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ACTION FUNCTIONALS FOR STOCHASTIC DIFFERENTIAL
EQUATIONS WITH LEVY NOISE

SHENGLAN YUAN AND JINQIAO DUAN*

ABSTRACT. This article is about stochastic dynamical systems with small
non-Gaussian Lévy noise. We review the recent works on the large deviation
techniques that deal with the decay of probabilities of rare events on an
exponential scale. We focus on deriving the action functionals for dynamical
systems with Lévy processes of finite exponential moments. This is achieved
with help of the extended contraction principle, Legendre transform and Lévy
symbols. We also illustrate the results with an example.

1. Introduction

Stochastic effects are ubiquitous in complex systems from science and engineer-
ing [1]. Although random mechanisms may appear to be very small or very fast,
their long time impacts on the system evolution may be delicate or even profound
[13]. Mathematical modeling of complex systems under uncertainty often leads to
stochastic differential equations (SDEs), as seen in, for example, [2, 14, 18, 19].
Fluctuations appeared in these SDEs are often non-Gaussian rather than Gauss-
ian.

The long time large deviation behaviors of slow-fast systems have attracted a lot
of attention because of the various applications in statistical physics, biophysics,
geophysics, climate dynamics engineering, chemistry and financial mathematics
[3, 8, 11]. Large deviations for SDEs driven by Brownian motion are now well-
known [5, 10, 17], while certain large deviation results for SDEs with Lévy noise
are available more recently [4, 12].

Action functionals play an important role in understanding transitions in the
context of large deviations [9, 15, 16]. The main goal of this review article is to
derive the action functionals for the following SDE with a Lévy process

dXF = b(X; )dt + eo (X[ )dB; +n(X{_ )dL,
where L§ := €L is a scaled Lévy process with finite exponential moments.
We first show that the scaled Lévy process satisfies a large deviation principle,
and obtain its action functional. Then we construct continuous mappings to get an

exponentially good approximations. Finally, we derive the action functionals for
SDEs with Lévy noise by using extended contraction principle, Legendre transform
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and Lévy symbols. For simplicity, we restrict on one-dimensional processes and
stochastic dynamical systems. Most of the results can be proved in a similar
fashion for multi-dimensional processes and systems.

This article is arranged as follows. In Section 2, we recall some basic concepts,
and introduce extensions of the contraction principle. In Section 3, we focus on the
action functionals for scaled Brownian motion, and obtain the action functionals
for SDEs with Brownian motion (Lemma 3.2 and Theorem 3.3). In Section 4, we
derive the action functionals for scaled Lévy processes, and the action functionals
for SDEs with Lévy noise (Lemma 4.3, Theorem 4.5 and Corollary 4.7). This
article ends with a simple example in Section 5.

2. Prelimilaries

Let (2, F,P) be a probability space. We consider Euclidean space R endowed
with the Borel o-algebra B(R). Let |z] denotes the integer part of z € R. As
usual, C[0, 1] denotes the space of all continuous functions f : [0,1] — R such that
f(0) = 0, equipped with the uniform norm

[ flloo :== sup [f(?)]-
te[0,1]

We denote by DJ0, 1] the space of real-valued cddldg (right continuous with finite
left limits) functions on [0,1] endowed with the supremum norm topology, and
the o-algebra B := o(m;t € [0,1]) generated by the projections m; : D[0, 1] — R,
f = f(t),t € [0,1]. Note that B equals the Borel o-algebra generated by the
Ji-metric. The notation BV[0,1] denotes the space of functions with bounded
variation. Let AC|0,1] denotes the space of all absolutely continuous functions
with value 0 at 0.

Now we introduce the contraction principle and investigate its extensions. They
will be a crucial tool for studying action functionals of SDEs with Lévy noise. The
following theorem is devoted to transformations that preserves the large deviation
principle under continuous mappings.

Theorem 2.1. ([5, Theorem 4.2.1] ) Let (My,d1), (Ma,d2) be metric spaces and
f i+ My — My be a continuous function. Suppose that a family (uf)e>o of proba-
bility measures on M, satisfies a large deviation principle with action functional
I. Then the sequence of image measures (V¥)o~o defined by v := o f~1 on Mo,
obeys a large deviation principle with action functional

S(y) :=1inf{I(z) : z € M1,y = f(x)}.

Proof. Since I is lower semicontinuous, it attains its minimum on compact sets.
This implies that for any y € My and S(y) < oo, there exists € M; such that
f(z) =y and S(y) = I(z). Then

Og(r) ={y € My :S(y) <r} = f(®r(r)) for r > 0.
In particular, ®g(r) is compact, i.e., S is an action functional. Now let U be an
open set in M;. Since f is continuous, we know f~1(U) is open. Apply the large
deviation lower bound to f~!(U) and obtain

N c — Timi e/ p—1 > _ . — .
llgl_}élfelogl/ (U) hgn_gglfelog,u (f7U)) > ze]gllf(U)I(x) ;Iellfj S(y)
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When F'is a closed set in M7, the upper bound

limsupelogv®(F) = limsupelog u®(f ' (F)) < — inf I(z) = — inf S(y)
e—0 e—0 zef~1(F) yeF

follows in the same way. O

Remark 2.2. Once the large deviation principle with an action functional is es-
tablished for p, the contraction principle yields the large deviation principle for
pf o f~1, where f is any continuous map. Hence the large deviation principle is
preserved under continuous mappings.

Definition 2.3. Let (X*™).50,men and (X¢).>o be families of random variables
taking values in a metric space (M, d). If

lim limsupelogP(d(X*=™, X®) > J) = —o0, forall § >0, (2.1)

M=o £—0
then (X*™)c>0,men is called exponentially good approximation of (X¢).>o.

The following theorem provides a relation for large deviation principles of ex-
ponentially good approximations.

Theorem 2.4. Let (X®™)cs0.men be an exponentially good approzimation of
(X®)eso such that X=™ satisfies a large deviation principle with action functional
Sy, as e — 0.

(i) (X®)eso satisfies a weak large deviation principle with action functional

S(z) :=supliminf inf S,,(y), 2.2
(z) :=supliminf inf S (y) (2:2)

i.e., S is lower semicontinuous, the large deviation lower bound for (X=™).s
holds for all open set in M, and the large deviation upper bound for (X=™).so
holds for all compact set in M.

(i) If S is an action functional and

11612 S(x) < suplimsup inf Sy, (z) (2.3)

§>0 m—oo TE

holds for each closed set F C M, then (X¢).sq satisfies a large deviation principle
with action functional S.

Proof. (i) In order to prove (2.2), it suffices to show that for any © € M,
e . o iens s .
S(z) = égg hr?j(l)lpelog P(X*® € Blz,d)) gr;% hgn_g[r)lfslog P(X*® € B(z,0)).
(2.4)
Fix 6 > 0 and z € M. From
P(X®™ € B(x,d)) <P(X® € B(x,2))) + P(d(X*™, X®) > 0),
we find, by the large deviation lower bound for (X=™).~0,

— inf  S,(y) <liminfelogP(X*" € B(x,6
et s (y) < lim inf £ log IP( (2,9))

< max{liminfelogP(X® € B(x,24)),limsupelogP(d(X*™, X*) > §)}.
=0 e—0

Since (X*™)c>0,men is an exponentially good approximation,

inf liminf e log P(X® € B(z,26)) > inf limsup(— inf Si(y)) = —S(z). (2.5
infliminfelog P(X® € B(z,20)) > inf lj}f;lop( Jenf (v)) (z). (2.5)
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By interchanging the roles of X*™ and X°¢, we get
limsupelogP(X*® € Blx,d])

e—=0

< max{lim iélfelog P(X* € B[z, 26]),limsupelog P(d(X*™, X¢) > §)}.
E—>

e—0

Therefore, by the large deviation upper bound for (X¢™).5o and (2.1), we obtain

inf lim supe log P(X® € Blz,9]) < inf li;njgop(f yEJiBI[lwf,%] Sm(y)) = =S(x). (2.6)
Combining (2.5) and (2.6) yields (2.4).

(ii) From the first part of this theorem that (X¢).»( satisfies a weak large
deviation principle, it remains to show the large deviation upper bound for any
closed set FF C M. Fix 6 > 0, the large deviation upper bound for (X™).sq
implies

limsupelogP(X* € F)

e—0

< max{limsupelog P(X*™ € F + B[0,0]), limsupe log P(d(X*=™, X®) > §)}

e—0 e—0

< max{— zeFiJP]g[o,a] Sm(x),lir?jgpflog P(d(X*™, X¢) > )}

Consequently, by (2.1) and (2.3),
lims logP(X® € F) < — lim li inf S
Hrees (X e k)< 550 lrlnn—félopxeFTB[O,é] m(@)
< —lim inf S(z)=— inf S(z).
0—0zeF+B[0,d] zelF
This finishes the proof. ([

Remark 2.5. If the action functional S of (X¢).5¢ satisfies

lim liminf elog P(X*® € B(x,0)) = lim limsupelog P(X*® € Bz, d]) = —S(z),
6—0 e—0 0—0 -0

then (X¢).s0 obeys a weak large deviation principle.

In order to extend the contraction principle beyond the continuous case, we
consider the extension of the contraction principle to maps that are not continuous,
but that can be approximated well by continuous maps. Now we present the
extended contraction principle.

Theorem 2.6. Let (M;,dq), (Ms,ds) be metric spaces and (X¢)e>o denotes a
family of random wvariables obeying a large deviation principle in (My,dy) with
action functional I. For m € N, let f,, : My — M be continuous functions and
[ My — My measurable such that
limsup sup  do(fm(x), f(x)) =0 for allr > 0. (2.7)
m—00 {z:I(z)<r}
Then for any family of random variables (Y¢)eso for which (fm(X®))e>0,menN 1S
an exponentially good approximation obeys a large deviation principle with action
functional

S(y) = inf{I(z) : y = f(x)}.
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Proof. Since the functions f,,, m € N, are continuous, the contraction principle
entails that (f,,(X¢))es0 satisfies a large deviation principle with action functional

Sm(y) == inf{I(z) : y = fm(z)}.
Moreover, by (2.7), f is continuous on any sublevel set ®;(r) := {x € My : I(z) <
r},r > 0. Hence, S is an action functional with sublevel sets f(®;(r)). In view of
Theorem 2.4, it suffices to check (2.3) and identify the action functional.
Fix F' C M; closed and ¢ > 0, and also suppose

@ = it Jaf Sn(v) < oo

Then we can choose a sequence (Z;,)men € My and r > 0, such that f,(z,,) € F
and I(z,,) = infyep Sp(y) < r. From (2.6) we have f(x,,) € F + BJ0,¢] for
m = m(J) sufficiently large. Thus,

nf  S(y) < S(f(xm)) < I(zp) = inf S, (y).

i
yeF+B(0,5) yeF
Taking § — 0 and m — oo, we infer

inf S(y) <liminf inf S,,(y) = c.
yeF

m—oo yeF

Obviously, this inequality is trivially satisfied if ¢ = co. In particular, (2.3) holds.
In order to identify the action functional, we use the preceding inequality for
F := B[y, d] and let 6 — 0. O

3. Action Functionals for Stochastic Systems
with Brownian Noise

Let By, t € [0,1] denotes a standard Brownian motion in R. The logarithmic
moment generating function of B is

1
A(€) :=logEe*Pr = 3¢

and the Legendre transform [8] of A is

W Ll VPR S S S
A(p).—?ég{fp 25}—21€1§{ 5(& ) +2p}—2p-

Definition 3.1. Let ¢ € C[0,1]. The functional S : C[0,1] — [0, o0],
S(6) = { Ly o', ¢ € AC(, 1], 3.1)

0, otherwise,

is the action functional of the Brownian motion (B)co,1)-

Lemma 3.2. The scaled Brownian motion Bf := cB: satisfies a large deviation

principle in (C[0,1], || - lo) as € = 0 with action functaional in (3.1), i.e.,
lim inf ¢ log P(e B(~ > — inf
iminfelogP(eB(2) € U) > (;gUS(O?),
limsupelogP(eB(-) € F) < — inf S(¢),
msnpclog PeB(2) € F) < - inf 5(0)

for any open set U C C[0,1] and closed set F C C[0,1]
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Proof. In order to prove that (Bj):cjo,1) satisfies a large deviation principle, by
the scaling property

sB(é) L EB(1), teo,1],

where “ =" denotes equivalence (coincidence) in distribution, we may replace B

by /B, i.e.,
o >
111€n_>1(1)1f510gP(ﬁB el)> (;25 S(¢),

limsupelogP(veB € F) < —(;IelfFS(gb)

e—0

For every ¢g € U, there is some §y > 0 such that

{0 €Cl0,1]: [|¢ — ¢olloc <o} CU.
Based on Schilder’s theorem in [21],

P(VeB € U) > P(||VeB = ¢olloc < do) > expl
Then

1
*E(S(%) + )], fory > 0.
limi(I)lfalog]P’(ﬁB eU) > S(¢o).
e—
Since ¢g € U is arbitrary,
liminf elog P(v/eB > — inf .
iminfelogP(VeB € U) > Inf S(¢)
Denote by
O(r):={feC0,1): I(f)<r}, r>0
the sub-level sets of the action functional S in (3.1). From Lemma 12.8 in [22],

the action functional S is lower semicontinuous. Then sub-level sets are closed.
For each r > 0,0 < s <t <1and ¢ € ®(r), by Cauchy-Schwarz inequality,

o) o6l = | [ oian) < ([ 16 Paw Vi
< V28(0)VE—s < Voryi—s.

This implies that the family ®(r) is equibounded and equicontinuous. Using As-
coli’s theorem, ®(r) is compact. By the definition of the sub-level set ®(r), we
have ®(r) N F = for all r < infyep S(4). So

d(®(r), F) = , é%fm d(¢, F) =: 6, > 0.

Applying Schilder’s theorem, we obtain that
P(VEB € F) < P(d(\/EB, ®(r)) > §,) < exp(—?), fory > 0.

Hence
limsupelogP(veB € F) < —r.

e—0
Since r < infyep S(¢) is arbitrary, we get

limsupelogP(veB € F) < — inf S(¢).
e—=0 PEF
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Theorem 3.3. Let b0 : R — R be bounded, globally Lipschitz continuous func-
tions such that inf,cg o(x) > 0, i.e., there exists K > 0 such that
b(x) = b(y)| + |o(z) —o(y)| < K|z —yl, for all z,y €R.

Assume that (X{)iep0,1] s a solution of the stochastic differential equation driven
by Brownian motion, i.e., SDE of the form

dX; = b(X[)dt + Veo(X;)dB:, X5 =0. (3.2)
Then (X¢)eso satisfies a large deviation principle in (C[0,1],]] - ||co) with action
functional
il (t) b(¢(t)) 2 —
5(6) = { Ly 1S9 e, ¢ € ACT, 1, 6(0) =0, 53
0, otherwise.

Proof. The key point of proof is that the family of solutions (X;™)¢c[0,1] given by
the stochastic differential equation

ax;™ = b()(f;’}J )dt + \/U(Xf,;’}J )dB; (3.4)

is an exponentially good approximation of (X7 );c[0,1]. Then the stochastic integral
can be evaluated pathwise.
Let 6, p,e > 0. For m € N, define F,, : C[0,1] — C[0, 1] via ¢ = F};,(g), where
o) = o(ty") + b (")) (t — 17") + o (o)) (9(t) — 9(t7")),
fort € (', 7 1], t7" == k/m, k =0,....,m—1, and ¢(0) = 0, such that F,,(\/eB) =
X&™, Define a Fg—stopping time by

T:=7(p):=inf{t >0: |X€m*XLmu|>P}/\1

and set
bt = b(X?:fLJ ) - b(Xf)7 Ot = O-(XEL;:?J ) - U(th)’

m m

where Ff := o{B¢: : s < t} denotes the canonical filtration. By the global Lipschitz
continuity,

o] + 00| < K|XSM — X7| < V2K (p? + |XE™ — X{|?)%, for any ¢ € [0,7].

m

A calculation shows

2

m 14
elogP( sup |X;™ — X7|>96) < C +log(———=),
(tE[O,T]| t t| ) (p2 +§2)

where C' > 0 is a constant that does not depend on m, ¢, p. So,

lim sup limsupelogP( sup |X;"™ — X;| > d) = —oo, forall § > 0.
p=0m>1 =0 tefo0,7]

Since b and o are bounded, we find
1

|X2'_’:S—Xi’m| C’( —|—\f0<2na%< , sup. |Biy s — Byl), for Ogsga,
m m 0<s<5y
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where C := max{||b||oo, llolls}- By the stationarity of the increments, we have

P(r <1) U{ sup |X57 = XZ"[ > p}) < mP( sup |BS|ZM

=)
h—o 0<s<Lt ™ m 0<s< L 2yeC 7

for all m > C'/p. By Etemadi’s inequality [7] and Markov’s inequality,

P( sup |Byl > 20 < gexp(-2=ELM ¢
0<s< L 2eC 6veC

with a constant C' > 0. Then

lim limsupelogP(r < 1) = —oco for all p > 0.

m—oo ¢

From
{IX5™ = Xloo > 0} C{r <1}U{ sup |X;™ — X}| > 4},
te[0,7]
the family of solutions (X™)¢>0,men is indeed an exponentially good approxima-
tion of (X¢).so0.

In Lemma 3.2 we have shown that B; obeys a large deviation principle with
action functional S as in (3.1), and /eB; satisfies the same large deviation prin-
ciple as Bf. The task is now to find a function F : C[0,1] — C[0,1] such that
the assumptions of Theorem 2.6 are satisfied, and the continuous mappings Fy,
converges uniformly on the compact sublevel set of S in (3.1) to F.

For absolutely continuous functions g € C[0,1] and =z € R, by b and o are
globally Lipschitz continuous, there exists a unique solution ¢ = F(g) of the
integral equation

£(t) = / b(f(s))ds + / o(f(s)g'(s)ds, t € [0,1].

Fix g € ®(r) := {¢ € C[0,1] : S(¢) < r}. Using b,0 are bounded and the
Cauchy-Schwarz inequality,

[tm] .\ _ bl /1 /1 mo0
> Fm t)— Fm — ) < —+ oo\l — / 2ds =: (Sm — 0.
Ozlggll (9)(t) @ )= == +lollecy/— 9 (s)?ds

Similarly,
d(t) :==|Fm(9)(t) = F(g)(1)]

<K/ (T4 19" (s)DIFm(9)(

[ms|

) — F(g)(s)lds

<K+ @)5m + L/t(l + 19’ (s)))d(s)ds.
From Gronwall’s lemma,
d(t) < K(1+V2r)8,[1 + K/o (L+1g'(s)]) eXp(K/ (1 +|g'(w)])du)ds]

< K(1+ V206 (1 + K(1 4 vV2r)e0+v2n)),
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Because the constants K, 1 + v/2r, ,, do not depend on ¢ and g,
Sup |[Fin(9) = F(9)lloe < K (14 V2r)3(1 + K (1 + V2r)eK0HV20) 2P g,

geD(r)

Apply Theorem 2.6, (X¢).~¢ satisfies a large deviation principle with action func-
tional

S(6) = { 3o /P ¢ € ACIO,1),6(0) =0,

otherwise,

where the infimum is taken over all functions g € AC|0, 1], g(0) = 0, such that

o(t) = F(g)(t) = / b(g(s))ds + / o(6(5))g/ (s)ds,

that is,
&'(1) = b(o(t)

AU =)

O

Remark 3.4. For the special case ¢ = 1, the solution (X¢).¢ of the stochastic
differential equation

dX;{ = b(X7)dt + \VedBy, X5 =0,
has the action functional

S(6) = { 5 Jy 10/(t) —b(é()Pdt, 6 € AC[,1],6(0) =0,

00, otherwise.

Corollary 3.5. The symbol of solution Xy for the SDE driven by Brownian motion

dX; = b(Xy)dt + o(X¢)dBy, Xo =0,
is given by

o, ) = ib(z)é — Lo* ()€
Set
H(z,6) = ale, ~i) = ba)é + 30*(2)€?,
then the Legendre transform of H(x,§) is
L(z, ) = sup[C€ — H(z, )]
£ER

= supl¢e ~ b(z)€ — 507 ()¢
£eER
1 2

zzlelg[—fa (l’)(f - m(g_b(m))f)}
Lo (e S b@) 2 1 (= b(z)
=l a7 Oy ) gy
_ 1 C—b($)|2

2" o%(x)
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Hence the action functional of solution (X¢).so for (3.2) is
Sw%:{Jﬁuwm¢®Mt ¢ € AC[0, 1], 6(0) =0,
o0, otherwise,

where
_ L6 b)) o
20 o(é(t) '

4. Action Functionals for Stochastic Systems
with Lévy Noise

L(g(t), &' (1))

A stochastic process L; € R, t € [0,1] is called a Lévy process [6, Chapter 7] if
the following properties hold:
(1) Lo = 0(a.s.);
(2) L has independent increments, i.e., for each n € Nand 0 < t; < t2 < ... <
tnt1 < 1, the random variables (L, ., — Ly, 1 < j <n) are independent;
(3) L has stationary increments, i.e., for each n € Nand 0 < ¢; < t5 < ... <
tnt1 <1, Ltj+1 - Lt_,» = Ltj+1ftj§
(4) L is stochastically continuous, i.e., limy o P(|Li| > €) = 0 for all € > 0;
(5) the paths ¢t — L; are cddldg with probability 1, that is, the trajectories are
right continuous with existing left limits.

The Lévy-Ito6 decomposition [20] of Lévy process (L;)icjo,1) with Lévy triplet
(a,0%,v) is

t t
Ly=at+ 0B, + / / zN(dz,ds) + / / zN(dz, ds),
0 Jz|>1 0 Jo<]|z|<1

where (B¢)e[o,1) is a Brownian motion, N denotes the jump counting measure,
and N is the compensated jump counting measure. The characteristic function of
(Lt)tejo,1) is given by the Lévy-Khintchine formula [6] :
Ee'slt = @) ¢ e R, t € [0,1],
where v is the Lévy symbol
. 1 i .
vl =iag = 52+ [ (e -1~ igygyn)vidy)
R\{0}
There is a one-to-one correspondence between ¢ and (a,c?,v) consisting of the
drift parameter a € R, the diffusion coefficient o > 0, and the Lévy measure v on
(R\ {0}, B(R\ {0})) satisfying fR\{O}(y2 A 1)v(dy) < oo. Denote the logarithmic
moment generating function of Ly by
. 1
U(8) = (—if) = a& + 50" + /\{ }(65y — L= &uxqy<pv(dy).  (41)
R\{0

If 0 = 0, we say that (Lt).e[0,1] is a Lévy process without Gaussian component.

2

Example 4.1. The Lévy measure of the a tempered stable Lévy process (Lt):e[o,1)
is

—~

_ aa—l) —my dy
u(dy)—fr(Zia)e Pk fora € (1,2), m > 0.

DN =
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The Lévy symbol of (L;);>¢ is given by

(&) = —(|&]* +m?) % cos(aarctan %) + m*.

Definition 4.2. Assume that Lévy process (Ly)ie(o,1) with Lévy triplet (a, 02, v)
satisfies EeME1l < oo, for all A > 0. The action functional of (Lt)tejo,1) on
(D[07 1]? || : HOO) is defined by

st0)={ Jo W@ 0)dt, 6 € AC[,1].6(0) =0, (12)

0, otherwise,

where U*(-) is the Legendre transform of ¥(-) in (4.1).

Lemma 4.3. The scaled Lévy process L := L+ ,t € [0,1] satisfies a large devia-
tion principle in (D[0,1],] - |lec) as € = 0 with action functional in (4.2), i.e

liminfelog}P’(L‘E el)>— inf S(¢),
limsupeloglP(LF € F) < — 1nf S(o),

e—0

for any open set U € B and closed set F' € B.

Proof. In order to prove that (LF):cjo,1) satisfies a large deviation principle as
¢ — 0 with the action functional S in (4. 2) we split the proof into several steps:
(i) The sequence of discretizations (ZL),cn defined by

ZL(t, 1 1=
L) g = 1 ZO Xz i) (0) + L(mw)xqry (1)
is exponentially tight in (D[0,1], || - ||co)-
Since the mapping
®"]]) 32 ( Z%x ) () + 2 (8) € (D01, 1)

is continuous, we obtain that Tn(K ) is compact for any compact set K C R™. For
K C R compact, we have
Zk L
P(T ¢ To(K™)) < ZP(# ¢ K).
j=1

The distribution of L is a probability measure on (R, B(R)), hence % is tight.

For j =1,...,n, we conclude that n’% is tight in (D[0,1],] - ||es). Fix 7 > 0 and
€ >0, forKgRananm we get
zk zk zk zk
P(A(= = Tn(K™)) > €) < P(—= ¢ To(K")) + P(—= € Tu(K™), d(— =, T (K™)) > €)
=11 + I>. (43)
We choose K := [—r,r]| and estimate the terms separately. Applying Etemadi’s

inequality and Markov’s inequality yields

L,
I =P( sup |=Z|>7r)<3 sup P(|L;| > —) <3 sup Rellsl=n/3 < 3e—nr/3pm
1<j<n T 1<j<n 3 1<j<n
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where f; := Eel“1l < 0o because (Lt)tejo,1) has finite exponential moments. If we
set fm 1= f(LZ—‘J), then
A Tn(K™) < ] = flloe, forall f € Tu(K™). (1.4)

Moreover,

If = fmlloe =

|
)]
o
S
=
S
N—
|
oy
3
—
~
=

=, s, S = A

m’ m

j 5]
<  max su =) - m 4.5
< g, s FCRED) L 69
Combining (4.4) and (4.5),
n<B( sp s |zpml oy 0y gl
1<i<m—11<5<| 2 |+1 n n n

m—1

< Z; P(lgj;lgm IL(Ln%J +7) — L(Ln%m > ne).

By the stationarity and independence of the increments of L and Markov’s in-
equality,

I, <mP( sup |Lj| >ne) <3m sup P(|L;| > %)

1<i<|+1 1<i< I+t
< 3m sup Eer|L3|—nre/3 < SmBQLHJ‘Fle—nrs/:S’
1< ]+t

where 35 := Ee"l“1l < 00. Then

1 zZE r 1 re
lim sup — log P(d(—, T (K™ < 1 — =, =1 - =
imsup - log P(d( 22 T (K™)) > €) < max{log by — 5. -~ log fo — =)
7,M—00
— —0o0.
Consequently, (ZL1),cy is exponentially tight in (D[0, 1], - ||lso)-
(ii) (ZL),en satisfies a large deviation principle in (D[0,1], || - [« ) With respect

to B as n — oo with action functional
1 1t
(6)=  sup (/ bdo — §/ B(a(l) - a(s)ds).  (46)
«€BV[0,1]nD[0,1] Jo 0

where U(-) as in (4.1). Note that

n—1 n

Zy =D L oy Loxqy = X _(Ly = Li-)xg

Jj=1 Jj=1
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By the stationarity and independence of the increments,

n

EelaZE) _ IEexp(Z(Lj —Lj_1)(a(l) - a(%)))

Jj=1

= H Eexp(Ly(a(l) — OZ(%)))
j=1

Since
EerMt =@ forall ) eR,
we have
A(0) = lm LlogEe@Z — 1im 13 w(a() <j>>—/1\1f< (1)~ a(s))d
O(—nl_{gonog € _nl—>ngonj:1 (8] Oén = o @] als S.

Pick 8 € BV[0,1] N D[0, 1] and set
u(t,s) :=¥((a(l) —a(s)) +t(B(1) — B(s))), te[-1,1], s €[0,1].

From «, 8 € BV[0,1], it follows that ||a|/ec + [|8]|ec < C < 00. By EeMl1l < oo,
for all A > 0, we have

—00 < logEe_zclLll < |u(t, s)] < logEeQC‘Ll‘ < 00.
And then
1 / Ve
|8tu(t75)| < 2CW E(L%) ]E€20|L1| < 00, for all t € [*17 1]
We get

Ala+t8) — Ao
t

1
)ti(;/ Oyu(0, s)ds
0
1

1 « — (S
:/O (B(1) = ) grrqiymagey Blaer =) ds,

So A is D[0, 1]-Gateaux differentiable at «, and its derivative equals
t
— 1 Ly (a(1)=a(s))
We defer the rest proof of (ii) to (iv).
(iii) (Zéj /|1])es0 and eL(:) are exponentially equivalent.
Let ¢ > 0 and » > 0. We have

ZL
2] : 1 .
5]~ =B lee < Gy = M2y e + 162ty = <L(Dlle 1= e+ Dec (4.1)
We find
PC. > &) <P( sup |Li| > ~(2 — 1)e) < Bexp(—2(2 —1)$)8H,  (48)
€ €) > p k e'e €) > Xp c\e 3 1 > .

0<k<[ ]

where () = Eel¥1| as in (i). Note that

t t 1
sup |Zfij (t)—L(-)| < sup sup |Lgyi — Lx| when — —||-]t] <2.
tefo,1] ¢ € 0<k<|L]1€[0,2] € €
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By Etemadi’s inequality and the stationarity of the increments for L,
€ 1 €
P(D. >¢€) <P( sup sup |Lrps;— Li|>-) <3(|=]+1) sup P(|L;| > —).
0<k<| L] 1€[0,2] € € 1€[0,2] 3e
Since (L; —tELq);>0 is a martingale, we know that (eT‘Lt_ﬂELl‘)
gale. By Markov’s inequality,

sup P(|L; — [ELy| > —) < e "¢/3*Eer|La=2EL| —; g, o—re/3¢. (4.9)
1€00,2) 3e

Combining (4.7), (4

+>0 is a submartin-

.8) and (4.9) implies
L
!

Zh
lim sup ¢ log (]| fj —eL(5) |00 > 2€)
e—0 LEJ 9
< max{limsupelogP(C: > ¢),limsupelogP(D, > €)} < AL S
e—0 e—0 3

Hence (Z LLl | /11])e>0 and eL(z) are exponentially equivalent.

(iv) (Lfs)te[OJ] satisfies a large deviation principle with action functional I in
(4.6) that equals the action functional S defined in (4.2).

Fixe>00<s <t < ... < sy <tp, <1,and ¢ = (c1,...,c,) € R". We
define .
a(t) = chX[Sj,t].)(t), t €10,1]. (4.10)
=1
Then o € BV[0,1] N D[0, 1] andJ
1 n
| o= 3 cslote) —ott) (411)
Moreover,

1 nool
/logEeLl(“(l)*“(s))dS:g /logEefcﬂ'lebj,tj)(s)ds
0 — Jo
J=1

< log Eellellecl L1l Z(tj —55). (4.12)
j=1

By (4.6), we obtain

1 1
/ pda < I(¢) + / log EeF1(@()=a()) g
0 0

Using (4.11) and (4.12), we find

ch(¢(8j) — (t;)) < I(¢) + logEellell=lM 1y "¢, — ).

j=1

In particular, for ¢; := rsgn(f(s;) — f(¢;)) and r > 0,

y |Ly|r ™
S 10(t) - o(sy)] < 1) 4 logEel
j=1

r r ¢
j=1
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Choosing r > 0 sufficiently large and ¢ > 0 sufficiently small, we see that

>t - s)) <5:»Z\¢ —#(s5)] <,
Jj=1 j=1

i.e., ¢ is absolutely continuous. Letting t — 0 and r — oo,

1(¢)

|L1|r
4+t

6(0)] < o8 le

yields ¢(0) = 0. Hence I(¢) < oo implies that ¢ is absolutely continuous and
#(0) = 0. Then there exists f € L'[0, 1] such that

t) :/0 f(s)ds, te]0,1].

1 1 1
/0 ddar — / (1) - als))ds = / F(5)(lL) — a(s) — Ta(l) — a(s))]ds
< / T (f(s))ds = / T (' (3))ds = 5(6),

for any o € BV[0,1] N D[0,1]. Now we prove I(¢) > S(¢) for ¢ € AC|0,1],
#(0) = 0. By the monotone convergence theorem, it suffices to show
/01 Ar(¢'(s5))ds < I(¢) where Ap(z) := lsTi)k(ax —¥(a)),z e Rk eN.
Note that A is convex and locally bounded, he;ce continuous. From
SO L ) 00 0
=0 n

and the dominated convergence theorem, we get

nl

[ Awto e = jim, z Aelnlo() o 1y).

As a— ax — ¥(«) is continuous, we can choose |a(z)| < k such that
Ag(z) = a(z)z — U(a(z)).

For suitable ag, ...,a _4,

1 n—1
| At na = tim Sy
§=0

~ fim (/0 ¢dan_/0 W(a"(1) — a(8))dt) < 1(6),

n— o0

—o(

where o € BVI[0,1] N D[0,1], n € N, is a step function of the form (4.10).
Consequently, the action funtionals (4.2) and (4.6), i.e., S(¢) = I(¢). O
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Remark 4.4. Lemma 3.2 does not apply to Lévy processes with infinite moments
of order n, for some n € N. In particular, a-stable process with symbol (&) = |£|*
is not covered because it has finite first order moment for o € (1,2]. But Lemma
3.2 is valid for the tempered stable Lévy process (L;)icjo,1) in Example 4.1.

Theorem 4.5. Let b,o,n : R — R be bounded, Lipschitz continuous functions.
There exists K > 0 such that

[b(z) = b(y)| + |o(z) = o(y)| + [n(z) =n(y)| < K|z —y|, forall z,ycR.

Let (Bt)i>0 be a Brownian motion and (L)i>0 be an independent Lévy process
with Lévy triplet (a,0,v) and symbol ¢ such that EeM1l < oo, for all X > 0.
Define a scaled Lévy process as LS :=eL:. Then the family of solutions (X¢)eso

of

dX; =b(X;_)dt + eo(X;_)dBy + n(X;_)dL; (4.13)
satisfies a large deviation principle in (’D[O 1] I-lloc) as e — 0 with action funtional
0, otherwise,

where U*(-) denotes the Legendre transform of U(-) defined by

W@%=w@%%~%+ﬁ&@@@—1—@quQM@%£€R

and the infimum is taken over all functions g,h € AC[0,1], g(0) = h(0) = 0, such
that

¢m:F@mm:Amwmw+ﬂow@w@@+ﬂmmmw@m

Proof. Since (By)i>o and (L;)¢>o are independent, (By, L;)i>0 is a Lévy process.
Denote by (Zﬁj/ﬁj)oo and (ZLL;J/L%J)DO of the approximations of (Bf);e[o 1]
and (Lﬁ)te[oyl].s By straightforwa;d modifications for the proof of Lemma 3.2,
(VeB, LF).> satisfies a large deviation principle in D[0, 1] x D[0, 1] endowed with
the norm

H(flan)” = Hfl”oo + ||f2HOO> fag € D[O’ 1]7

as € — 0 with action funtional

otherwise.

For m € N define continuous mappings F,, : D|0, 1] x D[0,1] — DI0, 1] via
¢ = F,(g,h), where
¢(t) = o) + b(P(E)) (¢ — 1) + o (o)) (9(t) — g(t;")) +n(d(t3")) (h(t) — h(ti))

K

with t € (¢, 60, tr == £k =0,. — 1, and ¢(0) := ¢(0 ) = 0. Using
similar arguments as in the proof of Theorem 3.3, the solutions (X;

(Fm(VEBt, L) )men,e>o of the stochastic differential equation

AXP™ = b(XSm Vdt 4+ Vo (XTI )dBy +n(X5m, VdLE, Xg™ =0,

)mEN,5>O -
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are an exponential approximation of (X¢)¢s¢. For absolutely continuous functions
g,h € D[0,1], by b and o are globally Lipschitz continuous, there exists a unique
solution F'(g,h) of the integral equation

t

o) = [ ots)ds + [ atorng s+ [ no)n(s)is. te .1,

0 0
such that

lim  sup ||Fn(g,h) — F(g,h)]c =0, forall r >0,
MO0 (g,h)e®(r)

where ®(r) := {(g,h) € D[0,1] x D[0,1] : S(g,h) < r} is the sublevel set of the
action functional S defined in (4.15). From Theorem 2.6, it follows that (X¢).s¢
satisfies a large deviation principle with action functional S as in (4.14). |

Remark 4.6. For the special case 7 = 0, Theorem 4.5 concides with Theorem 3.3.

Corollary 4.7. The symbol of the solution of the stochastic differential equation
dXt = b(Xt_)dt + O'(Xt_)dBt + T](Xt_)st

is given by
(e, ) = D(a)é ~ Lo (@ + Pn(x)e)

=i(b(z) + an(x))§ — %02(9?)62 - /}R\O(eizm(’”)5 — 1 —iyn(2)éxqy <1y (dy).

Set
H(z,§) := q(x, —i§) = (b(x) + an(x))¢
+ %UQ(x)ﬁz +/ (€% — 1 — yn(2)éx{jy1<1y)v(dy),
R\0
and denote the Legendre transform of H(x,&) by

= sup[C€ — (b(x) + an(w))¢ — %a%)s? —[ (€M =1 —yn(@)Exqy1<ap)(dy))-
£€R R\0

Suppose that L(x, () satisfies
(H1) The function (x,() — L(x,() is finite, i.e., for all z,{ € R, L(z,() < oco.
For any r > 0, there exist constants C1,Cy > 0 such that
2

Lz, ) + |(%L(w,§)| <Ci; and ;—@L(x,C) > Co, forall x €R)|(] <.
(H2) Continuity condition:
sup sup L(z,¢) — L(y, <) 59
lo—y|<scer 1+ L(y,()
Then the family of solutions (X¢)c~o of (4.13) has the action functional:
S(6) = { Ofo L(g(t),¢/(t)dt, ¢ € AC[0,1],6(0) = =, (4.16)

otherwise,
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where

L((t), ¢'(t) = §g£[¢'(t)§ = b((o(t)) + an(o(t)))€ — %02(¢(t))§2

- / O 1 ) )

Remark 4.8. The action functionals (4.15) and (4.16) are the same. The Lévy
symbol ¢ is twice differentiable because (L;);>¢ has finite exponential moments.
Then & — H(z,§) is twice differentiable and so is its Legendre transform ¢ +—

L(z, Q).
5. An Example

We now present the action functional for a simple stochastic differential equation
with non-Gaussian Lévy noise.

Example 5.1. Let U : R — R be a smooth enough function with a global point
of minimum 0 € R. We consider the stochastic differential equation
dX; = -VU(X;)dt +edL;, X;=0.

Here, the scaled Lévy process L¢ is given by

t
L;:/ /zN%(ds,dz), te 0,1,
0 JR

where N ¢ is the compensated Poisson random measure with compensator %ds Q.
The intensity measure v has the form

v(dz) = e 1#°dz, for some a > 0.
The action functional of (Xf)c(0,1] is

S(¢) = { inf{fol fR(g(t7Z) lng(tv Z) - g(tv Z) + 1)V(dz)dt}v d) € AC[(), 1]a ¢(O) = 0,

00, otherwise,

such that

o) =~ | U (6(3))ds + / t | #tats.2) = Dvtdzyas
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