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ABSTRACT

This paper is a study of relations between selected classes 
of ideals in a domain D with unit. An ideal A in D is a
valuation ideal if it is the intersection of D with an
ideal of a valuation ring Rv containing D and contained in
the quotient field of D. In this definition, if
1 'valuation' ' is replaced by Priifer or Dedekind, we obtain 
definitions for Priifer ideal or Dedekind Ideal, respectively.

It is shown, in the first chapter, that every Priifer ideal 
in D is primary if and only if‘ there exists only one proper 
prime ideal in D, and that the set of Priifer ideals in D 
coincides with the set of primary ideals in D if and only, 
if D is a rank one valuation ring. The condition that 
prime ideals of D are chained is necessary and sufficient 
for Priifer ideals to be semi-primary; furthermore, the set 
of Priifer ideals coincides with the set of semi-primary 
ideals if and only if D is a valuation ring. It is also 
shown that Priifer ideals are powers of prime ideals if and 
only if the domain D is contained in only one valuation 
ring, it being P-adic for some prime ideal P of D.

In the second chapter, it is shown that D is a Dedekind 
domain if every proper ideal of D is a Dedekind ideal, not 
necessarily for the same Dedekind domain. Several

iv



necessary and sufficient conditions are given for D to be 
an almost Dedekind domain; one of these conditions is that 
l) primary ideals are Dedekind ideals, and 2) proper prime 
ideals in D are maximal. This paper is concluded by 
studying the prime ideal structure in D when semi-primary 
ideals are valuation ideals and when primary ideals are 
powers of prime ideals.

v



INTRODUCTION

In this paper D will always denote an integral domain with 
unit, and K will denote the quotient field of D. An ideal 
A of D will be called a proper ideal if A is distinct from 
(0) and D. 1 'Priifer domain' ' will mean a domain in which 
each finitely generated nonzero ideal is invertible. A 
domain in which each proper quotient ring is a discrete, 
rank one valuation ring will be called an ''almost Dedekind 
domain.'' All valuations encountered in this paper will 
be valuations of K which are non-negative on D, hence all 
valuation rings encountered will contain D and be contained 
in K. These valuations lead to a special class of ideals 
in D which are called valuation ideals [11; 34-0].̂

Definition I
An ideal A of D is a valuation ideal if it is the inter
section of D with an ideal of a valuation ring V which 
contains D.

Note
* T

The following equivalent definition will be used more often

^Pairs of numbers in brackets refer to correspond
ingly numbered references in the Selected Bibliography and 
page numbers, respectively. A single number in a bracket 
refers to the correspondingly numbered reference in the 
Selected Bibliography.
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in this paper: An ideal A of D is a valuation ideal if
there exists a valuation ring V containing D and contained 
in K such that A*V Pi D = A.

Definition II
An ideal A of D will he called a Priifer ideal, or an almost 
Dedekind ideal, or a Dedekind ideal if there exists a 
Priifer domain J, or an almost Dedekind domain J, or a 
Dedekind domain J, respectively, such that D G  J (Z K and 
A»J Pi D = A.

Notation
Let V denote the set of valuation ideals of D, P the set 
of Priifer ideals of D, CL the set of almost Dedekind ideals • 
of D, 2. the set of primary ideals of D, J  the set of 
semi-primary ideals of D (i.e., ideals having prime radical), 
and f*P the set of prime power ideals of D. The terminology 
used will in general he that of Zariski and Samuel [10],
[11]. In particular, the symbol * * CZ * * will indicate 
containment while ,l<,l will indicate proper containment.

Statement of Problem
In a paper by Gilmer and Ohm [51 > a study was made of the 
relationships between the set If of valuation ideals of D . 
and the set 2. of primary ideals of D. In this paper we 
will investigate relationships between these and the other 
classes of ideals mentioned above. We note that the fol
lowing containments are always true; (1) If C  Py (2) Q.CP,
(3) PfiC. J, and (4) if C J , Containments (1) and (2)
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follow since every valuation ring, respectively almost 
Dedekind domain, is a Priifer domain; (3) is obvious and
(4) is a result of [11;342].

The following three theorems are results of Gilmer and Ohm

[53.

Theorem I
A domain J is a Priifer domain if and only if it satisfies 
any of the following equivalent statements:

a) Every nonzero finitely generated ideal of J is 
invertible.

b) Jp is a valuation ring for every prime ideai P of J.
c) Whenever A / (0), B, C are ideals such that A is

finitely generated and AB = AC, then B = C.
d) Every ideal of J is complete (see definition,

[11;347]).
e) Every ideal A of J, A ^ J, is an intersection of 

valuation ideals.

Theorem II
In a domain D, 7A d  2. if and only if every proper prime 
ideal of D is maximal.

Definition III
A domain D is said to satisfy the ascending chain condition 
for prime ideals provided any strictly ascending chain of 
prime ideals P^ < P2  < P^ < ••• is finite.
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Theorem III
Let D he a domain which satisfies the a.c.c. for prime 
ideals. If i  C  V, then D is a Priifer domain (and con
versely) .

Note f
The following properties of extended and contracted ideals, 
listed in Zariski and Samuel [10;219], will be useful. 
Suppose J is a domain such that D C  J C  K; let A, B denote
ideals of D, and E, S ideals of J, then:

1) If E C  S, then e D d C s O B ;  if A C  B, then 
A» J C  B. J.

2). (e n s) n d = (e n d) n (s n d) .
3) (ES) ri D D(E n D)*(S n D) ; (AB)*J = (A-J)-(B.J).
4) (/IF n D) = /e n D '.

The following theorem, also from Zariski and Samuel 
[10;228], will be used frequently.

Theorem IV
Let P be a prime ideal in a ring E. The mapping A  > A-E^
establishes a 1-1 correspondence between the set of prime
(primary) ideals of R contained in P and the set of all
prime (primary) ideals in E^.



CHAPTER I

In this chapter, our attention is focused principally on 
relationships between the classes of ideals P  , Q. , J  , 
and PP in a domain D. Necessary and sufficient conditions 
are given in order that P C J , P  = J , P C  2 ,  P= 2-, 
and. P d  PP.

Theorem 1.1
Let Vn, Vp,..., V be valuation rings containing D and

n
contained in the quotient field K of D, let J = 0  V . ,

i=l 1
and denote by 1/L the unique maximal ideal in for
i = l,...,n. Then J is a Priifer domain and if V, V . ford
any (k / j), then the maximal ideals of J are P^ = B/L H  J
and = Jp for i = l,...,n.

1 n
Proof: Suppose V, for some k / 1, then J = Pi V. =
n * 1 i=l
Pi V. . We may therefore assume, without loss of generality, i=2 1
that Vk for any (k ^ j). An ideal A of J is maximal
if and only if A = M. fl J = P^ for some i, and
for each i [8;38]. If Q is any prime ideal of J, then
QCIl3,- for some j, hence Jn D  J . Therefore JQ is a d *6
valuation ring, whence J is a Priifer domain by Theorem I.
This completes the proof.

Theorem 1.2
P C I  in a domain D if and only if there exists only one
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proper prime ideal in D (which is maximal, of course).

Proof: If there exists, only one proper prime ideal in D,
then every ideal in D is primary, hence Priifer ideals are 
primary. Conversely, if Priifer ideals are primary, then, 
valuation ideals are primary and" hence the proper prime 
ideals of D are maximal by Theorem II. Suppose P^ and P£ 
are distinct maximal ideals of D. There exist valuation
rings and Vg containing D with maximal ideals M^ and M2

respectively, such that D D = P^ and M2  O  D = ? 2 « If 
7±C  Vg, then M 2  H  V-̂  d  M-̂  since M^ is maximal in V-̂  and

hence Pg = (Mg H  V1) D  D C  Mx H  L = Pr  Since Pg (£. P± we

see that V-̂  (£_ Vg and in a similar manner Vg 
Vl O  Vg = J, then by Theorem 1.1, J is a Priifer domain and 
Mxn  J = and Mgfi J = $ 2  are only maximal ideals 
in J. Furthermore, an<I ^2 are d-lstinct since neither
V-̂ nor V2  is contained in the other. We have

p 1 n  p 2 = (m x n  d) n  (Mg n  d ) =
{ (m x n  j ) n  d ) n  { (m-2 n  j ) n  d ) = '
(qx n  d) n  (q2 n  d) o (q 1 n  q2) n  d .

But (Q-̂  PI Qg) D  D is a Priifer ideal, hence JP-^ O  Pg = P-jOPg
is maximal. Therefore P ^ d  ^ 2  or ^1* contra
diction establishes the converse.

Lemma 1.5
If A is a Priifer ideal in D, then A is the intersection of 
valuation ideals.

(7_ Vn. We set



Proof: Let J denote a Priifer domain such that A«J D  D = A.
If M denotes the set of maximal ideals in J, then
J = (1 J« [11;94]. Also, A*J = H  A»JM [11;94],  where Me# M Me# m
each A*Jjyj is a valuation ideal since Jjj is a valuation
ring for each prime ideal M of J. Therefore A = A*J H  D =
( 0  A* J O  D = O  (A* J„ O  D) where each A* JM O  D is a
Me# M Me# M M
valuation ideal in D.

Lemma 1.4
If every ideal A of D, A / D, is a Priifer ideal, then D is 
a Priifer domain.

Proof: By Lemma 1.3 > every ideal A / D is the intersection
of valuation ideals, hence D is a Priifer domain by 
Theorem I-(e).

Theorem 1.5
P = 2. if and only if D is a rank one valuation ring.

Proof: Let D be a rank one valuation ring, then D has
only one proper prime ideal, it being maximal. Therefore 
P d  2, by Theorem 1.2. Since every ideal of D is a Priifer 
ideal, 3 . C P ,  whence P = «2. Conversely, suppose P = £..
By Theorem 1.2, there exists only one proper prime ideal M 
in D; therefore every ideal of D is primary, hence Priifer. 
Now D is a Priifer domain, by Lemma 1.4, and thus a rank 
one valuation ring since D = Djj.

Theorem 1.6
In a domain D, P<zJ if and only if the prime ideals of D 
are chained.



Proof: Suppose P d  and let P^ and P2  denote arbitrary
prime ideals of D. Let V^ and Vg be valuation rings 
containing D with maximal ideals M^ and Mg respectively, 
such that D = and Mg H  D = Pg. If V-̂ CZ Vg, then
Mg O  VX C  M1, hence Pg = (Mg Pi V ^  Pi D C  Mx Pi D = Pr  If 
V g C  V p  then P]_d P2  by a similar argument. If V ^ ^ V g ,  
Vg then J = V^ Pi Vg is a Priifer domain with maximal
ideals = M^Pi J and Qg = MgPl J, by Theorem 1.1.

(Q^ ̂  ^  ^  P2 a ideal in D, thus
/p^ Pi Pg = P.̂  Pi Pg is prime. If P^ (f Pg and P2(^P1» 
there is an element x e P^, x i  Pg and an element y e Pg, 
y ^ P^ such that xy e P1 Pi Pg. Since neither x nor y is 
an element of P^ Pi ?2’ we bave contradicted the fact that 
Pi Pi Pg is prime. Therefore P ^ d  P2  or ^ 2  ^1 an<̂  ^ence
prime ideals in D are chained. Conversely, if the prime 
ideals of D are chained, every ideal of D has prime 
radical, hence P d  J.

Corollary 1.7
If P = I f in a domain D, then the prime ideals of D are 
chained.

Proof: Since P  = 'if implies P d  */, the corollary follows
by applying the above theorem.

Theorem 1.8
In a domain D, P = J if and only if D is a valuation ring.
Proof: If P = J , the prime ideals of D are chained by 
Theorem 1.6. Hence every ideal of D has prime radical and



is therefore a Priifer ideal. By Lemma 1.4, D is a Priifer 
domain. Since the prime ideals are chained, D has only 
one maximal ideal M. Then D = Djj is a valuation ring.
The converse is obvious.

Theorem 1.9
If the valuation rings containing D are chained, then
ir = p.

Proof: Let A be any Priifer ideal in D and let J be a 
Priifer domain with the property that A*J O  D = A. Since 
J lies between D and its quotient field K, the valuation 
rings containing J are also chained. Suppose M and N are 
maximal ideals in J and M ^ N, then Jjj and are valuation 
rings containing J, whence Jjjd Jjj or JjjCI Jjj. Suppose 
JM C  Jjji then N.JjjO  and therefore N'CI M. This
contradicts the maximality of N since M ^ N, thus
Likewise, hence J has only one maximal ideal,

>
say M. Therefore J = is a valuation ring and hence 
A’J fl D = A is a valuation ideal. The containment 1/C.P 
is always true so the proof is complete.

Corollary 1.10
If the valuation rings containing D are chained, then the 
prime ideals of D are chained (i.e., P d  J ),

Proof: Apply Theorem 1.9 and Corollary 1.7*

Remark
Example 1.30 shows that the converse of the above corollary 
is false. ’



Theorem 1.11
In a domain D, P = J if and- only if P = I f  = J .

Proof: If P = J , then D is a valuation ring by Theorem
1.8, hence P = I f = J . The converse is obvious.

Theorem 1.12
If D satisfies the ascending chain condition for prime 
ideals, then A d  Z/'implies D is a Priifer domain.

Proof: Since A Cl if impli es ac V, the theorem follows
from Theorem III.

Theorem 1.15
Let M be a multiplicative system in D and A an ideal of D 
such that AflM = 0. Let D^ be a domain containing D such

that A*D^ O  D = A. Let DJ = ^l^M’ = anc* =
Then A* = A* • D* D  D* .

Proof: A* CZ A**D£ O  D* is clear. Suppose x e A**D£ H  D*
A«D£ Pi D*. Then x = a(d/m) = r/n where d e D-p a e A,
r e D, and m,n e M. Therefore nad = rm and nad e A* D p
rare D, so rm e A*D^O D = A. Since m,n e M, then
1/mn e D*, hence rm(l/mn) = r/n.e A*D* = A*. Therefore
A* = A*«D* O  D*.

Corollary 1.14
Let M be a multiplicative system in D and let A be a 
Dedekind ideal such that A H M  = 0. Then A*Djj is also a 
Dedekind ideal.
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Proof: If J is a Dedekind domain with, the property that
A*J fl D = A, then is also a Dedekind domain, and by the 
above theorem, A-D^ = A*JM H  D^. Therefore A«Djj is a 
Dedekind ideal.

Remark
The above corollary remains valid if Dedekind is replaced 
by either Priifer, valuation, or almost Dedekind.

Theorem 1.15
If every prime ideal is the radical of an almost Dedekind 
ideal.,, then prime ideals are almost Dedekind ideals and 
conversely.

Proof: If P is a prime ideal of D, let A be an almost
Dedekind ideal .having radical P. There exists an almost 
Dedekind domain J such that A*J H D  = A, hence 
7a *J O  D = /IT = P. Therefore P is an almost Dedekind 
ideal. The converse is' obvious.

Remark
It is easy to show,'by using the remark following Corollary 
1.14, that if a proper prime ideal P of D is an almost 
Dedekind ideal, ibhen there exists a discrete, rank one 
valuation ring V such that the center of V in D is P 
(and conversely). Example 1.31 provides a domain with a 
maximal ideal M such that M is not an almost Dedekind ideal.

Theorem 1.16
If the prime ideals of D are almost Dedekind ideals, then
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a c j  if and only if the prime ideals of D are chained.

Proof: If the prime ideals of D are chained, then P C  J  
by Theorem 1.6, hence Oi d  J . Conversely, if & d  J , let

t

P / Q be arbitrary proper prime ideals of D. Let J and J' 
be almost Dedekind domains with the property that 
P»J 0  D = P and Q»J' O  D.= Q. By Theorem 1.13, we have 
P'Djj = P«JM n  Djj and D^, where M = D - P and
N = D - Q. Now P*Djj is the unique maximal ideal-in D^ so 
there exists a maximal ideal R of Jjj, which contains 
such that R O  Djj = P* Dy. Therefore R H  D = (R O  DM) fl D = 
P'DjjO  D = P. Similarly, there exists a maximal ideal S 
in J^, which contains such that S O  D = Q. Jjj and
Jjj contain J and J' respectively, thus are almost Dedekind 
domains [9;8]. Therefore (Jjj)jj and (J^)g ai>e discrete,

rank one valuation rings and unequal since P ^ Q. If 

either (Jjj)gC (J]y)g or ^JlpR» tlie theorem would
be proved since then QCI P or P CZ Q* We assume that 
neither containment holds, hence T = (Jjpg H  (Jjpg is a 
Prufer domain with exactly two maximal ideals, by Theorem 
1.1. Furthermore, T has no other proper prime ideals'; 
since both (Jjpjj aad (J|j)g ar® discrete, rank one valuation 
rings and T(R n  T) = (J„)B and T(s n  T) = by
Theorem 1.1. By definition, T is then an almost Dedekind 
domain, hence (R fl T) H  D = P, (S fl T) (1 D = Q, and 
((ROT)Tl (Sf]T)) f)D = P flQ are almost Dedekind ideals. 
Since 0. d  J y then P O  Q e (X implies P CZ Q or Q C ? *  This 
completes the proof.
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Corollary 1.17
If the proper prime ideals of D are almost Dedekind ideals, 
then 4.C Jif and only if P d  J,

Proof: Apply Theorems 1.6 and 1.16.

Theorem 1.18 —  '
If a  = J in a domain D, then D is a valuation ring.

Proof:. The prime ideals of D are almost Dedekind ideals 
since J c a .  Then d  J implies prime ideals are chained, 
by Theorem 1.16. Therefore, every ideal in D has prime 
radical, in particular Pd J. Now Q~ = J implies JcP, 
hence ft = J  . By Theorem 1.8, D is then a valuation ring.

Remark
Example l.jl shows that the converse of the above theorem 
is false.

Corollary 1.19
If 0. = J in a domain D, then a .  J  - f t - i f  (and conversely).

Proof: The equality P = J  is shown in the above theorem.
The equality 2/= J  then follows from Theorem 1.11.

Proposition 1.20
A Priifer domain j i§ a valuation ring if and only if the 
prime ideals of J are chained.

Proof: If J is a valuation ring, all the ideals of J are
chained. On the other hand, if the prime ideals are
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chained, there exists only one maximal ideal M in J. Then 
J = Jjj is a valuation ring.

Corollary 1.21
If J is a Priifer domain, then V = P if and_ only if the 
prime ideals of J are chained (i.e., PCLJ).

Proof: If I f = P % the prime ideals are chained by
Corollary 1.7. Conversely, if the prime ideals of D are 
chained, J is a valuation ring by the above proposition, 
hence If= P.

The following theorem due to Phillips [9»4] will be useful. 

Theorem 1.22
J is an almost Dedekind domain if and only if each ideal

♦

of J, with prime radical, is a prime power.

Proposition 1.25
If J - f i P in a domain D, then
-Proof: By the above theorem, D is an almost Dedekind.
domain, hence the equality D. = If follows from Theorems II 
and III. Every ideal in J has maximal radical, thus is 
primary, hence 2. = d ,

The following theorem and corollary due to Gilmer [2] will 
also be useful here.

Theorem 1.24
Let D be an integral domain with identity. Let Pf> be the 
set of prime power ideals of D  ̂ i f  the set of valuation
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ideals of D, and let K be the quotient field of D.
if and only if the following conditions hold:

i) If P is a nonzero proper prime ideal of D,00
fl Pn = (0) and the function vp : D - {0}— >Z 

• n=0 r
(non-negative integers) defined by Vp(x)-= i if

A T_ +1x e P - P can be extended to a valuation of K. 
ii) Every valuation of K, finite on-D, is isomorphic 

to some vp*

Corollary 1.25
Using the notation of the above theorem, if I f c P P ,  then 

•and D is one-dimensional.

Theorem 1.26
In a domain D, P dPPif and only if D is contained in 
only one valuation ring, it being P-adic for some prime 
ideal P of D.

Proof: I f  P d P P ,  then l f d P P y hence i f  = P P and D is
one-dimensional by Corollary 1.25. Furthermore, P d  PP 
implies P d J >  thus the prime ideals of D are chained, by 
Theorem 1.6. As a consequence, D has only one proper 
prime ideal, and since every valuation of K, finite on D, 
is P-adic for some prime ideal P of D, by Theorem 1.24, 
then there exists only one valuation ring J between D and 
K. Conversely, if D is contained in only one valuation 
ring J, it being P-adic for some prime ideal P of D, then 
D has a unique proper prime ideal. Therefore ISd PP , by 
Theorem 1.24, and I f = P by Theorem 1.9* Hence P d P P and
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the proof of the theorem is complete.

Corollary 1.27
If PC PP in a domain D, then ■P = V  -f>f> and 2 = J .

Proof: Since PC PP implies l/CPP, Corollary 1.25 then
gives us 'If s= PP , hence PPC.Pand therefore p=f>p= if. 
2 m J since D has only one proper prime ideal.
Theorem 1.28
A necessary and sufficient condition that D be a discrete, 
rank one valuation ring is that D be integrally closed
and P C PP,

Proof: By Theorem 1.26, D is contained in,only one
valuation ring J, it being P-adic for some proper prime 
ideal P of D, hence J is discrete and rank one. The 
intersection of all valuation rings containing D, and 
non-negative on D, is the integral closure of D in K, 
hence D = J since D is integrally closed. Conversely, if 
D is a discrete, rank one valuation ring, every proper 
ideal is a power of the maximal ideal, thus PC PP, and 
of course, every valuation ring is integrally closed.

Note
The following example shows that integral closure is 
necessary in the statement of the above theorem. Clearly, 
integral closure alone is not sufficient since a Dedekind 
domain with more than one maximal ideal is not a discrete, 
rank one valuation ring.
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Example 1.29
Consider the domain D = {m/p + n/q/jT |m,n,p,q are rational 
integers and p,q are odd}. The quotient field of D is 
K = R(Jb') , where R denotes the field of rational numbers. 
Let S denote the ring of algebraic integers in K, then 
S = (a + b(l +/1T7)/2 | a,b are rational integers}, since 
{l, (1 + /"F)/2} forms an integral basis of K [6;333 • Now 
S is a Dedekind domain, hence every valuation V  of K, 
non-negative on D, is a P-adic valuation for some prime 
ideal P of S, and the value group of v is the additive 
group of integers. Furthermore, the valuation ring corre
sponding to v is the quotient ring Sp of S with respect to 
the proper prime ideal P in S [11;39]» Therefore, every 
valuation ring contained in K and containing D, such that 
the corresponding valuation is non-negative on D, is 
discrete. Now (2)»S is a prime ideal of S [6;66], hence 
£>(2 )«S is a discrete, rank one valuation ring. It is easy 
to show that D is contained in but not equal. Now
1/q' e D for every rational prime q / 2, hence there are no 
other P-adic valuations of K, P a prime ideal of S, (and 
therefore no other valuations of K), which are non-negative 
on D, since a prime ideal P of S must contain one and only 
one prime rational integer. Therefore, S^-y.g 
integral closure of D in K. It follows that 
(2)-S(2).s riD = M =  (2, 1 +  J T ’)-V and that D has no
other proper prime ideals. Now Pi Mn = (0) and the

n=0
function v^ : D - {0} Z, (the non-negative integers),
by vM(x) = i if x e extends to coincide with the
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(2 )*S-adic valuation of K. By Theorem 1.24, i fdPPand  
hence 'U =PP by Corollary 1.25. Since Priifer domains are 
integrally closed in their quotient fields, any Priifer 
domain containing D must contain S^^.g* hence he equal to 
S(2 ).g since there are no^rings between S ^ . g  and K. 
Therefore Ol = P = If  = PP f but D is not a valuation ring. 
Furthermore, (2)*D is M-primary but not a power of M, 
hence pp is contained in 2 ., but not equal.

Example 1.30
Let D = {a/b + c/d7l7 a,b,c,d are rational integers, and 
b,d are odd). The quotient field of D is K = R(7l7 ) 
where R denotes the field of rational numbers and 
S = {a + b(l +717')/2 a,b are rational integers} is the 
set of algebraic integers in R(v/l7 ) CS;333 - Since every 
valuation of K, non-negative on D, is P-adic for some 
prime ideal P of S [11;39]» we see that each prime ideal P 
of S, for which there exists such a valuation, must contain 
the ideal (2)-S. Let P = (2 , (1 + /l7’’)/2), and let 
Q = (2, (1 -yi7)/2), then (2)*S = P-Q where both P and Q 
are maximal ideals of S. Then P and Q are the only proper 
prime ideals of S containing (2)*S, hence Sp ^ Sq are the 
only valuation rings containing D whose corresponding 
valuations are non-negative on D. Now J = S p O  Sq is a 
Dedekind domain (see Corollary 2.8 of Chapter II) and the 
only proper prime ideals of J are P' = P*SpO J and 
Q' = Q*SQ D  J. We have P' £ Q' , but P' O  D = Q' D  D =
(2, 1 + 717 )•D = M, and M is the only proper prime ideal
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of D. Also, this prime ideal M does mot determine a 
M-adic valuation of K. The domain Dis not a valuation 
ring, yet the prime ideals of D are chained, that is, 'PCLS

Note
We note that both Example 1.29 and Example 1.30 provide
a domain D such that the only valuation rings containing
D, whose corresponding valuations are non-negative, on D,

\ «

are discrete and rank one, yet D is hot an almost Dedekind 
domain. Further, Example 1.29 has the property that the 
valuation rings containing D are chained.

Example 1.31
Let I denote the set of integers, J the field of rational
numbers, and let x,y denote algebraically independent
indeterminants over J. Define a function UJ from J[x,y]
to IC/T7] by u u ( Y  a. .x^y^) = min (i + j/dT). Extend

^  1J a. . ^ 01 J
lu to J(x,y) by uu (f/g) = u) (f) - uJ(g) where f and g 
are polynomials in J[x,y], Then u) is a valuation of 
J(x,y) and the set V of all rational functions h e J(x,y), 
such that <ju (h) is non-negative, is a valuation ring.
The value group of uo is dense in the set of real numbers, 
hence V is a non-discrete, rank one valuation ring. The 
maximal ideal M of V is idempotent, thus M is not an 
almost Dedekind ideal.



CHAPTER II

In this chapter, we give a necessary and sufficient 
condition, in terms of Dedekind ideals, for a domain D to 
he Dedekind. We also present several necessary and suffi- 
'cient conditions for D to be an almost Dedekind domain and 
then study the prime ideal structure of D when $ C  V and 
when 2. C  PP.

Theorem 2.1
If A is a Dedekind ideal in D, then A can be written as a 
finite intersection of primary Dedekind ideals, where each 
primary ideal in the representation is a valuation ideal.

Proof: Let J be a Dedekind domain having the property
6 0

that A*J n  D = A, then A»J = P ^  D . . . D  3?nn » where P^, 
for i- •= 1,2,... ,n, is a prime ideal of J and each e^ is a 
positive integer. Then A = A-JflD =

e i  e n  e -i(P.̂  H D )  H  ... Pi (Pn n  D) » Where, for each i, P.̂ fl D 
is a primary Dedekind ideal in D for P^ Pi D. Furthermore,

®-5each P^ fl D is a valuation ideal since P^ -is.a valuation 
ideal in J.

- *
Theorem 2.2
If B and C are almost Dedekind (Dedekind) ideals of D for

* ♦

the same almost Dedekind (Dedekind) domain J, and if A is

20
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any proper ideal of D such, that AB = AC, then B = C.

Proof: If AB = AC, then (AB)*J = (AC)*J, hence
(A*J)*(B*J) = (A«J)*(C*J). Therefore B»J = C*J since the 
cancellation law for ideals is valid in an almost Dedekind 
(Dedekind) domain [4], hut then B = B*JD]) = C*JflD = C 
since both B and C are almost, Dedekind (Dedekind) ideals 
for J.

Corollary 2.3
If every pair of proper ideals of D are almost Dedekind 
ideals for some almost Dedekind domain J, then D is an 
almost Dedekind domain (and conversely).

Proof: If A, B, and C are ideals of D such that AB = AC
and A £ (0), then B = C by the previous theorem. Therefore 
the cancellation law for ideals is valid in D, hence D is 
an almost Dedekind domain [4],

Theorem 2.4
If prime ideals are Dedekind ideals, then each prime ideal 
of D is the contraction of a prime ideal of a Dedekind 
domain containing D.

Proof: Let P be a prime ideal of D and J a Dedekind '
domain such that P*J fl D = P. In J, P»J factors as

e1  e
P«J = %  •,,Qn > where each is a prime ideal of J and
e^ is a positive integer for each i, and /P*J’ =

O  •.. H  Qh  = Qx* • *Qn. Therefore, 7p -J' 0  D = 7p -J O  D ' =
j t  = p = (Q1 n . . . n Q n) O D  = (qx n  d) n  ... n ( ^ n  d),
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thus P D  (Q;l n  P) * • {Qh n  D) implies P 3  fl D for some 
1 i. 0 L n. Hence P = Q . H  D since P C  Q,- H D  for all i.u

Remark
Example 1.31 provides a domain with maximal ideal M such 
that M is not a Dedekind ideal.

Corollary 2.5
Suppose proper prime ideals are Dedekind ideals, and let 
P be an arbitrary proper prime ideal of D. Then there 
exists a rank one, discrete valuation ring V such that 
D C  V C  K and P.*V H  D = P.

Proof: Let J be a Dedekind domain such that P*J flD = P.
By the previous theorem, there exists a prime ideal Q in J 
such that Q flD = P, hence Jn is a rank one, discrete 
valuation ring. Now P*Jq CI thus
p c p -Jq O  DCQ-jQ n  d = (q*jq n  j) n  d = q p i d = p.
Therefore P = P*Jq H  D.

We state here a theorem due to Phillips [9;93 

Theorem 2.6
J is an almost Dedekind domain if and only; if the 
following conditions hold:

1) J is .a Prufer domain.
2) Proper prime ideals of J are maximal.
3) J contains no proper idempotent prime ideal.

Theorem 2.7
If proper prime ideals are Dedekind ideals, and if P ^ Q
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are proper prime ideals of D, then there exists a Dedekind 
domain J containing D and having prime ideals P 1 and Q' 
such that P' O  D = P and Q' fl D = Q- Furthermore, P' and 
Q' are the only prime ideals of J.

Proof: Let P / Q be arbitrary proper prime ideals of D.
By Theorem 2.4, there exist prime ideals M and N in 
Dedekind domains R and S respectively, such that MflD = P 
and N fl D = Q* Furthermore, Rjj = V and = W are discrete, 
rank one valuation rings with maximal ideals M*V and N*W 
respectively. 'If V C  W, then N*W H  V C  M, hence N-W H  V = M 
since N^wPlV is a nonzero prime ideal in V. However, this 
implies P = Q, thus neither of these valuation rings is 
contained in the other. We let VflW = J, then by Theorem 
1.1, J is a Priifer domain with exactly two maximal ideals, 
namely M*V fl J = P 1 and N«W fl J = Q', and also V = Jp, and 
W = Jn,. J has no proper prime ideals other than P' and Q' 
since V and W are discrete, rank one valuation rings, hence 
J is an almost Dedekind domain. Since P 1 and Q1' are 
maximal ideals and unequal, there exists x e P', x £ Q', 
hence 7(x) = P'. Therefore, (x) is a power of P' since J 
is an almost Dedekind domain, by Theorem 1.22. Let 
(x) = (P’)n for some n _> 1. The ideal (x) is invertible, 
hence P' is invertible [10;272]. In an analogous manner, 
we can show that Q 1 is invertible, hence J is a Dedekind 
domain since every proper prime ideal of J is invertible 
[1;333* To complete the proof, we have P' fl D =
(M*V n j) n D = M*V D D = (M-V n R) n D = M n D = P, and 
similarly Q 1 fl D = Q.
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Corollary 2.8
Let V-̂ , Vg*...* Vn denote rank one, discrete valuation
rings containing D and contained in the quotient field K 

n
of D, then Q  V. is a Dedekind domain. Furthermore, if 

1 = 1  1

Vv (/V. for any (k ^ j), then the intersection has exactly■K j
n proper prime ideals.

Proof: The corollary is proved in the previous theorem
when n = 2, The proof is similar for any finite number of 
such valuation rings.

Theorem 2.9
If every proper ideal of D is a Dedekind ideal (not neces- 
sarily for the same Dedekind domain), then D is a Dedekind 
domain.

Proof: If A and B are proper ideals of D, then there
exist Dedekind domains and such that D = A

e l  enand B*J2  n  D = B. In J^, we have A»J-̂  = P^ • • «Pn where
n

P. is a prime ideal of J-,, for each i. Let J? = H  ( J-i )-d •
1 l 1 i=l 1  * 1

We wish to show that A»J^ = (A*J^)»J£ H  Clearly
© © %

A-JXC  (A*J1 ),-J* H  Jx. Now A-J1  = =

p ^ n  ...'np’a - {(^•••Pnn)-(J1)pi n

n ((p̂ - pS ^ p n V  -n{(A.J1)-(J1)P n jx} n ... n {(A.j1)-(j1)p̂ n j2) - 
n {(a*j.).cj.)p n Jt) = (ri (A-j1).(j1)p }n j, d
i=l n 1  1 = 1  1

(A.J.).( f| (J1 )p, } n  = (A-J-J-JJ.n Jp. These two
i=l i
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containments give A*J^ = In a similar
manner we get a Dedekind domain JJj such that 
B*J2  = (B*J2 )*J| H  J2. Let J = J* H  J£, then J is a 
Dedekind domain since it is the intersection of a finite 
number of discrete, rank one valuation rings, by Corollary 
2.8. Furthermore, A = A * J ^ H d  = ((A-J^Jj'fl J ^ f l D  =
A*J* fl D D  A*J fl D, and A C  A-J fl D is clear, thus 
A = A*J fl D. In a similar manner, B*J fl D = B, Now D is
an almost Dedekind domain by Corollary 2.5. If A is an
arbitrary proper ideal of D, then A can be expressed as 
A = Qi n  ... n  Qn, where each is primary, by Theorem 2.1. 
We may assume that for any (k ^ j). Now since D
is an almost Dedekind domain, each is a prime power, by

eiTheorem 1.22. For each i, we let , where ftL is a
maximal ideal of D and e^ is a positive integer; then

6*i © 6-| © 6 *
A = n ... n  Mn = • • *Mn .since the L/L are pairwise
comaximal [10;1773. Therefore A is the product of prime 
ideals, hence D is a Dedekind domain.

Theorem 2.10
A domain D is an almost Dedekind domain if and only if the 
following conditions hold:

a) Primary ideals of D are Dedekind ideals.
b) Proper prime ideals of D are maximal.

Proof: If we assume conditions a) and b) above, we will
show that conditions 1), 2), and 5) of Theorem 2.6 are 
valid. Condition b) above is the same as condition 2).
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2Condition 3) is satisfied, for if P = P for some proper 

prime ideal P of D, then P = D, by Theorem 2.2. For
condition 1), we let P be an arbitrary proper prime ideal
of D and form the quotient ring Dp. Then P*Dp is the only 
proper prime of Dp since proper prime ideals of D are 
maximal. Furthermore, if Q is any P-primary ideal in D, 
then Q*Dp is primary in Dp and is also a Dedekind ideal, 
by Corollary 1.14. Thus every proper ideal in Dp is 
primary for P*Dp and is also a Dedekind ideal, hence every 
proper ideal in Dp is the intersection of valuation ideals, 
by Theorem 2.1. Then Dp is a Prufer domain by Theorem I-(e). 
But, Dp has a unique maximal ideal, so Dp = (D

valuation ring. Therefore, D is a Prufer domain since Dp ' 
is a valuation ring for each proper prime ideal P in D, by 
Theorem I-(b). This shows that condition 1) is valid, 
hence D is an almost Dedekind domain. Conversely, if D 
is an almost Dedekind domain, we need only to show the 
validity of condition a). If P is an arbitrary proper 
prime ideal of D, then Dp is a Dedekind domain, and if Q
is any P-primary ideal in D, we have Q = Q*Dp fl D. Hence
condition a) is satisfied.

Corollary 2.11
If primary ideals are rank one,' discrete valuation ideals, 
and if proper prime ideals are maximal, then D is an 
almost Dedekind domain and conversely.

Proof: Every rank one, discrete valuation ring is a

P ' P * D p  is a
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Dedekind domain, thus D is an almost Dedekind domain by 
the previous theorem. The converse also follows from the 
previous theorem, for if P is any proper prime ideal of D, 
then Dp is a rank one, discrete valuation ring, whence 
P-primary ideals are rank one, discrete valuation ideals.

For the proofs in the remainder of this chapter, it will 
be convenient to state here the following Lemmas 2.12, 
2.13, 2.14 and Theorem 2.15 due to Gilmer and Ohm [53*

Lemma 2.12
Let D be a domain, and let A be an ideal of D such that An

OO

is a valuation ideal for all n. Then B = 0  An is prime.
n=l

Lemma 2.15
Let P be a prime ideal of a valuation ring V, and let A be 
the intersection of the primary ideals belonging to P.
Then A is prime, and. there exists no prime ideal P-̂  such 
that A < P^ < P.

Lemma 2.14
Let M be a prime ideal of a domain D, and suppose there 
exists a prime ideal P < M such that there is no prime 
ideal P-̂  with P < P^ < M. Then P i s  the intersection of 
the- M-primary ideals of D which contain P. *

Theorem 2.15
Let M be a prime ideal of a domain D, and suppose every 
M-primary ideal is a valuation ideal. If there exists a 
prime ideal P < M such that there is no prime ideal P^
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with. P < P^ < M, then P is unique (and is, in fact, the 
intersection of all M-primary ideals).

Theorem 2.16
If P^ > Pg are prime ideals of D, then there exist prime 
ideals P and P* such that P^ 3  P ) P* 3  ̂  an(̂  t*1© 1 ,6 are
no prime ideals properly between P and P*.

Proof: We may assume there exist proper prime ideals
between P^ and P2 » for otherwise the theorem is trivially 
satisfied. Since P-̂  ) P2 » we select x e P p  x ^ Pj, and 
consider the ideal (p2» (x)) . We have ^  D   ̂P2*
hence P^ contains a prime ideal P such that P is a minimal
prime belonging to (p2, (x)) C7;1073. Now we have

ideals between P and P2 > but that the theorem is not satis
fied by any of these prime ideals. Now consider the set S 
of all strictly increasing chains of prime ideals properly 
between P2  and P. If and 0^ are elements of S, we order

i. Cyg if every prime ideal in the chain is in the
chain 0^. If is an arbitrary totally ordered subset of 
S, denote by the chain of prime ideals having the 
property that if P^ is a prime ideal.in any element of S^, 
then P^ is a prime ideal in C^. Then is an upper bound 
of and thus every totally ordered subset of S has an 
upper bound in S. Therefore, by Zorn's Lemma, S contains 
maximal chains. We consider then a maximal chain in S and 
examine the union U P.J of the elements of this chain. Now 
U PJi is a prime ideal and properly contains each memberci

) P2 * We assume there exist prime
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of the chain, hence U p«* = P. But x e P, so we must haveof
x e PJ for some prime ideal P^ in this chain. We have 
P 3  P$ 3 ^ 2 ’ *- kence ^ = since P is a minimal
prime of (?2' * This,contradicts the fact that
P > P^, therefore there must exist a prime ideal, 
containing and contained in P, which satisfies the 
theorem.

Lemma 2.17
If E is a valuation ring and P is a prime ideal of R such

2that P is the only P-primary ideal of R, then P = P . 
Furthermore, if {P*} denotes the set of prime ideals 
properly contained in P, then P = U P*.

00

Proof: Suppose P ^ P , then fl Pn = P* is a prime ideal
n=l

since each Pn is a valuation ideal, by Lemma 2.12. Thus 
P > P* and if P-̂  is any prime ideal with the property that 
P DP-lD  P*, then either Pn C  Px or Pn D  P ^  for each 
integer n > 0. We consider the following two cases; 
either 1) Pn for'some, n, or 2) Pn 3  P^ f or all n. In
case 1), P = 7Pn 'C P-̂  implies P = P^; and in case 2),

OO

P, = P* since then PnCZ ^  Pn = P*. Therefore, if
n=l

P 3  ) P* » then P = P.̂  and there are no prime ideals
properly between P and' P*. Then P* is the intersection of 
all P-primary ideals in R, by Lemma 2.13, but this contra
dicts the hypothesis that P is the only P-primary ideal of

2R. Hence P = P . For the second part of the lemma, we 
consider two cases; either 1 ) there exists a prime ideal P-̂
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such that P^ < P and there are no prime ideals properly 
between P^ and Pg, or 2 ) there exists no prime ideal 
satisfying case 1). If case 1) holds, then P^ is the 
intersection of the P-primary ideals, by Theorem 2.15, 
hence P^ = P and therefore case l) cannot hold. Since 
case 2 ) must hold, we let {P*} denote the set of all prime 
ideals of R which are properly contained in P. All the 
ideals of R are chained, hence L^P* is a prime ideal and 
properly contains each P^, thus P = U P«* •
Theorem 2.18

~ OO

If P P C  2/"and if P is any prime ideal of D, then fl Pn = P*
n=l

is a prime ideal. Furthermore, if {Q*} denotes the set of 
P-primary ideals of D, then P* 3

Proof: The first part of the theorem is a special case of
Lemma 2.12. If P is an idempotent prime ideal, then

OO

n p n = p* = p d  h q .. if p is not idempotent, let n 
n=l *
denote an arbitrary positive integer larger than one. Pn 
is a valuation ideal by hypothesis, so there exists a 
valuation ring Ry 3  D such that Pn*Rv fl D = Pn. Further
more, /pn.Rv J = Py is a prime ideal of Ry and Py fl D = P. 
Thus every Pv~primary ideal of Ry contracts to a P-primary 
ideal of D. In R̂ ., we have either 1) Pn*Rv contains a 
P^-primary ideal, or 2) Pn,Rv contains no Py-primary ideal. 
If case 2) holds, then Pn*Rvd  where {^} denotes
the set of all Pv-primary ideals of Rv< But is a
prime ideal by Lemma 2 .1 5 , thus Py = JPn *Ry CZ
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implies P„ = Then P„_ is the only P-primary ideal
V  * * V  v

2in Ev and thus Pv = Pv , by the previous lemma. Since 
yp*.Rv * = Py , we have Pn,Rv contains every prime ideal 
which is properly contained in Pv. If {F*} denotes the 
set of prime ideals of Ry which are properly contained in 
P , then Pn*Ry D  But Pv = LJ F* by the previous
lemma, hence Pn-Rv = Py. Now Pn = Pn*Rv D  D = P ^ ' D  = P 
shows P is idempotent, thus case 2) cannot hold. Therefore 
case 1) holds and thus Pn*Rv H  D = Pn contains a P-primary 
ideal. The integer n is arbitrary, thus Pn contains a 
P-primary ideal for every positive integer n, and hence 
P* 2D flQjf where {Q .} denotes the set of all P-primaryo(
ideals of D.

Theorem 2.19
If J d  V and P > P* are prime ideals, of D such that there 
are no prime ideals properly between them, then either
n  pn = p or n  pn = p* .
n=l n=l

GO

Proof: If P is an idempotent prime ideal, then fl Pn = P.
_ n=lQO

If P is not idempotent, then fl Pn is a prime ideal by the
n=l

above theorem. Furthermore, P* = flQo< w^ere denotesoi
the set of all P-primary ideals in D, by Theorem 2.15.

00

But the previous theorem also states D  Pn D  GQ<*» so we
n=l *OO 00

have P > f)Pn D  nQo< = P*. Therefore P* = fl Pn. 
n=l * ' n=l

Corollary 2.20
If J c V  and P.̂  ) 1?2 are prime ideals of D, then P^ > P2  

for all n.
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Proof: By Theorem 2.16, there exist prime ideals P and P*
such that P^ ̂  P > P* D  ̂ 2 ’ su°k there exist no
prime ideals properly between P and P*. By the previousoo oo
theorem, we have either D  Pn = P or fl Bn = P*, thus

n=l n=l
pn pn* > p* 3  p2  for all n#

Theorem 2.21
If JClTf and P is a prime ideal of D with the property 
that if P' is any prime ideal such that P > P' then there 
is a prime ideal properly contained between P and P1, 
then P = P^.

Proof: By the previous corollary, Pn > P' for all n,
OO OO

hence n P n DP'. But fl Pn is a prime ideal, by Theorem 
n=l n=l

2.18, and contains every prime ideal P 1 which is properly
OO

contained in P. We have, therefore, P Z) fl Pn and there
n=l

are no prime ideals properly contained between these two
00

prime ideals, hence P = fl Pn and thus P = P .
n=l

Prondsition 2.22
Let J d  If and suppose there are no proper idempotent prime 
ideals in D. Let P be a proper prime ideal such that 
there exists a prime ideal P* with the property that 
P > P* and there are no prime ideals properly contained

OO

between P and P*. Then Pi Pn = P* and if F is any prime
n=l

ideal such that P > F, then P* D  F.
OO

Proof: The equality Pi Pn = P* follows from Theorem 2.19.
n=l



33

By Corollary 2.20, we have Pn > F for all n, hence
p* •= n  pn d  f .

n=l 
Theorem 2.23
If i (Z i f  and there are no proper idempotent prime ideals 
in D, then the ascending chain condition for prime ideals 
is valid in D.

Proof: Let P^ < P2  < P^ < ••• be an ascending chain of
prime ideals in D; then. U P. = P is also prime. If this

i 2chain is not finite, then P > P. for each j, hence P > P.tJ J
for'each j, by Corollary 2.20. Therefore P 3  U  Pi an<i

2  1  thus P = P . This contradiction establishes the ascending
chain condition for prime ideals in D.

Theorem 2.24
if Jet and if there are no idempotent prime ideals in D, 
then D is a Prufer domain.

Proof: By the above theorem, the ascending chain condition
for prime ideals in D is valid, hence the theorem follows 
from Theorem 1.12.

Theorem 2.25
If semi-primary ideals in D are rank one valuation ideals 
and if the ascending chain condition for prime ideals is 
valid, then D is a one-dimensional Prufer domain (and 
conversely)

Proof: Since D is a Prufer domain, by Theorem 1.12, let
A denote an ideal of D with prime radical P. Then there
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exists a rank one valuation ring R - containing D such, that 
A-Ry D  D = A and also A*RV' H  D = P. Let Py denote the 
unique prime ideal of Rv, then /A,,EV' = Pv , hence A*RV is 
Pv~primary in Rv , and A is P-primary. Therefore every 
semi-primary ideal of D is primary’, so J = 2., and hence 
proper prime ideals of D are maximal [3; 1274-].

Theorem 2.26
If semi-primary ideals in D are rank one, discrete 
valuation ideals, then D is an almost Dedekind domain 
(and conversely).

Proof: Since prime ideals are rank one, discrete
valuation ideals, there are no proper idempotent prime 
ideals in D and therefore the ascending chain condition 
for prime ideals is valid in D, by Theorem 2.23. By the 
previous theorem, D is a one-dimensional Prufer domain, 
hence proper prime ideals are maximal. Since rank one, 
discrete valuation ideals are Dedekind ideals, the. theorem 
follows by applying Theorem 2.10.

Theorem 2.27
If 2L(ZPP±h D, and P ) P* are two prime ideals of D such 
that D / P and there are no prime ideals properly between

OO

P and P*, then Pn is primary for every n and P* = D  Pn.
n=l

Proof: We have P* is the intersection of the P-primary
ideals of D which contain P* by Lemma 2.14, thus

OO

P* 3  n  Pn. Suppose m is the smallest positive integer 
n=l



such, that Pm is not P-primary. Then Pm ^*Dp fl D = Pm  ̂
is P-primary and Pm*Dp O  D is P-primary, but Pm < Pm*BpO D 
Therefore, Pm* D p n D  = pm ” 1  since 3. (Z PP, but this means 
Pm-Dp = Pm-1»Dp so (P*Dp)m = (P.Dp)111"1. As a result,
(P*Dp) 111-1 = (P*Dp)k for any positive integer k _> m-1, 
hence there are no P-primary .ideals properly contained in 
Pm_ .̂ This implies, however, that P* = Ps where 1 < s m- 
but Ps is not a prime ideal for s > 1. This contradiction 
implies that there is no smallest positive integer m such 
that Pm is not P-primary, hence Pn is primary for every n. 
Furthermore, if Pm P* , then pm+  ̂̂  P* for every i ) 0, 
thus P* = P^ for some 1 < j < m. However, P^ is not a 
prime ideal for j > 1, hence Pm > P* for every m and soOO
f|pn D  P*. This, with our earlier containment, gives
H-=l OO
p* = n p n.

n=l 

Theorem 2.28
I f  2.CZPP In. D and P^ > Pp are prime ideals of D, then 
] ? 1 > P2  for every positive integer n.

Proof: By Theorem 2'. 16, there exist prime ideals P and P*

such that P^ D  P > P* Z) P2 an<̂  'btlere are n0 prime ideals
properly between P and P*. Prom the previous theorem, we 

00

get Pn > O  Pm = P* for every n, hence P? 3 P n > P* 3
m=l 1  *

for every positive integer n.

Theorem 2.29
If ‘Xd.PP in D and P is a proper prime ideal, then P = P^
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if and only if P is the union of a chain of prime ideals 
such that P > P*.

Proof: . Suppose P = U P *  and P ) P«* for each prime ideal
2P*. We have P > P* by the previous theorem and this is 

true for every P,* in the chain, hence P D  U p * ando(
r\

therefore P = P . Conversely, suppose that U p^ < P for 
every chain of prime ideals P«* with the property that 
P > P*. By Zorn's Lemma, there exists a maximal chain of 
prime ideals P* such that P > P^, hence there are no prime 
ideals properly contained between the prime ideal UP* andoo
P. By Theorem 2.2?, UPJ, = fl Pn , thus P2 < P and the

* n=l
converse is proved.

Theorem 2.30
A necessary and sufficient condition that ^ L d ^ ^ i n  D is
for 2 = PP.

Proof: Suppose 2 (Z P f‘and let P denote an arbitrary prime
ideal of D. We may assume that P ^ P , for otherwise the 
theorem is trivial. By the previous theorem, P is not the 
union of a chain of prime ideals P* such that P > P*, thus 
U p î < P for any such chain. By Zorn's Lemma, thereo(

exists- a prime ideal P* < P such that there are no prime
ideals properly between P* and P. Then Pn is primary for
every n, by Theorem 2.27, and hence P P d  2 since P is an
arbitrary prime ideal of D.%

Theorem 2.51
Let 7T denote the set of ideals A in D such that there
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exists a prime ideal P of D for which. D - P is prime to A, 
that is, A*Dp Pi D = A. Then 7f  CL PP if and only if = PP.

Proof: Since we have 3  ,P P  by the previous
theorem, hence 7f = P P .

Lemma 2.32
The powers of any proper almost Dedekind ideal intersect 
in (0).

Proof: Let A he an almost Dedekind ideal and let J denote
an almost Dedekind domain with the property A*J flB = A.
Let M he any maximal ideal of J which contains A. Then

OO 0 0

A - J C  A-Jm C M - J m and fl (A-J)nC  0  (M-JM)n = (0) since
n=l n=l

Jjj is a Dedekind domain. Now, since An d  (A*J)n riB( it
00

follows that m n = (0). 
n=l

Theorem 2.33
If X d P P  in D and proper prime ideals are almost Dedekind 
ideals, then D is an almost Dedekind domain (and 
conversely).

Proof: Let P he an arbitrary proper prime ideal of D.
oo

Now fl Pn = (0), hy the above lemma, and therefore P is a 
n=l

minimal proper prime of D, hy Theorem 2.28. As a result, 
every proper prime ideal of D is minimal and therefore 
maximal, hence semi-primary ideals are primary and thus 
prime powers. Then D is an almost Dedekind domain hy 
Theorem 1.22. *
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