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Notation

In this work we will use the following notation:
q - a power of an odd prime number
[F - the finite field with ¢ elements
Z - the polynomial ring F[z]
O - the field of fractions of Z
K - an imaginary, quadratic extension of Q of the form Q(v/—n)
Oy - the integral closure of Z in K
Poo - the prime at infinity in Q, that is, a localization of Z at z~!
P - the unique prime in K lying above p.,
ord, (-) - the valuation associated with pu
ordy_ (+) - the valuation associated with pu
| oo - the multiplicative valuation of Q defined by |a|s = g °"dre(®)
R - the completion of Q with respect to ord, ()
C - the completion of an algebraic closure of R with respect to | - |«

‘H - the Hilbert class field of I

v



Abstract

Let n be a square-free polynomial over I, where ¢ is an odd prime power. In this
work, we determine which irreducible polynomials p in F,[z] can be represented
in the form X? 4+ nY? with X,Y € F,[z]. We restrict ourselves to the case where
X2+ nY? is anisotropic at infinity. As in the classical case over Z discussed in [2],
the representability of p by the quadratic form X? 4+ nY? is governed by condi-
tions coming from class field theory. A necessary and almost sufficient condition
is that the ideal generated by p splits completely in the Hilbert class field H of
K =TF,(x,/—n) for the appropriate notion of Hilbert class field in this context.
In order to get explicit conditions for p to be of the form X? + nY?2, we use the
theory of sgn-normalized rank-one Drinfeld modules. We present an algorithm to
construct a generating polynomial for H /K. This algorithm generalizes to all situ-
ations an algorithm of D.S. Dummit and D.Hayes for the case where —n is monic

of odd degree.



Introduction

This dissertation is inspired by the classical problem of Fermat about the sum of
two squares and its generalizations discussed in [2]. The unfolding work considers
an analogous problem in the function fields context.

Let Z = F,[x], where ¢ is a power of an odd prime, and let n € Z be a square-
free polynomial of degree d with the leading coefficient n,;. We require that d is
odd or —n, is not a square in F,, which means that the infinite place of Q = F,(z)
has a unique extension p, in the quadratic field K = Q(y/—n). Equivalently, the
norm form X? 4+ nY? is anisotropic over R = F,((z™')), the completion of Q at
infinity. In this exposition, we determine which irreducible polynomials p in Z can
be represented by the form X? + nY?2.

Let Ok denote the algebraic closure of Z in K. Since the form X2 +nY?2, viewed
as a function on Oy, is multiplicative, the ideal theory of this ring is a useful
tool in the investigation of this problem. More specifically, if a prime p 1 n can
be represented by X2 + nY?, then pOx = pp,p # p, and p is principal in Ok.
Unfortunately, the converse is not quite true. If p = (a++/—nb)Ox and pOx = pp,
then pOx = (a* + nb?)Ox from which it follows that a* + nb*> = up for some
u € Z*. Since the ring Z has ¢ — 1 units, we are led to consider a notion of weak
representability. We say that p can be weakly represented by the form X? + nY?
if there is u € [ such that up can be represented by this form. Observe that if p
can be represented by the form X2 +nY? over Z, then up also can be represented
by this form for every square u in F,. In other words, if p is a monic prime that
can be weakly represented, then the set of all elements u € F such that up can

be represented is either the whole group FF; or a coset of the subgroup (IFZ)Q in ;.



The former holds if and only if n is a constant, which makes weak representability
a non-trivial concept. Note that the described issue does not occur in the classical
case since the ring of integers Z has only two units 1 and —1 and the form X2+nY?
can represent only positive elements of Z provided that n > 0. Using the notion
of weak representability, we can now obtain the following equivalence. The prime
p 1 n can be weakly represented by the form X2 + nY? over Z if and only if
pOx = pp,p # p, and p is principal in Ox. This rather simple fact is the first
stepping stone towards solving the (weak) representation problem.

Thus, the question becomes: when does a prime p split in Ok into a product of
two principal ideals? Since the factorization of p in Oy is governed by factorization
of X2+ n over Z/pZ, the answer is immediate if Ok is a principal ideal domain.
In this case it happens precisely when (‘Tf) = 1. However, Ok typically is not
a principal ideal domain. As a matter of fact, as a consequence of the Riemann
Hypothesis, there are only two polynomials n of degree greater than 1 for which
Ox = Z[y/—n] is a principal ideal domain. Just like in the classical theory of
number fields, this obstacle can be bypassed by the virtue of Hilbert class field
theory. One needs to keep in mind that the usual definition of the Hilbert class
field is not really suitable in this context. If K is a function field over a finite field
F, then the maximal abelian extension of K is not finite over K. However, if we
define the Hilbert class field H of K as in [9], to be the maximal unramified abelian
extension of I in which p., splits completely, then H is a finite Galois extension of
K and Cl(Ox) ~ Gal(H/K) via the Artin map. Consequently, if p is a prime ideal
in IC, then p is principal if and only if it splits completely H. Using the fact that
H is also Galois over Q, we conclude a prime p 1 n can weakly represented by the
form X? 4+ nY? if and only if p splits completely in H. This fact seems to solve the

(weak) representability problem. However, it is not a constructive solution. Given



a concrete polynomial n, we are still lacking an effective criterion to verify which
polynomials p can be written in the form X? + nY?2. Since splitting of a prime
ideal in a field extension depends on the factorization of a minimal polynomial of
a generator of the extension modulo the prime ideal, the next and final step is to
find a polynomial which generates H over .

This final task is the least trivial part of the whole procedure. In the classical
case, this is achieved via analytic methods. More specifically, if K = Q(y/—n),
then the object of interest, the ring class field of the order Z[/—n] is generated
by the j-invariant of this order. The definition of the j-invariant and computation
of its minimal polynomial rely on the theory of elliptic and modular functions. In
the function field context, this goal will be also achieved using analytic methods
but the used technique is not a straightforward generalization of the classical case.
The field of complex numbers C, being a finitely dimensional extension of the real
numbers, is complete. The situation is more complicated over function fields. The
algebraic closure of R is incomplete and hence we define C to be the completion of
R. The field C is known to be algebraically closed. A similar construction can be
repeated for the field I and the prime p.,. The resulting field is both isomorphic
and isometric to C. Consequently, these two fields can be identified and regarded as
the analog of the field of complex numbers. An Ox-lattice in C a discrete, finitely
generated, Oy-submodule of C. If A C C is a lattice, then the rank of A is the
dimension of K, A over K,_. In particular, up to homothety the set of O-lattice
of rank 1 in C consists precisely of fractional ideals of Oy. For every lattice Ox-

lattice I' of rank r, we define the exponential function associated to I' by

er(@) =z [] (1—%).

yer\{o}



The function ep(z) is the unique entire function with simple zeros on the elements
of I and with leading term x. It is also known to be F-linear. Next, if I' C I and
[ is also a lattice of rank r, then I'"/I" is finite and
, x
PNy =z ] (1-—=
, er(p)
ner’/v
is F-linear polynomial with the initial term x. If 7 = 29 is the Frobenius endomor-
phism of C and C(7) and is the subring of Endg(C) generated by 7, then P(x;I"/I")
can be regarded as an element of C({7). Consequently, aP(z;a"'T'/T') € C(T) for

each a € O \ {0}. If we set
IR -1
pa(l‘)_a’P(l‘7a F/F)7

then p'' : Ox — C(7) is an F-algebra homomorphism such that the constant term
of p& equals a and deg, p, = —rord,_(a)dw, where d, is the degree of p,.. Any
such a homomorphism is called a Drinfeld Ox-module over C of rank r. Moreover,
the map I' — p' is rank preserving bijection between the lattices and Drinfeld
modules. Further, if I' and A are homothetic, then p' and p* are isomorphic,
meaning that there exists a constant ¢ € C* such that cp' = p*c. In particular,
if the correspondence I' — p!' is restricted to the set of rank 1 lattices, we obtain
a bijection between the class group Cl(Ox) and the set of isomorphism classes of
rank 1 Drinfeld Ox-modules.

Due to this correspondence, rank one Oy-Drinfeld modules can be considered
to be analogues of elliptic curves with complex multiplication. In particular, they
can be used to define the j-invariant of a fractional ideals of Ok. If p is a rank one
Oyx-Drinfeld module associated with the fractional ideal a, then p, = ag+a;7+ay7?
and we define j(a) = ad™ /a,. It turns out that the j = j(O) is a generator of H

over K. In [3], D. Hayes and D.S. Dummit present an algorithm to compute the



minimal polynomial of j in the case when —n is a square-free monic polynomial
of odd degree. In this dissertation, we extend this algorithm to deal with the
cases when —n is not monic or of even degree (with the assumption that —n,
is not a square in F). If f(X) denotes the minimal polynomial of j and g(X)
denotes the output of the modified algorithm, then g(X) equals either f(X) or
f(X) f(=X). This is however sufficient for our purpose. As we shall see the splitting
of p in H depends on solvability of the congruence f(X) = 0 (mod p). Clearly, this
congruence is solvable if and only if ¢g(X) = 0 (mod p) is solvable. The algorithm
presented by us is illustrated with some explicit computations performed using
Magma Computational Algebra System [1].

The final question posed and answered in this dissertation is: ‘Assuming that p
can be weakly represented by the form X2 + nY?, when can p itself be represented
by this form?’ In order to answer this question, we first define what it means for
a polynomial p to be positive. If 7 is a uniformizer at p.,, that is, an element of
the completion K, such that ord, 7 = 1, then every element « of K, _ can be

expressed uniquely as a Laurent series

o0

Z cpmt,

k=ko
where ¢, € Fpo and ¢, # 0. A sign function associated with the uniformizer
7 is given by sgn(a) = ¢i,. An element « is called positive if sgn(a) = 1. If g
is the genus of K and > = —n, then 7 = % is a uniformizer at p.,. Using the
sign function associated with this uniformizer, we can easily find that a prime
polynomial p that can be weakly represented by the form X2 4+ nY? is positive if

and only if its leading coefficient is equal (—nq)4?, where deg’p = ‘tle—ff. If pis a

sign normalized, rank one Ox-Drinfeld module and p, = ag + a17 + as72, then the

qdoofl
q—1

field Ht = K(a1, az2) is a Kummer extension of H of degree . For a positive



prime p that can be weakly represented by the form X2 +nY?2, we shall prove the

following two results results.

Theorem. Suppose that deg™p is even or 4 | ¢ — 1. Then p can be represented by

the form X% +nY? if and only if it splits completely in H*.

Theorem. Let P be a prime in HY above p. Suppose that deg™p is odd and

44q—1. Thenp can be represented by the form X2+nY? if and only if f(PT|p) = 4.



Chapter 1
Function Fields

In this chapter we will review elementary facts about function fields. Majority
of the results presented here are well-known and discussed with details in [8].

Consequently, we shall omit most proofs.

1.1 Basic Properties of Z

The basic object of number theory in function fields is the ring of polynomials
F[x] over a finite field with ¢ elements. In this work we will always assume that ¢
is a power of an odd prime number. The polynomial ring F[z] is known to share
many arithmetic properties with the ring of integers Z. The following section shows
several instances of this fact. In order to emphasize similarities between these rings,

we shall use the symbol Z to denote the ring [Fz].

Proposition 1.1.1. Z is a principal ideal domain. The group of units of Z consists

only of nonzero elements of the field FF.

Definition 1.1.2. Let m € Z. We define the norm of m, denoted by |m/|, to be

g™ if m # 0. The norm of the zero polynomial is zero.

Proposition 1.1.3. Let m € Z. If m # 0, then Z/mZ is a finite ring with |m)|
elements. Additionally, Z/mZ is a field if and only if m is irreducible. In such a

case (Z/mZ2)* is a cyclic group with |m| — 1 elements.

Corollary 1.1.4. (Fermat’s Little Theorem) Let p € Z be irreducible. Ifa € Z

1s not divisible by p, then

al? =t =1 (mod p).



Corollary 1.1.5. Let p € Z be irreducible. If a € Z is not divisible by p, then

lp|—=1 lp|—1

a2 =1(modp) or a 2z =-—1 (modp).

Proposition 1.1.6. Let p € Z be irreducible and a € Z be not divisible by p. The

congruence X* = a (mod p) is solvable if and only if

lp|—1

a 2 =1 (modp).

Definition 1.1.7. Let p € Z be irreducible and a € Z be not divisible by p. We

define the Legendre symbol () to be the unique unit of Z such that
lp[=1 a
a 2 =|-—] (modp).
(p) ( )

If a is divisible by p, we set (2) = 0.

P
Proposition 1.1.8. The Legendre symbol has the following properties:

e Ifa=b (modp), then ()= (%)
o () = (2)(2).
. (%) =1 if and only if the congruence X? = a (mod p) is solvable.
In other words, the Legendre symbol can be regarded as a group epimorphism from

(Z/p2)* to {1,—1} whose kernel consists of squares of (Z/pZ)*.

Theorem 1.1.9. (The Quadratic Reciprocity Law) Let p, r € Z be monic

and irreducible polynomials of degrees k and [ respectively. Then

()=o)

Theorem (1.1.9) can be easily generalized. If p and r are not necessarily monic,

we have:



Corollary 1.1.10. Let p, r € Z be irreducible polynomials of degrees k and [

respectively. Let pr, and r; be the leading coefficients of p and q respectively. Then

(;> = ()T (B,
1.2 Arithmetic of Function Fields

The field of rational functions F(x) is naturally the field of fractions of the ring Z.
For that reason, it will be denoted by Q. Analogously to number fields, one can
define a function field to be a finite extension of Q. More generally, we have the

following definition.

Definition 1.2.1. A function field over F is a field extension K/F containing an
element = such that z is transcendental over F and the extension K/F(z) is finite.

If F is algebraically closed in K, we say that F is the constant field of K.

Proposition 1.2.2. Let K be a function field over F and E be the algebraic closure
of F in K. Then E is a finite extension of F, K is a function field over E and E

1s the constant field of K.

From now on we will assume that if K is a function field over FF, then [F is the

constant field of K.

Definition 1.2.3. Let K be a function field over F. A prime in K is a discrete

valuation ring o containing F such that K is the quotient field of o.

Lemma 1.2.4. Let p be the mazximal ideal of 0. The dimension of o/p over F is

finite.

By abuse of language, the maximal ideal p is often referred to as a prime in
K. The quotient field o/p will be denoted by x(p). Its dimension over I is called
the degree of p and is denoted by degp. Similarly, the valuation associated with

p is denoted by ord,. Each valuation ord, induces the normalized multiplicative



valuation | - |,, which is given by

|Oé|p _ q—ordp(a)degp‘

Example 1.2.5. Let p € Z be monic and irreducible or p = % Then the localiza-
tion Z, of Z at p is a prime in Q and every prime in Q is of this form. If p € Z,

the degree of Z, equals the degree of the polynomial p. The degree of Z1 equals 1.

The prime Z.1 is called the prime at infinity and is denoted by p.,. The valuation

associated with p., is given by

ordy, (i) =degg —deg f
g

forall fe Z, ge Z*.

Definition 1.2.6. Let K be a function field over F. The free abelian group gen-
erated by the primes of K is called the group of divisors of K and is denoted by

Dk . The elements of Dk are called the divisors of K.

Thus, a divisor D of K is simply a formal Z-linear combination of primes

D= a(p)p.
p
The degree of D is defined to be
deg(D) = a(p) deg(p).
p

Hence the degree function defined initially for primes becomes a group homomor-
phism from Dk to Z. The kernel of this map consisting of all divisors of degree 0

is denoted by DY.

Lemma 1.2.7. If a € K*, then ordy(a) # 0 for only finitely many primes p of K.

10



Definition 1.2.8. Let a € K*. We define the divisor of a to be

(a) = Z ordy(a)p.
p
For a fixed prime p set n = ordy(a). If n > 0, we say that p is a zero of a of order
n. If n < 0, we say that p is a pole of a of order —n.

It is easy to see that the map P : K* — Dy defined by P(a) = (a) is a group
homomorphism. Its image is called the group of principal divisors and is denoted
by Pk. The quotient Dy /Py is called the group of divisor classes and is denoted
by CI(K). Thus, two divisors D, Dy are in the same class if they differ by a
principal divisor:

D1 — D2 = (G)
for some a € K*. In such a case, we also say that Dy, D, are linearly equivalent.

Proposition 1.2.9. Let a € K*. The dwisor of a equals 0 if and only if a € F*.

Moreover, deg(a) = 0. In other words, ker P = F* and deg Px = {0 }.

Corollary 1.2.10. The degree function deg : Dx — 7Z induces a well-defined

homomorphism from Cl(K) to Z.

Definition 1.2.11. The kernel of the induced homomorphism deg : CI(K) — Z is
called the group of divisors of degree zero and is denoted by CIO(K ). The cardinality

of this group is called the class number of K and is denoted by h.
In order to state the Riemann-Roch theorem, we need the following definition

Definition 1.2.12. Let D = }_ a(p)p be a divisor of K and L(D) = {x €
K*|ordy(z) + a(p) > 0} U {0}. The dimension of D, denoted by [(D), is the

dimension of L(D) over F.

Theorem 1.2.13. (Riemann-Roch Theorem) There is a unique nonnegative

integer g and a unique divisor class € such that for all divisors A and all C' € €

11



we have

I(A) =deg(A) —g+1+1(C—A).
The integer ¢ is called the genus of the function field K. The class € is called the
canonical class.
Corollary 1.2.14. Ifdeg(A) > 2g — 2, then [(A) = deg(A) — g+ 1.

Example 1.2.15. The genus of Q is 0.

1.3 The Zeta Function of a Function Field

The zeta function ((s) in the context of function fields is even a more powerful tool
than in the classical situation. Firstly, it can be effectively written as a rational

function of ¢*. Additionally, an analog of the Riemann hypothesis holds true.

Definition 1.3.1. Let D =}~ a(p)p be a divisor of K. The divisor D is said to

be effective if a(p) > 0 for all primes p. In such a case, we write D > 0.

Lemma 1.3.2. Let n > 0 be an integer. There are only finitely many effective

divisors of degree n.
The number of effective divisors of degree n will be denoted by e,.

Definition 1.3.3. Let D € Dg. The norm of the divisor D is defined to be the
number
N(D) = ")
Note that N(D; + Ds) = N(D;)N(D,) for any two divisors and that N (D) is a

positive integer if D is an effective divisor.

Definition 1.3.4. The zeta function of K, denoted by (x(s), is defined to be the

infinite series

Ck(s) = Z N(D)™*.

D>0

12



If deg(D) = n, then N(D)~® = ¢~ ™. Since there are e,, effective divisors with

deg(D) = n, the series defining the zeta function can be rewritten as

Crls) =D

qns :
If we further set u = ¢~*, we see that the zeta function is simply a power series in

u. We will denote this power series by Zg (u). Thus,

Cr(s) = Zk(u) = Zenu".

Theorem 1.3.5. The radius of convergence of Zx(u) is ¢~'. Equivalently, (x(s)
converges absolutely for all s with R(s) > 1. Moreover, there is a polynomial

L (u) € Z[u] of degree 2g, where g is the genus of K, such that for all |u| <1

LK(U)

2 = T qu)

Additionally, Lk(0) =1 and Lk(1) = hx. The rational function on the right-hand
side defines an analytic continuation of (k(s) to all s € C. (k(s) has simple poles

at s =0 and s =1.
Theorem 1.3.6. (The Riemann Hypothesis for Function Fields) All roots
of Ck(s) lie on the line R(s) = 3.

Corollary 1.3.7. Let g be the genus of K. Then (\/q —1)* < hx < (y/q+ 1)*.

1.4 Extensions of Function Fields

Let K be a function field over F and L be a finite field extension of K. Let E
be an algebraic closure of F in L. It is easy to see that L is a function field over
E. Indeed, if x € K is transcendental over F and K/F(x) is a finite extension,

then z is transcendental over E since E is algebraic over F and [L : E(x)] < [L :

F(z)] =[L: K]-[K : F(x)] < co. Finally, E is algebraically closed in L being the

13



algebraic closure of IF. The most interesting case from our point of view is when [F
is algebraically closed in L, that is, when IE = [F. Then L is a function field over F.

In such a case, we say that L is a geometric extension of K.

Definition 1.4.1. Let K be a function field over F and L/K be a finite extension.
Let O be a prime of L with the maximal ideal 8 and o be a prime of K with the
maximal ideal p. We say that O lies above 0 if o = KN O and p = K N*B. In such
a case, we will write Olo. As before, by abuse of language, we will also say that P
lies above p and we will write B|p.

If P lies above p, then O /P is a vector space over o/p. The dimension of this
space is called the relative degree and is denoted by f = f(3/p). Further, pO is an
ideal in © and hence pO = P for some e > 1. The number e = e(P/p) is called
the ramification index. The ramification index has the following property: for all
a € K. ordg(a) = e(*B|p) ordy(a), which follows easily from the definition. Another

immediate consequence of the definitions is the identity degP = f(*B|p) degp.

Let K be a function field over F and L/K be a finite, separable extension. Let o
be a prime of K and p be its maximal ideal. All primes of L lying above p can be
constructed as follows. Let O be an integral closure of o in L. Since o is a principal
ideal domain, it follows that O is a Dedekind domain. Hence pO admits the prime

factorization

pO = PUIPE . Pir.

Now, for each 1 < i < k define ; to be the localization of O at P;. Then £, is a
prime of L. Its maximal ideal 3; = P;O; lies above p and every prime above p is of
this form. Moreover, using basic facts about localization, we see that the notions
of the ramification index and the relative degree defined above and the ones that

are typically defined for extensions of Dedekind domains coincide. Thanks to that,

14



we have the following well-known identity
k
i=1
1.5 Quadratic Extensions of Q.
Let n € Z be a square-free polynomial of degree d with the leading coefficient ny. In

this section we will study the quadratic extensions of Q of the form K = Q(v/—n).

Imaginary extensions (defined below) will be of special interest for us.

Lemma 1.5.1. Ifn € Z is a polynomial of positive degree, then K/Q is a geometric

extension, that is, F is the exact field of constants of IC.

Proof. Suppose that a € K is algebraic over F. We can write a = a + by/—n for

some a, b € Q. Then a = &2 —p?*n = (252)? are also algebraic over F. Since F is
algebraically closed in Q, it follows that a € F and —b?n € FF. Since n is square-free

polynomial of positive degree, it follows that b = 0. Thus, o« = a € F. n
Proposition 1.5.2. Z[\/—n]| is the integral closure of Z in K.

Proof. Let Ox be the integral closure of Z in K. Since v/—n € Ok and Z C Ok,
it follows that Z[/—n| C Og. On the other hand, if a + by/—n € Ok, then
m(X) = X? —2aX + (a® +nb*) € Z[X], which follows that a € Z and nb? € Z. If
b= 7%, where u, v € Z are relatively prime, then v%|n. Since n is either invertible

or square-free, it follows that v € F and b € Z. O

The field of real numbers R is a completion of Q with respect to the standard
absolute value. Then we can say that an imaginary extension of Q is simply Q(«),
where o ¢ R. If n is square-free and o = \/—n, then an imaginary extension can
be equivalently characterized by saying that n is positive or that the norm form

X2 + nY? is anisotropic over R. It turns out that each of these conditions has a
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quite natural analogue in a rational function field Q. The analogue of the field
of real numbers is a completion of Q with respect to | - |,., the multiplicative
valuation of Q defined by l|a|,,, = ¢ °"%=(®. Such a completion will be further
denoted by R. Theorem (1.5.4) presents a series of equivalent conditions which we

can be used to define an imaginary extension of Q.

Lemma 1.5.3. Let a € Z be a polynomial of degree m > 0 with the leading

coefficient a,,. Then \/a € R if and only if m is even and a,, is a square in F.

Proof. Assume that /a € R. Then a = lim;_., 27 for some sequence (x,) € Q.
Consequently, limy ., |7x|%2 = |a|s, which implies that m = limy .. deg(z3) =
21limy,_, o deg . Since (degzk)ren is a sequence of integers, there is a number kg
such that m = degzi = 2degxy for all k > ko. Thus, m is even. Moreover, if
k > ko, then 22 = ¢2 + i, where ¢; is a polynomial of degree m and 7y, is a proper

rational function. Since
lim log, |2} — als = lim deg(z} — a) = —o0,
k—oo k—oo

it follows that for some [ > ko the leading coefficient of a equals the leading
coefficient of ¢? which clearly is a square in F. Now assume that m is even and
am = b? for some b € F. Clearly, \/a € R if and only if f(X) = X? — a has a root

in R. By Hensel’s Lemma, this is the case if

(@) < If (@)%

m
2

for some o € ZN'R. Set @ = bz 2. Then | f(a)|oo = ¢ ' and | f'(a)|* = ¢™. Thus,

%
VvaeR. O

Theorem 1.5.4. The following conditions are equivalent:

(i) d is odd or —ng is not a square in F.
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(i) v/—n ¢ R.
(iii) The norm form X? + nY? is anisotropic over R.
(iv) There is a unique prime P of IC that lies over ps.

Proof. Clearly, (ii) < (iii). The equivalence (i) < (iv) is a part of Proposition

14.6 in [8]. (i) < (i7) follows directly from (1.5.3). O

Definition 1.5.5. We say that the extension K/Q is imaginary if the degree of
n is positive and one of the equivalent conditions of Theorem (1.5.4) is satisfied.

The degree of the unique prime p., above p,, will be denoted by d...

Note that doo = f(Poo| Poo) d€g Poo = f(Poo| Poo). Hence in order to determine the
degree of p.., we need to find out when p., is ramified in K. The answer turns out

to be quite simple. We have the following result.

Proposition 1.5.6. Let n € Z be a square-free polynomial of positive degree d
such that I = Q(v/—n) is an imaginary quadratic extension of Q. If d is odd, then

Do 1S Tamified in K. If d is even, then ps is inert.
Proof. See Proposition (14.6) in [8]. O

Corollary 1.5.7. Ifd is odd, then do, = 1. If d is even, then do, = 2. In any case,

doo * €(Poo| Poo) = 2.

Proof. By Theorem (1.5.4), ps, is the only prime above p,, and hence we have

e(Poo| Poo) * f(Poo| Po) = [I€ = Q] = 2. The result follows. O

Lemma 1.5.8. Ifa, b € Z and/—n & R, then deg(a*+nb?) = max{ 2deg a, 2 deg b+

degn }.
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Proof. Let a = ayz® + -+ + a1z + ap, b = bz + -« + byz + by, and n = ngz? +
<+ nyx + ng. If deg(a?) # deg(nb?), the result follows. Otherwise, 2k = d + 21
and a? + nb? = (a2 + ngb?)x®* + -+ - + (a3 + nb3). The coefficient ai + ngb? is not

zero because —ng is not a square in F. O
Proposition 1.5.9. If degn > 1, then Of = F*. Otherwise, Oy = F(y/—n)*.

Proof. Suppose that degn > 1. Clearly, F* C Og. If a + by/—n € Ok, then
N(a + by/—n) = a* + nb? € F*. It follows from Lemma (1.5.8) that a € F and

b = 0. The second equality can be proven in a very similar way. O

Proposition 1.5.10. Let K = Q(v/—n) be an imaginary quadratic extension of

Q and let g be the genus of K. Then

Cld-1|  d-d.
9= 5| =

Proof. Let g be the genus of . Let £ > 2¢g — 2. Then, by the Riemann-Roch

theorem
(kpoo) = deg(kpoc) — g+ 1=k f(Pos| Poo) — g + 1. (1.5.1)
Observe that L(kps) C Ok and a + by/—n € L(kps) if and only if

2k

m =k f(Poo| Poo)- (1.5.2)

deg(a* + nb*) <

In order to prove the inequality (1.5.2), note that for all a € K

ordy (o) = ord, (@)

18



since P, is the unique prime above p,, and hence it is fixed under conjugation.

Consequently,

1
ordy (a4 +v—nb) = 501rdpoo(oz2 + nb?)

1
— ie(pm]poo)ordpm(a2 + nb?)

1
——e
2

(Poo| Poo) deg(a’ + nb?).

Thus, ord, (a + by/—n) > —k if and only if the inequality (1.5.2) holds. By

Lemma (1.5.8), the inequality (1.5.2) is equivalent to the following inequalities

2
and
degbg f(poo|poo)k_d.
2
Thus, if £ > d, then
00| Poo) K ool Do)k — d
) = | 20l | Soslomlb ]

If k is even, we have

[(FPoo) = f(Poo| Poo) b + 2+ \‘%dJ . (1.5.3)

Combining equalities (1.5.1) and (1.5.3), we get g = 1 — | 52| = [52]. If d is odd,

then [%J = %. Otherwise, L%J = %. The result follows immediately from

Corollary (1.5.7). O

Proposition 1.5.11. O is a principal ideal domain if and only if d < 1 or

n=ax*+2x+2 € F3[z] orn=22"+ 2+ 2 € F3|z].

Proof. Suppose first that d = 0. Then by Proposition (1.5.2),

Ox = Z[V=n] = Fla]lv=n] = F[v=nlla] = F(v=n)[a].



Thus, Ok is a polynomial ring over the field F(y/—n). The result follows.

Now, suppose that d is positive. Let ho, be the class number of Ok and hy
be the class number of K. By Proposition 14.7 in [8], hp, = hy if d is odd and
ho,. = 2hx otherwise. Thus, Ok is a principal ideal domain if and only if d is odd

and hx = 1. By Corollary (1.3.7), we have

(Va—1* < he < (Va+1)%,
which follows that
(a) hx =1 whenever g =0 and ¢ > 3,
(b) If g =1, then hx = 1 only if ¢ = 3,
(¢) he > 1forall g > 1 and all ¢ > 3.

Given that d must be odd, it follows from Proposition (1.5.10) that the genus of
IC is 0 if and only if d = 1 and the genus of K is 1 if and only if d = 3. For every
square-free polynomial of degree 3 in F3[z], the zeta function Zi(u) of I can be

computed and then, by the virtue of Theorem (1.3.5), hx can be found using the

formula
hi = lini 2(u — 1) Zx(u).
In this way one can derive the presented list of polynomials. O
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Chapter 2
Drinfeld Modules

In this dissertation, the theory of Drinfeld Modules will play a role analogue to
the complex multiplication theory in the classical case. In this chapter we collect

various results concerning Drinfeld Modules.

2.1 Construction of Drinfeld Modules
Definition 2.1.1. Let K be a function field over F and S be a non-empty finite

set of primes of K. The ring of S-integers in K is
Os={ae€ K|ordp(a) >0 for all P ¢ S }.

Proposition 2.1.2. Let K be a function field over F and S be a non-empty finite
set of primes of K. There exists x € K such that S is the set of poles of x. For

any x with this property Og is the integral closure of F[z].

Proof. See Theorem 14.5 in [8]. O
Let L be a field containing F. Recall that the Frobenius endomorphism of L is

the map 7 : L — L defined by 7(«a) = 9.

Definition 2.1.3. Let L be a field containing F and Endr(L) the ring of endo-
morphism of L which fix F. The subring of Endr(L) generated by the Frobenius

endomorphism 7 is called the ring of skewed polynomials over L and is denoted by

L{T).

Note that every element of L{7) can be indeed written as polynomial in 7 with
coefficients in L. The only thing that distinguishes this ring from the regular poly-

nomial ring L[X] is that multiplication of ”variable” 7 by elements of L is not
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commutative and subject to the relation:

Ta = a’lrt

for all @ € L. Since L({7) is not commutative, it cannot be Euclidean in a usual
sense. However, mimicking the proof for the commutative polynomial rings, one
can easily show that L(7) is right Fuclidean, that is, if f, g € L{7) and g # 0,
then there exist s, r € L(7) such that f = sg + r with degr < degg. A simple

consequence of this fact is that every left ideal in L(7) is principal.

Definition 2.1.4. Let K be a function field over F and S = { o0 }, where oo is a
fixed prime of K of degree d.,. Let L be a field containing F and A be the ring of
S-integers. A Drinfeld A-module over L consists of an F-algebra homomorphism
d : A — L, together with an F-algebra homomorphism p : A — L{7) such that
the constant term of p, equals d(a) for all @ € A and deg, p, > 1 for at least one

a€ A.

For a fixed map § : A — L, the symbol Dring(L) will denote the set of all

A-Drinfeld modules over L.

Proposition 2.1.5. Let p € Dring(L). There ezists a positive integer r such that

deg, p, = —rordy(a)dy for all a € A.
Proof. See Proposition 13.7 and Theorem 13.1 in [§]. O

Definition 2.1.6. Let p € Dring(L). The positive integer r such that deg, p, =

—rorde(a)dy for all a € A is called the rank of the Drinfeld module p.

Definition 2.1.7. Let p, p’ € Dring(L). We say that p, p' are isomorphic if and
only if there is a non-zero element ¢ € L such that cp, = plc for all a € A. The set

of isomorphism classes of Drinfeld modules will be denoted by Drin(L).
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Even though it is not easy to give non-trivial examples of Drinfeld modules
using the definition, there exist infinitely many Drinfeld modules of all ranks and
they all can be constructed using analytic methods. In classical number theory,
analytic methods typically rely on the theory of meromorphic functions defined
on the field of complex number. The field C can be defined as algebraic closure of
the real numbers. Since C is finitely dimensional over R, it follows it is complete.
The situation is more complicated over function fields. The valuation |- |, extends
uniquely to the algebraic closure of R in a standard way. If « € R and S = R(a),
we set

oo = [Nisyr ()57

However, R is not complete with respect to this valuation and hence we define C
to be the completion of R. The field C is known to be algebraically closed and it
is regarded as the analog of the field of complex numbers.

If K is a function field over F and P is a fixed prime of K, one can repeat
the described construction with K as the base field as follows. The field K is not
complete with respect to the multiplicative valuation |- |p so one can form the
completion Kp and extend |- |p uniquely to Kp. As before this valuation can be
further extended to the algebraic closure of Kp in the standard way. Finally, one
defines C to be the completion of Kp.

The symbol C is ambiguous because the field resulting from the described proce-
dure depends both on the base field and the choice of the prime P. This ambiguity
typically does not lead to any confusion as the base field and the prime P are
fixed. However, we will consider simultaneously the rational function field @ with

the prime at infinity p., and an imaginary, quadratic field K = Q(y/—n) with the

23



prime p., which lies above p.,. Fortunately, as it will follow from the next lemma,

essentially there is no confusion in this case.

Lemma 2.1.8. Let K = Q(v/—n) be an imaginary, quadratic field and po, be the

unique prime above poo. If | - |00 is extended to K via
@l = [Nijo(@)| &9
and | - |y, is the normalized valuation associated with P, then
|t = larl2
for all a € K. Moreover, there is an isomorphism i : R(v/—n) — K, such that
[i(@)lp.. = laf2 (2.1.1)

for all @ € R(v/—n)

Proof. Let do, be the degree of po. Since ord, (-) = €(Poo|Poo) - Ord, () and

e(Poo|Poo) * doo = 2, we have

ord.. (Ni/a(0)) = Sordy.. (Nijofa)
= d%o(ordpoo(&) + ord,_(@))
= dord, (@)
Thus,
[af3, = |Nicsa(a)|o = gt Mieral@)) = gmdmordhe(®) — o |, .

Since Q C K, and the valuations | - |5 and | - |, are equivalent, it follows that

o0

is isomorphic to the closure of Q in K,_. Given that /—n € K,_, there is an

embedding ¢ : R(y/—n) — K,_ which fixes KC. It is easy to see that ¢ is surjective.
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Finally, if 8 € K, and 8 = i(«a) for some a € R(y/—n), then o = limy_, oy,

where oy, € K. Since i fixes K, we also have i(«) = limy_, . ag. Consequently,
lalp, = lim [ag[y,, = lim ’akﬁo = ’a’go‘
k—o0 k—o00
O

Using basic properties of algebraic closures, we see that the map i can be ex-
tended to algebraic closures of I, and R. Since [R(y/—n) : R] = 2 and the norm
function behaves transitively in towers of fields, an extension of ¢ can chosen so
that the equality (2.1.1) holds for all & € R. Thus, i being both an isomorphism
and homeomorphism can be further extended to an isomorphism between the com-

pletion of K,_ with respect to ||, and C in such a way that the equality (2.1.1)

holds for all a € C.

Now we will describe briefly how to construct Drinfeld modules of any rank
which will also lead to very important correspondence between Drinfeld modules
and lattices. The construction and the correspondence are somehow similar to the
correspondence between elliptic curves and lattices of rank 2 in C. Since we will be
interested in both Z- and Oy-Drinfeld modules, let us go back to a more general

set up. Namely, we let K be a function field over F and C be the completion of

Kp, where P is a fixed prime of K. Further, let A be the ring of P-integers.

Definition 2.1.9. An A-lattice in C is defined to be a discrete, finitely generated,
A-submodule of C. If A C C is a lattice, then the rank of A is the dimension of

KpA over Kp. The set of all A-lattices in C will be denoted by Lat4(C).
The standard fact about A-lattices in C is the following.

Lemma 2.1.10. Fvery A-lattice of rank r in C is of the form

aic) + oo + - - - + apCy,
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where ay, s, ..., a, are fractional ideals of A, and cq,co, ..., c, are elements of C
which are linearly independent Kp. Conversely, any set of this form is an A-lattice

of rank r in C.

Theorem 2.1.11. There exists a rank preserving bijection between Lat,(C) and

Driny(C).

Sketch of a proof. Let I' be an A-lattice in C of rank r. We define the exponential
function associated to I' by

er(r)=x [] (1-%).

yer\{o}

er(z) is the unique entire function with simple zeros on the elements of I' and with
leading term z. er(x) is also known to be F-linear. Next, if I' C I and I" is also a

lattice of rank r, then I"/T" is finite and

PN =z [] (1— 7 >

Wl /T er(u)

is F-linear polynomial with the initial term x. Consequently, it can be written as

polynomial in 7. Thus, aP(x;a'T/T") € C{7) for each a € A\ {0}. If we set
o (2) = aP(a:a 'T/T),

then p' is a A-Drinfeld module of rank r. Moreover, the map I' — p' is rank
preserving bijection between Lat 4(C) and Driny (C). For more details see Theorems

(13.23) and (13.24) in [8]. 0

2.2 Rank-One Oy -Drinfeld Modules

Clearly, every fractional ideal of I is an Og-lattice of rank 1. Due to Theo-
rem (2.1.11) rank-one Oj-Drinfeld modules become very important objects to

study.
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Let S = { ps }, where p,, is the unique prime above p., in an imaginary quadratic,
field K = Q(v/—n). Then, by Proposition (2.1.2), Ox = Z[/—n] is the ring of S-
integers in K. We will discuss rank-one Oy-Drinfeld modules over C in this section.
The structure map 6 : Ox — C is assumed to the inclusion. In order to simplify

the notation, we will fix a square root of —n in K and denote it by .

Lemma 2.2.1. Let p be a rank-one Ox-Drinfeld module in C. Then for every
a€Z

deg. p, = 2dega.

Proof. First, recall that doo = f(Poo| Poo) and ordy (-) = e(poo| Poo) - 0rd,, (+) on

Q. By the definition of the rank of a Drinfeld module, we have

deg, p, = —dord,_(a)

= — f(Poo| Poo) * €(Poo| Poo) - O1d, (@)
= f(Poo| Poo) * €(Poc| Poo) - dega

= 2dega.
The last equality follows from the fact that p., is the unique prime above p,,. [
Corollary 2.2.2. deg, p, = 2 and deg, p, = d.

Proof. The first equality follows immediately from the lemma. The second one

follows from
2deg. p, = deg, pf/ = deg, p,2 = deg, p_, = 2deg(—n) = 2d.

O

Since z, y generate Ok as an F-algebra, a rank-one O-Drinfeld module p in

C is determined uniquely by two polynomials p,, p,. By Corollary (2.2.2), these
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polynomials are of degree 2 and d respectively and since p is an F-algebra homo-
morphism, they commute. As observed in [7], these two conditions are sufficient
to define a rank-one Oj-Drinfeld module. More specifically, we have the following

result.

Lemma 2.2.3. Let f, g € C(7) be twisted polynomials such that deg_ f = 2 and
deg. g =d. If x, y are constant terms of f, g respectively and fg = gf, then there

exists a unique rank-one O -Drinfeld module p such that p, = f, py, = g.

Proof (due to M. Rosen). Let p : F[X,Y] — C(7) be a unique F-algebra homo-
morphism such that py = f and py = g and let 7 : F[.X,Y] — O be the canonical
projection. Note that for every H(X,Y) € F[X, Y] the constant term of H(f, g) is
H(z,y). Thus, if H(x,y) = 0, then the lowest degree term of H(f,g) is cx7" for

some ¢ € C and k > 1. Since f, g commute, we have

FH(f,9) = H(f,9)f

Comparing coeflicients of the lowest degree terms, we get
rCp = ckqu,

which follows that ¢, = 0. Consequently, H(f,g) = 0, which shows that kerm C
ker p. Thus, there is a unique F-algebra homomorphism p : Ox — C(7) such that
p = pom. It is easy to see that the for every a € Ok constant term of p, is a.
Finally, deg. p, = 2 proves that p is in fact a rank-one Oy-Drinfeld module in

C. ]

2.3 j-invariant
Let ¢ be a Z-Drinfeld module of rank 2. The structural map is assumed to be the

inclusion ¢ : Z — C. Since Z is a free F-algebra generated by T', the module Drinfeld
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¢ is determined by its value at x. Since the degree of po, is 1 and ord,,_ (a) = —dega
for all a € Z, it follows from Definition (2.1.6) that deg, ¢, = 2dega for all a € Z.
In particular,

¢Z<T>:T+f17'+f27'2

for some f; € C and fy € C*. We will write ¢ = (f1, f2) in such a case.

If ¢ = (f1, f2) and ¢ = (g1, ¢92) are isomorphic modules, then ¢ - ¢, = 1, - ¢ for
some ¢ € C*. But
(¢ ¢2)(7) = ca + 1T + focT 72
and
(Yr - €)(T) = cx + cfiT + cfor?,

_ 2_ . . . .
so fi = ¥ lg; and fy = ¢ ~1gy, which in turns implies

q+1 21 q+1 q+1
1 ATg g

fo Plgy g

This leads to the following definition.

Definition 2.3.1. The j-invariant of a Drinfeld module ¢ = (fi, f2) is defined by

q+1

i(¢) = }2 :

Let p be a rank-one Ok-Drinfeld module over C. As before the structure map

§ : Ox — C is assumed to be inclusion. Then the restriction pjz : Z2 — C(7)
is an [F-algebra homomorphism and 4|z : Z — C remains to be the inclusion.
Clearly, the constant term of (p|z), equals a for all @ € Z and by Lemma (2.2.1),
deg.(p|z)> = 2. Thus, pz is a Z-Drinfeld module. Since the degree of p is 1 and
ord,_ () = —1, the equality deg,(pjz), = 2 implies also that pz is of rank 2.
Observe also that if p and p’ are isomorphic, then their restrictions p|z and p" - are

also isomorphic. This motivates the following definition.
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Definition 2.3.2. Let p be a rank-one Ox-Drinfeld module over C. The j-invariant

of p is defined to be the j-invariant of the restriction pjz.

Since rank-one O-Drinfeld modules correspond to fractional ideals of Oy, we

may also define the j-invariant of a fractional ideal.

Definition 2.3.3. Let a be a fractional ideal of Ox. The j-invariant of a, denoted
by j(a), is defined to be the j-invariant of the corresponding rank-one Drinfeld

module p®.
Just like in the classical case, we have the following result.

Theorem 2.3.4. Let ¢ be a Drinfeld module associated with an ideal of Ox. Then

j(@) is integral over Z.

Proof. See theorem (4.3) in [4]. O
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Chapter 3

Sign Normalization and Class Field
Theory of K.

3.1 The Artin Map

Let K = Q(y/—n) be an imaginary extension of K and Ky, be a separable closure
of . Let £ C K, be a finite, unramified Galois extension of K and let p € Dx
be a prime of K. If B € D, lies above p, then e(Plp) = 1 and x(P) = Op/P is a
Galois extension of k(p) = O,/p of degree f(P|p). Since x(p) is a finite field with

N(p) = q%&® elements, it follows that Gal(x(B)/k(p)) is a cyclic group of order

f(B|p) and the map

z > V) (3.1.1)

is its generator. The Galois group Gal(L£/K) acts transitively on the set of primes

of £ that lie above p. Let Dy be the stabilizer of B. Then we have a map Dy —

Gal(k(%)/#r(p)) given by
o+ 0o, where 7(z+P)=o(z)+P. (3.1.2)

This map is onto and since e(P|p) = 1, it is also injective. This important iso-
morphism will be used to define the Artin map. The first step is the following

lemma.

Lemma 3.1.1. There is a unique element (B, L/K) € Gal(L/K) such that
(B L/K)(w) = 2™ (mod )
for all x € Ogp.
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Proof. Let (B, L/K) be the inverse image of the generator (3.1.1) under the map (3.1.2).
In order to prove uniqueness, observe that any ¢ in Gal(£/K) that satisfies the

above congruence condition is necessarily in the stabilizer of 3. O]
Corollary 3.1.2. Let 0 € Gal(L/K). Then

(a) (o(B),L/K) = o(B, L/K)o™".

(b) The order of (B, L/K) if f(Blp).

(c) p splits completely in L if and only if (P, L/K) = 1.

Proof. Let y € Oy(q). Then y = o(x) for some 2 € Oy and (P, L/K)o " (y)
= o(B, L/K)(z). Since (P, L/K)(z) = 2NV® (mod P), it follows that o(B, L/K)(z) =
yN®) (mod ¢ (*B)). But (¢(P), £/K) is the unique element of Gal(£/K) having this

property so we must have

(0(P), L/K) = o(PB, L/K)o".

Part (b) follows directly from the definition of (g, £/K). Finally, p splits completely
in £ if and only if e(Plp) = f(P|p) = 1 since Gal(L/K) acts transitively on the set
of primes lie above p. We have e(P|p) = 1 since £/K is unramified and f(Plp) =1

if and only if (B, L/K) = 1 by part (b). O

If £/K is an Abelian extension, then by part (a) of the corollary the automor-
phism (B, L/K) does not depend on the choice of P above p. In such a case, it
will be denoted by (p, £/K) and called the Artin symbol. Since Dy is a free group

generated by primes, we may define the Artin symbol for any divisor D € Dy. If

D=3, a(p)p, we set

(D, L£/K) =T p, £/10)"®.
P
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Thus, we get a group homomorphism ( ,L/K) : Dx — Gal(L/K), called the

Artin map.

In previous chapters we have seen that many concepts and techniques of the
classical theory of number fields have rather natural analogues in the function field
context. Unfortunately, the notion of the Hilbert class field cannot be generalized
that easily. If K is a function field, then the maximal abelian unramified extension
of K is not finite.

If S is a finite, non-empty set of primes of a function field K and A is the ring
of S-integers of K, then following Michael Rosen [9], we define the Hilbert class

field as follows.

Definition 3.1.3. The Hilbert class field of K with respect to A, denoted by K4,
is the maximal unramified abelian extension of K in K., in which every prime

P € S splits completely.

Recall that the ring that the ring of integers O in an imaginary extension K/Q
can be viewed as a ring of S-integers for S = { p,, }. Thus, the Hilbert class field
of K with respect to Ok is the maximal abelian unramified extension of K in
Ksep in which po, splits completely. Since this is the only Hilbert class field we are
interested in, we will call it simply the Hilbert class field of IC and denote it by H.

We have the following fundamental result about H.

Theorem 3.1.4. The Artin symbol (, H/K) induces isomorphism between Cl(Ox)

and Gal(H/K). Consequently, H/K is a finite extension of degree ho,..

Sketch of a proof. It is known from the class field theory that the Artin map is

surjective and every principal divisor is mapped into identity. Consequently, the
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map

> ap)lp] — [, H/K0)*® (3.1.3)

p p

is a well-defined epimorphism between Cl(K) and Gal(H/K). Since p,, splits com-
pletely in H, we have (poo, H/K) = 1 by part (c¢) of Lemma (3.1.2). In fact, one

can show that N = [p]Z is precisely the kernel of (3.1.3). Thus,
CHK)/N ~ Gal(H/K).
On the other hand, by the virtue of Lemma 1.1 in [9]
CLK)/N ~ Cl(O)
via

> a(p)lp] — [ [p]*®.

p#Poo P#Poo

Composition of these two maps gives an isomorphism between C1(Ox) and Gal(H/K)

such that
[p] — (b, H/K).

For more details see Theorem 1.3 in [9] O

Just like in the classical case, the Hilbert class field is generated by the j-invariant.

More precisely,we have the following result.

Theorem 3.1.5. Let j = j(Ok). Then H = K(j). Moreover, [H : K] = [Q(j) : Q]
Proof. See Corollary (4.5) in [4]. O

Corollary 3.1.6. If f(X) is the minimal polynomial of j over K, then f(X) €

Z[X]
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3.2  The Action of Cl(Ok) on Dring, (C,1)

In this section, we shall see that the ideals of Oy act naturally on isomorphism
classes of Oy-Drinfeld modules. This action, when restricted to rank one Drinfeld
modules, is faithful and transitive. This fact is the main link that joins the Hilbert

class field of K with the theory of rank one Ok Drinfeld modules.

Definition 3.2.1. Let p, p' € Drinp,(C). An isogeny from p to p’ is an element

f € C(7) such that fp, = p/,f for all a € O.

Definition 3.2.2. Let a C Ok be an ideal and I, be the left ideal in C(7) generated

by { pa|a € a}. Define p, to be the monic generator of 1.

If a € O, then I4p, C I, and hence pup, = pl,pa for some p!, € C(7). By Propo-
sition (13.13) in [8], the map a — p/, is a Drinfeld Ox-module. This module shall
be denoted by a x p. Clearly, p, is an isogeny from a to a * p. Moreover, a * p is

uniquely determined by this property.

Suppose that a = («) is a principal ideal. Then I, is generated by p,. Clearly,
Pa = C p,, where c is the leading coefficient of p,. Moreover, a x p and p are

isomorphic:

axp=c pc (3.2.1)

Indeed, for every a € Ok, we have pgp, = (@ * p)epa. Since pypo = paps and

Pa = ¢ 'pa, the result follows. It is also known (see Lemma (4.5) in [6]) that
ax(bxp)=abxp (3.2.2)

for non-zero ideals a,b C Ox. The equalities (3.2.1) and (3.2.2) imply that the

operation * induces an action of the class group Cl(Ok) on the set Dring, (C).
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This action is especially useful when restricted to rank one Drinfeld modules as we

have the following result.

Theorem 3.2.3. The action of Cl(Ox) on the set Dring (C,1) is faithful and

transitive.
Proof. See Theorem (13.27) in [§]. O

3.3 Sign Normalization

Let F, = Oy /Poo, where O, is the local ring of the completion IC,__ . It is known
that [Fy : F] = degpoc = f(Poo | Poo). If degn is odd, then p, is ramified in K
and hence F, = F. Otherwise, p is inert in K, which follows that [F,_ : F] = 2.
Since /—ng4 ¢ F, we have F,, = F(y/—n4). In any case, if we choose a uniformizer
at Poo, that is, an element 7 such that ord,_(m) = 1, then every non-zero element
a of K, can be uniquely represented as a Laurent series

a=> gt (3.3.1)

k=ko

where ¢, € Fy, and ¢, # 0. Using this representation, we define a sign function

as follows.

Definition 3.3.1. A sign function associated with the uniformizer 7 is given by
Sgn(z ) = ey
k=ko

Additionally, we set sgn(0) = 0.

Clearly, a sign function is multiplicative. Note also that if « is a unit of the local

ring O, , then sgn(a) =1 if and only if @ =1 (mod po).

Poo

Definition 3.3.2. Let 0 € Gal(F,_ /F). If sgn is a sign function on K, then the

Poo

composition o osgn is called a twisted sign function. In this context, the automor-

phism ¢ is referred to as a twist of the sign.
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The next lemma provides a convenient choice of the uniformizer at p...

Lemma 3.3.3. Let g be the genus of K. Then ordpm(%) =1.

Proof. Since ord,_ (+) = e(Poo| Poo) - Ordoo(+) on Q, we have

Qd(xg> d<x2g>2d()d()(d2)(\)
ordy,, | — | = ordy,, | —— | = 2gordy, (z)—ordy, n(x) = (d—29)-¢(Poc| Poo)-
=\ >\ —n(z) ’ '

By Proposition (1.5.10), d — 29 = d., and by Corollary (1.5.7), ds - €(Poo| Poo) = 2.

The result follows. O]

Having defined a sign function, we will use it to normalize Oy-Drinfeld modules.
This normalization will allow us to work with sgn-normalized modules instead of
isomorphism classes, which will simplify certain arguments. Let p be a rank-one
Oy-Drinfeld module over C. For o € Ok, let p,(a) be the leading coefficient
of p,. Since p is of rank one, we have deg.(pn) = —do - ordy_(a) and hence

qdegT(Pa) = N(Oé) Thus7

po(af) = pp(a) - (BN (3.3.2)

for all o, 3 € Ok. As explained in [6, Section 6], 41, can be extended to I, in
such a way that the identity (3.3.2) still holds. The obtained will be denoted by

the same symbol 11, and referred to as the leading coefficient map of p.

Definition 3.3.4. Let p be a rank-one O-Drinfeld module over C and let sgn be
a sign function on K, . We say that p is sgn-normalized if the leading coefficient

map /i, is a twisting of the sign function sgn.

Theorem 3.3.5. Let sgn be a sign function on K,_. Every rank-one Ox-Drinfeld

module over C 1is isomorphic to a sgn-normalized Drinfeld module. Fvery iso-

_ g1
= =3

morphism class in Dring (C,1) contains exactly x sgn-normalized Ox-

Drinfeld modules, and hence there are exactly x - ho, rank-one, sgn-normalized

Oyc-Drinfeld modules.
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Proof. See Theorem (12.3) and Corollary (13.2) in [6]. O
By Lemma (2.2.3), a rank-one Drinfeld module p is determined uniquely by
Pr =T+ a7+ CLQTQ,
Py =Y+biT+ o+ by

where d = degn. If p is sign normalized, then as,b; € F, . More specifically,
as, by € F if d is odd and as, by € F(y/—ny) otherwise. Even more can be said if

the normalization is with respect to the sign function associated to m = %

Proposition 3.3.6. Let sgn be a sign function on K, associated to m = %, and
let p be a sgn-normalized rank-one Drinfeld Ox-module. If ay, by are the leading

coefficients of p, and p, respectively, then ade = —n;l and by = a3.
Proof. Let u = (—ngm2x9=)~1. Then

ordy (u) = —(ordy,_ (—ng) + 2 - ordy, 7 + dogord, )
= _(O +2 - doo ' €(pOO|OO))

= =2+ deo - €(Pos|00) = 0.

Thus, v is a unit in O,__. Now,

_ o nd
w1 = (gt =1 = — =8y n(@) = nart
—ngr29tde ngrs
. Ndg—1 1 i Ng—2 1 U 1
ng T ng 2 ng x’

which follows that u = 1 (mod p.,). Consequently, sgn(u) = 1. Since sgn is multi-

plicative and sgn(7) = 1, we get
sgn(r)® = sgn(—n;') = —n;". (3.3.3)
and

sgn(y) = sgn(z)’.
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Now, if p, = ao7® + a;7 + x and Py = byt¢ 4+ -+ + b7 + y and f, is the leading

coefficient function, then

Ay = Mp<x> = ip<SgH(ZL’)),

bg = ﬂp(y) = ip(Sgn(y))a

where i, : F, . — I, is a twist of sgn.

If d is odd, then F, = F and i, is the identity function. Consequently,

as = —ny’, (3.3.4)

by = —n?, (3.3.5)

If d is even, then [, = F(y/—ngq) and i, is the identity on IF. Since d, = 2, we

get

a3 = —ny". (3.3.6)
We also have

sgn(y) = sgn(z)”
ip(sgn(y)) = i,(sgn(z)?)
ba = i,(sgn(x))?

by = al. (3.3.7)
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3.4 Normalizing Field for Rank-one
Oi-Drinfeld Modules

In the final section of this chapter, we present selected results concerning sgn-
normalized rank-one Og-Drinfeld modules. We follow closely the paper [6] of D.

Hayes where the proofs and more detailed discussion of these results can be found.

Definition 3.4.1. Let sgn be a sign function on K, . We say that o € I is

positive if sgn(a) = 1.

Definition 3.4.2. Let Z(Oy) be the set of fractional ideals of Ok and P*(Ox) be
the set of principal ideals which are generated by a positive element. The quotient
group C17(Ox) = Z(Ox)/PH(Ox) is called the narrow class group of Ok relative

to sgn. The order of this group will be denoted by hz,SK.

Let X be the set of sgn-normalized rank-one Oy-Drinfeld modules. One can check
that if p € X, then a* p € X for any ideal a C O. Furthermore, a x p = p if and
only if a = aOx with sgn(a) = 1. If a is a fractional ideal, then there is a positive
element o € K such that aa C Ok. In such a case, we define a * p = (aa) * p.
Thus, we obtain an action of Z(Ox) on X and now a = aOg if and only if

a € P*. Consequently, the operation * induces the action of the narrow class

group C1"(Ox) on X. By Theorem (3.3.5), | X| = x - ho,., where x = qzoj?. Since

sgn is multiplicative, hac = X - ho,. Thus, we have obtained the following result.
Theorem 3.4.3. The action of C1"(Ox) on X is faithful and transitive.

Let p be a sgn-normalized rank-one Ok-Drinfeld module and let @ € Ok \ F.
Set Hy , = K(co,c1, ..., cx), where po = co + 17 + -+ + cx7". As explained in [6,
Section 14], HZ , depends neither on p nor on «. Thus, we can simply write H™ to

denote this field.

40



Definition 3.4.4. The field H* is called the normalizing field for rank-one Ox-

Drinfeld modules over the triple (K, poo, sgn).
The importance of this field stems from the next three theorems.

Theorem 3.4.5. The normalizing field H" is a Galois extension of K. The Galois
group Gal(H*/K) is isomorphic to the narrow class group C17(Ox) via the Artin

map, and hence [H* : K] = h$;_ = x - hoy..

Proof. See Theorem (14.7) in [6]. O
Theorem 3.4.6. The extension H* /K is unramified at every prime p in O.
Proof. See Proposition (14.4) in [6]. O
Theorem 3.4.7. H"/H is a Kummer extension of degree x.

Proof. See Proposition 15.4 in [6]. O

29

Let sgn be a sign function associated to the uniformizer = = m and let p be
a rank-one sgn-normalized Ox-Drinfeld module. Then p, = x + a7 + as7? for
some ag,ay. Thus, the normalizing field Ht can be written simply as K(aq, az).
As explained in [6, Section 15], KF,  C H. Since ay € F,_, it follows that a; €
H. On the other hand, by Theorem (3.1.5), H = K(j). Thus, H" = H(a1) and
irr(a;, H) = XX — af. In particular, if degn is odd, then x = 1 and Ht = H.

Otherwise, x = ¢+ 1 and H™/H is a non-trivial Kummer extension of degree ¢+ 1

generated by a;.
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Chapter 4

Representation Problem

4.1 Some Special Cases

Let n € Z be a square-free polynomial of degree d with the leading coefficient ny
such that the form X? + nY? is anisotropic over R. By Theorem (1.5.4), this is
equivalent with the condition that d is odd or —ny is not a square in F. The form
X2 + nY? is the norm of the field K = Q(v/—n) over Q. In this final chapter, we
will discuss the following representation problem:

When can a prime element of Z be represented by the form X? +nY??

Since the form X2 +nY?, viewed as a function on K, is multiplicative, it is natural
to expect that the ideal theory of the ring Ok will be a useful tool in the inves-
tigation of this problem. More specifically, we will see in Proposition (4.1.5) that
if a prime p { n can be represented by X? + nY? then pOx = pp,p # b, and p is
principal in Ok. Unfortunately, the converse is not quite true. If p = (a++/—nb)Ox
and pOx = pp, then pOx = (a* + nb?)O, which follows that a* + nb* = up for
some u € Z*. Since the ring Z has ¢ — 1 units, we are led to consider a notion of

weak representability.

Definition 4.1.1. Let p be a prime element of Z. We say that p can be represented
by the form X? 4+ nY? over Z if there are a,b € Z such that p = a® + nb?. We
say that p can be weakly represented by the form X2 +nY? if there is v € F* such

that up can be represented by this form.

Observe that if p can be represented by the form X2+ nY? over Z, then up also

can be represented for this form for every square in . In other words, if p is a monic
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prime that can be weakly represented, then the set of all elements u € F* such that
up can be represented is either the whole group F* or a coset of the subgroup (F*)?
in *. We will see soon that the former holds if and only if n is a constant, which
makes weak representability a non-trivial concept. If d is odd, a representative of
this coset can be found easily as shown in Lemma (4.1.3). However, if d is even,
the problem is much more delicate. We will show in section 4.5 that both for an
even and odd d a representative of this coset depends on the decomposition of p

in the normalizing field H*.

Proposition 4.1.2. Suppose that degn = 0. If p € Z is a prime that can be weakly

represented by the form X? +nY?, then p can be represented by this form.

Proof. Let u € F* be a constant such that up can be represented by X2+nY 2. Since
this form is multiplicative, it is enough to show that u~! can be represented by it.
Let fi, fo : F — T be functions defined by fi(X) = u™' — X? and fo(Y) = nY2
Since | f1(F)| = | fo(F)| = 4+, it follows that fi(F)N fo(F) # @, which implies that

u~! can be represented by X? +nY?2. O

Lemma 4.1.3. Assume that d is odd and p is a monic prime that can be weakly
represented by the form X% +nY?2. If degp is even, then p can be represented by

the form X% +nY?2. Otherwise, ngp can be represented by the form X2 +nY?.

Proof. Let u € F* and suppose that up = a® + nb? for some a,b € Z. Let ay,
b; denote the leading coefficients of a, b respectively. If the degree of p is even,
it follows from Lemma (1.5.8) that u = a?. Set A = a;'a and B = a;'b . Then
p = A2+ nB2 If the degree of p is odd, it follows that u = ngb?. Set A = b, 'a and

B = b;'b. Then ngp = A% + nB2. m
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Proposition 4.1.4. Let p be a prime element of Z that does not divide n. The

prime p can be weakly represented by the form X% + nY? over Z if and only if

pOx = pp,p #£ p, and p is principal in Ok.

Proof. If up = a* + nb?, set p = (a + by/—n)Ox. Then p = (a — b\/—n)Ox and
clearly pOx = pp. Since nZ is the discriminant of Ox|Z and p does not divide n,
it follows that p is unramified in K. In particular, we must have p # p.

Now, suppose that pOx = pp, p # p, and p is principal in Ok. Since O =
Z[v/—n], we have p = (a+by/—n)Ox for some a,b € Z. Thus, pOx = (a*+nb?)Ok.
Intersecting both sides of this equality with Z, we get pZ = (a*+nb*)Z and hence

up = a® + nb? for some u € F*. O

The following corollary provides a very simple condition for weak representability
in the case when Oy is a principal ideal domain. However, its applicability is
somehow restricted because as we have seen in Proposition (1.5.11) that it happens

if and only if d <1 or n=212%+2x+2 € Fs[z] or n = 22% + 2 + 2 € F3[z].
Corollary 4.1.5. If O is a principal ideal domain and p does not divide n, then

p can be weakly represented by X2 +nY? if and only if (1) =1

Proof. By Proposition (4.1.4), p can be weakly represented if and only if pOx
splits. The ideal pOy splits if and only if the polynomial X2+ n splits over Z/pZ,

which in turn is equivalent with (=*) = 1. O

We will finish this section with several examples in which Corollary (4.1.5) can

be applied effectively.

Theorem 4.1.6. Suppose that degn = 0 and p € Z is irreducible. Then p can be

represented by X? +nY? if and only if the degree of p is even.
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Proof. By Lemma (1.5.8), only polynomials of even degree can be represented by
X?24nY?2. For a prime p of even degree, we have <_le> = 1, so by Corollary (4.1.5),
p can be weakly represented by this form. Proposition (4.1.2) implies that p itself

can be represented by X2 4+ nY?2. O]

Example 4.1.7. Let ¢ = 3 and p € Z be a prime different from x. Then p can be

represented by the form X? + zY? if and only if p is monic and p(0) = 1.

Proof. Since the degree of z is odd, the form X? 4 2Y? is anisotropic. Set K =
Q(v/—z). By Proposition (1.5.11), Ok is a principal ideal domain. Consequently,
by Corollary (4.1.5), p can be weakly represented if and only if 1 = (%) Let p,

be the leading coefficient of p. Using the quadratic reciprocity, we get

- 0 0
-(5)- (2 (@)
p -z -z Pm
The result follows from Lemma (4.1.3). O

Example 4.1.8. Let ¢ = 3 and p € Z be a prime polynomial of degree m with
the leading coefficient p,,. If p # 223 + x + 2, then p can be represented by the

form X? + (223 + 2 4+ 2)Y? if and only if p is a square modulo 22% 4+ z + 2 and
pm = (—=1)™.

Proof. The degree of 2x® + z + 2 is odd, so the form X? + (223 + z + 2)Y? is

anisotropic. Set K = Q(v/2? + 2z + 1). By Proposition (1.5.11), O is a principal

ideal domain. Suppose that p is monic. By Corollary (4.1.5), p can be weakly

2342241
p

represented if and only if 1 = ( ) Using the quadratic reciprocity, we get

3
1= vl (P (=)™,
D 3+ 2x+1

Combining this condition with Lemma (4.1.3) and the fact that ( —1)m,

2 _
x34+2x+1 ) - (

we obtain the result. O
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4.2 The General Case

In the previous section, we have obtained a complete solution of the representation
problem for n of degree zero. The simplicity of the presented solution and the
obtained criterium is a consequence of Proposition (1.5.11) and the fact that in
that case weak representability implies the actual representability. If the degree
of n is positive, the ring Ok typically is not a principal ideal domain as shown in
Proposition (1.5.11). The following lemma shows that a prime which can be weakly
represented by the form X2 4+ nY? does not need necessarily to be representable

by this form.

Lemma 4.2.1. Suppose that p € Z s irreducible and uw € F*. If both p and u - p

can be represented by the form X2 +nY?2, then u is a square in F.

Proof. Suppose that p = N(«) and u - p = N(f3) for some «a, 5 € Ok. Then
pOx = aOx - aOx

and

pOx = (u-p)Ox = Ok - BOk.

Clearly, none of the ideals on the left-hand side of these equalities equals Oy. Since
there are at most two primes of O lying above pZ, it follows that aOx, aOx,
BOk, BOx are prime and the uniqueness of the prime factorization implies that
aOx = BOx or aOx = BOx. Replacing 3 with 3 if needed, we may assume that
aOx = Ok, which follows that § = wa for some w € Of.. By Proposition (1.5.9),

Ok = FF*, which gives
u-p= N(B) = Nwa) =w>N(a) = wp.
Hence u is a square in F. O
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By Proposition (4.1.4), a prime p { n can be weakly represented by the form
X%+ nY? if and only if pOx splits completely into a product of principal ideals.
Thus, the first step in solving the representation problem is find when it happens.
The answer is provided by the Hilbert class field theory presented in the previous

chapter.

Lemma 4.2.2. A prime ideal p of Ok is principal if and only if p splits completely
mn H.

Proof. An ideal p is principal if and only if [p] is the identity element in Cl1(Ox) ~
Gal(H/K), which in turn, by part (c) of Corollary (3.1.2), happens precisely when

p splits completely in H. O

Applying Galois theory to prime decomposition, we obtain the following criterion

for weak representability.

Proposition 4.2.3. Let p be an wrreducible element of Z that does not divide n.
The prime p can be weakly represented by the form X% 4+ nY? over Z if and only

if p splits completely in 'H.

Proof. By Proposition (4.1.4), p can be weakly represented by the form X? + nY?
over Z if and only if it splits completely in K and the primes above it are principal.
By Lemma (4.2.2), a prime of Ok is principal if and only if it splits completely in
H, so p can be represented by the form X2+ nY? if and only if it splits completely
in K and the primes above it split completely in H. By Lemma 2.3 in [9], H is

Galois over Q, so the last condition is equivalent to p splitting completely in H. [

Let S be a set of monic primes in Z. Recall that the Dirichlet density of S,

denoted by §(S) is defined to be

5(S) = lim Zypes Pl |7
s—1t Y s |pl™®
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if the limit exists.

Corollary 4.2.4. The Dirichlet density of the set of monic primes p that can be
weakly represented by the form X? +nY? equals (2ho, ). In particular, there are

infinitely many primes that can be represented by the form X% 4+ nY?2.

Proof. Let S, be the set of monic primes p that can be weakly represented by the
form X2+ nY?. By Proposition (4.2.3), S,ep U { poo } is precisely the set of primes
that split completely in H. Since H/Q is a Galois extension of degree 2ho,, it

follows from Tchebotarev Density Theorem (see [8, Proposition 9.13]) that
0(Srep) = 0(Srep U{Poo }) = [H : K]7" = (2ho, )"
[

We have seen in Chapter 3 that the Hilbert class field H = K(j), where j is
the j-invariant of Ox and that the minimal polynomial f of j over K has actually
coefficient in Z. Consequently, the condition of p splitting completely in ‘H can
be expressed in terms of the factorization of f in the field Z/p. This leads to the

following theorem.

Theorem 4.2.5. There exists a monic polynomial f € Z[X]| such that for every
prime p € Z that divides neither n nor the discriminant of f, p can be weakly
represented by the form X2 4+ nY? if and only if (_7”) = 1 and the congruence

f(X) =0 (mod p) has a solution in Z.

Proof. Let f be the minimal polynomial f of j = j(Ox). Clearly, f is monic and by
Corollary (3.1.6), f € Z[X]. Let p € Z be a prime p € Z that divides neither n nor
the discriminant of f. It follows that f is separable modulo p. As we have seen in

the proof of Proposition (4.2.3), p can be weakly represented by the form X2 +nY?
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if and only if p splits completely in K and the primes above it are principal. The
ideal pOy splits if and only if the polynomial X? + n splits over Z/pZ, which
in turn is equivalent with (_T") = 1. Now, if p splits completely in IC and p lies
above it, then f(p|p) = 1 and hence Ox/p ~ Z/p. Consequently, f is separable
modulo p, which implies that p splits completely in H if and only if the congruence
f(X) =0 (mod p) has a solution in Ok, which in turns is equivalent with solvability
of f(X) =0 (modp) in Z by the virtue of the isomorphism Ox/p ~ Z/p. The

result follows. O]

Theorem (4.2.5) seems to solve the problem of weak representation provided
that there exists a method to compute the polynomial f. In [3], D. Hayes and D.S.
Dummit present an algorithm to compute the minimal polynomial of j in the case
when —n is a square-free monic polynomial of odd degree. In the following section,
we extend this algorithm to deal with the cases when —n is not monic or of even
degree. If g(X) denotes the output of the modified algorithm, then g(X) equals
either f(X) or f(X)f(—X). This is however sufficient for our purpose since g(X)

has a root modulo p if and only if f(X) does.

4.3 The Algorithm

Let us recall several facts discussed in chapters 2 and 3. Every element of X, can
be represented uniquely as a Laurent series
o0
T = CT k.
k=ko
with coefficients in F,,_, where F, = O,_ /P and 7 is a uniformizer at p,. The
associated sign function is a multiplicative map defined by sgn(z) = c¢,, where
ck, 7 0 is the leading coefficient of the Laurent series expansion. A twisted sign

function is a function of the form o osgn, where o is an - automorphism of F,,__.
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If the leading coefficient function p, of a module p happens to be a twisted sign
function, then p is said to be sgn-normalized. If p is a sgn-normalized Drinfeld
module and a € Ok, then the normalizing field H* is the field generated over K
by the coefficients of p,. It depends neither on the choice of the element a nor the
module p. Moreover, the narrow class group C17(Ox) is isomorphic to the Galois
group G = Gal(H*/K). If n of odd degree, then H™ is simply the Hilbert class
field 'H and every isomorphism class of rank-one Drinfeld Ox-modules contains
exactly one sgn-normalized representative. This corresponds to the case when p.
is of degree 1. If the degree of n is even, then degp,, = 2 and H* is an extension
of 'H of degree ¢ + 1. Then every isomorphism class of rank-one Drinfeld Oj-
modules contains ¢+ 1 sgn-normalized representatives. In any case, the significance
of the sgn-normalization lies in the fact G acts transitively on the set of all sgn-
normalized modules. Additionally, the sgn-function will useful in the discussion of
strong representability.

In the following discussion, sgn-normalized refers to the sgn function is associated
to the uniformizer m = %, where g is the genus of K. Recall also that d., denotes
the degree of p. Every rank-one Drinfeld Ox-module p over C is determined

completely by two polynomials
pr =T + a7 + a7’ (4.3.1)
Py =Y+ b7+ + by (4.3.2)
with coefficients in C such that

PaPy = PyPa- (4.3.3)

As shown in Lemma (2.2.3), this commutative condition is also sufficient for poly-
nomials p, and p, to define a rank-one Drinfeld Ox-module p over C. The following

computation is based on this fact.
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If we write ay = x and by = y, then the equation (4.3.3) is equivalent with the

system of d + 3 equations:

apby = boag

CLle + qu(q) = b0a1 + blag

k

§ : q" _E : q"
=0

=0

2 d
ash? = bgal

The first equation is satisfied trivially and so is the last one if p is sgn-normalized
since ag, by € IF,_ in such a case. Thus, we have d 4 1 equations with variables a4,
ag, by,...,bq. The first d — 1 equations define by, bs, ..., by_1 recursively in terms

of z, y, ay, as

k
=3 (ot —a? ) faf —ao). (43.4)

=1

By Proposition (3.3.6), by = aJ, so substituting these expressions into the last two
equations, we obtain two polynomials P, () with variables a;, as defined over the
field K. Now, if d is odd, then by (3.3.4), a; = —n;' and hence P, @ are in fact

elements of K[a;]. In such a case, we define

¢ = ged(P, Q) € Klay]. (4.3.5)

If d is even, then by (3.3.6) ag = {/—n;' or ay = —/—n;'. In such a case, we

define
Pr=e(y-nt) P
@ (V') @
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and

where e(«) is an evaluation homomorphism defined by
e(a)(S(a1,aq)) = S(a, a).
Then just like in the odd case we define
P =ged(PT,QT) €K (\/7dl> [a1]
¢ =wedr. Q) ek (v )

Now, if o : K(v/—ng) — K(y/—nq) is the K-automorphism of K(\/—ng4) defined
by o(v/—n4) = —/—ng and o* : K(y/—ng)[a1] — K(v/—ng)la1] is the induced

automorphism of polynomial rings, then it is easy to see that

Consequently, we have

o (Pt) =P~
o (Q7) =Q"
o' (") =",
which in turns implies that
o ot e Klay). (4.3.6)

We see that if p is a sgn-normalized, rank-one, O-Drinfeld module, then a; is a

root of . The converse is also true.
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Proposition 4.3.1. Let a be a root of p. Set a; = a and by = a, where

(

—n;l of d is odd,

Qg = —ng’ if d is even and ¢t (a) =0,

—y/—ng’ if d is even and p*(a) # 0.
\

If by, bs,...,bg_1 are given via (4.3.4), then the rank-one Ox-Drinfeld module p

defined by the equations (4.5.1) and (4.5.2) is sgn-normalized.

Proof. Suppose that the module p is not sgn-normalized. Then there is an isomor-

1

phic module vpv™" which is sgn-normalized. Since the leading coefficient function

is determined uniquely by as(vpv™!), d must be even and
ax(opt) = —as(p).

On the other hand,

which gives

vl = 1. (4.3.7)

We also have

2

v ba(p) = ba(vpr™) = as(vpv™)? = (V177 ) az(p)?,

which gives

(qu’l)g = "1,

Combining this equality with (4.3.7), we get

which in turns implies

= ¢ (mod 2). (4.3.8)
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Ifd=2k theng=9%—1=%k—1and

d 2k k—1
¢ -1 _¢"-1 i
T AT ¢* =k (mod 2),
q q =0
which contradicts (4.3.8). O

Remark 4.3.2. Since degp®™ = degy™ > 0, the above argument proves also

that for an even d, there are sgn-normalized O-Drinfeld modules both with ay =

\/—ngl and with ay = —4/ —n;l.

Theorem 4.3.3. The polynomial ¢ defined by (4.3.5) or (4.3.6) is a power of the

minimal polynomial of a, over K.

Proof. Let R = {ay,9,...,a; } be the set of roots of ¢ and let m(X) = (X —
a1)(X — ag)... (X — a4). The Galois group G = Gal(H*/K) acts transitively
on the set of sgn-normalized O-Drinfeld modules of rank-one and hence it also
acts transitively on the set R. Thus, if 0 € G, then o(R) = R and hence om =
m. Combining this with the fact that H" /K is a Galois extension, we conclude
that m(X) € K[X], which in turns implies that irr(a;, IC)| m. On the other hand,
transitivity of the action of G on R implies that «; is a root of irr(ay, K) for all

and hence irr(ay, ) = m. Let
o= (X —a)M(X —ag)®... (X —ay).

and choose o € G so that o(a;) = ;. Since op = ¢ and ¢ permutes the roots of

p, it follows that e; = e;. Consequently, ¢ = m®'. O

Once ¢ is computed, it can be used to find a polynomial f with the required
property. First, we compute irr(a?™, K) as follows. Let A = C(p) be the companion

matrix of ¢. Then ¢ is the characteristic polynomial of A and m is the minimal
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polynomial of A. Consequently,
K(ay) ~ K(A) — M(K),

which follows that irr(af*!, K) = irr(49t!, K). The minimal polynomial of A4*!
is known to be the invariant factor of A?*! of the highest degree. The invariant
factors of A9*! are the non-constant diagonal entries of a Smith normal form of
XT— A7 over K[X], which can be found using Gaussian elimination. Now, let r =
irr(af*', K), f = irr(4,K), and h = he,. If d is odd, then j = —nga?™" and hence
we can set g(X) = f(X) = (—nd)hr(%d). If d is even, then j = \/—ngad™ and h =
2hx. Additionally, it follows from [6, Section 15] that /—ng € H. Consequently,

K(a?™) is a subfield of H of degree at most 2. Define

9(X) = (V=na)" - v (V=na) ' X) -7 ((=v=na) " X) .

Since ¢ is invariant under the action of the conjugation o : K(v/—ng) — K(v/—na),
it follows that g has coefficients in . Moreover, both 7 and —j are the roots of g.
If [H : K(a?™)] = 2, then degg = h and hence g = n/* - f. If [H : K(a?™")] =1
and j and —j are conjugates over K, then f(X) = irr(—7, ). On the other hand,
since h is even, it follows that f(—X) = irr(—j, ). Thus, f(X) = f(—X), which
in turns implies that f(X) consists only of even powers of X. Consequently, if
F(X) = (V=na)™" - f(vV/=naX), then f is a monic polynomial of degree h with

coefficients in K such that f(a?™') = 0. Thus, f = r, which in turns implies that

1060 = vt ().

Moreover, it follows that r also consists only of even powers of X. Consequently,
9(X) = (V=na)™ -7 (V=na) " X) -7 ((=V=na) " X) = f(X) - f(=X).
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If j and —j are not conjugates, then g(X) = irr(j,K) - irr(—5, K) = f(X) - f(—X)
since the polynomials on the right-hand side are distinct, monic, irreducible poly-

nomials dividing g and both sides are monic of the same degree.
Example 4.3.4. Let ¢ = 3 and n = 2? + 2z. Computation of the polynomial ¢
using Magma Computational Algebra System [1] resulted in

p=X"+ (" +y -y’ )X+t

By Proposition (1.5.10), the genus of = Q(1/—n) is 0. Consequently, hx = 1 by

the virtue of Corollary (1.3.7). Since H™ is a Kummer extension of H of degree 4,

it follows that [H* : K] =4-[H : K] = 4 - ho, = 8, which in turns implies that

¢ = irr(ay, K). Since a; is a root of ¢, it follows that aj is a root of
X=X+ (" +y ") X+

Note that x must be irreducible over K otherwise we would have a} = « for some

a € K. But then we would get ¢ | X® — a? which is impossible. Consequently,

x = irr(af, K). Thus, the output of the algorithm g(X) equals
(VI (VT XYV T X) = X+ X2 4 dy

where

dy = 22" 4+ 2210 + 2215 4+ 213 4+ 227 + 220 + 2*
and
do =20+ 2 + 2"+ 2% + 2 + 2" + 210+ 2% + 25
The discriminant D of g equals

2z + D)2 +2) 2 + D2 + o+ 2) 2" + 2% + 27 + DL (4.3.9)

Assuming that a prime polynomial p € Z does not divide D, we obtain that p can

be weakly represented by the form X? + (2% 4+ 2z)Y? if and only if 222 + x is a
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quadratic residue modulo p and the congruence X* + d; X? + dy = 0 (mod p) has

a solution in Z.

Example 4.3.5. Let ¢ = 3 and n = 2% + 22 + 1. Computation of the polynomial
¢ using Magma Computational Algebra System [1] resulted in ¢ = X%+ ¢; X + ¢,
where ¢, ¢y € K are given by ¢y = 25+ 225 4+ 23+ 222 and ¢; = (23 + 2?)y. Since a;
is a root of , simple computation shows it is a root of (X% + ¢2)? — (¢; — 2¢0)*X*

as well. We have
(X + )% — (e1 — 2¢0)° X' = X8 4+ d1 X + d,
where dy,dy € Z are given by
do = 224 + 227 4+ 225 4 217 4+ 215 4 22 + 229 4 4

and
dy = 2018 + 2P + 213 4+ 2 4+ 220 + 25 4 2t
Consequently, j = —nqaf = —aj is a root of f = X? —d; X + dy. The discriminant

A = d? — dj of this polynomial equals z'° - §, where
§ o= 420423 g2y 20 18 06 14 08 12 10 T 6 005 a4 B0

Since the constant term of § is not a square in F3, it follows that A is not a square
in Z, which in turns implies that f = irr(j, Q). Assuming that a prime polynomial
p € Z divides neither n nor A, we obtain that p can be weakly represented by the
form X?+ (22 +22+1)Y? if and only if 223 + 222 + 2 is a quadratic residue modulo
p and the congruence X2 + d; X + dy = 0 (mod p) has solution in Z. Note that
this congruence is solvable over Z if and only if (g) = 1. Thus, by the virtue of
the quadratic reciprocity law, the weak representability criterion can be expressed

using only linear congruences. Finally, by Lemma (4.1.3), only monic primes p can

be represented by the form X? + nY?2,
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Example 4.3.6. Let ¢ = 3 and n = ! + x + 1. Computation of the polynomial ¢
using Magma Computational Algebra System [1] resulted in ¢ = X® + ¢; X* + ¢,

where ¢y, ¢y € K are given by

= (21’25+2$22+2$21+£L’19+$17+2£L’15

+at 22t 2" 2 22 -y

and

co = 230 4+ 2% + 20% 4 232 4 23 4 2
L8 4026 4 9,28 4 022 | 21 | 20

+1’17+2I16+2$14+25L‘13+ZB12

Since a; is a root of ¢, it follows that af is a root of y = X% + ¢; X + ¢p. The
discriminant ¢? — co of x is an element of Z with the leading coefficient 2, which
follows that y is irreducible over K. Consequently, x = irr(af, K). Thus, the output

of the algorithm g(X) equals
(V=D x(V=1- X)x(=V=1-X) = X* + &, X* + dy,
where dy,dy € Z are given by

dy = 22% + 2% 4 2246 4 2% 4 242 4 20 4 30 4 38 30 30 4 2
42232 + 23+ 220 202 2% a4 20 a2 4

+21‘19+$18+2$16+2I’15—|—2$13—|—$11+1’10—|—l'9—|—2f[)8
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and

do =2 + 2™ + 2% + 2% 4+ 2% + 22 + 225 + 22%% + 2250 + 2277 + 22°% + 2277
+ 2% + 22 + 2072 4 2270 4+ 2 + 20%7 4 210 + 2 4 M 202 4 2%

—|—2ZL‘37+"E36—|—2[L’34—|—.’L’33+ZL‘31+$29+2$28—|—2£E27—|—2£B26+£L’25+ZL‘24.

Assuming that a prime polynomial p € Z divides neither n nor the discriminant
of g, we obtain that p can be weakly represented by the form X2 + (z* + 2 +1)Y?
if and only if 22* + 2z + 2 is a quadratic residue modulo p and the congruence

X4+ d1 X%+ dy =0 (mod p) has solution in Z.

4.4 Strong Representability

Theorem (4.2.5) along with the presented algorithm solves the problem of weak
representation. There is one question remaining. Assuming that p can be weakly
represented by the form X% 4+ nY?, when can p itself be represented by this form?

In this section, we will answer this question.

Let p(X) € Z be an irreducible polynomial of degree k that does not divide n
and can be weakly represented by the form X? + nY 2. Note that k must be even
if d = degn is even. Consequently, regardless on parity of d, the quotient ﬁ is
an integer. In order to simplify some statements, we will use the symbol deg™ to

denote this number. Now, observe that

p(®) =po+piz+ -+ pra® = pratp(ah),

where p € Z is a polynomial of degree k. By the virtue of the equation (3.3.3), we
get

sen(p(r)) = pysen(z) sen(p(s")) = prsgn(p(z ™)) (—na)~ =7
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Since ord,_ (p(z~1)) = 0 and ord,_ (p(z~1) —1) > 0, it follows that p(z~!) is a unit
in O, C K, and p(z7) =1 (mod p,), which in turns implies sgn(p(z~1)) = 1.

Consequently, p is positive if and only if
pr = (—ng)te?. (4.4.1)
Lemma 4.4.1. Let a+ by € K and ny = ord,_(a + by). Then
sgn(a — by) = (—1)" - sgn(a + by).

Proof. The conjugation of K is a continuous map with respect to | - |». Hence if

a+ by = i Cpm",

n=ng
then
a—by= Z (=11,
n=ng
and the result follows. O]

Proposition 4.4.2. Let p{n be a positive prime that can be weakly represented by
the form X* +nY? and let p = («) be an ideal above p.Then p can be represented

by the form if and only if a can be chosen so that sgn(a)? = (—1)3°8P,

Proof. Suppose that p can be represented. Then p = a@ for some generator a of

p. Then ord, (@) = —deg™ and hence

1 = sgn(p) = sgn(a)sgn(@) = sgn(a)sgn(a)(—1)~ e

and the result follows.
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Now, assume that a can be chosen so that sgn(a)? = (—1)9&P. Since p can be

weakly represented, we have up = a@@ and hence

u = sgn(up) = sgn(a) sgn(a)
= sgn(a) sgn(a)(—1)"*=?

= (—1)desP(—1)"dee? = 1,
O

Theorem 4.4.3. Let p 1 n be a positive prime that can be weakly represented by the
form X%+ nY?2. Suppose that deg*p is even or 4 | ¢ — 1. Then p can be represented

by the form X2 +nY? if and only if it splits completely in H*.

Proof. let p be a prime in Ok above p. Suppose that deg™p is even. Then, by
Proposition (4.4.2), p can be represented if and only if p has a generator a such
that sgn(a)? = 1. Since for any generator «a of p, —« is also a generator, the last
condition is equivalent with the existence of a positive generator «. Similarly, if
deg™p is odd, then we conclude from Proposition (4.4.2) that p can be represented
if and only if p has a generator a such that sgn(a)? = —1. Since 4 | ¢ — 1, it
follows that there is an v € F* such that u? = —1. Since for any generator o of
p, both —ua and ua are generators as well, the last condition is also equivalent
with the existence of a positive generator «, which in turns is equivalent with the
equality [p] = 1 in C1*(Ok) ~ Gal(H*/K). By Corollary (3.1.2), we have [p] = 1
in C1*(Ox) if and only if p splits completely in H*. Since p splits in K and H*/Q

is Galois, the result follows. O

Theorem 4.4.4. Let p 1 n be a positive prime that can be weakly represented by the

form X% +nY?, and let m(X) = irr(ay, K). Suppose that deg”p is even or 4 | q—1.

61



Let

wp(X) = ged(XW — X, m, (X)) € (2/p)[X], (4.4.2)

where m,(X) is the reduction of m(X) modulo p. Assume also that p is relatively
prime to the discriminant of m(X). Then, p can be represented by the form X? +

nY? if and only if degw,(X) > 1.

Proof. Let p, B, BT be primes in O, Oy, Ox+ respectively such that p C p C P C
PT. We have seen in the proof of Theorem (4.4.3) that p can be represented by the
form X?+nY? if and only if p splits completely in H™. Since p can be weakly repre-
sented, it follows that p splits completely in H. In particular, f(B|p) = e(P|p) =1
and k(P) = k(p). By Theorem (3.4.6), H" is unramified at all primes in Ok.
Thus, p splits completely in H™ if and only if f(PT|P) = 1. Since p is relatively
prime to the discriminant of m(X), so is . Consequently, H" = H(a;) implies
K(B*) = K(P)(@) = #(p)(@). On the other hand, [<(F+) : 5(P)] = /(| F).
Thus, f(PT|P) = 1 if and only if a; € k(p) = Z/p, which in turn is equivalent
with m,(X) having a root in Z/p. Since elements of Z/p are precisely the roots

of XIPl — X the result follows. O

Theorem 4.4.5. Let p { n be a positive prime that can be weakly represented by
the form X2 +nY? and let P be a prime in H' above p. Suppose that deg*p is

odd and 41 q — 1. Then p can be represented by the form X* +nY? if and only if
[P p) =4

Proof. Let p be a prime in O such that p C p C P*. Since 4 1 g — 1, it follows
that —1 is not a square in F. Consequently, Proposition (4.4.2) implies that p can
be represented if and only if [p] is an element of order 4 in C1*(Ox) ~ Gal(H*/K).
The image of [p] in Gal(H*/K) is the Artin symbol <LP/K> By Corollary (3.1.2),
the order of this symbol is f(B+|p). The result follows. O
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Theorem 4.4.6. Let p 1 n be a positive prime that can be weakly represented by
the form X% + nY?, and let m(X) = irr(ay,K). Suppose that degp is odd and

4tq—1. Let

wp(X) = ged(XP 4 X2, m,(X)) € (Z/p)[X), (4.4.3)

where my(X) is the reduction of m(X) modulo p. Assume also that p is relatively
prime to the discriminant of m(X). Then, p can be represented by the form X? +

nY? if and only if degw,(X) > 1.

Proof. Let p, B, P be primes in Ok, Oz, Oy+ respectively such that p C p C P C
P*. By Theorem (4.4.5), p can be represented if and only if f(f*|p) = 4. Since p
is weakly represented, it splits completely in H and hence f(P*|p) = f(PT|P).
Thus, p can be represented if and only if [(PT) : kK(P)] = 4. Since p is relatively
prime to the discriminant of m(X), so is . Consequently, H™ = H(ay) implies
K(B*) = k() (@) = #(p)(@r) and hence [x(P*) : £(F)] = degirr(ar, a(p)). Note
that if degn is odd, then H™ = H and hence [£(P) : £(P)] = 1. On the other
hand, m,(X) splits completely over Z/p. It is easy to see that none of the elements
of Z/p is a root of X?P| + X2 and hence w,(X) = 1, which completes the proof in
this case. Thus, for the rest of the proof, we may assume that degn is even.

Let w(X) = irr(ay, k(p)). Suppose that degw(X) = 4. By Theorem (3.4.7),
HT/H is a Kummer extension of degree ¢+ 1 and hence w(X)| X9 —a@ 7™, which
it follows that w(X) = (X —a7)(X —a1&) (X — @) (X —a1&3), where ; are roots
of unity of order ¢ + 1. Consequently, a1%¢16,63 € k(p). Note that x(p) contains
all roots of unity of order ¢ + 1, and so a;* € k(p), which in turns implies that
w(X) = X* —ar*. Observe that a;? ¢ k(p) due to irreducibility of w(X). Since

p splits completely in O, we have (p) = Z/p and hence the cardinality of x(p)
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equals the norm of p, which follows that @y is a root of the polynomial

X4pl _ x4

FCT AR

Thus, ay is a root of
wy(X) = ged (X271 + X2 m, (X)) (4.4.4)

In particular, w,(X) has a positive degree. Thus, if [x(PF) : k(p)] = 4, then
degw,(X) > 1. It is easy to see that the converse is also true. Indeed, suppose that
degw,(X) > 1 and let a be a root of w,. Since m,(a) = 0, it follows that o = @y
for some root a; of m(X). Consequently, k(P1) = x(P)(a) = k(p)(a). We also
have o'lPl = o* and o?Pl # o2, which shows that a* € k(p) but o? ¢ &

p). Thus,

(
X* — a* is an irreducible polynomial of a over K and [k(BT) : x(p)] = 4. O

Example 4.4.7. We have learned in Example (4.3.4) that a prime polynomial
p € Z different from x,z, (x + 1), (x + 2), (2® + 1), (2® + 2 + 2), (z* + 23 + 2% + 1)
can be weakly represented by the form X2 + (22 + 22)Y? if and only if 222 + x is
a quadratic residue modulo p and the congruence X* + d; X? + dy = 0 (mod p),
where

dy = 22" 4 2210 4+ 2215 4+ 213 4+ 227 + 220 + 2,

and

do:$16+J]15+I14+l‘13+$12+[)’}11+ZE10+J]9+ZL‘87

has a solution in Z. Let p = 2219+ 227+ 2% + 223+ 22+ 1. Then deg®p = 5 and p is
positive. Set also u = 2%+ 228 4+ 254225+ 244223+ 242, and v = 27 + 28+ 27 + 2.
Then u? = 22°+2 (mod p) and v*+d;v*+dy = 0 (mod p), which follows that p can
be weakly represented by the form X2+ (224 22)Y 2. We will apply Theorem (4.4.6)

to decide whether p can be actually represented by the form X? + (z? + 22)Y2.
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Recall that irr(a;, K) = X8 + (v + 4y — °) X* + 4. Its discriminant equals
:EQS(:E—{— 1)8(1‘—}-2)28(174—{—1‘3 —i—J]Q—i— 1)8’

which is relatively prime to p. Using the fact that u is a square root of —n modulo

p, we can compute the reduction of irr(a;, ) modulo p. We obtain
my(X) = X%+ (22° + 27 + 22° 4+ 22" + 2% + 2% + 2) X* + (2® + 227 + 22° + 27).
Since degp = 10, it follows that |p| = 3'° = 59049. Thus,

wy(X) = ged (XM + X2 m, (X)) .

Using the division algorithm, we see that m,(X)|X80% + X2 in (Z/p)[X] and
hence degw,(X) > 1. Thus, by Theorem (4.4.6), the polynomial p can be repre-

sented by the form X2 + (22 + 2z)Y2. Indeed, we have

p=(2"+2z" +22° + 2° + 2)* + (2% + 22) - (2" + 22° + 2z + 1),
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