq is a surjection, we need only show that

the kernel of AFp & AFq is contained in the kernel of AFp+q

O®Yp q But, by [Bbki: Prop. 6, p. 252], the kernel of

AFp® AFq is the set of all elements of (®pA)®(®qA) that are
images of [ker ApP ®®qA] + [@pA®ker AF9] under the map
(inclusion ® id ®qA) + (id®pA ® inclusion).

If F = S (resp., A), the above image is contained in

the kernel of AFp+q o Y . Thus the homomorphism pY

@ pP,qg
always exists for F =@®, s, or A.

Prg

We have, by induction, a subjective homomorphism
n.p Y, : *
® F*(A) ——F P(A) given by (all ead ¥ alp)® @(anl
* * * * 1 ¥ 5 1
anp) —a;; *... anp (which is an isomorphism
ifF=Q).

Corollary 0.13.1. Suppose p is odd or R has character-

istic 2. Then there exists a unique subjective homomorphism

/y\ that makes the following diagram commutative.
@" (APn) L A"Pa

7/
APAAn i /’Y\

7

A" (APa)’
Proof: If it exists, the homomorphism y will be unique
and a surjection because both ApAAn and y are surjections.
Since ApAAn is surjective, /y\ exists, if and only if
ker(ApAAn) < ker(y). For simplicity, we will first deal

with the case n = 2 and then generalize.
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Suppose n = 2. The kernel of Aqy is generated by

APa
elements of the form X & X where X € APA. Let x =
k

'Z ;1 Ar--A aip' Then y(X®X) =
i=1
z Q.9 Aeee AdA. A A, A vee A,y -
lcici'<k 11 "ot i 2P
Rewrite Y(X & X) as follows:
k
I a,;A...nra._ _Aa,.A...ANa, + z [(a; Ae--A
joq M1 ip 7 fil 1P 3<i<it<k i1
aip A8y ai,p)+(ai,l/\ Aai,p/\ a; .../\aip)]

The elements a;, A aip/\ ail/\ /\aip are 0

2
by definition of A Pa.

i . e A A, . e v e . =
If p is odd, then al A al,p/\a1 A /\.al

'l

1 P
-ail/\ e Aaip/\ as l/\ e Aai.pbecause the indices (il, ...
ip, i'l,..., i'p) can be obtained from the indices (i'l, ...

i'p, i ,..., ip) by the permutation ¢ = (i'l,il) (i'2,i2) ...
(i'p,ip) which is an odd permutation because p is odd; thus
Y(X @ X) = 0.

If p is even, but R has characteristic 2, then we have

AjiqAeee A ai,p/\ail/\ .../\aip= a4 A ...Aaip/\ ai.l/\ ase
(here o would be even) = A A . Aaip TR IRAAE: ¥y
(since R has characteristic 2) and y(X@ X) = 0. g.e.d.

For the general case, the kernel of ApAAn is generated

by elements of the form Yl®... &R X®D. . .@Yj&)...@X@ "‘®Yn—-2

where X is as above and the Yj's are "basic wedges"

in APA (i.e. of the form a, A...A ap) . A similar argument

1

shows that any element of the above form is in the kernel
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of v.
Note a) Let n, p > 1. Y is almost never an isomorphism
unless both An(ApA) and AnpA are both 0. For example, if

k
I. is free on k generators, then An(ApL) is free on p]]
n

generators and A"PL is free on (nkp) generators. Assume

Y exists. Since y is surjective, y:An(ApL)-——+ Aan is an
k

isomorphism, if and only if, |lp)| = (¥p).
n

b) Let R be any ring of characteristic other than 2
and let L be the free R-module on {el, €yr €34 e4}. Then
2 .
AL is free on {el/\ eyr €3 N ey, €9 AN ey, e, N\ ey, €y N ey,

4 .
A
e /\e4} and AL is free on e e2/\e3/\e4.

1
. , . 2 4
Claim: The homomorphism @2 AL —— AL does not

factor through A2 AZL.

3

Proof of Claim: Under the homomorphism @2 A2L —

2,2

AATL, the element (e, A e, + e3/\ e4) &® (elA e, + e3/\ e4)

1
goes to 0; however, the image of this element in A4L is

(el/\ e, N ey A e4)+(e3 ~ey e A e2\= 2, A e, N ey ANe,

# 0. qg.e.d.

Proposition 0.14. Chance of Rings. Let R' be an

R-algebra. Let FP stand for @p, Sp, or Ap. Then there
is an R'-module isomorphism:

FE(A)@R R' —= FE,(A ®R R') given by (a;*...* ap)@r'
———— r' - (a; ® L*(a,®1) *...* (apo's)l).

Proof: [Bbki: Prop. 5, p. 489; Prop. 7, p. 502; Prop. 8,
p. 514.]

Notice the following two special cases of Proposition
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~F

. . p
1) If I is an ideal of R, then FE(a)/(1 FR(a))

R/I
p * * 3. * * 3
FR/I(A/IA) by a; *... ap — a; *... ap
2) If S is a multiplicative system of R (0 ¢ S), then
p p a; *, ..*% a 1 a, *...* a
g - p i = * _- __E
[Fr(B)1g Rg FRS(AS) by s ' s 1 T

Proposition 0.15. We have the following isomorphisms:

a) ®p(Al® A,) = (%(A)\l@) .. @)
p

by (a;;,a;,)® ... ®(apl,ap2) — (al)‘l® ...®ap>\p) (1)
where (A) = (A;,
length p whose range is {1,2}.

. Ap) ranges over all sequences of

b Pa®s « @ (PEm® o)
by (al,O) *...% (ap_k,O) E—?O,bﬁ *,..% (O,bk) ——y
(0,..., 0, (al*...*ap_k)®(bl *oo.0* bk), 0 ,..., 0)

) Pa® B 2 & (P *a @ 1)
by (al,O)A .../qap_k,O)k;O(O,bl)A .o A(O,bk) D |
(0,0 ,..., 0,(al/\.../\ap_k)®(bl/\...Abk), 0,..., 0)

Proof: a) This isomorphism is a direct consequence of
the fact that tensor product distributes over direct sum.
[Bbki: Prop. 7, p. 255.]

b) [Bbki: Corollary to Prop. 9, p. 505]

c) [Bbki: Corollary to Prop. 10, p. 517]
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Purity
Definition 0.16. Suppose E:0 ~ A £, B I ¢ +~ O
is exact. Then we say that E is a pure exact sequence or f
embeds A as a pure submodule of B provided that one of the
following equivalent conditions holds:
f@idD
a) For any R-module D the sequence 0 —— AR D
g®idD
B® D C®D — 0 is exact .
T11%1 + ...t T f(al)
b) Suppose( : : : : is any system of
rmlxl + ...+ rn¥n = f(am)

finitely many linear equations having a solution in X B. Then
n

+...+ ¥, X =

[
-
o
o]
V)]

1

has a solution in XA, (r..e R, a.€ A).
n 1] 1

+...+ T X =
mlT1l mn n am

c) Any homomorphism ¢:C' —— C, where C' is finitely
presented, factors through B; i.e., there exists a homomorphism
N AN
¢:C' —— B such that g¢ = ¢.
a¢&=>Db [Cohn: Theorem 2.4, p. 384]
be=ce [Fieldhouse: Prop. 7.2, p. 9]

We have, by c), that, if 0 —— A — B C —— 0

is pure exact and C is finitely presented, then the sequence
splits. Also notice that a split exact sequence is pure

exact.

Proposition 0.17. Suppose that 0 —~ A £, B 4 C

——— O 1s pure exact and ¢:C' —— C. Then there exists a

commutative diagram:



o

where the top sequence is also pure exact, (B' being the

Cl
v o
pullback of B g, c

Proof: The existence of the commutative diagram is

well known [Mitchell: Prop. 13.1, p. 15.]. f' is a pure

embedding because ¢of' fOidA, where idA and f are pure
embeddings, implying that %of', hence f', is a pure

embedding.

Direct Limits

(Direct limits preserve exact

a o
3 ¢B)

be three directed systems of R-modules and (fa) and (ga)

Proposition 0.18.

sequences). Let (A , Yg)' (B, &), (C

14

two directed systems of R-homomorphisms such that the

o 9o,

sequences Aa —_— Ba _— Ca are exact for all o.

Then writing £ and g the sequences

f .
—— 1im
e

lim £
B a

g

—— lim

lim =

14

lim A B C 1s exact.
Y T o -

Proof: [Bbki: Prop. 3, p. 287]

An immediate corollary to Prop. 0.18 is

Prop. 0.19. Let (M, yg) and (N, ¢g) be directed
systems of R-modules and let (ha) be a directed system of
R-homomorphisms. (i.e., For B > a, the following diagram

commutes :

21
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h \
M __.___g'_._,.; N
a a
o o
hg
Mg > Ng )
Let h = 1lim ha'
Then the exact sequence 0 —— ker h inclusion »1im Ma
— ", lin, N, — cok h —> 0 is the limit of the
. . h
sequences 0 —— ker h inclusion | M, AN N, —

cok ha —— 0 where,YB >0, the map from ker ha to ker hB is
induced by restriction and the map from cok ha to cok hB is
the homomorphism induced on cokernels.

Proposition 0.20. (Tensor products commute with direct

limits). Suppose (Ma' Yg) and (Na' ¢g ) are directed systems
of R-modules. Then the directed system (Ma® Na’ yg & qfé‘)
has as its limit lim, M (633) lim N where, for each a,
the canonical map of M ® N into lim M @ 1lim N is
v ® ¢*.

Proof: [Bbki: Prop. 7, p. 290]

Proposition 0.21. The direct limit of pure exact

sequences is pure exact.

Proof: Suppose A £, B -4 ¢ is the direct limit of

£ g
® . B @ ,c - 0
a a

the pure exact sequences 0 - Aa

Let D be any R-module. If we can show that 0 —— A® D

f@idD g®idD
— > B®D C® D —— 0 is exact, we will be
£ g
done by Definition 0.16. But since 0 > Agy, % . B 2N
f@idy @
Cqy —> 0 is pure exact, 0 —-— Aa® D Ba®D

g(@idD

C,® D —— 0 is exact, again by Definition 0.16.



23

Since, by 0.20, tensor products commute with direct

fG&dD g®idD
limits, A® D B®D Cc® D is the limit
£ ®idD
of the exact sequences 0 — A &® D —2—— = 4+ B & D
g ®id, a f@igD
COL@D—-»O; hence 0 ——» A® D B® D

g@ldD

C® D —— 0 is exact since, by Prop. 0.18, the

direct limit of exact sequences is exact. g.e.d.

Proposition 0.22. Let FP be one of(&?, sP, or AP,

Then FP commutes with direct limits in the following
obvious way: If M = 1lim, (Ma' Ya), then Fp(M) = lim;
(FPm), FP (v .

Proof: For(@p, we use induction and the fact that

tensor product commutes with direct limits (Prop. 0.20);

for Sp, [ Bbki: Prop. 8, p. 503]; for Ap, [Bbki: Prop. 9,
p. 515].

Proposition 0.23. Every module is the direct limit of

a family of finitely presented modules.

Proof: [Lazard: Appendice, p. 125]

Proposition 0.24. Suppose E:0 » A £ » B —2— C
. . o, _ o,
0 is exact. Suppose lim (Ca,¢ ) = C. Let E":0 — Aa

fa Iy th
—_— Ba —_— Ca —— 0 be the a— pullback sequence

relative to ¢u:Ca —+ C. Then {Ea} is a directed family
of exact sequences and E = 11m; {Ea}‘

Proof: Suppose B > a. Use the pullback property of
BB relative to g and @B to define uniquely ¢g:Ba —_ BB

such that the following diagram is commutative with exact

YOws 3



fa g(l
0 -+ A » B » C — O
ol a
6] ol
g g
fg 9
0 — A —F— B, —— C, — 0
\
o ,a-f .8 9 ¢ —so0

.

The above diagram induces a commutative diagram:

lim fa lim I,
A ———— 1lim B ———— 1lim c = C —
—_—— O — 0
0]
o - A £ » B g > C >

24

(Since {¢a:Ba -———> B} has the property that for B > o

a
B

to B.) ¢ must be an isomorphism by the "5 Lemma".

0% = ¢80® we have a homomorphism ¢ induced from 1lim B
——

o



CHAPTER I. RANK AND EXACT SEQUENCES

Let F be one of @, S, or A; Let G be one of X, S, or A.
The aim of this chapter is to prove the following two

theorems:

f. g.
Theorem 1. Suppose, for 1 < i < n, A, — B, —_

¢, —— 0 is an exact sequence. Then G-rank (Bl® ...®Bn)
< G-rank ((AlGD Cl)® ®(An€9 Cn)). If each f; is a pure

embedding, then G-rank (B;®...®B ) = G-rank ((Alea CN® ...
®-.. (A D))

Theorem 2. Suppose A £, B 2., ¢ » 0 is exact.

Then G-rank (Fp(B)) < G-rank (Fp(A(BC)). If £ is a pure
embedding, then G-rank (FP(B)) = G-rank (FP(a @ C)).
We begin by considering the kernel of the homomorphism

rP(g) :FP(B) —— FP(C).

f g . £'
Suppose A » B -+ C + 0 is exact and A ——
1
B <4 ¢ » 0 is exact; then, by [Bbki: Prop. 6, p. 252]

(feidy,) + (id@f")

A® BYPE® A" >B®B'—‘l@i'—+c®c'

—— 0 1is exact.

Applying this p-1 times, we have: If A £ B -3 ¢

inclusion
c o) }®pB

> 0 1s exact, then 0 —— ker@p g

—@—p—g————+®p C —— 0 is exac*® where ker@pg = <{bl®"'®bnl

Fa

all biG B, some bjeF(A)}>.
Now notice that F = S or A, we have the following
commutative diagram of exact sequences, where TB and TC

are the canonical homomorphisms:

25
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0 0
J ®pg restr. !
ker TB — ker TC — 0
incl. incl.
, | b !
0 ker®pg _inel. | ®pB M—+®pc > 0
TB restricted TB TC
incl M FP (o) ‘
0 —— ker FP(g) —2RS=- , pP() =2 P 5 0
¥ !
0

O«
o

From the fact that g is onto and by the way Fp(x) is
defined for X an R-module and F either S or A, we get that

the map ®pg restricted: ker TB —— ker TC is onto. A

diagram chase will now yield the fact that TB restricted:

ker ®g — ker FP(g) is onto.

Summarizing, we have:

Lemma 1.l1. Suppose A £ » B —2— C - 0 is exact.
p = * * = ‘
Then ker FP(g) = (b *... b |b; B, some b, & £(a)} 7]

If #F =S or A, ker Fp(g) = <{f(a)* b *, % praGA;

2

g reees bp e B}

Proposition l.2a. Let F be S or A. Suppose A —f—+ B

b

<4 , ¢ — 0 is exact. Then there exist exact sequences:
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Y
€0 FP (a) O , FP(B) —» Ny — 0
p-1 L5

e;r F (A)@C———+N0———~+Nl———~>0

: . FPK(a) ® 5 (c) —————»wk N — N, —+ 0

€y k-1 k
£ : . a® rFP Ll KP_“L_;, — FP(c) — 0
p-1" p-2 °

If, in addition, f is a pure embedding, then for, 0 <
k < p-1, wk is a pure embedding.
Proof: We first show the existence of the exact

sequences ¢, for 0 < k < p-1.

k

Let ¥, = 8, = FP(£):FP(a) — FP(B). For 1 < k < p-1,

let ek:Fp‘k(A)® FX(B) — FP(B) be the canonical

homomorphism induced by £ and idB (i.e. (al LI ap_kN$

* b, *...*Db

(b ) * by

* *
1 * ... bk) — f(al) ce ¥ f(ap K f
where ay € A, bj € B). For 0 < k < p-1, let Nk = cok Gk.
Note that Np_l = cok ep—l = Fp(B)/im(A®Fp—l(B)) = rP(e)

by Lemma 1.1.

For 1 < k < p-1, consider the following commutative

diagram where the homomorphisms between the modules are

the canonical homomorphisms induced by f and idB:

-k+
p-k lA

¥ Y

FP % (a) ® r¥(B)
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(We obtain n by composition of the following chain of

canonical homomorphisms:

RPF a@@* s — P Fa® a® ! B

Pk i4 @E®® T ia)
® A B, @P*r @ o 5L

— @ A @@B — FP %) ® F¥ ) )

1.

The diagram D induces a commutative diagram Dp k
14

F,k
with exact rows and columns obtained by tacking on cokernels

as follows:

n k-1
v e Y Y
P X (2@ F* (B) K . FP(B) > N, — 0
S
Dp, x
¥ " ¥ ¥
.pPk k k s , N
e tFT (AR F(C) » N _q > T 0
0 0 0
Define wk to be the homomorphism induced on cokernels as
shown. (That N, _, is cok 0, ; and N is cok 6, follows by

definition; that Fp_k(A)QQ Fk(C) is canonically cok n follows
from Lemma 1.1 and the fact that tensor product is right

exact.)
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Thus we have shown the existence of the exact

sequences g, for 0 < k < p-1.

k
Now we will show that, if £ is a pure embedding, then,
for 0 < k < p-1, by is a pure embedding. We will begin

with a lemma about split exact sequences.

Lemma l.2a.l. If E: O > A Rf/> B =2 C—> 0
T $

splits, then, for 0 < k < p-1, lpk is a split embedding.
Proof: k = 0. Let 7 be a left-hand splitting map

For E; then wo = FP(f) :FP(a) —— FP(B) splits by FP(m).
Suppose k is fixed, 1 < k < p-1. Let § be a fixed

right-hand splitting map for E. Write B = £(a)® §(C),

the direct sum being internal. Identifying A with f(A)

and C with &(C), we notice that the projection homomorphism

I, of FP(B) onto Fp_k(A)® Fk(C) obtained from the iso-

k
morphism FP(B) € FP(A)® ... ®[(FP ¥ ) @ rf() 1@ ...@FP(0)

(Proposition 0.15) has the following two properties:

i) T [im 8, ;] =0

ii) T (E(a])  *..o* fla ) * S(cy)  *...* §(c,)) =

p-k

(al

c.€ C.
J

* * *
. ap_k) 8 (cg ck), where a, € A,

i) tells us that Ty factors through cok 6, ; = N, _,

k
A
uniquely; let I‘k be the homomorphism induced by Fk from

N to FP ¥ (a)y® rFXio).

k-1

. P
Consider, for aie- A, cje C, Pk o wk ((al *,..% a

®(c; *...* c)) =T, (f(a;) *...* fla, ) * by *...% by)

where bjC— B and gr(bl) = Cy. g(bz) = Co sevey g(bk) = Cy-
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Since g(bj) = c. for 1 < j < k and § is a splitting homo-
morphism for g, then b; = f(aj) + §(c;), by = f(a)) + §(c,)

res.y b, = f(ak) + S(Ck) where ath A. Therefore, f(al)

k

*...* f(a * b, *...*Db
P

-x) 1 K
*, .. % G(Ck)]+ X where X € im ek_l. By i), TI'(X) = 0, and

Fk(f(al) L

= E(al) oL f(ap_k) * G(Cl)

Me(flap) *...% £la ) * by *...* b, )
£la, §(cy) *...% 8(c)) = (aj *...* a, ) )®(c) *...* cp)

)

-k
by ii). We have just shown that ?kowk((al LI ap—k
(2(01 * L. F ckn = (al L.k ap“k)@b kﬁ_*...* ck). Since
elements of the form (al L0 ap—k) ® (cl oo * ck)
generate Fp—k(A) R Fk(C) , AI’kowk = idFP'k(A)®Fk(C) , as

desired. g.e.d.

Now suppose that E:0 —— A £ + B -2 C » 0 is

pure exact. Let (ca’ ¢g) be a directed family of finitely

presented modules whose direct limit is C. (Existence of
such a family is given by Prop. 0.23.) For each o, let
£ g
E%:0 »A —2> -+ B —%* ., Cc — 0 be the (right) pullback
o o 6 o

sequence relative to Ca —2 5 c. E° splits since Ca is

finitely presented and the pullback of a pure exact

sequence is pure exact [Remark following Prop. 0.16 and

Prop. 0.17].

wo = FP(f) is the direct limit of (Fp(fa)) since FP

commutes with direct limit (by Prop. 0.22). Each Fp(fa)

splits by Lemma 1.2a.l; hence WO is pure exact since it is the

direct limit of split embeddings (Prop. 0.21).

For 1 < k < p-1, consider the commutative diagram, k

fixed:
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8

P K (a) @Fk(Ba) ~ FP(B,)

where, as before, the homomorphisms between the modules
are the canonical homomorphisms induced by fa and idB

)
Since E is the direct limit of {E*} [Prop. 0.24] and since

@ and F? commute with direct limit, then DF K is the limit
14
o
of {DF,k}'
Let Dg Xk be, as before, the induced commutative diagram
’

with exact rows and columns obtained by tacking on cokernels

a .
tO DF'kO
A
p-k+1 k-1 a . =p-k+1 k-1 . .
® AQ®" B, —+ F (AP F" “(B) 0 -+
n ]
o k-1
0
v o y 1
p-k k k p .
F= 7 (a) ®F(B) FP(B,) Nmk___+
» v, '
Fp"k(A)(X)Fk(ca) K > N > N, —
k-1 k
0 0 0
A~ ra\/
Then, by Prop. 0.19, D is the direct 1limit of {D };
F,k F,k
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__p-k k Vi
€ :F (A)R F(C) >N _; —> N —— 0

is the direct limit of {ez:Fp—k(A)QOFk(Cu) ~———— N

in particular,

a
k-1
—_ Na —— 0}; but each €§ splits since ok splits

k
(by Lemma 1l.2a.l); hence €1 is the direct 1limit of a family

of split (hence pure) exact sequences; hence, by Prop. 0.21,

g, 1s a pure exact (i.e. wk is a pure embedding). g.e.d.

k
Let A N B 2> C — 0 be exact. Looking at
Proposition l1.2a, we notice that for F = S or A, FP (A& Q)

is isomorphic (by Prop. 0.15) to the direct sum of the left-

hand terms of the sequences €1 and the right hand term,

FP(c), of ¢ 1f FP(a@® c) = 0, then all its direct

p-1°
: ; P —
summands are 0, yielding F*(B) = N

= = =
0 T M=E.EN L,

“~

1t

FP(c) = o.
We have just shown:

Corollary l.3a. Let F be either S or A. Let A, B, and

C be R-modules. If there exists an exact sequence A —£—+ B

<4 _+ ¢ — 0, then F-rank (B) < F-rank (AP C).

Looking again at Proposition 1l.2a, suppose that 0 —— A
£ > B -3 C -+ 0 1is pure exact and that Fp(B) = 0. Then
0 =Ny =N =...= Np_2 = FP(C) because homomorphic images of

the 0 module are the 0 module. For 0 < k < p-1, the left-
hand term of €y is also 0 since wk is a (pure) embedding.
But now Fp(A@ C) = 0 because it is the direct sum of

terms all of which are 0. Along with Corollary 1.3a, this

argument has proved:

Corollary l.4a. Let F be either S or A. Let A, B, and

C be R-modules. If there exists a pure exact sequence
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0 > A £ » B 4 C —n 0, then F-rank (B) = F-rank

(AP Q).
We now establish, directly, a result for @-rank

analogous to Corollary 1.3a.

Corollary 1.3b. Suppose A, B, and C are R-modules

and there exists an exact sequence A —f—-> B -4+ c —— 0.
Then @-rank (B) < ®@-rank (A @ C).

Proof: It suffices to show that, whenever ®p(A DdC) =

0, then @B = 0. Suppose (AP C) = 0 and b, @ ... 8D

is a fundamental tensor in ®pB. Since ®Pc = 0, bl® ...®bp €
ker ®pg, and we can, by Lemma 1.1, write bl®...®bp as a
sum of fundamental tensors of the form b]'_® ®b]!__1 D f(ai)
®bi+l®"'®b£3’ bl e B, ai' € A. But A @ ®p-lc is also 0;
thus we have, from I.emma 1.1 and the fact that tensor
product is right exact, that bj ® ... ®bi—l ® f(a))®

i+l
1] " " n
tensors of the form bi®... ®bj_l ® f(aj ) & bj+l ® ...

b! .® ... ®b£) can be written as a sum of fundamental

b}';_l ®f(a}'é) R b1'<'+l @...@bi’) , where either j or k = i

and b{_: e B, aj ’ a}'{' & A. Continuing in this manner, we
obtain bl® ...®bp as a sum of fundamental tensors of the
form £(a))® ... ®f(a ) which are all 0 since ®Fa = 0;
therefore b)® ... ®b = 0, implying ®°B = 0. g.e.d.

Next we prove a proposition somewhat similar to

Proposition 1l.2a:

4

Proposition 1.2b. Suppose 0 ~ A £, B -2 C

is pure exact. Then, for 0 < k < p-1, there exist pure
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embeddings wk as follows:

9°r —O s

- L4
Qp lA@ C ____1__> ®pB/K0

p-k k Vg
®: A®@®*c &B/x, _,

- Vp-1
p-1 P X
AP®P c WB/K_,

where Ky € X, ¢€...c K, _, are certain submodules of ®FB.

Proof: Define Yy = 6, = ®f. Define, for 1 < k < p-1,

ek :@p_kA ®© ®kB ——+®pB to be the canonical homomorphism
induced by f and idy [i.e. 8((a;® cee®ag ) ® (b1®...@bk))
= f(a;))® ... ®f(ap_k) ®b; ® ...®b, ]. For 0 < t < p-2,

define Kt as the submodule of ®pB generated by fundamental

tensors of the form bl®... ®bp where at least p-t of the

bi's are in f£(a).

For 1 < k < p-1, consider the following commutative

diagram where \pk is induced by ek:
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0
p-k . .
_ 6, 0(® id, ® inc.)
P *a @ (ker®¥g) —£ A > K;(__l
p-k. . . . .
®p ldA ® inclusion inclusion
! . !
Dy x *F *a B ®*s K » @B
& 14,0 ®5g
-k Kk Yy >
®p A ® @ C > ®pB/Kk_l
0 0

(The left hand column is exact since tensor product is
right exact; the right hand column is defined to be exact.
Any element of ®p—kA Q(ker ®kg) can be written as a sum of
fundamental tensors of the form (a;® ...@ap_k) () (b® ...®
bi-l QD fla) D bi+l®...®bk) . The image of a fundamental
tensor of this form in ®PB under 6,.° (@Pk id, ® inclusion)
is of the form f(a;)® ... ®f(ap_k) X b;®...1®b, , ® f(a)
® b.1 ® ...®8b, which is in K, _, since at least p-k+l of
the entries are in f(A); hence the top horizontal homo-
morphism exists. Let wk be the homomorphism induced on the

cokernels of the vertical homomorphisms.)

f g
Lemma 1.2b.1. If E:0 A Kﬂ; B ‘,_Gﬁ\,c 0

splits then wk is a split embedding for 0 < k < p-1.

Proof: (The proof is analogous to the proof of
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Lemma l.2a.l) k = 0. Let m be a left hand splitting

homomorphism for E. Then wo = @Pf splits by@pw.

Let k be fixed, 1 < k < p-1. Let § be a fixed right-
hand splitting map for E. Write B = £(A) @ 6(C), the direct
sum being internal. Identifying A with £(A) and C with §(C),
we note that the projection homomorphism Fk of ®pB onto

@p—kA ) ®kC has the following two properties:

i) T (K _;) =0
i) 1 E@D®... dE(a, ) ® §(c) @ ... @S(cy)) =
(a;® . ..@ap_k) ® (c;® ... ®c;) where a; & A,

c. e C.
J

i) tells us that I, factors through ® Pr/x ™

k=17 let Pk be

the homomorphism induced by Ty from ®pB/Kk_l onto ®p_kA®®kc
) ol
If we could show, for a; € A, cj € C, I‘kowk((a]_@ ce e B
a ) ® (c;® ... ®c,)) = (a;® e®a ) @ (e @ ... By),
Fa . .
then Fkowk would be 1d®p-kA® ®kC since elements of the form

(a;® ... @ap_k) ® (cl ® ...® c,) generate @p-kA ®®kc.

o (@@ ... ga ) @ (c; ® . ®c)) =T (Fla) ® ...®
fla, ) ® by ® ...@b,) where,for 1 < j <k, b, € B and g(b,)
= cj. Since § is a splitting homomorphism for g, bl =

f(al') + cS(cl) ree s bk = f(a}'{) + 6(ck) where aée A.
Therefore f(a))® ...®f(a ) ®b; @ ...®b, =[f(a)® ...®
fla,_)®s(c)® ..-@8(c, )] + X where X K1+ By i) T (X)

= 0; therefore, T, (f(a))® o®f(a, 1)@ by ® ... @b)

=1 ()P ® ... @f(a,_ P @8(c)® ...08(c) = (a;® ...®
ap_k)® (cl® ...@ck) by ii). Therefore f’\kowk((al®__,®

ax) ® (€® ...®c)) = (;® ...¥a, ) D (;® ...@c)
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A

and I, o0 = id .
k wk l@p-kA@,@kC

Let (Ca,¢g) be a family of finitely-presented modu

g.e.d.

les

f
For each o, let g &

t0 ———> A ——>

whose direct limit is C.

I

Ba ————> Ca —— 0 be the pullback sequence of E:0 —— A

a
— B > C » 0 relative to Ca %, c. Each E® splits

because fa is a pure embedding and Ca is finitely presented.

For k = 0, wo=($p £ :&FA ———a-@PB is a pure embedding
(by Prop.

0.21) since it is the direct limit of split
embeddings ®pfu:®pA — ®pBa.

For 1 <k < p-1, k fixed, consider the commutative

diagram

&
i
~
5
®
W
o
R
]
w
Q
Q2
v

R« O
Q
T
H

inclusion
a
D v 3]
®,k _ o
PP A ® ®kBa k > ®pBa
@ dA®®kg l
1
p-k k Ok .
Q) AD®®C, ,(nga/Ka
l l k-1
0 0

where, eak
and idB ; K

is the canonical homomorphism induced by fa
is the submodule of ®PB_ generated by

Gy _q o

fundamental tensors of the form blG)...GDIb where

bi < Bu and at least p-k+1 of the bi's are in
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fa(A) , and, as before, \pu is the homomorphism induced

k
on cokernels. (The same argument that showed the existence
~ ’a-/
of D@,k shows the existence of D®,k')
Since tensor product commutes with direct limits and

~—7
all homomorphisms are canonical, D@k is the direct limit of
(4

: o~ . . .
the family {D }. In particular ¥ is the direct limit of

®, k
the family (wak); hence wk is a pure embedding (by Prop.
0.21) since each wo‘k is a split (hence pure) embedding
(by Lemma 1.2b.1). g.e.d.
In the presence of Prop. l.2b, suppose 0 > A £ -
B 34 ¢ » 0 is pure exact and ®B = 0. Then @°c = 0

because ®pg is subjective. Since ®pB is 0, so are @pB/KO,
ooy ®pB/Kp_2 all 0. sSince for 0 < k < p-1, lpk is a pure
embedding, hence an embedding, @pA, ®p—lA® Ci eeoy A@@p—lc

p i}
are all 0. But@ (A ®0 = & &)@ a® g = 0.
k=0

Hence, ®-rank (A@ C) < ®-rank (B). Recalling Corollary
1.3b., we have shown:

Corollary 1l.4b. Suppose A, B, and C are R-modules;

suppose there exists a pure exact sequence 0 > A > B

> C > 0. Then®-rank (B) =®-rank (A®@C).

Combining Corollaries l1.3a, 1.3b, l.4a and 1.4b, we obtain:

Corollary 1.5. Let G be one of S, A, or®; let A, B,

and C be R-modules. 1If there exists an exact sequence A ——

B > C > 0, then G-rank (B) < G-rank (A® C). If there

exists a pure exact sequence 0 > A > B » C > 0,

then G-rank (B) = G-rank (A @® C).
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Immediately, we have:

Lemma 1.6. Direct Sum Replacement Lemma. Let G be

one of &, S or A. Suppose M b, M' b, M" —— 0 is

exact and N is any R-module. Then G-rank (N &® M"') < G-rank

(N MP M"). If h is a pure embedding, then G-rank
(N M') = G-rank (NS MB M").
id. @h '
Proof: N® M N N@M'—o—@——v\M" — 0 is

exact. Hence, by Corollary 1.5, G-rank (N@ M') < G-rank
((N® M) P M"). If h is a pure embedding, so is id, ® h
and, again by Corollary 1.5, = s holds.

Lemma 1.7. Tensor Product Replacement Lemma. Let G

]
be any one of ®, S, or A. Suppose M h , m D

> M“

0 is exact and N is any R-module. Then G-rank (N ® M') <
G~rank 6\1 R MP M")\) . If h is a pure embedding, then
G-rank (N® M') = G-rank (N @ (M & M™)) .

id ®h idl\?h'

Proof: NQ@ M N N® M N®M" —— 0

is also exact; hence, by Corollary 1.5, G-rank (N & M') <

Pand

G-rank ((N® M) ® (N® M")) but (N®@ M B (N® M") =
N ® (M®P M"). If h is a pure embedding, then id ® h is a

pure embedding, and again by Corollary 1.5, = s holds.

Theorem 1 now follows from Lemma 1.7 by iteration.

Theorem 1. Let G be one of ®, s, or A. Suppose, for

£y 95
> Bi > Ci » 0 is an exact sequence.

1l <1i < n, A,
- T = i

Then G-rank (Bl® ...®Bn) < G-rank ((Al(‘B Cl)®... ®(An@ Cn))'

If each fi is a pure embedding, then = s holds.

f.
Proof: The exactness of Ai ., B. Ci — 0 for

1 <i <n and Lemma 1.7 imply:



40

G-rank (B,® ...®B ) < G-rank ((a,® C;) ®B,®...®B )

| A

G-rank ((Al(-D c;) ® (A, @ C,)®
B,®...®B))

< G-rank ((A;® C)® ... R B C))
If each fi is a pure embedding, then Lemma 1.7 says
that we can replace "<" by "=" in each step above. dg.e.d.
Theorem 2. Let F be one of ®, S, or A; let G be one
of ® S, or A. Suppose A —£—+ B -2 s c-—> 0 is exact.
Then G-rank (FP(B)) < G-rank (FP(a® C)). If f is a pure
embedding, then = s holds.
Proof: F =Q@®. This case is simply a special case of
Theorem 1.

F =S or A. We write the exact sequences of Proposition

1.2a for FP(B):

Y
€q:FT (2) 9 , ¥P(m) > N, . 0
FP i) ® ¢ Y1 > N s Ny — 0
€1¢ > Mo > N
.-Fp-k(A) F‘k(C) -ﬁ—‘—-» N —— N, — 0
€y ® k-1 k
p-1- p-2 :

Then G-rank (FP(B)) < G-rank (FP(a)® N,) by Cor. 1.5

| A

G-rank (FP(a) @ [FP"H(a) @ c] @ N)) by

Lemma 1.6

L ) I/\
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| A

G-rank (FP(A)@ ... ®[F’(a)® FP 2(C)] DN _,)
by Lemma 1.6

G-rank (FP(A)® ... @ [A®@FP 1 (c) 1®FP(c)

| A

by Lemma 1.6
But FP(A)® ... ®[FP * )@ F*()1® ...®rP(C) = FP(a@ Q)
If, in addition, f is a pure embedding, then, for

0 <k < p-1, wk is a pure embedding by Prop. l.2a.

Corollary 1.5 and Lemma 1.6 now enable us to replace "<"

by "=" at each step. g.e.d.



CHAPTER II. APPLICATIONS OF THEOREMS 1 AND 2

Definition. Suppose that M is an R-module having exterior

rank m. If there exists a family {Ci}rjr;0 of submodules of

M such that 0 = C; € C; € ... €C_ =Mand, for 1 < i <m,

0 1
A-rank (Ci/ci—l) = 1, then we will call M an exteriorly

solvable module or say that M admits an exterior composition

. m
series {Ci}i=0'

Note: Theorem 2 gives us the fact that A-rank (Ci) =

i, Vi30 < i < m; hence each submodule C;r 1 <ic<m, is
exteriorly solvable.

[Verification of Note. Clearly if A-rank Ci = i, then

the exterior composition series for M contains an exterior
composition series for Ci; therefore, we need only see that
A-rank (Ci) = 1i.

Claim. A-rank (Ci) < i.

Proof by induction., Clearly A-rank(C,) = 0. For i > 1,

suppose A-rank (Ci_l) < i-1. We have an exact sequence

0 — C, 4 -~ C4 ~ C;/C;_y — 0 where C,/C,_; has

A-rank 1. Thus by Theorem 2, A-rank (Ci) < A-rank (Ci—l) +

A-rank (C,/C._ ;)

Claim. A- rank (C;) > i. Proof by reverse induction.

< i-1+1 = i.

It

By definition A-rank (Cm) m. For i < m-1, suppose A-rank

Ci+l > i+l. Consider 0 Ci - Ci+l —_— Ci+l

/Ci — 0.
A-rank (Ci+l) < A-rank (Ci) + A-rank (Ci+l/ci) by Theorem 2.
We have i+l < A-rank (Ci) + 1 or A-rank (Ci) > i as

desired. |

42
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Obviously, finitely-generated free modules are
exteriorly solvable; therefore, by Nakayama's lemma,
finitely generated modules over a quasi-local ring are
exteriorly solvable. One might ask what conditions must
be put on a ring R to guarantee that all modules having
finite exterior rank are exteriorly solvable. The following
example shows that even finitely-generated projectives over
a non-local Noetherian ring need not be exteriorly solvable.

Example: Suppose R is a Noetherian domain having the
following properties: [Samuel; Props. 9 and 10, p. 164-165.]

a) Finitely generated rank 1 projectives are free,.

b) There exists a finitely generated rank 2 projective P
that is not free. Then P is not exteriorly solvable.

Verification: By contradiction. Suppose 0 € C, € P is an

exterior composition series for P. Consider the exact sequence
of finitely generated modules 0 —— Cl — P —— P/Cl — 0.
Let Q be any maximal ideal of R. 0 — C1, — Ry ® Ry —

(p/C —— 0 is exact where ClQ and (P/Cl)O have exterior

19

rank 1; hence both C and (P/C are principal. Cl

1, 1o

then is a finitely generated torsion free module (over a
domain) that is locally principal; hence Cl is projective;
hence Cl is free by a). Tensoring with the quotient field
of Rl we see that P/Cl cannot be a torsion module; but P/Cl
is locally principal, hence locally free; hence P/Cl is

projective. Again by a), P/Cl is free. Thus we have

0 » R > P > R » 0 is exact, implying P = RR,

contradicting b).
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We will prove that, if M is an exteriorly solvable

R-module, then A-rank (M®N) < A-rank(M) = A-rank(N) (where

A—rank(M)) Y p o> 1.

N is any R-module) and A-rank (APm) < | P

We pause for a lemma.

Lemma 2.1. If A-rank (A) = 1 and A-rank (B) < « then
A-rank (A®@B) < A-rank (B).

Proof. Let n = A-rank (B). Since An+1B = 0, elements

of the form (al@ bl)®. .. ®(ai®bi)® .o ®(aj®bi)®. . .@(an+l®bn+l)

generate ®n+lA®B. Since A2A = 0 we can replace this element by

a linear combination of elements of the form (al® bl)® . ®(a'i® bi)

&b

But any element of the
n+1

®. .. ®(ai®bi)® ... ®(a

n+1®Pns1) -

last form is in the kernel of the map® (A®B) ——)An+l(A®B)

given by (23;®b))® ...®(a_ @b 1) — (a; ® b)) A(a,®Db,)

@ b n+1

n+1 hence A

A---A(a A®B = 0. g.e.d.

n+l);

Proposition 2.2. If M is an exteriorly solvable

R-module and N is an R-module, then A-rank (M®N) <

A-rank (M) -A-rank (N).

Proof: 1If A-rank N o, then there is nothing to prove;

therefore suppose A-rank (N)< . We will induct on m =
A-rank (M). If m = 0, then M = 0 and M®N = 0. If m = 1,

the proof is just Lemma 2.1. If m > 1 consider the exact

inclusion

m-1 0

+~ M » M/C

sequence 0 —— C m=1

(obtained from an exterior composition series,{ci}) where

Cm 1 is exteriorly solvable of exterior rank m-1
by the Note. We have C _;®N — M®N — M/C _®ON —— 0
is exact. Thus by Theorem 2, A-rank (M®N) <

A-rank [(Cm_1®N)® (M/Cm_l® N)] < (m-1)A-rank (N) + A-rank (N)



45

by Observation ii) of the Introduction and induction on m.

But (m~1)A-rank(N) + A-rank(N) = m-A-rank (N)

A-rank (M) -A-rank(N). g.e.d.

Proposition 2.3. If M is an exteriorly solvable

A-rank (M))
p
Proof: Again we will induct on m = A-rank (M). If

R-module, then, for every p > 2, A-rank (APM) < |

m =0, then M = 0 and APM = 0. Ifm-= 1, then APM = 0 and
we are done. Suppose now that m > 1. Consider the exact

sequence (obtained from an exterior composition series, {Ci}

inclusion

for M) 0 — C -+ M -+ M/C ——> 0 where

m-1 m-1

C,-1 has exterior rank m-1 and is also exteriorly solvable.
We have,
A-rank (APM) < A—rank(Ap[(Cm_l)GB(M/Cm_l)]) by Theorem 2
= A- p p-1
A-rank (A Cm_fB(A Cm_18>M/Cm_l)) by Prop.
0.15

- p - p-1
< A-rank(A“C__;) + A-rank(A Cm__l®M/Cm_l)

by Observation ii) of the Introduction

< (m;l) + (2:i) by induction and Lemma 2.1.
But (m;l) + (g:i) (g) and we are done. d.e.d.

The following result is due to L. Fuchs:
Theorem (Fuchs: Theorem 32.3, p. 137). Suppose V is a
discrete valuation ring (DVR) having quotient field Q and

suppose that M is a V-module. Then there exists a pure

exact sequence 0 k-2 M -+ D » 0 where K is a
direct sum of cyclic V-modules and D is a direct sum of
copies of Q and Q/V. We say that ¢ embeds K as a basic

submodule of M.
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Theorem 2 tells us that A-rank (M) = A-rank (K@D) and
A-rank (APM) = A-rank (AP(K®D)). Theorem 1 (or Lemma 1.7)
tells us that A-rank (M®N) = A-rank ((K@D)®N).

We are now ready to prove the following:

Proposition 2.4. Suppose V is a DVR and M and N are

V-modules. Then A-rank {(M®N) < A-rank (M) + A-rank (N)

and A-rank (APM) < (A—ragk(M)) for all p > 2.
Proof: If A-rank (M) = «, there is nothing to prove,

so suppose A-rank (M)< o,

Let 0 , K -2 > M > D —+ 0 be exact where ¢

embeds K as a basic submodule of M and A-rank (M)< .

The comments following Fuch's theorem along with Propositions

2.2 and 2.3 will yield a proof providing that we can show

K®D to be exteriorly solvable.

Verification that K@D is exteriorly solvable if

A-rank (M)< . A-rank (M)< o« and A-rank (M) = A-rank (K@ D)

together imply that A-rank (K@PD) < . But we see that
A-rank (K@ D)< « if and only if the number of cyclic direct
summands in K is finite and the number of direct summands

of 0 in D is finite. Write

£ t q
K@D = (@ Va)®( @ T,) B P Qc)@)(@Q/V) where £, t, and g
a=1 b=1 c=1 8

are integers > 0, § is some cardinal number, Va = V for

1l <ac<f, T is a cyclic torsion module for 1 < b < t, and

b

QC=Qforliciq.

We consider three cases to write an exterior composition

series {Ci} for K®D:
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Case 1. (K@D is free) t =g =6 = 0. Then

A—rank'(KGBD) = f. Let Cy =0 and, for 1 < i < £, let
i

c, = @ v_.

i oy @

Case 2. t =g =0,8 >0. Then A-rank (K®D) = £ + 1.
i

L%t Cy = 0 and, for 1 < i < f, let C; = ;§lva. Let Cppy =
DV, ®(@a/V) (= K@D).
a=1 §

Case 3. Now suppose max {t,q} > 1. Let r = max {t,ql}.

Then A-~rank (K@®D) = £ + r. If t > g, define Qq+l = Qq+2

=, ..= Qr = 0. If t < g, define Tt+1 = §t+2 Sl Tr = 0.
Let C; = 0 and for 1 < i < f let C, = @vVv.. For £ < i«
£ izf a=l 3¢ -
f+r, let C, = (B V_ ) DBP/VIB(S T,.)B(D Q).
1 =1 @ 4 b=1 © = e=1C

Thus we have shown that K@D is exteriorly solvable.
g.e.d.

Since A localizes well, Prop. 2.4 holds with the
hypothesis "V is a DVR" replaced by the hypothesis "for
every maximal ideal Q of V, VQ is either a field of a DVR".

Further slight generalizations are immediate but they seem

pointless.



CHAPTER IIT. NOETHERIAN RINGS OF FINITE KRULL DIMENSION

Let R be a Noetherian ring of finite Krull dimension d4;
let M and N be R-modules. We will:

a) bound A-rank (M@®N) by a number that is a function
of A-rank (M), A-rank (N), and d;

b) bound A-rank (ApM) by a number that is a function
of A-rank (M), p, and d; and

c) Dbound A-rank (M) by a number that is a function
of A-rank (APM), p, and 4.

Unfortunately, the bounds obtained in a) and b) are
probably excessive; and, for p odd, Chapter IV gives, for
an arbitrary ring R, a bound for A-rank (M), depending only
on A-rank (APM) and p, that is usually better than the
bound obtained in c).

Chapter III is independent of the other chapters, the
techniques being similar to techniques found in [Wiegand].

We begin with a trivial lemma:

Lemma. Suppose A and B are R-modules and B = Ann(a)B
for every a € A. Then A% B = 0.

Proof: Consider a®b € A®QB. b = Eribi where each
r; € Ann(a). a®b = aQ?)Z.ribi = );(ria®bi) = Z.(0®bi) = 0.

i i i
Since elements of the form a®b generate AQ®B, A®B is 0.

g.e.d.

Proposition 3.1. Suppose R is a Noetherian ring of

finite Krull dimension < d. Suppose M and N are R-modules

48
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with A-rank (M) < m and A-rank (N) < n. Then A-rank (M®N)
< (d+1) (mn+1) - 1.

Proof: By induction on d. Suppose d = 0. We must
mn+1
show that A UHQQRN) = 0. We have, for any prime P,
R
mn+1 -~ mn+1 mn+1
[Ag  MON] Fap  (MON), = A (M ®_ N_) where

P Rp P

A -rank(M

R P) < m and AR

-rank (N_.) < n. Since a module is
P P P =

0 if, and only if, it localizes to 0 at every maximal ideal,
we have reduced to the case in which R is local of Krull
dimension 0.

Therefore, suppose that R, Q is local of Krull dimension

0 and A-rank (M) < m and A -rank (N) < n.(Notice that Q is
R
nilpotent.) Then AR/Q—rank (M/QM) < m and AR/Q—rank (N/QN)

< n. Since R/Q is a field, M/QOM and N/QN are free and

AR/Q—rank (M/QM @%/Q N/QN)i mn. Therefore A??gl(M/QM<2£/QN/QN)

e
—

0. But M/QM ®R/Q N/QN o M @ N/O(M&N) so that

mn+1 mn+1 —_

Ag /o (M/OM N/ON) EA [(M®_N) /oM @N) ] =
R/Q( @&/Q R/Q R ®R (Prop. 0.14)

mn+1 mn+1 mn+1 mn+1
hp (M ®RN) QAg M ®gN); hence Ap (M ®RN) QAL (M @,N)

0. But Q is nilpotent; hence A§n+l

(MQDRN) = 0, as desired.

Suppose now that we have proved the proposition for rings
of Krull dim.< d-1, 4 > 1. Let R be a Noetherian ring of
Krull dimension < d. As in the case d = 0, we may assume

that R is local with maximal ideal Q.
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mn+1 mn+1
We first notice that A, (M®_N) =0(A, (M@ N)) since
1 mn+1 : mn+l
AR (M N)/C;(A (M® N)) = (m/om & . N/ON)
R Y R R (Prop. 0.14) R/Q R/Q
= 0 (because R/Q is a field). Note also, by the inductive
d (mn+1)
hypothesis, that for any non-maximal prime P, [AR M®RN]P
d(mn+1) ® — d (mn+1)
= 0 since [A M N] = A M. ®_ N.),
R R"P (prop. 0.14) Fp P "Rp P
R_ has Krull dimension < d-1, A, ~rank (M_,) < m, and
P - RP P/ =
ARP—rank (NP) < n.
d (mn+1)
Let x € Mg M@R N. Since x localizes to 0 at every

non-maximal prime P, Ann(x) g P for every non-maximal prime
P. Hence Q = ﬁ\—zTﬂ(—Q) and some power of Q, say Qk, is
contained in Ann(x).

mn+1 mn+1 mn+1

But A, (M@ N) =0 A, (M ®R N) so that Ao (M ®R N)

K mn+1 mn+1 mn+1
=Q AR (M®R N), implying: AR (M ®R N) = Ann(x) (Ag M@RN)

since QkQ Ann(x).

Since the above is true for every x e Ad(mn+l) (M @ N)

we have [Ai(mn+l) (M @R N) ] ®R mn+l(M @ N)] = 0 by the

Lemma; but, by Prop. 0.13, Algdﬂ') (mn+l)M®RN is a homomorphic

image of [Ai(mn+l) (M@RN)] ®R [A mn+l(M® N)] and is therefore 0.

g.e.d.
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Proposition 3.2. Suppose R is a Noetherian ring of

finite Krull dimension < d. Suppose M is an R-module
having exterior rank < m. Then A-rank (APM) < (d+1)(]g)+l\-l.
Proof: The proof is analogous to the proof of

Proposition 3.1.

Suppose d = 0. Since A localizes well (Prop. 0.14)

we may assume R is lgcal with maximal ideal Q (where Q is
()+1

nilpotent). Then A P M/OM = 0 since A -rank (M/QM) <
R/Q R/Q

AR-rank(M) (Observation iii) of Introduction) < m and R/Q

is a field.

(™) +1 _ (M +1 (M +1
But A P M/QOM —_ AP M/OA p M; and, since
R/Q (Prop. 0.14) R R
(M) +1 (M +1
Q is nilpotent, the fact that A p m/on P M = 0 implies
R R
(My+1
that A P M = 0.

R
Suppose now that the proposition has been shown for Krull

dim. < d-1. Suppose R is Noetherian of Krull dimension <

d and Ap-rank(M) < m. Since A localizes well (Prop. 0.14),
we may assume that R is local with maximal ideal Q. Since

m
+1
R/Q is a field and AR/Q—rank(M/QM) < m, we have<ép) M/OM = 0

m m m R/Q m
()+1 ()+1 ()+1 ()+1

or,by Prop. 0.14, AP MAAP M=0, or AP mM=o0r P M.
R R R R

For every non-maximal prime P, we have, by induction,

a((My+1)
A p M. = 0 since A_ -rank(M.) < A_-rank(M) < m and Krull
R P RP P — "R -

F a (™ +1)
dimension R, < d-1. By Proposition 0.14, [A P M]P is

R
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m
d((p)+l)

R M. Since x localizes to zero at

also 0. Let x € A

every non-maximal prime P, YAnn(x) = Q. Thus, for some k,

N (g) +1 (My+1
Q" < Ann(x). ThereforeI\R M= Ann(x)A% M for every

m m m
d((p)+l) d((p)+l) (p)+l

R M, and by the Lemma, Ap M® A

r'r M=20

xe A

(@+1) (1) +1)
implying, via Prop. 0.13, that A p M=0. g.e.d.

Proposition 3.3. Suppose R is a Noetherian ring of

Krull dimension < d. Suppose A-rank (ApM) < g and that
(;) > g. Then A-rank (M) < (d+1) (t+1) - 1.

Proof: The proof is analogous to the proofs of Props.

Suppose d = 0. Since A localizes well (Prop. 0.14),

we may assume R is local with prime ideal Q (which is
nilpotent).

. . . _ P
Since R/Q is a field, AR/Q rank (AR/Q M/QOM) < g, and

(;) > g, then A;;é M/QM = 0. (We have here the case of a
free R/Q-module M/QM.)
But Alt;/“é M/QM = A§+1M/QA;+1M; thus
(Prop. 0.14)

A§+1M/6A§+1M = 0, and, since Q is nilpotent, A§+1M = 0.
Now suppose the proposition has been proved for all
rings having Krull dimension < d-1. Suppose R has Krull
dimension < d. Again, since A localizes well, we may
assume R is local with maximal ideal Q.
Since R/Q is a field, A-rank (Ap M/QM) < g, and

R/Q
t t+l

() > g, we have AR/Q M/OM = 0, or in the presence of

p
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t+1, t+1
Prop. 0.14, AR M= QAR M.
Let P be any non-maximal prime ideal of R. Then
[Ag(t+l)M]P E'Ag(t+l)MP by Proposition 0.14
P

= 0 by induction since Krull dimension Ry < d-1,
t
A-rank < and > g.
(Mp) < q (5) > g

d(t+1)
R

non-maximal prime P, Vann(x) = Q and, for some k, Qk <

Let x€ A M. Since x localizes to 0 at every

Ann(x). Therefore, we have, for any xe 78 (t+1) §+1M =

1 d(t+l) y o at+ly = 0.

M implying, by the Lemma, that AR =Mr

Ann(x)AE+

A(d+l)(t+l)
R

Hence M is 0 because it is a homomorphic image of

d(t+1)
R

t+l
R

In Propositions 3.1, 3.2, and 3.3 we can replace the

A M®RA M (=0). g.e.d.

hypothesis "R is a Noetherian ring of Krull dimension < 4"
with slightly weaker hypotheses (for example, "R has Krull

dimension < d and R, is Noetherian for every maximal ideal

Q
Q") and the same or similar proofs will go through. However,
to generalize significantly the results obtained in these

propositions would require a different approach.



CHAPTER IV. A LOOK AT A QUESTION OF H. FLANDERS

Suppose R is a ring, p > 1, and M is an R-module such
that A-rank (ApM) = . What can we say about A-rank (M)?

Corollary 0.13.1 tells us that if p is odd or if R

has characteristic 2, then the canonical homomorphism of
@ﬁ+l APM onto A(q+l)PM factors through Aq'*'l APu; thus, if
Aq+l APM = (0, then A(q+l)pM = 0. We have just shown:

Proposition 4.1. Suppose p is odd or R has charac-

teristic 2. Suppose A-rank (APM) = . Then A-rank (M) <
(gtl)p- 1.

I do not know whether or not Proposition 4.1 holds for
p even and R of characteristic # 2. 1In fact, I cannot in
general prove that, if A-rank (ApM)< ©, then A-rank (M) < o,
(The last statement is true for Noetherian rings of finite

Krull dimension by Proposition 3.3.)

We will show, however, that the bound of Proposition 4.1
is as good as can be hoped for, showing that the answer to
the following question of H. Flanders [Flanders: p. 359] is
"No":

If A-rank (APM) < g, is A-rank (M) < p +g=-17?

Example: [Wiegand: Sections 2 and 3]. Let p, g be
given g > 1, p > 1. We construct a ring R and R-modules

M having the following two properties

l 7 & e » g M(q+l)p_l
i) MiGDMi = 0 for every 1 < i < (g+l)p-1

i) M@M,®...0M )y # 0.

Let M = M/® ...@M(q+l)p_l_

54
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Then A-rank (ApM) = q and A-rank (M) = (g+l)p-1.
Proof: Suppose that we have constructed R, Mi’ and
M as above.

Proposition 0.15 and induction yield the following

isomorphism:

k k
* At(A]_@ ... @A) = &b (A 1Al®. . ®A nAn)

(kyreees k)

where (kl ey kn) ranges over all sequences of non-negative
integers of length n, the sum of whose terms is t. We make

use of * to see:

(g+l)p-1
A M

(R

M®...®M

1 -1 *0

(g+l)p
by i) and ii), and A9V Py = 0 by i). Therefore A-rank (M) =

(g+l)p-1.
What is A-rank (ApM)? Aq(ApM) # 0 because Ml®...®M

14

P

Mp+l® ...®M2p re oy M(q—l)p+l® ...®qu are all direct

summands of APM and, therefore,

M@ ... 0M) M B...0M) Q.. . @My 1), 1D ... OM )
is a direct summand of AF(APM). (and M® ... ®M_, # 0 by ii).)

q+l(1\pM) = 0 because it is a homomorphic image of

However, A
Q&ﬁJX@fM) E?Q§q+l)pM which is 0 by i). Therefore A-rank (APM) = q.
To complete the proof, we need only construct, for any
given n>1, a ring R and R-modules Ml Feeor Mn having the
following two properties:
i) Mi®Mi=0‘forlf_iin
i) MM, R®...0M # 0.

Construction: Let R = k[xl feeey Xn] where k is a field.
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. ) o k k
For 1 < i < n define Mi = i;ulg (R/(Xi), ¢ik') where,

for k< k', ¢, :R/(Xf) —s R/(Xf ) by I +—s xjiz"k.

Verification of Property i). By Proposition 0.20,

~ . ok x k K o
Mi® M, = iérlg (R/(Xi)®R/(Xi), ¢ik'® (bik'). Identifying

R/(x]i‘)® R/(x}i‘) with R/(x];) (via I®I +— I) the homomorphism

0. 5®6.F R/ OR/ (X)) — R/(FY® R/ (%K') is identified
lk, lk' 1L 1 1 1

. K k K kK = _ TI(KSK)
with wik' 'R/(Xi) — R/(Xi ) where wik' (1) = Xi .

Let k be given and choose k' such that k' > k and

. k K |\
2(k'-k) > k'. Then wik = 0; thus 0 = lim  (R/(X{), ¥;" ) &
k' X N k
M. @ M,.
1 1

Verification of Property ii). By Proposition 0.20,

~ s k k k k
Ml® ...®Mn — }]é:I[I]I 5 (R/(Xl)® .-.@R/(Xn)l ¢lk'® -~-®¢nk')'

Identifying R/(x};)@)...@R/(xﬁ) with R/(X}{ xﬁ),

k k . . ‘o . k k k

q)lk' .®¢nk' is identified with ka,:R/(Xl ro oo xn) —

k' k! k 7 _ L'k Jk'-k _k'-k
R/(Xl g oo Xn ) where wk,(l) = Xl X2 e . Xn ,

~ 4. k k k
so that Ml®...®Mn- ilm (R/(X] ... X))y ll)k.)-
eN

. , 1 = _ k-1  k'-T _k'-1
Consider, for any k' > 1, \pk,(l) = Xl . X2 .e Xn
_ k! k' k'-1 k'-1 _ .
eR/(Xl ,...Xn).Tosay that Xl ...Xn = 0 in

k?* k' k'-1  _k'-1 k'
R/(Xl , Xn ) would be to say that X1 ...Xn e (Xl ,---,Xn )R
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which cannot happen by a trivial degree argument. [Every

] ]
? P ey Xﬁ )R has degree at least k'

in at least one of the variables.] Thus, in iég

(R/(XT yoea xﬁ),wi.), wl(i) # 0, implying that 0 #

monomial in the ideal (X

. k k ~
l =
k_éllg__, R/(Xl reo o Xn) Ml®...®Mn. g.e.d.

In Observation vii) of the Introduction, we saw that,

if M is punctually finitely generated, then A-rank (ApM) =

(A-rank(M)
P

hypothesis "M is punctually finitely generated" can be

). In [Gardner], R. Gardner showed that the

replaced by the weaker hypothesis "A\Pu is punctually finitely
generated”:

Proposition (Gardner). Suppose that APM is punctually

A-rank (M)
P

finitely generated. Then A-rank (APm) = ¢ ) .

Proof: First we need a lemma.

Lemma (Gardner). If APM is finitely-generated, then,
for k > 1, APy is finitely generated.

Proof: It suffices to show that Ap+lM is finitely
generated.

Let Gp = {xll mesen Ky peees Kpg o aeeea xtp} be a

P t
finite generating set of "fundamental wedges" for APm.

Let § = {Xll’ X12""th”"’xtp}'
Claim: Gp+l = {y] ~ceen Yplyié'S} is a generating set
for Ap+lM. (Clearly, since S is finite, Gp+l is finite.)
Proof of Claim: Let Zy Aeeen Z be a "fundamental
== p+l
p+l

wedge" in A M. Because of the canonical homomorphism of

ApMQDM onto Ap+lM we can write =z en Z_ A zp+l as a linear

l A e e p
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combination of fundamental wedges of the form

X ANeeen X ~nZ where x, Aeeen X. € G_. Each
ip P

il ip p+1l il

fundamental wedge of the form Xiq ~eesn Xip"zp+l

then be written as a linear combination of fundamental

can

wedges of the form XigaXirp~Xiig aceen where

Xiip

Xi'p = Gp (because of the canonical homomorphism

of M® APM onto Ap+1M). But fundamental wedges of the form

xi'l A e s A

X. are in G . g.e.d.

xilAXi'l Ae o s A l'p

For the sake of completeness, note that the Lemma holds

p+l

(via the same proof) with A replaced with either @ or S.
Suppose that we have shown the proposition for quasi-
local rings. Recall that A localizes well, implying that

Aﬁrank (M) = max{AR -rank (MQ)[Q is a maximal ideal of R}
Q

and A=rank (ApM) = max{A., -rank (Ap M )|Q is a maximal
R RQ RQ Q

ideal of R}. Thus: Agrank (A%M) =

max {A. -rank (AP M) |0 is a maximal ideal of R}
RQ RQ Q

but, by the gquasi-local case,

AR —rank(MQ)

- p = Q .
ARQ rank (ARQMQ) ( b }; therefore

max{AR -rank (Ag M )IQ is a maximal ideal of R} =
0 0 2

AR —rank(MQ)

max{ ( b ) |Q is a maximal ideal of R}.

But x +—— (g) is a non-decreasing function on the

natural numbers so that

AR —rank(MQ)

max{ ( b )|Q is a maximal ideal of R}
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max{ARQ-rank(MQ)lQ is a maximal ideal of R}

= ( P )

AR—rank(M)
= ( P ) since AR—rank(M) = max{AR —rank(MQ)IQ is a

Q
maximal ideal of R}
Therefore, we may assume that R is quasi-local with
maximal ideal Q and that AEM is finitely generated.

Case 1. 1If AgM = 0, then A-rank (M) < p and

Aﬁrank(M))

— - AL P
o = 0 = A-rank (ARM).

(

Case 2. Suppose APMm # 0. Then, for 1 < k < p,

A§/Q M/OM # 0 by the following argument:

k _ . . P _
For 1 < k < p, AR/Q M/QM = 0 implies that AR/Q M/QOM = 0

which implies by Prop. 0.14 that AEM/QAgM = 0 which implies

(by Nakayama's Lemma, since APM is finitely generated) that

A§M = 0; » <,
t

. t., _ —
Claim: ARM = 0 & AR/Q M/QM = 0.
Proof: =) Tensor A;M with R/Q and apply Prop. 0.14.
&) Suppose AE/Q M/OM = 0. Then by the preceeding
paragraph t > p. But then, by the Lemma, AEM is finitely
_ At = L Eusont :
generated and 0 = AR/Q M/QM R/0 ARM/QARM and, by Nakayama's

Lemna, AEM = 0,

R
Since AgM is finitely generated and R is quasi-local,

The claim shows: A_-rank(M) = AR/Q-rank (M/QM) .

AR—rank(AgM) = (by observation vi of Introduction) the

number of elements in a minimal generating set for AgM =
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(by Nakayama's Lemma) the number of elements in a basis

for AgM/QAgM as an R/Q vector space = A —rank(AgM/QAgM)

R/Q

= A -rank (AR, (M/0M)).
(Prop. 0.14) R/Q R/Q

Since M/QM is a free R/Q-module, we have (by Observa-

. . - (AP =
tion v) of Introduction) AR/Q rank(AR/QM/QM)

A

( R/Q—rank(M/QM)

P ). Substituting equals for equals, we obtain

AR-rank(M)
AR—rank(AgM) = ( p ). g.e.d.
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