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Abstract

This thesis is devoted to proving the following:
For all (uq,us,us,us) in a Zariski dense open subset of C? there is a genus 3

curve X (uq, ug, us, uy) with the following properties:
1. X (uq,ug,us,us) is not hyperelliptic.

2. End(Jac((X (u1, us, us, us))) ® Q contains the real cubic field Q(¢; + ¢ 1)

where (7 is a primitive 7th root of unity.

3. These curves X (uy,us,us,us) define a three-dimensional subvariety of the

moduli space of genus 3 curves Ms.

4. The curve X (uy,ug, us, uy) is defined over the field Q(uy, us, ug, us), and the

endomorphisms are defined over Q((r, ug, ug, us, uy).

This theorem is a joint result of J. W. Hoffman, Ryotaro Okazaki, Yukiko Sakai,
Haohao Wang and Zhibin Liang. My contribution to this project is the follow-
ing: (1) Verification of property 3 above. This is accomplished in two ways. One
utilizes the Igusa invariants of genus 2 curves. The other uses deformation the-
ory, especially variations of Hodge structures of smooth hypersurfaces. (2) We
also give an application to the zeta function of the curve X (uy,us,us,us) when
(u1, uz, ug, ug) € Q* We calculate an example that shows that the corresponding
representation of Gal(Q/Q) is of GLo-type, as is expected for curves with real

multiplications by cubic number fields.

v



Chapter 1

Introduction

Let ¢; be the seventh root of unity, and let (7 = ¢ + ¢-'. The field Q(¢) is
a totally real cubic extension of Q. In this paper, we construct explicit equations
of non-hyperelliptic complex algebraic curves of genus 3 whose jacobian varieties
have real multiplication by Q(¢7).

We refer to Griffiths and Harris [4] as a general background of algebraic geometry.
A general reference of abelian varieties is Mumford [3].

Let X be an algebraic curve over an algebraic closed field k£ of genus g > 2. If
there exists a 2 to 1 generically smooth morphism from X to the projective line P!,
then X is called a hyperelliptic curve. Otherwise X is called non-hyperelliptic. The
group of degree 0 divisors Div’(X) modulo the principal divisors form a principally
polarized abelian variety (see Chow [5]). It is called the jacobian variety of X, we
denote it as Jac(X).

Let A be an arbitrary abelian variety and let End’(A) = End(A4) ® Q be its
endomorphism ring as a Q-algebra. The abelian variety A is always isogeneous to
a product A" x --- x A" where each A; is simple and the A;’s are not isogeneous

to each other. In this case the endomorphism ring End®(A) has a decomposition
End’(A) ~ @D M,, (End’(4;))
i=1

where M, (End"(A;)) is the n; x n; matrix algebra of End”(A;). Thus, the structure
of End’(A) is reduced to the case when A is simple. If A is simple, then End’(A)

is a division algebra of finite rank over @Q with the Rosati involution such that



the Riemann form defined on End’(A) positive definite. Then End”(A) will be

isomorphic to one of the following (see Mumford [3]):

. Q

A totally real field

A totally indefinite quaternion algebra

e A definite quaternion algebra

A division algebra over a totally imaginary quadratic extension of a totally

real number field

In [7], it is shown that every type of algebra in this list is isomorphic to a End’(A)
for some abelian variety A. A generic principally polarized abelian variety A has

endomorphism ring End’(A4) = Q if the characteristic of the field is 0.

Definition 1.1 (see Moeller [11]). Let F' be a totally real number field of degree g.
Let A be a g-dimensional principally polarized abelian variety. Real multiplication
by F on A is a monomorphism p: F — End°(A). The subring O = p~*(End"(A))
is an order (Z-lattice that Q-spans F') in F', and we say that A has real multipli-
cation by O. We say a curve X has real multiplication by F', if its jacobian variety

has real multiplication by F.

Typically, the ring O = Op is the ring of integers of the field F'.

Let M, be the coarse moduli space that parametrizes the curves of genus g. Let
A, be the coarse moduli space that parametrizes the principally polarized abelian
varieties of dimension g (see Mumford and Fogarty [6]). Then dim M, = 3¢g — 3
and dim A; = ¢(g + 1)/2. By Torelli’s theorem, the period map ¢ : M, — A,

induced by sending a curve to its jacobian variety is an injection.



Fix the algebraic closure Q € C. Let $) be the upper half complex plane. Let
F = Q(¢). Let e, e9,e3 : F < R be the three embeddings of F. These induce
three embeddings ji, ja, j3 : SLa(Op) — SLa(R). The group SLs(R) acts on $) by
linear fractional transformations. Therefore SLy(OF) acts on $° by 71, j» and Js.

The Hilbert modular variety (see Moeller [11])
X(7) := X(OF) = $°/SLy(OF)

that parametrizes principally polarized ablian 3-folds with real multiplication by
F'is 3-dimensional. Thus the isomorphism classes of these abelian varieties define

a 3-dimensional subvariety in A3. When g = 3, we have
dimM; =3x3—3=dimA; =3 x (3+1)/2=6.

Thus the period map M3 < Aj is birational. The maximal possible dimension of
curves with real multiplication by the cubic real field F' is 3. We would expect a
3-dimensional family of curves whose jacobians have this property.

In this paper we use a construction in Ellenberg [1].

Theorem 1.1 (See Ellenberg [1]). Let k be an algebraically closed field. Then if
p > 5 1is a prime, and char k does not divide 2p, there exists a 3-dimensional family

of curves of genus (p — 1)/2 over k with real multiplication by Q(¢, + Cp_l).

We apply this theorem for p = 7 over the field of complex numbers C. Ellenberg
constructed curves with real muliplication by certain number fields topologically
as coverings and quotients of Riemann surfaces. By Riemann’s existence theorem,
given a branched covering with fixed monodromy of a Riemann surface, we get an
algebaic curve. There is no known algorithm for the equations of this topological
construction. In this thesis we construct explicit equations for a family of curves

with real multiplication by Q(¢F).



In Chapter 2 we explain the method in Ellenberg [1] in the case relevant to
us. Namely, we consider a finite group D7 acting on a curve of genus 8 in such a
way that the quotient by an involution has genus 3. In Chapter 3 we construct the
function fields of the curves, and reduce the problem to an elementary Diophantine
equation p(z)*—s(z)q(x)? = r(z)7 of degree 14. This equation is solved by Okazaki.
We show his solution in Chapter 4, and compute the equations of the curves by
Mathematica. The equation (4.4) has 4 parameters. In Chapter 5 we use two
approaches to compute that the family of curves in Chapter 4 is dimension 3. One
approach is from the Igusa invariants of genus 2 curves, another approach is from
the deformation of the mixed Hodge structures of the family of curves.

One reason to study curves with extra endomorphisms in their jacobians is that
the canonical [-adic representation of Galois groups they define become simpler. In
Chapter 6 we compute the zeta function of an example of the curves we constructed
over the finite field Fa9. The numerator of the zeta function factors as product of
quadratics. This shows that we get GLa-type Galois representations.

In Chapter 7 we give some comments of the geometric background of the problem

using the invariant theory of finite group actions.



Chapter 2
Jordan Ellenberg’s Diagram for D

2.1 Jordan Ellenberg’s Diagram

For a group G, a G-set means a set S with a specified left action of G. A
morphism between two G-sets S; — S is a mapping compatible with G-actions.

Let X be an arcwise connected and locally simply connected topological space.
Let 7 (X, z) be the fundamental group of X with base point x € X. For each x €
X, the set f~1(x) is a m (X, z)-set with the action by monodromy: for g € 7 (X, x)
and z € f~1(x), there is a unique lift § in Y of g starting from z. Then g(z) is
defined as the endpoint of g.

The main idea of Ellenberg [1] is the following. Let G,,,, be the metacyclic group
<st:sP=t"=1tst P =s">,

where k is an element of order n in (Z/pZ)*. Let H be the subgroup generated by t.
Let g1, ..., g, be non-trivial elements of G, and for each 7 in 1, ..., r, let d; be either
0 (if g; has order p) or n/ord(g;) (if g; has order dividing n). Let Y be a Galois
cover of P!, with Galois group G, branched at r points with monodromy ¢, ..., g,.
Consider the quotient Y/H. By a corollary of Riemann’s existence theorem (see
Page 63, Corollary 5 in [21]), the quotient Y/H is an algebraic curve. The jacobian
of X is acted on by the double coset algebra Q[H\G/H]. The image of Q(H\G/H]
in End”(Jac(X)) is said of Hecke type in [1]. With a proper choice of the group G
and the subgroup H, the double coset algebra Q[H\G/H] will contain a totally
real number field such as Q(¢, + ¢ 1) for some n-th root of unity ¢,. In this thesis

we use the following Lemma proved in Ellenberg [1].



Lemma 2.1. Let G = D7 be the dihedral group with 14 elements. Let H be the
subgroup generated by the involution of G. There exists a 3-dimensional family of
curves with real multiplication by Q((F) which is constructed as a Dy covering of

P! modulo the involution.

2.2 The Diagram for D,
As shown in Ellenberg [1], the proof of our Lemma 2.1 comes from the covering
when we take n =2, {d;} = {1,1,1,1,1,1} and G,,, = G72 = Ds.

Thus, we get the following diagram

Y

,V

X 7r

N

]P>1

with the corresponding diagram of Galois group Gal(e/P!)

D7

7

7.)7Z

AN

{1}
and Gal(Y/X) =Z/2Z =<t >.

Thus, Y — P! is a dihedral covering branching at 6 points p;,...,ps, where
ord (¢;) = n/d = 2/1 = 2. Consider the preimage 7~ '(p;) of p; in Y. The covering
Y — P! is a 14-to-1 map, so each point in P! as 14 preimages up to multiplicity
with the action of D;. Since each p; has a monodromy of an order 2 element g;,

each point in 77!(p;) is fixed by g; so there are 7 preimages of 7=!(p;) each is fixed



by ¢;. Let 7Y (p;) = { Pu1,..., Pz}, we get the ramification index e;; of P; is 2.

The covering can be drawn has a picture like

Pl pp e o o o o @

In this picture, the crosses means that generically the map Y — P! is 14-to-1.
There are 6 branch points in P! such that each has 7 preimages. The preimages

are double points because of the requirement of the monodromy.
Proposition 2.1. The curve Y has genus 8.

Proof By Hurwitz’s Formulae (See Corollary 2.4 of [13]), let gy be the genus

of Y, and P! has genus gp1 = 0, we have

29y —2=n-(2gp —2) + deg R,

where

degR=> (ep—1)=> (e;;— 1)

pPeYy 1,J

=6xT7x(2—-1)=42.



Thus,
n-(2gp —2)+degR+2 14x(0—-2)+42+2

> . 8. (2.1

9y =
|
Let < s > be the cyclic subgroup of order 7 generated by s. Consider the quotient

curve Z =Y/ < s > and the covering ¢ : Y — Z. We get a bigger diagram

Y (2.2)

SN

{1}

Fix a p; for a random 4, consider the fibre 7! (p;) = { Py, ..., Pir}. The diagram
described in [1] has monodromy P;; conjugate with each other in the proof of
the Proposition we listed. Thus the 7 singularities are transitive by the subgroup
< s >. Since the map Z — P! is a 2-to-1 covering, so we have that Z is a 2-to-1
covering of P! with 6 branch points, each has ramification index 2. It is a genus 2

curve, and thus it is hyperelliptic.
Proposition 2.2. The map ¢ : Y — Z in (2.2) is unramified.

Proof Apply the Hurwitz Formulae to 1, we have

29y —2=mn-(297 —2) +deg R,



where

deg R’ = Z(@p —1).

Pey

So

deg ' =29y —2—n- (297 — 2)

=2x8—-2-T7Tx(2x2-2)=0.

Thus, the map ¢ is unramified, and s do not have fixed point. W
Proposition 2.3. The curve X has genus 3.

Proof Apply Hurwitz Formulae to ¢.

29y—2:2-(2gX—2)+degR”,

where
deg R" = Z(ep —1)=6.
Pey
We have
_ _ /!
[ |



We assume that our covering is of the general case, that all the branch points

are double points. The monodromy of the diagram can be drawn as

Pl p o e o o o o

In this picture, the involution ¢ has 6 fixed points.

2.3 Isomorphism Classes of Jordan Ellenberg’s Diagram
2.3.1 Unramified Coverings and 7-Sets

Let X and Y be arcwise connected and locally simply connected topological
spaces. A continuous map f : Y — X is called an unramified covering, if for every
x € X there is an open neighborhood U C X of x such that every connected
component of f~1(U) is isomorphic to U through f.

Let S be a m; (X, z)-set. Let X be the universal covering of X. For each orbit

O C S of the action of 7, (X, z), we take a point 0 € O and let Yo := X /G, where

10



G, is the stabilizer of o in m (X, x). Let

XS = HYO

ocs

where O C S runs through the orbits of S, then the component-wise lifting map

Xg — X is unramified.

Theorem 2.1. The functors

{unramified coverings of X} — {m (X, x)-sets}

f:Yy—=X — fHx)

and
{m (X, x)-sets} — {unramified coverings of X}

S — Xg—> X

are inverse to each other, and hence give an equivalence between these two cate-

gories.

Thus, in order to research the unramified coverings of X, we can consider the

(X, x)-sets.

Proposition 2.4. Under the correspondence of Theorem 2.1. A covering f : Y —

X is a Galois covering with Gal(Y/X) = G, if and only if
o any s € [ (x), the stabilizer Staby, (x +)(s) is a normal subgroup of m (X, ),
o Aut(Y/X) = G, and the degree of the covering is #G.

In this case, we have G ~ (X, x)/Staby, (x ) (s) = Stabr, (x ) (s) \ 71 (X, x).

11



2.3.2 Isomorphism Classes of Jordan Ellenberg’s Diagram of D,

Consider the Jordan Ellenberg’s diagram (2.2) of Dy

Y

SN

Remember that the map 7 is not unramified. It has six branch points {py, ..., ps}-
But if we remove these six points, and their preimages. Let Y/ =Y — 77 1(p;) U

. Un i (py) and let X' =P' — {py,...,ps} consider the restriction map
Y — X

we get an unramified map. Given a 7’ as above, there exists a unique Riemann

surface Y up to isomorphism which extends the diagram
Y — Y
pE——
where ¢ is the inclusion X’ < P! (see Prop 19.9, Page 291 in [26]).

The fundamental group of X’ is

6
7T1(X/):<’717"'776 | H’YZ:1>
i=1

where ~; is the homotopy class of a loop that winds around p; fori =1,...,6. We
classify the 7 (X’)-sets corresponding to our diagram.

Note that 7’ is Galois. Proposition 2.4 says that from a Galois covering f : Y —
X' with Gal(Y’/X") = Dy, we can get a surjective homomorphism p : w1 (X’) — Dy
with Ker(p) = Stab, (x+(s). On the other hand, given a surjective homomorphism

p:m(X') = D7, we can construct a m(X')-set S = D; = m(X’)/Ker(p), and

12



by Proposition 2.4 and Theorem 2.1, the m(X’)-set S corresponds to a Galois
covering f : Y’ — X’ with Gal(Y'/X’) = D;. Thus, we only need to classify
the isomorphism classes of m;(X’)-sets corresponding to surjective maps of p :
m1(X") = D7, such that D; acts on X’ with certain monodromy. That means p(7;)
is a non-trivial involution for each i = 1, ..., 6. We first describe such kind of group
homohorphisms.

An involution in Dy is of the form s where a € Z/7Z. Let p(v;) = s*t where

a; € Z)TZ, for i € {1,2,...,6}.

Lemma 2.2. The homomorphism p is surjective if and only if a; # a; € Z/7TZ for

some i # j, i,j € {1,2,...,6}.

Proof If a; = a; for all 4,5 = 1,2,...,6, let p(y;) = s% for some a € Z/7Z,
then p(m(X’)) =< s* >. Since s% is an element of order 2, we have < s% > =
{1, st} # Ds.

On the other hand, if a; # a; for some 7,5 € {1,2,...,6}, we have that
p(m(X") D < s%t,s%t >. We show that < s%t,s%t > = D7. Since a; # a;, we
have that s%~% # e. But s% % = g%t 1s7% = s%¢(s%t)"t € < s%t,s%t >. So
< §%7% > C < 8%t s%t >. Since s%% £ e, and %% € < s >~ Z/TZ, as a non-
trivial element in a prime order cyclic group, we have < s*%~% > = < s >. Thus we
have s €< s > = < %% > C < s%t, 8%t >. Then t = s7%(s%1) € < s%t,s%t >.

Since both s,t € < s%t, s%t >, we have that D; C p(m(X')). [
Lemma 2.3. We have a1 — as + a3 — ay + a5 — ag = 0.

: 6
Proof Since [[;_, vi = e, we have

H% Hp Vi) = s ts®tstsMts¥tst = e.

13



For any k € Z, since t* = e, we have

sTF = (s7N)F = (tst)" = ¢st - tst - tst = tst.

k
Thus,
sMtsPts® s st 0t = sM (ts™2t)s™ (tst) s (tst)
—gM g2 g3 ¢TA4 g5 =06 — 01 —az+az—aq+as—ae _ e.
We have a1 — as + a3 — ay + a5 — ag = 0. [ |

All the conditions on p are used. Let 7 be the field with 7 elements. Our maps
correspond to points in (ay, as, as, ay, as, ag) € IF? such that a; —as +a3z —as+as —
ag = 0. Remember that these are only the classifications of the p’s. But diagrams
corresponding to different p’s may be isomorphic. But this can be described by the

following proposition.

Proposition 2.5. Given two surjective homomorphisms py,p2 : m(X') — G,
the corresponding right m (X')-sets are isomorphic if and only if there is a group
automorphism 1 of G such that py = 1p1. The set of isomorphisms are the maps

x +— g(x) for some element g € G.

Proof  The last statement follows from the first because the set of automor-
phism of each of these m(X’)-sets is given by left multiplications by elements of
G. An isomorphism of G-sets is a bijiection ¢ : G — G with the property that
»(g)p2(x) = Y(gp1(x)) for all g € G, x € m(X'). Because p; and ps are surjective,
we can write g = p;(7y) for some v € 7 (X’). If is a homomorphism, and py = ¥p,

then

YV(9)p2(x) = Y(p1(7))p2(x) = P(p1(7)(p1(x)) = Y(pr(y)rhor(z)) = Y(gpi(x)).

On the other hand, left multiplication by G is a transitive action on these sets, so

without loss of generality, we may assume that e = p;(e) : e the identity element

14



of G. Then the equation 1(g)ps(x) = (gp(x)) With g = e gives pa(3) = p1(7)

for all v € m (X'), and writing u = p1(7); v = p1(6), we get
b(uw) = p(pr(7)p1(9)) = 1 (p1(79))
=p2(70) = p2(V)p2(0) = Ypr(V)Pp1(9) = Y(w)¢p(v). W

With this proposition, we can describe the isomorphism classes of Jordan Ellen-

berg’s diagrams of Ds.

Theorem 2.2. The isomorphism classes of Galois Dr-coverings Y — Pg branched
above a set of six given points with monodromy 2,2,2,2,2,2,2 above each branch

point is in a noncanonical one to one correspondence with IP’%.

Proof By Proposition 2.4, two different p’s described by Lemma 2.2 and Lemma
2.3 will define isomorphic coverings if and only if they differ by an automorphism
of D;. Using GAP, we can find the automorphism group of D;. The output of

Aut(D7) is a group of order 42 with generators
Ty : (s,t) > (s%1), Ts:(s,t) > (s*t) and T;:(s,t) > (s,st).

Remember the correspondence of p and a point in F¢ is by p > (ay, ..., as) if

p(i) = s“t. We substitute these s%t’s with generators in Aut(D7). Then
Ty(s%t) = s*%t, Ty(s"t) = s°%t and Ti(s"t) = s%st = s“ Tt
This action can be translated to the points in FS as

Tg(ah PN ,CL6) = (2&1, .. .,2&6), Tg(ah e ,CL6) = (3&1, ce ,3@6),
Ti(ay,...,a6) = (a1 +1,...,a6 + 1).

Let ”~” be the equivalence relation generated by T, and T in FS. Let (ay, ..., aq) €

FS. We can assume that 0 < a; < 7. Then

7-;/L’Y_al(al7-.-7CL6):<7aa/2—+—7_G17"'70“6—i_’Y_CLl):<07>k""’>|<)'

15



Thus, we have that (a1, ..., as) ~ (0,bs, ..., bs) for some by, ..., bs € F7. Remember
that at least two of the a;’s are distinct, so at least one of the b;’s is non-zero.

On the other hand, we have

T22(a17 s 7a6) = (4&1, s 74a6)
T3T2(a17 s 7a6) = (6@1, s 76a6)

T3T22(CL1, o ,CL6> = (5@1, ceey 5@6).

Thus, we have that (ai,...,as) ~ (caq,...,cag) where ¢ € F.

In all, we have that a representative of an equivalence class of the relation ~ is
of the form (0, by, ..., bs) such that at least on of the b;’s is non-zero in F7. Two
representatives give the same class if and only if they differ by a scalar multipli-
cation in F%. That is a point in Pg . Remember that we also have the relation
a1 — as + a3 — ay + a5 — ag = 0, so we have that —by + b3 — by + b5 — bg = 0. That
is a linear condition which gives a hyperplane in IP’%77 which is isomorphic to IF’%W
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Chapter 3
The Equation p(x)? — s(z)q(x)? = r(z)’

3.1 Extension of the Function Fields

Recall the Jordan Ellenberg’s diagram

Y

2

where Y is the genus 8 curve, X is the genus 3 curve and Z has genus 2. We first

construct the part

K(P)
where K(Y), K(Z), K(P') are the functions fields with respect to the curves.

Remember that K(P') = K(x), the function field over K with one variable. The

genus 2 curve Z can be written as a plane curve with affine equation



where s(z) is a polynomial of degree 6 with distinct roots in the algebraic closure

K. So the function field

K(Z)=K(x,y) where y*=s(z).

Remember that Z is hyperelliptic, the Galois group of this extension is ¢(z, y) =
(x,—y) where t is the hyperelliptic involution, the generator of Z/2.

The Galois group Gal(K(Y)/K(Z)) = Z/7 is cyclic. Assume that the field K
contains a 7-th root of unity. By the theory of Kummer extensions (See [14] Theo-
rem 9.5, page 89), K(Y) = K(Z)("y/w) for some w € K(Z) where w # u” for all
u € K(Z). Let Div(Z) be the abelian group of divisors on Z. Let div(w) be the

principal divisor generated by the function w.

Lemma 3.1. The extension K(Y)/K(Z) is unramified if and only if there exists

a diwisor D, such that div(w) =7 D € Div(Z).

Proof We refer the Exercise 3.9 in Goldschmidt [20]. Since w € K(Z) =
K(z,y), it can be written as w = p(z) + y - ¢(z) where p(z) and ¢(z) are in
K(z). 1

The hyperelliptic involution ¢ acts on w as t(w) = p(z) —y - ¢(z), and the Norm
map N : K(Z) — K(z) is N(w) = wt(w) = p(a)’—yq(@)’ = p(aV—s(z)-4(z)’ €

K(z).

Lemma 3.2. Let D € Div(Z). Let t be the hyperelliptic involution on Z. For an
arbitrary point Q) € Z, let vg(D) be the discrete valuation of the divisor D at the

point (). Then

vp(t(D)) = vypy(D) for all P € Z. (3.1)
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Proof Let D = Y\, vP. Then t(D) = Y.'_, v;t(P). Since t*> = id, for P =
t(P;), we have
vyp)(H(D)) = v; = vp,(D) = vypy) (D).
For P # t(F;), we have vyp)(D) = vp(t(D)) =0. W

Proposition 3.1. Suppose div(w) and div(t(w)) are coprime to each other. Then
the covering 0 : Y — Z is unramified if and only if N(w) = c-r(x)" for some

r(z) € K(x)* and c € K*.

Proof Proof of “=".
Suppose that the covering 0 : Y — Z is unramified.
Let div(w) = Y_1", v;P; wherev; € Zand P; € Z. Then div(t(w)) = >0 v t(F;).

Let divz(N(w)) = div(w - t(w)) € Div(Z). Thus,

divz(N(w)) = div(w - t(w)) = div(w) + div(t(w))

=Y " uiP+ > wit(P) =Y vi(P+(P)).
=1 =1 =1

Let divpi (N (w)) € Div(P!) be the divisor of N(w) € K(z). Suppose 0(P;) = Q;,
then 0(t(P;)) = 0(P;) = @Q;. We have

divp: (N (w)) = 0.(divz(N(w)))

=0.0> (P +HP) = > vi(Qi+ Qi) =Y 2wiQs.
i=1 i=1 i=1

Since div(w) is a principal divisor in Div(Z), it has degree 0. Hence Y ", v; = 0.
As divisors on Z, we have 0*(Q;) = P, + t(P;) . By (3.2), we have divp: (N (w)) =
25" v;Q;. So N(w) is a zero divisor in Div(P').

On the other hand, for each 1 < i < m, we have 7|v; because divw = 7 - D for

some D € Div(Z). Then

m

diver (N (w)) = i‘ WiQi =T Zl (27”) Q
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Let D' =", (%) Q; € Div(P'). We have that

=1\ 7
deg(D') = Zm:% = ;ZV’ =0.

So D' is a zero divisor. All zero divisors of P! are principal (see Example 4 in [21]).

Thus, the divisor D’ = div(r(x)) for some r(z) € K(P') = K(x). Thus
div(N(w)) =7- D' = 7-div(r(z)) = div(r(z)").

So N(w) = ¢ r(z)" for some c € K*.
Proof of “<".
Suppose N(w) = ¢ - r(z)" for some r(z) € K(x). Let div(r(z)) = >, Q-
Then
divp: (N (w)) = div(r(z)") = 7 - div(r(z)) = f: T Q.
Let £ = div(w). It is obvious that div(t(w)) = t(E).l;or any point P € Z,

suppose 0(P) = Q, we have
vp(E) + vp(t(E)) = vp(E + 1(E)) = vg(dive (N(w))). (3.3)

If £ and t(E) are coprime to each other, then
vp(E) - vp(t(E)) = 0 (3.4)

for all P € Z. The map 6 is generically a 2-to-1 map. We have that #60-1(Q;) = 2.

If this is not true, let 671(Q;) = P;. Then P, = t(P;). By Lemma 3.2, we have
vr,(E) = ey (B) = up, (H(E))

Thus by (3.4) we have

Then by (3.3) we have

vg, (dives (N(w)) = vp, (E) + v (t(E)) =0,

[3

20



but vg, ((dive: (N (w))) = v; # 0, contradiction.
Let 071(Q;) = {P,,t(P;)}. Consider the set {Pi,..., Py, t(P),...,t(P,)}. We
have that P, # t(P;) for i # j. Or else §(P;) = 0(t(P;)) = Q; = Q;, which

contradicts to that Q; # @Q; when @ # j. As a divisor on Z, the divisor
divo(N(w)) = B+ (E) = 3 Tus( P + 1(R).
i=1

It is obvious that if P # P; or t(P;), then vp(E) = 0. By (3.4), the divisor E must

be of the form

where P, is either P; or #(P;). So we have that E = div(w) € 7- D € Div(Z). By
Lemma 3.1, the map v is unramified. M
In all, in order to get an unramified cyclic extension of order seven over K(x,y),

we have

p(x)* = yPq(x)® = c-r(x)".

Suppose K is algebraically closed, we can absorb the constant ¢ into r(x). Note

that N(w) = p(z)? — y?*q(z)* and y?(x) = s(x), we need to solve the equation

p(a)® = s(@) - q(x)* = r(z)". (3.5)

Rewrite the second equation above as

_ 2 —p(x)
q()
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and then square it, we have

Thus, the defining polynomial of K(Y)/K(x)

(=" = p(x))* — q(z)’s(@). (3.6)

Since the degree of K(Y')/K(z) is |D7| = 14, we hope the polynomial above has
degree 14. Thus, we need degr(z) = 2, degq(x) =4, degp(z) = 7.
3.2 Realization of the Jordan Ellenberg’s Diagram

Proposition 3.2. Suppose we have a solution of the equation

p(@)* = s(z)q(x)” = r(z)’

such that degr(x) = 2, degq(z) = 4, degp(xz) = 7 in K(x). Then Galois group
of the field extension K(z,y,z)/K(x) with y* = s(x) and 27 = p(z) + yq(x) is

Gal(K(z,y,2)/K(x)) = D5.

Proof Consider the tower of extensions K(z,y,z) D K(z,y) D K(z). As we
showed above, we have the Galois groups Gal(K(z,y,z2)/K(x,y)) = Z/7 and
Gal(K(z,y)/K(x)) = Z/2. Thus, the degree of the extension K(z,y,z2)/K(x) is
|Z)7] - |Z/2| = 14.

The generator s of the Galois group Gal(K (z,y, z)/K(x,y)) is defined as

s - K(J],y,Z) — K(l‘7y,2)

x — x
Y — Y
z — (7 2.
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The generator t of the Galois group Gal(K (z,y,2)/K(x,y)) is defined as

t o K(J:ay?Z) — K(fE,y,Z)

x — x
Yy — -y
;o 0

First, the map t is an involution. In fact,

x) =z, t'(y)=—(~y) =y
t*(2) = t(r(x)/2) = t(r(2)) /t(z) = r(2)/(r(z)/2) = 2.
In order to show that t is an automorphism, we observe that

p(@)’ —y*a(@)® _ it iy

t(z") = t(p(z) + yq(x)) = p(x) — yq(z) =

The element t(z) satisfies the equation (¢(z))” = t(w) as 2”7 = w. Also, it fixes the
field K(z) because t(x) = x. Thus, the involution ¢ € Gal(K(x,y,z)/K(z)) is a
lifting of the hyperelliptic involution. On the other hand, the restriction of ¢ on
the field K(z,y) is the hyperelliptic extension y — —y. The group generated by s

and ¢ is isomorphic to the dihedral group D; because

tst(z) =x = s (x), tst(y)=y=s"(y),

tst(z) = ts(r(v)/2) = t (“‘C) ) r(z)

= :Cfl-z:s_lz.
<7'Z C7'sz)

Thus, the group < s,t >~ D7 is contained in the group Gal(K (z,y, z)/K(x)). But
this extension has degree 14. So Gal(K (z,y,2)/K(z)) =< s,t >~ D;. R
The curve with function field K (x,y, z) is the genus 8 curve in Jordan Ellenberg’s

diagram.
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Proposition 3.3. The curve in A% whose equation is

y?=s(x), 2" =plx)+yq(z)

has genus 8, with 42 branching double points while grouped in 7 orbits of s* where
1=0,...,6.

Proof The extension of K(z,y,z)/K(x,y) is unramified. Let Y be the curve
defined by (3.6), then K (z,y, 2) is its function field. Then the genus of Y follows
by (2.1). N

Suppose we get a diagram

Pl
from the procedure above. We construct the other part of the Jordan-Ellenberg’s

diagram

The curve X is the quotient of Y by the involution ¢. From the view of function

fields, we need to compute the ¢-fixed sub-field

K(2,y,2)" = {a € K(v,y,2)| t(a) = a}

as an extension of the field K(z). Note that K(x,y,2)/K(z,y,2)" is a quadratic

extension because ¢t has order 2.
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Let A = z—l—@ = z + t(z), consider the field K(x,\). Then K(z,\) C
z

K(z,y,2)" because
tN) =tz +t(2) = t(z) +2(2) = 2 + t(2) = \.
On the other hand, in the field K(z,v, z), we have
2= dztr(r) =22 —z2(z+t(2) +2-t(2) =0.

So K(z,y,z)/K(z,y, z)" is a quadratic extension. So we have K (z,\) = K(z,y, 2)*.
Compute by Magma, we get that the minimal polynomial of A in the field K (x)

1s
f(2) = 2" —Tr(z)2° + 14r(2)?2% — Tr(z)*2 — 2p(x). (3.7)
The equation f(z) = 0 will be the equation of the genus 3 curve we need in the

Jordan Ellenberg’s diagram. Remember we assumed that the equation p(z)? —

s(z)q(z)? = r(z)" holds.
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Chapter 4
Solution to the Main Problem

4.1 Okazaki’s Method

We solve the equation

in an algebraically closed field K. First, we homogenize it and get
Pr(X,Y)? = Se(X,Y)Qu(X,Y)? = Ry(X,Y)"

where the subscripts are the degrees of the polynomials. Next, since Ry(X,Y) is a

quadratic equation, it can be factored as
R(X,)Y) = (uX +vY)(pX — oY)

where p, v, p and o are in K. Now, let our new x = uX +vY, and y = pX — oY
Then Ry(x,y) = 27y". But z, y are linear forms of X, Y, so the degrees of the other
terms are preserved. Thus, without confusion, we use the same letter to denote the

corresponding homogeneous polynomial, our equation becomes

Pr(z,y)* — Se(z,y)Qa(z,y)* = 2"y .

Assume that Q4(x,y) is monic (we can always put the leading coefficient into

Se(x,y)). Suppose that Q4(x,y) is factored in K as

4

Qua(z,y) = H (x — uiy).

=1

Substitute this assumption into the equation above, and rearrange the terms, we
get

4
Pr(z,y)* — 2"y = Ss(x,y) [ [ (= — uiy)?

i=1
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where u; € K* for i = 1,2,3,4. Now, let y = 1, denote P;(z,1) = P;(z) and

Se(x,1) = Sg(x) as polynomials of  with degree 7 and 6 respectively, we have
4
Py(z)? — 2" = Sg(x H T —ul (4.1)
=1
Let x = uf for j = 1,2,3,4, then
4
Pr(u?)? — H u —u?
i=1
Take the derivative of the equation (5) for both sides, we have
4 4 4
2P () Pj(x) — T2° = Si(x) [ [(x — u})* + Ss(x) [ [ (= — u?) (Z [ - ﬁ)) .
i=1 ; —
Let x = uf for j = 1,2,3,4, then
2P7(u2)P'(u2-) — 7u12

4 4 4
=S¢ (u Hu—u )"+ Se(u Hu—u (ZHu—ul>
Till now, we get

2P (u?) Py(uf) — Tuj® = 0.

From
Pr(uf)? —u;* = (Pr(u}) — up) (Pr(uf) + uj) = 0
we have
either P7(uj2.) =u! or P7(u§) = —ul.

J J

Choose Pr(uj) = u}, and substitute it into the second equation, we have

2ul Pi(u3) — Tu}® = 0.
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Since u; € K*, we can divide it for both sides and then

2PL(u3) = Tul.

In all, we have a system of equations

Pr(u?) —ul =0 j=1,2,34
(4.2)
2P (u3) — Tu; =0 j=1,2,3,4.

A general polynomial P;(x) of degree 7 has 8 unknown coefficients. If P;(x)
satisfies the equation system above, then we get a linear equation system of the
coefficients of P;(z) with 8 independent equations for 8 unknowns, so in general,
it has a unique solution for any randomly given wuy, us, us, 4.

We use Mathematica to solve the equation system. Note that the solution is

symmetric with respect to uq, us, uz, ug. Let «a, 3,7,0 be the first four symmetric

functions of uq, us, us, uy. That is,

i#] (4.3)

0 = U UaU3UL
4.2 The Family of Genus 2 Curves and the Genus 3 Curves
Notation as the previous subsection, we solve and simplify the equations by

Mathematica.

Theorem 4.1. The general equation of the genus 3 curves is
X(a, B,7,6) = 2" — Tez" + 142*2° — 722 — 2h(a, 8,7, 6,2) =0 (4.4)

where
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1
h((yaﬂa'% 57'7:) - (2(—0&5’}/4—’}/2 —|—O(2(S)3 [
(—20°~4%6% — 27552 4+ 20 Bv26% + 602262 + 48+ 6% + 30 B26* — atyé* — 90 Byt —

7251 + 4361 + a3 B8 — 3a?y0° +

3ay? 0t + a6%)r +

(049" =30 By 6 —3a*y°6 — 487 5 +4a® 327252 — 201262 4602 By 52 +-6 327352 +
207162 + 30335 — 8a' y0° — 92 %v0° + 14034263 — 90 fy263 + 34383 + o6t +
60°B6* — 9Pyt x? +

(—3a33%91 + 307 + 302675 — 28%9° + an® + 3036°928 + 3262436 + 46°35 —
1502449 —5a87* 0 —7°0 + a6 — Ta' f2y0% — 302 B2 ~62 + 140’ 7262 — 9o 322 6% +
19027362 4 967362 — B8 + 903 320° + a*v6® — 1802 B70° — 9ay?6® + 3a6*) 23 +
(=382 + 3023y + B*® + 3a°y* — 7Byt — By° 4 3a°By20 + 3332420 —
3053725 — 150238 + 1402836 + 962936 + avtd — 205526 + 403 526% + abv6% —
5atfy0% — 902 B2y6% + 190420 — 188720 + 37362 — a°6° + 90 B6° — 90y )zt +
(0%% — 301873 + 4026%9% + 3877 — 20°4" — 8Byt + % — 305425 + 60320 —
9032726 + 140236 + 66730 + a’6? — 4a°B8? + 6a°6%6% + 2a'y0% — 902 By6% —
9ay20? + 3a26%)2° +

(—2a*® + 202673 + 3327 — ay* + 603420 — 9aBy?6 + 730 — 20°6% + 4a’B6* —
3a2y6%)x® +

(a2,y3 +ﬁ73 o 3&’)/25 T 05352)1'7} ]
The equation genus 2 curve is
Ss(x) = a;x’ (4.5)

with
ao:6256a6+257255a6+7454a6—65756045—67355a5+97256a4—|—2ﬁ7355a3+

2’}/5(54063 _ 6’}/4(550&2 + 7654
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a; = —26298 — 4030297 + 1202634 + 48634° — 2005295 — 60y + 120563 +
403 B63~° — 26045yt — 182854y +20a36°7 — 2075473 + 603 32643 — 6a° B4y +

8a85%y2+120* B5°v2 +4aC 52512 —6a° 5%y —12a° B26°y—2a" B65y+2a° 3554205 3357

as = Y0 + 20397 + a%9® — 602098 — 4B07% + 8ad*y" — 60°5YT — 63BN +
25345 + 1705295 + 6525295 + 120266%9° — 2058575 — 10035395 — 18a 353> +
803 826275 4605 8675 — 302544 1+ 1205534 — 1802 325374 — 2204 3534 4308 32624 —
34a°5% 3 +4603 Bo* 34603 535342 —18a° 3253v3 —12a7 B33 +1204 85y + 308542 —
3a1 326492+ 5008354y + 600535392 — 8a 6%y — 24a° 35°y — 6a° 3364y — 1007 3254 +

ab® + 63255 + 2a®B6° + abpB16*

az = —2v6*a® + 26°a® — 26%5%a® + 63v25%a® + 297" — 2Bv5*a” — 63537 —
652720207 + 6687°5a” — 43245a8 + 685°a8 + 4833648 + 492648 + 63292630 —
188~45%a8 — 207960’ + 687’ — 127v5°a® — 183%yd%a® + 4683530 + 60756%a° +
6/32730%2a°+183%v°0a® —63720*a* — 927453 —6 337253t — 56 32y 5%t — 18355t —
65277 a4+ 407364 a3 + 32623530 + 46 8v°0%a3 + 2543020 — 677003 + 6537 5o +
6375 —687v*53a? +4~55%a% — 6337452 +6 3275002 — 277 a—12v° 53 a— 18327 5% a—

287 6a — 23248 + 637562 + 2986 + 433496

as = 64" 4273520 +~+8a® —485%a® — 6v25%a® 4+ 8vdta” — 63362 — 67°6a” —
26788 + 25%a8 + 66%25%a8 + 12B8+%25%a8 + 179%6%a® — 188y6*a® — 107363a° +
85%2735%a° 4+ 657700’ + 3% 0at — 3~25*at — 18324253 at — 228~v46%a* + 127550t —
1287703 + 46873030 — 34~°5%a + 633736203 — 1832~°5a + 3v8a? + 6534%a? +
12+253a? — 332446202 + 5087%0a? — 108%y v — 2467°5%a — 8y dav — 6337 cr +
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as = —26%® — 493627 — 2798 + 4B6%ab + 12925308 — 6v5%ad + 487v36%a° +
127°5a® — 1837263 a* — 267*5%a* — 297 + 207353 + 65293620 — 63700 +

4529502 + 128v45%a% + 8v56a? — 2B7Ta — 67752 — 1232955 + 23345 + 23+55

ag = 64 +2v36%a5 +~5ar — 67263t + 28736203 — 675603 + 2875 a% + 991622 —

657 da + [B2A°
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Chapter 5

Computation of the Dimension

In this chapter we check that the family of curves we constructed is 3 dimen-
sional. Before that, we need a precise definition of being “dimension 3”. We refer

to the definition of [1].

Definition 5.1. A genus g curve X/ K is an n-dimensional family of curves over
k if the map Spec K — M (K) induced by X does not factor through any Spec L,
where L is an algebraically closed subextension of K/k of transcendence degree less

than n over k.

5.1 Via Genus 2 Curves

Let Mg be the moduli space of 6 points in P'. This is a 3 dimensional variety.
We are going to show that the family (4.4) which depends on 4 parameters maps
to My with dense image and finite fibres.

The moduli space My is a finite covering of My, the moduli space of genus 2
curves.

The moduli space M can be described as a projective variety with coordinates
(Ja, Ju, Jo, J1o) (see [16]). These coordinates are called the Igusa invariants. Any

genus 2 curve over an algebraically closed field k can be written as



where s(z) is a polynomial of degree 6. The invariants Js, Jy, Jg, J19 can be written

as functions of the coefficients of s(z). Define

J1=J3/ )0
j2 — J23J4/<]10

Js = J3Js/ Jro-

Then j1, jo, j3 are the three independent moduli of genus 2 curves if Jy # 0. We

have an isomorphism of the function fields

Q(My) ~ Q(j1, Jo, J3)-

In our case, we have a family of genus 2 curves

6

y* = Se(a, B,7,6,2) = Zaixi

=0

where Sg(, 3,7, 9, ) = Sg(x) is in the previous subsection. In that formula, each

a; is a function of «, 8, and 0. So we denote a; = a;(«, 3,7,0) and there is a map
i A? — AS

(%6/%5) L (a17a2aa'37a47a57a6)~

Let
DI A° — A3

(a17a27a’37a47a57a6) — (j17j27j3)'
Let 3§ = Yol In order to show that our family of genus 2 curves is 3-dimensional,
we wish to show that the image J(A?) is 3-dimensional in A3. If the jacobi matrix
Ooa 0B Oy 06
Mo |92 932 9j2 O
oa 0B 0Oy 00

9js 9js 9js Ojs
da 08 Oy 0o
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is rank 3 at a generic point P = («, 3,7,0), we know that the tangent map Tj
induced by J is a surjective, and thus the image will be 3 dimensional. Then J is
a smooth map, and thus is an open map. In the analytic topology, there exists a
4-ball that maps to a 3-ball. Then there exists a Zarski dense open set in A* such
that the image is a 3 dimensional Zariski dense open set. So the image of (4.4) is
3 dimensional in M.

We checked by Mathematica that the determinant

Jda 0B Oy
Jda 0B 0Oy
aa 8/8 a'}/ a=1,=2,y=3,6=4

is a non-zero rational number, thus at this point (1,2, 3,4), the matrix M has rank

3.
5.2 Hodge Theoretical Verification of the Dimension of the Family

We use another computation of the variation of the mixed Hodge structures
to show that the family of curves (4.4) is 3-dimensional. Recall the period map
M, — A,. Suppose we have a one dimensional family of curves X (¢) where we fix
a curve X = X(0). Consider the image of the family X (¢) into the moduli space
M. Then with the concept of period domain, we can describe the restriction of
the period map locally at X (0) by the Hodge filtration of the curve X (0), and this

is so called the local period map.

5.2.1 Differential of Local Period Maps and Griffiths Theorem of
Smooth Hypersurfaces

We refer to Voisin [8], Shafarevich [9] and Arbarello, Cornalba, and Griffiths

17].
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We need the theory of the infinitesimal Torelli theorem for Riemann surfaces in
Arbarello, Cornalba, and Griffiths [17]. Let X (¢) be a one dimensional family of
curves m : X — D for D the unit disc and t € D. We assume that this is a family
of deformation of a fixed curve X = 771(0). For each ¢t € D, let P(t) be the period

matrix of X (¢). The period map of X is given by

P D — 9
t — P(t)
where §), is the Siegel upper half-space.
Let G(g, H'(X,C)) be the Grassmanian that parametrizes the g dimensional
subspaces of H'(X,C). Let dP : Tp; — Ta(g,m1(x,0)),pr) be the differential of P.
The local Torelli theorem implies that we have the following commutative digram

ap
Ty B TG(g,Hl(K(C))J’(t)

”l l (5.1)

HO(X(t), Q) —— H'(X(t), Ox)

where p is so called the Kodaira-Spencer map and v is defined by cup-product.

Recall the family of curves X(s,t,u,v) (4.4) has four parameters. We wish to
compute the local period map of our family of curves X (s,t,u,v) with respect to
the parameters s, t, v and v for a given origin. To do this, by the diagram (5.1), we
have to represent the cohomology classes of H(X (t), Qﬁ((t)) and H'(X (t), Ox)).

Griffiths showed how to present certain cohomology classes in the Hodge filtra-
tion in [10] for smooth hypersurfaces in projective spaces. Note that (4.4) are plane
curves of degree 7 of genus 3. The genus formula of plane curves shows that these
curves are singular. But note that the canonical genus 3 curves are smooth plane
quartics, and then they are smooth hypersurfaces in P2

It turns out that it is hard two use a plain computer to get the canonical forms

of (4.4). Choose the origin (0,1,1,0),i.e. let s = 0,t = 1,u = 1,0 = 0 in (4.4).
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Consider the curve X(0,1,1,0). In the coming subsection 5.2.2, we will show
that we can use Magma to compute the canonical model of X(0,1,1,0). More-
over, if we fix three parameters, and consider the following four 1-dimensional
family X(s,1,1,0), X(0,t,1,0), X(0,1,u,0) and X(0,1,1,v), we can use Magma
to compute the canonical models of them, and get three 1-dimensional families
X(s), X(t),X(u) and X (v) as (5.5),(5.6),(5.7) and (5.8) respectively in 5.2.2.

In general, let ¢ : Y — P be a smooth hypersurface of degree d. Let f be the
equation of a smooth hypersurface Y in the projective space P”. The Jacobian ideal

Jr=@J ]lc of f is the homogeneous ideal of the ring of polynomials
S=@s', S'=H(P,0p)
!

generated by the partial derivatives

of
al‘l"

Let Rgc = SZ/J} be the [-th component of the Jacobian ring Ry = S/J;, Since

1=0,...,n.

Y is smooth, the ring Réc is a finite dimensional vector space over the ground field.

Theorem 5.1 (see Griffiths [10]). The Poincaré residue map induces a natural
1somorphism
R Y
In our case, the canonical model families X (s), X (¢), X (u) and X (v) are smooth
hypersurfaces of P? of degree d = 4. Thus v = 2. Without lost of generality,
consider the family X (t) = T'(t, X, Y, Z). The Jacobian ring is

OX(t) OX(t) X (1)
ox oy ' oz >

R::k[X,Y,Z]/<

By Theorem 5.1 and the definition of the differential of the local period map,

we have

R' ~ HY(X (1), Q) = H, R® =~ H'(X(t), Ox() = H*".
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Here v = 2, p = 1 we get H" in Theorem 5.1, and v = 2, p = 2 we get H%!. Here

d = 4. This map becomes

dP, R* — R®
ow
e
We will compute this map for the families X (s), X(¢), X (u) and X(v) in 5.2.3.

(5.2)
w

Let Q = ady A dz + ydz A dz + zdz A dy. Note that an element in R! has a

L
simple pole along X (¢) with total degree 1, so it can be written as —— where

X(t)
L = aX 4+ bY + ¢Z is a linear form. The form €2 is closed, so the differentiation
ow g2
i X20) for some g = —X'(t)L.

Choose a basis
XQ B YQ B YA
X(t)’ w2_X(t>7 w3_

X(t)
of F' = H°(X(t), Q) ), and choose a basis

. TlQ B TQQ . TgQ
h = XQ(t), T2 = XQ(t)a N3 = XZ(t)

w1 =

of H'(X(t), Ox)) where 71,79, 73 is a basis of R°. We compute, for example, the

differentiation
Owi _ 9102
ot X2(t)

and then expand ¢; as a linear combination of w;, n;. This is equivalent to comput-

OX(t) 9X(t) 9X(t)
9x 0 oy 0 0z /-

ing the division of the polynomial g; with respect to the ideal <
In fact, the remainder of division of g by the Jacobian ideal will be in the shape
a17r1 + asry + agrs and the deformation class is represented by the differential form

bim + bana + b3ns
5.2.2 Four 1-dimensional Families At X (0,1,1,0)

In the family X(s,t, u,v) in (4.4), consider the curve

7 3 6 2
X(O,l,l,O)—27—7x25+14x2z3—7x3z—2<%+%+2m5—x3+%) =0.

(5.3)
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Using Magma, we can compute its canonical form as a quartic in the projective
plane P2, Assume the coordinates in P? are X,Y and Z, we have the equation of

the canonical model of (5.3) is

X4+ 8X37Z +2X?YZ +25X%27% — XY? +2XY2Z +8XY 7%+
(5.4)

36XZ3+ Y4 —2Y3Z +5Y2 22 +9YZ2 +20Z4 =0

From now on, we fix three parameters of the family X (s, ¢, u,v) in (4.4), and let
the other parameter moves. And compute the canonical family of each of these 1

dimensional families. First, we fix ¢, u, v, and consider the family

X(5,1,1,0) = 27 — Taz® + 14222® — T2*2 — 2h(s,1,1,0)

where

h(s,1,1,0) = — (P +1) 2+ (P + 1) 2" — (28" —25° +5 - 3) 2"+

2(s—1)
(355 —3st+35%— 75) x4 (354 — 383+ 3%+ 5— 2) >+

(50— 3s* — 25 + 45" — 8s +4) 2°).

The canonical model of this family in the projective plane P? is
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X(s) = S(s, X,Y, Z)
(25 — 25%) X3Y
s3+1
(—s3 +2s% — 5) X2Y?
4+ s3+s24+1
(6s* — 653 — 1052 + 85 + 2) X2YZ+
s3+1
(267 — 45" — 45" 4 14s* — 105 + 9 XV2Z |
5+ 83 +s2+1
(—4s" 4 45° — 45" + 75> + 65* — S+8)X32+
o+ s34+ 5241
(—6s° + 65° + 20s* — 16s® — 20s® + 8s + 8) XYZZ+
s34+ 1
(28 — 65 + 7s® — 5s? +3s — 1) XYV3
s8 4 50 + 255 4 253 + 52 41
(s* —4s% + 65> —4s+ 1) YV*
s8 + 56 4+ 255+ 283 + 52 + 1
(65 — 1857 + 655 + 3s° — 24s* + 205 + 155% — 9s + 25) X2Z2+
9+ s34+ 5241
(—25" + 655 — 5s® + st — 53 — 52 +43_2)Y3Z+
s8 4+ 6+ 25+ 253 + 52+ 1
(—4s' + 205 — 45% — 2757 4 265° — 555 — 54s* + 3453 + 18s% — 245 + 36) XZ3+
sS4+ s3 45241
(—s'9 +25% + 55% — 155" + 5% + 195° — 23s* — 253 + 255? — 205 + 5) Y2Z2+
s8 + 56+ 25 4283 + 52 + 1
(1 — 7s't + 519 + 1757 — 9% — 1457 + 3155 — 95° — 435 + 285% + 8s? — 20s + 20) Z4+
o+ s34+ 5241
(2513 — 2512 — 85! + 8510 + 657 — 858 + 857 — 9% + 7s? — 10s® + 252 — 5s +9) YV 73
_I._
846 +285+ 253452+ 1

X*=0.
(5.5)

We also have another three families of canonical models. Fix the parameters s, u

and v, we have the t-family nodal curves

X(0,141¢,1,0) = 2" — 7w2® 4+ 142%2> — 7232 — 20(0,1 4+ ¢, 1,0)
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where the last term is

2

1((t+1)4—t—1)354—(t+1)23173+‘7["—2
2 2

The canonical form of the family X (0,1 +¢,1,0) is

1 3 1
R(0,141¢,1,0) = 5(zs + 1)z + S (t+1)%28 + 3 (B(t+1)°+1)2°+

X(t) =T(t X,Y, 2)
2483 + T2t* + T2t + 25) X2 Z?
(247 + 7217 + 724 1 25) + (326% + 96t* + 96t + 36) X Z°+

t+1
813 + 241> + 24t +9) Y Z°
(B ¥ ti . 9 + (16t* + 64¢° + 96t* + 68t + 20) Z* + (8t + 8)X*Z+
2XY?*Z v
8t +8)XY Z* -2t —2)Y?*Z
ry1 T Tt Y2+

X4 4+2X%YZ — XY3+5Y22%2 =0.
(5.6)

Fix the parameters s,t and v, we have the u-family nodal curves
X(0,1,14+u,0) = 2" — 7wz’ + 142%*2* — 7T2%2 — 20(0,1,1 4 u, 0)

where the last term is

! (412" +3(u+1)°2° + ((u+1)° + 3(u+1)%) 2°—

h(0,1,1+u,0):m

(u+1)° = (u+1)*) 2* — 2(u+1)°2% + (u + 1)"2?).
The canonical form of the family X (0,1,1 + w,0) is

X(u) =U(u,X,Y,Z)

= (u® +2u+25) X?Z% + (2u® + du+2) XY?Z + (4u® + 8u + 36) X Z°+
(u* 4+ 2u+1) Y* 4 (5u® + 10u +5) Y2 2%+

(4u* 4+ 8u+20) Z* + (v’ + 3u® + 11lu +9) Y Z°+

u+2)XYZ + (—u—DXY? + (8u+8) XY Z? + (—2u — 2)Y*Z + X* + 8X*Z = 0.
(5.7)
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Fix the parameters s,t and u, we have the v-family nodal curves
X(0,1,1,v) = 2" — 7wz’ + 142%2® — 72°2 — 2h(0,1,1,0)

where

4

h(O,l,l,v):%+g(02—1—371):174+%(91}2+3v—2)x3+%(31}3+6v2—4v+1)a¢2+
7

1
(20° — )z + E(U +3)2% + (3v + 2)2° + %

The canonical form of the family X (0,1, 1,v) is
X(w) =V X,Y,Z)
=(W+8)XZ — (v +2)X*Y°Z + vX?Y? + (6v + 25) X2 2% + (8 — 20) XY Z°+
(120 4+ 36) X Z° 4 (4v + 5)Y?Z% + (9 — 40)Y Z° + (9v + 20) Z*+
X' 42XYZ +Y*'-2Y*Z = 0.
(5.8)
5.2.3 Sage Computation of the Deformation Classes
We use Sage to compute the map (5.2).
One technique is that in order to compute the differentiation dX (t)/dt, we can

expand 1/X (t) till the first degree and take the numerator. For the four families,

we get

S'(0) = —22%y + 232 + 2%y? — 8xPyz + 9272 — 3x9® + 102y 2 — Swy2?

+ 24223 + 4yt — 4Pz 4 20722 + 5y + 202

T'(0) = =822 — 472%2% + 2292 — Swy2? — 96x2° + y* + 2%z — 15y2% — 682*
U'(0) = —22%yz — 22227 + 2y® — day®z — 8xyz? — 8x2® — 24" + 2072
—10y%2% — 11y2% — 82*

V'(0) = =2z — 2%y? — 62727 — dwyPz + 20y2® — 1202° — 49227 + 4y2® — 924
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Let J be the Jacobian ideal < 9X(1) 9X (1) 8X(t)>. For each family, we get the

or ’ Jdy ' 0z

division of the basis w; by the Jacobian ideal as follows. For s family:

_ 403x2t | T285y2' 73162

S'(0) =
25000 = 579"+ 3219 9657

220xz*  150yz*  31552°

S'(0) = — — dJ

yS'(0) 1073 T 1073 643z M©
12422 3193yz* 542525

S'(0) = — dJ

#90) = =519 6138 | o657 ™©

modJ

For t family:

13zt 2352t 2362°

O =357 * Toms ~ s20 MoV
et o
4 4 5
0= {5~ 14 * e o
For u family:
4 4 5
2U(0) = _23625613 N 4::8?; * 2762527 mod/
=3 S
4 4 5
0= 355+ ts gy Mo
For v family:
4 4 5
R R -
- st
V(0) = — 16x2* N 206y2* 7002 modJ

87 87 261

These three cycles give three maps of
HO(X (1), Vx () — H'(X(t), Oxp)).-
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We show that they are linearly independent as linear maps between vector
spaces. Recall that if we fix a basis for each of the vector spaces, a basis of the
maps between two vector spaces are the entries of the matrices. Thus we use GAP

to get that the matrix

13 235 236 528 360 1262 4 103 175
1073 1073 3219 1073 1073 1073 1073 2146 3219
26 _ 470 472 352 240 2524 8 103 350
3219 3219 9657 1073 1073 3219 3219 3219 9657
575 19072 48494 132 90 631 16 206 700
3219 3219 9657 1073 1073 2146 87 87 261

is a rank 3, so they are linearly independent. In all, at the point X (0,1, 1,0), the
differentiation of the local period map has three different directions, and that shows
that our family of curve at this point is 3-dimensional.

5.3 Conclusion

Theorem 5.2. The family of genus 3 curves (4.4) is a 3 dimensional family of
curves, generically non-hyperelliptic. The moduli are given by uy,us, uz, ugy Such

that (4.3) holds. The curve is defined over the field Q(a, B,7,0), with real multi-

plication by Q(¢;) defined over Q(uy, ug, usz, ug, Cr)-
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Chapter 0

Zeta Functions of the Curves

One reason to study curves with extra endomorphisms in their jacobians is that
the canonical [-adic representation of Galois groups they define become simpler.
An extreme case is complex multiplication(CM). Then the representations become
essentially a sum of 1-dimensional characters. In our situation, we will see that we
get representations of GLa-type.

6.1 Charateristic Polynomial of the Frobenius

Let X (u) be a genus 3 curve in our family where u = (uy, ug, uz, us) € Q. We
know that this curve is defined over Q and that the multiplications by Q(¢7) are
defined over Q(¢r).

Let p be a good prime of X = X(u) such that p = 1(mod 7), and let X, =
X Xgpeez SpecF, where [, is the finite field with p elements. Since p = 1(mod 7),
the field IF,, contains a 7-th root of unity (7. In this situation, the curve X, has real

multiplication by Q(¢7). There exists an action
A € End"(Jac(X,))

which satisfies the cubic polynomial A3+ A? —2A4 —1 = 0. Being a generic case, we
suppose that z3 422 — 22 — 1 is the characteristic polynomial of A. Then det A = 1
and A is non-degenerate. Let [ # p be another prime and define the [-adic étale

cohomology group

The action A acts on the 6-dimensional Q;-vector space W as a 6 x 6 matrix. We

can adjoin a 7-th root of unity ¢; with Q;, and extend W to be a Q;({7)-vector
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space

V= Hét(X ®ﬁp,@l<C7))'

Lemma 6.1. There exists a Q;((7)-basis of V' such that the 6 X 6 matriz of A with

respect to this basis is decomposed as three 2 x 2 blocks.

Proof We have that
Qi(¢7) 2 Qu(¢F) D> Q.

The cubic extension Q;(¢)/Q; is Galois. Let Gal(Q;(¢F)/Q;) = {1,&, €%} be the
Galois group. Then & acts on V. Since 2 + 22 — 2z + 1 is the characteristic poly-
nomial of A, the roots ¢, £(¢F) and £2(¢F) are all the three eigenvalues of A.
Let Vir, Vier) and Vioit) be the eigenspaces of (7, £(¢7) and £2(¢7), respec-
tively. Then {(Vs) = Vi), and 52(V<7+) = Viai#)- Let a,b be a basis of V4,
then £(a),&(b) is a basis of Ve(ery, and then £%(a), £2(b) is a basis of Ve ¢y Also
a,b,{(a), {(b),£*(a), £%(b) is a basis of V. We have that dim Vi+ = dim Vi) =
dim Vgg(c;r) = 2. So A is decomposed as 2 x 2 blocks with respect to the basis
a,b,£(a), §(b), &2(a), £(b).

On the other hand, the curve X, is unramified at p. We have the [-adic Galois

representation

pp : Gal(F,/F,) — Autg,(W) =~ GLg(Q,).

Let 0, be the Frobenius element of Gal(F,/F,). If (; € F,, then the action A

commutes with ,. Weil conjecture reads that the characteristic polynomial

det(1 — pp(op)t)

is a degree 6 polynomial with integer coefficients and is independent to the choice

of [. We can base change p, to V, and get a representation

rp : Gal(F,/F,) — Autg, (V) =~ GLg(Q;(¢7)).
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The characteristic polynomial det(1 —r,(0,)t) = det(1— p,(0,)t) since they are all

polynomials with integer coefficients.

Theorem 6.1. If o, commutes with A, then det(1 —r,(0,)t) factors as a product

of three quadratic polynomials over the number field Q((F).

Proof By linear algebra, if 0, commutes with A, then they have the same
eigenspaces. By (6.1), there exists a @Q;((7)-basis of V' such that the matrix of o,
with respect to this basis is decomposed to be three 2 x 2 blocks. Recall that the
blocks are given by the eigenspaces with eigenvalues of the roots of the polynomial
2® + 22 — 22 — 1, the characteristic polynomial is decomposed as a product of
quadratic polynomials over the number field defined by the polynomial 2® + 22 —
2z — 1, and that is Q(¢). W

Theorem 6.1 says that if o, commutes with A, then o, is Q;[A] ~ Q;(¢;)-linear.

We get a GLy-type Galois representation

Gal(F,/F,) — Autg,+)(V) =~ GLao(Qu(())-

6.2 The Experiment

We check that the characteristic polynomial

det (1 — pp(op)t)

factors as a product of three quadratic factors in Q(¢7) when p = 29 = 1(mod 7).

That is, (7 € F,. Recall the zeta function of X is

s =on (e ) < ot
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where # X (F,v) is the number of the curve X over the finite field F,.. By Weil

conjecture and the functional equation of L-functions, we have the formulae

ap=N —p-—1

N12 — 2N1 + N2 + 2p - 2pN1
2
Nf—lez—Ng—pNQ—i‘NlNg Nf’ N3

— N, — S W
a3 = piNVy 5 +6+3

a9 —

where N; = #X(F,), Ny = #X(F,2) and N3#X (F,3). And

2 3
gy =Pp-Qz, as=p -ai, 0ag=2PpP .

With these formulae, we can compute the polynomial det (1 —p,(0,)t) by counting
the numbers of points on the curve X over the finite fields F,, F,2 and F,s. This
can be encoded in Sage.

In the equation of Okazaki, we let u; = 1,us = 0,u3 = 2,u4 = 4, and get the
symmetric function values be a = 7,8 = 14,7 = 8,0 = 0. Then h(7,14,8,0) in
(5.3) is

T’ 16125  7T1a°

162000 * 81000 2000
1789921 7238z% 41622

40500 i 10125 3375

h(7,14,8,0) =

Recall that the equation of the nodal degree 7 curve is
2 — Tz + 142%2° — 7232 — 21(7,14,8,0) = 0.
The canonical model of this curve is

106472* — 3822023y — 921648232 — 273002%y* + 28992602%y 2
+ 295408622%2% + 1120002y + 444600xy* 2 — 71203860y 2> —
415783368x2> 4+ 90000y* — 3612000y> = 4+ 8372700y 2>+

562562820y 2> + 216867350721 = 0
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Take p = 29 = 1 (mod 7). The numerator of the zeta funtion with respect to

the finite field Fyg of this curve is
243892° + 210252° + 84972* + 200922 + 29322 + 25z + 1.

This polynomial factors as

1 1
*+ —(-Z —. 1
(x +29( +8)x+29,

1 1
24— (—7%+1 — 1
(x —1—29( + 0)x—|—29, )

1 1
e (2 + 7 — 1
(x +29( + +7)x+29,

where Z = (; + ¢! in the number field Q(¢; + (1) as expected.
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Chapter 7

Comments on Representation Theory
and (Geometric Explanations

7.1 Action of D; on Genus 8 Curves
7.1.1 Group Actions on Non-hyperelliptic curves

By “non-hyperelliptic curves”, we mean non-hyperelliptic smooth complex curves
of genus g > 3. Let X be such a curve such that a finite group G acts on it, then the
canonical divisor K x of X is very ample (see Hartshorne [13]). Thus, amap X — X
lifts on |Kx| as a matrix. In particular, for the canonical embedding X — P91,
if G acts on X, and if we also denote X as the image of this embedding, then G
acts linearly on X, i.e., the G is a subgroup of PGL(g — 1).

Consider the cohomology H'(X,C) of the curve X above, first we know the

dimensions from the fundamental group of X, that is,
dim H°(X,C) = dim H*(X,C) =1,
and
dim H'(X,C) = 2g.
We also have the Hodge decomposition
H'(X,C) = H°(X,Qx) ® H'(X,Ox)

where H°(X, Q) is complex conjugate to H'(X, Ox).

Since G acts on X, we have a representation of G on H!(X,C). By the Hodge
decomposition above, we have that this representation decomposes as r+7 where r
is the representation on the g-dimensional vector space of holomorphic differential
1-forms. The general theory of Riemann surfaces says that K ~ €)x. The realization

of the canonical embedding is through this isomorphism, i.e., the map

X — P(H'(X,Qx)) = P4

49



In all,the finite group G acts linearly on this space determined by the represen-
tation above.

From now on, let X be a non-hyperelliptic genus 8 curve, and G be the dihedral
group D;. We get a representation of G' on the 8-dimensional space H°(X, Qx).

Our next mission is to determine the representation which corresponds to our

Jordan-Ellenberg’s diagram.

7.1.2 Action of D; on the Canonical Model
Recall the Lefschetz fixed point formula
(hY — A + h?)(u) = fix(u), for all u € G (7.1)

where h' is the character of the G-module H', and fix(u) is the number of fixed
points of u on the curve X, counted with multiplicity. These characters depend
only on the conjugacy classes of u in G, that is, each of the h’ is a class function
of the group G.

In our case G = Dy, g = 8. Note that G has 5 conjugacy classes 1,t, s', 52, s3.
Also we know the fixed points because we know the ramification data in the various

covering X — X/H for subgroups H. We know X — X/t has 6 branch points and

X — X/s* for k = 1,2,3 has no branch point, all from Chapter 2. Thus, we have
fix(t) =6

and

fix(s*) = 0 for k = 1,2,3.
With these data, we can compute the class function h'.

Lemma 7.1. The class function h' has the values
h'(1) =16, h'(t) = —4, h'(s") =2

fork=1,2,3.
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Proof We know that h'(1) = 16 because of the dimension of the representation
is 29 = 2 x 8 = 16. Because dim H°(X,C) = dim H*(X,C) = 1, we have h%(u) =
h%(u) = 2 for all u € G. We get the function h! by substituting all these data into
the fixed point formula (7.1). B

Now we determine the representation of A' in the sense of that written it as
a linear combination of the irreducible representations of D;. Recall the general
theory of the representation of finite groups. A representation of a finite group G
is uniquely determined by its characters up to isomorphism. For the details, see
Serre [18].

Any finite dimensional representation (we say representation in short) is a unique
linear combination of the irreducible representations. If a representation p is a
direct sum of p; and p, then the characters of them has the relation x, = x,, +Xp,-
So first of all we have to list all the irreducible characters of the group D;. This is

encoded in GAP. In GAP, we have the following inputs.

gap> G:=DihedralGroup(14);

<pc group of size 14 with 2 generators>

gap> T:=CharacterTable(G);

CharacterTable( <pc group of size 14 with 2 generators> )
gap> Display(T);

CT1
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The out put from GAP is the following table. Here F(7) is the 7-th root of unity

C — 627ri/7‘

TABLE 7.1. Character Table of D7

la 2a 7a 7b Tc
2P la la 7b Tc¢ Ta
3P la 2a T7c¢ Ta 7Tb

5P la 2a T7b Tc Ta
7P la 2a la la la
X1 1 1 1 1 1
X2 1 -1 1 1 1
X3 2 A B C
X4 2 B C A
X5 2 C A B

A=E(7T)+ E(T)°

B = E(7)> + E(7)°

C=E()?+ E(M)*

We redefine some notation in this table. In this table, X.1 is the trivial represen-
tation 1. Let X.2 =a, X.3 = x1, X.4 = x2,X.5 = x3. These are all the irreducible
representations of D7. Any representation uniquely decomposes as a direct sum of

these.

Lemma 7.2. The class functin h' corresponds to the representation

hl = 4a + 2c

where a = x1 + X2 + x3. And the representation r regarded in the previous section,
which is the representation of Dy acts on the projective space P(H°(X,Qx)) = PL

18 2a + «.
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Proof  Solve the linear equation Z?:l a;X.i = h' we get h! and note that
h' = r + 7. In GAP, we input the matrix of the characters

mat:=[[ 1, 1, 1,1, 11,01, -1, 1, 1,11, [ 2, 0, E(T+E(7)’6,
E(7)2+E(7)'5, E(7)3+E(7)4 1 ,[ 2, 0, E(7)2+E(7)'5, E(7)3+E(7)4,
E(T)+E(7)6 1 ,[ 2, 0, E(7)3+E(7)4, E(7T)+E(7)6, E(7)2+E(7)'5 ] ]

and use the SolutionMat

SolutionMat(mat, [16,-4,2,2,2])

we finally get

[ O, 4, 2, 2, 2 1]. |

One can realize this representation in the following way. In GAP, we can get all

the irreducible representations of D; as the following table.

TABLE 7.2. Trreducible Representations of D7

1| a X1 X2 X3
) ¢ 0 G 0

G G 26 oe)
01 0 1 0 1

AR . (1 o) (1 0) (1 0)
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With this table, we can realize a linear combination of the irreducible represen-
tations by piling the blocks of the irreducible representations. For 2a 4+ «, s acts

on P7 as the matrix

1
1
¢
G
¢
¢
¢
¢
and t acts on P as the matrix
-1
-1
01
10
01
10
01
10

For the easiness of our computation, we project this curve to the first, third and
fourth coordinates. The new curve is a plane curve with singularities (the original
space curve is a canonical curve and thus smooth). And the action of D; acts on

P? as a + ;. This new curve is birationally equivalent to the curve X.
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Concretely, we consider the image

p: X — p(X)
N N
p: P’ — P2

(z:2rxcy:a Yy 2" y) — (z:x:y).

Note that s acts on the plane as

and t acts on the plane as

t(z)=—z, tx)=y, tly ==

In general, the canonical curve X has degree d = 2g —2 =2 x 8 — 2 = 14. Since
X and p(X) is birationally equivalent, p(X) also has degree 14.

Since we will not use the curve X in P7 again, we will use X to denote the plane
curve p(X) in the rest part of this paper.
7.2 Distribution of the Singularities of the Plane Model of the Genus

8 Curve

7.2.1 The Exact Sequence of the Adjoint Curves

The plane curve X is a plane curve with singularities. For the generic case we
consider, we take those curves with only double points. The general theory of

adjoint curves gives a way to describe the canonical divisor of plane curves. Here

we refer to Proposition 8 in Page 107 of [19]

Theorem 7.1 (Adjoint Curves are Canonical Divisors). Assume C' is a plane curve
of degree n > 3 with only ordinary multiple points. Let E = ZQex(TQ —1)Q, where
r is the ramification index of the point Q). Let D be any plane curve of degree n—3.

Then div(D) — E is a canonical divisor. (If n = 3,div(D) = 0.)
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Another way of saying this theorem is that those curves that pass through all
the singularities with degree d — 3 are canonical divisors.

We use the notations of the previous section. Let V' = {ax+by+cz|a,b,c € k} be
the space spanned by the coordinates x,y, z. Since G = D7 acts on the coordinates
x,1, z, the space V is a realization of the representation a + x;. Define Symi(V)
to be the i-th symmetric product of the vector space (representation) V. One
realization of this representation is to consider all the G-invariant polynomials of
degree i, the action is preserved on the letters x,y, z. Because of this realization,
we can consider the canonical divisors as degree 14 — 3 = 11 polynomials. Since
G acts on the curve X, it also acts on the canonical divisors, so they are also
G-invariant. The previous theorem says each of the degree 11 divisors that pass
through all the singularities are canonical divisors.

Given a divisor D, denote Ad(D) to be the adjoint curve of D. The inclusion

A H°(Qx) — Sym™(V)
D —  Ad(D)
is D-equivariant.

Thus, we have an exact sequence

0 — H%Qy) —— Sym' (V) —— Coker(\) — 0. (7.2)
7.2.2 Molien Series of a + x;

We refer to the section 72.12 of the reference manual of [25].

Definition 7.1. Let G be a finite group , let x and ¥ be two characters of G.
The Molien series of the character 1, relative to the character x, is the rational

function given by the series

(e 9]

My (2) = Do e,

d=0
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where Y% denotes the symmetrization of 1 with the trivial character of the sym-

metric group Sy.

For our purpose, if 1 is the character of V, then Sym‘(V) is also a representation
of GG, so the character of it is a linear combination of the irreducible characters of G
for each i > 0. Let x be an irreducible character of G. The coefficient [y, 1] of the
i-th term of the Molien series M, (%), is the coefficient of x when the character
of Sym’(V) is written as a linear combination of the irreducible characters of G.

Use GAP, we can get that the Molien Series of a + y relative the character 1 is

A1
(1—27)(1—22)%

Ma+x,1(z) =

The Molien Series of a + x relative the character a is

2T 4z
(=27 (1 -2

M3+X7a<z) =

The Molien Series of a + x relative the character y; is

25—z4+23—z2—|—z
Ma+X7X1 (Z) = (1 . 27) (1 . 2)2

The Molien Series of a + x relative the character ys is

2t — 23 4 22
Ma+X:X2(Z) = (1 _ 27) (1 _ 2)2'

The Molien Series of a + x relative the character yjz is

Z3

Matyxs(2) = 1—2)(1—2)?
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We can expand these fractions as series in Mathematica. We have to compute
the symmetric representations Sym' (V') and Sym' (V). Thus we only expand the

series until the term z'%. The expansion of the Molien series are

Ma+x,1(z) =
14222 4+324 +425 + 27+ 628 + 227 + 8210 + 321 + 1022 (7.3)

+42"% 4132 4+ 62" + 162" + O (2'7),

Ma+xva(z) =
242234325 4527 4+ 28 4 72° 42210 4 921 4 3212 (7.4)

+ 1128 4+ 521 1 1425 4 7214+ O (217) ,

Ma+x7x1(z) =
24+ 224+ 223 4220 4325 + 425 + 527 + 728 + 827 + 10210 (7.5)

+ 112" + 132" + 152" + 1721 4+ 202" + 222" + O (2'7) |

Maiy.x (Z) =
224 23422 4325 4428 4527+ 628+ 827 + 9210 (7.6)

+ 112" 132" + 1527 + 172" + 192" + 222" + 0 (217) |

Matx,xs (2) =
224224 325 4425 1527+ 622 +72° + 9210 4 1121 (7.7)
+ 132" + 152" + 1721 + 192" + 212" + O (&) .

Remember o = x; + x2 + X3, according to the coefficients of 2! in (7.3)- (7.7),

we have

Sym" (V) = Sym''(a+ x) =31+ 9a+ 1la.
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Thus, the exact sequence (7.2) becomes

0 ——s 2a+a —— 3-1+9+1la —— Coker(\) —— 0.

As an exact sequence of vector spaces, the exact sequence (7.2) splits, and by an

easy subtraction we get
Coker(A) =3-1+ 7a+ 10a.

This kernel is the evaluation at the double points of X. Since the curve is invariant,

the singular set of it will lie in orbits (of size 1, 2, 7, or 14).

7.2.3 Fixed Points of D

The group D7 acts equivariantly on both the plane and the curve X. The sin-
gularities are the fixed points of the group.

Let A be any 3 x 3 matrix acts on the projective plane P? and (z : y : z) be an

arbitrary point of P2. In order to be a fixed point of A, we have
Alw,y,2) =X+ N2y, 2)
for some A\ # 0 in C. This means
(A—X3)'(x,y,2) =0.

So A is an eigenvalue of the matrix A, and *(z,y, 2) is an eigenvector of the eigen-
value A.

Use Mathematica, we can compute the eigenvalues of the matrices

1 0 0 -1 00
s=10 ¢5 0 and t=| 0 0 1
0 0 ¢ 0 10

For s, the eigenvalues are
{1277, ~(-1)7T}
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and the corresponding eigenvectors are
t(0,1,0), (1,0,0),/(0,0,1).
For t, the eigenvalues are
{-1,-1,1}
and the corresponding eigenvectors are

0,-1,1),5(1,0,0),7(0,1,1).

Note that the whole eigenspace of —1 are fixed points, they correspond to points
of the form a’(1,0,0) + b*(0,—1,1) with ab # 0, we have the fixed points as the

following table.

TABLE 7.3. Fixed Points

Fixed Point | Stabilizer Subgroup | Size of Orbit
(1:0:0) Dy 1
(0:1:0) < s> 2
(0:0:1) < 8> 2

(1:z:—x) <t> 7

(0:+£1:1) <t> 7

7.2.4 Induced Representation of the Valuation of the Fixed Points
We compute the valuation of each singularity. If P is a point in the projective
plane which is fixed by a subgroup H C Dy, the linear form “evaluation of g on

the orbit defined by P” is the induced representation
Indb7 (6)

where 6 is the character of the group H, “evaluation of g at P”.
We claim that IndP7(1) = 14 a + 2a. In fact, for any finite group G, we have

an isomorphism

Ind{ (1) = pe
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where p¢ is the regular representation of G. By the decomposistion of pg in [18],

we have the character table of IndP7(1) is

pp;(1) = |G| =14.  pp,(g) =0 for g # 1.

Thus, by solving the linear equation of the character table we get Indfj (1) =
1+a+ 2.

In GAP, we can get all the representations induced by the cyclic subgroups of
D-,. We get character functions with respect to the character table as the following:

[ Character( CharacterTable( <pc group of size 14 with 2 generators>
), [2,0,2,2,21),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), [ 2, 0, E(T)8+E(7)4, E(T)+E(7)6, E(7)2+E(7)5 ] ),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), [ 2, 0, E(7T)2+E(7)5, E(7)3+E(7)4, E(T)+E(7)6 1 ),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), [ 2, 0, E(7)+E(7)6, E(7)2+E(7)5, E(7)3+E(7)4 ] ),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), L7, -1,0,0,01),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), [ 7,1,0,0,01),

Character( CharacterTable( <pc group of size 14 with 2 generators>
), [ 14, 0, 0, 0, 01 ) 1]

Note that our Ind”7_ is always 7-dimensional, and sgn(t) = —1, we have that
[7,—1,0,0,0] is the character of Ind?7. (sgn).

Thus, by solving the linear equation as above, we have

Ind2t7> =a-+a.
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If P is a non-fixed point, we have H = 1, so the evaluation on the orbit of
a non-fixed point gives a contribution = 1 + a + 2a to Coker()). Evaluation on
a t-fixed point of the type (1,z,—x) gives the character sgn(t) = —1, because
q(tP) = q(—1,—x,x) = —q(1,z,—x), since degree ¢ = 11 is odd. Therefore we get

a contribution a + a to Coker(\). Since
31+a+2a)+4(a+a)=3-1+7-a+10-q,

this suggests that our curve X should most likely have 70 singularities distributed
in three sets of 14 which are non-fixed points, and four sets of ¢-fixed points on
the line z + y = 0 (orbits of size 7). If the equation of the curve is f(z,y) = 0,
the condition that f(x) := f(z, —z) shall have 4 double roots means that f(x) =

q(z)%s(x) where deg q = 4, deg s = 6.
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