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Abstract

The Wiener—Hopf technique is a powerful tool for constructing analytic solutions for a wide
range of problems in physics and engineering. The key step in its application is solution of
the Riemann—Hilbert problem, which consists of finding a piece-wise analytic (vector-) func-
tion in the complex plane for a specified behavior of its discontinuities. In this dissertation,
the applied theory of vector Riemann—Hilbert problems is reviewed. The analytical solu-
tion representing the problem on a Riemann surface, and a numerical solution that reduces
the problem to singular integral equations, are considered, as well as a combination of the
numerical and analytical techniques (partial Wiener—Hopf factorization) is proposed.

In this work, we begin with a brief survey of the Riemann—Hilbert problem: constructing
solution of the scalar Riemann—Hilbert problem for a class of Holder continuous functions;
considering classes of matrices that admit the closed-form solution of the vector Riemann—
Hilbert problem; discussing numerical and analytical techniques of constructing solutions of
vector Riemann—Hilbert problems.

We continue with applications of the Wiener—Hopf technique to problems of Dynamic
fracture mechanics: reviewing well-known solutions to problems on propagation of a semi-
infinite crack in an unbounded plane in the cases of a stationary crack, a crack propagating
at a constant speed, and a crack propagating at a non-uniform arbitrary speed. Based on
those, we derive solutions to new problems on a semi-infinite crack propagation in a half-
plane (steady-state and transient problems for subsonic speeds) as well as in a composite
strip (for intersonic speeds). These latter results are new and were first derived by Y. Antipov

and the author.

vi



Chapter 1

Introduction

The Riemann-Hilbert problem and its application to solving partial differential equations is
a powerful technique that is applied to a wide range of problems in physics and engineering.
In more then half a century, since the first scalar Riemann-Hilbert problem was stated and
solved, many studies were devoted to generalizing the problem and improving analytical and
numerical techniques of its solution. Special attention was given to vector Riemann—Hilbert
problems since they do not, in general, admit a closed-form analytical solution.
1.1 A Brief History of Riemann—Hilbert Problem
The Riemann—Hilbert boundary value problem was first introduced by B. Riemann in con-
nection with the so-called “Riemann monodromy” problem that concerns the existence of a
certain class of linear differential equations with specified singular points and monodromy
group [7]. The Riemann monodromy problem was transformed to what we call a Riemann—
Hilbert problem by D. Hilbert [44] and G.D. Birkhoff [21, 22]. J. Plemelj [67] used the results
of Riemann-Hilbert problems to study the Riemann monodromy problem.

The Riemann-Hilbert problem is defined as follows: given a closed (for convenience) con-
tour L, and functions a(t) and b(t) which are Holder continuous on L and a(t) # 0 on L,
find two functions ¢*(z) and ¢~ (z), analytic respectively inside and outside of the contour

L with a finite-degree growth at infinity, such that

ot (t) =a(t)p™(t) +b(t), teL (1.1)

This definition can be generalized with respect to the contour (e.g. open, infinite, non-simple
contours) and to the functions a(t), b(t) (e.g. functions with finitely or countably many
discontinuities on the contour L), as well as a system of several conditions of type (1.1) can

be considered (vector Riemann-Hilbert problem).



The first solution of the homogeneous (i.e. for b(t) = 0 on L) scalar Riemann-Hilbert
problem (1.1) was given by D. Hilbert [43] in terms of a Fredholm integral equation. J.
Plemelj [65, 66] gave the first closed form solution of (1.1) in the case when arga(t) has
zero increment as t traverses along the contour L. T. Carleman [26] solved a related singular
integral equations. F.D. Gakhov [40] gave the full solution of the scalar Riemann—Hilbert
problem (1.1). Vector Riemann—Hilbert problems were considered by J. Plemelj [67], F.D.
Gakhov [41], N.I. Muskhelishvili [61], and by I. Vekua [81].

We should also note that the work [83] of N. Wiener and E. Hopf is closely related to
Riemann—Hilbert problems. They proposed a technique of solving the integral equation of

the form

| Ka = sdn = @), 0<o <o (1.2
with respect to the function f : R, — R, where £k : R — R is a difference kernel and
g : Ry — R is a known function defined on the positive semi-axis. By introducing an

auxiliary function h : R_ — R defined on the negative semi-axis so that

00 g(x), 0<zx<o0
| k= st -
0 h(z), —oco<z<0
and applying Fourier transform to the equation, it is reduced to the equality

~ A

gr) +h™(t) = fr(Dk(t), —oo <t < oo (1.3)

where f* and h~ are half-range Fourier transforms (taken over the intervals (0,c0) and
(—00,0) respectively), which are to be found. Moreover, the functions f+ and h~ are ana-
lytic respectively in the upper C* and the lower C~ half-planes provided that f and h are
integrable on the corresponding intervals. Thus, the equation (1.3) is a boundary condition
of a Riemann-Hilbert problem in the form (1.1) with a = 1/k and b = §*/k. For more
details on the Wiener-Hopf method, see the monograph [62].

The Wiener-Hopf technique has been applied to many problems in Physics and Mechanics

(see, for instance, works on diffraction [30], electromagnetic waves [27, 28|, and sound waves



[55]). D.S. Jones [49] simplified the Wiener—Hopf method by demonstrating that the equation
in form of a Riemann—Hilbert problem (1.1) can be derived immediately from a boundary
value problem by applying Fourier transform to the partial differential equations and, thus,
bypassing the integral equation (1.2).

There are two traditions to call the problems of determining analytic functions from the
functional equation (1.1). One of them is to use the term “Riemann-Hilbert problem.”
On the other hand, the term “Wiener—Hopf technique” refers to the method of reducing
a boundary value problem to a functional equation of the form (1.1) and solving it. Thus,
Riemann—Hilbert problem is an essential part of the Wiener—-Hopf technique. On the other
hand, a factorization of the function a(t) in (1.1) is called the Wiener-Hopf factorization,
which is a key part of the solution of the Riemann—Hilbert problem. Since the method of a
Riemann—Hilbert problem and the Wiener—Hopf techniques refer to the same approach to
solving boundary value problems, we will use these terms interchangeably in this work.

Along with the scalar case, vector Riemann—Hilbert problem arise in a variety of models
in many areas, including mathematical physics, fluid and solid mechanics, and financial
mathematics. However, exact solution of a vector Riemann—Hilbert problem can be derived
only for few classes of matrices: the ones that allow for recasting a vector Riemann—Hilbert
problem into uncoupled scalar Riemann—Hilbert problems [47, 68, 84]; commutative matrices
of the Chebotarev—Khrapkov type [29, 52, 32]; matrices with special algebraic or group
structure [9, 50, 51, 59, 82]. For the other matrices, a number of approximate techniques has
been developed for solving Riemann—Hilbert problems or the corresponding singular integral
equations (see, for instance, the collocation method [33, 34, 63] and Pade approximants

2, 3, 4]).

1.2 An Application: Sommerfeld Half-Plane Diffraction Problem
In order to illustrate the application of Riemann—Hilbert problems to solving partial differ-

ential equations, we begin with a discussion of the Sommerfeld half-plane diffraction problem



and its solution obtained by D. S. Jones [49]. While this application is short and simple, it
demonstrates a routine procedure for the problems that will be solved later in the disserta-
tion.

Consider waves propagating in two-dimensional space (x,y). We do not specify the physical
nature of the waves since the same technique is applied to the waves of any nature: sound
waves, light waves, etc. The problem is restricted to the steady-state case, in which the
wave oscillates in time with a constant angular velocity w so that the solution has the form
Y = ¢(z,y)e ™" where ¢ is the wave potential. Assume that a rigid boundary was placed

along the negative z-axis and waves
vy = e exp(—ikix — ikay) (1.4)

where k; = kcosf and ky = kcos 6, are incident in the (x,y)-plane (see Figure 1.1). Let us
represent the solution in the form 1, = ¢; + ¢, where 1; is the incident waves defined by
(1.4) and ¢ is incident-free solution. The wave propagation with damping is governed by the

partial differential equation

Py P 194 e
o "o zor cor (1.5)

where z, y, and t are spacial and temporal coordinates, ¢ a fixed constant denoting the
wave speed, and ¢ a positive damping factor. The wave potential ¢ satisfies the Helmholtz
equation

P ¢

5§+ap+ﬁ¢:o (1.6)

with the wave-number k such that k? = (w? + icw)/c*. We choose k to have a positive

imaginary part. The following conditions apply:

1. because of the boundary placed on the negative z-axis, the potentials ¢; and, therefore,
¢ are twice-differentiable everywhere in the (z,y)-plane except the boundary —oo <

r <0,y =0, where ¢; and ¢ may have jump discontinuities



2 Y
Incident wave

Half-plane
0pe /0y =0 0

s Y

Figure 1.1: Sommerfeld half-plane diffraction problem.

2. the derivative d¢,/0y vanishes on the boundary y = 0, —oco < x < 0, implying the

condition
0o

— | =ikye T 2 <0 1.7
9, 2 (L.7)

3. the potentials ¢; and ¢ are bounded at infinity, while the derivatives d¢; /0y and d¢/dy

may have a power-type discontinuity at the origin x =0, y =0

In order to solve the Sommerfeld half-plane diffraction problem, introduce the Fourier

transform
0 fe'e)
(z,y) =/ ¢(w,y)e’”dw+/ o(x,y)e dx (1.8)
—00 0
@‘C,y) <D+‘(;=y)

Let z be a complex variable. Notice that as long as Imz > 0, the integral ®*(z,y) is
continuous and infinitely differentiable in z, thus ®*(z,y) is an analytic function in the
upper half-plane C* = {2z : Im z > 0}. Similarly, & (z, y) is an analytic function in the lower
half-plane C~ = {2z : Im z < 0}.

If we apply the Fourier transform to the differential equation (1.6), we find that

PO(z,y)

(K = 2)0(z9) + =

=0, —00 <y < 00 (1.9)



for all real values of z. Let v = (22 — k?)1/2, where the branch of the square root is chosen so
that the real part of v is positive for all real values of z. Then the solution of the ordinary

differential equation (1.9) that is bounded at infinity, is given by

Ci(z) e, y>0
O(z,y) =
Cy(z) e, 3y <0

where C and (5 are function of only one variable z. There are two forms of the function ®

since it is discontinuous across the line y = 0. Since 09 /0y is continuous at y = 0, we have
Ci(z) = —C4(z). Thus

®(2,y) = sgn(y) Ci(z) eV (1.10)

In order to find C}(z), we have to satisfy ® to the boundary conditions. The equality (1.7),

the representation (1.8), and the form (1.10) imply the identities

P(2,0) + D (2,01) = Cy(2)

O(2,0) + D (2,07) = —C4(2) (1.11)
8(I)+(Zay> kQ
— + —— = —C(z

By —o | 7 ey vCi(2)

for all real values of z. Eliminating C(z) from (1.11), we derive a single equation

ks

Y oq—
\I’+(Z) = —E\I/ (Z,OJr) - Z——]{jl

(1.12)

for all real values of z, where we introduced new functions

097 (z,y)
==

y=0

Ut (z2) U (2) = (2,07) =D (2,07)

in order to simplify the notation. Notice that the function ¥ is analytic in the upper half-
plane C*, while U~ is analytic in the lower half-plane C~. Thus, we derive a Riemann—Hilbert
problem with the boudnary condition (1.12).

We will discuss existence and uniqueness of the solution of the Riemann—Hilbert problem

later, assume here that there exists a unique solution satisfying the condition (1.12). This



solution (i.e. the functions U*(z) and U~ (z)) can be constructed explicitly. Given U*(z)
and U~ (z), the function Cj(a) can be found from the last identity in (1.11) and then & is
explicitly determined by the formula (1.10) for all values of z and y.

Thus, the partial differential equation (1.6) with boundary condition (1.7) was reduced
to the Riemann—Hilbert problem (1.12) with the help of Fourier transform. After solving
the problem, we find the Fourier transform (1.10) and its inverse, that is the solution of
the original partial differential equation (1.6). This procedure is common to the method
of Riemann—Hilbert problem and will be applied to solve problems of Dynamic fracture

mechanics in the following chapters.

1.3 Dynamic Fracture Mechanics

Later in the dissertation, we will consider applications of Riemann—Hilbert problem to several
problems from Dynamic fracture mechanics. Here, we give necessary definitions and facts
of the area. Although they can be found in any book on continuum fracture mechanics, we
mostly follow the monograph [39].

Let us consider a three-dimensional Fuclidean space and introduce a rectangular coordi-
nate system with an orthonormal basis. Consider a deformable body occupying the region
Q) of the three-dimensional space at time t. The two fields that describe deformation of the
body are the stress- and strain-fields [54].

Stress is a physical quantity that expresses the internal forces that neighboring particles of
a continuous material exert on each other. Stress at a point = of the material is completely

determined by the second-order Cauchy stress tensor o(x,t) with components
O-ij(xvt)a iaj:172a37 :L‘:(Ihl’g,l'g) GQ

Suppose that a particular configuration of the body at time ¢t = t° is identified as a reference
configuration. Material particles are labeled by associating each with its position z° = x(t°)
in the reference configuration. We define the particle displacement at a time instance t as

the vector u(t) = x(t) — z°. The corresponding particle velocity and acceleration are given



_
ot

_
Ot

v

= 5 x—l—%VU (1.13)

In continuum mechanics, displacements of the material particles are assumed to be much
smaller than any relevant dimension of the body. Under the assumption of small stress

deformation, we introduce the strain tensor ¢ with components

€ = —
" 8xj 8@

), ij—1,2,3 (1.14)

Hereafter, we say that a body is homogeneous if its elastic parameters (density p, Lamé
elastic constants A\ and u) are the same at every point. Likewise, we say that a body is
1sotropic if its elastic parameters are identical in all directions. The fundamental set of the
equations governing the motion of a homogeneous and isotropic elastic body consists of the

strain displacement relation (1.14), the linear stress-strain relation
Oij = )\(5@'(611 + €99 + 633) + 2,“‘51‘]'; Z,j = 1, 2, 3. in Q (115)

where §;; is the Kronecker delta function (§;; = 1 if ¢ = j, and 6;; = 0 if ¢ # j), and the

momentum balance equations
3 Oo.
E a—” +pfi=pi;, 7=12,3, in Q (1.16)
T
i=1

where f; are the components of a body force per unit mass f applied to the material, and
ii; are the components of acceleration a defined in (1.13). After we plug the identities (1.14)

and (1.15) into the balance equation (1.16), the latter, written in the vector form, reads

2
AV(V-u) — AV x (V xu) + f =i, 1/)\+ o (1.17)

where V is the del operator defined by (9/dz;,d/0xs,0/0x3)T, the symbols “” and “x”

stand for the scalar and vector product respectively.
According to Helmholtz theorem [20], if the vector field u is twice continuously differen-

tiable in €2 and vanishes faster then 1/||z|| as © — oo, then the following decomposition



holds:

u=Vo+V X9

where ¢ : Q — R and ¢ : Q — R? are scalar and vector fields on €. The first component of
the decomposition is an irrotational (curl-free) field since V x (V¢) = 0, while the second
component is a solenoidal (divergence-free) vector-field since V- (V x ) = 0. It follows from

the equation (1.17), that the scalar ¢ and the vector ¢ satisfy the wave equations
AV —¢=0, AV —1=0 in QxR, (1.18)

provided f = 0 and V - ¢ = 0. Hereafter, ¢ is called the longitudinal wave potential and
the shear wave potential.

In this work, we will consider only plane deformation, so that the stress and deformation
fields are restricted to one of the planes in the reference configuration. If deformation is
restricted to the plane (x1,25), then the shear wave potential 1) has only one non-zero
component 3 (hereafter, we will drop the index 3 and use ¥ to denote the third component
of the vector ). Then the wave equations (1.18) become

2 2 2 2 2 2
A N N S s i

2 —0, - —0
ox? 0z ¢ ot? ox3 0z o o2

In order to describe a crack propagation in an elastic body, we analyze the stress and
displacement fields in the body surrounding the crack. Due to the fact that the stress field
has a singularity at the tip of a crack, G. Irwin [48] introduced the elastic stress intensity
factors K, which allow to state a crack propagation criterion: he proposed that a crack will
begin to grow when K is increased to some values called the fracture toughness. For a tensile
crack in a plane body, this criterion is equivalent to the Griffith energy criterion [39].

Let us consider (x1,z2)-plain deformation of the body that occupies whole space R* and
has a crack {(z1,0,23) : 1 < 0,|x3] < oo}. Deformation of the faces of the crack can be

described with three modes (see Figure 1.2):



Mode I Mode II Mode IIT

e

Figure 1.2: Three modes of a crack deformation.

e Mode I. In-plane opening deformation of the crack faces;

e Mode II. In-plane shear deformation of the crack faces;

e Mode III. Anti-plane shear deformation of the crack faces.

The corresponding stress intensity factors are defined by the relations

Ki(v,t K t K t
O22 ™~ OL) » 0127 (v, 1) » 023 ™ (v, 1) (1.19)
V2 (zy — (1)) V2m(xy — (1)) 27 (xq — U(t))
as x1 — [(t), where z; = [(t) is the position of the crack top on zj-axis. If the crack

propagates in a homogeneous material, the stress field has a square root discontinuity (1.19)
at the tip of the crack, where the stress intensity factors generally depend on the shape of a
material, time ¢, and the propagation speed v. This dependence is the goal of many studies
in Fracture mechanics, and one of the main results derived in the following chapters.
1.4 Overview
In this work, we will present several computational and analytical approaches to solving
vector Riemann—Hilbert problem and consider their applications to problems of Dynamic
fracture mechanics. We start with rather conventional techniques and then develop them
farther to suit the particular set of problems under consideration.

The dissertation is laid out as follows. In Introduction, we briefly discussed the history of
the Riemann—Hilbert problem, considered an example of its application to the Sommerfeld

half-plane diffraction problem, and listed necessary facts from Fracture mechanics.
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Chapter 2 contains an overview of the theory of Riemann-Hilbert problem. In the first
section, which is based on the monograph [41], we provide some background information on
Holder continuous functions and Cauchy integrals, state the scalar Riemann—Hilbert prob-
lem, and construct its analytical solution in the closed form. Here, only necessary definitions
and theorems are provided as well as the scalar Riemann-Hilbert problem is stated and
solved only in the case when the functions a(t) and b(t) in the equation (1.1) are Holder
continuous everywhere on the contour L, the function a(t) does not vanish on L, and the
contour L is set to be the real axis R of the complex plane. Other classes of functions will be
considered later. In Section 2.1, we state the vector Riemann—Hilbert problem and discuss
difficulties that arise when we try to apply the technique used in the scalar case to the vector
problem. We list several classes of matrices, which allow for the closed-form solution of a
vector Riemann—Hilbert problem. Those classes include diagonal and triangular matrices,
functionally commutative matrices studied in [58, 29|, and the Chebotarev—Khrapkov class
of matrices [32, 52]. In Section 2.3, we describe techniques of solving vector Riemann—Hilbert
problems. The first technique [13, 87| is applied to matrices of the Chebotarev—Chrapkov
type and based on transforming the problem to a scalar Riemann—Hilbert problem on a Rie-
mann surface, that can be solved in the closed form. The second technique is computational
and can be applied to a much bigger class of matrices; it consists of transforming the prob-
lem to a system of singular integral equations, which is solved numerically [35]. In Section
2.3.3, we propose two variations on so-called partial Wiener—Hopf factorization, which the
author and Y. Antipov successfully applied to some problems of Dynamic fracture mechanics
(see Chapters 5, 6, and the work [18]). This new techniques combine broad applicability of
numerical methods and reliability of analytical solutions.

In Chapter 3, we consider several well-known problems on a crack propagation in an
unbounded plane, which are reduced to scalar Riemann—Hilbert problems and solved re-

spectively. Although the solutions to those problems were already derived before (see, for
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instance, [39]), they provide an insight on behavior of the solutions to the problems on a
crack propagation in a half-plane, considered in the following chapters. The corresponding
vector Riemann—Hilbert problems in Chapters 4 and 5 require more elaborate solution, but
they are intrinsically similar to the scalar problems from Chapter 3, so we expect a similar
behavior and properties of the solution. In Section 3.1, we consider a stationary crack in
an unbounded plane, whose faces are subjected to uniform pressure; Section 3.2 contains a
similar problem under assumption that the crack propagates at constant speed; finally, in
Section 3.3, we build a solution of the problem for a non-uniform crack propagation when
the crack speed is an arbitrary continuous function of time.

The following two chapters solve problems on crack propagation in a half-plane. Presence
of the boundary of the half-plane results to vector Riemann—Hilbert problems that do not
admit a closed-form solution, and require a development of new techniques. To the best of
the author’s knowledge, these problems were first solved by Y. Antipov and the author and
published in [17, 18].

In Chapter 4, we analyze a two-dimensional steady-state problem on propagation of a
semi-infinite crack in a half-plane. The crack is subjected to normal and tangential loading
applied to its faces, and propagates at speed v along the half-plane boundary, which is free
of traction. The boundary of the half-plane violates the symmetry of the problem, and,
in contrast to the problem on a plane, the modes I and II of the crack deformation are
coupled. We derive an order-2 vector Riemann—Hilbert problem associated with the model.
Since the coefficient of the problem is a Hermitian matrix, which cannot be factorized in
a closed form, we reduce it to a system of two singular integral equations with respect
to the derivatives of the displacement jumps. In order to solve the system, the unknown
functions are expanded in terms of the orthonormal Jacobi polynomials, and the coefficients
of the expansions are determined from an infinite system of linear algebraic equations of the

second kind. Given the solution, we derive formulas for the stress intensity factors K, K;s
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and the weight functions Wy r, Wi rr, Wirr, Wir . By determining the energy released as
the crack extends to a small distance, we apply the Griffith criterion and establish a criterion
of the crack propagation: H (v, Ky, K;;) > pT, where p is the shear modulus and 7' is the
Griffith material constant. We compute the stress intensity factors, the weight functions,
and the Griffith criterion for different values of the speed v and the distance ¢ between the
crack and the half-plane boundary. It is found that the value H grows to infinity when the
distance 0 between the crack and the half-plane boundary decreases while the crack speed
does not vary. The function H monotonically decreases as § grows. When the distance 0 is
fixed, H, as a function of v/cg, attains its minimum in the interval (0, 1) and grows as v — 0
or v — Cg.

In Chapter 5, we derive the fundamental solution and the weight functions of the tran-
sient two-dimensional problem on a semi-infinite crack propagating at constant speed in the
direction parallel to the boundary of a half-plane. The boundary of the half-plane is free
of traction, while the crack faces are subjected to general time-independent loading. As be-
fore, we reduce the boundary-value problem to a vector Riemann—Hilbert problem on the
real axis. In the case when the crack is far away from the boundary of the half-plane, the
problem is identical to the one considered in Section 3.2. We split the matrix coefficient into
a discontinuous diagonal matrix and a continuous matrix, factorize the discontinuous part
and rewrite the vector Riemann—Hilbert problem as a system of two convolution equations.
We obtain numerical results for the stress intensity factors corresponding to concentrated
loading applied (at time instance t = 0) to the crack faces. This model problem generates
four weight functions W, ;, 4,7 = I,I1. It is discovered that during a certain initial period
of time, 0 < ¢t < 2t;, the off-diagonal weight functions W ;, # # j, vanish and the diagonal
functions almost coincide with the ones derived in Section 3.2. For time ¢ > 2¢;, the boundary
effects play a significant role, and, in general, all the four weight functions do not vanish and

are different from the corresponding functions associated with the unbounded plane plane.
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Based on the Freund approximate algorithm [39] for the problem on a semi-infinite crack
propagating at a nonuniform rate in an unbounded plane, we develop a procedure for the case
when the crack propagates at prescribed variable sub-Rayleigh speed in a half-plane in the
direction parallel to the boundary and when the boundary effects are significant. The imple-
mentation of the method requires solving a system of Volterra convolution equations whose
kernels are the associated weight functions. We show that initially, before the longitudinal
wave reflected from the boundary strikes the crack and when the weight functions coincide
with those for an unbounded plane, the relatively simple Freund’s algorithm works. At the
same time, the solution is still different since it relies on the static solution on a cracked
half-plane, instead of a plane with the crack. When the first longitudinal wave reflected from
the half-plane boundary reaches the crack surface moving at speed v(t) < cg, the boundary
substantially affects the weight functions. In order to determine the stress intensity factors
at the crack tip at some time t € (tx,tx1+1), one may use the procedure presented that re-
quires solving the same transient problem for different constant speeds v; (i = 0,1,...,k)
and a system of Volterra equations to determine at each step the loads need to be negated
to make possible for the crack to advance. As for the speeds v; (j = 0,1,...,) themselves,
they are to be determined by applying the dynamic Griffith criterion and solving a certain
transcendental equation associated with each step of the algorithm.

Chapter 6 contains the most recent problems. In Sections 6.1 and 6.2, we discuss Wiener—
Hopf factorization of one class of functions, those with countably many singular points on the
contour of a Riemann-Hilbert problem, which makes difficult an application of numerical
techniques. In order to derive its solution, we deform contour so to bypass the singular
points and show that the solution of the new Riemann-Hilbert problem can be used to find
a closed-form solution of the original one. The main advantage of this approach is that,
without recourse to the Cauchy integral, the solution is expressed in terms of integrals of

exponentially vanishing functions, which are easy to compute. In the work [5], a similar
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approach was applied to Wiener-Hopf factorization of a function that has two branch points
on the contour, and the solution was expressed in terms of finite non-singular integrals. The
technique described in Section 6.1 generalizes the approach to the case of countably many
singularities. Its application to the problem on propagation of a symmetric crack in a strip
is given in Section 6.2.

In Section 6.3, we consider a crack propagating in a strip along the interface between two
elastic materials. In this case, we assume anti-plane deformation. The lattice model [37, 57| of
the materials is accepted. Compared to the continuous mechanics, the lattice model allows for
a better description of behavior of stress and deformation fields near the crack tip: specifically,
for supersonic speeds of a crack propagation under anti-plane deformation, the continuum
fracture mechanics results to a zero energy release rate around the crack tip, which yields
to the conclusion that such propagation is impossible. However, some experiments register
a crack propagation at intersonic and supersonic speeds [69]. In order to construct a feasible
mathematical model of the phenomena, the cohesive zone model (see Section 6.2) and the
lattice model (see, for instance, [74]) were proposed. It is interesting to note that even in the
case of anti-plane deformation, the lattice model yields a vector Riemann-Hilbert problem.
A similar situation is in the anti-plane strain problem of micropolar elasticity [10] when
two out three modes are coupled, and the necessity of solving a vector Riemann-Hilbert
problem arises. The solution of the Riemann-Hilbert problem was derived using the partial

Wiener—Hopf factorization technique proposed in Section 2.3.3.
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Chapter 2

Riemann—Hilbert Problem

In this chapter, we give a brief overview of the Riemann—Hilbert problem as well as classes
of functions (and matrix-functions) for which the problem admits a solution, discuss its exis-
tence and uniqueness, and consider numerical methods of solving Riemann—Hilbert problems.
Among all exemplar monographs and papers on the subject, let us highlight monographs
by F.D. Gakhov [41] on Riemann-Hilbert problem, and by B. Noble [62] on Wiener—-Hopf
factorization, which plays a key part in solving the problem.

In Section 2.1, we introduce certain definitions and theorems from Complex Analysis,
state the scalar Riemann—Hilbert problem, and derive its solution. This brief introduction to
Riemann—Hilbert problem and the technique of its solution is mostly based on the monograph
[41], where the reader can refer to for a more thorough information.

In Section 2.2, we state the vector Riemann—Hilbert problem and discuss difficulties that
arise when we apply previous techniques to its solution. The classes of matrices that admit the
Wiener—Hopf factorization (and analytical solution of the corresponding vector Riemann—
Hilbert problems can be constructed) will be considered. We briefly discuss the method
[13, 59] for the vector Riemann-Hilbert problem based on its transformation to a scalar
Riemann-Hilbert problem on a Riemann surface [87].

Section 2.3 contains overview of several numerical techniques of solving vector Riemann—
Hilbert problems, that will be used later in the next chapters. Main issue with most numerical
methods for solving Riemann-Hilbert problem is an amount of work necessary for dealing
with singularities of the solution, which grows exponentially (in general) with the number of
singularities. In this section, we propose the method of a partial factorization that improves

convergence and applicability of numerical techniques by utilizing some analytical tools.
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2.1 Scalar Riemann—Hilbert Problem

In this section, we discuss the class of Holder continuous functions, properties of the Cauchy
integral of a Holder continuous function, and its application in constructing Wiener—Hopf
factorization of a Holder continuous function. Then, we state and solve a scalar Riemann—
Hilbert problem. This overview is mostly based on the study of Riemann—Hilbert problem
by F.D. Gakhov [41].

2.1.1 Holder theory of Cauchy integrals

The fundamental object of study in the method of Riemann—Hilbert problem is the Cauchy
integral. Let L be a bounded smooth simple curve that lies in the complex plane C and

f: L — C a continuous function on L. Then the singular integral

Flz) = zim [ tfft)zdt, 2eC (2.1)

is called the Cauchy integral. Since F'(z) is infinitely differentiable at all points of the complex

plane C except the contour L, the function F(2) is analytic in C\ L. If the point z is large

enough, the series representation of the kernel 1/(t — z) implies

oo
C, 1 1
F(z) = —, |z| > R, Cp=—— | t" t)dt 2.2
(=32 | o= g [0 22)
n=1
where R is the radius of a disk around the origin, containing the curve L. Thus the function
F(z) vanishes as z — oo since the series (2.2) does not contain the constant term.

The Cauchy integral is so important to solving Riemann-Hilbert problems due to its

behavior on the contour L in the case when the integrand is a Holder continuous function.

Definition 2.1. Let L be a bounded smooth curve. The function f : L — C is said to
be A-Holder continuous if there exists a positive constant A such that for any two points
tla t2 € La

|f(t1) — f(t2)] < Alty — to]} (2.3)

where A and A\ are positive numbers.
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Notice that if A > 1 then the derivative of a A-Holder continuous function is always equal
to zero and, therefore, such a function is just a constant. Hence, we consider only the values
A € (0,1]. If A = 1, then f is Lipschitz continuous. Thus, the class of Holder continuous
functions contains the class of continuously differentiable functions.

Next, we introduce the principal value of the Cauchy integral.

Definition 2.2. Let L be a bounded smooth simple curve and z an arbitrary point on L.
Denote [, = D, N L, where D, is the disk of radius p centered at the point z. The integral
defined by

PV. /L %dt = lim &dt, z€L (2.4)

p—0 I\, t—=z

is called the principal value of the Cauchy integral. In order to distinguish the principal value

of an integral, we will write the letters “P.V.” in front of the integral.

It is helpful to consider the following example. Let us find the principal value of the integral

/ dt
Lt— 2

where L is a smooth simple open curve with end points a and b (if L is closed, then a = b).

Fix zp € L, then by definition

dt dt b— —
P.V./ = lim =In % il 20 (2.5)
L

t—2z9 =0 L\lpt—zo a—zy P20 21— 2
where z; and 2, are the points of intersection of the circle 0D, and the curve L (see Figure

2.1, a.). Assume that the complex plane C has a cut along a curve connecting the points zg

L .o
2y 5
O
0
Zq
c)

Figure 2.1: Limit of arg(za — 29) — arg(z1 — 29) as p — 0 when (a) 2o is an inner point of L;
(b) zo is on the left from L, (c) zo is on the right from L.
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and oo and lying on the right side from L. Fix the branch of the logarithm in the formula

(2.5), then
lim In =2~ = i lim {arg (2> — 20) — ang(z1 — 20)} =~
im In = ilim{arg(zy — z9) — arg(z; — 20)} = —mi
P ) glz2 0 gz 0
since |23 — 29| = |21 — 20| and the angle between the vectors zo — zg and z; — 2z approaches

—m as p vanishes (Figure 2.1, a.). Thus

dt b—
P.V./ —ln 2 4 i (2.6)
L

t— 2o a— 2o
where the logarithm in the right-hand side vanishes if the curve L is closed (i.e. a = b).
Now, we are ready to state the existence of the principal value.

Lemma 2.3. If L is a bounded smooth simple contour and f : L — C is a Holder continuous

function, then the principal value of the integral

Lt—z

exists for all inner points of the contour L.

Proof. Since L is a bounded contour, we can represent the principal value of the integral as

follows

P.V./%dt:pv./wclwrf(z) P.V./ dat (2.7)

t— =z
The last integral in the right-hand side exists and its value is given by the formula (2.6). The
first integral in the right-hand side can be estimated using the condition (2.3) of a Holder

continuous function,

/L—ﬂti:ic(z)dt‘ g/L—|f(2:§|(z)|dt<A/L|t—z|Hdt

Since A > 0, the integral [, [t — z|*'dt exists in the Riemann sense and so does the first

integral in the right-hand side of (2.7). Then its principal value, that is the limit

o [ f0-FG)

p—0 I\, t— =z
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exists and equals to the value of the Riemann integral over L. Thus, the right-hand side and,

therefore, the left-hand side of the equality (2.7) exist. O

Remark 2.4. If an integral exists in the Riemann sense, then its principal value exists and

equals to the Riemann integral.

If L is a bounded smooth simple contour and f : L — C is a Holder function, then the
Cauchy integral (2.1) is analytic in the region C \ L, while there exists the principal value
of the integral at all inner points of the contour L. Let us discuss the difference between the
principal value of the integral (2.1) at the point zy € L and the limits of the same integral
as z — zp from the left and the right side of L. Hereafter, we use the following notation:
F*(2p) stands for the limit of F(z) as z — 2o from the left side of L; F~(z) stands for the
limit of F'(z) as z — zo from the right side of L; and F'(zy) stands for the principal value of
F(2). The relation between F*(z) and F(z) for z, € L is given by the Sokhotski-Plemelj

formulas as follows

Theorem 2.5. Let L be a bounded smooth simple contour, z, an inner point of L, and

f: L — C a Holder function. The limit values F'*(z) of the Cauchy integral

_ Q)
F(z) = 2mi L t— zd
satisfy the equations
FE(z) = = f(zo) + EPv tf_( iod (2.8)

Proof. In the proof of Lemma (2.3), we showed that the integral

)= [ 1010,

exists in the Riemann sense if f is a Holder function. Since L is a bounded curve, the integral

1 (2) is a continuous function of z-variable [41]. Therefore for any inner point 2z of the curve
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L, we have ¥ (zy) = 1 (29) = 1¥(20). On the other hand, if @ and b are the end points of

the curve L, then

( b _
In 20 + 271 if z is on the left from L
a — 2o
. dt b—
lim =< In =0 + i if zison L
z=z0 Jp T — 2 a— 2
b— 20 . . .
In if z is on the right from L
\ a — 2o

since in the first case, the curve L intersects the cut joining zy and infinity so the value of
the integral is increased by 27i (see Figures 2.1, b. and 2.1, c.). The second case was already
computed in (2.6).

Thus, we have the following representation

Y¥(20) = 2mi F(29) — f(20) {1n b=z _ 2m‘}

a— 2o

W(z0) = P.V. tf(t) dt — f(z) {m b=z _ m'}

LU— %0 a — 2p
b—ZO

¥ (20) = 2mi F™ (20) — f(20) In
a — 2o
Using the fact that the function v is continuous across L (i.e. 7 (z9) = ¥ (20) = ¥(20)), we

immediately derive the identities (2.8). O

Remark 2.6. If we take sum and difference of the equations (2.8), we derive formulas

F*(20) = F~(20) = f(20)

2 € L (2.9)
Ft(z) + F( :—PV/ S0 i i

Remark 2.7. In the definition 2.2, we assume that L is a bounded curve. However, the
principal value of the Cauchy integral (2.4) exists and the Sokhotski-Plemelj formulas (2.8)
and (2.9) hold as well in the case when L is an unbounded curve [41] if the function f : L — C

satisfies an additional condition

A
If(t)—foo|<W, p>0, A>0 (2.10)

for all t € L\ {oo}, where foo = limy—00 f(%).
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Now we can state the scalar Riemann-Hilbert problem and derive its solution, using the

facts we just discussed.

2.1.2  Solution of a scalar Riemann—Hilbert problem

Hereafter, we assume that the curve L coincides with the real axis R of the complex plane C.
Although, the described technique is applicable for any smooth simple curve, all the problems
of the following chapters are reduced to Riemann—Hilbert problems on the real axis.

Let us introduce notation for the upper and lower half-plane, C* and C~ respectively:
Ct={2€C:Imz>0}, C ={z€C:Imz<0}

Definition 2.8. Let a : R — C and b : R — C be Holder continuous functions such that
a(t) # 0 for all t € R (including the infinite point). The problem of determining two functions
F*:C* — C, which are analytic in C* respectively, continuous on the real axis R, and may

grow as a polynomial of degree n at infinity, such that they satisfy the condition
Fr(t)=a(t)F(t)+b(t), teR (2.11)

is called the Riemann—Hilbert problem with coefficient a(t) and inhomogeneous part b(t).

We first outline the three main steps in construction of the solution of a scalar Riemann—

Hilbert problem.

1. Find two functions that are analytic in C* as well as continuous on R, such that

a(t) = teR (2.12)

The representation (2.12) is crucial to the solution and is called the Wiener—Hopf fac-
torization [62]. It can be achieved by using the first of the Sokhotski—Plemelj formulas

(2.9). Notice that the functions a* are defined in C* while the equality (2.12) holds

only on R. Hereafter, we define the values of the functions a* on the real axis R as the
limits
at(t) = lim a*(2), teR (2.13)
z—t, z€CE
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That is, the value a*(t) for any ¢ € R is the limit of a™(2) as the variable z approaches
t from the left (i.e. C™) of the real axis R. Similarly, the value a=(¢) for any ¢ € R is

the limit of ™ (z) as the variable z approaches ¢ from the right (i.e. C™) of the real axis

“_m

R. We will use this convention (2.13) for any function with superscript “+” or

Given the representation (2.12) for the function a, we can rewrite the condition (2.11)

as follows:
() B
at(t) a=(t)  at(t)

. Now we use a similar trick for the inhomogeneous part: represent it in the form

b(t)

a*(t)

=b"(t)—b(t), teR (2.14)

where the functions b* : C* — C are analytic in C* respectively, and rewrite the

condition once again

FU) gy = 2O
a+(t) b+(t) U,_(t) b (t)a

teR (2.15)

. Introduce an auxiliary function P : C — C by the formula

—F:(Z>—b+(z) if zeCt
Py = @) (2.16)

Fﬁ(z)—_z it z -
() b=(z) if zeC

Since all of the functions F'*, a™, b™ are analytic in C*, the function P is analytic in

C* except the points where a™ vanishes. Similarly, the function P is analytic in C~
except the points where a~ vanishes. Finally, P is continuous on the real axis R due to
the equality (2.15). Therefore, uniqueness of an analytic function implies that P is a
meromorphic function on C and can be determined using Liouville’s theorem [41]. In
the case when the functions a™ does not vanish in the half-planes C*, and due to the
fact that the functions F'* may grow at infinity as a polynomial of degree n, while the

functions a* and b* are bounded, we have
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where n is a degree of growth of the solution at infinity, defined in the statement of the
Riemann—Hilbert problem; Cy, ..., (), are arbitrary complex-valued constants. Given
P, a*, and b*, the solution of the Riemann—Hilbert problem can be derived from (2.16)
as follows:

F*(z) = a*(z) [P(2) + b%(2)], 2€C* (2.17)

Notice that if we seek solution of a Riemann—Hilbert problem, that vanishes at infinity,
then P(z) = 0 for all z € C. Therefore, such a solution is unique (if exists). However in
general, solution of a Riemann—Hilbert problem is not unique and determined up to n + 1
arbitrary complex constants.

Let us discuss now the first step of the technique above. Assume that there exist two func-

+

tions a* analytic in C* respectively, that satisfy the equation (2.12). Taking the logarithm

of both sides of (2.12), we derive
Ina(t) =Ina™(t) —Ina (t), teR

Notice that the value N* = [Ina*(t)]g, the increment of Ina™(¢) when ¢ changes from —oo
to 0o, is equal to the number of zeros of a™ in the upper half-plane C*, since a* has no poles
in C*. Similarly, N~ = —[lna™ (¢)]g is the number of zeros of a™ in the lower half-plane C~,

(13 2

where the sign “—” indicates that the region C~ lies on the right from the real axis R. Thus

Nt 4N = %[ln a()]. (2.18)

!
Value k = [Ina(t)|r/(2m1) is called the index of the Riemman—Hilbert problem. Notice that
the index « is an integer provided a(t) is a continuous function on R and has the same limit

as t — oo and t — —oo. Using the equality (2.18), we make the following conclusions:

1. The condition x > 0 is necessary for existence of functions a* satisfying (2.12) and

analytic in C* respectively.
2. If k = 0, then the functions a® have no zeros in C* respectively.
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3. If k > 0, then the functions a* together have k zeros.

4. If k < 0, then the functions a® have a pole at infinity of order —x.

Consider the case k = 0. Let us show that the functions a* defined by teh formula

a*t(z) = exp{i/RMdt}, z€C* (2.19)

211 t—z

provide the Wiener—Hopf factorization (2.12) when the values of a*(¢) on the real axis R
are considered to be limits of the functions a*(z) as z approaches the point ¢t € R from the
half-spaces C* respectively.

Since the logarithm is a continuous and differentiable function on the positive or negative
semi-axes of R and the function a(t) is Holder continuous and does not vanish on R, there

exist positive constants A, C', and A such that
|h’lCL(t1) —In a(t2)| < C |a(t1) — a(t2)| <A-C- |t1 — t2|>\

for any t1,t, € R. Thus Ina(t) is a Holder function on R. Similarly, for any ¢ € R, there exist

positive constants A, C, and p such that

IIna(t) — Inas| < Cla(t) — au| < W

where the value a, the limit of a(t) as ¢ — oo, exists since k = 0 (i.e. the function In a(t)
is continuous at infinity).
Since In a(t) satisfies the conditions (2.3) and (2.10), the functions In a*(z) exist and satisfy

the Sokhotsky—Plemelj formulas (see Remark 2.6 and Theorem 2.5), that is
Ina*(t) —Ilna (t) =Ina(t), teR

for any single-valued branch of the logarithm. From the identity above, we immediately

derive the equality (2.12). Notice that analyticity of the functions Ina® in the half-planes
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C* implies that a® are analytic and non-zero in C* respectively. Thus the functions a*

defined in (2.19), conclude the first step of the solution of the Riemann—Hilbert problem.
In the case k > 0, choose and fix an arbitrary point zy € C*. Then the function (¢ —

2p) "a(t) has zero index since
[In{(t — z0) "a(t)}|p = —&[In(t — 20)]g + na(t)]y = =k + £ =0

Let us define two auxiliary functions as follows

ay (2) = ! / In{(f = Zo)ina(t)}dt, z € C*

_ﬁ t— 2

Applying our derivations for the case of zero index, we conclude that

W) _alt) g

ag (t)  (t—z0)"
After multiplying the equation above by the term (t — zp)", it immediately follows that the
functions
a(z) = (z— =) (2), a () =aq(2)

satisfy the equation (2.12). Notice that in this case, the function a™ analytic and have one
zero of order x in the half-plane C*, while the function @~ is analytic and non-zero in C~.
Remark 2.9. In the case k > 0, we can replace the factor (t — zy) ™" by any other factor that
has the index x on R. For instance, sometimes it is beneficial to choose arbitrary distinct
points z1,. .., 2, € C and use the factor []_, (¢t — z) " instead of (t — z)~".

In the case k < 0, the solution exists only if the inhomogeneous part of the Riemann—

Hilbert problem satisfies additional conditions

/b(t) tldt =0, k=1,2,...,—k—1
Ra+(t)

which “kill” the growth of the function a® at infinity in the formula (2.17).
The second step in the solution of the Riemann—Hilbert problem is fairly similar to the

first one. In order to construct the functions b* : C* — C analytic in C* and satisfying
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the equation (2.14), we use once again the Sokhotsky—Plemelj formulas (2.9) for the Cauchy

integral

bE(z) = — / o) _dt (2.20)

T 2w Jpat(t)t—z
Since a™(t) is a continuous function that does not vanish on R and bounded at infinity, while
the function b(t) is Holder continuous, the factor b/a™ is Holder continuous. Therefore, the
Sokhotsky—Plemelj formulas (2.9) imply that the functions b* defined by (2.20), satisfy the

condition (2.14).

2.2 Vector Riemann—Hilbert Problem

In the previous section, we solved Riemann—Hilbert problem with respect to scalar functions
F¥* satisfying the boundary condition (2.11). Now we will consider 2N functions Fki, k =
1,..., N, that satisfy a system of the boundary conditions of the type (2.11). In the matrix

form, such problem is formulated as follows

Definition 2.10. Let A : R — C¥*¥ be an invertible matrix-function on the real axis R with
Holder continuous non-zero components. Let B : R — C¥ be a vector-function on the real
axis R with Holder continuous components. The problem of determining two vector-functions

F* : C* — C" such that they satisfy the boundary condition
Frt)=A@t)F (t)+ B(t), teR (2.21)

while the components of F'* are analytic in C* respectively and may grow as a polynomial
of degree n at infinity, is called the vector Riemann—Hilbert problem with matrix-coefficient

A and inhomogeneous part B.

Hereafter, we assume that the matrix A is invertible and its components are Holder contin-
uous on the real axis R. In order to construct solution of a vector Riemann—Hilbert problem
in the closed form, we could follow the same steps 1, 2, and 3, described in the previous

section. However, one difficulty arises due to the fact that matrices are non-commutative.
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Consider the first step of the solution and define the matrices

AE(z) = exp{Qim/er;f(?dt}

where the integral is understood as a component-wise operator. Assume that the components

of In A(t) are Hélder continuous on R. The Sokhotsky—Plemelj formulas (2.8), applied to A%,

imply that

1 In A(t
Ai(zo):exp{:l:2lnz4(zo +%PV/ t— 2 }, ZoeR

In order to derive the equality AT[A~]"" = exp{ln A} on the real axis R, the exponents of

the matrices
In A(t)

—Z

g(z) =InA(z) and h(z)= P.V./]R dt (2.22)

g+h h

have to satisfy the equation e9*" = e9¢e" on the real axis R. However, the equation e/ = ee
does not hold for arbitrary matrices g and h. Thus, we need to specify class of matrices A
that admit the closed-form solution of the Riemann—Hilbert problem. Below, we consider
some of such classes.

2.2.1 Diagonal and triangular matrix-coefficient

In the case of a diagonal matrix-coefficient A of the Riemann-Hilbert problem (2.21), it is

easy to see that the problem is equivalent (except several special cases) to solving N separate

scalar Riemann—Hilbert problems with the corresponding boundary conditions

f@) =a;(t) f;(t) +b;(t), teL, j=1,...,N (2.23)

J

where fji, b; are the components of the vectors F=, B respectively, and a; are the diagonal
components of the matrix A. The question of existence and uniqueness of the solution is,
therefore, reduced to existence and uniqueness of each of the separate scalar Riemann—
Hilbert problems, which depend on their corresponding indices «; (called partial indices of a
vector Riemann-Hilbert problem). In this case, the solution of (2.21) is given by the vector

= (fE, ..., fﬁ)T. However, it is possible that a vector Riemann—Hilbert with a diagonal
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coefficient has a solution, while each of the problems (2.23) do not: for instance, if A is 2 x 2
diagonal matrix and its components have partial indices k; = 0o and ky = —o0 [75].

In the case of a triangular matrix-coefficient A, the corresponding vector problem can be
reduced to N separate scalar Riemann—Hilbert problems. Assume that A is a lower triangular
matrix with components a; ;, 7 = 1,...,2and ¢ = 1,..., N. Then the vector Riemann-Hilbert

problem takes the form

S () = ara () fr (t) + ba(2)

£ () = arap () f1 (1) + aza(t) f3 () + ba(t)
tel

() =ana(®)fi (t) + ... +ann(t)fy(t) +bn(t)

From the first row of the equations, we can determine the functions fi; then, given fif, we
determine f;c from the second row, and so on. Once again, uniqueness and existence of the
solution of the vector problem (2.21) will depend on uniqueness and existence of solution of
each scalar Riemann-Hilbert problem with the corresponding boundary conditions.

Thus in both cases, the vector problem (2.21) can be reduced to N scalar Riemann—
Hilbert problems. Next, we will consider several classes of matrices, that can be reduced to

the diagonal or triangular form.

2.2.2  Functionally commutative matrix-coefficient
In this section, we follow the theory of functionally commutative matrices studied by V.

Morozov [58] and applied to vector Riemann—Hilbert problems by G. Chebotarev [29].

Definition 2.11. Matrix A(t) is called functionally commutative on contour L if for any

t1,t2 € L,

[A(t1), A(t2)] = 0

where [a, ] = aff — fa is the matrix commutator.
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If A(t) is functionally commutative, then so is the matrix In A(¢), which follows from the
series representation of the logarithm. Therefore, for the matrices g and h defined in (2.22),

we have the equality
[g(ZO) 0 / t %

for all zy € L. Thus, using the series representation of the matrix exponential, we can

conclude that e? and e” commute,

e, M =3 3 2 gy [6 (o) W] = 0

where commutativity of ¢¥ and g' can be shown for any j,k € N by the induction starting
with j =k = 1.

Theorem 2.12. Matrix A(t) is functionally commutative on contour L if and only if there

exist M linear independent functions a;(t), ..., an (t) and M constant pairwise commutative
matrices Aq, ..., Ay such that
M
= a;(t)A;, Viel (2.24)
j=1

Proof of the theorem can be found in [58]. One property of functionally commutative
matrices is of special importance for us: if A(t) is functionally commutative, then there exists
a constant matrix T such that TA(t)T~! is a triangular matrix-function. This property is
based on the fact that if the matrices A;, j = 1,..., M in the representation (2.24) are

pairwise commutative, then they are simultaneously triangularisable [58].

Corollary 2.13. Eigenvalues of a functionally commutative matrix in the form

M) =S a0, k=1,...,N (2.25)



Indeed, there exists a constant matrix 7' such that the matrices TA(t)T~! and TA; T,
j=1,..., M, are triangular. Since the diagonal components of triangular matrices contain
their eigenvalues, we derive the equations (2.25) from component-wise comparison of the
elements on the matrix diagonals.

Since the functionally commutative matrix A(¢) in (2.21) is triangularizable by a constant

matrix 7', condition of the Riemann—Hilbert problem can be transformed to the form

TET(t)=TAWT 'TF(t)+TB(t), te€L
N——
triangular

where the components of the vectors T F* are analytic in C* respectively. In order to con-
struct the vectors TF*, we proceed as in the case of a triangular matrix-coefficient (see
section 2.2.1).
2.2.3 Chebotarev—Khrapkov class of matrices
The following derivation is based on the results [29]. Let A be 2 x 2 matrix-function with
Holder continuous components. Find the class of matrices A such that the matrices g and h
defined in (2.22), commute. Notice that the condition [g, h] = 0 is equivalent to the following
three equations:
g12ha1 = hiagn

gr1hiz + gizhaa = h11912 + hi12ga2 (2.26)

garhi1 + gaohor = ho1g11 + haaga
with respect to components g;; and h;j, i, j € {1,2}, of the matrices g and h respectively. In

order to solve the system (2.26), we introduce the Cauchy integrals
1 [ g;Q) -
Gi(2) = — [ L% 4 je{1,2
](Z> 27TZ /]R; t— » 2,] { }

Using the Sokhotsky-Plemelj formulas (2.9), we can write g;; = G;; —G;; and hy; = m’(G;; +

G;)- Then the equations (2.26) take the form

+ — + + — — + + - —
Gh G GLh—Gn Gn—-Gp Gh—-Gh Gn—-Gy (2.27)
+ = o= + - - + - - :
G 21 Gy 12 G 21
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where the third equation is redundant. The first equation implies that the function G12(z)/G21(2)
is continuous across the real axis R and meromorphic in the complex plane C. The second
equation implies that the function [G11(2) —Ga2(2)]/G12(2) is continuous across R and mero-
morhic in C. Since the zeroes of G15/G9; coincide with the poles of (G11 — Gag)/G12, there

exist three entire functions [, m,n : C — C such that

G_m Gu—-Gn_,I
GQI 717 G12 m

where the factor 2 is chosen for convenience. Using the Sokhotsky—Plemelj formulas (2.9),
we find that ngis = n(Gy, — G5) = m(G3;, — G5;) = mgs; on the real axis R and, similarly,

m(g11 — go2) = 2lgy2. Finally, we rewrite the matrix ¢ in the form

l 1o [ m
g=ql+goJ, where g1 =g11——g12, Go=-"—, J=
m m

n —I

and [ is the identity matrix. Notice that g; and g, are Holder continuous functions on the

real axis R and J? = A?], where A? = [2 4 mn. Therefore,

n=0 n=0 k=0
0 n n—k _k Ak o0 n n—k kAk—1
B n\ g1 g5 A n\ g1 g5 A
X ()RS e ()
k=0 k=0 k=0 k=0
k is even k is odd

Thus if the matrix-functions g and h defined in (2.22) commute, then A = af + SJ, where
a and 3 are Holder continuous on the real axis R, J? = A?J, and A? is an entire function
on C. Such matrices A were first introduced and used in several works by G.N. Chebotarev
[29], A.A. Khrapkov [52, 53], and V.G. Daniele [32].

In the case of the matrix-coefficient A of size N x N for N > 2, D.S. Jones showed [50, 51]

that if matrix A has representation

Alt) =Y ap(t)J5(t), J™ =A™ (2.28)



where m is a positive integer, oy are Holder continuous functions on the contour L, com-
ponents of the matrix J are entire functions in the complex plane C, and trJ* = 0 for
k=1,...,m—1, then the matrix A admits Wiener—Hopf factorization (the latter condition
is not necessary, as was shown by N.G. Moiseev [59]). Moreover, if A admits Wiener—Hopf

representation

Aty =ATH[A- )], tel

where A* are analytic in D* respectively, and AT have distinct eigenvalues, then the matrix
A can be represented in the form (2.28).

2.3 Solution of a Vector Riemann—Hilbert Problem

Due to the difficulty of deriving the Wiener-Hopf factorization for a matrix, that we dis-
cussed in the previous section, there are many analytical and numerical methods for solving
vector Riemann—Hilbert problems, which depend on a class of the matrix-coefficient A in
the equation (2.21). In this section, we will discuss some of those methods.

As an example of deriving an analytical solution of a vector Riemann—Hilbert problem in
the closed form, we will consider the technique that allows for transformation of a vector
Riemann—Hilbert problem with a matrix-coefficient A of the Chebotarev—Khrapkov class to
a scalar Riemann—Hilbert problem on a Riemann surface. This technique is based on the
theory of the scalar Riemann-Hilbert problem on a Riemann surface [87], it was proposed
in [59] and developed and applied in [9, 11, 13, 14, 15, 70]. Another technique of matrix
factorization that is arising in fluid mechanics and built on the theory [87], was worked out
in [16].

In the case when Wiener—Hopf factorization for the matrix-coefficient A in (2.21) cannot be
found analytically in the closed form, various numerical techniques can be applied, which take
advantage of the intrinsic relation between vector Riemann—Hilbert problems and singular
integral equations. There exist numerous techniques for obtaining numerical solution of the

latter. Convenience and suitability of applying those techniques mostly depends on a class
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of the matrix-coefficient A and a shape of the contour L of a Riemann—Hilbert problem. In
this section, we will consider a technique of solving singular integral equations, that is based
on expanding the solution into the series over orthogonal polynomials on the contour L,
since this technique is actively used in the following chapters. At the end of this section, we
will also discuss the method of partial Wiener-Hopf factorization, which may significantly
improve convergence of the numerical methods.

Speaking of numerical solutions of matrix Riemann-Hilbert problems, it would be unfair
not to mention some other works. In the case when the contour L has a complex shape
consisting of several arcs, lines, and rays joined together, an effective numerical Wiener—
Hopf factorization can be achieved by special versions of the collocation method [33], [34],
[63]. On another hand, an approximate Wiener—Hopf factorization of the matrix-coefficient
A can be achieved by using Pade approximants, which was successfully employed for solving

various Riemann-Hilbert problems [2], [3], [4].

2.3.1 Scalar Riemann—Hilbert problem on Riemann surface
Let us consider a Riemann—Hilbert problem (2.21) with 2 x 2 matrix-coefficient A : R — C?*?
of the Chebotarev—Khrapkov class. Although it can be generalized for matrix-coefficients of
size N x N, N > 2, we will focus on the former case to demonstrate the technique.

In order to transform (2.21) into a scalar Riemann-Hilbert problem on a Riemann surface,
we perform the spectral decomposition A = VDV ™! of the Chebotarev-Khrapkov matrix-
coefficient A. Since the matrix A is of the Chebotarev—Khrapkov class, it can be represented

in the form
m
A=al+pJ, J=
n —lI
where «, 8 are Holder continuous function on the real axis R and [, m, n are entire functions
in the complex plane C. Let us assume that the components of the matrix J are polynomials

(otherwise, the matrix J can be approximated; see, for instance, Pade approximants and

Abrahams’ technique [3]). The eigenvalues of the matrix A have the form a + fw, where
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w = V1% + mn. In order to fix a single-valued branch of the square root, we cut the complex
plane C along the union I' of curves connecting pairs of the branch points of the function w,

such that TNR = (). After computing the corresponding eigenvectors, we derive A = VDV !,

where
b_ a+ Pw 0 o 1 1 (2.29)
0 a— fw vl n
Notice that detV = —2w/m. Therefore, if the function w is not identically zero on the

real axis R, then the eigenvectors of the matrix A are linearly independent and the spectral

decomposition A = VDV~ exists with

- 1 w—+1l m 2 30
- (2:30)

Consider now the vector Riemann—Hilbert problem with the condition (2.21). Replacing
the matrix A by its spectral decomposition and multiplying the equation by V! on the left,

we have

ot(t)=Dt)d (1) +V 1(t)B(t), teR

where ®* = V~'F*_ Since D is a diagonal matrix, the condition above is equivalent to two

separate equations
6 (1) = \i(67 (1) + p(t), j=1,2, teR (2.31)

where the functions (be and p o are components of the vectors @+ and V!B respectively,
A1 are the diagonal elements of the matrix D. However, unlike F'*, components of the
vectors @F are not necessarily analytic in the half-planes C*. Moreover, they are multi-
valued functions on the complex plane C due to the presence of the function w in the matrix
|4

Above, we defined I" to be the union of curves on the complex plane C such that the

function w is single-valued on C\I" and I" does not intersect the contour L. Since components
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of the vectors F'* are to be continuous across I', the vectors ®* have to satisfy the equations
Vet =Vt )P(t), teTl (2.32)

where t* stands for a limit of the corresponding function as z € C approaches the point
t € I' while being on the left from I', and ¢~ stands for the limit as z — ¢ while being on
the right from T'. Due to the property A(t*) = —A(¢t7), and continuity of the functions I,

m, and n across I', we compute
VIV () = , terl

After multiplying (2.32) by V~!(¢t7) on the left and using the identity above, we conclude

that the condition (2.32) is equivalent to

G1(tT) = o(t™), Go(tt)=¢u(t7), tel (2.33)

Thus, the vector Riemann-Hilbert problem can be reduced to determining four functions

2 : CE\T — C that are analytic in C* \ T" respectively and satisfy the conditions (2.31)
and (2.33).

The Riemann—Hilbert problem with the boundary conditions (2.31) and (2.33) can be
transformed to a scalar Riemann—Hilbert problem on a Riemann surface. In order to do

that, let us recall that w is an algebraic function since it satisfies the equation
w' = (z—2) X ...x (2 —2,) (2.34)

where 21, ..., z, are the branch points of the function w(z) (without lost of generality, we

assume that w? is a monic polynomial). Let

g—l if n is even
9= n—1
5 if n is odd
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and define the union I' = I'y U ... U T, of open oriented smooth curves I'; connecting the
points zg;41 and 29549 respectively (if n is odd, I'; connects the point z9,41 and infinity),
such that I'; NI’y = 0 for all j # k. It can be shown [36] that there are two branches of
function w(z) that are single-valued on C \ I', where C is the extended complex plane (the
Riemann sphere).

In order to construct a Riemann surface for the algebraic function w (such surface is called
hyperelliptic Riemann surface), we consider two copies (C\T'); and (C\T'); of the extended
complex plane C with cuts along T, and then topologically identify the edges I't € (@ \ ')
with the edges I'F € (C\ I'); of the cuts on the first and second copies (see Figure 2.2).
Assume w; and w, are the two different branches of the function w on (C\T); and (C\T),,
and define the point (z,w) of the Riemann surface R as follows:

(z,w;) on (C\T),

(va) =

(z,wy) on (C\T),
Then the function w : R — C defined by

wi(z) on (C\I)

wy(z) on (C\T),
is analytic and single-valued on the constructed Riemann surface R due to uniqueness of
analytical continuation, since w = w is analytic on (C\T');, w = wy is analytic on (C\ I')y,
and w is continuous on I'. The Riemann surface R is of genus g and topologically equivalent

to a sphere with g handles.

Figure 2.2: Connection between opposite edges of I';, 7 = 0,..., g on two copies of C\T.
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Let us derive a scalar Riemann-Hilbert problem on R. On the Riemann surface R, we

define the following functions:

¢1(z) on (C\I) M(z) on (C\I)
¢*(z,w) = Az w) =

¢y(z) on (C\T), Xo(z) on (C\T),
p(z) on (C\TI)

pa(z) on (C\I),

The functions ¢* : R — C are analytic and single-valued in the regions D* = (C*\ T'); U

iz, w) =

(C*\ T')y respectively, while they satisfy the boundary condition

¢T(tw(t)) = Mt w(t)o™ (L w(t) + pt,w(t),  (tw(t) €L (2.35)

due to (2.31), where £ is the union of two copies of the contour L on (C\T); and (C\ I'),.
Notice that the condition (2.32) is satisfied for any functions ¢* analytic in D* due to the
identities

G12(t7) = ot wio(th)) = Gt w21 (t7)) = oa(t™), teT
Thus, the vector Riemann—Hilbert problem is reduced to a scalar Riemann—Hilbert problem
on the Riemann surface R of determining two functions ¢* : D¥ — C analytic in D* and
satisfying the boundary condition (2.35) on the contour £ C R.

A thorough study of the Riemann—Hilbert problem on a compact Riemann surface was
given by E.I. Zverovi¢ in his work [87]. Here, we highlight the major differences between the
problems on the complex plane and a Riemann surface.

The key element in constructing the solution of a Riemann-Hilbert problem on the complex
plane C, is the Cauchy integral with kernel

dt
t—z

In the framework of the theory of Riemann surfaces [36], this kernel has the following prop-

erties: (i) as a function of z, the kernel is holomorphic everywhere on C except a single pole
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at z =t and a single zero at z = oo; (ii) as a function of ¢, the kernel is an abelian differential
(meromorphic one-form) of the third kind [36] with two poles t = z and ¢ = oo with the
corresponding residues 1 and —1.

Unfortunately, the kernel with the properties (i) and (ii) does not exist on a Riemann
surface of genus g > 1, which follows from the Riemann-Roch theorem [36]. More specifically,
there is no way to satisfy the property (i). Instead, let us find an analogue of the Cauchy
integral with the property (ii) only. An algorithm for constructing such a kernel was given
by Karl Weierstrass. The result of that algorithm applied in the hyper-elliptic case (that is,
when an algebraic function w(z) of the Riemann surface R is the square root of a polynomial)

is the differential

(2.36)

Properties of the kernel dWV:

1. As a function of (¢, w(t)), the differential d)V is an abelian differential of the third kind
with three poles at the points (z,w(z)), (0o, w;(00)), and (0o, Aa(00)), where w; o are
two different single-valued branches of the algebraic function w. Indeed,

dt
dW = —— +regular terms, as (t,w(t)) — (z,w(z))
t—= (2.37)

1
Vo T as (1, w(t) = (00, wn2(c0))

2. As a function of (z,w(z)), the differential dV is a meromorphic function on R with a

simple pole at (¢, w(t)) and two poles at the points (0o, w; 2(00)):

dt
aw = P + regular terms,  as (z,A(z2)) — (t,A(t))

(2.38)

W ~ 0(=9)-2

o) as  (z,A(2)) = (00, A1 2(00))

Let us show that using the kernel dWV, we can construct solution of the Riemann—Hilbert

problem (2.35). As on the complex plane C, the first step is to derive Wiener—Hopf decom-
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position of the coefficient of the problem,
A
At,w(t)) = SETRE te Ll (2.39)

where A\* : D — C are analytic functions in D* that are bounded at infinity (0o, w; 9(00)).

Theorem 2.14. If R is a compact hyper-elliptic Riemann surface glued of two sheets of the
complex plane, and the function A\ : £ — C is Holder continuous on the contour £ C R,
then there exist g points (z;, w(z;)) € R and integers m;,n; € Z, j = 1,...,g, such that the
equation (2.39) holds on the contour £ for the functions A* : D* — C bounded at infinity

(00, w1 2(00)), that are defined by

XE(z,0(2)) = exp{xc (@, w(z)}, (2, w(2)) € D,

V(2 w(2)) = %/Eln)\(t,w(zﬁ)) aw (2.40)

Yy’

9 (z5,w(z;))
j=1 (20,w(20)) a; bj

where dWV is the Weierstrass kernel (2.36), a; and b; are the canonical homology basis (see

Figure 2.3) of R, that does not intersect the contour L.

Proof. First, let as show that the function A* : D* — C defined in (2.40) satisfy the equation
(2.39). Due to the first property in (2.37), the differential dWV behaves like dt/(t — z) as
(t,w(t)) = (z,w(z)). Therefore the Sokhotsky—Plemelj formulas are applicable to the integral

over £ in (2.40) if we replace dt/(t — z) by dVV in the identities (2.9). Since the curves I';,

Figure 2.3: Canonical homology basis a; 2 and b; » on the hyper-elliptic Riemann surface of
genus 2. Dashed lines denote curves on the second sheet of the surface.
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a;, and b; have no common points with the contour £, the integrals over these curves are

continuous across £. Thus
Xz w(2) = x (z,w(2)) = A(z,w(2), 20 €L

which implies the formula (2.39).

We also need to show that the functions A* are bounded at infinity points (0o, w; 2(00)).
Due to the second property in (2.38), the differential dWW may grow at infinity points as
O(z9). However, it is possible to choose the integers m; and n; in the formula (2.40) so that
to cancel the growth. Let us analyze the behavior of the differential dW at infinity. Since for

any t and z, we have

11t t9*1+ t9
t—z oz 22 T 29 29(t—2)

we can rewrite dWV in the form

I G AR ETEE 1 (Az) t9 dt
dW——éjZI 2 mﬁ( 29 A(t)+1)t—z

Notice that the last term in the right-hand side is bounded at the infinite points (0o, w; 2(c0))
since the function w(z) may grow at most like 29. Hence, in order to make the function

*(2,w(2)) bounded at infinity, we have to satisfy the following g equations

1 tk‘fldt 9 (Zj7w(zj)) tkildt
— [ InA(t,w(t)) + / +m-/ —l—n»/ =0
271 r 'lU(t) jzl (z0,w(20)) ! aj ’ b; w(t)

E=1,...,g

X

Given the values of the first inetgral, the homology basis a;, b;, and the point (2, w(2)),
these equations uniquely determine the points (z;,w(z;)) € R and the integers m;, n; (j =
1,...,g), which can be found by solving the Jacobi inverse problem [87].

Finally, the functions A* are continuous on the contours of integration of the integrals

(z5:w(z5))
/ aw, / dw, and / aw (2.41)
(z0,w(20)) aj bj

J
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since the Sokhotsky—Plemelj formulas and the definition (2.36) imply that the integrals, as
functions of (z,w(z)), have jumps on the contours of integration, which are equal to 2mi.
Therefore teh functions A* containing exponents of the integrals (2.41) is continuous on the

contours of integration. O

The second and third steps of constructing solution of a Riemann—Hilbert problem on a
Riemann surface R is similar to the one on the complex plane C. On the second step, we

define the function

E (2, w(2)) :/ﬁ)fi(é:—%dmf, (z,w(2)) € D* (2.42)

which satisfies the equation ¢)™—¢~ = p /AT on the contour £. After multiplying the equation

(2.35) by 1/A" and using the representations (2.39) and (2.42), we derive the equation

¢ (t w(t)) ¢~ (t,w(t))
AT (¢, w(t)) A~ (t,w(t))

On the third step, we define the function P : R — C by the formula

— o (tw(t) = — ¢ (wd), (Lw(t) el

fi(Z,IU(Z)) —@/}+(z,w(z)), (Z,w(z)) cpt
Pz w(2)) = gb—EZ’wEZ;;
Ny V) uk) e

The function P(z,w(z)) is meromorphic on the Riemann surface R and can be determined
by Liouville’s theorem.

Thus, the solution of the Riemann—Hilbert problem (2.35) is given by
o™ (2, w(z)) = A (2,w(2)) [Pz, w(z)) + ¥*(2,w(2))], (z,w(z)) € D* (2.43)

From (2.43), we can recover the solution of the vector Riemann-Hilbert problem (2.21):

¢ (2)
%7 (2)

61 (2) = M (z,w(2)) [P(z,w(2)) + * (2 w5(2)] . = 1,2
where w;(2) and wq(z) are the two branches of the function w(z), and the matrix V(z,w;(2))

is defined in (2.29) with w replaces by w;(2).
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2.3.2 Gauss—Jacobi quadrature rule
In order to transform a vector Riemann-Hilbert problem into a system of singular integral
equations, we apply the inverse Fourier transform to the equation (2.21). Let us define the

inverse Fourier transform by the formula

1
o7

F(x) /F(t)eitxdt, reR
R

as a component-wise operator on vectors F'*, B and matrix A in (2.21) with the correspond-
ing transforms denoted by F*, B and A. After applying the transform to (2.21) and using

the convolution theorem, we derive the equation
Ft(x) = / A(z = F (§)déE+ B(z), ze€R (2.44)
R

Since the components of the vector F'* are to be analytic in the upper half-plane C*,
it immediately follows from the Cauchy integral theorem that F*(z) = 0 for all x < 0.
Similarly, since components of F'~ are to be analytic in the lower half-plane C~, we have
F~(x) = 0 for all x > 0. Thus, considering the equation (2.44) for negative values of z, we

derive the integral equation with respect to the vector F—,

0= / Alx —&F(§)dE + B(x), <0 (2.45)

Then, given F~, we can determine F from the equation (2.44) considered for positive values
of x.

Let us notice that if the matrix A(t) takes different limits as ¢ — oo and t — —oo (i.e.
limy oo A(t) # limy o A(%)), its inverse Fourier transform A(z) contains the term 1/z.
Thus, (2.45) is a system of singular integral equation with the Cauchy kernel 1/(z — &).

Thus, we transformed a vector Riemann—Hilbert problem (2.21) to a system of singular
integral equations (2.45) with the Cauchy kernel. Let us consider a method of solving those
singular integral equations. Notice that the interval (—oo, 0) of the equation (2.45) is home-

omorphic to a finite interval (—1,1). We will make two changes to the equation (2.45): (i)
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replace the interval (—oo,0) by the interval (—1, 1) and (ii) consider a scalar case (however,
the method can be easily generalized to a system of singular integral equations; see Chapter

4). Thus, we consider the scalar equation

af(x)+ %P.V. /1 %dt+ /1 kE(x,t)f(t)dt =g(x), —-1l<x<1 (2.46)

1
where a, b are constants, g is a Holder continuous function on the interval [—1, 1].
Let us find numerical approximation of the solution f that is Holder continuous on (—1, 1),

and at the end of the interval it behaves as follows:
flz)=0(1—==z|%) as z—1, f(z)=0(1+ x|6) as r — —1 (2.47)

Existence and uniqueness of the Holder continuous solution of (2.46) were proved in the
monograph [61] by studying existence and uniqueness of the solution of a scalar Riemann—
Hilbert problem that is equivalent to the dominant part of (2.46). The result of the study
is that there exists solution of the singular integral equation (2.46) in one of the following

classes of Hélder continuous functions on (—1,1):

1. Class of functions bounded at the end points of the interval (—1,1) satisfying (2.47)

withO0<a<land f=1-—q;

2. Class of functions having an integrable discontinuity only at the point x = 1 and

satisfying (2.47) with —1 < a <0 and = —q;

3. Class of functions having an integrable discontinuity only at the point x = —1 and

satisfying (2.47) with 0 < a < 1 and = —«;

4. Class of functions having integrable discontinuities at both end-points and satisfying

(247) with -1 <a <0and f=—-1—a.

Erdogan and Gupta [35] have shown that the integral equation (2.46) can be solved us-

ing the Gauss—Jacobi quadrature rule. By using the orthogonality property of the Jacobi
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(cv,8)

polynomials P, on the interval [—1, 1], we represent solution of the equation (2.46) in the

form
)Y LB (@) (2.48)
=0
where w(r) = (1 — 2)%(1 + x)?. From the classes of the solution listed above, if follows

that the sum o + 8 always takes one of the values —1, 0, or 1. In either case, the Jacobi

polynomials satisfy the following relations [76], [78] on the interval (—1,1):

2a+6 (_Oév_ﬁ)

(a7/8)
v [ B - L) pe ) - o a)
n -1

t—z sin(ma)

1 0 if n#m (2.49)
u/q P8 () PRy (t)dt =

! 0, if n=m

2ltats P+ a4+ 1DI(n+B+1)
2n+14+a+p nl'n+14+a+p)

n g
where I is the Gamma-function. Thus, after substituting the representation (2.48) into the

equation (2.46) and applying the first relation in (2.49), we derive the equation for z € (—1,1)

S (—b.2°‘—+ﬁa+z+§< )+ [ ke ortoua) =g@) (250)

= sin(ma) 1

In order to make use of the second relation in (2.49), we multiply the equation by P,g_a’_ﬂ ) (x)w(z)
for k =0,1,... and integrate in z-variable over the interval (—1,1). Then the integral of the
first term in the parenthesis in (2.50) vanishes for all j # k. The truncated version of the
system takes the form

20+8

sin(ma)

b eg@a5+§:@df:, k=0,...,.M (2.51)

dy = / / (e, ) PO () PLEs ) @w(tw (@) dt da

g"l_/1 (2 )P,£+g+56)(x)w (x) dz

In the case a + 5 = 0, the equations of the system (2.51) give unique solution for M + 1

unknown variables fo, ..., far. If a + 5 = 1, then the first term in (2.51) for k£ = 0, should
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vanish because of the orthogonality of Péfa’fﬁ ) and Pj(;la = ), 7 =0,1,...; thus, in the case
a+ B = 1, we solve the system (2.51) for M + 1 unknown variables fy,..., far provided
fo1 =0.If a+ B = —1, then there are M + 2 unknown variables fy,..., fas1o but only
M + 1 equations given by (2.51); thus, the solution is not unique. In this case, we use one

more equation that is provided by the compatibility condition

[ swa=1

which, after substitution of the representation (2.48) and using orthogonality of Pj(a’ﬁ ), takes
the form fy0y = f..

Notice that if we seek the solution bounded at the end-points, we can choose oo = 3 = 0,
then the Jacobi polynomials become Legendre polynomials. If we seek the solution vanish-
ing at the end-points, we can choose @ = 5 = 1/2, then the Jacobi polynomials becomes
Chebyshev polynomials. In Chapter 4, we will consider the case « = —§5 = 1/2.

2.3.3 Partial Wiener—Hopf Factorization

In this section, we will consider two applications of partial Wiener—Hopf factorization. In the
first application, the partial factorization will be used in order to derive a vector Riemann—
Hilbert problem suitable for numerical algorithms and ensure a good convergence. In the
second application, a new algorithm of constructing an approximate solution of a vec-
tor Riemann—Hilbert problem with the matrix-coefficient that is not of the Chebotarev—
Khrapkov class, will be discussed. That algorithm finds a numerical approximation to the

solution of the Riemann-Hilbert problem by reducing it to a system of linear equations.

Application I. Although the technique described in the previous section can be applied to
any invertible matrix A and any vector B whose components are Holder continuous functions
on the real axis R and satisfy the condition bounded at infinity, the convergence rate of the
series (2.48) and the truncated system (2.51) may not be satisfactory for numerical estimation

of the solution of a Riemann—Hilbert problem.
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In Chapter 5, we will consider a problem with the matrix A(z), the inverse Fourier trans-

form of the matrix A(t), can be represented as follows:

A(x) =~ -cothex + A°(z), xz€R

where v is a constant diagonal matrix and A4°(z) is a matrix-function with components
that vanish as * — oo and diagonal elements that have a logarithmic singularity at the
point z = 0. Since the singular kernel cothxz does not vanish at infinity and A° has a
logarithmic singularity, straightforward application of the technique from Section 2.3.2 was
found extremely time-consuming. In Chapter 5, the partial Wiener—Hopf factorization was
used. Since only the diagonal elements contribute to the “bad” behavior of the matrix A,
constructing Wiener—Hopf factorization for the diagonal elements of the matrix-coefficient A
before transforming the Riemann—Hilbert problem to a system of singular integral equations
leads to significant improvements in the rate of convergence of numerical solution.

A thorough description of this method will be given in Chapter 5. Here, let us highlight its
key parts. Consider the Riemann-Hilbert problem (2.21) with 2 x 2 matrix-coefficient A(t)

with Holder continuous components a;(t), i, 7 = 1,2, that have the following behavior:

1. At infinity, the diagonal components aq1(t) and agy(t) converge to non-zero values,

while the off-diagonal elements exponentially vanish as ¢ — 4o00;

2. At the origin, the diagonal components a11(t) and ass(t) have simple poles ¢t = 0, while

the off-diagonal elements are continuous in its neighborhood.

We seek the vector-functions F* : C* — C? whose components are analytic in C*, bounded
at infinity, and satisfy the equation (2.21) on the real axis R.

First, let us find Wiener—Hopf decomposition for the diagonal elements of the matrix A,

Cij(f) = = t e R, j = 1,2
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This can be done analytically, using the Cauchy integral and Sokhotski-Plemelj formulas

(see Section 2.1.2). Then the Riemann-Hilbert problem (2.21) can be represented in the

form
ffr/afl 1 a12a§2/af1 ff/afl bl/aﬁ
— + on R
2*/&55 a21@f1/a;2 1 fa [ag b2/@§r2

Notice that the new matrix-coefficient has no singular points on the real axis R and equal to
the unitary matrix I at infinity, while the new unknown vectors are analytic in C* and C~
respectively and bounded at infinity since the elements of the Wiener—Hopf decomposition
a3y (2) and a3,(2) does not vanish as z — oo. In this form, the Riemann-Hilbert problem can
be easily transformed to non-singular integral equation and solved numerically. See Chapter

5 for more detailed analysis of this technique.

Application II. Let us consider a Riemann-Hilbert problem (2.21) with 2 x 2 matrix-
coefficient A that is not of the form (2.28). If we construct LDU-decomposition of the matrix

A, then the equation (2.21) can be rewritten as follows:
L'Ft=DUF +L'B, on R (2.52)

Here, L is the lower triangular matrix, D is the diagonal matrix, and U is the upper triangular

matrix given by

1 0 an 0 1 ajp/an
L= , D= , U=

an/an 1 0 ax — a12a91/an 0 1
Since the matrix D is diagonal it can be easily factorized, D = D*[D~] on the real axis R,
where
D(2) = GE 0 ) e
0 di(z)

and di, dy are the elements of the Wiener-Hopf factorization of each diagonal component

of the matrix D; that is, a;; = df /d] on R, and ag — ajsas /a1, = dj /dy on R. Such
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factorization is always exists provided the functions aj; and a9y — ajsag;/aj; are Holder
continuous on the real axis R. After substituting the Wiener—Hopf factorization, the equation

(2.52) takes the form
(DY) 'L FT =D UF +[D']'L'B on R (2.53)
After introducing the vector

IE(z) = /R [D*(t)]lLl(t)B(t)tdt , reC*

271 -z

that satisfies the equation ¥+ — ¥~ = [D*]7'L7'B on R, the condition (2.53) becomes
[DH7IL7'Pt @t =D UF %~ on R (2.54)

Finally, we consider the vector P : C — C? defined as follows:

[DY()] 'L (2)FH(2) —¥T(2), z€C*
P(z) = (2.55)
(D= ()] 'U()F (2) =¥ (), z€C

Let us analyze singularities of the vector in order to determine its form. First, vector P is
continuous across the real axis R due to the equation (2.54). After substituting definitions
of the matrices in (2.55), the components of the vector P in the upper half-plane C* are

defined as follows:

P 1/df 0 1 0 fi bi
L] /dy 1 B 1 (2.56)

Do 0 1/ds —agi/a;; 1 [ by

which implies that the components p; is analytic in C*, while the component p, has singu-
larities in C~ due to the factor ag;/ai;. In the lower half-plane, the components of the vector

P are defined by

P1 _ 1/d1_ 0 1 alg/all fl_ _ bl_ (257)

P2 0 1/dy 0 1 fa by
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Thus, the component p; has singularities in C~ due to the factor a5 /a;1, while the component
po is analytic in C™. For simplicity, assume that the vector P is bounded at infinity, and the
factors ag /a1 and ajz/aq; are meromorphic functions on the complex plane C with only

simple poles. In this case, Liouville’s theorem [41] implies that

1 2_ ! a12
3 f2 ({)

— resqr —
Lz 2= 0di(() " an

o= Y G B

ez ¢ 2 dy () an

pi(2) =
(2.58)

where Z~ are the set of poles of the function aj2/aj; in the lower half-plane C~, and Z+
is the set of poles of the function as;/a;; in the upper half-plane C*. If at least one of Z*
is an infinite set, then the only possible limit point for the elements of those sets is infinity
¢ = oo (otherwise, components of the matrix A are not meromorphic functions). Thus, the

corresponding series in (2.58) is absolutely convergent if

f5 () @} {ff(C”) @}
{d;@') S e U H@O ™ S e

are l,-sequences for 0 < p < oo, which can be provided, for instance, by requiring the

components of the vector-functions F'* to vanish at infinity and the off-diagonal components
of the matrix-function A to grow slower at infinity then its diagonal components.
In order to find the values f;7(¢") and f, (¢’) in the series (2.58), we the formulas (2.56)

and (2.57) once again. It follows from the identities (2.56) and (2.58) that

N fl—i_(C”) oy 1 fQ_(C,) @ 1" +
PO =GRy O L T g e C€F

Similarly, from the identities (2.57) and (2.58), we derive

N Y (SR LR e
PO =gy 0= 2 T (€7
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The last two equations can be written in the vector form j+2(-f = b, where f and b are the

infinite sequences and 2l is the operator defined by

A 0 aj; 0 ap - dy (¢)by (¢7)
fy (1) ai; 0 af 0O - dy (¢1)bs (¢1)
=1 A [ %=1 0 ay 0 a3 -~ |+ 0=1] i ()07 (&)
[y (G3) az; 0 a3 0 .- dy (C3)b3 (¢3)

1 di(¢) aip 1 dy(¢)) as1

1 1 Gk 2 j
a;, = rese ——, a5 = resqn ——
TG —Grdr () Yan PTG ds () an

GEZT, GeZh, k=123, ..

Denote I, the space of bounded sequences. Recall [72] that the equation T - x = v has a

unique I, solution if v € I, and the operator T' = {¢;;,} satisfies the conditions
1. There exists a n > 0 such that

it >n Vj=1,2,3,... (2.59)

2. There exists a o € [0, 1) such that

o0

> Il = oyt (2.60)

k=1,j#k

where 0 <o; <o <1lforallj=1,2,3,...

Moreover, the solution x satisfies the inequality ||z|| < [n(1 — o)]7!||v]|.

Let us consider existence and uniqueness of the solution of the system f+%2(-§f = b with the
operator 2 defined above. Notice that the operator J + 2, where J is the identity operator,
contains only the value 1 on its main diagonal; thus the first condition (2.59) is satisfied with

n = 1. In order to satisfy the condition (2.60), the following identities have to hold

i 1 df(é}?) res Q12| _ ol i 1 dy (C]/) reses o1| _ o2
k=1 C]/ - Ing(C;) I a1 J 1 ]/ - ];/ d;(cg) k a1 J



where 7 = 1,2,3,... and 0]1-, 0]2. do not exceed some value o € [0,1). Then the solution of
the system exists and is unique [72].
If we allow the sequences § and b to be from [5-space, then there exists a unique [, solution

of the equation f +2( - f = b, provided [79]

1 df(¢ a 1 dy (¢ a
E : / 7 1—(@:) res¢ | < 00, E / 7" —?—<Cf/> TeS¢y =
) G — G dy (¢) an ) GG — Gk da (¢) ai

Given the values fi*(¢/) and f; (¢}), j = 1,2,3, ..., the solution of the Riemann-Hilbert

problem is derived from (2.55) as follows:

F*(z) = L(2)D"(2) [P(2) + ¥T(2)], =z€CT
F(2)=UY2)D (2) [P(2) +¥ (2)], z€CT

where the components of the vector P are defined in (2.58).
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Chapter 3

Modeling of Crack Propagation

The field of fracture mechanics is concerned with quantitative description of deformation in
materials containing cracks. Describing the deformation of a particular system is provided by
building a mathematical model of the system and applying methods of mathematical anal-
ysis. Dynamic fracture mechanics considers fracture phenomena that significantly change in
time due to, for instance, rapidly applied loading on a cracked solid or rapid crack propaga-
tion. There are several reasons for the study of the asymptotic crack tip field for dynamic
growth of a crack in a material: (i) The influence of material inertia on the distribution
of stress and deformation near the crack edge in order to understand mechanisms of crack
propagation; (i) Numerical methods are often the only means for obtaining full field so-
lutions within this problem class, however for points very close to the crack edge where
stresses are most severe the accuracy of numerical solutions is difficult to assess. The ability
to match computed fields to asymptotic fields valid in this region establishes confidence in
the numerical results.

In this chapter, we will consider three typical problems on the crack propagation: stationary
crack problem (i.e. the crack does not propagate), the crack propagation at constant speed
v, and the crack propagation at a non-uniform speed v(t). This are well known problems and
their solutions can be found, for instance, in [39]. However, this consideration will be helpful

in the study of more complex case in the following chapters.

3.1 Suddenly Applied Crack Face Pressure
The following problem and its solution can be found in [39]. Consider an elastic unbounded
body that contains a half-plane crack. It is assumed that the crack has no thickness; that

is, when no loading applied to the body, the two faces of the crack form the same surface
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in space. Introduce a rectangular coordinate system so that xsz-axis lies along the crack
edge, and zs-axis is normal to the plane of the crack. The crack occupies the half-plane
{(x1,0,23) : —00 < &1 <0, |z3| < 0o} (see Figure 3.1).

Assume that the crack faces are subjected to uniform pressure of magnitude o* suddenly
applied at time ¢ = 0. We seek the solution of the wave equations (1.18) with the boundary

conditions

091 (21,05, 25,8) =0
099(21, 0%, 235, 1) = Fo* H(1) (3.1)
o93(21, 0%, 25,8) = 0
—0o < <0, —oco<zT3<oo, —o0<t<oo
In the case of (x1,xs)-plane deformations, the component uz of the displacement vector u
is equal to zero, while u; and us do not depend on xs-variable and satisfy the symmetry
relations [39] uy (1, —xa,t) = uy (21, T2, t) and ug(z1, —xa,t) = —us(xy, 22, t) for all values of
r1,T9, and t.
Let ©Q be an unbounded plane (x,z5) with the crack {(x;,0) : —o0 < x; < 0} on
the negative part of xj-axis. For the plane strain deformation that is independent of x3,
the vector potential 1) has only one non-zero component. Thus, we need to find functions

¢, : R? x R, — R that satisfy the wave equations

C%(@_F@)_é:(), 62(82—104—82—1&)—12}.:0 in QxR (32)

dz?  Ox3 S\ 022 013
with the initial conditions

9¢

0
= a(l’l,mg,O) = w(l'l,.CCQ,O) = —w(l'l,l'g,()) = O7 T1,T9 € R (33)

¢(x1,x2,0) 8t

and, through the relations (1.14) and (1.15), the boundary conditions (3.1).

3.1.1 Solution of the partial differential equations
In order to solve the problem (3.1), (3.2), (3.3), we apply Laplace and Fourier transform

to transform it to the Riemann—Hilbert problem. Assume that the functions ¢ and 1 are
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Figure 3.1: Suddenly applied crack pressure.

continuous in ¢-variable on the interval (0, 00) and absolute integrable in x;-variable on the
interval (—oo,00) provided o # 0. First, we take Laplace transform with respect to the

temporal variable,

—st —st
l’l,l'Q, / ¢ I‘l,I‘Q, dt Il,l’g, / 1/) Il,l’g, dt

which are valid for Re s > 0. Using integration by parts and the initial conditions (3.3), we
find that (¢)~ = s2¢ and (1))~ = s*). Thus, Laplace transform applied to the wave equations
(3.2), gives

2o 0% 27 9% 0% 27 o
<8x1+8x2> =0, c 8x1+82 —s =0 in QxR

where we assume that the variable s is positive. Next, we apply Fourier transform

~

¢(Z,ZL'2,S) - / Qg(xlvaaS)eisledIl

- zeR (3.4)

1/1(2,@,5):/ (w1, 19, 8)e"* day
where the exponent factor s is introduced for convenience. Since (82¢/822)" = —s222¢
and (9%)/022)" = —s%224), the partial differential equations above become the ordinary
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differential equations

9%

&% i
03

912 — P24+ =0 in QxRy

— 522+ cl_g)gzg =0,

Because of the symmetry conditions, it is sufficient to find solutions for only positive values of
Za. Assuming xo > 0, the bounded at infinity solutions of the ordinary differential equations

are given by

~

52, 50,5) = Pz, s)e 5200
zeR, x9,5s € R, (3.5)

~

w(z,fﬂg, S) = Q(Z, S)e—sﬁ(z)xz

where a(z) = (/22 + ¢;? and f(z) = /2% + c;2 are branches of the square roots such that
a(z) >0 and f(z) > 0 for all z € R.

The functions P(z, s) and Q(z, s) are to be determined from the boundary conditions (3.1).
In terms of the functions ¢, ¥ and wave velocities ¢;, ¢;, components of the stress tensor o

and displacement vector u take the form

1 Clg (92¢ Cl2 82<]§ 82w

- S R - _2 2

pt 2 Ox? * 2 o " 92102 0p oY

1 c? Py o I 7 e, o

I R 3.6
022 <C§ ) ax% + Cg ax% ail}laxQ Uo = % _ a_w ( )

L e ot o om o

pO T Tor 0z, 027 023

After applying Laplace and Fourier transforms and plugging the solution (3.5) into the

equations (3.6), we have the identities

1
—5011(2, 2, 5) = (08_2 — 2a2(z)) P(z,5)e™ %2 1 2i28(2)Q(z, s)e P22
LS

L&QZ(Z“@’ s) = (22 + B°(2)) P(z,8)e™ " — 2i28(2)Q(z, 5)e "

fs®
1
—5012(2, T2, 5) = 2iza(z) P(2, s)e sl 4 (22 + 52(2)) Q(z, 5)678’8(2):62 (3.7)
LS
1
—11(z,x9,8) = —izP(z, s)e’so‘(z)””2 — 6(2)Q(z, s)e’sﬁ(z)“
s

1
“lg(z, 19, 8) = —a(2)P(z, 8)e™ )% L j2Q(z, 5)e 3PP
s
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On the other hand, the transforms applied to the boundary conditions (3.1) imply

612(x,0i, s) = 6E(Z,Oi, s)

. zeR, seRy (3.8)

Ga2(2,0%,8) = 655(2,0%,8) F P

where 67, and 65, are defined as Fourier transforms of the products H(x1)oj2(z1, 22, s) of
the stress components o, and the step function H(z;) that is equal to 1 for z; > 0 and to
0 for z; < 0.

As we consider only positive values of z,-variable, combining the equations (3.7) and (3.8)
for x5 = 0% gives

1
u52

1 o*
?U;2<Za 0+7 S) -

015(2,0", 8) = 2iza(z)P(z, s) + (22 + 52(,2)) Q(z,s)
(3.9)

= (2" + 5%(2)) P(z,5) — 2i2B(2)Q(z, 5)

ipstz

By solving the system above with respect to the functions P(z,s) and Q(z, s), we derive

P(Z,S) _ 222’6(2) 2(2 0t S)—i—w (&;2(270+,S) B ‘0—* )

us?R(z) ) pus?R(z) sz

(3.10)
oz +62(z)& .0, 2iza(z2) 6 (2.0 8) — o*
Q) == L a0 - 2505 (5609 - )

R(z) = (22 + f(2))" — 42%a(2)3(2)

The solution of the system (3.9) exists whenever the function R(z), which is proportional to
the determinant of the system (3.9), does not equal zero. In fact, R(z) is called the Rayleigh
function, it is a multi-valued function with branch points +i/¢; and +i/c, and, for a fixed
choice of its single-valued branch, has two zeros +i/cg, where cg is the Rayleigh wave speed
[39]. Thus, the function R(z) does not vanish on the real axis R.

The Fourier transforms ¢ and ¢ of the wave potentials are defined by the formulas (3.5)
and (3.10). However, the values of the Fourier transforms 67, and 64, for z, = 0T in the
right-hand side of the equations (3.10), are not known yet. In order to find 6;(z,0", s) and

6715(2,07, s), we formulate and solve a Riemann-Hilbert problem.
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Notice that the condition w(xy, —xe,t) = uy(z1,x2,t) implies that the line zo = 0 is a
symmetry axis of the displacement component uy. Therefore, du;/0xs = 0 if 5 = 0. The
condition wug(xq, —x2,t) = —ug(x1,xe,t) implies that the component uy is zero if xo = 0.

Hence, in front of the crack, we have

:0, 1 >0

0 0
u2(x1,0,t) =0, 012(x1707t) =p (a_zl—i_&_f)
2 1

22=0
for any time instance ¢. Since o12(x1,0,t) = 0 for all x; < 0 due to the boundary condition
(3.1), the formula (3.10) for P(z,s) and Q(z,s) can be simplified by setting &, to zero.
Moreover, since the displacement component us is equal to zero for x; > 0, x5 = 0, the last

equation in (3.7) reads

Lz (2,0 8) = —a(2)P(2,5) +2Q(2, )

s
3.11)
I az) (4.4 N o (
:_/,45—403%(8 0'22(2,0 ,S)—E 5 ZER,S€R+
Introduce two new functions
Y (2) = s%655(2,0%,5) = 52/ Goo(z1,07, 5)e™* dy
o | (3.12)
U™ (2) = 5%y (2,01, 5) = 53/ ts(w1,07, 8)e"* " day
then they satisfy the condition
ST(z) =a(2)U(2) +b(2), z€R (3.13)

which follows from (3.11). Since all of the known terms in the equation (3.13) do not depend
on s-variable, the functions X1 and U~ do not depend on s either. Moreover, the first and
second integrals in the right-hand sides of the identities (3.12) exist and infinitely differen-
tiable whenever Im z > 0 and Im 2z < 0 respectively, provided that ¢45 and u, are absolute

integrable in z;-variable. Thus, the function X1 : Ct — C is analytic in the upper half-plane
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C*t ={z:Imz > 0} and continuous on the real axis R = {z : Im z = 0}. Similarly, the func-
tion U~ : C~ — C is analytic in the lower half-plane C~ = {z : Im z < 0} and continuous on
the real axis R. The problem of determining such functions that satisfy the condition (3.13)
is the Riemann-Hilbert problem discussed in the previous chapter.

3.1.2  Solution of the Riemann—Hilbert problem

In order to solve the Riemann-Hilbert problem (3.13), let us first determine index « of the
problem. Both functions a(z) and R(z) in the equation (3.13) take only real values for z € R,
while a(z) is continuous and R(z) does not vanish on the real axis R. Thus, arg{ R(z)/a(z)}

does not change on R and

k= arg{a(2)}Z25, =0

Z=—00

Since the problem has zero index, there exists a unique solution of the Riemann-Hilbert
problem (3.13) that vanishes at infinity.

Now, we will follow the general algorithm of solving a scalar Riemann—Hilbert problem
described in the previous chapter. However, due to the behavior of the coefficient a(z) of the
problem (3.13), we will need to make several changes in the algorithm.

Notice that the function a(z) is Hélder continuous on the real axis R since it is continuously
differentiable there. But it has a simple pole at infinity since R(z) = O(|z]?) and «a(z) =
O(|z|) as z — £oo. Therefore, the integral in the formula (2.19) would not exist. In order to
construct the Wiener—Hopf factorization of a(z), we represent it in the form

22+ et _ R(2)

a(2) = —pcsa.(2)a.(2), a.(2) = W’ A (2) = m

where cp is the Rayleigh wave speed. The factor a..(z) is Holder continuous on the real axis
R, takes a finite non-zero value as z — +o00 and, hence, can be factorized by the formula

(2.19). The factor a.(z) is relatively simple and can be factorized as follows

(s :aj(z) p, ot (s :m (s :\/z—i/cl
o e N R
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for a specific choice of branches of the square roots. It is clear that the functions a are

analytic and non-zero in the half-planes C* respectively.
In order to factorize a,, on the real axis R, we define the functions

1 % 1N Ay
af*(z):exp{—/ L(t)alt}, z € C*

2 J_o t— 2

Since a., is Holder continuous on the real axis R and takes a finite non-zero value as z — o0,
we have the equality a..(z) = af,(2)/a,,(2) for all z € R due to the Sokhotski—Plemelj

formulas (2.9). Thus, a(z) = a™(2)/a"(2), z € R, for

at(z) = —pctaf (2)af,(z), z€ Ct, a (2) =a; (2)a,(z), z€ C (3.14)

k%

The functions a®(z) are continuous on the real axis R, and a*(z) = O(|z|'/?), a=(2) =
O(|z|7'?) as z — oo.
According to the algorithm of solving a scalar Riemann—Hilbert problem, replace the

function a in (3.13) by the fraction a™/a~ and divide the equation (3.13) by a*, then

XT(z) U (2)  b(2)
(z)  a(a) ar(e)

ZzeR (3.15)

The next step is to take the Cauchy integral of the term b/a™. At infinity, the fraction

b(z)/a™(z) vanishes as |z|~*? and has a simple pole at the origin,

o(z) o 1 as z—0
at(z) ia*(0)z :

In order to deal with the pole, we transform the contour R to pass around the point z = 0.
So far, we considered the functions X% and U_ to be analytical in the upper C* and the
lower C~ half-planes respectively. However, a thorough analysis allows for expansion of those
regions of analyticity.

Consider behavior of the functions og(x1,0,t) and uy(z1,0,t) in front of the crack. Fix

an arbitrary point (z9,0) such that x7 > 0. Since the body is initially stress-free, the stress
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component o99(z3,0,t) is equal to zero until the wave of deformation reaches this point (see
Figure 3.1), that is for all ¢t < z§/¢;. Thus

622(33;,0,8) = / Ugg(%i,o,t>€_8tdt
wi/e (3.16)

=e @ /00 092(25,0,t + 27/c;)e " dt
0

The function 795 exponentially vanishes as x7 — oo since the integral in the right-hand side
of the last equality in (3.16) is bounded. From properties of the Fourier integral, it follows
[77] that in this case, the function ¥F is analytic in the region {z : Imz > —1/¢;}. As for
the displacement component uy(z1,0,t), it is non-zero for all ¢ > 0 since the loading o* is
applied uniformly to the faces of the crack (z; < 0). Analysis of the regions of analyticity of
the functions ¥ and U~ implies that in the equation (3.15) the contour R can be changed
to the contour

R..={z:Imz=—¢}

for some ¢ € (0,1/¢;). Let us introduce the half-planes C*, = {z : Im2z > —¢} and C_, =
{z :Im z < —¢} and consider the functions 3" and U~ on them. According to the third step

in the solution of a scalar Riemann—Hilbert problem, we define

—EJF(Q(_Z)I)(Z) z€ Ct,
P(z)=19 - ) e (3.17)

a=(2)
Notice that the function P(z) is continuous across the boundary between C—, and C*_ due
to the condition (3.15) with the contour R replaced by R_.. Moreover, P(z) is analytic in

CZ, and has a single simple pole z = 0 in C*,. At infinity, P(z) vanishes since

+ _ —
21(2) — b(z) =O(|z|""?) and U (2) =O0(|2]"?) as z— 0
a*(z) a=(2)
Thus, by Liouville’s theorem [41]
C
P(z) = —



where C' is an arbitrary constant. From the formula (3.17), we conclude that

YH(2) = goﬁ(z) +b(z), ze€Ct, U (2)= ga_(z), zeCZ,

Since the function X7 is required to be analytic in C*_, we set C' = ic*/a*(0) in order to

eliminate the pole at z = 0. Finally, the solution of the Riemann-Hilbert problem (3.13)

takes the form

N A Y O
5 = (1- Lot U = - (3.8

After plugging values 65,(2,0",s) = Y7 (2)/s? into the formulas (3.10) and (3.5) and
applying inverse Fourier transform and inverse Laplace transform to gg and gZA), we derive the
explicit formulas for the wave potentials ¢ and ¢ in 0 x R,. Using the identities (3.6), we
can find all displacement and stress components in the body.

3.1.3 Derivation of stress intensity factor K;

One of the advantages of explicit solutions is that they allow for describing behavior of the
stress and displacement components near the tip of a crack. In order to do that, we derive
useful relations between behavior of a function and its Fourier transforms at singular points.
Assume that f; : R — Cis L'-function such that f,(z) =0 for allz < 0, and fi(z) ~ f$ /2

as & — 07, A € (0,1). Then its Fourier transform f* : C* — C is analytic in C* and
s > . L[> _
Friin = [ ge@erde = [ g /e
0 Y Jo
~ L [ = T,y oo
0

where I' is Gamma-function and = = £/y. A similar identity holds for f_ : R — C such that

f-(z)=0forallz>0and f_ (x) ~ f°/2* as  — 0~. Therefore,

lim (2t fi(z)) = 1 lim (Z/lfAer(iy))

250+ F(ll— A) y=ro0 A 0<A<1 (3.19)
Jim (- (0) = iy Jm (0 (i)

From the identities (3.19), it follows that in order to determine behavior of o4y (z1,0,1)

and u; (21,0,t) as 1 — 0, we need to consider behavior of the functions X% (2) and U~ (2)
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as z — 00. We can easily find that af(2) = O(|z[*/?) as Im z — 400 and

4172 9 9\ /2
lim aZ,(z) = <lim a**(z)> = ( - )

2300 2300 c? 012

Thus,

at(iy) ~ —V2ip\fd — 2y
a

a” (—iy) ~ ! 0%y
V=2i\/c? — 2

Substituting b(z) = —ic*/z into the solution (3.18), we find that as y — oo

i) ~ —/2i %,/2_ 20_* -1/2
E (1y) \/ZMCl Cl CSa+(O) )

Using the first identity in (3.19) for A = 1/2, we derive

Yy — o0

- - Cg ot 1 1
F92(x1,0,8) ~ —\/2wc—l ct — c§a+<o) S i as x; — 0"
W2 ey 175 o [1
p—r/ct — 2 —
T at(0)V x4

092(21,0,1) ~ — as 11— 0, t>0 (3.20)

By comparing the expression (3.20) and the definition of the stress intensity factors (1.19),

we derive the formula for the stress intensity factor K,

*

Ki(t) = —4py | —— CZZ_CQCLO Vi, >0

In order to find the value a™(0), we notice that due to symmetry of the function a,, on the

real axis R, we have

, 1  In .. (t) 1 I @, (t) 1
+ _ e = - —dt p = ————
0. (1Y) = exp { 21 /oo t— iy } =P { 27 /OO t+ 1y x (—1y)

for all y > 0. Taking the limit as y — 07, we derive the identity a],(0) = 1/a,(0). Together
with the factorization a.. = a,/a, on the real axis R, the latter gives af,(0) = 1/a..(0).

After finding values a; (0) and a,(0) and plugging them into the formula (3.14), we derive
the value a™(0) = —puy/ic;. Hence

Ki(t)=0"——=,[1==Vt, t>0



3.2 Crack Propagation at Constant Speed

Let us consider the problem on suddenly applied crack face loading from Section 3.1, but
assume that the crack propagates at a constant subsonic speed (v < cg) along z;-axis (see
Figure 3.1). Although the solution to this problem is known [39], the solution derived here
has a different form, which will be used as a building block for the approximate procedure
proposed later for the solution of the problem on a crack in a half-plane (see Chapter 5).
Derivation of the solution for the problem is identical to the one described in Section 3.1
except the choice of a moving coordinate system (z,y) such that the crack tip coincides with
the origin at any time instance ¢. Thus, in the wave equations 3.2, we make the substitution

r1=x+ vt and z9 = y:

02 0? 02 0?
(] —v?) f—l—c? f—}—Zv ¢ _ f:()
ox dy Jxot Ot .
) ) ) ) in QxRy (3.21)
(cZ—v2)8¢+cza¢+2va¢ _% =0
s 0x? * 0y? oxot  Ot?

where € is the unbounded plane with the cut {(x,0) : —oo < z < 0}, the functions ¢(z,y,t)
and v (z,y,t) are the wave potentials in the moving coordinate system (z,y) (i.e. they are
different from ¢ and 1 used in Section 3.1).

We assume the stress-free state for ¢ < 0 as an initial condition, while the boundary

conditions have the form
oja(z +vt,07,t) = =05 (x + vt)H(t), —oo<z<0, j=12 (3.22)

which expresses the fact that the shear o] and normal of loading is time-independent in

(x1, x9)-coordinate system so that the crack tip moves away from the loading.

3.2.1 General solution of the problem
This solution follows the works [18, 19]. As in Section 3.1, we apply the Laplace transform
with respect to the temporal variable ¢t and Fourier transform with respect to the spacial

variable x, defined by
f(% 8) = / f(q:, t)e*stdt’ f(z, 5) = / f(:C, S)eimda:
0 —0o0
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for all values z € R and Res > 0, provided the function f : R x R, — C is integrable on
the interval (0,00) in ¢-variable and on the interval (—oo, c0) in z-variable. Notice that the
Fourier transform is different from the one used in (3.4) and (3.12) since the exponent ¢*®
does not contain the factor s.

After solving partial differential equations (3.21) with the boundary conditions (3.22), the

problem is reduced to two separate Riemann—Hilbert problems with the conditions
A;_(Z78) :uiaj<Z,S>)A<;(Z,S)+bj(2,8)7 ZGR, j: 172 (323)

where 67

+» bj, X; are the Fourier and Laplace transforms of the stress components ojo(x +

vt,0,t) in front of the crack tip (z > 0), the loading o (x + vt) behind the crack tip (z < 0),

and the jumps of displacement rate of change

. 8uj + Ouj —
Xj(l’,t) = %(aﬁ—i-vt,() ,t) - %(Z"th,o ,t)

behind the crack tip (z < 0) respectively. The coefficients a; of the Riemann-Hilbert prob-

lems are defined as follows:

B Ry(2) ol 5) = Ry(2)
T BT Ey 2 ) P T e Ty o) PR
Ry(z) = (2" + ﬁg(z))z —42%0,(2)Bs(2)
a2(z) = <1—C—l2> 22+2izc—lz+g, B2(2) = (1—2) 22—1-21'2%—1——?

Notice that the functions Ry(zs), as(zs), and [s(zs) are identical to R(z), a(z), and §(2)
defined in Section 3.1 if we set v = 0. Moreover, using the identities as(zs) = sai(z),
Bs(zs) = sB1(z), and Ry(zs) = s*R;(z), where single-valued branches of the functions oy, £

are chosen so that a;(z) > 0 and (;(z) > 0, we can rewrite the equation (3.23) in the form
51 (28,8) = piaj(z,1)X; (2s,5) + bj(2s,8), z€R, j=1,2, (3.25)

The functions a;(z,1) take non-zero values £v; as z — £oo and have simple poles at the

origin z = 0. once again, the integral of Ina;(z, 1) in the formula (2.19) would not exist. In
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order to deal with these singularities, let us represent the coefficients of the Riemann-Hilbert
problems as

aj(z,1) = —v; coth(rz)aj(z). (3.26)

Since the coefficients of the Riemann-Hilbert problems, a; and as, have a simple pole at the
point z = 0, we deform the contour R to bypass this point. Following the argument conducted
for the case of stationary crack in the paragraph below the formula (3.16), we conclude that
the contour R in the equation (3.25) can be replaced by the line R_. = {z : Imz = —¢}
for some value € € (0,1/¢;), which splits the z-plane into two domains: C*_ containing the
origin z = 0, and CZ,. On the contour R_., the functions aj can be easily factorized in terms

of the Cauchy integrals

In a°
i+ () :exp{L/R “aJ(T)dT}, 2 et (3.27)

2me T—z
due to the fact that the functions Inaj are Holder continuous on the contour R_., vanish at
infinity, and have zero-increment of the argument of aj(7) as 7 traverses the contour R_.
(i.e. index k of the problem is equal to zero).

After factorizing the function coth(mz) in terms of the Gamma-functions

K*H(z) = I'(1—1iz) (1/2 4 iz)

K r
coth(mz) = — = T2 s (2) = T

(3.28)

and using the identity a] = aj / a; on R_., it is possible to transform the boundary condition

(3.25) of the Riemann—Hilbert problem to the form

GGl I 72 1L Gk N TR
m ‘Ij]( ’ ) K‘(z)a;(z) \IJJ( ’ )’ €eR_, (329)

where

1 bi(rs,s) dr
0, = — I c* 3.30
8= 50 /R Kr(naf(nr—z ~ S (3:30)

Analysis of behavior of the functions in (3.29) shows that

K*(2) ~ (Fiz)Y?, aj:(z) ~ 1, \If;t(z,s) =0(z|™), z—= o0 (3.31)
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while 6;7 and y; are assumed to be bounded at infinity. By applying the continuity principle
and the Liouville theorem, we derive the unique solution of the Riemann—Hilbert problem
(3.25):

77 (25,5) = KT (2)a] (2)¥] (2, s), z€eCt

—e)

(3.32)
Xj (28,8) = () K™ (2)a; (2)¥5 (2,5), z€C..

Passing to the limit ¢ — 0% shows that the functions X; (—ies,s) — 0, which is consistent
with the fact that the difference between the displacement components on the faces of the
crack vanishes at infinity (i.e. as + — —00).

3.2.2 Fundamental solutions of the problem

In this section, we will consider the stress intensity factors K;(t) and Kp;(t) introduced in

(1.19). In the moving coordinate system (z,y), we define the stress intensity factors by the

relations
op(x +vt,0,t) ~ ——=x /, oo(x +vt,0,t) ~ —=x /, r— 0.
12( ) \/ﬂ 22( ) \/%
After applying Laplace transform, the relations above become
K K
o12(x, ) ~ ﬂx_lﬁ Goa(x, s) ~ ﬁx_lm r— 0" (3.33)

V2T 7 V2T ,
On the other hand, behavior of the functions 612 and 695 near the point x = 0 can be

determined from the first identity in (3.19) if we know behavior of their Fourier transforms

at infinity. Combining the formulas (3.32) and (3.31), we derive

~1/2
57 (2,8) ~ i <—Z§) ve(s), Imz— o0
where
1 b;(Ts,s)
UP(s) = — — 7 d 3.34
) 2mi /IR_E K*(1)a] (1) ! (3:34)

Thus, the first identity in (3.19) with A = 1/2 and the relations (3.33) imply

Ki(s) = ivV2s0°(s), K;(s) =ivV2sUF(s), Res >0
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Let us consider fundamental solutions of the problem, which corresponds to the loading

o°

x1) = 6(x1). After taking Laplace and Fourier transforms of o¢(z+wvt), we derive b;(z, s) =
J j j

1/(s 4+ izv) provided Imz < 0. After plugging these values into the formula (3.34), the

functions ¥7° and ¥5° take the form

(e 1 dr
v; (s) 275U /R—s (7—2’/1})}("‘(7’)@;—(7)

Since the integrand has only one simple pole z = i/v and vanishes as O(|z|~%/?) at infinity

in the upper half-plane C*_, the residue theorem implies that
U (s) ' ! j=1,2, Res>0
S (S) = —1 =
J svK*(ifv)a] (i/v)’ I

The corresponding Laplace transforms K;; and K of the stress intensity factors, are given

by

- 2 1 ~ 2 1
Kr(s) = \/;vm(i/v)af(z'/v)’ Kils) = \/;vm(z'/v)a;(i/v) (3:35)

As in the case of a stationary crack, we can explicitly determine the inverse Laplace trans-

forms of (3.35) due to the fact that the inverse Laplace transform of 1/y/s is 1/+/7t,

[2 B T(1+1/v)
Kn(t) = ﬁk”(”)’ Fur(v) = VOL(1/2 + 1/v)a; (i /v)
/2 B T(1+1/v)
Ki(t) = k), ha(v) = JOD(1/2 + 1/v)ag (i/v)

Thus, the temporal variable ¢ contributes to the stress intensity factors K; and K;; only

(3.36)

through the term 1/v/7vt, while the factors k; and k;; depend only on the velocity v. Graphs
of the dimensionless functions k; and kj;; versus the dimensionless speed v/cg for v = 0.3
is shown in Figure 3.2. The graph of the function k; is in good agreement with the one
presented in [39], p. 349.

If o9(x1) and o5(z1) is arbitrary shear and normal loading applied to the crack faces

(x1 < 0), then the corresponding stress intensity factors are given by the integrals
0 0
Kup(t) = / o1 (20 K t)dar,  Ko(t) = / oo (1) K1 (212 )y

— 00 —00
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Figure 3.2: Functions k; and kj; against v/cg for v = 0.3.

where Kj(x;t) and Kyr(zq;t) are given by the formula (3.36) with vt replaced by vt — ;.

After substituting them into the integrals, we derive the stress intensity factors for arbitrary

g\
sty = ko2 [ D
— L1

w2 [ e

3.3 Crack Propagation at Non-Uniform Speed

loading

(3.37)

provided the integrals above exist.

In the previous two sections, we discussed behavior of the stress field near the tip of a station-
ary crack and of a crack growing at constant speed. However, the more natural assumption
is that a crack grows at speed v(t) that changes in time ¢. Following [39], we will construct
an approximate solution of such problem as the superposition of solutions for the problem

on a suddenly stopped crack.

3.3.1 Piecewise model of a crack propagation

Consider an unbounded plane R? with a semi-infinite crack {(z1,0) : —o0 < z; < 0}
subjected to the external in-plane loading ¢**(x;) (Figure 3.1). Assume that at the time

instance t = 0, the crack begins growing in x;-direction and then stops at the time instance
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T, so that the position of the crack tip is described by the law z; = (), t € [0,T], where
[(t) is a continuous increasing function of time ¢.

In order to determine the stress distribution o(xy, 22, t) in the body, we replace the function
[(t) by its piecewise linear approximation L(t). Let {t,}"_, be a partition of the time-interval
[0,7] such that 0 =ty < t; <ty < ... <ty = T. Let us assume that on the time-interval

[tn_1,1,], the crack tip is moving at constant speed

ln - ln—l

Un = )
tn - tn—l

l,=1(t,), n=1,2,...,N

according to the law xq = l,,_1 + v, (t —t,—1). Thus, the function [(¢) is approximated by the

piecewise linear continuous function (see Figure 3.3)

(

1 t, O0<t<ty

l1—|—U2(t—t1), 1 <t<ty

)

lN—l + "UN(t — tN—l); o <t <ty

\

We seek the stress field ¢ in the unbounded plane with the crack {(z1,0) : —o0 < 21 <

L(t)}, that satisfies the boundary condition
o(zy,0%,t) = 0z H(—2,), —o00 <z < L(t) (3.38)
The stress tensor o is represented in the form

N
o(x1,22,8) = Y 0" (21, 2, 1) (3.39)
n=0

The term ¢°(1, 29, t) is the stress distribution corresponding to the stationary crack {(z1,0) :

—00 < x1 < 0} in the plane R? with the boundary condition
0(21,0,t) = 0" (z1), —oo<x; <0, t>0 (3.40)

This problem in the case of uniform pressure on the crack faces was solved in Section 3.1.

0

Since for an arbitrary loading o¢** the solution is similar, ¢° is assumed to be known.
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Figure 3.3: The piecewise linear curve L(t) approximates the crack tip trajectory I(t).

The term o™ (xq,x2,t) for n = 1,2,..., N is the stress distribution corresponding to the
dynamic problem on propagation of a semi-infinite crack in a stress-free plane when the
preexisting crack {(z1,0) : —oo < x1 < [,,_1} starts to grow at the time instance ¢ = ¢,

with the constant velocity v,, and suddenly stops at the time instance ¢ = ¢,, at the point

x1 = l,. In this case, the crack faces are subjected to the loads p™(z;) on the interval
(1, L()]:
o"(21,0,t) = p"(x1)H (21 — lh—1), —o00 <y < L(t) (3.41)
where 1
ph(r1) ==Y o’ (21,0,t)) (3.42)
=0

Let us show that the stress field o(z1, x2,t) defined in (3.39) satisfies the boundary condi-
tion (3.38). For the time ¢ < 0, all the terms except ¢ in (3.39) are identically zero. Since
0¥ is the solution of the corresponding problem on a stationary crack, o(xy,rs,t) satisfies
the boundary conditions for ¢ < 0.

Fix the time instance t € (0,7T). If x; < 0, then o(x1,0,t) = (1) since all but the first
term ¢ in the sum (3.39) vanish due to the boundary condition (3.41), and ¢ = ¢*** due

(3.40). If 0 < &y < L(t), then there exists an integer m such that x; € [l,,—1, ;). Notice that
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0™(x1,0,t) = 0 for all n > m due to the boundary condition (3.41) and the fact that since

1 <ly < l,—1. Thus

m m—1
o(x1,0,t) = > 0"(21,0,t) = Y 0™ (21,0, 4,) + p"(21) = 0
n=0 n=0
where ¢ was replaced by t, for n = 0,1,...,m — 1 since ¢"(x1, x2,t) do not change on the

time-interval [t,, 00), and the last equality holds due to the definition (3.42) of the loading

p™(z1). Hence

o (x1), x1 <0
o(x1,0,t) = 0<t<T

0, 0 <mz < L(t)

For any time instance ¢t > T, the stress fields ¢ do not depend on time ¢ and their sum
(3.39) satisfies the boundary condition (3.38) due to the same argument as for the case
te(0,7).

Thus, the formula (3.39) gives an approximate solution of the problem on a crack that
start propagating at time ¢ = 0 and stops at time ¢ = T" with the crack tip position described

by the law z; = I(t), t € [0,T].

3.3.2 Problem of a suddenly stopped crack

In order to find the stress field ¢”, we need to solve the problem of a suddenly stopped crack:
a semi-infinite crack {(z1,0) — oo < x; < [,_1} in the stress-free unbounded plane, begins
to grow in xi-direction at the time ¢t = t,,_; with the constant speed v,, and suddenly stops

at the time t = t,, at the point x; = z,,, while the crack faces are subjected to the loading

o™(1,0,t) = p"(x1)H(z1 — ln—1), o1 < L(t)

Assume that the cracks keeps propagating for ¢t > t,, at the same velocity v,,, while its faces

are subjected to auxiliary loads ¢"(zy) for I, < x1 < L,(t), where L,(t) = l,, + v,(t — t,).
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Then the stress intensity factors K;(t) and K;;(t) are determined by

K (t) In
= W(xy,t) - p"(z1)dx,
K[](t) In—1

Ln(t)
+ W(Jfl, t) . qn(fbl)d{fl, t>t,_1

ln

where W is the matrix of stress intensity factors for the fundamental solutions of the problem
on propagation of semi-infinite crack at constant speed in a plane. To model a suddenly
stopped crack, set K;(t) = K;;(t) = 0 for t > ¢, (according to [39], zero stress intensity
factors for t > t, implies that the displacement field u(zq,0,¢) is continuous for z; > [,,).

Then the vector ¢" is to be determined from the system of integral equations
ln
0= W(xy,t) - p"(z1)dxy
ln—l
Lo® (3.43)
+/ W(zy,t) - ¢"(x1)dzy, t>1,
ln
Notice that

o"(x1,0,t) = ¢"(x1), x1 >,

is the stress distribution ahead of the crack after the crack has stopped. For future references,

we write the values o™(xy,0,t,) as they are used in (3.42):

(

0, —00 < 21 < lpq
O-n(xla()atn) = 4 pn(ﬂfl), ln—l <r < ln (344)
\ q"(x1), I, < x1 <00

where p” is defined in (3.42) and ¢" is the solution of the system of integral equations (3.43).

In the case of a crack propagation in a plane (see Section 3.2), the matrix W is a diagonal
matrix with the stress intensity factors K; and K;; determined by (3.36) for the fundamental
solutions. Thus, the system (3.43) is split into two separate equations. Let us consider one

of them,

p22 1) diUl Ln(® @5 (z1)dxy

)
lnl\/vn ant_xl
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By making the substitution 1 = v,7"+1,, and t = 7+t,,, we derive Volterra integral equation

0 / T "+
L (v, + 1, 92 (Un L
0 / pQQ(U T )dT/ Md / >0 (345)
t

-
o —tn T — T 0 T =T ’

which can be solved by applying Laplace transform. The solution of (3.45) is given by

Pho(Un€ + 1n) /
UnT + 1) / / dr'd
o 27T A T_T>(T,_€)3 3

Poo(vnT' + 1)

ﬂ-\/; tn—1—1tn % _T

3.3.3 Inverse problem of a crack propagation

dr', >0

So far, we assumed the function [(¢) (and the function L(t) respectively) is known. However,
in most cases the motion of the crack tip is what needs to be found. Let the crack tip motion
be described by the law x; = L(t), where L(¢) is an unknown piecewise linear continuous
function with vertexes at the points (¢,,[,), n = 0,1,..., and L(t) = 0 for ¢ < 0. Given the
time instances t,, we need to determine the corresponding positions [,, of the crack tip.

Let us adopt one of the crack propagation criteria. For instance, assume that the crack
propagates when its energy release rate G near the crack tip equals to some constant, say
I'. Typically, the energy release rate GG depends on the speed v of the crack, stress intensity

factors K;(t,v) and Ky (t,v), and the material parameters. Thus
G(ult), K1 (t, 0(t)), Kna(t, v(t)) =T, 10

Now we are able to construct the function L(t). Assume that for some positive integer n,
we know the values [; for j =0,1,...,n and v; for j = 1,2,...,n. That is, the function L(t)
is known on the time-interval (0, ¢,]. In order to construct L(t) for t,, <t < t,,+1, we have to
determine velocity v,1. It can be found from the propagation criterion, specifically we will

solve the equation

G(Un+1>KI<tn7Un—i—l)aKII(tnavn—i-l)) =T (346)

with respect to the unknown v, 1.
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The only terms in the sum (3.39) that have discontinuities at the point zy = [,, are the
stress fields o™ and 0" since the tensor o™ corresponds to the crack that stops propagation
at the point z; = [, while 0"*! corresponds to the crack that starts propagation at x; = [,,.
Thus

Kr11(tn, vny1) = K?,H(tn) + Kv?j[1 (tns Unt1) (3.47)

The values K7 ;(t,) are the stress intensity factors of o”, which do not depend on velocity

Uny1 and can be determined from (3.44) for n =1,2,.. .,

K71,
i (0n) =Vor lim+ [ x, — 1, q"(:l:l)} (3.48)

K7 () noh

In the case n = 0,

K91
() =V2r lim [/ 0%(21,0,%0)] (3.49)
0 CC1—>0+

K7r(lo)

The values K}”{} (tn, Unt1) can be determined by the formula

K}I“rl(t’ /Un—‘rl) In+vnt1(t—tn)
= / W(Jil — I, t, Un+1) 'pn+1($1)d$1
K77 (8 vng) I
by taking the limit ¢ — ¢,. Since W(x; — [,,t,v,41) has a square-root discontinuity at

21 =l +vpe1(t —t,) and p"*! has a square-root discontinuity at x; = [,,, the limit of K}”}}

as t — t is equal to

K (t, vns1) K1)
! o = —w(0,t, vpy1) - i (3.50)
K (tn, vns) K7p(ln)
where
w(z, t,v) = g(mf —x) W(z,t,v)
The formulas (3.48), (3.49), and (3.50), and the identity (3.47) imply

Ki(lp, vpi1) _ [I B w(()?t:wm_l)] ) K () (3.51)

KII(lna'Un—l—l) K?I(ln)
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where [ is the identity matrix. By plugging the stress intensity factors Ky j(l,, vy41) into
the equation (3.46) and solving it, we determine the velocity v, 1.

Now describe how a piece-wise linear continuous function L(t) can be constructed. On the
first step, we choose the partition {t,}>°, of the time interval [0, 0co) with ¢y = 0. Assume that
for t < 0, the crack lies on the negative semi-axis {—oo < x; < 0, x5 = 0}, that is [ = 0 is
the position of the crack tip at the time ¢ = 0. Let 0%(z1, 22) be the stress distribution of the
corresponding static problem. Then the stress intensity factors K (0, v;) of o(xy, z2,to) as
z1 — 0 are determined from (3.51), where n = 0 and K7 ;;(0) are the stress intensity factors
of 0%(x1,x5). Notice that K;r;(0,v1) depend on unknown velocity v; through the matrix
w(0,07,vy). It is interesting to notice that the off-diagonal components of w(0,0",v;) are
equal to zero; thus, for n = 0 the formula (3.51) is analogous to its counterpart for a crack
propagation in a plane [39]. Given the stress intensity factors Ky ;7(0,v;), we determine the
velocity v from the equation (3.46) for n = 0 and calculate the next position of the crack
as | = vyt;.

On the second step, we know the position of the crack [, at the time instance ¢; and the
stress intensity factors K} ;;(l;) determined by the formula (3.48) for n = 1, where ¢'(z1) is
the solution of the system of integral equations (3.43). In order to find velocity vg, we solve
the equation (3.46) for n = 1 with respect to vy, where the stress intensity factors Ky ;7(t1, vs)
are defined by (3.51). Then we calculate the next position of the crack: lo = l; 4+ va(ta — t1).

On the third step, given ly and K7 ;;(l;), we determine vs and I3, and thus continue

iteratively.
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Chapter 4

Steady-State Crack Propagation in a Half-plane

In this chapter, we will study the boundary effects on a crack propagating with constant
subsonic speed in the direction parallel to the boundary of a solid. The static problem for a
semi-infinite crack parallel to the boundary of a half-plane was analyzed by A.N. Zlatin and
A.A. Khrapkov [86]. They reduced the problem to a vector Riemann-Hilbert problem of the
second order and derived a closed-form solution, by explicitly constructing the Wiener—Hopf
factorization of the matrix coefficient. The steady-state problem for a plane with a semi-
infinite crack {(z1,0) : —oo < x; < 0} driven by moving normal and tangential forces applied
to the crack faces, was considered by J.W. Craggs [31]. Because of the symmetry, Craggs’
problem admits decoupling and can be solved in closed form by a variety of methods including
the factorization method for a scalar Riemann—Hilbert problem, the Mellin transform method
which bypasses the Riemann—Hilbert problem, and the method of orthogonal polynomials.
Many researchers analyzed different aspects of the Craggs model problem and considered its
generalizations. Surveys of the results were given by L.B. Freund [39] and K.B. Broberg [24].
The problem considered in this chapter, was first solved by Y. Antipov and the author in
[17].

4.1 Vector Riemann—Hilbert problem and Orthogonal Polynomials

Let us start with describing the model problem for a half-plane {(z1,22) : —00 < x1 <
00, —00 < Ty < 0}, 0 > 0, containing a crack {(z1,0) : —oo < 1 < vt} driven by normal
and tangential traction loading applied to the crack faces (see Figure 4.1). It is assumed
that the loading moves with the crack at the same speed v. By employing the method of
integral transformations, we map the boundary value problem for the governing system of

partial differential equations to a vector Riemann—Hilbert problem with the matrix coefficient
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X2

Figure 4.1: Semi-infinite crack parallel to the boundary of a half-plane.

A(z) = a(z)] + b(z)J(z), where a(z), b(z) are Holder continuous functions on the real axis

R, I is the identity matrix, and

I(o) 1 —iay tanh(apz) | (1)
icvg tanh (g 2) -1
with real nonzero constants aq, as.

Next, we transform the Riemann—Hilbert problem into a system of two singular integral
equations on the finite interval (—1,1). We seek its solution in the Hilbert space Ls ,(—1,1)
of square integrable functions with the weight p(z) = (1 + 2)'/2(1 — 2)~'/2. By representing
the unknown functions as a series over elements of an orthonormal basis on Ls ,(—1,1), we
reduce the system of integral equations to an infinite system of linear algebraic equations
that is solved numerically.

Finally, we derive the stress intensity factors K;, K;; for the fundamental problem. In
addition, we determine the energy released as the crack extends from x; to x; + dx1, and
0xp is small. Then, we apply the Griffith criterion of propagation and derive a Willis-type

formula for a mode-I,II semi-infinite crack propagating along the boundary of a half-plane,

similar to the criterion of steady-state propagation of a semi-infinite crack in a plane, derived
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by Willis [85]. We also discuss some numerical results obtained for the stress intensity factors
and the Griffith criterion.

4.1.1 Derivation of the vector Riemann—Hilbert problem

A semi-infinite crack that occupies the region {(z1,0,z3) : —oo0 < xy < vt, |z3] < 0o} prop-
agates in the direction parallel to the boundary of an elastic half-space R = {(z1, 29, x3) :
|21 < 00, —00 < @y < 0, |z3] < 0o} where § > 0. The boundary of the half-space is assumed
to be free of traction. The speed v is constant and does not exceed the Rayleigh wave speed
cg for the elastic isotropic homogeneous solid whose density and the Lamé constants are p,

A, and p respectively. The faces of the crack are subjected to plane-strain loading
0jo(T1,T2,1) = 05y(w1 —vt), —0o < <wt, Tp= 0r, j=1,2. (4.2)

In the case of the plain-strain deformation that does not change in x3-direction, the dis-
placement vector and stress tensor are expressed (see Chapter 3) in terms of the dynamic
potentials ¢ and ¢ that satisfy the system of equations identical to (3.2) in the spacial re-
gion Q = R2 \ S(¢), where R? = {(z1,2) : |21] < 00, —00 < @5 < 0} is a half-plane and
S(t) = {(z1,0) : —oc0 < x; < vt} a semi-infinite crack growing at constant speed v (see
Figure 4.1).

We introduce the coordinate system (z,y) moving with the crack so that x = x; — vt
and y = z5. Since both the configuration of the body and the traction distribution are time
invariant in the new coordinate system, we seek the steady state solution of the problem,
which does not depend on time ¢ in (x,y)-coordinate system. The latter permits to “drop”
the temporal variable ¢ from all equations. In this case, the governing equations (3.2) are

simplified to

92¢ 92¢ 92¢ 92,¢
2 2
_ . —_—+ — = 4.
[0 $2 + EyQ O, ﬁ $2 5y2 0 ( 3)
where o = \/1 — UQ/C%, ﬁ = 4/ 1-— UQ/CL%. After applying Fourier transform

;()y) / z(:[7y)eizzdx7 ¢<Z7y) / w(:[’y)eizxfi:! ( * )
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to the differential equations (4.3), we find the solution of the corresponding ordinary differen-
tial equation with respect to y-variable. The bounded solution on the semi-axis —oo <y < 0
is given by

~

o(z,y) = C’O(z)ea|z‘y, ﬂ(z,y) = Do(z)emz‘y, z€R (4.5)

where Cy and Dy are two arbitrary functions independent of y. On the interval 0 < y < 4,

the bounded solution takes the form

qg(z, y) = C1(2) cosh(azy) + Co(z) sinh(azy)
zeR (4.6)

V(2,y) = Di(z) cosh(Bzy) + Da(2) sinh(5zy)
The functions C; : R - C and D; : R — C (j = 0,1,2) are to be determined from the

boundary conditions

0'12<LU,5) = 0'22(1’,(5) = 0, —00 < <O
(47)

012(, 0%) = 05n(a),  0(w,0F) = 0% (@), v <0

where the first line expresses the fact that the body is free of tension on the boundary y = ¢,
while the second line is derived from (4.2). Recall that the stress components are related
to the potentials ¢ and v through the identities (3.6). After applying Fourier transform to

the corresponding equations in (3.6) and to the boundary conditions (4.7), we derive the

equations
P e do
—9ia—L — =90

dy? . Fy !

2 72 2N\ . A

C_l_d¢+ 29 “ (;5—1—212%:0, y=29

2 dy? c? dy (4.8)
O - |
d_z/2+z2w_2zzd_yzzl+(z)+21 (z), y:()i

2 72 2 )

where the Fourier transforms

> 12T - 1 0 o 12T .
X1 (z) = ;/0 ojo(x,0)e* dr, ¥;(z) = —/ oy (x)e* dr, j=1,2
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considered as functions of complex variable z, are analytic in the upper half-plane C* =
{z : Imz > 0} and in the lower half-plane C~ = {z : Im z < 0} respectively, provided that
aj2(+,0) and 0¥, are integrable on the corresponding intervals (0, oo) and (—oc, 0). Notice that
the functions X and X3 are unknown since the stress components o5(z, 0) and ga(x, 0) in
front of the crack tip (x > 0) are not determined yet. These functions ¥ and X5 will be
found later from a Riemann—Hilbert problem.

Plugging the functions ¢ and ¢ defined by (4.5) and (4.6), into the boundary conditions
(4.8), we find the unknown functions C; and Dj, j = 0,1, 2:

14p2 S 2ifsgn{z}

Cole) =58 () - B E e
1+ 2 2iasgn{z
Do(z) =3 () + 2B E

Ci(z) = — {2aB(1 + B%)(3 + B°) [cosh(Bdz) cosh(adz) — 1]

o | 5 (2)
+[(+ )" + 8087 sinh(ad2) sinh(552)} 53
Ca(2) = — (1 — %) {4a cosh(B0z) sinh(adz)
- | 55 (2)
~(1+ )P cosh(adz) sinh(362)} S5

Di(z) ={—2aB(1 + 5°)(3 + 8?) [cosh(B6z) cosh(adz) — 1]
o1 (2)
22A(2)

+[(1+5%)° + 8a4%] sinh(adz) sinh(30z) }

Dy(2) = — (1 — B%) {4aB cosh(adz) sinh(362)
23 (2)
22A(2)

— (14 B%)* cosh(B0z) sinh(adz) }

where

A(z) = R?sinh? <#(52) — R3sinh? (a ; ﬁdz)

Ry = (1+ 3% —4aB, Ry=(1+3)+4a8
Thus, the Fourier transforms ¢E and zﬂ of wave potentials are given by the formulas (4.5),

(4.6), (4.7). In order to determine the unknown functions X and 33 in the identities above,
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let us consider discontinuities of the derivative 0, of the displacement components u; and us

across x-axis. Define the auxiliary functions

Xj(x) = %(J;’OJF) o %(%,0), J= 1,2, —oo<uz<oo, (49)

Since the displacement components are continuous in front of the crack tip (x > 0), the
functions y; and ys vanish for positive values of the argument. Therefore, their Fourier

transforms
0
X (2) = Z/ x;(@)edr, j=1,2
are analytic in the lower half-plane C~. Applying the Fourier transforms to the identities

(4.9) and using the formulas (3.6), we derive equations

dyp - dp _Xi(2)
(). (ie)

(j—gf) + mﬁ) - (Z—QS + z’zz[;> - XQ_Z(Z)
y y=0* y y=0~—

which, after using the formulas (4.5), (4.6) for ¢, ¢, and the expressions for C;, D; (j =

0,1,2), take the form of a vector Riemann—Hilbert problem:

i) = A(z) FrXr(e) | e , —00 < z < 400, (4.10)
5 (2) o' X5 (2) %5 (2)

where EfZ are functions analytic in the upper half-plane C*, while X, and X, are analytic
in the lower half-plane C~. At the infinite point, all the functions EfQ and X7, are assumed

to be bounded. The matrix coefficient A has the structure A = al + bJ, where

e~ (@+B)l2] 2A(z) sgn z
B inh e A = bl
a(z) STE Ry sinh(a+ B)dz + 7

1
s e~ (@l ginh 5(04 — £)dz

b(z) = _1——52

Iz = cosh 5 (o — B3)6z —32(1 + %) sinh 5 (o — B)dz (411)

%(1 + (?) sinh (o — B)d2 —coshi(a —B)dz
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and [ is the unit 2 x 2 matrix. The matrix A does not admit a Wiener-Hopf factorization by
the methods currently available in the literature. Although it can be represented in the form
(2.28) and it is possible to transform the vector problem (4.10) to a scalar Riemann-Hilbert
problem on a Riemann surface, the corresponding Riemann surface would have infinitely
many branch points and the problem can be solved only approximately (see Section 2.3.1).

Evaluating of the total index x of the Riemann—Hilbert problem (4.10), shows that x = 2 if
the real axis R is transformed to pass under the origin = 0 (see the contour R_. introduces
in Section 3.1.2). Since the problem does not admit the closed-form solution, evaluating of
the partial indexes currently presents a certain difficulty. However, the fact that in the case
d — 00, the matrix A(z) converges to a diagonal piece-wise constant matrix

Ry

A(z) =sgnz m[

and the corresponding two partial indexes x; and ko are equal to 1, makes us to suggest
that k; = ke = 1 for finite values of ¢ as well (however, justification of this suggestion
is a separate and challenging problem on its own, so it is left beyond the scope of the
dissertation). In the case k1 = kg = 1, the solution of the Riemann—Hilbert problem is stable
[42], meaning the an approximate solution is expected to converge to the exact solution
of the problem, and depends on two arbitrary constants that can be determined from the
condition X (0) = X, (0) = 0 (see the paragraph after formula (3.32)). Notice that in the

next section, this condition is satisfied due to the choice of a class of the solution (4.16).

4.1.2 System of integral equations

Since there are no known method that would allow for explicit construction of a Wiener—
Hopf factorization of the matrix coefficient A in the closed form, we will find an approximate
solution of the Riemann—Hilbert problem (4.10) based on the method described in Section
2.3.2. Let us transform the equation (4.10) to a system of singular integral equations on a

semi-infinite interval and develop an efficient numerical scheme for its solution.
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By applying the inverse Fourier transform to the equation (4.10) and using the convolution

theorem, we find the following expressions valid for —oo < x < oo:

e = [ [ hate ] s [ e noter

_ : S 0 ¢ 4 - (4.12)
—7022(55, 0) = /_OO ka1 (§ — 2)x1(€)d€ +/ LT + kaa(§ — )} X2(§)d¢
where

() = R(1-Rxz  R(1+R)x (R?— 1)z
YT 02 1 40267 222 + 45267 T 22 4 (o + B)262

. R(1+ Rz  R(1- R (R2 — 1z
22(7) = 2022 + 40287] [ + 473267] + (a + B)25?

L ()_4]%14—62 ( 5 B a+ >
124%) = +4¢ﬁ TR TIFEE T P (at B

R
o) = e, = 2=l

Due to the fact that the stress components 015(z, 0) and 092(z, 0) are prescribed for the values
x on the negative semi-axis (—o0, 0) (see the boundary conditions (4.7)), the equations (4.12)
yield the system of singular integral equations with respect to the functions x; and y, on

the interval (—o0,0):

[ = +hule- )| (s + " ul€ - a©)iE = ~mh(e)

0 ka1 (§ — 2)x1(§)d€ + O % + koo (§ — ) | x2(§)dE = —mfa(x)
I. [l |

where f1(z) = 0%,(2)8/7 and fo(x) = o5(x)a /7.

As 0 — oo (the half-plane becomes an unbounded plane), the kernels ki3 and ko; vanish

(4.13)

so the system (4.13) decouples. Then, its closed form solution is given by

1 " VEf()de

. —co<x<0, j=1,2 4.14
= | . j (4.14)

x;(r) = -

In the case of a finite value 9, the system can be solved numerically by an approximate
scheme based on the method of orthogonal polynomials (see Section 2.3.2).
First, let us transform the interval (—oo,0) into the interval (—1,1) by making substitu-

tions £ = (€' 4+1)/(&' — 1), x = (2 +1)/(2’ — 1), and introducing new functions X, and f; as
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follows:
(1—a)%,(2) = x;(x), (1—2)f;(2') = fi(x), j=1,2 (4.15)

Since in the problem on a semi-infinite crack in an unbounded plane [31], the displacement
components vanish as O(|z|'/?) at the origin # = 0 and as O(|z|7/?) as  — —oo0, the same
behavior is assumed the displacement components in a half-plane. The latter results to the

following behavior of the functions x; and ys on the negative semi-axis (—o0,0):
xj(x) =0(z|™"?), = —=07; @) =0(z]*?), - -0 (4.16)
When written for the new functions x; and xo defined in (4.15), this yield the identities
i) =01+, o = -1, @) =0(1-2|"?), 2’ =1 (4.17)

Let Pi/*7'? be Jacobi polynomials scaled so that they form an orthonormal basis in the
space of square integrable functions on the interval (—1,1). We represent the functions y;

and Y2 in the form

-2/ & ()=
G =\ AR, =12 ol e (-1 (4.18)
m=0

where the coefficients a$/’ are to be determined. The original functions x;(z) and y2(z) may

be put into the form

2 S~ a1 (T ,
X;(z) = A—ov=s > QB (m) , j=12, z€(-0,0) (4.19)
m=0
By employing the spectral relation
1 DL/2,=1/2 0 ¢1\ 701
1—¢ Py d .
/ 1+§’ 7 (5,> £ _ —aP VB2 e (—~1,1) (4.20)
-1 — X

and the orthogonality of the polynomials,

Pt D—1/2,1/2( 1\ D—1/2,1/2( I\ 7.1
1o $/Pm PSR (2 da = S, mom =041, (4.21)
-1 -
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(Omn is the Kronecker symbol), we transform the system of integral equations into an infinite

algebraic system

af) + > [3Dad) + G al ] =00, n=0,1,...;5=1,2 (4.22)
m=0

() Lo BBy,
//\/: \/1_75,2 kj(§ — w)ddr’,
b = / E 12172y ) f;(2)de (4.23)

In order to compute the coefficients eoid) , we rearrange the integrands as

Here,

1+x kﬂ 1—i—x 1-&.

1+£’kjj(€/ =1h2

]."‘.T klg( )
1—2)p J1-¢e2 1+§f

(5 '), (4.24)

where

kig(€2') = (R = DZ(E s a+ B) + (-1 [r0(€ a5 26) — a5 (€, 25 20)], j=1.2,

2R(1+5%)8

Rl [ZO(SIa ZL'/; QQ) + Eo(fla ZL'/; 26) - 220(5/7 37,; o+ /8)]7

];’12(5,7 SBI) =

ki (€,2') = —%12312(5,@,);
— R _ E . AW _ 5(1 _5/)
[ _5(1+R)7 Tro = 2(1 R)’ 20(6,1',5) - 4(5/_1'/)2‘{‘[5(5(1_5,)(1—ZL’/)P,

I 202" = ¢)
¥i(€2'5e) = PTG e Y e T g R (4.25)

and apply the Gaussian type quadrature formulas [6]

142
/ 1_33 fla)da' = 2M+1ZCOS ¢; f(cos2¢;),

M
/11 V1—a2?f(2")ds' = Mi . ; sin? 240, f (cos 24);), (4.26)
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where

(2) = Dm
2(2M + 1)’

s

TSI (4.27)

¢; = Y =

and M is the number of abscissas. Using the connection between the Chebyshev and the

orthonormal Jacobi polynomials

- 2 x+1
P 1/271/2@/) — ngnH ( 5 ) ;

- 1 "+1
Pﬁ/Qvfl/Q(x/) = ﬁUQn < x ;_ ) 5 (428)

we derive
(:7) — L Zcosgb cos(2n + 1)¢; icosgb cos(2m + 1) /2:(— oS 205, cos 2¢,)
nm (2M—|—1 2 J J S s 89 2/
s=1
32(—1)™
b2 — oM +(1)() Zsm 1 cos 1, cos(2n + 1)1,
7j=1
l a
X Z oS ¢ cos(2m + 1)pskia(— cos 2¢,, cos 2¢;). 05127;11) = —Bcfll’nf). (4.29)
s=1

The integrals b can be written in the form

po) — _% _0 \/1%_33:@”“ (,/%) fi(@)dz. (4.30)

Their convergence is guaranteed if f;(z) € Li(—A,0) for any finite A > 0, and f;(z) =
o(|z|~'?), z = —o0.
Show finally that if § — oo, then the solution of the infinite system tends to the closed-

form solution (4.14) for the whole plane. When § — oo, then A 5 0 and aff) — 8%, that

1_/ 1 /
W) =15 [ oy e, (431

Z —-1/2, 1/2 P1/2 1/2( ) (432)

m=0

is if 0 = oo, then

where
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To summarize this series, we employ the relations (4.28) and also the formula

li 2m+1 9 1
qg{l— Z 1 Sm( mt ) 2sinz’

(4.33)

This gives us

A ) =

1- 1+§' de’
oo =SS [ e [ (4.35

where z = (' +1)/(2' = 1), £ = (¢ +1)/(§ — 1). This formula, when rearranged, coincides

(4.34)

and therefore,

with (4.14).

4.2 Properties of the Solution

In this section, we will discuss the stress intensity factors for the problem, its dependence on
elastic parameters of the problem and construct Griffith criterion of the crack propagation.
4.2.1 Stress field near the tip of the crack

In order to evaluate the stress intensity factors, we analyze behavior of the stress components

o12(x + vt,0), ooz + vt,0) as x — 07. From the integral equations (4.12), we have

0
d
o2(z + vt,0) ~ —% %, r— 07", (4.36)

since the kernels k;;, i,j = 1,2, are continuous on the real axis R. After replacing the
functions x; with x; according to the identities (4.15), and using the representation (4.18),

the formula (4.36) becomes

Y1 —12') & /11— dg
t,0) (2 / PY2=12(¢ 4.37
022($+U Zoam 1_|_£ _x/ ( )

The integrals in the right-hand side can be evaluated using the following relation for the

Jacobi polynomials:

/ /1 _TPI/Q 1/2 ) djt _ ﬁg((llffq;g n)F<1 +n, —n, 1/2725)
| 2/AT(3/2 4 n)

n!

(=t)Y2F(3/24n,1/2 —n,3/2;t), t¢(0,1)
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For the orthonormal Jacobi polynomials ]5,1/ 2-1/2 (&), this relation can be simplified, and we

obtain

2y 12 &

Vo —

After comparing this asymptotic relation with the definition of the stress intensity factor

(-=1)ma?,  x = 0",

m

C’-QQ(Qj + Ut7 0) ~

K, we derive the final formula for K,

K= 22 i(—nma;ﬁ). (4.38)

Similarly,

K= 2v2y i(—nma(l). (4.39)

For computations, we take the Poisson ratio v = 0.3. The Rayleigh speed cg is defined

explicitly [8] as

1/3
45;0 404 4 3\/§R*) 7

1
CR = Cs1/Sx, 5*:§(S—R+—R—)a Ry = (
R, = —14656 + 2768ko — 181kg + 4Ky, ko = 8(2 —v)/(1 —v) € (16,24).

The way in which the stress intensity factors approach their asymptotic values as 6 — oo
is seen in Figure 4.2: the factors K}l) and Kﬁ) tend to K7 and K7;, respectively, while the

other two factors, K}Q) and KI(}) tend to zero. Here,

[e.9]

o _2V2Y ¢ m o _ 22y .
Kj = o Z(_l) b, Kp = 3 (=1)"05y. (4.40)
m=0 0

In Figure 4.2, the crack propagation speed v is chosen to be the half of the Rayleigh speed,
v = 0.5cg. The factors K}l) and K}}) denote the stress intensity factors for the case when
05 (x) =1 for =1 < x < 0, and 035,(x) = 0 otherwise, and o7,(z) = 0 for all z < 0. The
factors K}Q) and Kﬁ) are the SIFs for the case 09y(z) =1 for —1 < z < 0, and oy(z) = 0,
x < —1, and 05,(x) = 0 for all z < 0. As 6 — 0, the absolute values of all the factors except

(2)

for Kﬁ) are growing. The factor K 1? approaches zero as the distance between the crack and

the boundary of the half-plane tends to zero.
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Figure 4.2: The stress intensity factors vs ¢ for V/cp = 0.5: K}l) and KI(}) are the factors
for the case 05, (z) =1, —1 <x <0, 05,(z) =0, z < —1, and of,(z) =0, z < 0; K§2) and
Kﬁ) are the factors for the case 07,(z) =1, =1 <x <0, 0},(z) =0, z < —1, and
05(z) =0, z < 0.

When the crack is close to the surface (§ = 2) and the crack propagation speed v is growing
toward the Rayleigh speed cg, the magnitudes of all the stress intensity factors apart from
K}l) are growing. The factor K}l) is decreasing as v — cg. This is seen plotted in Figure 4.3.
4.2.2 Weight functions
In the problem on a crack in an unbounded plane, propagating at a constant speed (see

Section 3.2), we used two fundamental solutions in order to express stress intensity factors

for an arbitrary loading. In the case of a half-plane, a similar approach can be taken so that
0 0
K 2/ WI,I(f)ng(f)dﬁ‘i‘/ Wrir(§)o15(£)dE

0 0
. / Wir 1(€)o%(€)de + / Wirar(€)0%(€)de

where o7, and 03, are time-independent tangential and normal loading applied to the faces
of the crack. The weight functions Wy, Wi rr, Wirr, and Wi are defined as the stress
intensity factors corresponding to two fundamental solutions. Let us notice that we have two
stress intensity factors for each fundamental solution since the equations for tangential and

normal components are coupled because of presence of the boundary of a half-plane.
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Figure 4.3: The stress intensity factors vs V/cg for 6 = 2: K}l) and K}}) are the factors for
the case 055(x) =1, =1 <2 <0, 055(x) =0, x < —1, and o5,(x) =0, x < 0; K}Q) and Kﬁ)
are the factors for the case o3,(x) =1, =1 <2 <0, 03,(z) =0, z < —1, and 05,(z) =0,
x < 0.

In order to determine the weight functions, we use the method introduced in [10]. The
values Wy (xg) and Wiy (zg) are equal to the stress intensity factors K; and K, for the

fundamental solution of the problem (4.3), (4.7) with the loading
op(z+vt,0) =0, ow(r+vt,0)=7dz—1z), —oo0o<z<0, (4.41)

where —o0o < x < 0 and d(x) is the Dirac delta function. In this case, the right-hand side of
the system of equations (4.22), i.e. the coefficients bV and bg), can be computed explicitly
by the formula (4.30), where we take fi(x) =0 and fo(x) = 0(z — zo)ar/7:
bf}) =0, b7(12) = _LT%&I ( A) (4.42)
Y/ 7 (1 — o) T — 1
For improving convergence of the method used to solve the system (4.22), we represent
the coefficients a’ as the sum a¥) = by + a,(f), J = 1,2. After using the formulas (4.38) and

(4.39) for the stress intensity factors, we derive

Wri(zo) = Wi (20) + Wi r(zo),  Wirr(xe) = Wiy (o) + Wiz (zo)
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where

o 2V2y <~ ym
W7 (o) = o Z(_l) b%)
m=0
: 2V2Y 5y
Wi i(xo) = o Z(_l) b,%)
m=0
. 227 B
Wislao) = =137 (~1)"a
m=0

Notice that W7, ;(zg) = 0 since b)) = 0 for all m = 0,1,2... due to (4.42). The value
W7 ;(x0) can be computed explicitly by plugging b2, defined in (4.42) and using the identity
To(z) = $(x — V2> = 1)" + L(z + V2> = 1)" for Chebyshev polynomials; then, W7 (z9) =
) /v/—7xg. The coefficients aly , ay (and the values WI, (o) and WH7 1(xg) respectively)

are to be determined from the system of linear equations

i) + > [Dad) + G al ) =00, n=0,1,...;j=12 (4.43)
m=0
where
B =0, B =Y g o
m=0

The values Wy r(zo) and Wiy rr(xo) are the stress intensity factors K; and Kj; for the
fundamental solution of the problem (4.3), (4.7) with o1a(x + vt,0) = §(x — x¢) and o0 (z +

vt,0) = 0. They can be represented as

2\/' 3
Wi 11(51?0 ’y Z (2

Wi i1(w0) = —4/ - 2\2_7 > (-nraly)
m=0

where the coefficients a%’, @\ form the solution of the infinite system (4.43) with the right-

hand side defined by

O~ N~ o B g o i _ 0
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For numerical computations of the weight functions, we choose v = 0.3 and =y = —1.
When the velocity v is fixed (v < cg) and § — oo, the weight functions Wy ; and Wy 1y tend
to the value —\/2/_7T, which correspond to the problem on an unbounded plane. The other
two functions, Wy ;r and Wiy 7, vanish so that the problem for tangential and normal stress
components decouples (see Figure 4.4). The magnitudes of all of the weight functions grow
as 0 — 0, while v is fixed (v = 0.5¢g in Figure 4.4).

The weight function curves on Figure 4.5 for 6 = 1, v = 0.3, 2y = —1 show that the
weight function Wr ; decreases as v — cg. The other functions may also decrease when the
normalized speed v/cg is close to 1. Our numerical scheme becomes less reliable when v

approaches the critical speed cg.

4.2.3 Griffith criterion

In order to construct Griffith crack propagation criteria [85], let us consider the potential
energy oU released when the crack S(t) = {(21,0) : —o0 < 21 < vt} extends by a small
value 7 to the crack S(t) 4+ 6S5(t) = {(21,0) : —oo < x; < vt + r}. The energy 06U may be

expressed as

vt+r
(5U == % / {0'12(I17 0)[U1](ZE1) + 0'22(131, 0)[“2]($1)}d1}1 (445)
vt
]
-6 f P L o o ]
0 2 4 6 8 10

Figure 4.4: The weight functions W;;(x¢) (4,0 = I,1I) vs § for v/cgr = 0.5, o = —1.
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Figure 4.5: The weight functions W;,(xo) (j,{ = 1,1I) vs v/cg for 6 =1, xy = —1.
where [u;], [us] are the displacement jumps related to the extended crack in the horizontal
and vertical direction respectively.

Recall that the stress field has the following asymptotic behavior near the tip of the crack:

K[[ KI
V2onrx' V2orx’

In order to find asymptotic expansions for o[uy], d[us], we integrate the identities (4.19) and

O'12($ + vt, 0) ~ T —r 0+ (446)

o9 (x + vt,0) ~

fix the constant of integration so that the displacement jumps vanish at the crack tip. For
the displacement jumps [u;] and [us], we derive

(1)

] (@ +ot) ) S am RSYCReY: <€+1> :
3 /Opm 1) g TS0 (4

[us] (x 4 vt) m=0 \ ay,

The displacement jumps vanish at the point = 0 and tend to finite and, in general, non-zero

values as & — —oo. Since P> *(=1) = 771/2(=1)™, the formula (4.31) implies

o0

[uo] (z + vt) = —4@2(-1)%@ +0(|z*?), = —=0". (4.48)

By comparing the formula (4.48) to (4.38) and (4.39), we can express the jumps [u](z + vt)

and [ug|(z + vt) through the stress intensity factor K; and K;; as follows

—2x BK —2x aK
] (4 vt) ~ —y) 2By oy [ 2RO (4.49)
™y ™y
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After plugging the identities (4.46) and (4.49) in the integral in (4.45) and noticing that the

products oq3[u;] and ogs[us] are bounded on the interval [vt, vt + r|, we derive the formula
1

6U ~ —4—(aK? +BK:)r, r—0". (4.50)
g

This formula can be written in terms of the Rayleigh function
v2 v2 0?2\
R(v) =4 1—-— l——=|—-(2——= 4.51
) \/( ) (%) - (-5) oy

v°r
U ~ ———(aK? K? 0t. 4.52
QCS/LR(U)(a I+ﬁ 11)7 r— ( )

as

According to the Griffith criterion, the crack starts propagating if the energy 6U equals or
greater than the increase in the surface energy 27r, 0U > 2T'r, where T is the Griffith

material constant. This criterion may be represented in terms of the stress intensity factors

in the form
/ / 0P ATcipR(v) )
K 2+ K?I — (4.53)
Notice, that if § = oo, and o9,(z) = 0 for all z < 0, then the inequality (4.53) coincides with

the criterion
2
K? > AT pR(v)
v2y/1 —v?/ct

obtained by Willis [85]. For finite values of d, even when the tangential component of loading

(4.54)

vanishes, the stress intensity factor K;; does not equal to zero, and both factors, K; and
Ky, are involved in the Griffith crack propagation criterion.

Another way to represent the crack propagation criterion is to rewrite inequality (4.53) as
H(K, Kir,v/es,v/e) > uT, (4.55)

where
oK} + pK},
4(cs/v)?R(v)
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Figure 4.6 shows the results of calculations of the function H versus 0 for v/cg = 0.5 and
some loads. It is seen that H rapidly advances as the distance between the crack and the
half-plane boundary decreases. The dependence of H on the normalized crack speed v/cg
when § = 2 is plotted in Figure 4.7. The function H — oo as v/cg — 0 and it grows as
the crack speed v approaches the Rayleigh speed. The curves in Figure 4.7 are reminiscent
of the graph of modulus of cohesion k.(v) versus v/cs in the Barenblatt-type criterion for
intersonic shear crack propagation [12].

Let us notice that the solution of the steady-state problem, considered in this chapter,
holds for propagation of the crack at any speed v in the range 0 < v < cg. However, one
important question that arises in the problems on crack propagation is how to determine the
propagation speed v for a specified loading and a shape of the domain containing the crack.
In order to answer that question, we apply the Griffith propagation criterion (4.55) and find
speed v from the equation H = 7. On Figure 4.8, we demonstrate values of the propagation
speed v for some loading (here, zg = —1, v = 0.3, "= 100). It is clear from Figure 4.7 that
the equation H = pT" may have no solutions, one solution, or two different solutions, say
vy and vy. We can assume the following two scenarios: (i) the crack starts propagating and

its speed slowly increases until it reaches value v; at which the speed becomes stable and

80 — T

ol RN H?

0 | n n n n n n n n n n n n n n n |

Figure 4.6: The function H vs § for v/cg = 0.5, xo = —1 and loading 03, = 0(z — xy),
05 = 0: HO; 03, = 0, 0%, = 8w — 20): H®; 03, = 5(x — a0), 0% = 0z — wo): HO.
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Figure 4.7: The function H vs v/cg for § = 2, o = —1 and loading 05, = 0(z — x),
0%y = 0: HW; 05, =0, 09y = 6(x — w0): H®); 05, = 0(x — @), 07y = 0(x — To): H®).

the crack approaches the steady-state regime; (ii) the crack starts propagating and its speed
quickly jumps up to the Rayleigh speed limit cz and then stabilizes at value vy. Notice that
if the loading has high enough amplitude, then the equation H = pT" has no solution (take,
for instance, parameter o, = 25 and speed v® on Figure 4.8). In this case, the function
H exceeds the value T resulting to the crack propagation, but its speed becomes unstable

and, thus, such propagation cannot be described by the model considered in this chapter.

10—————

08l
06/
04/

02/

I 1 1 1 1 1 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 L | 0-*
O'%.O 05 10 15 20 25 30
Figure 4.8: Propagation speed v against the parameter o, corresponding to the loading
05y = 0.0(@ — 20), 0% = 0: 0V; 05, = 0, 0% = 0,0(x — 30): v 0%, = 0.0 — ),
0% = 0,.0(x — 0): v,
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Chapter 5

Transient Crack Propagation in a Half-Plane

In this chapter we will propose a new method of partial Wiener-Hopf factorization for
analyzing plane dynamic transient problems in the case when the two deformation modes are
coupled, and the standard Wiener-Hopf method does not work. In addition to factorization
of two scalar functions it employs derivation and solution of a certain system of two integral
equations. The method is illustrated by the study of a crack propagating at sub-Rayleigh
speed parallel to the boundary of a solid when loading is time independent. The model
problem admits formulation as a vector Riemann-Hilbert problem.

First, we will describe the transient model and apply the Fourier and Laplace transforms
in a standard manner [39, 73, 19] in order to reduce the governing boundary-value problem
to a second order vector Riemann-Hilbert problem.

Next, we will propose an approximate solution for the vector Riemann—Hilbert problem
associated with the transient problem on a half-plane. The solution takes advantage of a par-
tial Wiener—Hopf factorization. First, we split the matrix coefficient into a diagonal matrix
that is discontinuous at infinity and a matrix that is continuous. After factorizing the discon-
tinuous part and recasting the vector Riemann—Hilbert problem, we derive a new problem
that is equivalent to a system of two integral equations on the interval (—oo, 0). The diagonal
elements of the matrix kernel are constants, while the off-diagonal elements are continuous
functions which have a second order zero at infinity. We will show that in order to determine
the Laplace transforms of the stress intensity factors and the weight functions, it is sufficient
to know the solution to the system of integral equations at one point only. We will describe
the numerical procedure and the inversion method of the Laplace transform we applied and

discuss the numerical results for the weight functions.
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5.1 Crack Propagation at Constant Speed due to Time-Independent Loading
In this section, we will describe the problem on a semi-infinite crack propagation in the di-
rection parallel to the boundary of a half-plane, compare it to similar problems considered in

Chapter 3 and Chapter 4, and transform the problem to a vector Riemann—Hilbert problem.

5.1.1 Comparison to the previous problems

When the crack is far away from the boundary of an elastic material, the problem can be
described as propagation of a semi-infinite crack along the interface between two weakly
bonded, identical and isotropic half-planes. The problem on a crack growth in a plane at a
constant sub-Rayleigh speed due to general time-independent loading (including the case of
concentrated forces applied to the crack faces) was solved explicitly in [38, 39] by applying
the Wiener—Hopf method. The intersonic regime corresponding to a speed propagation from
the range between the shear wave speed ¢, and the longitudinal wave speed ¢;, was analyzed
in [45, 46]. The case of concentrated forces (the fundamental solution problem) and the
model problem on a suddenly stopping crack were considered.

In the case of an unbounded plane, the problem was solved in Section 3.2. The vector
Riemann—Hilbert problem is decoupled and solved by quadratures. We derived explicit for-
mulas for the stress intensity factors (3.36) and the weight functions (3.37).

If the crack is close to the boundary of the body, the boundary effects cannot be ignored,
and the problem on a crack propagating parallel to the half-plane boundary can be consid-
ered as an adequate model. In the static case, the matrix coefficient of the corresponding
Riemann—Hilbert problem admits a closed-form factorization [86]. The steady-state case,
when the faces of a propagating crack are subjected to the loading moving with the crack
at the same constant speed, was analyzed in Chapter 4. By applying Fourier transform, the
problem was reduced to a vector Riemann—Hilbert problem whose matrix coefficient does
not allow for an explicit factorization. The problem was transformed to a system of singular

integral equations, and an approximate method of orthogonal polynomials for its solution
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was proposed. To the best of my knowledge, no analytical solution to the transient problem
on a semi-infinite crack propagating along the boundary of a half-plane is available in the
literature.

Although the matrix coefficient for the transient problem in a half-plane has the same
structure (4.11) as in the steady-state case (see Chapter 4), the solution of the transient
problem is more elaborate since the parameters a and [ are functions of the variables intro-
duced by Laplace and Fourier transforms,involved. As in the steady-state case, the Wiener—
Hopf factorization cannot be constructed explicitly using standard techniques (for instance,
the one described in Section 2.3.1) due to infinitely many branch points of the matrix J? in
(4.11).

The partial indices [81] play an essential part in solvability theory of a vector Riemann—
Hilbert problem and in the theory of approximate Wiener-Hopf matrix factorization. Ac-
cording to the stability criterion for partial indices [23, 42, 81] applied to a 2 X 2 matrix,
an approximate matrix factorization is stable if and only if |k; — k2| < 1 for partial indices
k1 and ko of the corresponding Riemann-Hilbert problem. If they do not satisfy this crite-
rion, then approximate canonical Wiener-Hopf factors may not converge to the exact ones.
At the same time, without knowledge of exact factorization, in general, there is no way to
determine the partial indices. An example (not inspired by an applied physical problem) of
unstable partial indices is given in [56]. However, the partial indices associated with contact,
fracture, and diffraction models available in the literature [60, 11, 13] are stable. Due to this
fact, we will eliminate the problem of determination of the partial indices and bypass the
approximate matrix Wiener—Hopf factorization. Instead, we will propose a method of partial
factorization that comprises factorization of some scalar functions and numerical solution of
a certain system of integral equations.

After deriving solution for the problem on a semi-infinite crack propagating at a constant

speed, it is possible to construct solution to the problem in the case of an arbitrary non-
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uniform speed (see Section 3.3). For an unbounded plane such an algorithm based on the
fundamental solution and the solution of the model problem on a suddenly stopped crack is
known [39]. In this chapter, we will generalize this procedure to the case of a half-plane. The
key feature here is the fact that the Mode I and Mode II weight functions after the longitudi-
nal wave reflects from the boundary and strikes the crack do not act alone anymore and the
off-diagonal weight functions play a substantial part in the solution. In order to determine
the stress field radiated out by a suddenly stopped crack, one needs to solve a system of
two Volterra convolution equations, a generalization of the single Abel equation appeared
in the Freund method in the case of an unbounded plane. By solving this system explicitly,
we determine the stress values the crack needs to negate on the prospective fracture plane
to proceed further. This procedure allows for the possibility of finding the stress intensity
factors at the tip of a crack propagating at a piecewise constant speed bellow the boundary
and, in conjunction with the dynamic Griffith criterion, describing the actual nonuniform

speed of crack propagation.

5.1.2 Transient problem for a half-plane as a vector Riemann—Hilbert problem

The statement of the transient problem on a semi-infinite crack in a half-plane is similar to
the one considered in Chapter 4 except the loading is assumed to be time-independent. The
elastic medium {(z1,z2) @ |71] < 00, —00 < xy < ¢} through which the crack propagates,
consists of an infinite strip {(z1,22) : |z1] < 00, 0 < 23 < 0} and a half-plane {(z1, x2) :
|z1| < 00, —00 < x9 < 0} bonded together. The bonding is not perfect, and a semi-infinite
crack is assumed to lie along the interface. The boundary of the body is free of traction,
while the faces of the crack are subjected to plane strain loading that forces the crack to
propagate at a constant sub-Rayleigh speed v:

ojo(z1, 0%, 1) = —05(z1)H(t), —o0o<my <ot
j=1,2 (5.1)

oj2(21,0,t) =0, —00 < 11 < 00
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where 07,, 05, are prescribed functions and H(t) is the unit step function. The presence of
the weak interface encourages the crack to propagate parallel to the boundary of the half-
plane rather than deviate towards it (see Figure 4.2). The Lamé constants A and p and the
density p of the strip and the half-plane are assumed to be the same.

It is helpful to change variables from the material coordinates z1, x5 to the local crack tip
coordinates x = x1 — vt, y = x5. In these coordinates, displacement potentials ¢ and v of

the medium satisfy the wave equations

2 2
c@a—¢+ 2P0 9,00 T
02 Oy? ozot  Ot2
8¢ 8% Po P (r,y) €Q, t>0, (5.2)

242
2 —_ =
o o T P ama e
where Q = {(z,y) : |z| < 0o,y < 6} \ {(2,0) : z < 0} is the shape of the material. The

potentials ¢ and v are to satisfy the zero initial conditions

&p 81#
pu— = Q t . .
p=9=0 Z-=75-=0, (zy) e t<0 (5.3)
Here, ¢; and ¢ are the longitudinal and shear wave speeds defined in (1.17) and & = /1 — v?,

B = /1 =02 v =v/q, vy =1v/cs.
Let us transform the boundary value problem (5.1), (5.2), (5.3) to a vector Riemann—

Hilbert problem. By applying first Laplace transform with respect to temporal variable ¢

@

(x,y,s) = / i (2,y,t)e*dt, Res=0 >0,
(0 0 (G

and then Fourier transform with respect to spacial variable x
@ Sl .
(2,y,8) = / (x,y,s)e*dx, peR,

we can write the governing equations (5.2) in the form

Po . yw
a’g

8@/ 52¢ yE {_007 5} \ {O}a (54)
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where

a?(z) = a22% + 2izsvJey + 2/, B2(2) = 5222 4 2izsv,[es + 52/ (5.5)

The coefficients « and S of the ordinary differential equations (5.4), are multi-valued func-
tions of z-variable with the branch points ax = is/(v 4 ¢) € C* and by = is/(v+¢,) € C*
respectively. In order to fix single branches of a(z) and §(z), we cut the z-plane along lines
that pass through the infinite point and join the branch points a4 of the function o and S4

of the function (. Let us choose the single branches

a(z) = a(z —a )Pz —a)? B(z) = Bz = b-) (= = b)), (5.6)

so that Rea(z) > 0 and Re 5(z) > 0 for all z € R.
For the values y € (—00,0) and z € R, the differential equations (5.4) admit the solution

that is bounded as y — —o0, in the form

&(z,y,8) = Co(z,5)e™, &(z,y,s) = Dy(z,8)e?, —oo <y <0, (5.7)

since « > 0 and [ > 0 (hereafter, we drop the argument z of the functions «, 5 in the case
when it does not cause a confusion). For the values y € (0,0), z € R, the solution of (5.4) is

given by

@(27 Y, S) = Cl(za S) COSh((l/y) + 02<Z7 8) Sinh(ay)a
0<y<od. (5.8)

~

¥(2,y,5) = Di(z, s) cosh(By) + Da(z, s) sinh(By),

As in the steady-state case, we introduce auxiliary functions representing the jumps of the

tangential derivatives of the displacement components u;, us on the crack faces,

Oy 0w

_ + -
x1(x,t) = pe (x +vt,07, 1) pe (x +vt,07,¢) 655)
. 0U2 + 8u2 _ ’
XQ([E,Z&)—%(J]—FUZ&,O ,t)—%(l'—f—l}t,o ,t)
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defined for x € (—o00,0) and ¢ € (0, 00). Then, we define the Laplace transforms with respect

to time £,

Xj(%‘s) :/ Xj(if,t)e_Stdt
0

bj(z,s) = / o;(z + vt)e *dt Res >0, j=1,2
0

Gi(z,s) = / oja(x + vt,0,t)e " dt
0
and the one-sided Fourier transforms with respect to z-variable
0
)“(]_(z, s) = / X;j(z,s)e* dx

0
b (z,s) :/ bi(x,s)e* dr j=1,2 (5.10)

—00
[e.e]
A;-r(z,s):/ j(z,s)e" " dx
0
+

For a fixed values of s, if z is treated as a complex variable, then the functions & (+,s) are

~

analytic in the upper half-plane C*, while the functions Xj» b

- are analytic in the lower

half-plane C~ provided 7, X;, and b; are integrable in = on the corresponding intervals.

In order to derive a vector Riemann—Hilbert problem, we apply the Laplace and Fourier
transforms to the six boundary conditions (5.1) and identities (5.9), plug the solutions (5.7)
and (5.8), and eliminate the functions C;(z,s) and D;(z,s) (j =0, 1,2) (here, we follow the
pattern described in Section 3.2). The two equations left comprise a vector Riemann—Hilbert

problem with the condition

67 (z, s X (2,8 by Z,8
S = iA(z,s) (@) + 1(@9) , z€R (5.11)

63 (2,9) Xs (2,9) by (2, 5)
Assume that the value s is fixed so that Res > 0. We seek two functions 67 (2, s) that are
analytic in the upper half-plane C* and bounded at infinity, and two functions \; (z,s) that

are analytic in the lower half-plane C~ and also vanish at infinity. On the real axis R, they

satisfy the condition (5.11). The matrix coefficient A of the problem is defined by

Az, 5) = an(z,s)  doz(z8) (5.12)

—iaa(z,8)  asn(z,s)
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67(a+5)6 9A
an(Z, S) = m |:R1 Sll’lh{(Oé + /8)5} — R2 Sll’lh{(Oz — B)(S} —+ R—1:| ,
(22 —
e*(aJrB)é 9A
az(2, s) = 20(% — )z {31 sinh{(a + B)0} + Resinh{(a — )} + R_J 7
A= R% sinh? (OH_—B)(S — Rg sinh? M’
2 2 (5.13)

Ry = (2 + %) —4aB2%, Ry, = (2 + %)% + 4ap2>

The matrix A(p, s) resembles its analogue in the steady-state case (4.11). However, although
we drop the argument z of the parameters A, Ry, Ry, o, and [, let us highlight that all of
them are functions of z-variable and depend on s as well.
5.1.3 Kernel of the integral equations
We show first that the direct use of the convolution theorem reduces the boundary condition
of the vector Riemann—Hilbert problem (5.11) to a system of integral equations that is not
convenient for numerical method of its solution due to a singular kernel.

Applying the inverse Fourier transform to the equation (5.11) and using the convolution
theorem and the fact that &1, g9 vanish for negative z-values, we derive a system of integral

equations

% b
/O K(x—¢&,s) %(9) dgz—l 1@, 9) , —oo<z<0 (5.14)
e X2(€75> a b2<x75)

with the kernel

K(&, s) ! /OO Az, 5)e ¢ dz

:% N

By analyzing asymptotic behavior of the elements of the matrix function A(z,s) as z — 0
and z — oo, we discover that the diagonal elements of A have a jump discontinuity at

infinity, while the off-diagonal elements exponentially vanish at infinity:

T 1
y ~ =7 1+2+0(= i =1,2
GJJ(Z,S) ’}/ngl’lZ|: + > + <Z2>:|’ J 3 4y

aa(z,8) ~ r06—236|z\’ 2z — +o0o, (5.15)
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where r; (7 = 0, 1,2) are nonzero constants, and -y; are positive constants. Near the origin, the
diagonal elements have simple poles and the off-diagonal elements are continuous: a;;(z, s) ~
—7,;27 " and aj2(z, s) ~ —Fo as z — 0 (7; are positive constants).

In order to clarify the structure of the diagonal elements of the kernel K, we represent
the functions a;;(2,s) as the sum ay;(z,s) = —v;[coth(7z) + aj;(2, s)]. From the behavior
of coth(7z) on the real axis R and the described above properties of a;; at the origin and

infinity, it immediately follows that

) T'j 1 o ’3/
a;;(2,8) = ﬁ + 0 (;) , z—Foo, aj(z,s)~ ?J, z—0, (5.16)
where ; are constants. Thus, a;; have simple zeros at infinity and simple poles at the origin.

Due to the identity

/ coth(mz)e” **dz = —icoth g, reR

o0

the equation (5.14) takes the form of a system of singular integral equations

—00

0 —
/ |:C0th Tx + kjj(x - éu 5):| Xj(£7 S)d£
j=1,2 (5.17)

0
+f (o= €8 ans (€90 = —j—jjbm )

on the negative semi-axis (—o0,0), where the kernels k;; are defined by the identities

7; > o —ix -
kjj(ﬁ,s):—/ ajj(z,s)e Sd¢, j=1,2

2r ) _ o

bia(6,s) = — o [ anale, 8)e "dE, kar(E,5) = —kualE, 5)

—5- -

Due to the behavior (5.16), the functions k;;({,s) have a logarithmic singularity at the
origin £ = 0, while the functions k;3_;(, z) are bounded at £ = 0. As £ — o0, all of the
kernels decay, k;; = O(]¢|™!). Thus, the numerical method for solving the system of integral
equations (5.17) has to take into account simple poles and the logarithmic discontinuity at
¢ = 0 of the diagonal elements of the kernel K, as well as their jump discontinuity at infinity.
That is, an application of the technique described in Section 2.3.2 or similar ones would not

work or would work poorly.
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5.2 Approximate Solution of the Transient Problem for a Half-Plane

Since the structure of the matrix A(z, s) given by (5.12), (5.13) does not allow for its explicit
factorization by the methods currently available in the literature, let us propose a method of
partial Wiener—Hopf factorization. This technique eventually leads to a system of two integral
equations convenient for the determination of the stress intensity factors and numerical

implementation.

5.2.1 Partial Wiener—Hopf factorization
In order to avoid dealing with the kernel K described in Section 5.1.3, let us take another
approach. Before transforming the system (5.14) to a system of singular integral equations,
we rewrite it in a different form.

As in the case of an unbounded plane (see Section 3.2), we construct a Wiener—Hopf

factorization of the diagonal elements of the matrix A. Represent the elements in the form
aj;i(z,s) = —v; coth(nz)a;;(z,s), j=1,2, (5.18)

Wiener—Hopf factorization for the function coth(7z) is given in (3.28), while the functions

aj;(#,s) admit the factorization as follows:

aji(z,8) = _—;, zeR_, (5.19)

211 T— 2z

1 Ina;; d
djj(z,s):exp{_/ M}’ ZGC:ES-
R_¢

where, as in Section 3.2, C*_ is the upper half-plane {z : Imz > —¢}, CZ, is the lower

half-plane {z : Im z < —¢}, and R_. is the line {z : Im z = —¢}, for some small parameter

£ € (0,1/¢;). The reason and justification for taking C*_, R_, instead of C*, R is given in
Section 3.2; in short, the functions a;; have simple poles at the origin z = 0, so we choose

the contour R_. to pass around under the singular point.
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Introduce new functions

NP (C NN et
I K*(z)al;(z,s)’ I K=(2)a;(z,5)’ (5.20)
J Z,8) = J =14

K+ (2)at(z,s)

JJ

After the representations (5.18), (5.19), and (3.28) are substituted in the matrix A in (5.12),
and the rows of A are divided by the terms KTa], and K*aj,, while the terms 1/(K~aj;)
and 1/(K~a,,) are factored out from the columns of A, the equation (5.11) of the original

vector Riemann—Hilbert problem takes the form

e ) [ m a) | (x| [ B (5.21)

6;(273) d2(275) Y2 X;(Za‘S) b2(z75)
on the contour R_., where

ia12(z, s)ag (2, s)

_ialz(z, 8)agsy (2, 8) ,
coth(rz)as(2,s)’

— 5.22
coth(rz)af,(z, s) (522)

as(z,8) =

ai(z,s) =

+

and values of the functions a;;(z, s) on R_, are determined by the Sokhotski-Plemelj formulas

(2.8).
Assume that the value x is negative. By applying the inverse Fourier transform and the
convolution theorem to the equation (5.21), we conclude that the vector Riemann—Hilbert

problem (5.21) yields the system of integral equations

0

(@, s) + / k(e — €, 9) (€ 8)dE = —bi (. )

o —oco<x<0 (5.23)
i) + [ ksl — € (e ) = ~(w.)
where
o) = o [ e e K = o [ e
X;(x,s =5 R%Xj z,8)e z, kj(z,s =5 76% z,s)e 2,
1 . .
bi(z,s) = —W/ bi(z,s)e”"**dz, j=1,2. (5.24)

—€

Due to the behavior (5.15) of the off-diagonal element a1, at infinity, the functions a;(z, s)

decay exponentially as z — 4o00. Moreover, it follows from the definitions (5.22) that the
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functions @,;(z, s) are continuously differentiable on the contour R including the point z = 0,
where they vanish. Therefore, k¥ (x,s) = O(|z|7?) as 2 — oo (for fixed values of s). By the
Riemann-Lebesgue lemma [], the functions x;(x, s) vanish as x — —oo.

5.2.2  Weight functions

Since the mode-I and mode-II are coupled in the case of a crack in a half-plane, we use
four weight functions Wy r, Wi rr, Wir 1, and Wy such that the stress intensity factors for
arbitrary loading o7, and o03,, are given by

vt vt
K[(Zf) = / WL[(l'l,t)O'gQ(ml, 0)d$1 + / W[J[(fﬂl,t)ai)?(l’l, O)dl’l
o o (5.25)

vt

vt
K[[(f) = W[[J(Llil,t)USQ(:El, 0)d$1 + / W[[}[](Sﬁl,t)O';Q(SCl, O)dl'l

—00

The weight functions Wy and Wy for a fixed value x; = z( are defined as the stress
intensity factors K and K respectively, derived for the fundamental solution of the problem
with the boundary conditions 05, (z1,0) = §(z1 — x¢) and o7,(z1,0) = 0. Similarly, the weigh
functions Wy ;r and Wiy rr are equal to the stress intensity factors K and K corresponding
to the fundamental solution with the boundary conditions 03y(z1,0) = 0 and oy(x1,0) =
§(xy — xp). As in the case of a plane, the transforms of the traction components, &;" and &5,

have the following behavior at infinity:

K
() 04 (2,8) ~ , Imz— o (5.26)

V=2iz' —2iz

Let x7 and x3 be the solution of the system (5.23). Since the convolution theorem applied

o1 (z,8) ~

to the equation (5.21) gives the identities

0
/)H@—&$ﬁ®$%=ﬁ@@—ﬁ@@

o (5.27)
| B - gl s = o3a,) ~ bi(a,)
for positive values of z-variable, where
* 1 ~+ —izx :
oi(z,s) = - Tz, 8)e”dz,  j=1,2. (5.28)



taking the limit = — 07 yields the equations (K} * x3_;)(07) = 07(0%, s) —b3(07,s), j = 1,2.
On the other hand, the identities (5.23) as # — 07 imply the equations v;x*(07) + (k] *

X5-;)(07) = =b3(07, ), j = 1,2. Due to the fact that the kernels ki and k3 are continuous

on the real axis R, we derive the equality
Yix;(07,8) = —0;’»‘(0+, s) + b;(0+, s) = b3(07,s), j=1,2, (5.29)

which will be used to express behavior of the stress field near the crack tip through the
solution x7, x5 of the system (5.23).
Next, we will show that b%(07) = b5(07, s) for the fundamental solutions. Let us fix s-value

so that s > 0. The functions b; are defined as follows

. . eizxo 1
b =0, b = 5.30
1, 5) - ba(z,9) s+ ivz Kt (2)ag(z, s) (5.30)
for the weight functions Wy, Wiy, and as
5 eizmo 1 .
bi(z,s) = ba(z,8) =0 (5.31)

s+ivz K+(2)af,(z,s)
for the weight functions Wy rr, Wiy . Let us consider the formula (5.30). By plugging the

identities (5.30) into the definition (5.23) of the functions b3, we derive

1 el (xo—x)
b _o _ b d 5.32
1(z,s) ;o ba(z, ) 2 /RS (s +ivz) Kt (2)az(z, s) ’ .

If x < xo, then the integrand in (5.32) has only one simple pole z = is/v in the upper
half-plane C* and exponentially vanishes as Im 2 — oo. Thus, the residue theorem implies

es(x—mo)/v

vK T (is/v)ady(is/v, )’

by(x, 5) =

T < Tg

Assume that z > zy. Due to the identities (3.28), (5.18), (5.19), we replace the terms K Tas,
by the terms —ago K ~dg /72 in the integral in (5.30). Then the integrand is analytic in the
lower half-plane CZ, except the imaginary semi-axis {z: Rez =0,—0c0o < Imz < s/(v—¢)}

where the function age has branch points a_ and b_ due to the functions a(z) and 5(z).
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Since the integrand exponentially vanishes as Im z — —oo, we transform the contour R_,

into the imaginary semi-axis and make a substitution z = —iy:
V2 ey(mo—) [ 1 ]
by (x, s :—,/ —— — d 5.33
2(%,5) 27i . (s + vy) K~ (—1y)ag(—iy, s) | az (v) dy (5.33)

where
{ 1 } ( )_ 1 1
Q22 Y G22(—0 - Zy) a22(() - Zy)

is the difference between the values as(—0 — iy) of the functions agy on the left side of the

semi-axis and the values ag(0 — iy) of the function ags on the right side of the semi-axis.
Thus, near the point x = 0, the function b}(x,s) is defined by the formula (5.33) and is
continuous on the interval (zg,00). The continuity of b5 and the fact that b} is equal to 0
imply b%(0%) = b%(07, s), j = 1,2. Similar analysis holds for the functions (5.31), which yield

the right-hand side b}, b3 of the system (5.23) defined as follows:
s(z—z0)/v
e

vKt(is/v)aj,(is/v,s)’

T < Xy

b;(l’, S) = " 0 ey(:vo—m) 1
o S | | W 2>
27 - (s +vy)K—(—iy)ay (—iy, s) [an

by(r,s) =0, —oco<x<o0

{ 1 } W) = 1 1
a1 Y a1 (=0 —1dy)  an(0—iy)
Since b3(07) = 03(07,s) (j = 1,2) in the case of the fundamental solutions, the identity

(5.29) reduces to the form
Yix;(07,8) = —U;(OJr, s), j=12 (5.34)

The formula (5.28) and the identities (3.19) and (5.34) imply that

o7 (0%, s) _ 75X (07, s)
—1z 12

“t
T (z,8) ~ , Imz— oo (5.35)

From the definition (5.20) of the function ;" and the asymptotic behavior (5.35) and (3.31)
of the functions in (5.20), we derive the formula

. fYJ'X;' (0_7 3)
V—iz
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Comparing the latter identity with (5.26), we conclude that the Laplace transforms of the

stress intensity factors are given by
Ki(s) = —V29x3(07,5),  Ki(s) = —V2nxi(07, ). (5.36)

The stress intensity factors are recovered from their Laplace transform by the inversion

formula. The inversion can be implemented by computing one of the real integrals

2 ot oo R
K;(t) = ‘ / Re{K(o +iT)} costtdr
7; a0 j=1,11 (5.37)
Kj(t) = =% / Im{K; (0 + i7)} sin 7t dr
™ Jo

where the preference is made to the one with a better rate of convergence.

5.2.3 Solution of the system of integral equations

Let us now describe the numerical procedure for evaluation of the weight functions. Recall
that the weight functions coincide with the stress intensity factors of the fundamental so-
lutions. Due to the formulas (5.36), the Laplace transforms of the stress intensity factors
require the knowledge of the solution of the system of integral equations (5.23) at the point
xr = 0, that is X;(O*,s), j = 1,2. Tt is convenient to map the system (5.23) on the semi-
infinite interval into a system on the finite interval (—1, 1), which is achieved by introducing
the variables

-1 =1

! _ - - _ /
= e —-1<& <1, x—x/+1, <2 <1

£

In the new variables, the system (5.26) of integral equations takes the form

1

v X (2, s) + /1 Ks_j(2', &, 9)X;(E, 8)dE' = =B;(2',s), j=1,2 (5.38)

on the interval (—1,1), where

(2, s) = x;(w,5), Kj(a',&,s) = CESEE B;(2',s) = ¢;(x,5).

Due to the behavior of the original kernels, k¥(x, s) = O(]z|™?) as 2 — %00, the new kernels

ICi(«', &, s) are bounded as the end point ' = —1 and £ = 1. Hence, the kernels IC; are
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non-singular on the interval (—1, 1), and the system (5.38) can be approximately solved, for
instance, by using the collocation method with the collocation points &, (k = 1,2,...,N)
chosen to be the zeros of the degree-N Legendre polynomial Py(z). The system of 2NV linear

algebraic equations associated with the system (5.38) has the form

N
Vi, 8) + > 06K (tn, ) Xs_j(2r, 8) = —Q;(wn, 5),
k=1

n=1,2...N, j=12 (5.39)

where vy, are the Gauss-Legendre weights given by vy, = 2(1 — 22) Py (z)] 2.
The chief difficulty in the implementation of this procedure is the evaluation of the prin-
cipal value of the Cauchy integrals. It is helpful to rewrite them as integrals over the arc

l=A{lZ|=1,arg? € (—n/2.7/2)}

142 (7, s)dr’
~+ _ J ’ +
(ljj<Z,S) = exp {WPV /lﬁ , 2 €& C (540)
where
Ina;;(r,s) 1+t 1+iz
Li(r,s)=—2 1~ "= "= : 5.41
](T,S) ) T 1_Z~7_a Z 11—z ( )

1+7
Among numerous approximate formulas for the principal value of the Cauchy integral over

a circle we choose [64], p.116

14+7 W0,
Qj5(2,9) :exp{m\/l+1 Z (e, s)
=M

" 1 N isin 20 — ;) sin 2 (6 — 6;)
2 sin$(0 — 6;)

as the one proving a good accuracy. Here, § = —iln2’, 0; = 27j/(2M + 1).
The final step in the evaluation of the weight functions or, equivalently, the stress intensity
factors Ky and K;; with the special loads applied, is the inversion of the Laplace transform.

This can be done by applying one of the formulas in (5.37). For computations, we employ
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the uniform grid trapezoidal rule with m + 1 grid points

hesot ~ ~
K;(t) = (; Re Kj(0) + Re K;(0 +iT) cos Tt
. (5.42)
+2 Z Re K(o + inh) cosnht
n=1

where h is the grid spacing. The numerical estimation of the functions K;(s) and Kj;(s)
show (see Figure 5.1) that both their real and imaginary parts vanish slow as Im s — Foc0.
To accelerate the convergence of the series in (5.42), we apply the Euler summation method
[71] for alternating series. In order to transform (5.42) into an alternating sum, we put

h=m/(2t),c = A/(2t) and T = wm/(2t), where A is a fixed real positive constant. Then

1]

e/? - (A - (A+imm m™mo e . Ay
Kj(t)%g [RGKJ' (E) +R6Kj (T) COS7+2Z(—1) on+l |
n=1

where

Anzk;(—l)’“ : Re{~j(A+2(n—k)m')}‘

2t

Following [1], we take A = 81n 10.

Figure 5.1: Graphs of the functions Re K;(s), Re K;;(s), Im K;(s), and Im K;(s) for
Res = 0.5.
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Figures 5.2 and 5.3 show how the functions w; ;(zo,t) = \/37(vt — o)W, ;(0,t) and the
weight functions W, ; (o, t) evolve in time. For computations, we assume x, to be zero, that is
the time independent concentrated loads are applied at the origin (0,0) of the (1, x2)-plane,
which coincides with the tip of the crack at the initial time instance ¢ = 0. Since the material
is stress-free for t < 0, it is expected that, when the crack starts propagating at constant
speed v, the elastic medium remains stress-free outside the disc of radius ¢;t centered at the
point 1 = a5 = 0.

On the Figures 5.2 and 5.3, we can see the zero values of the functions wy 7, wrr; and
Wi rr, Wi during some time interval at the beginning of the crack propagation. Then,
those values start growing. This happens at the time instance when the longitudinal and
shear waves, reflected from the boundary of the half-plane, come back to the crack tip, so
the crack propagation gets affected by the presence of the boundary. At time ¢, = §/¢;, the
first longitudinal wave strikes the boundary of the half-plane at the right angle, and at time
t = 2t{, it returns to the origin x; = x5 = 0. By that time, the crack tip has covered the
distance 2vt; away from the origin, and the distortion caused by the reflected wave reaches

the crack tip at time ¢; > 2t] (for § > 1, we have t; ~ 4t}). The shear waves propagate

2.0
Wi

i N\
15 >

1.0 ~

0.5
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Figure 5.2: The functions w; ;(0,t) = y/27vtW; ;(0,¢) (i,j = I,1I) versus time ¢ when
v=03,0=1m,v=0.>5cgm/s, ¢, =1m/s (¢; = 0.5345m/s, cg ~ 0.4957m/s).
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Figure 5.3: The weight functions W; ;(0,t), (i, = I, I1) versus time ¢ when v = 0.3,
d=1m, v=0.5cgm/s, ¢, = 1m/s (¢ = 0.5345m/s, cg ~ 0.4957m/s).

slower, and the corresponding time, when the shear wave incident normally alters the stress
intensity factors, is greater than 26/c; > ;. Due to other longitudinal waves reflected from
the boundary at acute angles, the actual time when the boundary affects the stress intensity
factors lies in the range between 2¢; and ¢;. The time when the reflected longitudinal wave
strikes the crack at its tip can be quickly evaluated. Let this wave hit the boundary of the
half-plane at time ¢ = ¢; at angle 6 (6 € (7/2, 7) is measured from the incident wave direction
to the boundary of the half-plane) (see Figure 5.4). Then the reflected wave strikes the crack

tip at time ¢ = 2t;. By that time, the crack has covered the distance 2vt;, and therefore,

\cit? — 6% = vt;. This implies

0 0=21 +tan" . (5.43)

V& =2 2 Vi =1

In the example used on Figures 5.2 and 5.3, we take the following values = 1 m, v = 0.5¢g,

=

and cp ~ 0.4957m/s. Simple calculations show that 2¢;, ~ 2.0644s and 6 = 1.8213. This
time is consistent with the time 2¢; ~ 2s discovered from the approximate solution. The
numerical calculations (Figure 5.2 and 5.3) show that for time 0 < t < 2¢;, the functions

wy;(0,t) (i = I,11) are constant and practically coincide with the parameters k; associated
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Figure 5.4: Influence of the boundary of half-plane on the crack propagation.

with the mode-I and IT weight functions for the whole plane, which are given by (3.36). The
mixed mode functions wy 1(0,t) and w;(0,t) are very close to zero when 0 < ¢t < 2t,.
The weight functions W;;(¢,0) approximately equal the corresponding weight functions of
the problem on the whole plane for 0 < t < 2t;. At time t = 2¢;, the graphs of the weight
functions associated with the half-plane and the plane start to diverge.

The functions w; ;(0, ) versus the dimensionless speed v/cp are plotted in Figure 5.5. As in
the case of the whole plane, the functions wy ; and w1y tend to 1 and to 0 when v/cg — 0
and v/cg — 1 respectively, while the off-diagonal functions, wy ;; and wy; ; tend to zero not
only when v/cp — 1, but also when v/cg — 0. In the case of the whole plane, the functions
wy and wj; are monotonic, while in the case of the half-plane, they are not.

When the distance ¢ from the crack to the boundary of the half-plane decreases, all the four
functions w; ;(0,t) grow (see Figure 5.6). As it is expected, when § — oo, the functions w; ;
approach their limits, the corresponding functions for the whole plane, w; ;r — 0, wrr;r — 0,
and when v = 0.3, wr; — kr = 0.781473, wyr 11 — ki = 0.659882.

5.3 Crack Growth at Non-Uniform Speed
With the fundamental solution and weight functions at hand, derived and computed in the
previous sections, we come to the problem on nonuniform motion of a semi-infinite crack in

the direction parallel to the boundary of a half-plane. In order to do this, first we describe
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Figure 5.5: The functions w; ;(0,t) (i,5 = I, 1) versus v/cg when v = 0.3, § = 1 m,
t =10s, ¢ = 1m/s (¢; = 0.5345m/s, cg ~ 0.4957m/s).

the motion of the crack when speed, v(t), is a prescribed smooth function of time ¢ > 0. Then
we solve the inverse problem of determining the speed by employing one of the propagation
criteria. For elaborate on the approximate method proposed in [39] and described in Section
3.3 for a semi-infinite crack moving at non-uniform speed in an unbounded body.

5.3.1 Problem on a suddenly stopped crack

Suppose at time ¢t = 0 the crack starts moving, and its position at time ¢ is described by (),

a continuously differentiable non-decreasing function such that v(t) = l'(t) < cg for all £ > 0.

Figure 5.6: The functions w; ;(0,t) (i,5 = I, 1I) versus the distance § from the crack to the
half-plane boundary when v = 0.3, v = 0.5cgm/s, ¢, = 1m/s, t = 10s (¢s ~ 0.5345m/s,
cr ~ 0.4957m/s).
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We approximate the curve [(¢) by a polygonal line with the vertices (¢, lx), lr = l(tx), to = 0,
lp = 0. Thus, we assume that during the time-interval ¢, < ¢t < t;11, the crack propagates at
constant speed vy = (lgr1 — )/ (tkr1 — tx)-

As in Section 3.3, let us represent the stress field corresponding to the crack propagation
x1 = [(t) as the superposition of the stress fields derived as the solution of the problems on
a suddenly stopped crack. We will refers to those problems as Fy-problem, P;-problems, etc.
We also denote the problem on a stationary crack as P_j-problem.

On the time-interval 0 < t < t;, the crack extends at constant speed vy by negating
the stresses 00, (x1,0) and 09, (z1,0) in front of the crack tip (z; > 0), which are determined
from the solution of P_;-problem on a stationary semi-infinite crack parallel to the boundary
of a half-plane. This problem provides the starting point for a complete description of the
non-uniform motion of the crack. An exact method of matrix Wiener-Hopf factorization for
this problem was presented in [86] for the case when the forces were applied to the strip at
infinity, and the boundary was free of traction. The problem was reduced to a homogeneous
second-order vector Riemann—Hilbert problem, that was solved, and the corresponding stress
intensity factors were found. Hereafter, we assume that the solution to P_;-problem is already
known.

Before, we continue with the solution of Fy-problem, let us show the following remarkable

property of the weight functions:
Wi (o, t;v) = W, ;(0,t — xo/v;v), 4,5 =1,11. (5.44)

Recall that the Laplace transforms of the loading for the weight functions are given by

sx/v

bi(z,s) = e *®/v< j =1,2. From the identities (5.10), (5.20), and (5.24), it follows that

the relations

~

b (z,s;70) = e*sxo/”i)j*(z,s; 0), i)j(z, S;x) = e*sxo/”l};(z,s; 0),
—820/v —sz0/v .\ *

X]'_(Z,S;I'())Ze X]_(2787O>7 X;($»3§$0):6 Xj(l'78,0)7
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which, together with (5.36), imply that the Laplace transforms of the weight functions satisfy

the equation

Wi j(zo, s30) = e’smo/”Wi,j(O, s;v), 4,5 =1,11I. (5.45)

The relation (5.44) immediately follows from (5.45).

Assume that the crack suddenly stops at time ¢ = t; at the point (I1,0) of the half-plane.
The stress field with components 715(z1,0) and G3,(z1,0) is radiated away along the line
x9 = 0, z1 > l;. In order to describe a crack that suddenly stops at time ¢ and at the point

(11,0), we require the stress intensity factors to vanish for all 2y = vt > ;:
Ki(t;v) =0, Kpr(t;vg) =0, vt > Iy, (5.46)

where K (t;vo) and K (t;vp) are the stress intensity factors corresponding to the problem on
propagation of a semi-infinite crack in a half-plane with constant speed vy. The statement of
Py-problem coincides with that given in the previous section with the exception that v = v

and the boundary conditions (5.1) on the faces of the crack takes the form

(

0, —oco <z <0
oj2(21,0,t) = ¢ — o0y (21,0), O<mz <l 1>1h (5.47)
\5']1-2(1)1,0), 1 <z <t

with &,(21,0) to be determined from the condition (5.46) that expresses the fact that the
crack stops propagating at time instance t; = Iy /vo.
Combining these results, we can write down formulas (5.25) for the stress intensity factors

in the form

vot
K[<t;vo) = —K,(t;vo) +/ [WL[(O,t—.Tl/UO;Uo)a'%Q(SCl,O)

l1

+Wr11(0,t — 21 Jvo; v0) 1o (1, 0)} dr,
(5.48)

vot
Krr(t;v0) = —K"(t;v0) +/ (Wir1(0,t — x1 /vg; v9)535(21, 0)

Iy

+Wrr1r(0,t — 21/ Vo; Vo) o1 (1, 0)} dx,
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where the functions K'(t;vy) and K”(t;v0) are defined by
K'(t:v9) = /0 Wi (0,8 — w1 fuo; )y (1,0)
+Wi (0,1 — 21 /vo; v0) oy (21, 0)] dxz,
K" (t;v) = /Ol1 [WII,I(Oat — 1 /Vo; Vo) 095 (21, 0)

+Wrr (0, — 21 /vo; vo) oy (21, 0)} dx;
The left-hand side of the equations (5.48) vanishes for ¢ > ¢; due to the condition (5.46), while
the terms K’(y, vo) and k”(t,vo) are known functions containing o9, and o2, determined from
the solution of P_j-problem. Thus, we solve the system (5.25) on the time-interval (t;,00)
with respect to the functions 61y(z1,0) and iy(z1,0).
The system (5.25) can be transformed to a system of two Volterra convolution equations,

which admits the solution by applying Laplace transform. Indeed, after the substitution
I :U()T,—f—ll, t:T+l1/U07 (549)

the system (5.46) takes the form

I ..
Z/ Wi (0,7 — 'yvo)m(r)dr' = wi(r), 7>0, i=1I1II, (5.50)
j=1""
where
WI(T,) = &%2 (UOT’ + ll7 0)7 WII(T/) = 5—%2(”07—, + lla O)

wi(T) = vy 'K (7 + 1y /vo; vo), wrr(7) = vy ' K" (7 + 11 /vo; vo)

The Laplace images 7;(s) of the unknown functions m;(7’) can be determined from the system

of linear algebraic equations

II
Z Wi (0, 8;00)7(s) = @i(s), i=1,1I1I.

J=I

By performing the Laplace inversion, we derive

() = L /UHOO WH,II(O; s; Uo)@f(f) — Wrr(0, s; Uo)@II(S)eSTIdS
2m 0—100 W(S;UO)

71_[[(7_/) _ L /a+ioo W[,I(07 S; UO)C:J[I(?) — W[].](O, S, UQ)(IJ[(S) €STld$,
2mi 0—100 W(S;U())
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where ¢ > 0 and

W (s;v) = WLI(O» s; UO)WH,U(O, 5;09) — WI,H(O, s; UO)WH,I(Oa S5 7)

Thus, the stress components in front of the suddenly stopped crack, corresponding to Fp-

problem can be found from

- xp —1 . xp —1
052($1,0) =177 ( l'UO 1) s 0'%2((%1,0) =TI ( l’UO 1) s Ty > ll. (551)

Let us note that the Laplace transforms VVM(O, s; 1) have already been determined. They
are expressed through the solution at the point 0 of the system of integral equations (5.27)
by the formula (5.36) for v = vy with the loading 05,(x1,0) = §(z1) and ofy(x1,0) = 0 for
the weight functions W ;(0,t;v9) and Wy 1(0,¢;vp), and with the loading 3,(x1,0) = 0 and
095(x1,0) = 0(x1) for the functions Wy 11(0,t;v9) and Wi (0, t;vp).

In addition to vanishing stress intensity factors in front of a suddenly stopped crack, the
solution 1, and i, has to generate zero displacement jumps through the line x5 = 0 on
the segment [y < x; < vot. In contrast to the problem in an unbounded plane, when this
is possible to verify analytically [39] for the sub-Rayleigh speeds and [46] for the transonic
regime), it is not visible how it can be done without deploying computer based computations.
That is why this condition needs to be tested numerically when the algorithm is applied.

By employing this procedure for the next period of time, t; < t < t5, and determining
the weight functions associated with speed v = vy, we can find the loads 63 (z1,0) (i = 1,2)
needed to negate the stresses generated by the crack when it suddenly stops at the point

x1 = l. In this case, we replace the boundary conditions (5.47) by

(

O, —oo <z <l
Uj2($1a07t) = —0']1-2(.1'1,()), 1 <z <l t>1
\5?2(.I1,0), lo < a1 <1+t

where the traction components 0]1-2(331, 0) are known
1 _ 0 ~1
UjQ(:Bl’O) = Uj2(55170) + UjQ(xla 0),
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while the components 6?-2@1,0) have to be recovered from the system of two equations
Ki(t;v) =0, Kir(t;v1) =0, v1t > ls, that is equivalent to the corresponding system of two
Volterra equations solvable by the Laplace transform as in the previous step.

Following the pattern established above, this procedure can be continued further up to
any period of time (t,tx11). It gives an approximate solution of the problem on motion of
a semi-infinite crack beneath the boundary at piecewise constant speed v = v;, t € (t;,t;41),

i = 0,1,...,k, that approximates the original smooth function v(¢). The solution of this

model problem is obtained by the superposition of the solutions of all Problems P; (i
—1,0,1,2,...,k), where P_; is the problem for a stationary semi-infinite crack, Problems
P, (1 = 0,1,...,k — 1) are the transient problems with the boundary conditions chosen
accordingly. As it was shown in Section 3.3, for the total problem P, the homogeneous
boundary conditions on the crack faces {(z1,0%) : 0 < x; < I(t)} are satisfied. As for the
stress intensity factors at the tip of the crack at time ¢ € (tg,tx41), when the crack moves
at speed vy, (in general, they do not vanish) they are defined by the stress intensity factors
generated by Problem F.

A feature of Problem P is in the presence of the boundary. As it was pointed out in the
previous section, initially, when ¢t < 2¢; (¢, is given by (5.43)), and when the longitudinal wave
reflected from the half-plane boundary has not reached the crack, the off-diagonal weight
functions Wy ;r and Wy vanish, and the diagonal functions W;; and Wiy rr coincide with
those associated with the problem on an unbounded plane with a crack. Therefore, for this
short period of time, the algorithm proposed in [39] can be repeated without any changes.
However, this does not mean that the actual motion of the crack in a half-plane will be the
same as in the case of an unbounded plane even for time ¢ < 2¢;. To make this conclusion, we
need to recall that the boundary conditions of Problems P, depend on the stresses o5 (1, 0)
(1 = 1,2) generated by the static crack in the half-plane which are apparently not the same

as the ones associated for an unbounded plane. When time exceeds 2t;, then, in general, all
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the weight functions W; ; are nonzero and different from those associated with the case of
an unbounded plane. Thus, the boundary of the half-plane affects the stress field near the
crack tip. In this case, in order to describe a non-uniform propagation of the semi-infinite
crack parallel to the boundary of a half-plane, the algorithm introduced in this section needs
to be applied.

5.3.2 Determination of propagation speed

In the previous section, prescribed piece-wise constant speed v(t) was considered. Assume
now that the speed is an unknown function of time ¢ and determine it by employing the
Griffith dynamic criterion [85, 17]. Let 6U () be the potential energy released when the crack
S(t) = {(x1,0) : —00 < z1 < vt} extends to S(t) + d5(t) = {(x1,0) : —o0 < 1 < vot + 1},

where 7 is small. The energy dU(t) may be expressed as
1 T
U (t) = 5/ {o2y(2,0,t)0[u)(z,t) + 0yy(x,0,t)d[v](z, ) }dx. (5.52)
0

Here, [u] + d[u], [v] + d[v] are the displacement jumps related to the extended crack, and

K (t) o o Ki(t)
V2orz’ 2 V2rx’

To find asymptotic expansions for §[u|, 6[v], we employ the relations (5.20), take into account

re(0,r), r—0". (5.53)

012 ~

that

1
Xj (2,8) ~ —xj(07,8), Imz— o0 (5.54)

and also formulas (5.36). This and the Tauberian theorem eventually bring us to

e pupm. LU S P
’ pny/=2mz’ ’ e/ =2’

On integrating these relations with respect to z and fixing the constant of integration by

z— 0. (5.55)

assuring that the displacement jumps vanish at the crack tip we obtain the displacement

jumps [u] and [v] for small negative z. When the crack extends to = r, these formulas give

]2 —2) Ko () Wz 1) ~ 2(r —x) Kn(?) v
[v](z,t) v [u)(z, 1) - o — 7. (5.56)
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Finally, by substituting the asymptotic relations (5.53) and (5.56) into (5.52) we find the

potential energy increment when the crack extends to S(t) + 0.5(t)

r

V2 71

~ ) . r 0. (5.57)

According to the Griffith criterion, the crack starts propagating if the energy 0U(¢) equals
or greater than the increase in the surface energy 27r, 60U > 2T'r, where T is the Griffith
material constant. This criterion may be represented in terms of the stress intensity factors
in the form

Ki(t) | Ki(1)

+
2 M1

> 8uT. (5.58)
On applying this criterion, that is on solving the transcendental equation
NEKF(t) + 7K1 (1) = 8umieT, (5.59)

one may predict vy, the initial speed of crack propagation. Following the successive algorithm
described above and solving the associated equation (5.59) it is possible to determine all the

speeds v; j = 1,2,....
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Chapter 6

Fracture in an Infinite Strip

In this chapter, we will consider two problem on propagation of a crack in an infinite strip,
which use the cohesive zone and the lattice models of a crack propagation.

For intersonic propagation speed (¢; < v < ¢), the continuous model of a crack propa-
gation results to the zero release energy rate near the crack tip, which yields the fact that
such propagation is impossible. However, it has been observed experimentally [69]. In or-
der to describe propagation at intersonic speed, the cohesive zone model is employed, by
assuming the cohesive zone interval of unknown length [ in front of the crack (see Figure
6.1) where the constant stress components are prescribed. This problem gives rise to a scalar
Riemann—Hilbert problem with the coefficient-function that has infinitely many simple poles
on the contour of the problem, which was not solved in the closed form before (to the best
of my knowledge). Although its solution can be constructed using the standard technique
described in Section 2.1, it is expressed through Cauchy integrals of functions with infinitely
many singular points on the contour, which are not easy to compute. the natural approach
in this case is the contour transformation (see, for instance, [4]). Here, we will describe a
technique of constructing Wiener—Hopf factorization of such a function.

Another approach that is used to deal with intersonic propagation speeds is to apply the
lattice model of crack propagation, where the material is described as a lattice of atoms
connected by massless bonds, while the crack propagation is modeled as breaking bonds
when their length exceeds certain critical value. Even in the case of anti-plane deformation,
this problem is equivalent to a vector Riemann—Hilbert problem with 2 x 2 matrix coefficient,
which does not admit a closed-form solution. This vector Riemann—Hilbert problem is solved

by employing a partial Wiener—Hopf factorization described earlier in Section 2.3.3.
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Figure 6.1: Symmetric semi-infinite crack in a strip

6.1 Factorization of a Class of Wiener—Hopf Kernels

Consider a function a(§) meromorphic in the complex plane C with infinitely many discrete
poles and zeros on the real and imaginary axes and at most finitely many poles and zeros
elsewhere (on example of such a function is a(§) = tan(¢) tanh(€)). Let L be a curve in C,
which mostly coincides with the real axis R but passes around under the poles and zeros of
the function a(§) (see Figure 6.2), so that L contains neither poles nor zeros of a(§). The
radius of the semi-circular parts of L is considered to be infinitely small so that the curve L
coincides with the real axis R almost everywhere. Notice that the curve L splits the complex
plane C into two parts C* and C~, above and below of L respectively.

The paper’s objective is to construct the Wiener—Hopf factorization

a(§) =a*(§)/a"(§), €L (6.1)

such that the function a*(€) is analytic in C*. Obtaining the Wiener—Hopf factorization on
the curve L is problematic since the function a(£) have no limits as £ — oo along the line
L and the poles and zeros of a(§) are infinitely close to the integration path. For simplicity,
assume that a(€) has a simple pole at the origin: this case corresponds to the problem of
Dynamic fracture mechanics considered later. Otherwise the function a(€) can be multiplied

by a rational function in order to obtain a simple pole at the origin.
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poles and zeros of a(§) —~

Y

Figure 6.2: The integration paths L and £ on the complex plane

6.1.1 Auxiliary Wiener—Hopf factorization.
Since there are only finitely many poles and zeros of the function a(§) in the four quadrants
of the complex plane C, there is an angle § € (0, 7/2) such that a(¢) is analytic and non-zero

in the union of two sectors (see Figure 6.2)
D) ={:—0—c<arg¢ <0}U{{: —m<argé{ < —7m+0+¢}
for a small positive value €. Let £; and L5 be two rays with a common endpoint at the origin
L1(0)={re 17 >0}, Ly(0) = {re'®™ 1 >0}

Hereafter, whenever it is important to emphasize the dependence of D, £;, and L5 on the
parameter 6, they are written with 6 as their argument, otherwise the argument is dropped.

In order to obtain the representation (6.1), construct an auxiliary Wiener—Hopf factoriza-
tion of a(§) on the union £ = £, U Ly. Since the function a(§) is analytic in D, it is Holder

continuous [41] on £ and its Wiener—Hopf factorization is given by

a}(f):exp{%/ﬁl?i(?dt}, ceC\ L (6.2)

where the direction of the path integration is chosen so that Re{L} is increasing. However,

the integral in (6.2) has a logarithmic singularity at infinity due to Ina(t) may approach
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different limits as ¢ — oo along £; and along £,. Hence, it is computationally beneficial to
rewrite the functions af (€) and a;, (£) as follows.

Let A; and Ay be the limits of a(§) as £ — oo along £, and L, respectively,

A= lim a(re™), Ay = lim a(re'®™) (6.3)

r—+00 r—+00
Represent the function a(§) as the product

sinh (& + iq)

sinh ¢ (64)

a(§) = k() a(§), k(&) =~

and choose the parameters v and ¢ so that the function k(£) would have the behavior of a(§)

at infinity. It is easy to check that the values

1 A
Y= \/A1A27 q:flﬂA—l
2

with a correct choice of branches of the square root and the logarithm above, provide

A= lim k(re ™), Ay = lim k(re'®™) (6.5)

r—r+00 =400
In the representation (6.4), the function k(&) can be factorized explicitly as a product and
ratio of I'-functions, while the Wiener—Hopf factorization of a*(§) on £ can be obtained
with Cauchy integrals of a better convergence due to a*(¢) being a Hélder function and

Ina*(§) — 0 as £ — oo, £ € L. Hence,

af (€) = K (€) exp {i / ) Mdt}

2mi t—¢&
) (6.6)
0 (€) = K (9) eXp{%/E(e) 13“_(?@}
by EFig(1 =4 o LA +il—q)
FO = v 0 O Tare

where a;f (€) is analytic and non-zero in CT U L U D(#) and a, (£) is analytic and non-zero

in C~ \ D(#). The identity

sinh(€) = mé/[D(1 + i€)0(1 — i€)] (6.7)
and the Sokhotsky—Plemelj formulas [62, 41] imply the Wiener—Hopf factorization a(§) =
aj (€)/a; (€) for € € £(6).
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6.1.2 Transform of the integration path
Notice that for § = 0, the functions a* = a(jf(f) would give the required Wiener—Hopf
factorization (6.1) if the integrals in (6.6) existed. Moreover, to find relation between the

integral over £(0) and over £(#), one would use Cauchy’s theorem and derive the identities

B 1 Ina*(t)
a"(§) = k"(§)exp {%/5(9) P dt} , ¢ecCt
0 (L] be,)
o 6 exp 5 /[,(0) ¢ dty, €D (6.8)
e ki (€) ex {i/ lna*(t)dt} £€C\D
P 211 £(6) t—£ ’

Notice again that the identities (6.8) can be derived under the assumption of existence of the
integrals in (6.6). Since the integrals do not exist for the class of functions considered here,
the identities (6.8) cannot be taken for granted. Instead, it is possible to use (6.8) as the
definition of the functions a*(¢) and to prove that they provide the requited Wiener—Hopf
factorization on L.

Thus, define the functions a®(£) by the formulas (6.8). First show that in spite of its
piecewise definition, the function ¢~ () is analytic in C~. Fix a point & € L£(0), £ # 0. If

¢ — & from above of L£(#) (that is, ( € D), then the Sokhotski-Plemelj formulas imply

ima (@) = =& ep {Jna©], ©cen) (6.9

Similarly, if ¢ — £ from below of £(#) (that is, ¢ € C~ \ D), then

lima™(¢) = k™ (§) exp {—%lna*(ﬁ)} ., (CeC\D) (6.10)

(=€

Thus, the limits above at the point £ are equal as long as the branches of Ina*(§), £ € L(9)
are the same in the both formulas (6.9) and (6.10). Since £ is an arbitrary non-zero point of
L(0) and Ina*(§) is Holder continuous on £(6), the formula (6.8) defines a function a=(€),
which is analytic in D and C~ \ D, continuous on £(6), and, therefore, analytic in C~ due

to uniqueness of the analytic continuation.
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Now, show that the function a*(£) is indeed the Wiener—Hopf factorization of a(¢) on L;
that is, that they satisfy the equality (6.1). Notice that the function a™(£) can be analytically
continued onto C* U L U D, thus is defined and continuous on L \ {0} (behavior near the
origin £ = 0 will be considered later). The function a=(§) is analytic in C~ and having
singularities on the real axis R, which are zeros of a*(£). Since the curve L passes around
under those singularities, the function a=(§) is defined and continuous on L. Therefore, for
any point & € L, that is not the origin, the formulas (6.8) yield the equality (6.1).

The case when ¢ is the origin, should be treated separately since & = 0 lies on the in-
tegration path and is the vertex of the angle £(0). The Sokhotski-Plemelj formulas for a

polygonal line [41] imply

e (0) 1 dt
at(0) = qu(l—m exp {Q—M_p.v./ﬁ(e) Ina (t)?}

a (&) ~ 5F(1_—q) exp {ipv/ lna*(t)%} , £€—=0
L(0)

@ (@)% | 2ni

where a~(§) is the continuation of the function a~(§) defined by (6.8) onto a neighborhood
of £ = 0. Thus

a*(§)
a~(¢)

a*(0) 1
F(14+¢r(1—q)¢&

~ ivq £E—0 (6.11)

Using the representation (6.4) of the function a(§) and the identity (6.7), it is easy to see that
the right-hand side of (6.11) is the first term of the expansion of a(§) near the origin. Thus,
at(&)/a= (&) ~ a(€) as € — 0, and the functions a*(¢) defined by (6.8) is the Wiener—Hopf
factorization of the function a(§) on L.

Notice that in spite of the function a(§) having an infinitely many poles and zeros on
the real axis R and no limit as £ — 400, the formulas (6.8) provide the Wiener—Hopf
factorization of a(¢) almost everywhere on R and the integrals in (6.8) are understood in the
usual sense. Moreover, the parameter 6 can be chosen from the range of possible values so

that to provide the best convergence of the integrals.
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6.2 Symmetric Crack in an Infinite Strip

The Wiener—Hopf technique is applicable to many problems in physics and engineering. In
order to demonstrate the technique described above, consider a problem of Dynamic fracture
mechanics on an intersonic steady—state crack propagation in a strip: the intersonic speed of
a crack and its propagation in a strip provide an example of an equation with a function—

coeflicient of the class considered in Section 6.1.

6.2.1 Intersonic symmetric steady-state crack propagation

An elastic, isotropic, homogeneous medium under the plane—strain condition is characterized
by elastic modulus p, shear wave speed c,, and longitudinal wave speed ¢; and has the shape
of an infinite strip of width 2d, that occupies the region S = {(x1,22) : 71 € R, 29 € (—d,d)}
in R2. Through the middle of the strip, a stable propagation of a crack at the constant speed
v is assumed (see Figure 6.1). Introduce a coordinate system moving together with the crack
so that the crack tip stays at the origin for any time ¢, while the crack faces lie on the

negative real semi-axis. The faces are subject to a shear traction,

012(I170i) = Foo(11),
—oo<z; <0 (6.12)
22(21,0%) =0,
where the superscripts “+ 7 and “ —” denote the upper and the lower faces of the crack,

respectively. For simplicity, it is assumed that o is an Lo-function with compact support on

R_, although a bigger class can be considered. The borders of the strip are traction-free,
0'12(1'1, :]:d) = 0'22(1'1, :]:d) = 0, —o00 <1 <00 (613)

The stress and displacement components in an elastic solid are expressed through two dis-

placement potentials ¢ and v [39],

1 Pe P Py
o2 = 81’181’2 8ZE% 895%
1 (q D¢ % 0%
o oY 9 9y
U= o o o

N 8371 8372’ 42 = 8%2 8x1
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and the potentials satisfy the wave equations (in the moving coordinate system)

Po ¢
Wty o - R- 1

where o = /1 —v?/c? and 3 = /v?/c2 — 1 are positive constants in the case of the inter-

sonic steady-state propagation ¢, < v < ¢.
Because the crack lies on an axis of the strip symmetry, components of the displacement

satisfy the conditions u(x1, —22) = —uy (21, x2) and us(xy, —22) = ug(21, x2), which implies
Ul(l'l,()) = 0, r1 >0 (616)

Thus, it suffices to consider only the upper half of the strip with the additional assumption
that the u;-component vanishes in front of the crack.
Applying the Fourier transform (hereafter, the hat “A” denotes the Fourier transform of

a function)
f(&m) = /°° flay, x)e* " day (6.17)

to the wave equations (6.15) reduces them to ordinary differential equations in xo-variable,

whose solutions are

95(57 T9) = C1(§) cosh(agxs) 4+ Co(&) sinh(axs),
1&(5@2) = D1(&) cos(BEws) + 1Dy (€) sin(BEw,),

0<zp <d (6.18)

where the coefficients C, Csy, Dy, and Dy can be found from the Fourier transforms of the
boundary conditions (6.12), (6.13), and the first two of the relations (6.14). After algebraic

calculations, one derives

Ci(€) = —% (Rsinh(a + i6)¢d + Rsinh(a — ig)éd) © <§2 0)

02(5):% {RSW Ot Ped+ Rsinn? =7 Ed] 612(;’0)

Dy(e) = 1A—(£2 {R hQO‘HBgd Bainn? Zﬁfd} 6-12/552’0) (6.19)
Dy(§) = 12;(2 [Rsinh(a + i)¢d + Rsinh(a — iB)¢d] uu(;, 0)
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where

gy 413
2

A(€) = R?sinh ¢d — R?sinh? & ;Zﬂ

&d, R=(1- ) —diaf
In (6.19), the function 615(€, 0) is unknown, and it is to be determined by the Wiener—Hopf

technique. Introduce the function representing the Fourier transform of the strain component

£11 = Ouy/Ozy on the line x9 = 0,
0
O = en(6.0) = [ enan,0)edn, (6:20)
where the integral is taken over the negative part of the real axis xs = 0 since €11(x1,0) =0
for 21 > 0 due to the condition (6.16). The function £~ (&) is analytic in the lower half-plane
{¢€ : Im(¢) < 0} and decays at infinity, provided that e1;(z1,0) is integrable on R_. For

negative values of xy, the stress component oq5(x1,0) is equal to og(z); that is

(3'12(6,0) = E+(€) + 5‘0(5), Z+(f) = /OOO 0'12(1’1,0)6i§x1d$1 (621)

The unknown function 37 (¢) is analytic in the upper half plane {£ : Im(§) > 0}, provided
that o19(z1,0) is an integrable function on R, . The last two relations in (6.14) along with

(6.18), (6.19) yield the equation

E7(§) =a(§)[ZT(§) +60()], €L (6.22)

B(1+ 6%)
nA(E)

where the curve L mostly coincides with the real axis R and passes around under the poles

a(é) = [Rsinh(a +i8)¢d + Rsinh(a — i8)&d]

and zeros of a(§) (see Figure 6.2). Notice that the choice of L is somewhat arbitrary: the
curve L can pass around each of the poles and zeros of a(§) either above or below, which
would change the index [62] of a(¢) and the Wiener—Hopf factors. However, in order to utilize
the technique described in Section 6.1, one needs the curve L passing around below the poles
and zeros of a(§). Notice also that with a few changes, the technique can be applicable if L

passes around above the poles and zeros of a(§).
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Thus, the problem of intersonic steady-state propagation of the semi-infinite crack in a
strip is reduced to the Riemann-Hilbert problem of finding two Lo-functions X7 (¢) and E~(§)
so that X1 () is analytic in C*, E~ is analytic in C™, and they both are continuous on the
contour L and satisfy the boundary condition (6.22) on L.

6.2.2 Solution of the Riemann-Hilbert problem

Considering the function a(§) defined in (6.22) on the complex plane C, we conclude that
it is meromorhic on the complex plane C with infinitely many simple poles on the real and
imaginary axes, that cannot be expressed in radicals. Thus, its Wiener—-Hopf factorization

can be obtained by (6.8) and (6.4) with the parameters

_ 28044 1, 4aB
R N (O

The following solution follows the standard 3-steps procedure described in Section 2.1.2. In

the boundary condition (6.22), replace the function a(§) by its Wiener-Hopf factorization

and multiply the condition by a~(£). Then the equation (6.22) takes the form

a (§)E(§) = a" ()X (&) —a’(§)o0(§), €L (6.23)

In order to find E~(§) and X1(§) satisfying (6.23), one needs to represent the function
a®(£)00(€) as a difference of a function analytic in C* and a function analytic in C~. Similar
to the justification that (6.8) is the Wiener—Hopf factorization of a(§) on L, it can be shown
that a™(£)5¢(§) = ¥T(&) — U (£) on L where

1 a®(t)oo(t)
=50 £6n) NEE ©

Y 1 at(t)oo(t)
~(€)30(€) + /ﬁ " CON . e

omi
/ J(tdt, £€C\D

L(01)

() =

27rz

Notice that although the product a*(£)do(§) has no singularities on the real axis R, the

angle L£(6;) was used as an integration path, which significantly improves convergence of the
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integrals above. The parameter 6; can be chosen arbitrary such that 0 < 8; < . Notice that
the function a™*(€) is defined only on C* in (6.8). Here, a™(§) for £ € £(6;) is understood as
its analytic continuation from C* onto C*U LU D, which is given by the same formula (6.8).
In the case 6; = 0, the values a™ (&) are understood as the limit for ¢ — & from CT UL U D.

Replacing a®(§)d0(€) in the equation (6.23) by the difference U (&) — U~ (&) yields

a (B () =V (& =a™(OET(E) —TT(), {€L (6.24)
Define the auxiliary function

a"(§ET(§) —¥(E), feC’
R(E) = (6.25)
a” (E(§) —¥(E), ¢eC
It is analytic in C* and C~, while it is continuous across L due to the equality (6.24). Hence,
R is an entire function on the complex plane C. In order to determine the function, notice
that
. l—g A _1
k(&) ~ in(=i€)' ™7, 6%(6) = O(I¢[72), Im(€) — o0

E(€) ~ —ili€)' 1, i) = 0(€[2), Tm(g) = —o
while the exponent terms in (6.8) approach unity, and W= () vanishes at infinity. From the

(6.26)

behavior (6.26), the definition (6.25), and the factorization (6.8), it follows that R(§) =
O(|€]279), 0 < ¢ < 1/2. Hence, R(€) is identically equal to a constant for all ¢ € C.
To determine the constant, notice that £~ (£) should be regular at the origin, while a™ (&)

vanishes at & = 0. Therefore, R({) = R(0) = —¥~(0). From (6.25), one derives the solution

of (6.22)
ST(E) = [¥(§) =¥ (0)]/a™(¢), §eCT
(6.27)
E7(€) = [¥(§) =¥ (0)]/a" (&), £€C”
6.2.3 Behavior of the solution near the crack tip
From the formulas (6.26), (6.27), and the identity [80]
Jim o0 = lim (=72 (6.29
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it immediately follows that the stress component o12(x1,0) has a power singularity at the

origin,
V2 W (0
0'12<£L'1,0) ~N— ) T — OJr, K= ! i ( )
V2! v T'(l—gq)

Since the possible value of the parameter g for the problem are those from the interval (0, 1/2)

(6.29)

whenever v # v/2¢y, the crack-tip energy rate [39] vanishes, which means the crack does not
propagate and the physical model should be considered as being incorrect. A correct model
of the crack propagation is introduced in [24]: a cohesive zone of length [ is imposed behind

the crack tip so that the stress component o9(21,0) is prescribed on the interval (0,1),
012(]?'1) = —O'CH(.CI?l + l), r1 <0 (630)

where the shear cohesive stress o, is depended on the strip material, and H is the unit step
function.

Assume that a pair of concentrated shear forces is applied to the crack faces at the points
(=20, 0%) as shown on Figure 6.1, then the resulting stress field is a sum of two solutions

corresponding to the boundary condition (6.30) and the boundary condition
o12(z1) = 0.6(x1 + ), 1 <0 (6.31)

where 9§ is the Dirac delta function and xy > [.

In order to determine length [ of the cohesive zone, consider the near-tip behavior of the
two solutions of the problem: the first is for the boundary condition (6.31) and the second
is for the boundary condition (6.30). The behavior is given by the formula (6.29), where the
only term depending on the boundary conditions is W~ (0). According to the cohesive zone
model, the sum of two solutions should be regular at the crack tip, thus the formula (6.29)
implies that the equation

Ui (0)+ ¥, (0)=0 (6.32)
where the value W7 (0) corresponds to the solution of the problem with the boundary con-

dition (6.31), while the value W5 (0) corresponds to the solution of the problem with the
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boundary condition (6.30). Thus, the length [ is determined from the equation (6.32). The

length [ and energy release rate [39]

-1 1 — ilé
Gooo [ Mgy, =% [ pl=C

o O0x i Jp 19

dg

for different values of the parameters o, o., o, and d were estimated numerically and shown

on Figure 6.3 and Figure 6.4.

6.3 Lattice Model of a Fracture in a Composite Infinite Strip

In this chapter, we will consider the problem of a crack propagation in a strip. The strip
consists of two different materials with the interface line between two materials, parallel to
the edges of the strip. The crack propagates along the interface with a constant velocity.
One edge of the strip is fixed while a uniform displacement is assumed on the other edge.

Anti-plane deformations of the strip are considered. This problem is similar to the one solved

I/x o
0700 ‘ T ‘ o |
\
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y 0.6 \ 1.5
y 0.5-
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o 0.3 ——
v=1.6¢c,
o 0.2F
. 0.1F _
B d/Xo g0t | | | d/xq
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G
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Figure 6.3: The length [ and the energy release rate GG versus the half-width d of the strip
for various speeds v of the crack propagation (for the case 0, = 0. and v = 1/3)
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Figure 6.4: The length [ and the energy release rate G versus the ratio o, /o, for various
speeds v of the crack propagation (for the case d = z/2 and v = 1/3)

in [37, 57], except the current problem is not symmetric, so it is reduced to a system of two

Riemann—Hilbert problems.

6.3.1 Fracture in a composite infinite strip
Let us consider a problem of a crack propagation in a composite infinite strip. The crack is
modeled as the unit square lattice of mass points so that the first Ny 4 1 layers of the points
constitute the first material and the other Ny + 1 layers of the points constitute the second
material (see Figure 6.5). The mass points of mass m; and mass mgy are connected by zero-
mass bonds of stiffness k; and ks respectively. It is assumed that a bond can be stretched
until its deformation reaches a critical value resulting to a bond break. Thus, a sequence of
broken bonds forms a crack propagating along the interface between the materials under the
loading applied to the strip edges.

Let uy, ,, be anti-plane displacement of the point (n,m). Then the balance of forces acting

on the interior mass point at the coordinate (n, m) of the upper material yields the equation
My m = —b1Unm + k1 (Unmt1 — 2Upm + Upm—1)
+ k1 (Ut 1.m — 2Unm + Un—1.m) (6.33)
n=1...,Ny—1, m=0,%£1,...
where by is the coefficient of Stokes dissipation. The steady—state deformation is assumed;

that is, after the substitution x = m — vt, the balance equation does not depend on time t.
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Figure 6.5: Lattice model of a composite infinite strip

Denote
Upm(t) = Up(m — vt)

and apply the Fourier transform

so that the balance equation (6.33) yields

A

Upir () =D (U (E)+Up1(6) =0, n=1,....,Ny—1, £e€R

b
A(§) =4 —2cos& — 7]7;—1111252 + ik—ivﬁ

Solution to the equation above is sought in the form \"(£). After substitution U, = X", one

derives the quadratic equation A2 — Ay A + 1 = 0, and its solution is

1 1
Az = ~A; £ /A2 — 4
1,2 2 1 9 1

Hereafter, the argument & of the functions A, o, Ay, and others is sometimes dropped in order

to improve readability. The general solution of the equation has the form

~

Un(§) = CLEAT(E) + C2()A3(E), SR
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The functions € and C5 can be chosen to expresses the derived solution in terms of the

values U,, on the layers n = 0, and n = N;. Therefore,

. APANL _ \n N A\
U, =22 172 + 2 Uy, n=04,...,N 6.34
)\i\h . )\é\h 0+ )\i\h o )\971 N + 1 ( )

In the similar manner, the solution of the force balance equations for the interior points

of the lower material is derived,

n,,—N2 n,,—N2 n n
SO LV T Y a W 3 Ho — K1 7 _
Un— IUQNQ —MINQ U(L +MTMINQU_N27 n = —NQ,...,O_ (635)

where

1 1 by
_ LA _ 242
/1/]_72—2A2:|:2 A3 —4, Ay(§) =4—2cos€ — k ve€ —i—zk v€

For mass points on the interface, the force balance equations are different due to partici-
pating of points and bond with different masses and stiffness respectively, and due to bond
snapping,

mytlo, m =k (U0+,m+1 — 2ug, m + Uo+,m—1) + k1 (urm — U0+,m)
— ko (uo, m — vo_m)H (up — |tio, m — to_ m|)
Moty g =ko(Uo_ mi1 — 2Uo_m + Uo_ m—1) — ko(Uo_ m — U—1.m)
+ ko (o, m — o m)H (uy — [uo, m — to_ml)
m=0,%£1,...
where H is the Heaviside step function and wuy critical separation resulting to a bond snap.
Assume that the crack lies on the part of the interface corresponding to negative values of

xr = m — vt. After applying the Fourier transform, one derives the equations

':1 V220, (20085—3)U0+—|—U1—k—j(U5:—U5[)

—%UQSQUm = (2cosé —3)Uy_ +U_, + (U(}: ~U)
2

EeR (6.36)

7

Hereafter, the super indices “+” and “—” stand for the parts of the Fourier transforms Uy N

/'UQ Jedr, Uy, (€) / Up. (x)e™dx
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so that Ug; (€) is analytic in the upper half-plane C* = {£ : Im ¢ > 0} and (%‘i (¢) analytic in
the lower half-plane C~ = {¢ : Im £ < 0}. Substituting the functions U; and U_; determined
from the relations (6.34) and (6.35) into the equation (6.36), one derives relations between

Ui, which can be written in the vector form as follows

AUT+U =B on R (6.37)
where
— Uoi Al 1+ ko —koy . wlfiNl
Us- —¢s 1+ UoU_n,
PP P s
' AP =1) = A (e = 1) ’ 2 (= 1) — (2 — 1)’ ki
" AL — Ao Wy = M1 — M2

B )\{Vl()\l —-1) - Aévl()w - 1)’ Mi\b(ﬂl —1) - M§V2(M2 —1)
Notice that if the upper and lower materials are identical, then k = 1, N; = Ny, ¢1 = ¢,

and 11 = 1. The matrix A and the vector B should be replaced in (6.37) by

A = L+¢1 —h By = wlAUNl (6.38)
-1 1+ hU_n,
Thus, in this case, the solution of the problem with symmetric loading is symmetric itself in
the sense that U(i — U3, as expected.

Relation (6.37) can be considered as a boundary condition on the real axis R of the vector
Riemann-Hilbert problem with respect to the vectors U* with components of the vector U+
analytic in the upper half-plane C* and vanishing at infinity, and components of the vector
U~ analytic in the lower half-plane C~ and vanishing at infinity.

The total index k = %[arg det A]g of the Riemann—Hilbert problem (6.37) is equal to
zero. Since the matrix coefficient A becomes symmetric (see formula (6.38)) in the case
k =1 and Ny = N, the corresponding partial indexes x; and ko should be equal to each

other. Therefore, k1 = ko = 0 due to the fact that k1 + ko = kK = 0. In more general case

of the Riemann—Hilbert problem (6.37), we make a suggestion that k; = ky = 0 as well,
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although this suggestion requires a proper justification that goes beyond the scope of this
dissertation. However, if k; = 0 and ko = 0, then the solution of the problem is unique and

stable [42].

6.3.2 Solution of the Riemann-Hilbert problem

The solution of the Riemann—Hilbert problem will be found using a variation of the Wiener—
Hopf technique for vector problems. First, apply the LDU-factorization to the matrix A as
follows: A = T, ' DTy, where T} is a lower triangular matrix, 75 is an upper triangular matrix,

and D is diagonal,

1 0 1 —k k
T — 1 o1/ (1 + ko)

o/ (1 4+ keop) 1 0 1

14 koy 0

0 (14 ko1 + ¢2)/(1 + kor)

The triangular form of the matrices T and 75 is crucial and will play an important role in
derivation of the solution later. Since the matrix D is diagonal with components continuous
on the real axis R and approaching the unity at infinity, its Wiener—Hopf factorization can

be found as follows

D=[D7]'D* on R

where
1 dr
DG = enp | BRI ’
1 1+k¢1 (T)+¢2(7) dr
0 e T s

After applying the LDU-factorization and Wiener—Hopf factorization, and multiplying by

D~T, the equation (6.37) takes the form

DY, Ut + D T.U- =D T,B on R

143



Assume that the upper edge of the strip is fixed and the lower edge of the strip is subjected

to a uniform displacement —Us. In this case, Uy, = 0, U_p, = —2a/(€2 4+ a?)Us, and

_ 2a _
D TlB - —UgmwgDQ 1

where « is arbitrary small positive number, and the limit « — 0" will be taken later. For o
being arbitrary small, the factor 2a/(£% + o?) acts as the delta function. Therefore, 1, and
D3 can be replaced by their values at the origin 1»(0) and D (0). Since

2a ? l

2+a2 +ia £ —ia

the representation D~T1B = ¥+ — ¥~ is valid for

0 i

v = CO=-

Uatb2(0) Dy (0)
vy

Thus, the condition (6.37) of the Riemann-Hilbert problem can be rewritten as follows
D TU +¥ =v"-D'T,U" on R

Consider the vector-function

vt - DT,Ut in C*
R— (6.39)

D T\U” +¥~ in C~
Notice that in the case of a scalar Riemann—Hilbert problem, the factors 7T and T are
absent, and, since ¥*, D", U* are analytic in the upper half-plane C*, while ¥, D~, U~
are analytic in the lower half-plane C~, the auxiliary function R is continuous across the
real axis R and, therefore, analytic in the whole complex plane, which allows to uniquely
determine R using Liouville’s theorem. Here, because of presence of T and T5, the process

of determination of the vector R is more elaborate but it follows the same pattern.

First, find all poles of the vector R. Its first component,

A k N
~X{U5, + 5 QZ X;Uf in C*
R, = t ko (6.40)
X;U;, in C”
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vanishes at infinity and is analytic everywhere but simple poles 5;“ in C*, which are the zeros

of 1+ k¢, with the corresponding residues X;" (5;)(7()*_ (&) resg+ K1 Therefore, Mittag-
J

1+kér
Leffler’s theorem implies

[e.e]

. k 1
= > X (G reses
j=1

L+koy €—¢

(6.41)

The second component of R,

U - XU in CF
1+k‘¢1X U0++X U +%; in C

vanishes at infinity and analytic everywhere but simple poles £ in C~, which are the poles

of ¢o and zeros of 1 + k¢,. Therefore,

% . 1
Ral) = 32 X5 (6036 ) resg, T30 ==

j=1
Notice that the poles of the functions R; and Ry are all different. In fact, all poles of R; are

(6.43)

in the upper half-plane C; while all poles of Ry are in the lower half-plane C~. This fact is
due to the triangular form of the matrices T} and 75 and was chosen on purpose.

The representations (6.41) and (6.43) contain the values Uy (£;) and UO (&), which are
yet to be determined. To find Uy (&) and U0 (&), evaluate the function R; at the points
& ,1=1,2 ..., using the definitions (6.40) and (6.41),

ko 1
T+kor & —&

Ri(§) = X7 (&)U (& ZX* (EN0 (&) vese+

7j=1

Likewise, evaluate the function Ry at the points &', i = 1,2, ..., using the definitions (6.42)

and (6.43),

oo

Palel) = ) = X5 €056 = 35 ()06, (6 ) oo T g

Since the sets of poles & and & (i = 1,2,...) are disjoint, the factors 1/(5}—5;&) are bounded
and the sums are convergent. Moreover, the equalities above form an infinite system of linear

equations with respect to Uy~ (&) and U0 (§; ) admitting a unique solution.
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After the solution of the system is found, components of the vector R are determined by

(6.41) and (6.43), while the vectors U* can be found from (6.39) as follows

Ut =[D'T,)*W"—-R), U =D T, (R-¥") (6.44)
6.3.3 Analysis of the solution
On Figure 6.6, values of the displacement Uy, (x) on the upper interface layer and of the
displacement Uy _(z) on the lower interface layer are showed for x = m —uwt. For the values far
ahead of of crack (x > 0), the displacements correspond to those of anti-plane deformation
of the strip without a crack. Near the origin (z = 0), the separation starts increasing until
it reaches the critical values uy, which results to a bond snap. After the snapping, the upper
mass points tend to reach the equilibrium displacement Uy, () = 0 (z < 0), while the lower
mass points tend to reach the displacement Uy_(z) = —1 (z < 0).

In order to study stability of the crack [|, consider relation between the crack velocity v
and the external loading U,. It is assumed that the crack propagates when the difference
Om = Uo, m — Uo_m reaches a critical value uy at the tip of the crack (m = 0). The value &
is given by the formula

lim [U0+(ZL‘) — UO, (.T)] == (50

z—0~

where the limit values of Uy, (z) as © — 0~ are determined from the Fourier transform
UO; (€), which in turn are given by (6.44),

B 1 o0 R1(§)
Uoolo) =52 | Dre)
1 P Ry(§) U5 (E) i
Uo<x>—§/m PG
1 < p(§)  Ri(§)
27 ) T+ ken(6) D (€)

Notice that the first two integrands behave like 1/¢ at infinity. Therefore, the inverse Fourier

e "t de

6—iz§d§

transform have jump discontinuities at the origin. In particular, since R1(§) ~ p1 /€, Ra(§) ~

p2/&, and Wy(&) ~ —ily1)2(0) Dy (0)/€ as & — oo, the functions Uy, and Uy_ have jumps
—ip1 and  —ipy + Usthe(0) Dy (0)

146



| \MUC+(X)
-0.4 "f
| 22N
_ U, ()
1043 - - X

Figure 6.6: Anti-plane separation between the upper interface layer n = 0, and the lower

interface layer n = 0_ for parameters Uy = 1, ¢ = %cl, v = %cl, up ~ 0.2, Ny = Ny =5,

by = by = 0.01, where ¢; = , /%, 7 = 1,2, are the shear wave speeds for the upper and

lower material.

respectively. On the other hand, the functions Uy, (z) are equal to zero for positive values of
x. Therefore,

lim Uv()Jr (l‘) = ipl; lim U07 (l‘) = Zpg — UQZDQ(O)DQ_(O)

z—0~ x—0~

Hence, for the crack to propagate, the solution must satisfy the following condition

Up = (50 - Z(Pl - ,02> + U2¢2<0)D2_(0)

Since py, p2, and Dy (0) depends on velocity v, the expression above relates velocity v of the
crack propagation, the critical separation u, and the external loading Us,.

One can simplify the relation above, using the energy balance. Consider displacements
U, far on the right of the strip. Solving the equation of one-dimensional force balance for

Un,00, ONE derives

k:(Nl—n)
Uy —— 7 0. <n<N
L T+ kN, + Ny’ r=n=M
mee 1+ kN, —n
_ - - No<n<o0
TN+ Ny 2 =0
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The elastic potential energy of one stretched bond is given by k(du)?/2 where k is stiffness
and Ju the distance stretched. Therefore the elastic potential energy far on the right of the

strip is the following
1 U;

Eight = 5ha———2——
9t = 9" T U EN, + N,

The elastic potential energy far on the left of the strip is zero. Thus, all potential energy

E,ignt is to be spent on breaking the bond at the tip of the crack,
1
Ebreak - 5]@2”?

The energy balance implies

2
3 < 3o
Therefore uy = §y < Us/\/1+ kN + Na.
Define a dimensionless parameter
Uy

dovV'1+ kN + Ny

so that A is proportional to the external loading U, and the crack propagates if A > 1.
Figure 6.7 shows the relation between the crack velocity v and the parameter A for the case
Co = %cl, where ¢; = \/:1:33 , 7 = 1,2, are the shear wave speeds of the two materials.

As it was shown in [57], [37], when v is less then about half of the limiting speed ¢y, the
crack does not propagate. When v changes from ¢ /2 to ¢y, the crack propagation is stable;
that is, the crack propagates along the interface between the materials. The case when the

crack velocity v lies between the two limiting speed,
c <v<cy

is of special interest and is shown on the picture on the right (Figure 6.7). One can distinguish
three regimes of the crack propagation: when v is close to ¢y, the crack propagates along the
interface; when v is somewhat in the middle between ¢ and ¢y, the steady-state crack prop-

agation is unphysical (increase in the loading A results to decrease of the velocity v); when
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Figure 6.7: Relation between the crack velocity v and the dimensionless parameter A for
different numbers of the layers N7 and Ns.

v is close to the limiting speed ¢y, the crack propagation is unstable due to crack branching.
The case of branching can be observed by evaluating the relative displacements between
neighbor mass points on the upper and lower interface layers: if the relative displacements
on the lower interface layer exceed the critical separation uy, then the crack propagates not
only along the interface but towards the interior of the second material as well. Thus, crack

branching occurs in this case.
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Chapter 7

Summary and Conclusions

In the dissertation, the Riemann—Hilbert formalism was used to derive solution for several
problems from the field of Dynamic Fracture Mechanics. Many problems on crack propaga-
tion in an unbounded plane have been solved using the Riemann—Hilbert problem, which
allows for finding analytical closed—form solution suitable for studying of fracture phenom-
ena. However, many of the problems on crack propagation in domains with a boundary
(e.g. a half-plane or a strip) require much more sophisticated techniques for solving the cor-
responding Riemann—Hilbert problems. In the dissertation, we considered several of such
problems.

The vector Riemann—Hilbert problems considered here do not admit an analytical solution
in the closed form (to the author’s knowledge) and, thus, have been solved approximately
using numerical techniques. However, analytical methods have been applied in order to im-
prove both convergence and applicability of the numerical techniques. With that in mind,
the technique of a partial Wiener—Hopf factorization was proposed and applied in two cases
of a vector Riemann—Hilbert problem.

In Chapter 4, we have analyzed a two-dimensional steady-state problem on propagation
of a semi-infinite crack in a half-plane. The crack is subjected to normal and tangential
loads applied to its faces, and it propagates at speed v along the half-plane boundary free
of traction. The boundary of the half-plane breaks the symmetry of the problem, and, in
contrast to the problem for a plane, the modes I and II are coupled. We have deduced
an order-2 vector Riemann—Hilbert problem associated with the model. The coefficient is
a Hermitian matrix which cannot be factorized in a closed form. We have reduced the

problem to a system of two singular integral equations with respect to the derivatives of
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the displacement jumps. The method of orthogonal polynomials has been employed for its
solution. The unknown functions have been expanded in terms of the orthonormal Jacobi
polynomials. The coefficients of the expansions have been determined from an infinite system
of linear algebraic equations of the second kind.

We have derived formulas for the stress intensity factors K; and Kj;; and the weight
functions Wy, Wy r, Wirr and Wiy ;. By determining the energy 0U released when the
crack extends to a small distance, we applied the Griffith criterion and established that the

crack starts propagating when H > uT', where

g V1= (0/a)) K7+ /1= (v/e)*) Ky

A(cs/v)?R(v) ’

R(v) is the Rayleigh function, ¢y, ¢; are the shear and longitudinal waves speeds, p is the
shear modulus, and T is the Griffith material constant. We have computed the stress intensity
factors, the weight functions, and the function H for different v/cg and 0 (cg is the Rayleigh
speed, and ¢ is the distance between the half-plane boundary and the crack). It has been
found that H grows to infinity when the distance § between the crack and the half-plane
boundary decreases while the crack speed does not vary. The function H monotonically
decreases as 0 grows. When the distance § is fixed, H, as a function of v/cg, attains its
minimum in the interval (0, 1) and grows as v/cgr approaches the points 0 and 1.

In Chapter 5, we have derived the fundamental solution and the weight functions of the
transient two-dimensional problem on a semi-infinite crack propagating at constant speed
parallel to the boundary of a half-plane. The boundary of the half-plane is free of traction,
while the crack faces are subjected to general time-independent loading. We have reduced
the boundary-value problem to a vector Riemann—Hilbert problem on the real axis. We have
split the matrix coefficient into a discontinuous diagonal matrix and a continuous matrix,
factorized the discontinuous part and rewritten the vector Riemann-Hilbert problem as a
system of two convolution equations on the segment —oo < x < 0. For numerical purposes,

it was recast as a system of two Fredholm integral equations on the segment (—1,1). We
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have derived the Laplace transforms of the stress intensity factors and the weight functions
in terms of the solution of the convolution equations at the point x = 0. The Laplace
transform has been inverted numerically. To improve the convergence, we have applied the
Euler summation method for alternating series. We have obtained numerical results for the
stress intensity factors for the case when concentrated loads are applied to the crack faces
(at time ¢ = 0 at the crack tip). This model problem generates four weight functions W, ;,
1,7 = I, II. It has been discovered that during a certain initial period of time, 0 < t < 2t;,
the off-diagonal weight functions W, ;, ¢ # j, approximately equal zero, and the diagonal
functions almost coincide with the ones for the case of the whole plane. For time t > 2¢;, the
boundary effects play a significant role, and, in general, all the four weight functions do not
vanish and are different from the corresponding functions associated with the whole plane. It
has also been found that the dimensionless functions w; ;(0,t) = \/%VVM(O, t)y (i=1,11)
tend to 1 and 0 as v/cg tends to 0 and 1, respectively (v is the crack speed and cg is the
Rayleigh speed), while w;; (i # j) vanish when v/cp approach both points, 0 and 1. We
have found that w;; are not monotonic functions of v/cg and attain their local maximum in
the interval (0,v/cg). As the distance § from the crack to the boundary decreases, all the
functions w;; grow. We emphasize that apart from small 0 our numerical method is stable
for all parameters 9.

Based on the Freund approximate algorithm [39] for the problem on a semi-infinite crack
propagated at a nonuniform rate in the whole plane, we have developed a procedure for the
case when the crack propagates also at prescribed variable sub-Rayleigh speed in a half-plane
parallel to the boundary and when the boundary effects are significant. The implementation
of the method requires solving a system of Volterra convolution equations whose kernels are
the associated weight functions, not a single Abel integral equation as in the whole plane
case. The system of Volterra equations also admits a closed-form solution. However, in the

case of a half-plane, there is no analog of the remarkable formula for the Mode I stress
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intensity factors K(I(t), Vi) = k(Vi)K(l(t),0) in any interval ¢, < t < tj41 derived for
the whole plane [39]. There is another difference between the whole plane and half-plane
solutions. The displacement jumps though the crack line x5 = 0 have to vanish on the
segments [; < xy1 < v;_1t, i = 1,..., k. This property was analytically proved in [39] for the
sub-Rayleigh regime and in [46] in the transonic regime. For the half-plane problem, this
condition needs to be verified numerically for each Problem P; (i = 0,1,...,k — 1) during
the implementation of the procedure.

To compute the stress intensity factors at time ¢, 2¢; < t;, <t < tg41, for the crack in a half-
plane, one needs to derive the weight functions for all intermediate speeds v;. We have shown
that initially, before the longitudinal wave reflected from the boundary strikes the crack and
when the weight functions coincide with those for the whole plane, the relatively simple
Freund’s algorithm works. At the same time, the solution is still different since it relies on
the static solution on a cracked half-plane, not the whole plane with the crack. When the first
longitudinal wave reflected from the half-plane boundary reaches the crack surface moving
at speed v(t) < cg, the boundary substantially affects the weight functions. To determine
the stress intensity factors at the crack tip at some time t € (fx,tx11), consequently, one
may employ the procedure presented that requires solving the same transient problem for
different constant speeds v; (¢ = 0,1, ..., k) and a system of Volterra equations to determine
at each step the loads need to be negated to make possible for the crack to advance.

As for the speeds v; (7 = 0,1,...,) themselves, they have been determined by applying
the dynamic Griffith criterion and solving a certain transcendental equation associated with
each step of the algorithm.

In Chapter 6, we have constructed Wiener—Hopf factorization of one class of functions,
those with countably many singular points on the contour of a Riemann-Hilbert problem,
which make them difficult to applying numerical techniques. We have deformed the in-

tegration contour to bypass the singular points and showed that the solution of the new
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Riemann-Hilbert problem can be used to find a closed-form solution of the original one.
The main advantage of this approach is that, without recourse to the Cauchy integral, the
solution has been expressed in terms of integrals of exponentially vanishing functions, which
are easy to compute. An application of the technique to the problem on propagation of a
symmetric crack in a strip has been given in Section.

Also, we have considered a crack propagating in a strip along the interface between two
elastic materials. Under the assumption of anti-plane deformation, the lattice model of the
materials has been accepted. The lattice model allows for a better description of behavior of
stress and deformation fields near the crack tip: specifically, for supersonic speeds of a crack
propagation under anti-plane deformation, the continuum fracture mechanics results to a zero
energy release rate around the crack tip, which yields to the conclusion that such propagation
is impossible. In order to construct a feasible mathematical model of the phenomena, the
cohesive zone model (see Section 6.2) and the lattice model (see, for instance, [74]) were
proposed. It is interesting to note that even in the case of anti-plane deformation, the lattice
model yields a vector Riemann-Hilbert problem. A similar situation is in the anti-plane
strain problem of micropolar elasticity [10] when two out three modes are coupled, and the
necessity of solving a vector Riemann-Hilbert problem arises. The solution of the Riemann—
Hilbert problem was derived using the partial Wiener—Hopf factorization technique proposed

in Section 2.3.3.
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