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FOREWORD

The t i t l e  o f  t h i s  d i s s e r t a t i o n  r e f e r s  more t o  t h e  

l a t t e r  two c h a p t e r s  t h a n  t o  t h e  work  a s  a  w h o l e .  C h a p t e r  I  

g i v e s  an e x p o s i t i o n  o f  t h e  t o p o l o g y  o f  Z - s e t s  and  c a p s e t s  i n  

Q , s u c h  a s  d e v e l o p e d  by A n d e rso n  i n  [ 2 ] ,  [ 3 ]  and  | 4 ] ,  How­

e v e r ,  t h e  p r o o f s  and  o r g a n i z a t i o n  a r e  r a t h e r  d i f f e r e n t ,  and  

v a r i o u s  s i m p l i f i c a t i o n s  h av e  been m ade .  Most  o f  what  i s  

new i n  t h i s  c h a p t e r  h a s  b e e n  i n c l u d e d  i n  t h e  M a s t e r ’ s T h e s i s  

o f  t h e  a u t h o r  [ l b ] .

An a l t e r n a t i v e  t r e a t m e n t  on Z - s e t s  can  be fo u n d  in  

C h a p t e r s  I  and  I I  o f  T.  A. C hapm an 's  N o t e s  on H i l b e r t  Cube 

M a n i f o l d s  ( u n p u b l i s h e d ) .

C h a p t e r s  I I  and  I I I  c o n s i s t  e n t i r e l y  o f  new m a t e r i a l .

My f i r s t  a c q u a i n t a n c e  w i t h  I n f i n i t e - D i m e n s i o n a l  T o po lo gy  

was t h r o u g h  a c o u r s e  t a u g h t  i n  " T e x a s - s t y l e "  by P r o f e s s o r  

R. D. A nderson  d u r i n g  h i s  s t a y  i n  Amsterdam i n  1970-1971*

I  f e e l  v e r y  much i n d e b t e d  t o  him f o r  t h i s  m os t  i n s p i r i n g  

i n t r o d u c t i o n  t o  h i s  f i e l d .  S e v e r a l  p r o o f s  i n  C h a p t e r  I  

r e s u l t e d  f rom  work  I  d i d  f o r  t h i s  c o u r s e .

i i



The m a t e r i a l  f o r  C h a p t e r s  I I  a n d  I I I  was d e v e l o p e d  

d u r i n g  my s t a y  i n  1 9 7 2 -1 9 7 ^  a t  LSU, u n d e r  p a r t i a l  s u p p o r t  

o f  NSF g r a n t  GP 3^63 5X . I  r e c e i v e d  much h e l p  and  e n ­

c o u r a g e m e n t  -  i n  t h e  f o r m  o f  d i s c u s s i o n s ,  s u g g e s t i o n s ,  com­

m e n t s  a nd  r e a d i n g s  o f  v a r i o u s  v e r s i o n s  o f  t h e  m a n u s c r i p t  -  

f r o m  P r o f e s s o r s  R. D. A n d e r s o n ,  D. ¥ .  C u r t i s  a n d  R. M. S c h o r i .

F i n a l l y ,  I  w i s h  t o  t h a n k  t h e  t y p i s t ,  M onica  L o f t i n ,  

f o r  t h e  e x c e l l e n t  j o b  s h e  h a s  d o n e .
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ABSTRACT

The H i l b e r t  cube  Q i s  t h e  c o u n t a b l e  i n f i n i t e  p r o d u c t  

o f  i n t e r v a l s  I°° -  w he re  I  = [ - 1 , 1 ]  , t o p o l o g i z e d  by  t h e  

p r o d u c t  t o p o l o g y  and  f u r n i s h e d  w i t h  a  s u i t a b l e  m e t r i c .  P o i n t s  

o f  Q a r e  d e n o t e d  by  x = (x ^)jL > w i t h  x ^  e I . We c o n ­

s i d e r  t h e  f o l l o w i n g  s u b s e t s  o f  Q, :

1 .  The p s e u d o - b o u n d a r y  B(Q) = [ x |  f o r  some i ,  j x ^ |  = 1)  .

2 .  I t s  com plem ent  s = ( - 1 ,1 ) ° °  w h ic h  i s  c a l l e d  t h e  p s e u d o ­

i n t e r i o r  o f  Q . I t  i s  shown by R. D. A n d e rso n  t h a t  s 

i s  hom eom orphic  t o  (=) .

3 .  The c l o s e d  s u b s e t s  K o f  Q s u c h  t h a t  f o r  e a c h  e > 0
t h e r e  e x i s t s  a  map f : Q  -* Q-K w i t h  d ( f , i d n ) < e . T h e s e

a r e  c a l l e d  Z - s e t s .

I n  C h a p t e r  I ,  c e r t a i n  w e l l - k n o w n  t h e o r e m s  a b o u t  t h e s e  

s u b s e t s  a r e  p r o v e d .  We m e n t i o n  e s p e c i a l l y :

1 .  The Uomeomorphism E x t e n s i o n  T h e o r e m : a n y  homeomorphism

b e tw een  two Z - s e t s  i n  Q can  b e  e x t e n d e d  t o  an a u t o ­

home omorph ism  o f  Q .

2 .  The n o n -e m p ty  Z - s e t s  a r e  e x a c t l y  t h o s e  c l o s e d  s u b s e t s  o f



Q w hich  can  he  mapped h y  an au to h o m eo m o rp h ism  o f  Q 

o n t o  a s e t  w h ich  p r o j e c t s  o n t o  a  p o i n t  i n  i n f i n i t e l y  

many c o o r d i n a t e s .

3 .  A t o p o l o g i c a l  c h a r a c t e r i z a t i o n  o f  t h e  p s e u d o - b o u n d a r y .

XL e t  2 he  t h e  s p a c e  o f  a l l  n o n - e m p t y  c om p ac t  s u b s e t s  

o f  a  m e t r i c  s p a c e  X a n d  l e t  C(X) be  t h e  s p a c e  o f  n o n ­

empty  com pac t  c o n n e c t e d  s u b s e t s ,  b o t h  w i t h  t h e  H a u s d o r f f  

m e t r i c  d^  which  i s  d e f i n e d  by  d ^ (A ,B )  = i n f [ e \A c  U6 (B)

and  B c  U_(A))  . D. ¥ .  C u r t i s  and  R. M. S c h o r l  showed 
X ~t h a t  2 = Q ,  f o r  X a  n o n - d e g e n e r a t e  Peano  c o n t i n u u m ,  and  

t h a t  C(X) = Q f o r  X a n o n - d e g e n e r a t e  Peano  c o n t in u u m  

w i t h o u t  f r e e  a r c s .  In  p a r t i c u l a r ,  i t  f o l l o w s  t h a t  

2^ = C(X) = Q i f  X -  Q o r  X i s  a  com pac t  c o n n e c t e d  

Q - m a n i f o l d .  A l s o ,  we h a v e  2 1 = Q , w h ic h  was p r o v e d  e a r l i e r  

by  S c h o r i  and  W es t .

In C h a p t e r  I I ,  i t  i s  shown t h a t  t h e  c o l l e c t i o n  o f  n o n ­

em pty  Z - s e t s  i n  Q ( o r  i n  a  com pac t  c o n n e c t e d  Q - m a n i f o l d  M)

i s  a  t o p o l o g i c a l  p s e u d o - i n t e r i o r  f o r  2*̂  ( o r  2 ^ )  . As a
 ̂P Mc o r o l l a r y  one o b t a i n s  t h a t  2 ~  , and  t h a t  2 =

f o r  M a c o n n e c t e d  j ^ - i n a n i f o l d • C o r r e s p o n d i n g  r e s u l t s  a r e

obtained for the collection of non-empty Z-sets in C(Q) or
C(M) , and  a l s o  i t  f o l l o w s  t h a t  C ( l 0 ) = i n a nd  t h a t

C(M) = ^2  f o r  M a c o n n e c t e d  i , g - m a n i f o l  d .

In  C h a p t e r  I I I ,  i t  i s  shown t h a t  t h e  c o l l e c t i o n  o f



t o p o l o g i c a l  C a n t o r  s e t s  i n  t h e  i n t e r v a l  I  a n d  t h e  c o l l e c t i o n  

o f  n o n - e m p ty  z e r o - d i m e n s i o n a l  s u b s e t s  o f  I  a r e  t o p o l o g i c a l  

p s e u d o - i n t e r i o r s  f o r  2^ .



INTRODUCTION

By t h e  H i l b e r t c u b e  Q we mean t h e  c o u n t a b l e  i n f i n i t e  

p r o d u c t  o f  i n t e r v a l s  I°° o r  [ - 1 , 1 ] ° °  w i t h  t h e  p r o d u c t  

t o p o l o g y .  I f  x = and y = (y^)j_>i  a r e  two p o i n t s

o f  Q , t h e n  t h e i r  d i s t a n c e  d ( x , y )  i s  d e f i n e d  a s

• j x ^ - y ^  | . By t h e  p s e u d o - i n t e r i o r  o f  Q we mean

t h e  s u b s e t  s = ( - 1 ,1 ) ° °  ; i t s  com plem ent  Q-s i s  c a l l e d  t h e  

p s e u d o - b o u n d a ry  B(Q) o r  BQ o f  Q . I t  i s  e a s i l y  s e e n  

t h a t  s i s  a d e n s e  i n  Q . A nderson  p r o v e d  i n  [ 1 ]

t h a t  s i s  hom eom orphic  t o  t h e  H i l b e r t s p a c e  • Tlie

com plem ent  B(Q) i s  a l s o  d e n s e  i n  Q, , so  t h e  p s e u d o ­

b o u n d a r y  o f  Q i s  o n l y  a r e s t r i c t e d  i n f i n i t e - d i m e n s i o n a l  

a n a l o g u e  o f  t h e  b o u n d a ry  o f  a f i n i t e - d i . m e n s i . o n a l  n - c e l l .

We c o n s i d e r  two c l a s s e s  o f  s u b s e t s  o f  Q , v i z .  Z - s e t s  

and  c a p s e t s .  B o th  c o n c e p t s  have  p l a y e d  an i m p o r t a n t  r o l e  

i n  I -D  t o p o l o g y  and e s p e c i a l l y  Z - s e t s  a r e  t h e  f o c u s  o f  c o n ­

t i n u e d  i n t e r e s t .  K i s  a  Z - s e t  i n  Q i f  f o r  e v e r y  e

t h e r e  e x i s t s  a map f : Q  -♦ Q-K su c h  t h a t  d ( f , i d )  < e

(w here  i d  d e n o t e s  t h e  i d e n t i t y - m a p p i n g ;  so m e t im es  we s h a l l



w r i t e  i d  i n s t e a d  o f  i d  f o r  t h e  i d e n t i t y - m a p p i n g  on X ) .Jx
The f o l l o w i n g  f a c t s  a r e  e a s y  t o  v e r i f y :

1 )  The p r o p e r t y  o f  b e i n g  a Z - s e t  i n  Q i s  t o p o l o g i c a l l y  

i n v a r i a n t ,  i . e . ,  i n v a r i a n t  u n d e r  au toh o m eo m o rp h ism s  o f  

Q .

2 )  A c l o s e d  s u b s e t  o f  a  Z - s e t  i s  a Z - s e t .

3 )  A f i n i t e  o r  c l o s e d  c o u n t a b l e  u n i o n  o f  Z - s e t s  i s  a Z - s e t .

4 )  E xam ples  o f  Z - s e t s  a r e  com pac t  s u b s e t s  o f  s a nd  c l o s e d  

s u b s e t s  o f  Q w h ic h  p r o j e c t  o n t o  a p o i n t  i n  i n f i n i t e l y  

many c o o r d i n a t e s .  F o r  t h e r e  e x i s t  maps f  o f  Q i n t o  

i t s e l f  whose image  f ( Q )  i s  d i s j o i n t  f ro m  su c h  a s e t ,  

and su c h  t h a t  f  l e a v e s  t h e  l o w e r - n u m b e r e d  c o o r d i n a t e s  

u n c h a n g e d .

The d e f i n i t i o n  o f  Z - s e t  can  be g e n e r a l i z e d  f o r  a l a r g e r  c l a s s  

o f  s p a c e s ,  i n  p a r t i c u l a r  f o r  Q - m a n i f o l d s  and  ( m a n i f o l d s  o f )  

i n f i n i t e - d i m e n s i o n a l  t o p o l o g i c a l  v e c t o r  s p a c e s .  In  

G e o g h e g a n -S u m m e rh i l l  [ 1 1 ]  a v e r s i o n  o f  Z - s e t s  f o r  E u c l i d e a n  

s p a c e s  i s  i n t r o d u c e d .  See a l s o  t h e  r e m a r k s  a f t e r  Lemma I I . 1 .  

C o r o l l a r y  1 . 9  and  Theorem I . 10 s t a t e  t h e  two m os t  i m p o r t a n t  

f a c t s  a b o u t  Z - s e t s :  t h a t  (1 )  a n y  Z - s e t  i n  Q, can be  mapped 

by an a u tohom eom orph ism  o f  Q o n t o  a s u b s e t  w h ich  p r o j e c t s  

o n t o  a  p o i n t  In  i n f i n i t e l y  many c o o r d i n a t e s ,  and  t h a t  (2)  

any  homeomorphism be tw een  two Z - s e t s  can be e x t e n d e d  t o  an 

au tohom eom orph ism  o f  0 .

A c a p s e t  i s  a s u b s e t  o f  Q which  i s  e q u i v a l e n t  t o



B(Q) u n d e r  an a u tohom eom orph ism  o f  Q . In  C h a p t e r  I  

more p r a c t i c a l  c h a r a c t e r i z a t i o n s  w i l l  be g i v e n .  I t  i s  

a k e y  o b s e r v a t i o n  t h a t  t h e r e  e x i s t  c a p s e t s  w h ic h  a r e  

e n t i r e l y  c o n t a i n e d  i n  s ( P r o p o s i t i o n  1 . 7 ) *  O t h e r  u s e f u l  

f a c t s  a r e  t h a t  f o r  any  c a p s e t  M and  any  Z - s e t  K , M-K i s  

a c a p s e t  ( C o r o l l a r y  1 . 1 3 )  and  t h a t  t h e  u n i o n  o f  a  c a p s e t  w i t h  

a  c o u n t a b l e  num ber  o f  Z - s e t s  i s  a g a i n  a  c a p s e t  ( P r o p o s i t i o n  

1 . 1 5 ) .  One u s e  o f  c a p s e t s  i s  t o  show t h a t  c e r t a i n  s p a c e s  

a r e  hom eom orphic  t o  by  e x h i b i t i n g  an e m bedd ing  i n t o  Q

w i t h  a  c a p s e t  a s  r e m a i n d e r .  T h i s  p r i n c i p l e  w i l l  be a p p l i e d  

i n  C o r o l l a r i e s  I I . 3 and  I I . 5*

In  C h a p t e r  T t h e  m os t  i m p o r t a n t  f a c t s  a b o u t  Z - s e t s  and  

c a p s e t s  i n  Q w i l l  be p r o v e d .  Our t r e a t m e n t  i s  r a t h e r  d i f ­

f e r e n t  f rom  p r e v i o u s  o n e s  (most  t h e o r e m s  f rom  C h a p t e r  I  have  

a p p e a r e d  o r i g i n a l l y  i n  e i t h e r  o f  A n d e r s o n ' s  p a p e r s  [ 1 ]  -  [ 4 ] ) .  

The s e v e r a l  s t a g e s  i n  t h e  p r o o f  o f  t h e  Homeomorphism E x t e n s i o n  

Theorem  f o r  com pact  s u b s e t s  o f  s a r e  e n t i r e l y  s t a n d a r d .  

However ,  t h e  au toh o m eo m o rph ism  o f  Q which  maps B(Q) i n t o  

s ( P r o p o s i t i o n  1 . 7 )  i s  o b t a i n e d  by a  d i r e c t  g e o m e t r i c a l  

c o n s t r u c t i o n ,  and  r e q u i r e s  v e r y  l i t t l e  p r e l i m i n a r y  w o rk .

T h i s  c a u s e s  c h a n g e s  in  t h e  e n t i r e  o r g a n i z a t i o n .

At t h e  end  o f  t h e  c h a p t e r  s e v e r a l  a l t e r n a t i v e  d e f i n i ­

t i o n s  o f  Z - s e t ,  e q u i v a l e n t  f o r  Q and s o r  , w i l l

be g i v e n  (Theorem I . 1 8 ) .



F o r  X a  m e t r i c  s p a c e ,  t h e  h y p e r s p a c e  2^ o f  X i s

t h e  c o l l e c t i o n  o f  n o n - e m p ty  com pac t  s u b s e t s  o f  X ( f o r
Xn o n - c o m p a c t  X , i n  o t h e r  t r e a t m e n t s  2 i s  so m e t im es  

u n d e r s t o o d  t o  be t h e  c o l l e c t i o n  o f  a l l  n o n - e m p t y  c l o s e d  . 

s u b s e t s ) ,  w i t h  m e t r i c  d ^ (A ,B )  = i n f  f e |A  c  Ue (B) and  

B c  Ue (A)) , w here  U£ (Y) d e n o t e s  t h e  e - n e i g h b o r h o o d  o f
t

t h e  s e t  Y . I f  d and  d i n d u c e  t h e  same t o p o l o g y  on
1 XX t h e n  d^  and  d^  i n d u c e  t h e  same t o p o l o g y  on 2

T h i s  m e t r i c  i s  c a l l e d  t h e  H a u s d o r f f  m e t r i c . By C(X) we
Xd e n o t e  t h e  s u b s p a c e  o f  2 c o n s i s t i n g  o f  a l l  n o n - e m p t y  s u b -  

c o n t i n u a  o f  X . We h a v e  t h e  f o l l o w i n g :

Theorem  A ( C u r t i s - S c h o r i -  [ 9 ] )  . 2 i s  hom eom orph ic  t o  t h e

H i l b e r t  cube  i f f  X _is a  n o n - d e g e n e r a t e  P e a n o - c o n t i n u u m .

Theorem B ( C u r t i s - S c h o r i  [ 9 ] ) -  C(x) i s  hom eom orph ic  t o  Q 

i f f  X _is a, n o n - d e g e n e  r a t e  P ea n o - c o n t i n u u m  w i t h o u t  f r e e  

a r c s  ( i . e . ,  n o t  h a v i n g  a t o p o l o g i c a l  open i n t e r v a l  a s  an 

open s u b s e t ) .

Remark 1 . In  [ 1 6 ] ,  S c h o r i  and  West  p r o v e d  Theorem  A f o r  

t h e  c a s e  X = I  . T h i s  r e s u l t  i s  u s e d  i n  t h e  p r o o f  o f  t h e  

g e n e r a l  c a s e .

Remark 2 . I t  i s  e a s i l y  s e e n  t h a t  t h e  h y p e r s p a c e  o f  n o n ­

empty  s u b c o n t i n u a  o f  an i n t e r v a l ,  C ( I )  , i s  hom eom orphic  

t o  a t w o - c e l l .



XI n  C h a p t e r  I I ,  we I d e n t i f y  p s e u d o - i n t e r i o r s  f o r  2

and  C(X) , where  X i s  a  H i l b e r t c u b e  (Theorem  I I . 2) o r

a com pact  c o n n e c t e d  H i l b e r t c u b e  m a n i f o l d  (Theorem I I . 4 ) ;  

v i z .  t h e  c o l l e c t i o n  o f  n o n - e m p t y  Z - s e t s  i n  X f o r  2^ and 

t h e  c o l l e c t i o n  o f  n o n - e m p t y  c o n n e c t e d  Z - s e t s  f o r  C(X) .

The p r o o f s  r e s t  on t h e  a f o r e m e n t i o n e d  r e s u l t s  o f  C u r t i s  and

S c h o r i ,  and  f o r  t h e  c a s e  w he re  X i s  a m a n i f o l d  a l s o  on

t h e  T r i a n g u l a t i o n  Theorem  f o r  Q - m a n i f o l d s  [ 8 ] .  As a  c o r o l l a r y  

we o b t a i n  t h a t ,  f o r  X = &n o r  X an A0- m a n i f o l d ,  b o th
Cl cl

2^ and  C(X) a r e  hom eom orph ic  t o  SL0 ( C o r o l l a r y  I I . 3 and  

I I . 5 ) .

In  C h a p t e r  I I I ,  we p r o v e  t h a t  b o t h  t h e  c o l l e c t i o n  o f  

t o p o l o g i c a l  C a n to r  s e t s  i n  I  and  t h e  c o l l e c t i o n  o f  n o n ­

empty  z e r o - d i m e n s i o n a l  c l o s e d  s u b s e t s  o f  I  fo rm  p s e u d o ­

i n t e r i o r s  f o r  2^ (Theorem I I I . 4 ) .  Here  we u s e  S c h o r i - W e s t  

[1 6 ].
U n f o r t u n a t e l y ,  t h e  a u t h o r  h a s  b e e n  u n a b l e  t o  g e n e r a l i z e  

t h e  a b o v e  r e s u l t s ,  even  f o r  f i n i t e  g r a p h s  i n s t e a d  o f  T .

I t  m ig h t  be  w o r th  m e n t i o n i n g  t h a t  t h e  p r o o f s  o f  C h a p t e r  I I  

have  v e r y  l i t t l e  i n  common w i t h  t h o s e  o f  C h a p t e r  I I I .



CHAPTER I  

HILBERTCUBE TOPOLOGY

P r e l i m i n a r i e s . F o r  e a c h  n  > 0 , we c a n  w r i t e  

a  = I n x Qn+1 , w h e re  Qn+1 = n . ^ 1 .  . By Pn =Q -  I n 

we mean t h e  p r o j e c t i o n  o n t o  t h e  c o o r d i n a t e ;  by
t tt

Pn :Q I  t h e  p r o j e c t i o n  o n t o  t h e  f i r s t  n  c o o r d i n a t e s .  

Note  t h e  d i f f e r e n c e  b e tw e e n  I n and  I  . F o r  an y  n o n ­

empty  s u b s e t  C o f  N , we w r i t e  Qc = ^ e C  '[n  * a nd

s n = n w here  1° i s  t h e  c o m b i n a t o r i a l  i n t e r i o r  o fC neC n* n
I  , a n d  p c :Q -♦ Qc t h e  p r o j e c t i o n  o n t o  Qc . The e n d -  

f a c e s  W+ a n d  W“ a r e  t h e  s e t s  [x e Q.]xn = 1)  a n d  

{x e Q |x n = -1} r e s p e c t i v e l y .  T r i v i a l l y  B(Q) i s  t h e  

u n i o n  o f  a l l  e n d f a c e s  o f  Q . We c a l l  a  s u b s e t  K o f  Q
•4-  y.

d e f i c i e n t  i n  t h e  n c o o r d i n a t e  i f  Pn ( K) i s  a  p o i n t .  We 

c a l l  K i n f i n i t e l y  d e f i c i e n t  i f  K i s  d e f i c i e n t  i n  i n ­

f i n i t e l y  many c o o r d i n a t e s .

Homeomorphisms a r e  a lw a y s  u n d e r s t o o d  t o  b e  o n t o .  We 

w r i t e  so m e t im es  "X = Y" i n s t e a d  o f  "X i s  hom eom orphic  

t o  Y" , a nd  "(X,X ) = (Y, Y )"  i n s t e a d  o f  " t h e r e  e x i s t s

r,



a  homeomorphism h :X  ^  Y s u c h  t h a t  h(X ) = Y " . The

d i s t a n c e  b e t w e e n  two maps o r  homeomorphisms f  a n d  g :X  -+ Y ,

w h e re  Y i s  co m p a c t  m e t r i c ,  i s  d e f i n e d  a s  d ( f , g )  =

sup  d ( f ( x ) , g ( x ) )  . I f  f  i s  a  homeomorphism, t h e n  o b v i o u s l y  
xeX
d ( f , i d )  = d ( f - 1 , i d )  an d  d ( g , h )  = d ( g f , h f )  . F o r  f : X  -» X ,

we so m e t im e s  s a y  t h a t  f  i s  s m a l l  ( o r  e - s m a l l )  i n s t e a d  o f

" d ( f , i d „ )  i s  s m a l l  ( o r  l e s s  t h a n  e ) "  . The s p a c e  o f  a u t o -  

homeomorphisms o f  a  t o p o l o g i c a l  s p a c e  X i s  d e n o t e d  b y  

H(X) .

One c o n v e n i e n t  p r o p e r t y  o f  t h e  H i l b e r t c u b e  i s  s t a t e d  i n  

t h e  f o l l o w i n g

P r o p o s i t i o n  1 . 1  (Mapping R e p la c e m e n t  T h e o r e m ) . L e t  f : X  -♦ Q, 

b e  a  map f ro m  a  s e p a r a b l e  m e t r i c  s p a c e  i n t o  t h e  H i l b e r t c u b e .
I

Then  f o r  e a c h  e > 0 , t h e r e  e x i s t s  a n  em bedd ing  f  :X Q
t

s u c h  t h a t  f  (X) i s  a n  i n f i n i t e l y  d e f i c i e n t  s u b s e t  o f  s 

a n d  d ( f ' , f ) < e .

P r o o f . I t  i s  w e l l - k n o w n  t h a t  e v e r y  s e p a r a b l e  m e t r i c  s p a c e  

c a n  b e  embedded i n  s . So l e t  g:X -» s be  a n y  e m b e d d in g .  

D e f i n e ,  f o r  6 e ( 0 , 1 )  a n d  M any  i n t e g e r  and

x  e X , f M̂ 6 (x)  = ( 6 - P]Lf ( x ) ,  • • • , 6 . p Mf ( x ) , p ] g ( x ) , 0 , p 2g ( x ) , 0 ,  ••

Then  f ^  6 i s  a n  em bedd ing  b e c a u s e  g i s ,  and  f ^   ̂ i s  

e - c l o s e  t o  f  i f  M i s  s u f f i c i e n t l y  l a r g e  and  6 s u f ­

f i c i e n t l y  c l o s e  t o  1 , b e c a u s e  i n  t h a t  c a s e  f  and  f ^  6



" a l m o s t "  c o i n c i d e  i n  t h e  m o s t  s i g n i f i c a n t  c o o r d i n a t e s .

F o r  s e v e r a l  c o n s t r u c t i o n s  i n  t h i s  c h a p t e r ,  we o b t a i n  

a  homeomorphism w i t h  c e r t a i n  p r o p e r t i e s  a s  a  l i m i t  o f  i n ­

d u c t i v e l y  c o n s t r u c t e d  hom eom orph ism s .  We c a n  e n s u r e  c o n ­

v e r g e n c e  t o  a  homeomorphism i f  a t  e a c h  s t a g e  t h e  n e x t  homeo­

m orp h ism  c a n  b e  c h o s e n  a r b i t r a r i l y  c l o s e  t o  t h e  i d e n t i t y .

More f o r m a l l y ,  l e t  b e  a  s e q u e n c e  o f  maps f ^ X  -♦ X

s u c h  t h a t  t h e  s e q u e n c e  f ^ ,  f g o f ^ f ^ o f ^ f ^ ,  • • • h a s  a  c o n ­

t i n u o u s  l i m i t ;  t h e n  t h e  l i m i t  i s  d e n o t e d  and  as

c a l l e d  t h e  i n f i n i t e  l e f t  p r o d u c t  o f  t h e  s e q u e n c e  •

We h a v e  t h e  f o l l o w i n g  th e o re m  (due  t o  F o r t  [1 0 ]  i n  a  s l i g h t l y  

d i f f e r e n t  f o r m ) :

Theorem 1 . 2  (The C o n v e rg e n c e  C r i t e r i o n ) . L e t  X b e  a  com­

p a c t  m e t r i c  s p a c e  a n d  l e t  (h ^ : X -» X) ^ b e  a  s e q u e n c e  o f  

a u to h o m e o m o r p h i s m s . Then L rhh^  _is a  homeomorphism i f  f o r  

a n y  i  (1 )  d ( h i + 1 , i d )  < 2” 1 and

(2)  d ( h i + 1 , i d )  < 3 “ i - i n f { d ( h i o • • •  oh1 ( x ) , h ±o • • •  oh1 ( y ) ) |  

| d ( x , y )  > 1 / i )  .

P r o o f . C o n v e rg e n c e  t o  a  c o n t i n u o u s  l i m i t  i s  e n s u r e d  by  t h e  

C auchy  c o n d i t i o n  d ( h ^ + ^ , i d )  < 2~1 , w h ic h  i s  e q u i v a l e n t  t o  

d ( h i +iO • • •  o h ^ , h ^ °  • • •  oh^)  < 2~1 . B e c a u se  X i s  c o m p a c t ,  

t h e  o n l y  o t h e r  t h i n g  we h a v e  t o  show i s  t h a t  LH^h^ i s  

o n e - t o - o n e .  T h i s  f o l l o w s  f rom  (2)  s i n c e  p o i n t s  w h ic h  a r e



y

a t  l e a s t  l / i  a p a r t  a r e  p r e v e n t e d  f ro m  b e i n g  mapped o n t o  

t h e  same p o i n t  i n  t h e  l i m i t  b y  t h e  s i z e - r e s t r i c t i o n s  on

Vi Vi • • •
i + 1 '  1+2*

The Homeomorphism E x t e n s i o n  Theorem f o r  Compact S u b s e t s  o f  s . 

E v e n t u a l l y  we w an t  t o  p r o v e  t h e  Homeomorphism E x t e n s i o n  

Theorem  f o r  Z - s e t s  (Theorem  I . 1 0 ) .  F o r  t h i s  we w i l l  n e e d  

t h e  c o n c e p t  o f  b a s i c  c o r e  s e t  ( b c s ) ,  t o  be  d e f i n e d  l a t e r .

I t  w i l l  b e  s e e n  t h a t  a n y  two b a s i c  c o r e  s e t s  a r e  e q u i v a l e n t  

u n d e r  a n  au toh o m eo m o rph ism  h  e H(Q) .

The p r o o f  o f  t h e  g e n e r a l  Homeomorphism E x t e n s i o n  

T heorem  i s  b r o k e n  up i n  t h e  f o l l o w i n g  s t e p s :

1) A Homeomorphism E x t e n s i o n  Theorem f o r  c o m pac t  s u b s e t s  

o f  s ( P r o p o s i t i o n  1 . 5 ) .

2) I t  i s  shown t h a t  (Q,BQ) i s  hom eom orphic  t o  (Q,M) ,

w h e re  M i s  a  b a s i c  c o r e  s e t  ( P r o p o s i t i o n  1 . 7 ) •

3) I t  i s  shown t h a t  f o r  a  b c s  M a n d  a ny  Z - s e t  K ,

(Q, M) = (Q,M-K) , and  a s  a  c o n s e q u e n c e  t h a t

(Q,BQ) = (Q./BQ-K) ( P r o p o s i t i o n  1 . 8 ) .  ( I n  f a c t ,  a  

w e a k e r  v e r s i o n  o f  1 . 8  w ou ld  s u f f i c e ,  b u t  l a t e r  on we w i l l  

n e e d  t h e  s t r o n g e r  s t a t e m e n t . )

Combining the above results one can easily obtain the 
general version of the Homeomorphism Extension Theorem.

Lemma T.3 (Anderson [1])- Let K be n compact, subset of



s , N a  p o s i t i v e  i n t e g e r  a n d  e a  p o s i t i v e  r e a l  n u m b e r .

T hen  t h e r e  e x i s t s  a  homeomorphism cp:Q -* Q s u c h  t h a t

( ! )  f o r  some n  > N , pn (cp(K)) i £  a  s i n g l e  p o i n t  i n  ( - 1 , 1 )  >

(2 )  d(<P , id)  < e a n d  (3)  f o r  a n y  e n d f a c e

¥  = Cx = 1} o r  C x |x i  = - 1 ]  , cp(¥) = ¥  a n d  t h e r e f o r e

cp(BQ) = BQ .

P r o o f . The s e t  K i s  c o n t a i n e d  i n  a  c u b e  K = c  s •

L e t  n  > N b e  so  l a r g e  t h a t  f o r  a n y  x , y  e Q , i f  

p n - l ( x ) = p n - l ^ y  ̂ "then d ( x , y )  < e . F i r s t  we f i n d  a  homeo­

m orp h ism  h  s u c h  t h a t  a n y  l i n e  i n  t h e  d i r e c t i o n  o f  t h e  n ^ h
I

c o o r d i n a t e  i n t e r s e c t s  h(K ) i n  a t  m o s t  one  p o i n t .  L e t , f o r

a n y  m > n , hm be  a  PL au to ho m eo m o rp h ism  o f  t h e  2 - c e l l

I  x a s  i n d i c a t e d  i n  F i g u r e  1 . 1  b e lo w ,  w h ic h  d e fo rm sn m

Fig. 1.1



1 1

[ a  , b  ] v [ a  . b  ] i n t o  a  s l a n t e d  f i g u r e  s u c h  t h a t  h o r i -  n n A m m
z o n t a l  i n t e r s e c t i o n s  w i t h  i t  h a v e  d i a m e t e r  < 2~m , and  

w h i c h  l e a v e s  t h e  x n - c o o r d i n a t e  u n c h a n g e d .  D e f i n e

h ( x )  = ( ^ • • • . V y n + l ' y n + 2 ' - " )  '  w he re  ( V ym> = 

k m ^ n ^ m )  * O b v i o u s l y  h  i s  a  homeomorphism, a n d ,  f o r

any  m > n  , b y  t h e  d e f i n i t i o n  o f  hm , t h e  i n t e r s e c t i o n  

o f  h ( K ' )  w i t h  a n y  i n t e r v a l  i n  t h e  x n - d i r e c t i o n  h a s  d i a ­

m e t e r  a t  m o s t  2 “m . Hence  t h e  i n t e r s e c t i o n  i s  a  p o i n t .

F o r  t h e  s e c o n d  an d  l a s t  s t e p  we c o n s t r u c t  a  g e H(Q) 

w h i c h  maps h ( K ’ ) i n t o  t h e  h y p e r p l a n e  P ^ 1 (0)  . On any

i n t e r v a l  i n  t h e  x - d i r e c t i o n  L = {y|m ^  n => y m = x 1 ,
xi jv i in  iii

g w i l l  a c t  a s  f  : [ —1 , 1 ]  -> [ - 1 , 1 ]  , w h e re  f  i s  a  IJL
T. M.

homeomorphism w h ic h  maps [ - l , q ]  l i n e a r l y  o n t o  [ - 1 , 0 ]  and  

[ q ,  1] l i n e a r l y  o n t o  [ 0 , 1 ]  , a n d  w h e re  q e ( - 1 , 1 )  w i l l  

b e  s p e c i f i e d  l a t e r .  We w r i t e  Q = j n  1 x Qn+1 x I n  , and

x  = ( x , x n ) , w h e re  £  e I 11-'1' x Qn .f l  • L e t  £  be  t h e  p r o ­

j e c t i o n  o f  h ( K ' )  on I 31" 1 x Qh+1 . We d e f i n e  f ' : £  -* ( - 1 , 1 )

b y  F (x )  = y  , w h e re  y  e ( - 1 , 1 )  i s  t h e  u n i q u e  p o i n t  s u c h
A t 1

t h a t  ( x , y )  e h(K ) . By T i e t z e ' s  lemma, F c a n  b e  e x ­

t e n d e d  t o  F : I n “ 1 x 0n+2_ ( “ 1*1)  • D e f i n e  g b y  g ( x , x n ) =

( x , f F ( A ) ( x n ) ) ( s e e  F i g u r e  1 . 2 ) .  Then g i s  o n e - t o - u n e  o n t o

b e c a u s e  g l e a v e s  i n t e r v a l s  L i n v a r i a n t  and  i s  o n e - t o - o n e

o n t o  on e a c h  L . F u r t h e r m o r e-X
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Fig. 1.2

n

g(h(K )) i s  a subset of the hyperplane anti
i s  e-close to id„ because it does not alter the first n-1 
c o o r d i n a t e s  of any point. Finally, from the construction i t  
follows that x. -- l 1 iff p^°r,°h(x) j_ 1 . Therefore 
<p = g0 h is the desired hoirioorriorphisin.

C o r o l l a r y  1 . 4 . L e t  K b e  a, c o m p a c t  s u b s e t  o f  s  and  e 

Bl p o s i t i v e  n u m b e r . Then t h e r e  e x i s t s  a  homeomorphism 

f : Q  ■+ Q s u c h  t h a t  f(BQ) = BQ a n d  f (K )  i s  i n f i n i t e l y  

d e f i c i e n t .

P r o o f . We c a n  w r i t e  Q, ^ *\QC w here  n C . = 0  a nd

UiCi = N . We c a n  a p p l y  Lemma 1 . 3  t o  e a c h  o f  t h e  c o p i e s

Qp o f  Q and  t h e  com p ac t  s u b s e t s  Pp (K) o f  s p and  
i  i  l

o b t a i n  a  homeomorphism f . :Qn -* Qp s u c h  t h a t  f . (Pr< (K.))
1 ° i  ° i  1 e' i

i s  d e f i c i e n t  i n  some c o o r d i n a t e  n^  e Then t h e  homeo­

m o rp h ism  f:Q. Q d e f i n e d  by  p p ° f ( x )  = f j ( x c ) maps K
i  i



o n t o  a  s e t  o f  i n f i n i t e  d e f i c i e n c y .  M o re o v e r  f  i s  e - c l o s e  

t o  t h e  i d e n t i t y  m ap p ing  i f  t h e  maps f p a r e  s u f f i c i e n t l y  

c l o s e  t o  t h e  i d e n t i t y .

P r o p o s i t i o n  1 . 5 . L e t  f : K  -» f ( K )  b e  a  homeomorphism b e t ­

ween  tw o  c o m p a c t  s u b s e t s  o f  s  s u c h  t h a t  d ( f , i d K) < e .
i

Then  f  c a n  b e  e x t e n d e d  t o  a n  a u to h o m eom o rp h ism  f  o f  Q 

w h i c h  maps B(Q) o n t o  B(Q) s u c h  t h a t  d ( f  , i d )  < e .

P r o o f . The i d e a  o f  t h e  p r o o f  i s  b a s i c a l l y  due  t o  K le e  [ 1 4 ] ,  

a n d  m o d i f i e d  by  B a r i t  [6 ]  a s  t o  s a t i s f y  t h e  s m a l l n e s s  c o n ­

d i t i o n .  L e t  d ( f , i d K) = e.^ < e a nd  l e t  6 = (e  -  e - ^ / 5  . 

S i n c e  t h e r e  e x i s t  a u toh o m eo m orp h ism s  o f  Q w h i c h  map 

K U f (K )  o n t o  a  s u b s e t  o f  s o f  i n f i n i t e  d e f i c i e n c y  and  

w h i c h  a r e  a r b i t r a r i l y  c l o s e  t o  t h e  i d e n t i t y ,  we may assum e

t h a t  K U f (K )  c  QC x {0) , w here  C i s  s u c h  t h a t

d ( p c , i d )  < 6 . F o r  c o n v e n i e n c e  o f  n o t a t i o n  h o w e v e r ,  we s h a l l
C N-Cw r i t e  Q x Q i n s t e a d  o f  Q ' x Q b u t  k e e p  i n  m ind  t h a t  

t h e  s e c o n d  c o p y  o f  Q h a s  a  s m a l l  d i a m e t e r .  We w r i t e  

Pj(x,y) = x  a nd  p I I ( x , y )  = y  . I n s t e a d  o f  P j ( K )  and

P I ( f ( K ) )  we w r i t e  K a n d  f (K )  . The e x t e n s i o n  f  w i l l

b e  a  c o m p o s i t i o n  h ^ h ^ h ^  . (See  F i g u r e  1 .3 * )

F o r  t h e  c o n s t r u c t i o n  o f  h^  , a p p l y  T i e t z e ' s  t h e o r e m

t o  e a c h  o f  t h e  f u n c t i o n s  p ^ ° f  t o  o b t a i n  a  f u n c t i o n  

f * : Q  -» s  w h i c h  i s  a n  e x t e n s i o n  o f  f : K  ■+ f (K )  . L e t ,  f o r

a n y  p o i n t  x  e ( - 1 , 1 )  , cp : [ - l , l ]  -♦ [ - 1 , 1 ]  b e  t h e  PL map
A
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w h i c h  maps [ - 1 , 0 ]  l i n e a r l y  o n t o  [ - l , x ]  a n d  [ 0 , 1 ]  

l i n e a r l y  o n t o  [ x , l ]  . L e t ,  f o r  x  e s , FX:Q -* Q b e  

d e f i n e d  b y  p (y) = Vx  ( y d ) • Now d e f i n e  

h - ^ Q  x Q  *♦ Q x Q b y  h - j ^ y )  = ( x , F f * ^ ( y ) )  . Then on 

e a c h  s e t  [ x ]  x Q , h ^  i s  e q u a l  t o  F f * ( x ) a n d  maps ( x , 0 )
•K-

o n t o  ( x , f  ( x ) )  . I n  p a r t i c u l a r  K i s  mapped o n t o  t h e

" g r a p h "  o f  f  . F u r t h e r m o r e  d ^ ^ i d ^ ^ )  < 6 . F o r

we u s e  a  s i m i l a r  c o n s t r u c t i o n ,  e x c e p t  t h a t  f  i s  r e p l a c e d
*  -*  

b y  i d K a n d  f  b y  a n  e x t e n s i o n  o f  i d K t o  a  map i d

f r o m  Q i n t o  s .
*

We w a n t  h^  t o  map t h e  g r a p h  o f  f  ( n o t  o f  f  ) o n t o  

t h e  g r a p h  o f  i d ^ ^  . We u s e  a  m o d i f i c a t i o n  o f  t h e  t r i c k  

f o r  h.n a nd  h 0 : l e t ,  f o r  x , y  e ( - 1 , 1 )  , <¥> „ : [ - l , l ]
X  A *  j

[ - 1 , 1 ]  b e  t h e  PL map w h ic h  maps [ - l , x ]  l i n e a r l y  o n t o  

[ - l , y ]  a n d  [ x , 1] l i n e a r l y  o n t o  [ y , 1] . L e t ,  f o r  x  

a n d  y  i n  s , F ^ y  b e  d e f i n e d  b y  P i FX iy ( z ) = ^ x ^ y . ^ i ^

f o r  z e Q . L e t  i d  :Q -» s b e  a n  e x t e n s i o n  o f  i d ^  ^  ,
—.T

a n d  f  :Q -» s a n  e x t e n s i o n  o f  f ” . We c a n n o t  d e f i n e

h 3 ( x , y )  = (F f * * ( y ) * i d * * ( y ) ( x )>y) s i n c e  we a r e  n o t  s u r e  
** *#

w h e t h e r  f  a n d  i d  a r e  s u f f i c i e n t l y  c l o s e ,  i . e . ,
*  *  *  *

€ j +  o _ c l o s e  t o g e t h e r .  I n  o t h e r  w o r d s ,  i f  d ( f  , i d  )

g e t s  l a r g e  t h e n  s o  d o e s  h ^  . B u t ,  u s i n g  a  U ry s o h n  f u n c ­

t i o n  w h i c h  i s  1 on f (K )  and  0 on

( y | 3 ( f  ( y ) > i d  ( y ) ) > e-  ̂ + 6) , we c a n  r e p l a c e  f  a n d



* *  4- +  * *  * *id by f and id which coincide with f and id 
respectively on K , and both of which coincide with the
average of f** and id** for those x for which they
would have been too far apart (i.e., more than e^+ 6) .
We define h3 (x,y) = (Ff+(y )^ld+(y)(x),y) . Then 
hg^h^h^tQ x Q -» Q x Q is the desired extension of f .

C o r o l l a r y  1 . 6 .  a )  I n  P r o p o s i t i o n  1 . 5 ,  we c a n  f u r t h e r m o r e
I

r e q u i r e  t h a t  f  i s  t h e  i d e n t i t y  o u t ­

s i d e  U (K) . 

b )  I n  a d d i t i o n , i f  K U f (K )  p r o j e c t s  o n t o  

Bl P o i n ^ i n  a l l  b u t  f i n i t e l y  many c o o r d i -
i

n a t e s , t h e n  f o r  some n  , f  c a n  b e

c o n s t r u c t e d  a s  t h e  p r o d u c t  o f  a n  a u t o ­

homeomorphism o f  I n a n d  i d n
Tl+1

P r o o f , a )  Let  6 = (e -  e 1 ) / 8  i n s t e a d  o f  (e  -  e 1 ) / 5 .

We c a n  a c c o m p l i s h  a )  b y ,  i n  t h e  c o n s t r u c t i o n  o f  h^  and

h g  , r e p l a c i n g  f  a n d  i d  b y  f u n c t i o n s  w h i c h  c o i n c i d e

with f  a n d  i d  on K a n d  f ( K )  r e s p e c t i v e l y ,  and

which a r e  z e r o  o u t s i d e  a  6 - n e i g h b o r h o o d  o f  K a nd  f (K )

r e s p e c t i v e l y ,  u s i n g  s u i t a b l e  U ry so h n  f u n c t i o n s .  I n  t h e  c o n -
I

s t r u c t i o n  o f  h ,  , cp h a s  t o  b e  r e p l a c e d  b y  cd w h ic h ,
d * , y

i f  x  < y  , i s  t h e  i d e n t i t y  o u t s i d e  [ x - 6 , y + 6 ]  , maps

[ x - 6 , x ]  o n t o  [ x - 6 , y ]  a n d  [ x , y + 6 ]  o n t o  [ y , y + 6 ]  . The

case x > y is treated analogously. Furthermore, the



U ryso h n  f u n c t i o n  w h ich  r e g u l a t e s  t h e  " a v e r a g i n g  o u t "  o f  

f  and  i d  h a s  t o  be z e r o  i f  e i t h e r  f  (x )  o r  i d  (x )  

i s  more t h a n  6 away f ro m  f ( K )  . b )  L e f t  t o  t h e  r e a d e r .

The Homeomorphism E x t e n s i o n  Theorem f o r  Z - s e t s . To p r o v e  

t h e  g e n e r a l  Homeomorphism E x t e n s i o n  Theorem ,  we u s e  a n o t h e r  

copy  o f  B(Q) . A b a s i c  c o r e  s e t  (b c s ) s t r u c t u r e d  on t h e  

c o r e  I l ^ b . ]  , w here  - 1  < a^ < b.^ < 1 , i s  t h e  s e t  

{x e s | f o r  a l l  b u t  f i n i t e l y  many i ,  x ^  e . N o t i c e

t h a t  one o b t a i n s  t h e  same b c s  f ro m  two c o r e s  w h ich  d i f f e r  i n  

o n l y  f i n i t e l y  many a i  and  b i  . I t  i s  e a s y  t o  p r o v e ,  u s i n g  

a c o o r d i n a t e w i s e  d e f i n e d  homeomorphism, t h a t  any  two b a s i c  

c o r e  s e t s  a r e  homeomorphic  u n d e r  an au to ho m eo m o rp h ism  o f  Q . 

From t h e  d e f i n i t i o n  i t  f o l l o w s  t h a t  a n y  b a s i c  c o r e  s e t  i s  i n ­

v a r i a n t  u n d e r  a homeomorphism h w i t h  h ( B( Q))  -- B(Q) such  

t h a t  h c h a n g e s  a t  m o s t  f i n i t e l y  many c o o r d i n a t e s  o f  a n y  p o i n t .  

I t  i s  e a s i l y  s e e n  t h a t  b a s i c  c o r e  s e t s  a r e  c r -com pac t ,  e . g . ,  t h e  

b a s i c  c o r e  s e t  s t r u c t u r e d  on t h e  c o r e  [ -  can be w r i t t e n

as UnIW -1 + 1 ' * *W- ’ (The set fx e sl
f o r  a l l  b u t  f i n i t e l y  many i  , x  ̂ = 0} , w h ic h  i s  t h e  c o u n t ­

a b l e  u n io n  o f  f i n i t e - d i m e n s i o n a l  c o m p a c ta ,  m ig h t  be c o n s i d e r e d  

a s  a " b a s i c  c o r e  s e t  s t r u c t u r e d  on a d e g e n e r a t e  c o r e " ;  su c h  

s e t s ,  f - d  c a p s e t s ,  hav e  p l a y e d  an i m p o r t a n t  r o l e  i n  I n f i n i t e -  

D i m e n s io n a l  t o p o l o g y ,  b u t  we w i l l  n o t  c o n c e r n  o u r s e l v e s  w i t h  

t h e m ) .

Below we w i l l  c o n s t r u c t  an au tohom eom orph ism  h ---- I.ILt1.



o f  Q w h ich  maps B(Q) o n t o  a  "basic  c o r e  s e t . C o n v e r g e n c e  

t o  a  homeomorphism w i l l  be  e n s u r e d  by  t h e  c o n v e r g e n c e  

c r i t e r i o n .  The p r o o f  i n v o l v e s  two i d e a s :

1 )  The t e r n s  o f  t h e  s e q u e n c e  (h j_° h i - l °  ’ ** o h i ) i  maP a n y  

g i v e n  e n d f a c e  W7 i n t o  h i g h e r  and  h i g h e r  i n d e x e d  e n d -  

f a c e s  and  away f r o m  l o w e r  i n d e x e d  e n d f a c e s ,  i n  su c h  a  way 

t h a t  i n  t h e  l i m i t  t h e  e n d f a c e  i s  mapped d i s j o i n t  f ro m  a l l  

o f  BQ . More e x p l i c i t l y , ,  t h e r e  i s  an i n c r e a s i n g  s e q u e n c e  

(n i ) i  su c h  t h a t  f o r  any  1 Uj<-n _ ( ¥ j  U Wj) i s  mapped

s u c c e s s i v e l y  i n t o  W* , , * * ■ by
n i +1 n i + l +1 .i+2

h i , h i + l o h i , h i + 2 0 h i + l o h i , * * * ‘ We sh a 1 1  wriT:e f o r

LILX . h . .j > i  ,1
2)  By i m p o s in g  some s i d e - c o n d i t i o n s  on t h e  in  ( c o n d i t i o n s

2)  -  4 )  b e l o w ) ,  we can  a c c o m p l i s h  t h a t  f o r  a n y  i  t h e r e

e x i s t s  an i n f i n i t e  p r o d u c t  I I . [ a . , b _ .  ] c  s s u c h  t h a t  h .
J ij t)

maps W ^ _ i + 1  o n t o  x { D  x ,

hi+l°hi maps Wn1_1+1 onto
n ,  . [ a  . , b . ] x (1 )  x Q , , , • • •  and  t h e r e f o r e  t h a t

i .+l  -1 J
t h e  l i m i t  i l 1 ) = LII.x . h .  maps W* , ,  o n t o  II .N l [ a . , b . ]

J 1 - 1  JSJ- J J

Up t o  f i n i t e l y  many j  , ( a . ) ,  and  (b . ) .  w i l l  n o t
~ 1 1 1  1IWTL' J tl a J I
d ep en d  on t h e  c h o i c e  o f  i  ; t o  be s p e c i f i c ,  i f  1 < i

i
t h e n  f ro m  ;j = 1 on , we w i l l  g e t  t h e  same a . and«J



core set, where any of the sets II.[a.,b.] referred toJ J J
above can he considered as the core. Adding to the
above the observation that , n ) is con-

ni-l+1
tained in h(h^1° ••• ° h ^ 1 )(BQ) = h(BQ) , it is not
hard to prove that h(BQ) = U j h ^ ^ W *  ) , and there-

1 i-1 ’
fore a basic core set.

P r o p o s i t i o n  1 . 7 . F o r  e v e r y  e t h e r e  e x i s t s  an au tohom eom or­

p h ism  h e H(Q) s u c h  t h a t  h(BQ,) is_ _a b a s i c  c o r e  s e t  and  

d ( h , i d ^ )  < € .

P r o o f .  L e t ,  f o r  t h e  f i n i t e - d i m e n s i o n a l  c u b e  , t h e
+

f a c e s  ( x l x .  = 4 - 1 )  be d e n o t e d  by  FT . . L e t ,  f o r  e a c h
J — 1 > J*

p a i r  ( i , n )  su c h  t h a t  i  > n >_ 1 , h i  be a  P L -a u to h o m eo -  
i+ 1m orph ism  o f  I  su c h  t h a t  t h e  f o l l o w i n g  c o n d i t i o n s  a r e

s a t i s f i e d :

1 ) d ( h * ; n , i d )  < a - 1+a

2 )  h * >n maps U Pi + l J j )  l n t 0  fx c p i + l , i + l l

f o r  a l l  k < i  , | x k | < l - 2 - i ) .

3) h^ n ) i s  a  p r o d u c t  o f  i n t e r v a l s  ( t h e  i + l ° ^

i n t e r v a l  d e g e n e r a t e )  and

4 )  on {x e I’i +i , n | f o r  a l l  k /  " , i + l ,  | x R | < l - 2 _ri+:i } ,
•X* t  t

h .  i s  l i n e a r  and  c h a n g e s  o n l y  t h e  n and  i l l "1 , n
c o o r d i n a t e .

X -X
F i g u r e  I .4 i s  a  d i a g r a m  f o r  h-, , and h0 0 ( t h e  s i z e

J ,  .1. C- ,  /•_
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o f  t h e  d i f f e r e n t  c o o r d i n a t e s  a s  shown, r e f l e c t s  t h e i r

r e l a t i v e  i m p o r t a n c e  f o r  t h e  m e t r i c ) .

L e t  h .  ^ = h t  x i d n . N o t i c e  t h a t  f o r  e a c h  i
i , n  i , n  ^ i + 2

and  n , h^  n (BQ) = BQ . S e l e c t ,  u s i n g  t h e  C o n v e rg e n c e  

C r i t e r i o n ,  an i n c r e a s i n g  s e q u e n c e  ( n ^ ) ^ s u c h  t h a t  n 0+ l  = n^ 

and t h e  i n f i n i t e  l e f t  p r o d u c t  h = L I I ^ ^ h ^   ̂ n +1 i s  a  homeo­

m o rp h is m .  W r i t e  h .  = hi ,-i • R e g a r d i n g  h(W* ) ,
i * i - 1 0

o b s e r v e  t h a t  f o r  x e W* , , by 4 )  p . o h ( x )  =
0

t h a tp . o h . o  • • •  o h n ( x )  e ( - 1 , 1 )  f o r  t h e  s m a l l e s t  j  su ch
J

n .  > i  . T h i s  i s  b e c a u s e  x i s  mapped c o n s e c u t i v e l y  i n
- n

{x e W+ + 1 | f o r  a l l  k < 1  1 - 2  * i n  e Wn + 1 1
“bp -L.

f o r  a l l  k _< n 2 , |x ^ J  < 1 - 2  ) e t c .  Thus  h (Wfi + 1 ) c  s .

By 3)  and  t h e  ab o v e  ( s e e  a l s o  t h e  r e m a r k s  p r e c e d i n g  t h e  p r o ­

p o s i t i o n ) ,  h(W’!* , ) i s  a p r o d u c t  o f  c l o s e d  s u b i n t e r v a l s
n n+J-

( i  i "I-[ a .  , , b .  , ] o f  ( - 1 , 1 )  . By s i m i l a r  a r g u m e n t s  h r  ' (W , ) 
J j u J ) J- 1 - 1

i s  a  p r o d u c t  o f  c l o s e d  s u b i n t e r v a l s  [ a .  . , b .  ] o f  ( - 1 , 1 )  .j  , l  j  , i
M o re o v e r  f o r  a l l  j  > n .  , a .  . = a .  n and  b . . = b . ,

— 1 J  ̂ J y -L

+a s  can be  s e e n  by c o m p a r in g  t h e  s e t s  W , a nd
i - 1

h f  i °  • • •  o h^(Wn +^)  and  t h e i r  im ages  u n d e r

e t c  .

The s e t  '-*.h^^(W* , ) i s  e a s i l y  s e e n  t o  be a  b a s i c
i - 1

c o r e  s e t ,  s t r u c t u r e d  on t h e  c o r e  h(Wh , ) -  I l . [ a .  , b . -,1
T el J J tl 9



;d'd

We show t h a t  t h i s  s e t  e q u a l s  h(BQ) : w r i t e  h(BQ) =

h ( u kw£ U W") . F o r  any  k  t h e r e  i s  an  i  s u c h  t h a t

h i - l °  ' * '  ° h i ( wk U Wk)  c  Wn -j+1 * T h e r e f o r e

h(BQ) c  U^h(h^_>1° • • •  o h 1 ) “ 1 (W^ 1 + l ) *  C o n v e r s e l y ,  _̂+1 c

BQ = (h^  -̂ o • • ‘oh-^) (BQ), a nd  t h u s ,  f o r  e a c h  i ,  h ^ W *  c  h(BQ) .

The p r o o f  i s  c o n c l u d e d  by t h e  o b s e r v a t i o n  t h a t  h can 

"be made a r b i t r a r i l y  s m a l l  by  c h o o s i n g  n^  l a r g e  e n o u g h .

P r o p o s i t i o n  1 . 8 . a )  F o r  a n y  b a s i c  c o r e  s e t  M , a n y  Z - s e t

K and  an y  e > 0 , t h e r e  e x i s t s  an 

h e H(Q) su c h  t h a t  d ( h , i d )  < e a n d  

h(M-K) = M a n d  h _is t h e  i d e n t i t y  o u t ­

s i d e  an  e - n e i g h b o r h o o d  o f  K .

b) F o r  a n y  Z - s e t  K a n d  a n y  e > 0 ,

t h e r e  e x i s t s  an h e H(Q) su c h  t h a t  

d ( h , i d )  < e and  h(BQ -  K) = B(Q)

and  h _is t h e  i d e n t i t y  o u t s i d e  an

e - n e i g h b o r h o o d  o f  K .

P r o o f . O b v i o u s l y  b )  i s  a  c o n s e q u e n c e  o f  a )  and  P r o p o s i t i o n

I . 7 »  We p r o v e  a )  i n  f i v e  s t e p s .  L e t  a  s t a n d a r d  n - c e l l  i n

Q be  any  s e t  n j < n r a j * bi  1 x f ( 0 , 0 ,  • • • ) )  * where

- 1  < a i  < b .^  <  1 .

S t e p  1 . Moving K o f f  a, s t a n d a r d  n - c e l l . L e t

Cn = n i < n f a i , b i ^  x f ( ° > ° * * * * ) )  • F o r  a n y 6 > 0 , t h e r e  i s



an f  e H (q)  su c h  t h a t  (1)  d ( f , i d )  < 6 , (2)  f ( K )  D Cn = 0  , 

(3)  f ( B ( Q ) ) = B(Q) , (4 )  f  c h a n g e s  o n l y  f i n i t e l y  many 

c o o r d i n a t e s ,  and t h e r e f o r e  f (M) = M . F o r ,  s i n c e  K i s  a  

Z - s e t ,  t h e r e  e x i s t s  a  map cp: Q -* Q-K w i t h  d(cp, i d )  < 6 / 2  .

L e t  r) = min ( 6 / 2 ,  d (K,cp(Cn ) )  . A p p ro x im a te  ^ 1 ^  by  an
* / 1 \ \em bedd ing  cp s u c h  t h a t  d(cp,cp ) < B and  cp (C ) i s  a  com­

p a c t  s u b s e t  o f  s w h ich  p r o j e c t s  o n t o  0 i n  a l l  b u t  f i n i t e l y

many c o o r d i n a t e s .  Then c p ( Cn ) n K = / .  By C o r o l l a r y  1 . 6 ,  

cp'iC^ -♦ cp' (C ) can be  e x t e n d e d  t o  f  e H(Q) w i t h

d ( f ' , i d )  < 6 and  f ' ( B ( Q ) )  = B(Q) and w h ic h  c h a n g e s  o n l y

f i n i t e l y  many c o o r d i n a t e s ,  and  w h ich  t h e r e f o r e  maps M o n t o
i _i

M . Then f  = f  i s  t h e  d e s i r e d  homeom orphism .

S t e p  2 . Moving K o f f  a, g i v e n  i n f i n i t e - d i m e n s i o n a l  cube  

i n  s . Now l e t  C = a n , b n ]  be any  i n f i n i t e - d i m e n s i o n a l

su b c u b e  o f  s . Then we s h a l l  show t h a t  f o r  any  6 , t h e r e

e x i s t s  a  homeomorphism f : Q  -» Q s a t i s f y i n g  (1 )  -  (4)  f rom  

s t e p  1 w i t h  C i n s t e a d  o f  Cn . F o r  l e t  N be  so  l a r g e  t h a t

P N ( x )  = PN(y)  i m p l i e s  d ( x , y )  < 6 / 2  . L e t  

CN = X { ( 0 , 0 , * • * ) )  • A p p l y i n g  s t e p  1 ,  f i n d

g e H(Q) s a t i s f y i n g  (1 )  -  (4)  f ro m  s t e p  1 f o r  and  6 / 2  .

Then g(K) i s  d i s j o i n t  f rom  an open n e i g h b o r h o o d  o f  C , and  

i n  p a r t i c u l a r  d i s j o i n t  f rom  a s e t

% < N ^ a i , b i^  x n N<i<Mfa i , 'b i ]  x QM+1 * L e t  h be a map, 
a f f e c t i n g  o n l y  t h e  N +lbbl u n t i l  t h e  M^b c o o r d i n a t e ,  which



maps 1 * ^N<i<M®- a i * b i * ^M+l or|bo

n i<M^a i ' b i^  x S i+ 1  * Then h g (K) i s  d i s J o i n t  f ro m  C ,

hg  i s  6 - c l o s e  t o  t h e  i d e n t i t y ,  maps B(Q) o n t o  B(Q) a nd

c h a n g e s  o n l y  f i n i t e l y  many c o o r d i n a t e s  and  t h e r e f o r e  maps M 

o n t o  M . T h e r e f o r e  f  = hg  i s  a s  d e s i r e d .

S t e p  3 « f  = i d  o u t s i d e  a, s m a l l  n e i g h b o r h o o d  o f  C .

A c c o r d i n g  t o  C o r o l l a r y  1 . 6  we may s u p p o s e  t h a t  g i s  t h e

i d e n t i t y  o u t s i d e  a  s m a l l  n e i g h b o r h o o d  o f  . The same can

b e  a c c o m p l i s h e d  f o r  h by m ak in g  u s e  o f  U rysohn  f u n c t i o n s  

a s  i n  t h e  p r o o f  o f  P r o p o s i t i o n  1 . 5 :  L e t  r : I ^  -* I  be 0

o u t s i d e  a s m a l l  n e ig h b o r h o o d  o f  a x , b x ] and  1 on

% < N ^ a i , b i ^  * Leb I M-N be  a PL homeomorphism
i i

w h ic h  maps n N<1<M[ a ^ b ^ J  o n t o  a i* b i  * W r l t e

x  = (x i * x n * x i n ; )  w h e r e  x i  = (x i > ‘ * , ' xn ) * x n :  (xn-i-i * ' ’ , , xm )

and  x 1JX = (xM+1*xM+ 2 ' *) • D e f i n e

h ' ( x )  = (x I , r ( x I ) ( x X I ) + ( l - r ( x T ) ) • x I T , x I J T ) . I f  N i s
i

c h o s e n  s u f f i c i e n t l y  l a r g e ,  t h e n  f  = h ° g  i s  t h e  i d e n t i t y  

o u t s i d e  an a r b i t r a r i l y  s m a l l  n e ig h b o r h o o d  o f  C .

S t e p  4 . f  = i d  o u t s i d e  a, s m a l l  n e i g h b o r h o o d  o f  K . I t  i s

a l s o  p o s s i b l e  t o  f i n d  an f  e H(Q) , s a t i s f y i n g  (1 )  -  (4)  

o f  s t e p  1 f o r  0 a n d  any  6 > 0 , su ch  t h a t  f  i s  t h e  

i d e n t i t y  o u t s i d e  an a r b i t r a r i l y  sm alJ  n e i g h b o r h o o d  o f  K 0 0 : 

L e t  , c ( n )} be  some " c a n o n i c a l "  d e c o m p o s i t i o n  o f

C i n t o  s m a l l  c l o s e d  s u b c u b e s .  Suppose  C (■* ') , ••• ,  C a r o

t h e  s u b c u b e s  th a t ;  i n t e r s e c t  K . C o n s t r u c t  f^ , such  l h a t



f  1 (K) 0 = 0  , s a y  d (K ) , C ^ )) = 6 ^  . C o n s t r u c t  f 2

su c h  t h a t  d ( f 2 , i d )  < 6 ^ 2  and  fg f - j /K )  D = 0  . Then

we s t i l l  h a v e  f 2f 1 (K) f! C^1 ) = 0  . W ork ing  o u r  way t h r o u g h

c (3)  _ c (k ) we g e t  t h e  d e s i r e d  homeomorphism.

S te p  5 . Moving K o f f  c o u n t a b l y  many c u b e s  i n  s . L e t

M = be  any  b a s i c  c o r e  s e t ,  w here  an

c r e a s i n g  s e q u e n c e  o f  g e o m e t r i c a l  c u b e s .  L e t  h^ e H(Q) h a v e

t h e  p r o p e r t i e s  (1)  -  (4)  o f  s t e p  1 f o r  e / 2  and  M-̂  , and

such  t h a t  h-  ̂ i s  t h e  i d e n t i t y  o u t s i d e  U£ (K) . L e t

6 2 < m i n ( e / 4 , - ^  • d ( h ^ ( K ) , M j ) )  be  s m a l l  enough  w i t h  r e g a r d  t o

t h e  C o n v e rg e n c e  C r i t e r i o n .  L e t  h2 e II (Q) s a t i s f y  (1)  -  (4)

o f  s t e p  1 f o r  &2 and  Mg , and  be  e q u a l  t o  t h e  i d e n t i t y

o u t s i d e  U£ (K) fl h j ( U 6y 2 (K)) (w hich  i s  a  n e i g h b o r h o o d  o f

h1 (K) ) .  Then d ( h ^  (K) ^M j > 1 / 2  • d (1^ (K) ,MX) . F o r  t h e

i n d u c t i v e  s t e p ,  we l e t  6^ < m in (e  •2“ n , 6 ^  *2“ n+^ ,  • • ‘ , 6n _q *2’*1 )

a n d  s u f f i c i e n t l y  s m a l l  f o r  t h e  c o n v e r g e n c e  c r i t e r i o n ,  and  we

l e t  h^ s a t i s f y  (1)  -  (4 )  f rom  s t e p  1 f o r  (hn _ j .................. h ^ ) (K )

a n d  M̂  a n d  6n , and  we l e t  hn be t h e  i d e n t i t y  o u t s i d e

V K) n hn _ i °  ' * •  ohP  -n+1  ( K)) • Then h = Lll^h^ h a s
e • 2~

d i s t a n c e  l e s s  t h a n  e t o  i d n and  i s  t h e  i d e n t i t y  o u t s i d e
'qJ

U£ (K) . F o r  any  p o i n t  x n o t  i n  K , h i s  e q u a l  t o  some 

f i n i t e  c o m p o s i t i o n  hn o • • •  oh^ w h ich  c h a n g e s  o n l y  f i n i t e l y  

many c o o r d i n a t e s  o f  x . T h e r e f o r e  h maps M-K i n t o  M

and maps Q -  (MUK) i n t o  Q-M . F i n a l l y ,  h(K) h a s  p o s i t i v e



d i s t a n c e  t o  e v e r y  s e t  , and  t h e r e f o r e  h (K )  n M = ft .

But  t h e n  h(M-K) = M , and  we h a v e  p r o v e d  a ) .

C o r o l l a r y  I . 9 « .A c l o s e d  s u b s e t  K o f  Q _is a. Z - s e t  i n  Q

i f f  t h e r e  i s  an h e H (Q,) w h ic h  maps K o n t o  a  s e t  o f

i n f i n i t e  d e f i c i e n c y .

P r o o f . By P r o p o s i t i o n  1 . 8  b ) ,  K can  be  mapped i n t o  s , 

and  by  C o r o l l a r y  1 . 4 ,  t h e  image o f  K can be  made i n f i n i t e l y  

d e f i c i e n t  s u b s e q u e n t l y .

Theorem  1 . 1 0 . L e t  f : K -+ f  (K) _be a. homeomorphism b e tw e e n  

two Z - s e t s  i n  Q . Then t h e r e  e x i s t s  an f  _in H(Q) w h ich

i s  an e x t e n s i o n  o f  f  . M o r e o v e r , i f  d ( f , i d ^ )  = e-  ̂ < e t h e n
1 1 \ 1^ can  be c h o s e n  i n  su ch  a, way t h a t  d ( f  < c a n d  f

i s  t h e  i d e n t i t y  o u t s i d e  an e - n e i g h b o r h o o d  o f  K .

P r o o f . L e t  6 = ( e - e ^ ) / 6  . L e t  g e H(Q) map B(Q) - ( K  U f ( K ) )  

o n t o  B(Q) and  be 6 - c l o s e  t o  t h e  i d e n t i t y .  Then d ( g f g - ^ ,  id^.)  < 

e^+  26 . L e t  h b e  an a u to h om eo m o rph ism  o f  Q w h ic h  e x t e n d s  

g f g - 1 :g (K )  -* g f ( K )  su c h  t h a t  d ( h , i d Q )  < + 36 and  h i s

t h e  I d e n t i t y  o u t s i d e  Ue (w h ich  s e t  c o n t a i n s

g(Ue +g ( K ) ) )  . L e t  f  = g " ^ h g  , t h e n  f  h a s  t h e  r e q u i r e d

p r o p e r t i e s .

C a p s e t s . I n  [ 3 ] j R. D- A n d e rso n  i n t r o d u c e d  t h e  c o n c e p t  o f  

c a p s e t  ( i n  Theorem 1 . 1 2  be lo w ,  i t  w i l l  be shown t h a t  b(Q)
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and  a n y  b a s i c  c o r e  s e t  a r e  c a p s e t s .  F o r  t h e  c l o s e l y  r e l a t e d

b u t  more g e n e r a l  c o n c e p t  o f  ( G , V ) - s k e l e t o i d ,  i n t r o d u c e d  a t  

a b o u t  t h e  same t i m e ,  s e e  B e s s a g a - P e Z c z y n s k i  [ 6 ] ,  A s u b s e t

M o f  Q i s  a  c a p s e t  ( f o r  Q) i f  M can  be  w r i t t e n  a s  a

c o u n t a b l e  i n c r e a s i n g  u n i o n  o f  Z - s e t s  su c h  t h a t  f o r

e a c h  e > 0 , n > 0 and  f o r  e a c h  Z - s e t  K i n  Q t h e r e  

e x i s t s  an m > n a nd  an h e  H(Q) s u c h  t h a t  h (K)  c  ,

d ( h , i d )  < e and  hjMn = i d ^  . O b v i o u s l y  t h e  c o n c e p t  o f

c a p s e t  i s  t o p o l o g i c a l l y  i n v a r i a n t .  We r e m a r k  i n  p a s s i n g  t h a t  

t h e  p r o p e r t y  o f  b e i n g  a  c a p s e t ,  a s  w e l l  a s  t h a t  o f  b e i n g  a

Z - s e t ,  can  be  d e f i n e d  f o r  s u b s e t s  o f  s o r  i p  , and  t h a t

many o f  t h e  t h e o r e m s  a b o u t  Z - s e t s  and  c a p s e t s  r e m a in  v a l i d .

T h e r e  e x i s t s  a  f i n i t e - d i m e n s i o n a l  a n a l o g u e ,  v i z .  f - d  c a p s e t s  

( s e e  A n d e rso n  [ 3 ] ) .  T h e s e  w e re  a l r e a d y  b r i e f l y  t o u c h e d  upon

a t  t h e  d i s c u s s i o n  o f  b a s i c  c o r e  s e t s .

Theorem  1 . 1 1 . Suppose  M and  N a r e  two c a p s e t s  in  Q .

Then f o r  e a c h  e > 0 t h e r e  e x i s t s  an h e H (Q,) su c h  t h a t

h(M) -  N and  d ( h , i d ^ )  < e .

P r o o f .  L e t  t h e  d e c o m p o s i t i o n s  M U.M. and  N -  U.N.  l i  i i
s a t i s f y  t h e  c o n d i t i o n s  i n  t h e  d e f i n i t i o n  o f  c a p s e t .  We c o n s t r u c t

- 1  - 1h a s  a  c o m p o s i t i o n  • • • g g  ohgog^  °b-^ . W i th o u t  f u r t h e r  

m e n t i o n i n g ,  i t  i s  u n d e r s t o o d  t h a t  a t  e a c h  s t a g e  t h e  n e x t  

homeomorphism i s  c o n s t r u c t e d  i n  a c c o r d a n c e  w i t h  t h e  c o n -



v e r g e n c e  c r i t e r i o n .

A p p l y i n g  t h e  d e f i n i t i o n  o f  c a p s e t  f o r  N , we can  f i n d  

h 1 e H(Q) s u c h  t h a t  f o r  some n^ , h 1 (M1) c  . S i n c e

h 1 (M) i s  a  c a p s e t  we can  f i n d  g.^ e H(Q) su c h  t h a t  f o r  

some m1 ^g1 (Nn i ) c  ^ ( M ^ )  o r  e q u i v a l e n t l y  g J l h 1 (Mm^ )  =2

a nd  s u c h  t h a t  m o r e o v e r  g1 | h 1 (M1 ) = g ^ 1 | h 1 (M1 ) = i d  . T h e n ,  

s i n c e  h^(M^) c  , a l s o  <= . C o n s t r u c t  hg

s u c h  t h a t  f o r  some n 2 , hg° g ^ o  (M^ ) c  and  h 2 lNn = l d

Then a g a i n  h 2° s i l o h n ( \  ) 3  Nn ^ and  h 2o g “ 1o h 1 (Mj) c  Nn .

C o n t i n u i n g  w i t h  t h e  i n d u c t i v e  c o n s t r u c t i o n  o f  maps 

g r ^ h ^ ' g ^ * * ' • e H(Q) w h ich  c r e a t e  and  p r e s e r v e  a p p r o p r i a t e  

i n c l u s i o n - r e l a t i o n s , we o b t a i n  a  s e q u e n c e  o f  w h ich  t h e  i n ­

f i n i t e  l e f t  p r o d u c t  h = LlI^gT^o i s  a homeomorphism w i t h  on

th e  one  h a n d  ^ |M = ^ j 0 £ i - l °  * * * ° ^ i  > and  t h e r e f o r e
i  i

h(M ) c  N c  N , and  on t h e  o t h e r  h an d  
i  i+ 1

ld'Nn., ’ or in
- I  -1 - Io t h e r  w ords  h j N ^  -  (gT <)h . ^ , , , o h ^ ) " '  |Nn> , and  t h e r e f o r e

h(M) 3  h(M ) o  N . T o g e t h e r  t h e s e  show t h a t  h(M) = N .
i  i

Theorem  1 . 1 2 . a )  Any b a s i c  c o r e  s e t  i s  a_ c a p s e t .

b )  The p s e u d o - b o u n d a r y  i s a_ c a p s e t .

P r o o f .  By P r o p o s i t i o n  I . 7 , b )  f o l l o w s  f ro m  a ) .  F o r  t h e



p r o o f  o f  a )  we u s e  t h e  f o l l o w i n g  n o t i o n :  I f  X i s  a  c o u n t -

a b l y  i n f i n i t e  p r o d u c t a i*kj_] * w here  f o r  e a c h  i  ,

a^  < b ^  t h e n  we c a l l  ^ ( a ^ b ^ )  t h e  p s e u d o - i n t e r i o r  

P s l ( x )  o f  X . The p r o o f  i s  d i v i d e d  i n t o  two sub lem m as:

Sub lemma 1 . _If N _is _a c o u n t a b l e  u n i o n  o f  g e o m e t r i c  s u b c u b e s  

Ni  s s u c h  t h a t  f o r  e a c h  i  , N. c  P s I ( N i + j )  and  su c h

t h a t  iss d e n s e  i n  Q , t h e n  N _is a. c a p s e t .

P r o o f . O b v i o u s l y  N i s  a c o u n t a b l e  u n i o n  o f  Z - s e t s .  N o t i c e  

t h a t  e a c h  N. can  be  w r i t t e n  a s  n . [ a .  . ,b_. ... ] , where  f o r
1  J  1 y J  X i J

e a c h  j  , ( a .  . ) .  s t r i c t l y  d e c r e a s e s  t o  - 1  and  (b .  . ) .1 j J  1 X j J  1

s t r i c t l y  i n c r e a s e s  t o  -t l  . L e t  a  Z - s e t  K , e > 0 and  a  

p o s i t i v e  i n t e g e r  1 b e  g i v e n .  F o r  e a c h  k > i  t h e r e  i s  a 

c o o r d i n a t e w i s e  d e f i n e d  homeomorphism oni °  N^ w h ich

l e a v e s  p o i n t w i s e  f i x e d .  F o r  s u f f i c i e n t l y  h i g h  k ,

< e . By a p p l y i n g  t h e  Homeomorphism E x t e n s i o n  

Theorem t o  ^ 1 ^  ^ we o b t a i n  t h e  au tohom eom orph ism  o f

Q t h a t  p r o v e s  t h e  c a p s e t  p r o p e r t y  f o r  N . ( T h i s  i s  t h e  

o n l y  p l a c e  i n  t h e  p r o o f  o f  Theorem 1 .1 2  w here  we n e e d  t h e  

Homeomorphism E x t e n s i o n  T h e o r e m . )

F o r  t h e  p r o o f  o f  t h e  t h e o r e m ,  i t  c l e a r l y  s u f f i c e s  t o  p r o v e  

t h e  f o l l o w i n g  sub lemm a.

Sublemma 2 .  F o r  any  b c s  M t h e r e  e x i s t s  an h e  H(Q,) such



t h a t  h(M) i s  _a u n i o n  o f  c u b e s  a s  d e s c r i b e d  i n  Sublemma 1 .

P r o o f . S i n c e  any  c o r e  can  be  t r a n s l a t e d  c o o r d i n a t e w i s e  t o  

a n y  o t h e r  c o r e ,  i t  i s  t r i v i a l  t h a t  f o r  a n y  two b a s i c  c o r e  

s e t s  M and  M* , (Q,M) «  (Q,M ) . L e t  M be t h e  p a r t i c u l a r  

b c s  w i t h  c o r e  [ -  • L e t

M1 = - 1 + 1 / i ,  1 - 1 / i ]  x ; t h e n  M = u 1Mi  . We w i l l

c o n s t r u c t  h a s  an i n f i n i t e  l e f t  p r o d u c t  L l l ^ g h ^  > w h ich  

w i l l  c o n v e r g e  by  t h e  C o n v e rg e n c e  C r i t e r i o n ,  and  w h e re  e a c h  

h^  maps i n t o  P s I (M ^ )  , w h i l e  s a t i s f y i n g  c e r t a i n  s i d e -

c o n d i t i o n s .

S t e p  1 . We c o n s t r u c t  h2 su ch  t h a t  h 2 (M2 ) i s  a g e o m e t r i c a l

cube  I l . [ a . , b . ]  i n  PsT(Mp) and  s u c h  t h a t  f o r  p o i n t s  n o t  
C J J

i n  Mp o n l y  f i n i t e l y  many c o o r d i n a t e s  a r e  c h a n g e d .  F o r  su c h

an hp  , hp(M) = M , a s  t h e  r e a d e r  e a s i l y  c h e c k s  f o r  h im ­

s e l f .  L e t  IL = [ -  \  -  2" ’ , ^  -l- 2 ' 1 ] 1 x Qi+ 1  . Then (U. ) .  

i s  a  n e i g h b o r h o o d  b a s i s  f o r  M2 • We c o n s t r u c t  h 2 a s  an 

i n f i n i t e  l e f t  p r o d u c t  , w here  tk i s  t h e  p r o d u c t

o f  an au to ho m eom o rp h ism  o f  and  t h e  i d e n t i t y  on 3

and w h ere  f ^  i s  t h e  i d e n t i t y  o u t s i d e  f  • • ,0 f 2 (Uh ) •

We u s e  t h e  C o n v e rg en c e  C r i t e r i o n  t o  make t h e  l e f t  p r o d u c t  

c o n v e r g e .

L e t  f 2 be t h e  p r o d u c t  o f  t h e  i d e n t i t y  on and
2  1 1 2 a PL map on I  , w h ic h  maps ( s e e  Fip; .  I . r>) [ -  "
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F i g .  1 . 5

1 1 2  
o n t o  a  s q u a r e  [ -  -g + c 2 * Tr ~£ 2  ̂ l n  own i n t e r i o r  and

I s  t h e  I d e n t i t y  o u t s i d e  [ -  j rp^]  ( t h e  f i r s t  two c o o r d i n a t e s

o f  Ug) . L e t  f ^  be  t h e  p r o d u c t  o f  t h e  i d e n t i t y  on
•3 1 1 ?

and  a PL map on I - 1 w h ic h  s h r i n k s  ["■?? + £ 2*"2 " e 2* x

[ -  TyjTj] bo a s e t  [ -  + ^ 2 >~2 “ e 2^ x 1? ^  e 3 ,:2 ~ c 3^ *

i n  su c h  a  way t h a t  f ^  i s  t h e  i d e n t i t y  o u t s i d e  f ^ U ^ )  , 

and i s  s m a l l  enough  f o r  t h e  c o n v e r g e n c e  c r i t e r i o n  ( s e e  

F i g .  1 . 6 ) .  I n d u c t i v e l y  we c o n s t r u c t  t h e  r e m a i n i n g  f .  i n  

a s i m i l a r  m a n n e r .  The l e f t  p r o d u c t  LU^iL i s  t h e  d e s i r e d  

homeomorphism h 2 • N o t i c e  t h a t  we may assum e t h a t  f o r  

e a c h  x e Q and  e a c h  i n t e g e r  i  , x j < P i h 2 ( x ) — 0 o r  

0 < p 3h 2 (x )  < x ± .

Second  and  I n d u c t i v e  S t e p .  By s i m i l a r  c o n s t r u c t i o n s , ,  o b t a i n
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a  s u f f i c i e n t l y  s m a l l  e H(Q) s u c h  t h a t

h 2 (M2 ) c  c  h 3 (M3 ) c  P s I (M 3 ) • I t  i s  g e o m e t r i c a l l y

o b v i o u s  t h a t  we can r e q u i r e  t h a t  h3 | h 2 (M2 ) = i d  , and  t h a t

f o r  e a c h  x and  i  , x^ <_ p i h ^ ( x )  < 0  o r  0 < p i h ^ ( x )  x^  .

Then h ^ h ^ M g )  = h 2 (M2 ) i s  c o n t a i n e d  in  

P s I ( h 3h 2 (h“ 1 (M3 ) ) )  = h 3 (M3 ), and  h 3 (M) = M .

I n d u c t i v e l y  c o n s t r u c t  s u f f i c i e n t l y  s m a l l  h^  s u c h  t h a t  

h i _ i ( M i _ i )  e  P s I ( h i (Mi ) )  c  h1 (M^) c  Ps I (M ^ )  a n d  su c h  t h a t

h i  lh i - l ( Mi - l )  = dd and  ■f*o r  e a c h  x and  k  *

x k  1  Pkh i ( x ) < 0 o r  0 < Pkh i ( x ) < x k » and  h i ( M) = M •

B e ca u se  o f  t h e  c o n d i t i o n  j p ^ h ^ ( x ) |  < | x k | , we hav e

f o r  e a c h  i  , h i ^ i °  ' * *° h 2 3 (Mi ) • L e t  h = L^ i h i  •

Then h(M) = U1h(M1 ) c  U1h (h T ^ 1o • . . 0h 21 (M2 ) ) = u 1h 1 (M± ) and  

Ui h^(Mi ) = U ^ h ( h T ^ o  • • . o h ^  (M^) )  c  h(M) , and  t h e r e f o r e  

h(M) = U^h^(M^) . I t  i s  e a s i l y  s e e n  t h a t  U^h^(Mi ) i s  a  

u n i o n  o f  g e o m e t r i c a l  c u b e s  a s  d e s c r i b e d  i n  Sublemma 1 .

C o r o l l a r y  1 . 1 3 * F o r  e a c h  c a p s e t  M , e a c h  e > 0 and

e a c h  Z - s e t  K t h e r e  e x i s t s  h e H(Q) s u c h  t h a t

d ( h , i d ^ )  < e , h(M-K) = M a n d  h = i d  o u t s i d e  U_ (K) .

P r o o f .

By t h e  t o p o l o g i c a l  e q u i v a l e n c e  o f  a l l  c a p s e t s  and  by 

Theorem 1 . 1 2 ,  M i s  e q u i v a l e n t  t o  a b c s  u n d e r  some h e H(Q) 

s i n c e  P r o p o s i t i o n  1 . 8  p r o v e s  t h e  c o r o l l a r y  f o r  b a s i c  c o r e  

s e t s ,  t h i s  c o m p l e t e s  t h e  p r o o f .



P r o p o s i t i o n  1 . 1 4 . L e t  f  :K -* f  (K) _be _a homeomorphism b e t ­

ween two Z - s e t s  i n  Q s u c h  t h a t  f  (K) fl BQ = f  (K PI BQ) and  

d ( f , i d K) < e ; t h e n  t h e r e  i s  an f  e H(Q) su c h  t h a t  f  

e x t e n d s  f  , f ' (BQ) = BQ a n d  d ^ ^ i d ^ )  < e .

P r o o f . L e t  L c  q b e  a n y  Z - s e t .  U s in g  t h e  Homeomorphism

E x t e n s i o n  Theorem , f i r s t  f i n d  g^  e H(Q) s u c h  t h a t

g1 (L) c  s ; n e x t  f i n d  g 2 e H(Q) s u c h  t h a t  g ^ g j / L )  H g ^ ( L )

0 and  d ( g ^ 1g 2g1 , i d Q )  < e / 2  . Then g ^ g g g - ^ L )  fl L = 0 .

L e t  6 = d ( g “ 1g 2g1 ( L ) , L )  . S i n c e  b o t h  BQ an d  g ^ 1 g 2g 1 (BQ) 

a r e  c a p s e t s ,  t h e r e  e x i s t s  a  g^ e H(Q) su c h  t h a t

d ( g ^ , i d )  < min ( e / 2 , 6 )  and  £ g g j 1g 26 i ( BQ) = BQ . Then
1 -1  

d ( g 3 g j  g 2g2 ( L ) , L )  > 0 and  d ( g 3 gx g 2g i > l d Q) < € ■

Now c o n s i d e r  K U f ( K )  a s  a  Z - s e t  L a s  a b o v e .  L e t

d ( f , i d K) = e^  < e , a nd  6 = e - G^ • T h e r e  e x i s t s  a  6 / 4 - s m a l l

cp e H(Q) su c h  t h a t  cp(K U f ( K ) )  n (K U f ( K ) )  = 0 and  i n

p a r t i c u l a r  K D cpf (K) = 0 , and  s u c h  t h a t  cp(BQ) = BQ .

D e f i n e  f + :K U cpf(K) -» K 'J cpf (K) by  f + |K = cp0f  and

f + |<pof(K) = (cpof) ' 1  . Then d ( f + ,i<JK y ^ ( k ) )  < £ 3. + t>/>\ .

L e t ,  by P r o p o s i t i o n  1 . 8 ,  h be an a u to h o m eo m o rp h ism  o f  Q

su c h  t h a t  h(BQ -  (K U f ( K ) ) )  = BQ and  d ( h , i d )  < 6/4  .

U s in g  P r o p o s i t i o n  1 .5*  l e t  g e H(Q) be s u c h  t h a t

d ( g , i d Q) < 6 / 4  + e 1 , g | h ( K  U f + (K)) -  h f +h " 1 |h (K  U f + (K))

an d  g ( B ( Q ) )  = B(Q) . Then h “ ^ogoh i s  an au to h om eo m o rph ism

o f  Q e x t e n d i n g  f + such  t h a t  d ( h “ 1g h , i d )  < e^ + 36 /4  and



h ” 'I'gh(BQ) = BQ . We c h e c k  t h e  l a s t  s t a t e m e n t :

h “ 1 gh(BQ) = h “ 1gh([BQ  -  (K U f + ( K ) ) ]  U [BQ n (K U f + ( K ) ) ]  

= h - 1 g(BQ) U f + (BQ n (K U f + ( K ) ) )

= h - 1  (BQ) U (BQ fl (K U f + ( K ) ) )

= BQ .

— 1 —1Then cp" o (h“ ° g o h )  i s  t h e  d e s i r e d  hom eom orphism .

C o r o l l a r y  I . 13 s t a t e s  t h a t  f o r  a n y  c a p s e t  M and  any  

Z - s e t  K , M-K i s  a g a i n  a  c a p s e t .  C o m ple m en ta ry  t o  t h i s  

we h a v e  t h e  f o l l o w i n g  u s e f u l  p r o p o s i t i o n .

P r o p o s i t i o n  I . 1 5 « The u n i o n  o f  _a c a p s e t  and  a, g - Z - s e t  

( c o u n t a b l e  u n i o n  o f  Z - s e t s )  _is a g a i n  _a c a p s e t .

P r o o f .  L e t  M = be a  c a p s e t ,  w i t h  h a v i n g  t h e

p r o p e r t i e s  l i s t e d  i n  t h e  d e f i n i t i o n  o f  c a p s e t .  L e t  K = 

b e  a c o u n t a b l e  i n c r e a s i n g  u n i o n  o f  Z - s e t s .

We show t h a t  M U K i s  a c a p s e t  by c o n s t r u c t i n g  a 

homeomorphism H:Q -+ Q s u c h  t h a t  H (M U K) = M . Th i s  

homeomorphism w i l l  be  an i n f i n i t e  l e f t  p r o d u c t  LH^G.. su c h  

t h a t  f o r  some i n c r e a s i n g  s e q u e n c e  (n i ) j  » (-*-) t h e

i d e n t i t y  on M , (2)  Gj 10 , , , °G1 embeds K. i n  MJ J • 1 «L JL JL J J «l  l

( t h u s  G^ i s  a l s o  t h e  i d e n t i t y  on Gi _ i ° ' ‘ * ° ( ^ i _ i ) ) >

an d  (3)  G. (M U U* ,K * )  = M .
cl ■’** tJ

L e t  n^ = 1 • F o r  t h e  c o n s t r u c t i o n  o f  > c h o o s e ,  f o r



s u f f i c i e n t l y  l a r g e  n 2 , an em b ed d ing  rp:Ki  U ^

w h ic h  i s  t h e  i d e n t i t y  on M . N o t i c e  t h a t  cp(K-, U NL )
n l  x n l

i s  a  Z - s e t  b e c a u s e  i t  i s  c o n t a i n e d  i n  a  Z - s e t .  By C o r o l l a r y  

1 . 1 3 ,  l e t  f  e H(Q) be  s u c h  t h a t  f  (M -  (K^ (J ) )  = M

a n d  l e t  g e H(Q) be  su c h  t h a t  g(M U «p(K1 U ) )  = M .

L e t  h e H(Q) be  su c h  t h a t  h(M) = M a n d  h f ( K ^  U Mn ) )  =

gcp(Kn U M ) ; t h e n  G-, = g - 1 h f  maps K-, i n t o  M and

M U K, o n t o  M , l e a v i n g  M p o i n t w i s e  f i x e d .  O b se rv e  l  n1

t h a t  a l l  t h e  ab o v e  homeomorphisms can  be  c o n s t r u c t e d  

a r b i t r a r i l y  s m a l l .

The i n d u c t i v e  s t e p  i s  s i m i l a r .  The r e a d e r  can  v e r i f y  

f o r  h i m s e l f  t h a t ,  i f  a p p r o p r i a t e  s i z e  r e s t r i c t i o n s  h o l d ,  

t h e  i n f i n i t e  l e f t  p r o d u c t  If o f  a s e q u e n c e  o f  su c h  homeo­

m o rp h ism s  i s  an au toh o m eo m o rp h ism  o f  0 m ap p ing

M U o n t o  M .

The f o l l o w i n g  two c h a r a c t e r i z a t i o n s  o f  c a p s e t s  w i l l  be 

n e e d e d  i n  C h a p t e r s  I I  and  I I I .  The f i r s t  c h a r a c t e r i z a t i o n  

( 1 . 1 7 )  i s  known i n  t h e  f o l k l o r e ,  t h e  s e c o n d  ( 1 . 1 8 )  i s  e s p e ­

c i a l l y  d e s i g n e d  by t h e  a u t h o r  f o r  t h e  p r o o f s  i n  C h a p t e r  I I .

C o r o l l a r y  1 . 1 6 . Suppose  M is_ a, c o u n t a b l e  u n i o n  o f  com pac t  

s u b s e t s  o f  Q su c h  t h a t

1 )  F o r  e v e r y  e > 0 t h e r e  e x i s t s  a, map h :Q  -> Q-M su c h



t h a t  d ( h , i d )  < e

2 )  M c o n t a i n s  a. s e t  su c h  t h a t  f o r  e a c h  i  , = Q

an d  j i s  a, Z - s e t  i n

3)  F o r  e a c h  e > 0 , t h e r e  e x i s t s  an i  and  a, map

h :Q  -* su c h  t h a t  d ( h , i d Q )  < e .

Then M l_s a_ c a p s e t  f o r  Q .

P r o o f .  From 1 )  i t  f o l l o w s  t h a t  M i s  a  c o u n t a b l e  u n i o n  o f  

Z - s e t s  and  t h a t  e v e r y  com pac t  s u b s e t  o f  M i s  a  Z - s e t .  We 

show t h a t  i s  a c a p s e t .  L e t  e , j  a n d  a  Z - s e t  K be

g i v e n .  By 3 )  t h e r e  e x i s t  i  > j  and  h :Q  -* s u c h  t h a t

d ( h , i d  ) < e / 4  . By t h e  Mapping R e p la c e m e n t  Theorem  t h e r e  

e x i s t s  an e m bedd ing  g :Q  -* w h ic h  maps Q, o n t o  a  Z - s e t  

i n  su c h  t h a t  d ( h , g )  < e / 4  . Then d ( g , i d ^ )  < e / 2  .

By t h e  Homeomorphism E x t e n s i o n  Theorem f o r  , t h e r e  

e x i s t s  a  homeomorphism -* w h ich  e x t e n d s  g ~ ^ | g ( K  fl M

and  su c h  t h a t  d ( f , i d )  < e / 2  . Then f o g : K  -» i s  an em­

b e d d i n g  o f  K i n t o  M w hich  i s  t h e  i d e n t i t y  on K fl M. and<3
s u c h  t h a t  d ( f o g , i d )  < e . E x t e n d i n g  f o g  t o  an e - s m a l l  

F e H(Q) , we s e e  t h a t  i s  a  c a p s e t ,  a n d  t h e r e f o r e

M a s  w e l l .

A map F = (F ^ )^ :X  x T -♦ X i s  an i s o t o p y  i f  f o r  e a c h  

t  e I  , F̂ . = F ( * , t ) : X  -» X i s  an e m b e d d in g .  Below I  i s

r e p l a c e d  by [3- i 00 1 *

C o r o l l a r y  T . 1 7 « Euppose  M _ls a o - com p ac t  s u b s e t  o f  Q 

s u c h  t h a t



DO

-*•) F ° r  e v e r y  e t h e r e  e x i s t s  a, map h : Q -* Q-M s u c h  t h a t  

d ( h , i d )  < e .

2)  T h e r e  e x i s t s  an i s o t o p y  F = (F^.)^.:Q x [ l , 00] *♦ Q s u c h  

t h a t  = i d ^  a n d  FjQ x [1*°°] j l s  a  1 - 1  map i n t o  M . 

Then M ij3 a, c a p s e t  f o r  Q .

P r o o f .  D e f i n e  = F ( [ - l  + l / i ,  1 -  l / i ] “  x [ l , i ] )  an d  

h^.Q -» by h ^ ( x )  = F ^ ( ( 1 - l / i ) *x ) . S i n c e  l i m  d ( i d (̂ J h i ) = 0

and  i s  a  Z - s e t  i n  Mi+ 1  , t h e  c o n d i t i o n s  o f  C o r o l l a r y

1 . 1 6  a r e  s a t i s f i e d .

A l t e r n a t i v e  d e f i n i t i o n s  o f  Z - s e t s . Nowadays,  t h e  d e f i n i t i o n

o f  Z - s e t  p r e s e n t e d  h e r e  i s  t h e  one m o s t  commonly u s e d  i n  

I n f i n i t e - D i m e n s i o n a l  T o p o lo g y .  T h i s  d e f i n i t i o n  i s  c l o s e l y  

r e l a t e d  t o  ( i i )  b e lo w ,  which  i s  due  t o  T o r u n e z y k  [ l y 1. (v )  b e lo w  

i s  t h e  o r i g i n a l  d e f i n i t i o n  o f  A nde rson  [ 3 ] *  D e f i n i t i o n  ( v i )  

i s  u s e d  i n  C hapm an 's  "N o te s  on H i l b e r t  Cube M a n i f o l d s . "

Theorem  1 . 1 8 . F o r  a c l o s e d  s u b s e t  K o f  Q t h e  f o l l o w i n g  

a r e  e q u i v a l e n t :

( i )  K i_s _a Z - s e t .

( i i )  F o r  e v e r y  n > 0 , t h e  s e t  { f  e Q1 | f ( I n ) fl K = 0 ]
/ Yi s  d e n s e  i n  Q ( h e r e  X d e n o t e s  t h e  s p a c e  o f  a l l  

maps f ro m  Y t o  X , t o p o l o g i z e d  by  t h e  c o m p a c t -

open t o p o l o g y ) .

( i l l . )  T h e r e  e x i s t s  an h e H(Q) su c h  t h a t  h (K) h a s



i n f i n i t e  d e f i c i e n c y .

( i v )  F o r  e v e r y  e > 0 t h e r e  e x i s t s  an h e H(Q) su c h

t h a t  h (K )  h a s  i n f i n i t e  d e f i c i e n c y  a n d  d ( h , i d Q )  < e .

(v )  F o r  e v e r y  n o n - empty  h o m o t o p i c a l l y  t r i v i a l  open s u b s e t  

0 o f  Q , t h e  s e t  0 -K is_ a g a i n  n o n - em pty  and  homo­

t o p i c a l l y  t r i v i a l .

( v i )  F o r  a n y  open s u b s e t  0 _of Q a nd  any  open c o v e r  O

o f  0 , t h e r e  e x i s t s  a  map f : 0  ■+ 0-K s u c h  t h a t  f

i s  l i m i t e d  by O ( i . e . ,  f o r  a n y  x e 0 , ( x , f ( x ) )  

i s  c o n t a i n e d  i n  some e l e m e n t  o f  0 )  .

P r o o f . We show

a )  ( i )  «  ( i i )  »  (v)

b) ( i )  =* ( i v )  ( i n )  ( i )

c )  ( i )  «  ( i v )

a )  ( i )  =» ( i i ) :  S uppose  K i s  a  Z - s e t .  L e t  f : T n -» Q

and  c > 0 be g i v e n .  L e t  g :Q  -* Q-K be s u c h  t h a t  

d ( g , i d ^ )  < e , t h e n  d ( f , g ° f )  < e a nd  g ° f ( I n ) c  Q-K .

( i i )  => ( i ) :  Suppose  K s a t i s f i e s  ( i i ) .  L e t  n be

s u f f i c i e n t l y  l a r g e  t h a t  P ^ ( x )  = Pn (y )  i m p l i e s  d ( x , y )  < e / 2  

L e t  e : I n -♦ Q be t h e  n a t u r a l  em bedd ing  e ( x ^ , * * * , x  ) -  

(XL  ‘ “ ■, x n j O , 0 ,  • • •)  . L e t  f : I n -* Q-K such  t h a t  d ( f , e )  < e 

Then d ( f o p n , i d ^ )  < e and  ( f ° P n )(Q )  c  Q-K .

( i i )  =» ( v ) :  L e t  0 c  Q be o p e n ,  n o n -em p ty  and  homo­

t o p i c a l l y  t r i v i a l .  S i n c e  K i s  now lie r e  d e n s e ,  0-K i s  non ­

e m p ty .  S i n c e  K i s  an ANR, we o n l y  iiave t o  show t h a t  a l l
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h o m o to py  g r o u p s  o f  0-K a r e  t r i v i a l .  L e t  n and

f : a l n “ ^ -* 0-K be  g i v e n .  E x t e n d  f  t o  f ' : I n -♦ 0 ,  u s i n g  

h o m o to p i c  t r i v i a l i t y  o f  0 . B e c a u se  K s a t i s f i e s  ( i i ) *

t h e r e  e x i s t s  a  map g : I n -♦ Q-K s u c h  t h a t  d ( g , f ' )  < e *

w h ere  e <  d ( f ' ( I n ) , Q - 0 )  a n d  e < d ( f ( s l n _ 1 ) , K) . Then 

f ( I n ) c  0-K , and  i f  a  map F : a l n “ ‘1' x I  -* Q i s  d e f i n e d  by 

l i n e a r  i n t e r p o l a t i o n  b e tw e e n  f  and  g | d l n ” '1' t h e n  t h e  image

o f  F l i e s  e n t i r e l y  w i t h i n  0-K . S i n c e  I n i s  hom eom orph ic

t o  t h e  u n i o n  o f  i t s e l f  and  a c y l i n d e r  d l n X I  a t t a c h e d  t o
-1- TT)

i t s  b o u n d a r y ,  an e x t e n s i o n  f  : I  -♦ 0-K o f  f  can  be c o n ­

s t r u c t e d  f ro m  I1' and  g .

(v )  => ( i i ) :  L e t  n and  f : I n -» Q be  g i v e n  and  l e t

e > 0 . F o r  s u f f i c i e n t l y  s m a l l  6 , d ( x , x  ) < 6 i m p l i e s

d ( f ( x ) , f ( x  ) )  < € * 2 “ n_1 -  f o r  a n y  two p o i n t s  x and  x 

o f  I n . S u b d i v i d e  I n i n  e q u a l  s u b c u b e s  * * * *

d i a m e t e r  l e s s  t h a n  6 and  l e t  T. be  t h e  i - s k e l e t o n  o fl
t h i s  c e l l u l a r  s u b d i v i s i o n .  By an i n d u c t i o n  on t h e  s k e l e t a

-|
one  c o n s t r u c t s  “* Q~K * where  d ( f ) T Q , f 0 ) < e * 2 - n “

and  such  t h a t  f o r  a ny  i - c e l l  D o f  , t h e  d i a m e t e r  o f

1 \ ( D )  i s  l e s s  t h a n  e •2- n + ^ - ^ . T h i s  can be done  by 

a p p l y i n g  (v )  t o  an open con v ex  s e t  c o n t a i n i n g  t h e  image o f

t h e  ( c o m b i n a t o r i a l )  b o u n d a r y  o f  D . The d e t a i l s  a r e  l e f t

t o  t h e  r e a d e r .  T h i s  c o m p l e t e s  ( a ) .

( b ) :  ( i )  * (3v)  f o l l o w s  f rom  t h e  Homeomorphism

E x t e n s i o n  Theorem and t h e  Mapping h’op.l aeeinonf T heorem ,  and



( i v )  => ( i i i )  and  ( i i i )  =* ( i )  a r e  t r i v i a l .

( c ) :  ( i )  => ( v i )  can  be  shown b y  e m b e d d in g  K i n

an e n d f a c e  by  an au toh o m eo m o rp h ism  o f  Q a n d  a p p l y i n g  a  

s i m p l e  g e o m e t r i c  a r g u m e n t .  ( v i )  =» ( i )  i s  t r i v i a l .

T h i s  p r o v e s  t h e  t h e o r e m .



CHAPTER I I

PSEUDO-INTERIORS FOR 2Q AND RELATED RESULTS

F i r s t  we show (Theorem I I . 2)  t h a t  t h e  c o l l e c t i o n  o f

( c o n n e c t e d )  Z - s e t s  i n  Q fo rm s  a p s e u d o - i n t e r i o r  f o r

2^  (C(Q,)) by v e r i f y i n g  t h e  c o n d i t i o n s  o f  Lemma 1 .1 7 *

Thus we r e l y  h e a v i l y  on t h e  f a c t s  t h a t  2^  = Q a n d
a o

C(Q) = Q [ 9 ] .  As a c o r o l l a r y ,  we show t h a t  2 =

( C o r o l l a r y  I I . 3 ) .  N ex t  t h e s e  r e s u l t s  a r e  g e n e r a l i z e d  t o  

t h e  m a n i f o l d  c a s e  (Theorem I I .4 and  C o r o l l a r y  I I . 5 ) .

V
N o t a t i o n .  By X we mean t h e  s p a c e  o f  a l l  c o n t i n u o u s

m a p p in g s  f rom  Y i n t o  X endowed w i t h  t h e  c o m p a c t - o p e n  

t o p o l o g y .

Lemma I I . l . a )  The c o l l e c t i o n  o f  Z - s e t s  i n  Q i_s a  Gfi

i n  2Q .

b) The c o l l e c t i o n  o f  c o n n e c t e d  Z - s e t s  i n  Q 

i s  _a Gg i_n C (Q) .

P r o o f . a )  L e t  (K e 2Q|3 g  < QQ:g (Q )  0 K -  0  and

H 2



d ( g , i d ^ )  < 1 /1 }  . O b v i o u s l y  p^  i s  an open s u b s e t  o f  2 ^  

a n d  p = n i p 1 i s  e x a c t l y  t h e  c o l l e c t i o n  o f  Z - s e t s  i n  Q .

b ) :  T h i s  i s  a d i r e c t  c o n s e q u e n c e  o f  a ) .

R e m a rk . Lemma I I . 1 h a s  a  f i n i t e - d i m e n s i o n a l  a n a l o g u e .  In

[ 1 1 ] ,  Geoghegan and  S u m m e r h i l l  g i v e  g e n e r a l i z a t i o n s  t o

E u c l i d e a n  n - s p a c e  En f o r  many i n f i n i t e - d i m e n s i o n a l  n o t i o n s

and  r e s u l t s .  In  [ 1 1 ] ,  S e c t i o n  3* t h e y  d e f i n e  wha t  t h e y

c a l l  Z - s e t s  and  s t r o n g  Z - s e t s  i n  En f o r  0 < m < n - 2  . m m — —
F o r  (n ,m) /  ( 3 , 0 ) ,  ( 4 , 1 )  o r  ( 4 , 2 )  , t h e  Zm~ s e t s  and

s t r o n g  Z ^ - s e t s  c o i n c i d e .  A t h i r d  p o s s i b l e  d e f i n i t i o n  i s :
-h i

" K i s  a  Z - s e t  i f  f o r  a l l  i  < m+1 , t h e  maps f ro m  I
m t 1

i n t o  En\ K  l i e  d e n s e  i n  (En ) " . T h i s  d e f i n i t i o n  i s

e a s i l y  s e e n  t o  im p l y  t h e  d e f i n i t i o n  o f  Zm~ s e t  g i v e n  i n  [ 1 1 ]  

and t o  be i m p l i e d  by  t h e  d e f i n i t i o n  o f  s t r o n g  Z - s e t .  The 

c o l l e c t i o n  o f  Zm- s e t s  can be w r i t t e n  a s  a c o u n t a b l e  i n t e r ­

s e c t i o n  o f  open s e t s :  l e t ,  f o r  a l l  i  < m+1 , { f ^ } ^  be a

c o u n t a b l e  d e n s e  s u b s e t  o f  (En )^  . L e t
n Ti

p ,  . = [K e 2 l a g  e (En ) L : g ( I 1 ) 0 K = 0  and1 ,  K
d ( g , f f )  < l / k )  . Then D p .  , i s  e x a c t l y  t h e  c o l -

K i<m +l 1,K
k = l , 2 , • • •

* p 11
l e c t i o n  o f  Z - s e t s .  M o re o v e r ,  t h i s  s e t  i s  d e n s e  in  2 

s i n c e  t h e  c o l l e c t i o n  o f  f i n i t e  s u b s e t s  o f  En i s  a s u b ­

c o l l e c t i o n  o f  i t .  I f  m <. n - 3  , i t s  i n t e r s e c t i o n  w i t h  

C(En ) i s  a l s o  d e n s e  i n  0(En ) s i n c e  t h e  c o l l e c t i o n  o f



com p ac t  c o n n e c t e d  o n e - d i m e n s i o n a l  r e c t i l i n e a r  p o l y h e d r a  i s  

a  s u b c o l l e c t i o n  and  i s  d e n s e  i n  C(En ) .

Theorem  I I . 2 . a )  The c o l l e c t i o n  p _of Z - s e t s  i n  Q _is

_a p s e u d o - i n t e r i o r  f o r  2 ^  . 

t>) The c o l l e c t i o n  p^  o f  c o n n e c t e d  Z - s e t s  

i n  Q _i£ a, p s e u d o - i n t e r i o r  f o r  C(Q) .

P r o o f . N ote  t h a t  Lemma 1 . 1 7  i s  s t a t e d  i n  t e r m s  o f  t h e  

p s e u d o - b o u n d a r y  a n d  Theorem I I . 2 i n  t e r m s  o f  t h e  p s e u d o ­

i n t e r i o r .  The maps h and ( F ^ t  w^ i c^  a r e  a s k e d  f o r  i n  

t h e  lemma w i l l  map c o n n e c t e d  s e t s  o n t o  c o n n e c t e d  s e t s ,  no 

t h a t  t h e y  p r o v e  a )  and  b) s i m u l t a n e o u s l y .

As r e m a r k e d  i n  t h e  I n t r o d u c t i o n ,  e v e r y  c om p ac t  s u b s e t  

o f  s i s  a Z - s e t  i n  Q . T h e r e f o r e  t h e  map h :Q  -♦ s , 

d e f i n e d  by h ( x )  = ( l - e ) - x  --- ( ( 1 - e  ) , ( 1 -e  ) «x? , • • •) i n ­

d u c e s  a  map 2h :2 ^  -» p a s  a s k e d  f o r  i n  1)  o f  Lemma T . i y .

We s h a l l  c o n s t r u c t  F^ so  t h a t  f o r  K e 2^  and  

t  < oo t h e  s e t  F-fc(K) w i l l  be t h e  u n i o n  o f  two i n t e r s e c t i n g  

s e t s ,  one  o f  w h ic h  c a r r i e s  a l l  i n f o r m a t i o n  a b o u t  K and  t h e  

o t h e r  o f  w h ich  i s  n o t  a  Z - s e t .  F i r s t  we c o n s i d e r  t h e  c a s e  

t h a t  t  i s  an i n t e g e r .  We d e f in e :  a s e q u e n c e  o f  map;;

( f i ) i :Q -* Q by

f i ( x )  = 0- “ y )  * (x i> ‘ * * JX2 i ; , 0 , x 2 i + l j , 0 , x 2 i + 2 , ' * ' )  * 

O b v i o u s l y  f ^ ( Q )  i s  c o n t a i n e d  i n  s and  p r o j e c t s  o n t o  0



i n  a l l  odd c o o r d i n a t e s  > 2 i + l  . We d e f i n e  a n o t h e r

a u x i l i a r y  o p e r a t o r  T .  _ : 2 ^  -» 2^  , w he re  j  > 1 and
J j c —

c e [ 0 , 2 ]  :

TJ } C (K) = ( ( x j ,  • • **x j - 1 *Xj+y>Xj+ 1 * * * * ) I | y |  < c and

| x j + y |  < 1 and  ( x 1 ) 1 6 K) .

As c v a r i e s  f ro m  0 t o  2 , T .  (K) i s  t r a n s f o r m e d
J S ^

c o n t i n u o u s l y  f rom  K i n t o  a  s e t  w h ic h  o c c u p i e s  t h e  w h o le
4* jo

i n t e r v a l  i n  t h e  j  d i r e c t i o n .  We h a v e :

TJ > 0 (K) = K and T j ^ f p j - ^ p j f K ) ) )  = P - l ]  ( p ] _ !  ( 0  ) .

I f  P.. (K) = [0 ]  t h e n  c = 2 can  be r e p l a c e d  by c -  1 
cl

i n  t h e  abo v e  f o r m u l a .  Now we s e t :

F i ( K) = T2 i + 3 , . | ( f i ( K) ) U p 2 i + 3 ^ p 2 i + 3 ( f i ^ KN l  '

F o r  e v e r y  K t h i s  i s  a  n o n - Z - s e t  s i n c e  t h e  s e c o n d  t e r m

c o n t a i n s  a  s u b s e t  o f  t h e  fo rm  p (x-. , • • • , x  . )  w i t h
3 J- J

- 1  < x^ < 1 f o r  i  = 1 ,  . F u r t h e r m o r e ,  p F i ( K)

P 2 i - K 3 ^  0 T2 i + 3 , ^ ±,i ^ K^  iS  a t r a n s l a t i o n  o f

f ^ ( K )  i n  t h e  d i r e c t i o n  o f  t h e  2 i + 3 r d  c o o r d i n a t e ,  and

t h e r e f o r e  t h e  f i r s t  t e r m  c o n t a i n s  a l l  i n f o r m a t i o n  a b o u t

K , and F^ i s  o n e - t o - o n e .

B e f o r e  we d e s c r i b e  f ^  f o r  a r b i t r a r y  t  , we r e s t r i c t
n - 1o u r s e l v e s  t o  k -- :i -I -------  w here  i  > .1 and n > 1 :



f i ( x )  =

(1 - j)* (x̂ ,̂ • ••Jx21,0,x21+1j0,x21+2,0,x21+3,0,x21+i|,0, •

i + ?
X(x )  =

( 1  Lj) • (x1, • • • ̂ x2 i,x2 i+l,0 ,0 ,x2 i+2 ,0 ,x2 i+3 ,0 ,x2 i-f4 ,0i *
i +  2

f 2 (x) = 
i + |

( 1 ------------------ • ( x x ,  • • • > x 2 i ' x 2 i + l , x 2 i + 2 J 0 , 0 ^ 0 , x 2 i + 3 J’ 0J’ X 2 i - ^ 4 , 0 ,  '

i +  1

f 3 (x) =
i + l

(1_ —“ '3 ) * (xi* * ’ * * x2 i ,x 2 i-l-H ,x 2 i+ 2 -’^^x2i +3^ <̂)-,x21-f̂l ̂ i+ J_

f  ^ ( x ) = 
i + !

( 1  i^ .)  • (X l , • • •̂ x2i^x2i+l,x2i+2,0 ,x2i+3,0 ,x2i4-,t ‘
1+ 5

f 1+l ( x ) =

t 1" ITT^ ' ^ l '  *’ *, x 2 i , x 2 i + l , x 2 i + 2 , 0 , x 2 i + 3 , 0 , x 2 i + ' - r 0 , x 2 i-i-'3 

F o r  t, e ( i  + - , 1 + ~j* j)  > f t  i s  d e f i n e d  by l i n e a r



i n t e r p o l a t i o n  b e tw e e n  f  ,  a n d  f  . T h i s  way
i  + BZ± i  +

n n+1
p r o j e c t s  o n t o  0 i n  a l l  odd  c o o r d i n a t e s  > 2 i  + 3 

i f  t  < i+ 1  .

F o r  i  > 1 and  u e [ 0 , 1 ]  we d e f i n e

F l +u ( K) -  T2 i +3 4 ( l - U)oT2 H - 5 , i u ( f i +u ( K) )

U T 2 i 4 4 , 2 - 2 u o T 2 i + 5 , l - u ( p 2 i + 5 ( p 2 i + 5 ( f l + u ( K ) ) ) )  •

N o te  t h a t  t h i s  i s  c o n s i s t e n t  w i t h  t h e  p r e v i o u s  d e f i n i t i o n  

o f  F^(K)  . We c h e c k :

1 )  ( F . ). i s  c o n t i n u o u s .  F o r  f i n i t e  t  t h i s  f o l l o w s  f ro mt 0 x?
tt h e  c o n t i n u i t y  o f  t h e  o p e r a t o r s  T .  , 2  and

j > c
i i  . .

p . op . ; f o r  i t  i s  e a s i l y  s e e n  t h a t  F. (K) -♦ K .
J J

2)  F o r  e v e r y  K, F^(K) i s  a n o n - Z - s e t  i f  t  i s  f i n i t e ,  

f o r  i t  c o n t a i n s  a  s u b s e t  o f  t h e  fo rm  p . .“ ^(x-, , • • * ,x  .)
<) t)

w i t h  - 1  < x^ < 1 f o r  .

3 )  F = (F^-)^- i s  o n e - t o - o n e  on 2 ^  X [0,<x>) ; f o r  t h e  

d e t e r m i n a t i o n  o f  t  f ro m  F^(K ) ,  n o t e  t h a t  t  e ( i , i + l ]  

i f f  P j (F ^ . (K ) )  = [ - 1 , 1 ]  f o r  a l l  j  > 2 i + 5  and  f o r  no 

odd j  <_ 2 i+ 5  . Once i t  i s  d e t e r m i n e d  t h a t  t  e ( i , i + l ] ,  

t h e n  on t h a t  i n t e r v a l  t  i s  i n  o n e - t o - o n e  c o r r e s p o n d e n c e  

w i t h  p 2 i + 2 ° Ft ( K) = f “ (1 - (’t “ i  ) ) / 2 ,  ) / 2  ̂ ( r e c a l l i n g

t h a t  p 2 i + 2 ° f f ( x ) ~ 0 f o r  x e Q and ^ )•

F i n a l l y ,  f o r  t  = i+ u  and  u e ( 0 , 1 ]  ,



Ft (K) n P 2 i + 3 ( ( l - u ) / 2 )  n P2^+ 5 (u/ 2 )  i s  a  copy  o f  K 

i n  a  c a n o n i c a l  way .  N o te  t h a t  t h i s  s e t  d o e s  n o t  i n t e r ­

s e c t  t h e  s e c o n d  t e r m

T2 i4 4 ,2 - 2 u oT2 i + 5 , l - u ^ p2i+5P2i+5^f i+5^K  ̂  ̂^
s i n c e  t h e  l a t t e r  s e t  p r o j e c t s  o n t o  Q i n  t h e  2 i + 3 r d

c o o r d i n a t e ,  and  i f  u  = 1 a l s o  i n  t h e  2 i + 5 t h  c o o r d i ­

n a t e  .

4 )  I f  K i s  c o n n e c t e d ,  t h e n  F ^ K )  i s  c o n n e c t e d  s i n c e

(K) i s  t h e  u n i o n  o f  two c o n n e c t e d  s e t s  w h ic h  i n t e r ­

s e c t  i n  f ^ ( K )  •

The f o l l o w i n g  c o r o l l a r y  a n s w e r s  a q u e s t i o n  p o s e d  by 

R. M. S c h o r i :

C o r o l l a r y  I I . 3 . Both  t h e  c o l l e c t i o n  o f  c o m p a c t  s u b s e t s  o f  

jig and  t h e  c o l l e c t i o n  o f  c cmpact  c o n n e c t e d  s u b s e t s  o f  Ag 

a r e  hom eom orphic  t o  jig .

P r o o f . A c c o r d i n g  t o  [ 1 ] ,  jig i s  hom eom orph ic  t o  

s = ( - 1 ,1 ) ° °  . Thus  i t  i s  s u f f i c i e n t  t o  show t h a t  t h e  

c o l l e c t i o n  X ( o r  st^) o f  c l o s e d  ( c o n n e c t e d )  s u b s e t s  o f  

Q w h ic h  a r e  c o n t a i n e d  i n  s f o r m s  a p s e u d o - i n t e r i o r  f o r  

2^  ( o r  C(Q) ) .  S i n c e  t h i s  c o l l e c t i o n  i s  a  s u b s e t  o f  

P (Pq) we ° n l y  have  t o  v e r i f y  c o n d i t i o n  1 )  o f  Lemma T .17

and  t o  show t h a t  p a nd  a r e  0 ^ 1s . But t h e  map
h Co2 f ro m  t h e  p r o o f  o f  Theorem  I I . 2 a c t u a l l y  maps 2^  and



C(Q) i n  s£ a nd  r e s p e c t i v e l y ,  show ing  1)  o f  Lemma 1 . 1 7 .

F i n a l l y ,  we can  w r i t e  ■£ (sd^) a s  a G& by  fl^fK c  Q|K 

i s  c l o s e d  (an d  c o n n e c t e d )  and  P p ( K )  c  ( - 1 , 1 ) )  . T h i s  

c o m p l e t e s  t h e  p r o o f  o f  t h e  c o r o l l a r y .

We h a v e  s i m i l a r  r e s u l t s  a b o u t  h y p e r s p a c e s  o f  H i l b e r t  

cu b e  m a n i f o l d s .  A s e p a r a b l e  m e t r i c  s p a c e  M i s  a H i l b e r t  

cube  m a n i f o l d  o r  Q-m a n i f o l d  i f  M i s  l o c a l l y  hom eom orphic  

t o  Q . I n  [ 8 ] ,  Chapman p r o v e d  t h a t  e v e r y  Q - m a n i f o l d  M 

i s  t r i a n g u l a b l e ,  i . e . ,  M = JP | x Q , where  P i s  a 

c o u n t a b l e  l o c a l l y  f i n i t e  c o m p le x .  I f  M i s  c o m p a c t ,  t h e n  

P can  be  c h o s e n  f i n i t e  and  even  su c h  t h a t  jp j  i s  a  com­

b i n a t o r i a l  m a n i f o l d  w i t h  b o u n d a r y .  We d e n o t e  p o i n t s  o f

|PJ x Q by (q * x )  o r  ( q , ( x p ) p ) and  d e f i n e  t h e  p r o j e c t i o n

maps p ^ ( q * x )  = x p a n d  p p ( q , x )  = q . F o r  a  g i v e n  t r i a n g u ­

l a t i o n  M ■= 1P |  x Q , a  c l o s e d  s u b s e t  K c  M i s  c a l l e d  

i - d e f i c i e n t  i f  P p ( K )  i s  a  p o i n t ,  and  i n f i n i t e l y  d e f i c i e n t  

i f  K i s  i - d e f i c i e n t  f o r  i n f i n i t e l y  many i  . A c l o s e d  

s u b s e t  K o f  a  com pac t  Q - m a n i f o l d  M i s  a  Z - s e t  i f  f o r  

e v e r y  e t h e r e  i s  a  map f :M  -» M-K s u c h  t h a t  d ( f , i d ^ )  < e . 

Only a r e s t r i c t e d  v e r s i o n  o f  t h e  liomeomorphism E x t e n s i o n  

Theorem h o l d s ,  s i n c e  homotopy  c o n d i t i o n s  hav e  t o  be m e t .

Theorem I I  . 4 . I f  M _is a_ com pact  c o n n e c t e d  Q-m a n i f o l d , t h e n

a )  t h e  c o l l e c t  io n  p _of Z - s e t s  i n M _3_s a p s e u d o -
MI n t e r i o r  f o r  2



Mb )  t h e  c o l l e c t i o n  p^, o f  c o n n e c t e d  Z - s e t s  i n  M _is

a  p s e u d o - i n t e r i o r  f o r  C(M) .

P r o o f . As o b s e r v e d  a b o v e ,  b y  [ 8 ] ,  we may w r i t e  M = | P |  x Q >

w h e re  | P |  i s  a  com pac t  f i n i t e - d i m e n s i o n a l  m a n i f o l d  w i t h

b o u n d a r y .  Again  we a p p l y  Lemma I . 17* w h e re  t h e  M f ro m  t h e

lemma i s  2M- p M o r  C(M)-P^ r e s p e c t i v e l y .  As b e f o r e  one

can  p r o v e  t h a t  pM and  p^  a r e  G ^ - s e t s  i n  2M a n d  C(M)

r e s p e c t i v e l y .  C o n d i t i o n  1)  o f  t h e  lemma i s  p r o v e d  by t h e

map 2 , w here  h ( p , x )  = ( p , ( l - e ) * x )  .

L e t  H: | P |  X [ I * 00! | P |  be  an . i s o t o p y  su c h  t h a t

= i d  and  Ht ( | P ( )  c  | P | - | a P |  f o r  f i n i t e  t  ( rem em ber

t h a t  we assum e  t h a t  JP |  i s  a  c o m p ac t  m a n i f o l d  w i t h  b o u n d a r y ) .

C o n s i d e r  t h e  map F : 2 ^  x [ l * 00] *♦ 2^' d e f i n e d  i n  t h e  p r o o f

o f  Theorem  I I . 2 .  D e f i n e ,  f o r  q e JP |  a nd  K c  Q ,

x K) = (Ht ( q ) )  x F^ (K )  . I f  L i s  a  s u b s e t  o f

J P |  x Q , t h e n  L can  be w r i t t e n  a s  a  u n i o n

U {q} x L_ . Now d e f i n e  G+. (L )  = U G , ( f q ]  x I. ) 
q ^ P p (L )  q  t  q € P p (L )  11

Then G = s a t i s f i e s  2)  o f  Lemma 1 . 1 7 .  We n e e d  o n l y

show t h a t  G^(L) i s  a  c l o s e d  s e t .

From t h e  d e f i n i t i o n  o f  one  r e a d i l y  s e e s  t h a t

F. (K) = U F, ( f x ) )  . T h e r e f o r e  we can  w r i t e  G. (L) = 
r  xeK tj L ’

= U f H , ( q ) } x F , ({x ] )  . L e t  ( r . , y . ) .  be a  s e q u e n c e  
(q,x)«L 1 1 i l l

i n  G^.(L) c o n v e r g i n g  t o  ( r , y )  . We hav e  t o  show t h a t



( r , y )  e Gt (L) . L e t  r ± = Ht (q1 ) and  y ± e Pt ( ( x i ) )  ,

w h e re  ( q . , x .  ) e L . T h e r e  i s  a  s u b s e q u e n c e  (q .  , x .  )
1 1  xk xk

c o n v e r g i n g  t o  some p o i n t  (q * x )  e L . Then H ^(q )  =

= l i m  r .  = r  , a n d  b y  c o n t i n u i t y  o f  F. we h a v e  t h a t  
k 1k

y  e Ft ( [ x } )  . T h e r e f o r e  ( r , y )  e Gt (L) .

C o r o l l a r y  I I . 5 . F o r  a n y  c o n n e c t e d  i p - m a n i f o l d  M , b o t h  

t h e  c o l l e c t i o n  2^ _of c o m p a c t  s u b s e t s  o f  M a n d  t h e  c o l ­

l e c t i o n  C(M) o f  c o n n e c t e d  co m p a c t  s u b s e t s  o f  M a r e  

hom eom orph ic  t o  .

P r o o f . A c c o r d i n g  t o  [ 8 ]  we c an  t r i a n g u l a t e  M = | P |  x 1 ,̂  , 

w he re  P i s  a  l o c a l l y  f i n i t e  s i m p l i c i a l  c o m p l e x .  Of 

c o u r s e ,  now we c a n n o t  assum e  t h a t  |P j  i s  a  m a n i f o l d  w i t h  

b o u n d a r y .

L e t  K be a com p ac t  ( c o n n e c t e d )  s u b s e t  o f  M , t h e n
1 1

K h a s  a  c l o s e d  n e i g h b o r h o o d  jp  | x , w h e re  P i s

a  f i n i t e  ( c o n n e c t e d )  su b c o m p le x  o f  P . The c o l l e c t i o n  
1

p 1 P
0  (O^ ) o f  c o m pac t  ( c o n n e c t e d )  s u b s e t s  o f  M w h ich  a r e

c o n t a i n e d  i n  t h e  t o p o l o g i c a l  i n t e r i o r  o f  | P J x SL̂  i s  an 

open n e i g h b o r h o o d  o f  K . I t s  c l o s u r e  in  2M (C(M)) , t h e  

s e t  (K c  M|K i s  com pac t  (and  c o n n e c t e d )  an d  K c  |P  | x SL 

i s  a  p s e u d o - i n t e r i o r  f o r  2 ^  I x ^  ( f o r  C ( | P  | x Q))  i f  

we i d e n t i f y  w i t h  ( - 1 ,1 ) ° °  c  Q . T h i s  i s  p r o v e d  by an

a rg u m e n t  s i m i l a r  t o  t h a t  i n  t h e  p r o o f  o f  C o r o l l a r y  I I . 3 .



I I
p  pT h e r e f o r e  O (<3C ) i s  an open s u b s e t  o f  a  copy  o f  ,

sh o w in g  t h a t  2M (C(M)) i s  an je2-'rriarii ;£,03-d •

N e x t  we show t h a t  a”  (c (m) )  i s  h o m o t o p i c a l l y  t r i v i a l .

By [ 1 2 ] ,  t h i s  w i l l  p r o v e  t h a t  2^  (C(M)) i s  hom eom orphic

t o  &2 • L e t  a  map f : d l n -» 2^  ( o r  f : S l n -» C(M)) be

g i v e n .  Then Y* = U f ( y )  i s  a  com p ac t  u n i o n  o f  com pac t
y e a i n

s e t s ,  a n d  t h e r e f o r e  a c o m p ac t  s u b s e t  o f  M . Choose a
t

f i n i t e  c o n n e c t e d  s u b c o m p le x  P o f  P and  a com pac t  c o n -
i | i *

vex  s u b s e t  D o f  H0 s u c h  t h a t  Y c  |P  | x D . Then
■ i i

f  ( d l n ) c  2 l P I X D ( f ( d l n ) c  C( |P*  j x D ) ) . M o re o v e r ,
. i .

2*P l x P and  C ( | P  |xD) a r e  c o n t r a c t i b l e :  d e f i n e ,  f o r
i .

K e 2>P ' x P (K e C ( ( I’ * jxD))  and  f o r  t  e [ 0 , T ]  w h e re  T 

i s  s u f f i c i e n t l y  l a r g e ,  H ( K , t )  t o  be  t h e  c l o s e d  t - n e i g h b o r -
i 1 ihood o f  K i n  some f i x e d  conv ex  m e t r i c  f o r  |P  | x D .

• i i
Then H i s  a  c o n t r a c t i o n  o f  2 ' P ' x P ( o r  C ( | P  |x D ))  . 

T h e r e f o r e  f  can  be e x t e n d e d  t o  T : I n -* 2 l P l x P c  2^

( t o  7 : I n C ( | P ' | x D) c  C (M))  .



CHAPTER I I I  

PSEUDO-INTERIORS FOR 2 1

I n  t h i s  c h a p t e r  we show t h a t  b o th  t h e  c o l l e c t i o n  o f  

‘z e r o - d i m e n s i o n a l  s u b s e t s  o f  I  and  t h e  c o l l e c t i o n  0  o f  

C a n t o r  s e t s  i n  I  a r e  p s e u d o - i n t e r i o r s  f o r  2^ . We u s e  

Lemma 1 . 1 6 .  I t  seems r e a s o n a b l e  t h a t  s i m i l a r  s t a t e m e n t s  

a r e  t r u e  f o r  t h e  h y p e r s p a c e  o f  more g e n e r a l  s p a c e s ,  b u t  

t h e  a u t h o r  h a s  been u n a b l e  t o  p r o v e  a c o m p a r a b l e  s t a t e m e n t  

even  f o r  t h e  h y p e r s p a c e  o f  a f i n i t e  g r a p h .

I n  t h i s  c h a p t e r  I  = [ 0 , 1 ]  .

Lemma I I I . l . a )  The c o l l e c t i o n  0  _of z e r o - d i m e n s i o n a l

c l o s e d  s u b s e t s  o f  a_ c o m pac t  m e t r i c  sp a c e  

X _is a_ 0  jln 2^ .

b) The c o l l e c t i o n  3  o f  C a n t o r  s e t s  In

X i s  a  Gg i n  2^ .

P r o o f . a )  The c o l l e c t i o n  0^ = [A c  X|A i s  c l o s e d  and 

a l l  c o m po n en ts  o f  A h a v e  d i a m e t e r  l e s s  t h a n  l / n )  i s

an open s u b s e t  o f  2^ . F o r  l e t  (&±) \ & > where  A^ /  0 n

53



f o r  a l l  i  . We show t h a t  A /  O . F o r  e v e r y  i  t h e r e

i s  a  com ponen t  o f  A^ w i t h  d i a m e t e r  a t  l e a s t  l / n  .

The s e q u e n c e  (K. )., h a s  a s u b s e q u e n c e  (K., ) w h ic h  c o n -
1 1  He k

v e r g e s  t o  a s e t  K w h ic h  i s  c l o s e d ,  c o n n e c t e d  a n d  h a s  

d i a m e t e r  a t  l e a s t  l / n  a nd  i s  a s u b s e t  o f  A . T h e r e f o r e

A 4  . b )  We w r i t e  C-n = [A c  X|A i s  c l o s e d  and  f o r

a l l  x € A , t h e r e  i s  a y  /  x i n  A su c h  t h a t

d ( x , y )  < l / n }  . S i n c e  C a n t o r  s e t s  a r e  e x a c t l y  t h e  com pact

m e t r i c  s p a c e s  w h ic h  a r e  z e r o - d i m e n s i o n a l  and  have  no i s o ­

l a t e d  p o i n t s ,  i t  f o l l o w s  t h a t  (J = Ofl fl C . We show t h a t  

C' i s  an open s u b s e t  o f  2 : l e t  (Aj_)j ** A , where

A^ /  C-n f o r  a l l  i  . T h e r e  i s  a s e q u e n c e  (Qj_)^ such

t h a t  n Ai  = f q ^ } . T h i s  s e q u e n c e  h a s  a . l i m i t

p o i n t  q and  i t  i s  e a s i l y  s e e n  t h a t  ft A = fq} •

T h e r e f o r e  A /  <3n .

Main Lemma I I I . 2 . T h e r e  e x i s t  a r b i t r a r i l y  s m a l l  maps 

h: 21 -* C, .

P r o o f .  The map h w i l l  be  d e f i n e d  a s  a c o m p o s i t i o n

77

w here  Fil l  ( F i n i t e  S e q u e n c e s  o f  ^ I n t e r v a l s )  i s  a c o l l e c t i o n  

o f  f i n i t e  s e q u e n c e s  o f  i n t e r v a l s ,  t o  be d e f i n e d  l a t e r ,



an d  FSC ( F i n i t e  _Sequences o f  Clantor s e t s )

i s  a  c o l ­

l e c t i o n  o f  f i n i t e  s e q u e n c e s  o f  t o p o l o g i c a l  C a n t o r  s e t s ,  

w h ic h  w i l l  a l s o  be d e f i n e d  l a t e r  o n .  The map f  w i l l  be 

d i s c o n t i n u o u s ,  b u t  g ,  h*  and  g o h ^ o f  a r e  c o n t i n u o u s .

In  t h e  s u b s e q u e n t  d i s c u s s i o n  we assum e a f i x e d  e < -jjjj , 

and  N i s  t h e  l a r g e s t  i n t e g e r  su c h  t h a t  N»e < 1 . The

map h = g o h ^ o f  w i l l  hav e  d i s t a n c e  l e s s  t h a n  3e t o  t h e

i d e n t i t y .

S t e p  1 . The s e t  FST . L e t  be t h e  s e t  o f  a l l  s e ­

q u e n c e s  o f  n t e r m s  < [ a ^ , b ^ 1 , • • • » [ a ^ / b  ]> su ch  t h a t

i )  0 < a^  and  b < 1

i l )  > i * e . ,  t h e  i n t e r v a l s  do n o t  o v e r l a p

i i l )  b . -  a .  > 2 n * e ‘ i f  1 < i  < ni x i  -C-
O

i v )  b^ -  a^  > n * e c i f  i = l , n  .

The m e t r i c  on F S I fi i s

pn (< t a i , ^ i ^  ’ * ' * 4 a n , b n ] > , < [ a j ,  t:»1 1, • • •,  [ a fi, bn l> )

= max max ( l a i “ a i  I > | b j “ bj J  ) • D e f i n e  FST = Un=1 j

w here  N i s  d e f i n e d  a s  a b o v e .  Note  t h a t  f o r  n > N , 

FSI^  = 0  s i n c e  f o r  any  e l e m e n t  X o f  t 'S I^  , t h e  sum 

o f  t h e  l e n g t h s  o f  t h e  i n t e r v a l s  o f  X i s  a t  l e a s t  

( n - l ) * 2 n * e ^  > ( n - l ) * 2 e  > 2 -2 e  > 1 s i n c e  e < , tvherea

X i s  a  c o l l e c t i o n  o f  n o n - o v e r l a p p i n g  s u b i n t e r v a l s  o f  

[ 0 , 1 ]  . We c h o o s e  t h e  f o l l o w i n g  m e t r i c  on FST :



p(X ,Y )  = Pn (X,Y) i f  (X,Y) c  F S I  , i . e . ,  i f  b o t h  X and  

Y c o n s i s t  o f  n i n t e r v a l s ,  a nd  p (X ,Y ) = 1  i f  f o r  no  n , 

fX,Y) c  F S In , i . e . ,  i f  X and  Y h a v e  a d i f f e r e n t  num ber  

o f  t e r m s .

S t e p  2 . The f u n c t i o n  f : 2 ^  -* F S I  . L e t  A e 2 1  ; t h e n  

U (A) , t h e  open e - n e i g h b o r h o o d  o f  A , i s  a  f i n i t e  

u n i o n  o f  d i s j o i n t  s u b i n t e r v a l s  o f  I  , open  r e l a t i v e  t o  

I  . L e t  f ( A )  = < [ a 1 , b 1 ] , • • * , [ a n , b n ]> , w h e re  t h e  i n t e r ­

v a l s  [ a ^ , b ^ ]  a r e  t h e  c l o s u r e s  o f  t h e  c o m p o n e n ts  o f  U£ (A) , 

a r r a n g e d  i n  i n c r e a s i n g  o r d e r ;  e . g . ,  i f  U (A) = (a-^ ,b^ )  U

(b 1 , b 2 ) t h e n  f ( A )  = <[a-L, b :, ] ,  [ b -^  b2 ]> , a n d  n o t  < [ a 1 , b 2 ]> .

T h i s  a s s i g n m e n t  i s  n o t  c o n t i n u o u s :  L e t  Â  = f 0 , 2 e  + 6 ) .

I f  6 > 0 , t h e n  f ( A fi) = < \ 0 , e ] ,  [ e + 6 , 3 e + 6 ]> b u t  i f  6 < 0 

t h e n  ^ ( ^ 5 ) -  < [ 0 , 3 e + 6 ] >  . But a p a r t  f ro m  t h i s  phenomenon 

f  i s  c o n t i n u o u s  i n  t h e  f o l l o w i n g  s e n s e :  L e t  6 < e and

s u p p o s e  f o r  some A,B e 2^ , d ^ (A ,B )  < 6 , w h e re  d^  d e ­

n o t e s  t h e  H a u s d o r f f  d i s t a n c e  ( s e e  t h e  I n t r o d u c t i o n ) .  Then 

e a c h  gap o f  Ue (AUB) ( i n c l u d i n g  a  gap  c o n s i s t i n g  o f  one 

p o i n t )  c o r r e s p o n d s  t o ,  i . e . ,  i s  c o n t a i n e d  i n ,  a  g ap  o f  

Ue (A) , s i n c e  f o r  6 < e i t  c a n n o t  l i e  l e f t  o r  r i g h t  f rom

U„(A) . C o n v e r s e l y ,  e a c h  gap i n  U^(A) w h ic h  h a s  l e n g t h

> 26 c o r r e s p o n d s  t o ,  i . e . ,  c o n t a i n s ,  a  gap  o f  Ue (AUB) .

L e t  f g ( A )  be a f u n c t i o n  f rom  21 t o  FSI  w h ic h  i s  o b ­

t a i n e d  f rom  f ( A ) by r e p l a c i n g  e ac h  gap  i n  U£ (A) w h ich



h a s  n o  c o u n t e r p a r t  i n  U£ (AUB) b y  a  d e g e n e r a t e  gap  ( s e e  

P i g .  I I I . l ) ;

f ( A )

f(AUB)

f B ( A )

f B(A)

iv' i g . I I I . l

i f  f  (A) — <C[ a-^, b-  ̂j , [ a g ,  bg ]̂ > w i t h  a g —b-  ̂ 26 and

i f  U£ (AUB) = ( a ^ b g )  w i t h  0 < bg -  bg  < 6 and

1 L u + a  o  d ,  +  a 0
0 < a l “ a l  < 6 * t h e n  l e t  f B ( A) = < [ &1 , — — £ , ^ 1

L e t  f  (A) e l i m i n a t e  t h e  d e g e n e r a t e  g a p s  t h u s  o b t a i n e d

( b u t  n o t  t h e  o t h e r  d e g e n e r a t e  g a p s ) ;  e . g . ,  i n  t h e  a b o v e

exam ple  f B (A) = < [ a 1 , b g ] >  . Then f o r  dR (A,B) < 6 we



h a v e  d ( f B ( A ) , f A( B ) ) < 6 a n d  a l s o  d ( f  ( A ) , f B ( A ) ) < 6 and  

d ( f  ( B ) , f ^ ( B ) ) < 6 . T h e s e  n o t a t i o n s  w i l l  be u s e d  i n  t h e  

p r o o f  o f  t h e  c o n t i n u i t y  o f  gohN<>f .

S t e p  3 » The s e t  FSC. L e t  C be a  t o p o l o g i c a l  C a n t o r  s e t

s u c h  t h a t  C c  I  a n d  { 0 , 1 )  c  C a nd  dH( C , I )  < e . L e t

C ( a , b )  b e  t h e  image o f  C u n d e r  t h e  l i n e a r  map w h ich  maps 

0 o n t o  a  an d  1 o n t o  b . F o r  [ a , b ]  c  [ 0 , 1 ]  we a l s o  

h a v e  dH( C ( a , b ) , [ a , b ] ) < e . We d e f i n e  FSCn t o  be  t h e  

c o l l e c t i o n  o f  a l l  s e q u e n c e s  o f  n t e r m s  < C ( a ^ , b ^ ) , • • * ,C ( a n , b n )> 

s u c h  t h a t

*)  0 < a i  < * ‘ ‘ < a n < 1

13-) 0 < bi  < ' ‘ * < bn ^  1

i i i )  a^  < b^  f o r  i  < i  < n .

Thus  t h e  s e t s  C ( a ^ , b ^ )  may o v e r l a p .  D e f i n e  FSC = u^ _ i i'vsCn .

The m e t r i c  o f  FSC i s  somewhat  a n a l o g o u s  t o  t h a t  on F S I :

I f  X = < C (a 1 , b 1 ) , • • • , C ( a n , b n )> a nd  Y =

<C(a-j_,b^) , * • * , c ( a ^ , b ^ ) >  t h e n  p(X,Y) =

max dH(C ( a i , b i ) , C ( a ^ , b ^ ) )  and  i f  f o r  no  n , {X,Y} c  FSC^

t h e n  p (X ,Y ) = 1 .

S t e p  h . The map g:FSC -* & . We s i m p l y  l e t  g(X) be  t h e  

u n i o n  o f  t h e  t e r m s  o f  X . O b v i o u s l y  g i s  c o n t i n u o u s .

N o t i c e  t h a t  by  t h e  c h a r a c t e r i z a t i o n  o f  C a n t o r  s e t s  g i v e n  

i n  t h e  p r o o f  o f  Lemma I I I . l ,  g(X)  i s  i n d e e d  a C a n t o r  s e t .
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S t e p  5 . C o n s t r u c t i o n  o f  h^  . From t h e  r e m a r k  a t  S t e p  2 

i t  i s  e a s i l y  s e e n  t h a t  t h e  f u n c t i o n

cp:<[a1 , b 1 ] ,  , , , i [ a n , b n ]> -> < C (a 1 , h 1 ) ,  • • - , C ( a n , b n )> d o e s  

n o t  y i e l d  a  c o n t i n u o u s  c o m p o s i t i o n  gocpof . I n s t e a d ,  we 

c o n s t r u c t  by  i n d u c t i o n  a  map hn :F S I n ■* FSCn a nd  s e t
|i irj —| -

hfi = U ^ Q h ^  ( i . e . ,  hn i s  t h e  f u n c t i o n  w h ic h  a s s i g n s  

h i (X) t o  X i f  X e F S I^  and  i  < n )  . The f o l l o w i n g  

i n d u c t i o n  h y p o t h e s e s  s h o u l d  be  s a t i s f i e d :

i )  I f  X = < [ a 1 , b 1 ] , * • • , [ a n , b n ]> , t h e n  hn (X) =
1 1 i 1 1

<C (a i , bi ) ,  • • • , C ( a n , bn ) >  , w here  = a-ĵ  and

b = b n n
i i )  A d d i t i v i t y  a t  " l a r g e "  g a p s .  I f  X can  be  b r o k e n

up i n t o  Y and  Z w he re  Y = <[ a ^ ,  b-  ̂1 , * • * , [  a ^ , b^]>  

and  2  = < [ a ;l+1 , b l + 1 ] ,  • • * , [ a n , b n ]> and

a i + l  " b i  > 2 g 2  Uien hn ( x ) = < C ( a i , b ^ ) ,  • • - , C ( a ^ , b n )> , 

w here  hJ)_ 1 (Y) = <C ( a ^ b | ) , • • •,  C ( a ^ ,  b^)>  and

hn _]_(z) = ^x+1 ) ’ * * * * b ^a n * bn ^  Pa r ”
. 1 1

t i c u l a r ,  by  1 ) b^  = b^ and  •

i i i )  I f  X = < [ a 1 , b 1 l , - - - , [ a 1 , b i l , [ b 1 , b 1 +1 ] , . . - , r a n , b n ]> ,

t h a t  i s ,  i f  a . = b .  , and  i f  Y =i + 1  1

< [ a 1 , b 1 ] ,  • • . , [ a 1 , b jL+1] ,  • • - , [ a n , b n ]> , a nd  i f ,

m o r e o v e r ,  hn _^(Y) -

< C ( a 1 , b 1 ) ,  • • • , C ( a ^ , b ^ + 1 ) ,  * • * , C ( a ^ , ' b n )> , t h e n  

h^ (X) = (a^ ,b-j  ) , * • * ,  0 ( a . . , b^ ^ ) ,  C(a.^, b . ^ 2 ) ,

n (a i + 2 , b i + 2 ^  ‘ " , C (a n , b n ^  > x - e -> a i  = a i + i



and  b ^  = b ^ + 1  a n d  ghf i (X) = ghn - 1 (Y) .

T h e s e  i n d u c t i o n  h y p o t h e s e s ,  a n d  e s p e c i a l l y  i i i ) ,  w i l l  

be  s e e n  t o  i n s u r e  c o n t i n u i t y  o f  g o h ^ o f  . We g i v e  now t h e  

i n d u c t i v e  c o n s t r u c t i o n  o f  hn : F S I n FSCn • 

n -  1 : s e t  h ^ ( < [ a 1 , b ^ ] > )  = < C (a 1 , b 1 )> , i n  a c c o r d a n c e  

w i t h  i ) ,

n = 2 : l e t  X = < [ a 1 , b ^ ] ,  [ a 2 , b g ] >  w i t h  b o t h  b ^ -  a-  ̂ > e 2

2
and  b 2  -  a 2  > e and  w i t h  a 2-  b^  > 0 . I f  a 2  = t h e n

a c c o r d i n g  t o  i i i )  we hav e  h 2 (X) = <C (a-^, b2 ) , C ( a ^ , b 2 )> .
p

I f  a 2-  b^  > 2e , t h e n  a c c o r d i n g  t o  i i ) ,  we h a v e  h 2 (X) = 

< C (a 1 , b 1 ) , C ( a 2 , b 2 )> . I f  a 2-  b ][ = t * 2 e 2  w i t h  0 < t  < 1 ,
i i

t h e n  b^  a n d  a 2  a r e  c o n s t r u c t e d  a s  i n  F i g u r e  I I I . 2 ( t h e  

p i c t u r e s  show what  h a p p e n s  i f  t  i s  l a r g e  ( u p p e r  p i c t u r e s ) ,

an d  wha t  h a p p e n s  i f  t  i s  s m a l l ,  ( l o w e r  p i c t u r e s ) ) .
■#- * -H-

In  f o r m u l a s :  l e t  X = < [ a ^ ,  b-^], [ a 2 , bg]>  be t h e

r e s u l t  o f  e n l a r g i n g  t h e  gap  ( b ^ , a 2 ) s y m m e t r i c a l l y  f ro m
■#* P

i t s  m i d p o i n t  b y  a  f a c t o r  1 / t  . Thus  a 2 -  b^ = 2e . We

p u t  h 2 (X) = < C (a 1 , t * b ^  + ( 1 - t ) * b 2 ) , C ( t * a 2 + ( l - t ) • a 1 , b 2 )> .

N o te  t h a t  t h i s  i s  c o n s i s t e n t  w i t h  t h e  c a s e  a 2  = b^  and
2a 2 ~ b i  > 2 e a s  t r e a t e d  a b o v e .

4-
n + 1 : Suppose  h^ i s  a l r e a d y  d e f i n e d .  L e t

X = < [ a 1 , b 1 ] , • • * , [ a n+1 , b n + 1 ]> 6 FS I n + 1  . I f  f o r  a l l  i  , 

a i + l  " = 0   ̂ i f  a l l  g a p s  a r e  d e g e n e r a t e ,  t h e n  by

r e p e a t e d  a p p l i c a t i o n  o f  i i i )  we f i n d  t h a t  f o r  a l l  i  ,



l a r g e

b a ,  ba

t
small

Note  t h a t  abo v e  and  be low  we have  d i f f e r e n t
*

X b u t  t h e  same X .



f I ^
C ( a i , b i ) = • I f  max (a i + i “ b i )  > 2e > t h e n

hn+i ( X )  i s  d e t e r m i n e d  by  i i ) .  I f  f o r  s e v e r a l  i  ,
p

a i + ^ -  b^  > 2 e t h e n  i t  i s  e a s i l y  s e e n ,  u s i n g  i i )  f o r  

h*  , t h a t  hn 4- i ( x ) i n d e p e n d e n t  o f  t h e  c h o i c e  o f  t h e  gap

a t  w h ic h  X i s  b r o k e n  up  i n t o  Y and  Z . So l e t  u s

assum e t h a t  t h e  l e n g t h  o f  t h e  l a r g e s t  gap  max ( a ^ ^ -  b ^ )  =

2 t * e ^  w i t h  0 < t  < 1 . L e t  X* be  t h e  r e s u l t  o f

w i d e n i n g  e a c h  gap  s y m m e t r i c a l l y  f ro m  i t s  m i d p o i n t  by  a  f a c t o r  

1 / t  , so  t h a t  t h e  l a r g e s t  g ap  o f  X h a s  w i d t h  2e . Now
■¥r

b r e a k  up X i n t o  Y and  Z , w h e re  t h e  gap  i n  b e tw e e n
?

Y and  Z h a s  w i d t h  2e . The r e a d e r  may c h e c k  t h a t  Y

and  Z a r e  e l e m e n t s  o f  FSI-^U • • •  U F S I  > i n  p a r t i c u l a r

t h a t  t h e y  c o n s i s t  o f  i n t e r v a l s  o f  s u f f i c i e n t  l e n g t h ,  n o t i n g

t h a t  s i n c e  Y and  Z h a v e  l e s s  t e r m s  t h a n  X , t h e y  a r e
+ \

a l l o w e d  t o  c o n s i s t  o f  s m a l l e r  i n t e r v a l s .  T h e r e f o r e  hn (Y)

an d  .-h*(Z) a r e  d e f i n e d .  L e t  h ^ (Y )  = < C ( a ^ , b ^ )  , • • • , ( ’ ( a ^ , b ^  )>

and  = < C (a i + l , b i + l ^  “ ‘ ^ ^ n + l ^ n + l ^  * T h e c o n -

s t r u c t i o n  o f  hn 4- i ( x ) f ro m  h^ ( Y) a n d i s  shown

i n  F i g u r e  I I I . 3-

I n  f o r m u l a s :  hn + i ( Y ) = < C ( a ^ , t * b *  + ( l - t ) * b n + 1 ) ,

C ( t * a 2  +  ( 1 - t ) ‘ a 2_ ’ t  * b g  ( l - t ) *^n ^ .i  ) >  ' * * > ^ *a n + l  "*~

( 1 - t ) »a^*b +^ )>  . Thus e a c h  C a n t o r  s e t  i s  s t r e t c h e d  somewhat  

t o w a r d  C(a i , t )n + l )  : o n l y  a  l i t t l e  i f  t  i s  c l o s e  t o  1

and  a l m o s t  a l l  t h e  way i f  t  i s  c l o s e  t o  0 .

I t  i s  an e a s y  e x e r c i s e  t o  c h e c k  t h e  i n d u c t i o n  hy po -



X

X

h n<Y) h^ Z)

0

t h e  t e r m s  o f  (X)

P i g .  I I I . 3



t h e s e s  and t o  p r o v e  t h a t  dH(A ,g o h * 0 f  ( A ) ) < 3e • To show
*D

c o n t i n u i t y ,  we r e f e r  t o  t h e  f u n c t i o n s  f  and  f  ,
-D

d e f i n e d  a t  S t e p  2 .  From t h e  r e m a r k s  t h e r e  and  t h e  c o n ­

t i n u i t y  o f  g a nd  h *  a nd  t h e  f a c t  t h a t  goh^of-g(A) =
i T3 T

g o h ^ o f  (A) f o r  any  two A,B e 2 , we e a s i l y  s e e  t h a t
4-

gohNo f  i s  c o n t i n u o u s .

L e t  I*  = f f t } 11 e I )  c  2^ . Then I *  i s  a  Z - s e t  i n

2 1  , s i n c e  t h e  map f : 2 ^  -» 2 1  d e f i n e d  b y  f ( K )  = C1(Ug (K))
I  I  *i s  an e - s m a l l  map f r o m  2 i n t o  2 - I  . M o re o v e r ,

■#*
I  fl <3 -  0  . T h e r e f o r e  t h e  i n c l u s i o n  o f  I  i n  Lemma I I I . 3

i s  h a r m l e s s  a c c o r d i n g  t o  C o r o l l a r y  1 . 1 3 .

Lemma I I I . 3 . The s e t  ( 2 ^ - 0 )  U I *  c o n t a i n s  a, f a m i l y  o f  

c o p i e s  o f  Q _as a s k e d  f o r  i n  Lemma 1 . 1 6  sub  2 ) .

P r o o f . F o r  K c  I  , l e t  [ a ^ / b ^ l  be  t h e  s m a l l e s t  c l o s e d
T

I n t e r v a l  c o n t a i n i n g  K . D e f i n e  M£ c  2 by

M£ = fK c  I | K  i s  c l o s e d  and  [ a K -I- ( 1 - c ) • ( b ^ - a ^ ) , b ^ l  c  K) .

L e t  Ke be  t h e  image  o f  K u n d e r  a l i n e a r  map w h ich  maps

a ^  o n t o  a^  and  b^  o n t o  a ^  + (1 - c ) • ( b ^ - a ^ )  . In

f o r m u l a s :  K£ = f a ^  + (1 -e  ) • ( t - a K) 11 e K) . L e t  b€ (K)

= Ke U [a^- + ( l - e ) * ( b ^ . -  • Then h £ i s  a  homeo-

m orph ism  o f  2 ^ o n t o  M£ w i t h  d i s t a n c e  < e t o  t h e
*

i d e n t i t y .  S i n c e  Lemma I I I . 2 a n d  t h e  r e m a r k  on I  show
T

t h a t  e v e r y  c l o s e d  s u b s e t  o f  (2 - o )  U I  i s  a  Z - s e t ,  i t



f o l l o w s  t h a t  M€ i s  a  Z - s e t  i n  2 1 . B e ca u se  f o r  

6 < e , h “ 1 (Me ) = M(€ _ 5 ) i s  a  Z - s e t  i n  2 1 b y  t h e  

same t o k e n ,  we s e e  t h a t  M€ i s  a  Z - s e t  i n  Mg . T h e r e ­

f o r e  t h e  f a m i l y  s a t i s f i e s  2)  o f  Lemma 1 . 1 6 ,  b o t h

f o r  M = ( 2 I - 0 )  U I *  a n d  f o r  M = 2 I -c< .

Com bin ing  Lemmas I I I . 2 and  I I I . 3* we o b t a i n  t h e  main  

t h e o r e m  o f  t h i s  c h a p t e r :

Theorem  I I I . 4 . B o th  t h e  c o l l e c t i o n  o f  t o p o l o g i c a l  C a n t o r

s e t s  a n d  t h e  c o l l e c t i o n  o f  z e r o - d i m e n s i o n a l  s u b s e t s  i n  I
T

a r e  p s e u d o - i n t e r i o r s  f o r  2

F i n a l l y ,  we m e n t i o n  t h e  f o l l o w i n g  c o n j e c t u r e :

C o n j e c t u r e  (R. M. S c h o r i ) .  The c o l l e c t i o n  o f  f i n i t e  s u b s e t s  

o f  I  i_s an f d  cap  s e t  f o r  2^ .
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