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ABSTRACT

This paper primarily concerns certain groups of
homeomorphisms which are associated in a natural way with
a variety of spaces, for example spheres, which satisfy
a set of axiomatic conditions put forth in Chapter II.

Let us suppose that X is a space of the type in
question and that G is an appropriate group of homeo-
morphisms of X onto itself. In Chapter 111 we demonstrats
the existence of a non-void subcollection‘fﬁ -— the
'"topological dilastiond '-- of G which 18 characterized inm
theorem 1 in the following fashion: suppose f sﬁ and
g € G, then g s‘f7 if and only if f is a G-conjugate of g,
that is if and only if there exists an element h of G
such that f = hgh‘l.

We proceed then to show in Chapter IV that if f and
g are non-identity elements of G, then we may find §,reG
such that the product (rgr*l)(é'f 8-1) sﬁ. We then
conbine this fact with the characterization ofﬁ‘mentionud
above to conclude that each element of ﬁ is a '"'universal''
element of G in the sense that if dtzlaﬂ then any elemen®
g of G may be represented as the product of two U-conjugates
of d. Furthermore we conclude that if g is not the
identity element of G, then g can be rerresented as the
producl of three G-conjugates of any non-identity element

of G.
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Actually the results we obtain are a bit more
inclusive than those mentioned above since in certain
instances the set of homeomorphisms concerned need not
be a zroup at all,

In Chapter I we mention some examples of the spaces
and sets of homeormorphisms to which the conclusions above
are applicable. In Chapter V these and other examples

are discussed more fully.



CHAPTER I
Preliminary Remarks

In this paper two theorems are proven whose

application yields, by way of example, the following:

I. Let Sn denote the n-sphere for n ) 1, and let G denote
the group of stable homeomorphisms of Sn onto itself.l
Let p ¢ Sn and let q be the point of Sn antipodal to p.
We will denote by 4 an ordinary radial expansion homeo-
morphism of S onto itself which fixes only p and q. (We
think of 4 as the natural extension to Sn of the homeo-
morphism 4':E —) E_given by a'(x) = r x for some fixed
T, £ o.)

If f, g € G, with neither f nor g the identity, then
d is the product of a conjugate of f by a conjugate of g,
the conjugating homeomorphisms being stable, i.e. there
exists elements g, r € G such that d = (rgr-l)(g fg—l).
From this it immediately follows (corollaries 2, 3, and 4
to theorem 2) that:
a) any element of G is the product of two conjugates of d;
b) if £, g, h, and k are non-identity elements of G, then

f is the product of a conjugate of g by a conjugate of

1G is the group generated by the collection of all
those homeomorphisms of the n-sphere onto itself each of
which is the identity on some open set. The term ''stable'’
used to denote this group appears to be due to Brown and
Gluck [3].



h by a conjugate of k; hence, f is the product of three
conjugates of any non-identity element of G.
In both a) and b) the conjugating homeomorphisms are

themselves elements of G.

II. Let D, denote the n-cell, n 2 2, and call X' the
boundary of D. We take as G the collection of all homeo-
morphisms of Dn onto itself each of which is not the
identity on X' and each also satisfying a stable-like
condition. For the homeomorphism 4 of Dn onto itself we
take a naturally defined extension to Dn of the radial
expansion homeomorphism defined above on S__, = X'. Then
conclusions similar to those in example one follow with
''not the identity on Sn" replaced by ''not the identity

on X'.'!

III. Let;CE be the Cantor set, realized as the ''middile
third'' set in [0,1l], and denote by G the group of all
homeomorphisms of (€ onto itself. Define {C }1-— as

follows;

for i { o, C;

2 1 ,
Py S NC

R
i i+l
3> -1
Then {Ci}:=_,,u (o} U (1} = C . Let 4 be any

homeomorphism of e onto itself such that d(o) = o,

d(1) = 1, and d(Ci) = C,



conclusions like those in example I but here with no
restrictions on the homeomorphisms involved other than

that they be different from the identity.

IV. The rationals X (or the irrationals) on the line
admit a homeomorphism d similar in nature to that in the
previous example for the Cantor set. Then here also, for
the group G of all homeomorphisms of X onto X, we obtain

conclusions like those in the previous example.

These examples, and some additional ones, will be

discussed in greater detalil in Chapter V.

Conclusion b) in example I, as well as the
corresponding conclusion in the other examples, is obtained
from corollaries 3 and 4 of theorem 2. These corollaries
were obtained previously by R. D. Anderson in [1]. 1In
fact our definition of an A-quadruple is the same as that
given by Anderson with the exception that we omit the

axiom numbered as (2) in [1].



CHAPTER II
Definitions, Notation, and Axioms

If X is a topological space, if A and B are subsets
of X, and if f and g are mappings from X to itself, then
we write ''C1(A)'' for ''the closure of A in X''; ''~AUA"!
for ''the complement of A in X''; ''B - A'' for ''the
complement of A in B''; 'A%t for ''the interior of A in
X''; '*'"ACB'' for ''A is a subset of B''; and ''ACB''
for ''ACyB and A # B''. We write ''f|A'' to denote the
mapping formed by restricting the domain of f to the set
A, The notaticn ''flA = gfA'' is often abbreviated as
'‘'"flA = g''. f is said to be supported on A if f(x) = x
whenever x e ~"7A., '' ¢'' will denote the identity mapping,
and ''p'' will denote the empty set. Throughout this
paper all mappings under consideration will be homeomorphisms
of some space X onto itself.

Henceforth we suppose that we have given:
a) X: a regular, first countable, Hausdorff space.

b) X" a non-void, perfect subspace of X (i.e. if p € X',
and if U is a set which is open in X with p € U,

then U contains a point of X' other than p).

c) (1L,)t):1Ljs a basis for X’ consisting of sets which

are open in X with each element of Q[ containing a

4
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point of X'; )trwill denote the collection of the

closures of the elements of L.

d) G(X,X'): a non-void collection of homeomorphisms of X
onto itself, each carrying X' onto X'. G,Lwdll
denote the collection of all homeomorphisms of X
onto X each carrying X' onto X' and each supported
on some element of)d. Gi,_ will denote the group
generated by @w .

If X, X', ¥, and G(X,X') are such as to satisfy the
following axioms, then (X, X' , W, G(X,X')) will be called

an A-guadruple.
1) If K e}, then C1(~K) e}y,
2) If K e}, and if g € G(X,X'), then g(K) eX,

3) If gy, 8, € G(X,X'), and if g € G then

x ]
8811818 € G(X,X') and B8y € q; .

o
4) If Ky, K5, K, e R, , with K\ C Kz DKy, then there
exists an element g € %N.’ supported on K3’ with

2
S(Kl) = K20

5) If g € G}, , and if K, K, e B, with Klg_xg and
g(Kl) = K,, then there exists an element g, € G, ,
supported on K2, such that gllKl = glKl.

2Do not forget that ''¢»' denotes proper
containment. -
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Axioms 1) and 2) will be frequently used and usually
without being cited. Note that in the case where X = X'
axioms 1) and 4) assert a sort of invertibility for X.

Axiom 3) implies immediately that if g € %i., and
if g, € G(X,X'), then 881» 818 € G(X,X'). In view of
this 3) also implies that if g € G(X,X'), then g-le:G(X,X'):
for 32 € Gy ; hence 3'2 € q&', and therefore 3'1 =
g™ & G(X,X').

It now follows that if g € G}, and K ex, , then
g(K) sx. For since G(X,X') £ g6, there exists By € G(X,X').
Then ggi'l e G(X,X'), and gl(K) s){, by axiom 2). Hence,
also by axiom 2), g(K) = ggil(gl(K)) s)qi.

Also axiom 3) implies that if g £ G(X,X') and § e G%, ,

then 5‘35—1 e G(X,X') i.e. the conjugate of any element
of G(X,X') by any element of G;c is an element of G(X,X'),.

It follows also that the set G(X,X') and Gy, are
either equal or disjoint; or, in other words, G(X,X') =
%E if and only if e € G(X,X').

Note that since each of G(X,X') and q;’ consists
solely of homeomorphisms which carry X' and X', any
homeomorphism which we may subsequently construct must
satisfy this condition if it is to be in either G(X,X')
or G;‘.

Henceforth we shall assume that (X,X',), G(X,X'))
is an A-quadruple.

By wey of example, while reading the arguments to

follow, one might think of X as the n-cell, n ? 1, and

X' as its boundary.



Definition 1: Suppose p € X' and (% = {Ci]:'c:')Tﬁ .
=t
o

Then Cis called a null sequence with respect to p or,
more briefly, (C, is said to be null for p, if:

a) ¢, ,( ©Cf , 12t , and

b) {Cg}- is a neighborhood basis for p.
i=t
0

Of course if {Ci} is null for p, then p ={ﬁHCi}

i=to i=to
Null sequences indexed from to to —» may be defined in a

comparable fashion.

Definition 2: Suppose p and q are distinct points of X',

and suppose (C, = {Ci}“ C R, . Then (& is called a
p I

dilation structure with respect to the ordered pair (p,q)
provided:

}_@

a) [Ci .
=0

is a null sequence for p, and

b) {Cl(ﬁuCi)}“ is a null sequence with respect to q.
i=o

e ks . . = «°
Definition 3: Suppose g € Gy and suppose C - {Ci}i=

is a dilation structure with respect to (p,q). If g(Ci) =
Civ1p - = { i (°*, then g is called a topological dilation
with carriarca; and,cg is said to carry g.
Note that if {ci}” is null for p, and if
i=0o

g e(%k() G(X,X'), then {g(Ci)}:zo is null for g(p). Hence



if g € G, is a topological dilation with carrier , =

b A
{01]“ with respect to (p,q), and if § € %; , then
i=-—oo
-1 is a topological dilation carried by ' =
§8%

( S(Ci)}: with respect to ( §(p), §(a)).



CHAPTER IIX
Topological Dilations

We begin this chapter by proving some lemmas which
will be useful throughout the paper. Next we demonstrate
the existence of topolocial dilations and, in fact, may
conclude that Gitis richly supplied with them. We conclude
Chapter III with Theorem 1, which asserts thaft any two

topological dilations are conjugate in %k .

Froposition A: Suppose p and q are distinct points of X',

Then there exists a dilation structure with respect to
(p,aJ.

Proof: Since X is first countable, regular, and Hausdorff,
X' is perfect, and 9 is a basis, it easily follows that
we may find sequences of elements of X/, {Ci};jo and

{D1}i=1, null for p and g respectively, with 00(1 D, = 8

and C_ U Dy £ X. Setting C; = Cl(huDi) for i ) 1, we see

-0

that C2,= {Ci}a is the desired dilation structure.
i=

Proposition B: Suppose K,, K, ¢ ¥, and suppose ch:,Ko.

Then there exists K € ), with KICKO and K C k9.

. 0 [ ] . 0
Proof: Select x ¢ Kl /) X' and El £ ){ with x € El and

0
EIC::KI. This can be done since X' is perfect. Now select

E, e )., with x € EJ, E,C E‘{ Using axiom 4), we obtain

9
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g E G)I! y supported on K,, with g(Kl) = E,. Set K =

-1

g (By).

Lemma 1. Suppose K € ) and Xy Yo € (K°/) X'); suppose
also that (S = ()7 . I - (07 & X are null for

X, +¥, respectively, with C,CC K°2D>D,. Then there is a
homeomorphism h € GX. , supported on K, such that b.(Ci) =
D, for i 2 1.

Proof: By axiom 4) there exists h, € GJ'L , supported on K,
such that hl(Cl) = D,. For i ) 2 we define inductively,
by making repeated use of axiom 4), hi € GM , Ssupported on

D; _,» such that h, 1_1-'-h1(0i) = Di'

Set h = nh Ifx#xo,thenforsome;jzl,xitc

i=1 i. J.
J J . . . .
Then i1:111]._(31:) 4 D,j - izlhi(c'j). Since for i > jJ, h, is
supoorted on D;j’ it follows that h(x) = 1'9 hi(x). From
i=1

this, since hi E G)L andc and gare null for X, and Yo
respectively, it follows that h is a homeomorphism supported

on K, h(xo) = ¥+ and h takes X' onto X'. Hence h € Gx .

As a corollary we obtain lemma 2, which resembles Anderson's

telescoping lemma [1].

, . o
Lemmna 2: Suppose K » By SX with K; € K and g ¢ G(X,X')

with g(K_)€= K°. Suppose also that x € K2 M X', (D, Y
o] 1 o] 1 154

. . o) .
is null for X, with DlC Kl' Then there exists h € G)L .
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supported on K,, such that (hg)l(Ko) = Dy, for i ) 1.
1 = 8(K,) and C; = g(D; ;) for i ) 2. Then

Proof: Set C
-
is null for g(xo). Hence lemma 1 asserts the

(Ci]i=l
existence of h € ql » supported on K,, such that h(Ci) =

D for i ) 1. Hence (hg)i(KO) = D

i for 1 21.

i’

Lemma %: Any dilation structure carries a topological
dilation.

oD
Proof: Suppose da = {Bi} is a dilation structure with

imwoe
respect to (p,qa). By Proposition B there is an element
K, e ¥, such that B.C K°, ch:.Bo. We now apply lemma 1
with K, as K, B_; as C,, and B_;,, 88 Dy for i 2 1, and
X, =P =7, to obtain h1 (> ch, supported on Kl, with

o

hl(B_i) = B for 1 2 1.

-i+1°?
o . .
Since B C hl(Bo), we may find K, e }, with
o
B,C K3, K, €h(BJ). Then Cl(~h (B ))<= ~VK,, and
Cl@mJBi)C:vﬂJKz, i > 1. So we again apply lemma 1 to

obtain h, €& G,, , supported on Cl(nJKe) with he(Cl(ﬂvhl(Bo)))=

GlCAJBl), and ba(CIONJBi)) = Cl(nJBi+l), i) 1.
h = h2h1 € G;‘ is the desired topological dilation.

Corollary: There exists an element g € Gi‘ such that g

is a topological dilation.
Proof: Since X' is non-void and perfect, X' contains two
distinct points. The corollary now follows from proposition

A and lemma 3.

We remarked earlier that if g € G;‘ is an arbitrary

topological dilation, then any conjugate of g by an element
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of G;L is also a topological dilation. Theorem 1 asserts
that the converse is true: that any topological dilation

is a conjugate of g.

Theorem l. Suppose g, and g, are topological dilations.

Then there is an element r of Gy, such that g, = rgar'l.

Proof: Let e = {Ci}“ be & dilation structure with

1 w—ce

respect to (p,q); and let 3' = [Dj"}“
imeow

be a dilation
structure with respect to (p',q'); withc andﬁ::arrying
85 and gl-respectively.

We may select a E:Ncon X', a £ p'. There is an

integer 1 £ o such that a ¢ D; . Hence we may find

o

. 0
K, e @ with a € K7, Klﬂ (cou Dio)“” and ~vK, £ (C U Di'b).
Set D; = Di+io’ -=» (i ( *; then ﬁ = {Di}zz—" carries

gy» 8nd D = Dio.

Since COU D, C~K,, we may invoke lemma 1 to
obtain Si € Gy, , supported on Cl(ﬂuKl), with Sl(Ci) =D,
i ¢ o.
{ §,(C1(~C, )} is null for §.(q), and §,(CL(~C ))=
1 i i=1 1l 1 o

Cl@\lDo). Hence we may again apply lemma 1, this time to

the segquences {,8&‘010\401))]: and (ClQﬁJDi)}: , to

obtain 62 € Gy » supported on Cl(~“D_ ), with
6 6,(CL(~C,)) = CL(~/Dy), 1 2 L.
Set 8=52615c;;¢ . S(Ci)sbi, - (i ( =« gand
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8(p) = p', §(a) = q'. Hence ﬂ carries the topological
dilation g = 6526_1.

We may think of the comstruction of 8 as the first
step in the conjugation procedure to change 8> into 8y
since it ylields the topological dilation g which is
carried by the same structure that carries 8- Of course
pointwise g need not equal 8, - To achieve pointwise
equality & further conjugation is necessary, which in the
event that Do is open and closed is quite simple. We
proceed to that case:

Set B, = (boundary of D;) = D, - DS. Since g'(B,) =

Bi' -» ({1 (= B, =g if and only if BO = g, If Bo =

i
¢, define oL as follows:

£L(p') =p', wlq') =q';

i -i

if x € Di+1 - Di’ o(x) = 818 (x), == (i ( o,

Then ol is a homeomorphism of X onto itself taking X'
onto X', Since ol takes Do onto itself, and since B0 =
6, if we define w; = o on D  and o{l = ¢ on~mvD ; and
ot? = af, ox:xm.D0 and oL2 = ¢ On Do‘ thend_l, d.2 € G)L and

-1
d, = o(_ecllsGk . Since 8 - o8 ~, if we set r =

ok &, then 8y = rgar-l.

It is in the remaining case that axiom 5) finds its
only employment. Thus we might observe now, if the reader
hasn't already done so, that in case')%iconsists of sets
which are open and closed in X axiom 5) may be omitted.

Now suppose Bo £ B.
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By Proposition B there exists X, € )'Cwith DOC K°,

O - -1 & . .
K1CD . Set o) = g8 € G} ; o4 takes D, onto D,
—=» (i (=, By axiom 5) there exists q € Gx , supported
on Cl(NKl) such that q,cl(NDl) = '.':-L_L In particular,
o, takes D, onto D, and Eq'Bl -ol.

Proceeding inductively, for i ) 2 we may select

. 0 o]

K, € ) with D, Q K7, K, D]. Set o, =

gig-i(;i_l- 07-1_2'” 07.1)-1. ol € Gjy and o4 takes D;j
onto Dd’ —-» ( 3 (> By axiom 5) there is o'(:i € Gy
supported on Cl(NKi), such that ai]cl(NDi) = ob,. In

i
particular, of takes Dy onto Dy and &1,31 - o,

Set ' = ?:'a.i. of is a homeomorphism, supported
i=1

on Cl(NKl), and taking X' onto X' and X onto X; hence
ol E G)L

Observe that d_‘,Bi = gig y 1 2 0; and o' takes
D; onto D,, -= (i ( o,

Now take K_; € B with D_,C k%, K_, < D°. Set

=1?

d’l = gIlg. d-'-l E Gi( , and oL takes Di’ onto Di,-““(i (=,

As before, from axiom 5) we obtain ;"—1 € Gx , supported
on K_,, with o, ;D_; =0%4. In particular, &

D,, and & ,|B_; = %,.

1 takes Di onto

Again proceeding inductively for i ) 2, select K-i SX
. 0 0 _
with D_,CC K7, , K_,& D7, ;. Set v:_Li =

-4 i,= —1
gy & (oky o a._i+2---ol:1) . Then O_Li takes Dj onto Dj'

- { § ( =, gnd 0_41 € Gk‘ We use axiom 5) to obtain



_5’--1 € GN-, supported on K_,, with Z[,‘_i' D = d.i. And

_';-i takes D,j onto Dj’ and 'T.‘Z_ih_i - o!._.i,

Set oL = T ob_j- ol € G, , is supported on K_,, takes
i=1

D; onto D, —= {1 (=, and Q,B_i = gzigi, i) o.

Now set al= ol o € 6§, Since k_, (1 Cle~kK,) = 8,
ol takes D, onto D; and oLIBi = g'}.g—i, -0 { § ( o,
Setting g = oLgoL_l, we observe that EI B, = &,
-~ (1 ( o,
Pinally, we define /& as follows:
Be') =p'y (') = o'
if x € Dy 4 - Dy, Bx) = gig_i(x), —w (i ( o,
£ is a homeomorphism of X onto itself, carrying X'
onto X'. Also ﬁ'Bi = e, =» (i (9w, And since, in
addition, /@ takes D onto D, if we define &, = & on
Do and 1@1 = @ onNDo; and ﬁ2 = B on r\J'D0 and 192 = @
on D, then ﬁl,ﬁz € Gy ; hence & = '92ﬁ1 € G;(. And

since g, = ,eg,e'l, if we set r = QoL § € G;L’ we have



CHAPTER 1V
The Principal Theorem; Its Corollaries

In this chapter we prove the principal theorem of

the paper and deduce some corollaries.

Theorem 2: Suppose f and g are elements of G(X,X')

neither of which is the identity on X'. Then there exists
[ 3

elements h, and h2 of G)C such that (h gh )(hlfh ) is a

topological dilation. Furthermore hl and h2 may be
chosen as topological dilations.

Proof: We distinguish two cases: Case 1: At least one
of £ and g, say £, is not of period two on X', Case 2:
Both f and g are of period two on X',

Case 1l: Since f is not of period two on X', neither f nor
g is the identity on X', and X' is perfect, we may find
elements C;, D;, A , and B of A such that the sets

{Cl, D,, A,, B_, f(A ), f_l(Ao), g(Bo)} are mutually
disjoint and such that the sets

(Cys Dy, A, By £(A_), f-l(Ao), g 2(B,)} are mutually
disjoint.

Select c E cgfj X', de D’ X', aeA) X', and

o

b € B°f’IX'. We now take sequences of elements of

)1: {Ci 121" {D, ]1 10 (& }1 o+ and {Bi};:o -null for c,

d, a, and b respectively.

16
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Set Ai = Cl(AJCi), By = Cl(NDi), i) 1. Thena =
A, )" and @= (B,)" are dilation structures with
R 1w

respect to (a,c) and (b,d) respectively. By lemma 3 a,
ande respectively carry topological dilations 8 and r.
Set ﬁ - (rgr-l)(SfS-l). 8 e G;( by axiom 3).

Now & remark about what is to follow: It is true

that (A))C A and Q71(C;) €09 (A, = CL(~C,y)). Hence

ﬁi(Al)C: ﬁi-l(Ai) for 1 2> 1, and /e-i(Cl) C‘ﬁ“‘l(cg),

i > 1. Therefore if [ﬁi(Al)} were null for a point
i=o

of X' and if (,e‘i(cl)} were null for a point of X',
i=0

then it is aprarent that /& would then be a topological

dilation. Therefore, in order to achieve this we are

going to multiply r and & by appropriate elements of
G .
Consider [8(4,):

&

f(Ao)CAg - A,

1
(A;) = A,

-1 (o}
Hence Hf8§ "(A))CCy - C,
-1 o
O

o
r(Bl - Bo)

]
193

Hence /&(4,)e= D - D,. Set K; = rg(B). & (4 )K]

o] o '
K:LC‘_‘,D1 - D2. Select x; € Kln X' and a sequence of
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o= o
elements or)ﬁ, {‘1‘1}1-1, null for x,, with TIC K;. Ve
now apply lemma 2, with Al as Ko and with ﬁ as g, to

ocbtain d’.L € G)\’.’ supported on Kl, with (o(lﬁ)i(Al) =
T, 1 ) 1.
X — §r1lc -1 -1 -1_,-1
ow set § = (6776 "")(alyrg™r 041 ) and coneider
F(CIJ.
Since K, /) C, = ¢ r"lr—l_l(c ) = rg”
1 1 y T8 ﬂtl 1 g
-1 o
b o (Cl)CBO

-1 o]
8 (BO)CBI - BO

i’

1 -1
r (Cl).

) o o
r(Bl -Bo) = 32 —B1 = Dl - D2.

-1_-1

so rg”lr"1(C,) D - D,. Since K =1 - Dy,

o e ir7l(c)) €Df - D, 1f.

- -1 o
§ 1D ) A 5 and £71(a ) C A] - A;
o o o
S(Al - A) = AS - &) =S - C,.
o
Hence E(Cl) <cy - C,.
-1 o o

Set K, = §£ (4, ). Then §(C,)C K3, K, C] - Cs.
Note that K, /) §£(a ) = #.

Select x, € Kan' and a sequence of elements of
X, {'1‘1]-“ null for x,, with T_lc Kg. We again apply

i=-1

lemma 2, this time with C; as K_ and with A8 as g, to
obtain d,2 € G’)C , supported omn K2' with (°L2?)i(cl) =
2,12 1.

Set 4 = (eol,r r“ld__l)( S'fg"l _1) and observe

178 AR olp
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that 1f a'(A)) = T, ana a™'(C,) = T, for i 2 1, then a

i
is a topological dilation carried by the dilation structure
a0
{Ti} with respect to (xa,xl), where Tj'_-Ti, i(-1, Té -

{=—w
Ci» T = CL(~VTy), 1 ) 1.

Consider d(Al):

Since K, N4, = 6, §18 Tt 57 (4)) = ££6 714y -
££(A). Since K, N §1(a ) =6, o, §2(8) = §2(2 ) C,.
But K, N C, = 6; 80 d_‘l'lg £(A)) =§2(A)). Hence a(a,) =
Qtlrgr'lsfé' 'l(Al) = dlﬁ(Ll) = T,. Since for i 2 1,
T, C Ay, A(Ty) = &, @(T,) = T,,,. Therefore at(a)) - 1,
1) 1.

Now consider d_l(Cl) -, 818 "loLgloLlrg_lr-loLIl (C:

1

As seen earlier, oLlrg- r-loLil(Cl)CDg. Since

K,/ D, = ﬂ.d?cclrs_lr'ld.'l'l(cl) = oLlrg_lr_lot.il(Cl)‘
Hence d-l(Cl) = o §f K -1 aLlrg'lr'loLil(Cl) -

d_z'g(cl) = T_,. And sipnce for i 21, T ,< Cq, d_l(T_i) =
d_e_ﬁ_(T_i) = T_, 5. Hence d"l(Cl) = T_,, and hence d is

& topological dilation.

Furthermore, since o[_l is supported on ch‘_ ])‘{-D2
o)
and d..2 is supported on K2C01 - Cs, h, = dgg and
h2=d1r are topological dilations carried by a_and @
respectively; and 4 = (hzghél)(hlfhil).
In the sbove we had set K2=5'f"1(A°) and had then
remarked that K2 ﬂ Sf(Ao) = g. 1t was this which enabled
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us to construct cLl independently of d,a. Of course the

construction of d_2 was dependent on oLl; however we

defined K, = rg(Bo) and had we been able to assert that
Klflrg-l(Bo) = § we could have constructed d‘l and ol,

independently of each other. But, since in the event
that g was of period two on X', Klf1 rg'l(Bo) £ £, no
such assertion was possible. Had f also been of period
two on X' then neither ol, nor oL, could have been
constructed independently of the other. For this reason

Case 2 requires a slightly modified procedure.

Case 2. Since neither f nor g 18 the identity on X', we

may select elements OfX’ Gl, D A and Bo‘ such that

o' "o
the sets {Cl,Do,Ao,Bo,f(Ao),g(Bo)} are mutually disjoint

and the sets {Cl,Do,Ao,Bo,f-l(Ao),S-l(Bo)} are mutually

disjoint,
Now select c € Cif\ X', d € Dgﬂ X', a € Agﬂx‘,

and b € BO(\'X' As before we may take sequences of elements

of){ (C ) L {D. }l > {A 1 oo’ and (B ]i C-null for

c, d, a, and b respectively.
We now set Ai = Cloﬁuci), B
o0
observe that a = {Ai} _

j==o

Cl(nuD ) for i 2 1 and

i
andcza

structures with respect to (a,c) and (b,d) respectively and

{P 3" are dilation
{ =

hence, by lemma 3, carry topological dilations Sl and

Ty respectively.



811(])0) CAg —A_l; select x; € ql(Do) M X'. Since
f"l(xl) = f(xl) £ f(A;), we may find Kl £ }Cwith X, € K°
-1,,0 -1 o]
K, §7H(DY) and £7(K ) £(AD).
Now 61(Kl) CDgDDl. Hence, by axiom 4), there is
€ Gy, , supported on D_, such that &/ (K,) = D,.
g A o 1 1 1
Set S = °’181 8 is a topological dilation,
carried by a,, and g(Kl) = Dl'
. -1
Since rlg(Bo)CDi, 8 rlg(Bo)CKg. Select
x, € 8_11-15(132)() X'. RNow, since f-l(an = f(x2) € f(Kcl’),

we may select inductively a sequence of elements of x,

(E, )

0
{a2? null for x,, with K2C S-lrlg(Bo) and
-1 3 :
KD C &S ), 12 2.
. -1
since §f(A J=CY - C,, we have r] K £(A )CB] - B_;.

Set x5 = Ij_-lgf(x2) € rIlg (Kg), i )2 1. And of course

Xy € X',
Now since g'l(xa) = g(xs) € nglg f(Kg), we may find
-1
By s)('such that Xz € Ec{, E,Cry Ef(K({), and
g-l(Fj)C gr;lg f(Kg). Sel=zct inductively a sequence of

ab
elements of X, [Ei}i=2‘

g (B ) ert & (KD, 12 1.
Since rl(Ei) . Si‘(Ag) ) Sf'l(Ki) for i ) 1, we may

null for x , E2 [l Eg, such that
3

employ lemma 1 to obtain Qf? € GX.’ supported on 6f(Ao),
such that ol,r(E;,;) = S (&), 1 2 1.
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We now set r = %rl' r is a topological dilation, carried
by @, and r(Ei+1) = gr'l(Ki), i 2 1. OSince d? is
supprorted on Sf(AO)C Cg, we have also that rlNCl = Ty

In particular, g-l(Ei)Cgr-lg £(E{), 12 1.

Define Bt-: G*, as : ,@s (rgr_l)(gfs-l). Considar

A
ﬁ(Al):

5'1(-41) = A_; so

§£8~1(A,) = §r(A,). Since oL is supported on
Se(a), rigea) = r7t (A ) < B,

r,g(B ) < D] - D,. Since ot,y]D; = e, rg(B) = reg(B ).

Hence, ﬁ(Al) = rlgrilgfg-l(Al)Crlg(Bg).

Since, for i 2 2, K, g'lrlg(Bg), g(Ki)Crlg(Bg).

Hence we may apply lemma 2 to obtain d_} € GN.' supported
i
rg(B,), such that (d,y@) (ay) = g(Ki+1),

on rlg(Bo)

n
o
ct
(o7
|

= ( °L3rgr-1 o(.gl)( St 8_1) and observe that if

(a*(a))]_, is null for £(x,) and if {di(cl)}:" is null

for Ef(xa) = gf-l(x2), then 4 is a topological dilation

carried by {Ti}_ with respect to (Sf(xa),S(xa)) where

j=m—ce

T, = di(Cl) for i { o, and T; = Cl(Ndi(Al)) for i 2 1.

Consider d(Al):
Since 6‘1‘8-1(A1)CC1 and QLB is supported on

rg(B,)CD;, %3 687 HA) = §£8§7H(A). Hence a(Ay) -
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q,}rgr-le 8§ ap - o, @(4)) = §(K,). Since, for
122, §&)ICD CAY, AEE)) = QP (K)) =

S(Ki'l'l)' Hence di(Al) = 8(K1+1)‘ 1 l 1. Since (Ki]-

im

is null for x,, (S(Ki”:.g is null for g(xa). Therefore

(di(Al)] is null for g(xa).

i=0
-1 -l -1 -1 -1 ,-1 .
Consider now d (Cl) - Sr 6‘ o(,arg r 0L5 (01).
-1_-~1
Since QL3 is the identity on Cl, g T °L3 (cl) -
rs-lr-l(cl)o
r'l(cl) CBg
s'lr"l(c ) CBY - B,

rg r 1(Cl) CDO - D2CD§_’. Since 45 takes Dl opto

itself,
OLBrg; 1. 1(01) CDO Hence

a e §£718 10D, But since 51 = kg,
alcp) = gt ey

Comsider 472(Cy) = a~*(a"l(c))) Ca Tt ( FrH(xDN):
Since oly 15 the identity on §f M(K)) €O}
Toaglte e @) = rTIE eTHED) - B, Sinece

g 1(B,) C er™l§ £(Ky), rg”H(ED) @rer g £(x) -
rer 1§ £§ I E(ED)) = B(E®Y)). Hence

a2 @ §17g T A S®D) = SrTELSED) -

&St (K° An inductive repetition of the above
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Yields that
" - . . -
e 8t 1(1{31_1), i ) 1. Since d 1(01)Cc°,

we conclude that {di(Cl)]'“ is null for gf'l(xe)scff(x2).
i=o0

Hence 4 is a topological dilation. Since Q’.j is supported
on rg(B )CD - D, o[5r is a topological dilation carried
by@ If we set hy = g, h, = dBr, then 4 =

(bogn5t) () faTt).

Let 4 € G;C be an arbitrary but fixed topological
dilation:

Corollary 1: If f, g € G(X,X'), neither f nor g being the
identity on X', then 4 is the product of a conjugate of f
by a conjugate of g, the conjugating homeomorphisms being
elements, of G"x .

Proof: By theorem 2 there exist hl, 1:12 € G;( such that
d = (hegh )(hlfh ), where d is a topological dilation.

But by theorem 1 there exists 3:13 € G;L such that thhgl =
d. Hence 115dh3 = (hegh )(hlfh ly. fTherefore d =

1(h2gh ) (b, £h] )h = (b3 Thgn ha)(h—lhlfh by) -

Corollary 2: If f e G(X,X') and either f'X' A e or f =

e and if d € G(X,X'), then f is a product of two conjugates
of d, the conjugating homeomorphismsbeing elements of G;( .
Proof: 1If le' £ e, then by corollary 1, with a1 as g,

- “1 "'l "'l *
we have d = (h2d b, )(hlfhl ) for some by, by € G’C .

-1 -1 -1 -1 -
Hence (112<1}:12 ) 4 = h,fhy °; or hy (hedh2 ) dh, = f.
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-1 -1 -1
Therefore (h h,dh, hl)(h1 dhl) = f.

1

If f = e, then notice that 4"~ is a topological

dilation, and hence, for some h, € G;L , h anT! - a3,

1771
1l

Then d(hldhil) « ddl e =t

Corollary 3: Suppose f, g, h, and k are elements of
G(X,X') and none of which are the identity on X'. Then

f is the product of a conjugate of g by & conjugate of b
by a conjugate of k, the conjugating elements being in Gi('
Proof: By corollary 1 (b fhl)(hg™ h3l) = a -

(hakhgl)(hahhzl) for some hl,hz,h5,h4 (> G;L . Then

-1 -1, -1 -
by fo" = (Bykb3') (bbb, )(hogh). Hence f =

(hilthhglhl)(h11h4hh;1hl)(hzlh2ghglhl).

Corollary 4: Suppose f, g € G(X,X') and le' A oe g ng'.
Then f is the product of three conjugates of g, the
conjugating elements being in Gk.

Proof: Corollary 53 with h = k = g.



CHAETER V
Examples

(1) Let X = X' = S,» the n-sphere for n 2 1. Let

G(X,X') = G}t.‘ the zroup of stable homeomorphisms of
S, onto itself. )%Lis the collection of images of a
geometric n-cell under the elements of G)( .

Thet axioms 1), 2), and 3) are satisfied in this
case is evident. The proof that axioms 4) and 5)
obtain may be found in [3]. The homeomorphism d
mentioned in connection with this example in Chapter 1
is easily seen to be a topological dilation. (And
owing to Theorem 1 any topological dilation, as defined,

is a '"'stable conjugate'' of d4.)

(2) Take X, X', M, Gy as above; let G(X,X') be the sat
of all homeomorphisms which are the product of some
geometric orientation-reversing invcoclution h and an
element of G;L . Since 4 £ G(X,X'), corollary 2 does
not obtain here. However dh € G(X,X'); so we may
substitute for corollary 2 the following: if f e G(X,X'),
then f is a product of a conjugate of 4 by a conjugate

of dh; the conjugating homeomorphisms, of course, bein;

(3) Let X =8, n21l. Let X' be a countable dense
subset of X, and let G}{ = G(X,X') be those stable
26
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homecmarphisms which take X' onto X'. Ju_ is the
collection of images of a geometric n-cell under

elements of G}L .

(4) X = Dn = the n-cell, n 2 2. X' = the boundary of D .
GFL is the set of all homeomorphisms of Dn onto itself
each of which is the identity on some neighborhood of
some point of X'. G(X,X') = G;( and ){_is the
collection of images of a geometric half-cell under
the elements of GiL .

Axioms 1), 2), and 3) are obviously satisfied, and
axioms 4) and 5) follow from arguments like those

given in [3].

(5) Let X = X' = the rationals (or irrationals) on the
line, Let G}L = G(X,X') = the collection of all
homeomorphisms of X onto itself; and 1et‘>( be the
collection of all non-void, proper open and closed

subsets of X.

See [1] for a further discussion of the above
examples.

In case the annulus conjecture turns out to be true,
then in (1) we may take G}(-s G(X,X') to be the collection
of all orientation preserving homeomorphisms; and in (2)
we may take G(X,X') to be all the orientation reversing

homeomorphismos.
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