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Abstract 
 

 

 
A novel methodology for analysis of damage in contact problems in presented. Two important 

categories of contact damage are studied, namely crack nucleation and adhesive wear. The 
proposed methodology is primarily based on the laws of energy and thermodynamics, and as 
such offers great advantages by unifying the analysis of damage in a variety of contact 
configurations.  

Crack nucleation is the first damage type analyzed. For this purpose, the line-contact fretting 
configuration is chosen. A thermodynamically-based continuum damage mechanics (CDM) 
approach is employed. Intense stress gradients in the contact region are found to be highly 
influential in the crack nucleation process. A methodology is proposed that identified the 
averaging zone as a function of the contact and loading parameters. The predicted crack 
nucleation lives are verified by comparing against the published experimental data for two 
different alloys. The utility of the proposed methodology is also investigated for the case of 
rough surface contact. The deterministic approach is employed to investigate the effect of 
roughness on the surface tractions and contact stresses. A special averaging technique, proposed 
for the case of smooth surface, is adopted. The predictions of the crack nucleation life for 
different roughness values are compared with relevant experimental data in literature, and 
confirm the validity of the analysis. 

Adhesive wear is another type of contact damage investigated. The study is carried out for 
three different contact conditions. These include disk-on-disk unidirectional dry sliding, pin-on-
flat reciprocating dry sliding and pin-bushing grease-lubricated oscillatory sliding. It is shown 
that the wear rate is linearly related to the power dissipation as well as the entropy generation 
rate. The linear correlations are verified experimentally. Degradation coefficient is obtained and 
a simple approach is proposed for prediction of wear in dry sliding configuration. The proposed 
technique can be employed for prediction of wear in circumstances where the direct 
measurement of power dissipation is encumbered by practical limitations. Also investigated are 
the relationship between the system’s wear rate, power dissipation and thermal response. The 
wear-energy dissipation coefficient (WED) is identified as an important property of tribo-
systems. The methodology relies on measurement of temperature rise in the sliding system. It is 
shown that the correlation between the frictional power dissipation and temperature rise can be 
obtained through thermal analysis of the system. The proposed methodology is shown to be 
capable of predicting the wear rate under a wide range of loading conditions. 
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Chapter 1: Overview 
 

 

 
1.1. Introduction 

As a universal attitude of matter, the friction phenomenon has long been studied by mankind 
owing to its multifarious manifestations in almost every aspect of our daily life. The earliest 
recognition of friction probably has its roots in the prehistoric age when friction was used to 
generate heat and fire [1]. The scientific study of friction is, in comparison, much more recent 
and dates back to the pioneering studies by Amontons and Coulomb in the sixteenth and 
seventeenth centuries. During the subsequent centuries, extensive studies have been carried out 
with the aim of identifying the laws that describe friction and its numerous manifestations such 
as wear, surface damage, corrosion etc. While attempts to develop comprehensive friction 
damage models have been profuse, their success has been limited largely due to the variegated 
nature of the friction phenomenon. Today, in light of the existing body of knowledge, it is 
acknowledged that wear of materials involves a variety of complex and physically diverse 
phenomena, such as plasticity, fracture, chemical and physical interactions, that often occur in an 
inextricably intertwined fashion. In view of the scarcity of predictive models to account for the 
multifarious processes involved in friction, the development of novel approaches to unify these 
underlying processes has become a crucial scientific endeavor. 

In search for comprehensive modeling techniques, the energy and thermodynamically based 
approaches have emerged as a propitious tool for analysis and modeling of friction. From the 
particular vantage point of these approaches, friction is a dissipative process which irreversibly 
transforms energy and material into other forms via dissipative sub-processes. Notwithstanding 
the multiplicity of the underlying dissipative processes in friction, they share one unique feature, 
that is, they all degrade the material and dissipate energy. Hence, energy dissipation is deemed to 
be an appropriate measure of degradation in a variety of engineering applications.  

In tribology, damage occurs as a result of interactions between the surfaces that bring about 
irreversible changes in the contacting surfaces. While myriads of different irreversible processes 
may be involved in the contact of two solids, the degradation of surfaces often manifests itself 
either as material loss, i.e. wear, or crack formation. The degradation of the material, regardless 
of the damage type, can be viewed as a corollary of irreversible processes that collectively 
increase the disorder in the system according to the laws of thermodynamics. The notion of 
characterizing the irreversible processes via energy and thermodynamic principles, therefore, 
offers a new path forward for treating a variety of complex tribological problems within a unified 
framework.  
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The present research provides the details of a series of scientific investigations carried out to 
ascertain the potentials and the advantages of applying thermodynamics principles to analysis of 
tribological problems. The study is focused on two of the most important categories of contact 
damage, namely wear and cracking. Appropriate contact configurations are selected for this 
purpose which involve sliding dry and lubricated contact for analysis of wear and fretting contact 
for analysis of fretting crack formation. Also considered for this purpose are a variety of contact 
configurations, sliding modes and surface conditions. Theory and experiments are employed 
together in order to conduct a comprehensive study and to achieve conclusive results. In cases 
where experiments were not possible due to lack of facilities, experimental results reported by 
others are used to evaluate the theoretical analysis. A brief outline of the conducted studies is 
presented in the following.  

1.2. Outline 

The present report is prepared in seven chapters. Each of the subsequent chapters is dedicated 
to a particular contact problem. The next two chapters (2 and 3) focus on the fretting crack 
nucleation in line-contact configuration. Chapter 2 deals with the problem of smooth contact. A 
methodology is proposed which employs a thermodynamically based continuum damage 
mechanics approach to successfully predict the crack nucleation phenomenon in fretting 
contacts. The contact size effect—a frequently reported observation—is also treated via a novel 
technique. Chapter 3 investigates the effect of surface roughness in fretting crack nucleation. A 
deterministic approach is adopted for this purpose. The averaging technique proposed for the 
case of smooth contact is extended for the rough contact fretting. The continuum damage 
mechanics technique is used in this chapter for simulation of damage growth and crack 
nucleation under rough contact fretting condition. 

The three subsequent chapters (4, 5, and 6) focus on the analysis of wear within a 
thermodynamic and energy-based framework. Chapter 4 presents the details of the study on a 
ring-on-ring dry sliding configuration. It is shown, by virtue of the laws of energy and 
thermodynamics, that wear rate is proportional to the energy dissipation and entropy generation. 
This principle is used to derive the degradation coefficient as an important property of a given 
tribo-system. Chapter 5 investigates and demonstrates the utility of energy approach in analysis 
of wear in reciprocating sliding contact. It is shown in this chapter that the contact temperature 
rise can be measured and employed for the purpose of wear prediction. Chapter 6 extends the 
energy-based approach to analysis and prediction of wear in a grease-lubricated oscillatory 
journal bearing. An important intrinsic property of the tribo-system (i.e. wear-energy dissipation 
coefficient) is introduced and a reliable wear prediction methodology is presented that requires 
only one measurement; that is, the temperature rise in the contacting bodies. 

The final chapter (7) recapitulates the most important conclusions based on the results obtained 
in this research. Recommendations for future study are also provided in this chapter. 
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Chapter 2: On the Fretting Crack Nucleation with Provision for 

Size Effect* 
 

 

 
2.1. Introduction 

Contacting bodies, subjected to oscillatory motion or vibration, are highly susceptible to a 
pervasive type of damage known as fretting. Numerous instances of fretting-induced failure in 
practical applications ranging from dovetail joints in turbine engines to bolted or riveted 
structures to orthopedic implants and wire ropes have been reported in the literature [1-3]. Two 
distinct categories of fretting damage that impact the functionality of mechanical components are 
wear and cracking. In general, wear is the signature of gross sliding, whereas cracking is more 
persistent in the partial slip regime [4]. Depending on the surface and operating conditions, one 
of these regimes may prevail in a fretting contact. Transitions between these regimes can also 
occur based on the imposed sliding condition [5]. In fact, the correlations between the sliding 
condition and the evolution of the damage type have long been investigated [3-10]. 

The analysis and prediction of the damage associated with different fretting regimes have 
become the major focus of many recent studies. The energy-based approach has emerged as a 
promising tool for the analysis of the tribo-systems in which fretting wear is the dominant type of 
damage [11-15]. Also available, are a variety of methodologies for analysis of crack formation in 
fretting [2, 7, 8, 16-33]. These types of cracks almost invariably nucleate on the surface under the 
oscillatory action of the contact forces [22, 23, 29, 34-36]. Subjected to remote cyclic stresses, 
these cracks can often grow rapidly, resulting in early failure of the components [20, 37].  

Similar to plain fatigue, the life of engineering components subjected to fretting fatigue is 
comprised of two inherently distinct phases: nucleation and propagation of fatigue cracks. It is 
generally believed that the first phase involves nucleation of a crack up to a specific length [38] 
that can subsequently grow under the influence of bulk cyclic loading. Once the crack is 
nucleated, the analysis of the propagation phase can be successfully carried out in a fashion 
identical to crack propagation in problems involving plain fatigue and using methods such as the 
Paris-Erdogan law [39]. In contrast, the analysis of the nucleation phase in fretting is 
encumbered with difficulties attributed to the multiplicity of the influential factors involving 
material properties, environmental and mechanical effects [40]. In addition, the existing 
uncertainties associated with the definition of a nucleated crack [38] can further complicate the 
quantification of the nucleation phase. Nonetheless, depending on the type of the fretting contact 
and the level of the remote, i.e. bulk, cyclic load, one of these phases dominates a larger portion 

                                                           
* Reprinted by permission from Tribology International, Elsevier (see Appendix) 
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of the total life. The open literature, thus, is abundant with studies of nucleation [21, 23, 25, 30, 
31, 41-43] or propagation [18, 28, 44] of fretting fatigue cracks. There are also studies that 
consider both phases [19, 26, 33, 35, 36]. However, according to many research studies the 
predominant mode of fretting fatigue throughout the components’ useful life is thought to be the 
nucleation of cracks [19, 24, 33, 35, 40]. Further, in order to reduce the risk of failure, the 
nucleation of cracks as the preceding phase in fretting fatigue must be prolonged as long as 
possible. Hence, realistic quantification of the nucleation phase is deemed to be highly 
indispensable to the design safety.  

With regard to the quantification of fretting crack nucleation, many studies have adopted a 
multiaxial fatigue criterion, because most of the contact region in fretting is subjected to a 
multiaxial stress field. The Smith-Watson-Topper (SWT) [45] or other modified strain-life 
parameters such as Fatemi-Socie (FS) [46] have been widely used in conjunction with the critical 
plane approach to predict the number of cycles to crack nucleation in fretting [16, 23, 33, 34, 36, 
47, 48]. There are other studies [30, 35] that have used the SWT parameter without the critical 
plane approach on the account that a quasi-uniaxial stress field exists near the contact edges 
wherein fretting cracks are frequently reported to nucleate [22, 23, 29, 34-36]. However, 
regardless of the adopted methodology, the number of cycles to crack nucleation obtained by 
means of these methods is considered to include a certain level of approximation inasmuch as the 
definition of the number of cycles according to these criteria does not entirely exclude the 
propagation phase [45, 48, 49]. Alternatively, the cracking risk for a given loading condition can 
also be predicted by the virtue of parameters such as SWT [22, 23, 30, 36] or other multiaxial 
criteria [7, 16, 21, 22, 26, 41, 50-52] such as Dang Van [53], Crossland [54] or McDiarmid [55]. 
Overall, the efficacy of these methodologies in the analysis of fretting fatigue often relies on the 
definition of a so-called process volume or an averaging zone proposed to capture the effect of 
high stress gradients within the contact region. Yet there are no clear guidelines for evaluation of 
the averaging zone size in a systematic manner for different materials and contact conditions.  

The present study applies a thermodynamically-based continuum damage mechanics (CDM) 
approach as an alternative method for predicting the nucleation life in fretting contact. For this 
purpose, the thermodynamic framework developed by Bhattacharya and Ellingwood [38] is 
employed to model the accumulation of damage during fretting and to calculate the number of 
cycles to crack nucleation. Given that in CDM, the definition of damage is independent of the 
crack size, this approach is deemed to be particularly amenable to crack nucleation analyses. It is 
useful to note that the CDM approach has been used recently for prediction of failure in other 
types of contact problems involving prediction of wear coefficient and the rolling contact fatigue 
[56, 57]. Also in a previous study [31], the CDM approach was used to predict the crack 
nucleation in case of fretting fatigue involving bulk cyclic loading. In that study, implementation 
of a local approach as well as the wide scatter band in the experimentally-observed fatigue lives 
precluded the true potential of the CDM approach to be established for analysis of fretting crack 
nucleation. The present study, in contrast, investigates the plain fretting contact using an 
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improved technique within the framework of a non-local analysis. The results of the fretting tests 
carried out on two different alloys Ti-6Al-4V and Al 2024-T351 [21, 30, 43] are used to 
authenticate the validity of the approach. The stresses due to fretting contact are studied in detail 
to determine the parameters capable of describing the accumulation of damage. Implementing a 
non-local analysis, the averaging zone approach is employed to take into account the effect of 
high stress gradients in fretting contact and a methodology is then proposed for a more 
systematic assessment of the averaging zone and its size.  

2.2. Theory and formulations 

2.2.1. CDM theory 

Thermodynamic approaches have emerged, in an auspicious new trend, as a universal tool for 
analysis of degradation in materials. As demonstrated in recent studies [11, 58, 59], the damage 
growth in materials and the attendant irreversible processes can be effectively modeled within a 
thermodynamic framework.  

Before delving into the CDM formulations, it is appropriate to begin by presenting a brief 
history. The theory of CDM was originally proposed by Kachanov [60] and further developed 
and extended by Lemaitre [61]. More recently, Bhattacharya and Ellingwood [38] developed a 
thermodynamic framework for modeling damage growth. The CDM approach has proven to be 
promising for treating a wide range of problems including sliding wear and rolling contact 
fatigue [31, 56, 57]. Despite the documented advances in mechanics achieved by CDM [38], the 
application of this theory in tribology is still in its infancy and remains to be fully explored. 

The CDM approach, as developed and experimentally verified by Bhattacharya and Ellingwood 
[38], is of particular interest since it obviates the need for specification of a critical crack size and 
the empirical growth parameters, which are typically required in other approaches. As an 
alternative, the state of damage in the material is evaluated based on “macroscopically obtained 
material parameters.”  CDM characterizes material degradation as a macroscopic state variable, 
D. Following the definition due to Lemaitre [61], D is a thermodynamic internal variable, and is 
assumed to be a continuous tensor parameter. Accordingly, the damage variable, D(n), is 

quantified by the surface density of micro-cracks and micro-voids, ∑ iAd  , existing on an 

elemental cross-sectional area, dA, with the normal vector n ; see Figure 2.1. Hence, the 
definition of D(n) is: 

dA

Ad
nD

i∑=)(           (1) 

In spite of the existence of micro-cracks and micro-voids, the material is assumed to be 
continuous up to a certain critical point to be defined later in this section.  

In the present study, damage is assumed to be isotropic so that D can be presented simply by a 
scalar quantity. Considering the equilibrium of forces, the relation between the nominal normal 
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stress, σ , and the effective normal stress, σ ′ , acting on the remaining undamaged area is given 
by: 

D−
=′

1

σ
σ            (2) 

 
Figure 2.1 Damage at any point in the material 

According to the principle of strain equivalence [62], the damaged volume of the material 
subjected to the nominal stress is analogous, in terms of the strain response, to an undamaged 
volume subjected to the effective stress. Consequently, it can be shown that: 

)1( DEE −=′            (3) 

where E′  and E  denote the Young’s moduli of the damaged and undamaged material, 
respectively. The Poisson’s ratio is, however, assumed to be insensitive to the damage process 
[38]. From the vantage point of the CDM theory, failure, i.e. crack nucleation, occurs when the 
damage variable reaches its critical value, Dc, with the restriction that Dc ≤1. Note that, according 
to the CDM theory, failure does not mean fracture. Instead, it specifies a point at which the 
material is sufficiently degraded such that continuity is lost due to the formation of micro-cracks 
and micro-voids. At such point, a crack is assumed to be nucleated. Dc is an intrinsic material 
property, and can be obtained by means of simple experiments [38]. One possible procedure to 
obtain this parameter involves cyclic loading and unloading of the material and measuring the 
corresponding unloading modulus each time [62]. The damage parameter is subsequently 
calculated using Eq. 3. The critical value of the damage parameter can be obtained, at the point 
of imminent failure. Bhattacharya and Ellingwood derived the following expression for isotropic 
damage growth in a deformable body [38]: 

1on;0)( RnDT jijDi ∂=∂∂+ εψ
        (4) 

In Eq. (4), iT  is the traction on the boundary 
1R∂ , 

Dψ  is the derivative of the Helmholtz free 

energy function with respect to D, ijε  represents the strain tensor and jn  is the normal in j 

direction. In the case of cyclic loading, damage can grow in each cycle. It is noteworthy to 
mention, that the fretting loading induces a multi-axial state of stress in which case the solution 
to Eq. (4) becomes a cumbersome task. However, the solution for multi-axial fatigue is believed 
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to be rather unwarranted, in view of the fact that the fretting cracks normally nucleate in a region 
where a quasi-uniaxial stress state prevails [30, 33, 35]. For a uni-axial loading case and using a 
Ramberg-Osgood type hysteresis loop during the cyclic loading, the solution to Eq. (4) in terms 
of the damage parameter, Di , at the ith cycle, is given by [38]: 



 ≥−−

=
−

−

otherwise;

 if ; )1(1

1

max1

i

eii

i
D

SFD
D

σ
        (5) 

where 

imi

M

li

M

mi

ioi

M

li

M

oi
i

CM

CM
F

+∆∆−∆+

+∆∆−∆+
=

+−

+−

εεε
εεε

/1/111

/1/111

)/11(

)/11(        (6) 

and 

oi

M

li

M

oif

i
MK

C εε
εσ

∆∆+
+

∆
−=

+
/1

/11

/114

3         (7) 

where maxσ  is the maximum cyclic stress, eS  represents the endurance limit and fσ  is the true 

failure stress of the material. The parameter M represents the cyclic hardening exponent and K is 

given by HK M112 −= , where H is the cyclic hardening modulus. The strain range parameters in 
Eqs. 6 and 7 are graphically defined in Figure 2.2. Detailed description of these parameters can 
be found elsewhere [63]. The material is initially assumed to be defect free, i.e. D0 = 0. 

 
Figure 2.2 Stress–strain coordinates in a typical loading cycle, adapted from [38]. 

It is necessary to mention that the presented model treats damage according to an elasto-plastic 
material behavior while the stress condition may remain completely within the elastic range. In 
fact, when the material is subjected to fatigue loading resulting in stresses lower than the bulk 
yield stress—as is the case in the present study—the plastic strain at the macro-level remains 
very small and often negligible compared to the elastic strain range. However, from the 
viewpoint of CDM theory [62], the material behaves elasto-plastically in the micro-scale and is 
modeled as a damageable volume.  
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2.2.2. Fretting stress formulation 

Referring to Figure 2.3a, the fretting contact type used in this study is the oscillating contact of 
a cylinder on flat pertaining to the experimental work of Proudhon et al. [30, 43] and Fouvry et 
al. [21]. Assuming elastic half-planes with identical elastic properties [21, 30, 43], the contact 
pressure distribution for a given normal load, P, is of the Hertzian type and independent of the 
tangential force: 

5.022
0 )1()( axpxp −=

         (8) 

where 0p  is the maximum contact pressure with a positive value and ais the contact half width. 

 
a      b 

Figure 2.3. Fretting contact in partial slip, (a) contact parameters in a typical cylinder on flat 
configuration (b) variation of the tangential force versus the relative displacement. 

Next, in line with the experiments [21, 30, 43], it is assumed that the partial slip condition 
dominates and that the bulk of the contact remains elastic. The tangential force, Q, oscillates with 
an amplitude Q* corresponding to the maximum relative displacement, δ*, within a typical 
hysteresis loop shown in Figure 2.3b. The solution to the shear traction, q(x), in partial slip of the 
spherical Hertzian contact is due to the work of Mindlin and Deresiewicz [64, 65]. Hills and 
Nowell [40] give the distribution of shear traction for the cylindrical line contact in partial slip: 
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where c is the half width of the stick zone and b denotes the half width of the instantaneous stick 
zone corresponding to the instantaneous tangential force. In Eq. (9), the plus and minus signs 
correspond to the loading and unloading portions of the fretting cycle, respectively. 

For the elastic (linear) plane strain condition in a semi-infinite media the resultant stresses at an 
arbitrary point of A(x,z) due to the specified normal and tangential tractions are [66]: 
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The plane strain condition requires all other stress terms to be zero except the stress normal to xz 
plane: 

)( zxy σσυσ +=           (13) 

where υ denotes the Poisson’s ratio. 

2.3. Analysis and simulation 

Before proceeding with the simulation of fretting crack nucleation, it is essential to analyze the 
fretting stresses in more detail to determine the appropriate parameter(s) that can be used to 
characterize damage growth in fretting by means of the CDM analysis. To that end, the stresses 
formulated in the preceding section are calculated throughout the fretting cycle using the normal 
and tangential tractions given by Eqs. 8 and 9. The resulting stresses are analyzed and an 
appropriate method is then proposed for the prediction of crack nucleation by means of CDM 
analysis.  

2.3.1. Analysis of fretting stresses 

Figure 2.4 illustrates the contact stress components resulting from a partial slip fretting contact 
loading. For brevity, the results are plotted for one loading case and only at one point (Q=-Q*) 
during the fretting cycle shown in Figure 2.3b. Not shown, also for brevity, are the stress 
distributions at other loading points during the fretting cycle. However, the evolution of these 
stresses throughout the complete fretting cycle is studied in detail and the significant highlights 
are summarized in following paragraph.  
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a       b    

 
c       d 

Figure 2.4. Distribution of the fretting stress components for *QQ −= , c/a=0.74, µ=0.9. (a) 
xσ , 

(b) 
xzτ , (c) 

zσ , (d) yσ  

First, it is revealed that the stress components xσ , xzτ  and to a less extent yσ undergo the most 

intense variations due to the oscillation of the tangential force. By contrast, the stress component 
in z direction,

zσ , is almost unaffected by the variation of the tangential force. This is, in fact, 

more pronounced close to the surface where 
zσ  becomes completely independent of the shear 

traction. The second important point is that with the exception of the shear stress, xzτ , at the 

surface, the oscillation of the tangential force from –Q* to +Q* does not completely reverse the 
contact stresses. Attributed to the dependence of the stresses on both the normal and tangential 

forces, this effect is noticeable in case of xσ on the surface at the contact edges, 1±=ax . 

Finally, by examination of the stress distribution plotted in Figure 2.4, it is readily deduced that 
the state of stress in the partial slip fretting contact is in fact multi-axial. Notable exceptions to 
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this are the points on the surface at ax ≥ where all the other in-plane stress components except 

xσ reduce to zero, thus giving rise to a quasi-uniaxial state of stress. 

2.3.2. Identification of the crack nucleation parameter for CDM analysis 

While there is an abundance of different parameters for characterizing the cracking behavior in 
fretting, there is no consensus as to which criteria or parameter should be used for quantification 
of fretting crack nucleation. In addition to the critical plane and the multiaxial fatigue criteria 
mentioned earlier, a variety of other parameters such as the shear stress range [19, 34, 42], 
combined with the maximum normal stress on the maximum shear plane [25, 67] and the 
maximum and principal strain [47] have also been proposed for analyzing crack nucleation in 
fretting. In a different approach, the Ruiz parameter [32] combines the effect of slip together 
with the shear and tangential stress, i.e. parallel to the surface, to predict the location of fretting 
crack nucleation. Clearly, a pertinent parameter is one which correctly predicts the location of 
crack nucleation. Some methods such as the critical plane can predict the orientation of the 
nucleated cracks as well. However, the reported data on the nucleation angle is rather scattered 
[21, 25, 27, 30, 34, 36, 41, 67]. This is believed to be influenced by local factors such as grain 
boundaries and micro-structural orientations, which collectively prevent a conclusive comparison 
with the prediction results. More importantly, a pertinent parameter should provide a direct and 
veritable correlation with the experimentally observed crack nucleation lives.  

In the present study, in accordance with the CDM approach, the thermodynamic damage 
parameter, D, is chosen for the analysis of damage accumulation during the cyclic loading. 
According to the methodology proposed by Bhattacharya and Ellingwood [38], micro-defect 
formation and the concomitant accumulation of damage ensue from variation of the uni-axial 
normal stress in excess of the endurance limit of the material, Se . As stated earlier, the fretting 
crack nucleation occurs on the surface and is confined to a region very close to the contact edges. 
Consequently, owing to a quasi-uniaxial state of stress at the contact edges, the case of fretting-
induced fatigue lends itself readily to uni-axial analysis, an approach successfully adopted by 
other studies [30, 35]. In fact, as opposed to other contact fatigue problems—such as rolling 
contact—very high friction coefficients are normally encountered in fretting [68], which give 
rise to intense and concentrated stresses at the surface near the contact edges. In this regard, 
Lykins et al. [47] found no significant difference between the results obtained by means of 
multiaxal and uniaxial analysis of fretting fatigue using the SWT parameter. It is to be 
emphasized, that the quasi-uniaxial stress field at the contact edges is believed to be dominant 

regardless of the out-of-plane non-zero stress component, yσ ; see Figure 2.4. In fact, this stress 

component, i.e. yσ , is believed to have a minimal effect on the nucleation of fretting cracks that 

normally occurs in the plane. Subsequently, the xσ component at the contact edges remains to be 

the only in-plane stress component oscillating beyond the material’s endurance limit at this 
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location. However, as discussed in the following and in Section 2.3.3, the necessity for 

implementing an averaging technique renders xσ  less propitious for analysis of damage in 

fretting fatigue. The averaging techniques essentially consider a region in contact where the other 

in-plane stress components, i.e. 
zσ  and xzτ , are no longer zero. These non-zero stress 

components can affect the crack nucleation process and, therefore, their effect has to be 
considered as well. To that end, the principal stress components, as the potential nucleation 
parameters, are calculated and examined in detail.  

Shown in Figure 2.5, are the distribution of two principal stress components, i.e. 
1σ  and 

2σ , in 

the contact region. Not shown in these graphs, is the third principal stress, 3σ , which is 

essentially equal to the out-of-plane stress component, yσ , in Figure 2.4 and is believed to have 

the least effect on the in-plane crack nucleation. To maintain brevity, the stress distributions are 
plotted here only for one loading case and one loading point (Q=-Q*) during the fretting cycle. 
However, it is necessary to examine the evolution of the principal stresses throughout the 
complete fretting cycle. Two important highlights based on this examination are presented here. 
First, the most intense variations of the principal stresses during a fretting cycle occur at regions 

near the contact edges. Second, the 
2σ stress component always remains negative. Accordingly, it 

is assumed in this study that the second principal stress has a less significant contribution to 
crack formation due to its compressive action [69, 70]. Hence, the first principal stress 
component is chosen for the CDM analysis of fretting crack nucleation. Figure 2.6 presents the 
distribution of the first principal stress range during a complete fretting cycle. Clearly, the 
contact edges are subjected to the maximum variation of the first principal stress.  

 
a       b 

Figure 2.5. Contours of the principal stresses for c/a=0.74, µ =0.9, *QQ −= .  (a) 
1σ , (b) 

2σ  
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Figure 2.6. Distribution of the first principal stress range, 

1σ∆ , for a complete fretting cycle 

(c/a=0.74, µ=0.9) 

Examination of these stress distributions along with those plotted in Figure 2.4 shows intense 
stress gradients near the surface in the vicinity of the contact edges. It is generally conjectured 
that for damage to occur, such high values of stress must persist in a region of a certain size. 
Often referred to as the averaging zone, the size of this region seems to be more or less 
correlated with the material’s microstructure, and the intensity of the stress gradients. As 
reported by a large number of studies [16, 21-23, 30, 41, 43, 48], the presence of highly localized 
stress extremes in fretting requires one to employ some type of an averaging technique. The 
existence of an averaging zone is indeed in line with the fact that fretting cracks nucleate at some 
point close to but not always at the contact edges [22, 48, 71]. As such, fretting cracks are 
believed to nucleate inside this zone, at a location hosting the most favorable conditions 
depending on the specific local microstructure and the stress field. 

2.3.3. The averaging technique 

Definition of the averaging zone 

The fretting fatigue life is influenced by a so-called contact size effect. This effect is confirmed 
in light of the pioneering work of Bramhall [17], and is also evidenced in more recent studies 
[29, 41, 72]. More pronounced in small contacts, i.e., where large stresses occur over a length 
scale comparable to the material’s microstructure, this effect is found to pose difficulties to 
analyze fretting fatigue experiments using bulk fatigue data. Employing different critical plane 
parameters as well as a variety of multiaxial criteria, many studies have established that 
regardless of the adopted life prediction model, the size effect must be taken into account if a 
reliable estimation of the nucleation life in fretting fatigue is desired [16, 21-23, 30, 41, 48]. 
Among the approaches proposed to resolve the size effect, the averaging technique is more 
appealing owing to its ease of implementation. According to this approach, the nucleation 
parameter is averaged over a specific region, i.e. the averaging zone. The averaged parameter is 
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subsequently used in a fashion identical to the analysis of plain fatigue using the bulk material 
properties. There is, however, no universally accepted definition of the averaging region in terms 
of its size and its shape. Line averaging [48, 73] as well as cubic [16, 21-23, 30, 41, 48, 52] or 
cylindrical averaging volumes [36, 43] have been frequently employed. Similarly, there is no 
unique definition of the length scale used for averaging. However, with the exception of few 
studies [22, 36], many studies contend that this length scale should correspond more or less to 
the material’s grain size. Proudhon et al. [43] introduced a variable size averaging zone to 
account for the experimentally observed nucleation lives and correlated its size with the slip 

width, i.e. cals −= . Interestingly, the averaging length scale is found to depend on the chosen 

life prediction model as well [22]. In view of such issues, the definition of the averaging zone is 
considered to be somewhat tentative, and experimental results are customarily used to define the 
averaging zone of appropriate size.  

Identification of the averaging zone 

In this study, a method is devised for identifying the averaging zone on a more consistent basis 
that can be used in the CDM analysis of fretting crack nucleation. As a central premise in the 
present study, it is assumed that crack nucleation in fretting depends not only on the stress field 
but also on the severity of their gradient, a hypothesis also proposed by others [43, 67]. The 
objective is to find a possible association between the averaging zone and the stress gradients. 
Implementation of an averaging technique, in general, requires a search algorithm to locate an 
averaging zone with the maximum value of averaged nucleation parameters. However, in view 
of the experimental evidence in fretting, it is intuitively clear that the target averaging zone has 
to include the contact edges as the predominant crack nucleation sites. Furthermore, according to 
the distribution of the first principal stress range in Figure 2.6, the averaging zone is assumed in 
this study to be centered on the contact edge as the point sustaining the most detrimental 
variation of the nucleation parameter.  

The results reported by Proudhon et al. [43] are of particular interest to the present study, since 
they suggest possible correlations between the size of the averaging region and the slip width. 
Moreover, a study carried out by Amargier et al. [52] indicates that severe gradients of stress or 
nucleation parameters indeed exist in the slip region. Shown in Figure 2.7 are the gradients of the 
first principal stress plotted for two different loading conditions. The stress gradient is calculated 
via the following formula:   
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a      b 

Figure 2.7. Distribution of the first principal stress gradient, (a) c/a=0.48, µ=1.05, (b) c/a=0.83, 
µ=0.85 

 

As seen in Figure 2.7, manifested in the slip zone are intense stress gradients which extend 
beyond the contact edge. The presence of the highest stress gradients (HSG) in a region near the 
contact edge can be attributed to the discontinuities of the surface traction derivatives at the slip 
zone borders. Therefore, as a first approximation, the HSG region is assumed to be centered on 
the contact edge with a span equal to the slip width; see Figure 2.7. In contrast, the extent of this 
region below the surface is much less with the stress gradients diminishing immediately below 
the surface. Considering the differences in the distributions of the first principal stress and its 
gradient in x and z directions, it is reasonable to anticipate an averaging zone with different 
dimensions in these two directions. Further, unlike the crack nucleation location along the x 
direction, which depending on the local microstructure is at some point close to the contact edge, 
the nucleation location in z direction is more strictly confined inasmuch as the cracks always 
nucleate at the surface. Therefore, the effect of stress gradients in the z direction is believed to be 
negligible compared to the x direction.  Accordingly, it is assumed that the fretting cracks 
nucleate primarily under the influence of the surface stresses and their gradients. The HSG 
region identified here for a cylinder-on-flat contact is an area on the surface rather than a volume 
and extends over the contact length with the width equal to the slip width centered on the contact 
edge. Thus, the span of the HSG region in this study is always assumed to be equal to the slip 
width. As a result, the size and the location of this region can be determined based on the loading 
condition and the material type only. It is noted that due to the two dimensional, i.e. plain strain, 
nature of the contact problem, this area is represented as a line for numerical implementation of 
the averaging technique in Section 2.3.4.  

It is worthwhile to note, that for the case of pure fretting in the present work, either of the 
contact edges can be chosen for analysis due to their identical loading history. However, as 
shown by Hills and Nowell [40], in the presence of bulk stresses, e.g. fatigue loading, the 
distribution of the shear traction ceases to be symmetric due to the shift in the stick zone. Under 
such loading conditions, crack nucleation almost invariably occurs near the trailing edge of the 



17 
 

contact. Accordingly, the trailing edge and the corresponding slip zone should be considered for 
fretting crack nucleation analysis.  

The averaging zone concept, in essence, is proposed to capture the effect of high stress 
gradients that occur over a micro-structural length scale. Hence, identification of the HSG region 
is the primary step in defining the size of the averaging zone. To finalize the identification of a 
target averaging zone, the material’s microstructure should be taken into account and compared 
with the HSG region. It is believed that for very large contact sizes, in which the HSG region 
becomes much larger than the material’s microstructure, the stress gradients occurring within the 
microstructural length scale are alleviated and there is no need to carry out the averaging. On the 
other hand, averaging over a HSG region many times smaller than the material’s microstructure 
is unrealistic from the microstructural point of view. In either case, the HSG region cannot 
correctly characterize the averaging zone. Accordingly, it is posited that certain upper and lower 
limits are associated with the averaging zone. Such limits are to be defined here only 
qualitatively, for the exact relation between the averaging zone and the material’s microstructure 
is not yet fully understood. Therefore, it is suggested that as long as the size of the HSG region 
remains comparable to the materials microstructure, it can be used as the averaging zone. 
Configurations involving excessively large or small contacts require a judicious choice of the 
averaging zone size. Particularly precarious, are large contacts where overestimation of the 
averaging zone by the HSG region can lead to non-conservative predictions. In such instances, a 
convenient estimation of the averaging zone by means of the grain size serves to prevent 
potentially hazardous predictions; see Section 2.4. 

As established earlier, the first principal stress, as the nucleation parameter, has to be averaged 
over the averaging zone. It is noted, that different points in the averaging zone experience 
dissimilar values of the principal stress extremes at different times and different principal 
directions during the fretting cycle. However, this difference becomes less pronounced near the 
contact edges. Furthermore, from the macroscopic viewpoint, the averaging zone can be 
interpreted as a means to transform an intensely variable stress state into a uniform equivalent 
state that can be analyzed by means of bulk fatigue data. Accordingly, distinguishing between 
the different points inside the averaging zone is not consistent with its definition. Therefore, 
regardless of such local differences, the averaged parameter serves as a pertinent parameter 
representative of the stress state inside the averaging zone. 

2.3.4. Simulation of the crack nucleation life by CDM 
 

The results of plain fretting tests in three different studies are used to verify the presented 
methodology for analysis of the crack nucleation in fretting. These studies, carried out by 
Proudhon et al. [30, 43] and Fouvry et al. [21] investigate the fretting crack nucleation for two 
pairs of materials which include Al 7075-T6 cylinder versus Al 2024-T351 flat specimen [30, 
43] and a pair of Ti-6Al-4V also in cylinder-on-flat configuration [21]. For each group of 
materials, the flat specimen was chosen for further crack nucleation analysis only. The material 
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types along with their mechanical and cyclic properties are presented in Table 2.1. The Ramberg-
Osgood material parameters, H and M, can be obtained either directly from the cyclic stress-
strain curve or alternatively from the Coffin-Manson’s parameters available in the literature [74]. 
In the present study, the relation between the Ramberg-Osgood parameters and those of the 
Coffin-Manson are used which can be found elsewhere [75]. Also shown in this table are the 
critical damage parameters for the flat specimens, i.e., titanium alloy and Al 2024-T351 [62]. It 
is to be noted, that due to the lack of reported values for the critical damage parameter in case of 
the titanium alloy, two different values of Dc are used for this alloy. Obtained by means of 
different hypotheses such as Elastic Energy Equivalence or Elastic Strain Equivalence, these 
values represent the average theoretical minimum and maximum of the critical damage 
parameter [57].  

Also noteworthy to point out, is that application of the presented methodology is not limited to 
the material types investigated here. However, published experimental works on the fretting 
crack nucleation in other materials—such as steel—involve other contact configurations, e.g. 
sphere on plane, or include the bulk stress effect [7, 41, 50, 51, 76] the analysis of which merits a 
separate study.  

Table 2.1. Mechanical and cyclic material properties [21, 30, 43, 74], [57, 62] 

Material type E (GPa) ν eS (MPa) yS (MPa) H (MPa) fσ  (MPa) M Dc 

Ti-6Al-4V 119 0.33 450 970 1986 1719 9.26 0.1, 0.4 
Al 2024-T351 72.4 0.33 140 325 851 684 10.2 0.1 

The experimental procedure as explained in detail in Refs. [21, 30, 43] involves plain fretting 
tests in partial slip regime conducted on a servo-hydraulic test machine. These tests feature two 
important categories of experiments that are individually used here to establish the validity of the 
methodology proposed in this study for fretting crack nucleation analysis. The first type of 
experiments [21, 30] were aimed at identifying the crack nucleation boundary, i.e., the critical 
amplitude for the tangential force, Q*, that results in crack nucleation after a specified number of 
cycles for a given normal force, P. To that end, tests were carried out [21, 30] and stopped at the 
specific number of cycles, Nn, to inspect the specimen for nucleated cracks. Normal loads 
covering a relatively wide range were applied. The critical value of the tangential force 
amplitude resulting in crack nucleation was obtained by changing its value in a trial-and-error 

fashion. These tests were carried out on Al 2024-T351 for 
4105×=nN [30] and on Ti-6Al-4V 

with 
6101×=nN [21].  

The second type of tests [43] were conducted similar to the first type but with the objective of 
finding the number of cycles to crack nucleation for the given normal and tangential forces. 
These tests were carried out on Al 2024-T351 and the results are explicitly reported for the 
normal load of 400 N/mm [43]. The resolution for detection of a nucleated crack is reported to be 
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10-20 µm, which was achieved by means of SEM observations and optical cross-section 
examinations. 

In the present study, a computer code is developed using MATLAB to carry out the simulations 
conforming to the experiments. The computer program consists of a core subroutine that 
calculates the surface tractions for a given set of input parameter to obtain the stress 
distributions. These stresses are computed in small increments throughout the fretting cycle. The 
input parameters are dictated by the nature of the simulation. For the first type of experiments, in 
which a cracking boundary is to be defined, the input parameters include the contact and material 
properties, the normal force and the number of cycles to crack nucleation. In simulations 
pertaining to these experiments, the program assumes an initial value for the tangential force 
amplitude which is usually taken to be equal to µP/2. Having all the input parameters, the 
program calculates the variation of the first principal stress during a complete fretting cycle. 
Next, the maximum and the minimum of first principal stress are identified for the location of 
interest, i.e. the contact edge or the averaging zone, and used for calculating the stress and strain 
range parameters assuming a Ramberg-Osgood type hysteresis curve [38]; see Figure 2.2. 
Subsequently, the evolution of the damage in each fretting cycle is obtained based on Eqs. 5 and 
6. By means of a trial-and-error procedure, the critical tangential force amplitude is determined 

which results in cNi DD
n
== .  

To perform the simulations corresponding to the second type of experiments, i.e. in those that 
the number of cycles to crack nucleation is obtained as a function of normal and tangential force, 
the program receives the tangential force amplitude as the input parameter instead of the number 
of cycles to nucleation. A similar computational procedure is employed, with the only difference 
that the solution in case of these simulations is straightforward and continues until the condition 
Di = Dc is reached at which point the value of i index represents the number of cycles to 
nucleation. The material properties are taken from Table 2.1. The other input parameters for each 
category of tests are also specified with regard to the experiments and are summarized in Table 
2.2. 

Two different series of simulations, i.e. local and non-local, are performed for each category of 
tests. To carry out the former, the value of the first principal stress at the contact edge is chosen 
for analysis. For the non-local analysis, an additional step is required to average the principal 
stress over the averaging zone which is identified for each simulation according to the 
methodology proposed in Section 2.3.2.  

Table 2.2. Input parameters for simulations 
Simulation 
objective 

Material type 
Normal force 
(N/mm) 

Tangential 
force (N/mm) 

Nn µ 
R 
(mm) 

Contact 
length (mm) 

Critical tangential 

force 

Ti-6Al-4V 40-550 N/A 1×106 0.84-1.2 10 3.0 

Al 2024-T351 110-700 N/A 5×104 1.1 49 4.4 

Number of cycles 

to nucleation 
Al 2024-T351 400 90-250 N/A 1.1 49 4.4 
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The computation domain for the non-local analysis is a line on the surface defined by 

22
ss l

ax
l

a +≤≤− , with 100 mesh points. Higher and lower mesh sizes were also tried but 

only to ascertain that the chosen size provides mesh independent results within a reasonable 
computation time. The maximum solution time is required by the first type of simulations which 
involve trial-and-error procedure. Depending on the initial guess for the tangential force 
amplitude, these simulations can take between 10-45 minutes to reach the solution. Faster are the 
second types of simulations which take about 3 minutes to complete. The solution in case of the 
local analysis is achieved within only few seconds. These simulation times are achieved using a 
computer equipped with 3.2 GHz processor and 4 GB of memory. Presented and discussed in the 
next section are the results of crack nucleation analysis by the virtue of the aforementioned 
methodology. 

2.4. Results and discussion 

The crack nucleation boundaries predicted by means of the CDM approach are plotted in 
Figures 2.8 and 2.9 and are compared with the published experiments for each category of tests 
separately. The experimental data points in Figure 2.8 represent the crack nucleation boundary 
explicitly determined in the corresponding study [21]. The same type of results is presented in 
Figure 2.9, however, by providing a narrow band between the cracking and no cracking zones 
[30]. In accordance with the Ref. [43], another series of simulations are carried out to predict the 
evolution of the number of cycles to crack nucleation as a function of the tangential force 
amplitude. In these simulations, for the normal force value of 400 N/mm, different tangential 
force amplitudes are used. The results of these simulations are presented and compared with the 
experiments in Figure 2.10. 

 
Figure 2.8. CDM predictions of the crack nucleation boundary versus the normal force for Ti-
6Al-4V, Nn=1×106 (a) non-local analysis with Dc=0.4, (b) non-local analysis with Dc=0.1, (c) 
non-local analysis with Dc=0.4 and µ=0.9, (d) non-local analysis with Dc=0.1 and µ=0.9, (e) 
local analysis with Dc=0.4, (f) local analysis with Dc=0.1. 
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