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THE CONTINUITY OF THE SOLUTION OF THE NATURAL
EQUATION IN THE ONE-DIMENSIONAL CASE

FATIMA BENZIADI AND ABDELDJABBAR KANDOUCT*

ABSTRACT. We consider the so-called f-model. this model is expressed by
a stochastic differential equation called f-equation, introduced in the article
”Random times with given survival probability and their F-martingale decom-
position formula” published in Stochastic Processes And their Applications.
This equation plays an essential role in this article, but its application has
been submitted to a hypothesis of continuity. Then it is important to know
under what conditions the hypothesis of continuity is satisfied. This is the
main motivation of our research, but the proof given in the present paper is
different from Song’s (which study a more general case).

1. Introduction

Firstly, we will give a description of the natural model called the one-default
model determined in [5]. For this, we define a filtered probability space (Q,F =
(Ft)t>0,P), an F-adapted continuous increasing process A null at the origin, and a
positive (P, F) local martingale N such that 0 < Z; = Nye~ ¢ satisfies Z; < 1,¢ >
0. Precisely, it is proved in [5] that, for any continuous local martingale Y, for
any Lipschitz function f on R null at the origin, there exist a probability measure
Q and a random time 7 > 0 on an extension of (2, F,P), such that the survival
probability of 7, i.e., Q[7 > t|F¢] is equal to Z; for t > 0. In the same last reference,
it is also shown that there exist several solutions and that an increasing family of
martingales, combined with a stochastic differential equation, constitutes a natural
way to construct these solutions, which means that X} = Q[ < |F],0 < u,t < 00,
satisfy the following stochastic differential equation:

_Aé dNy + f(X¢ — (1 - Zt))dyt> ;1€ fu,00)

— 4t

dX; = X, (— 16

X.=z

where the initial condition x can be any F,-measurable random variable. In
actuality, this model played an important role in finance mostly in the credit
risk modeling. The remarkable property about the f-model is its rich system
of parameters Z,Y, f. The parameter Z determines the default intensity. The
parameters Y and f describe the evolution of the market after the default time
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240 FATIMA BENZIADI AND ABDELDJABBAR KANDOUCI

7. Such a system of parameters sets up a propitious framework for inferring the
market behavior and for calibrating the financial data. We believe that the b-
model can be a useful instrument to modeling financial market. In this paper, we
want to show the continuity of the process X{*(x) such as:

X (z) :x+/

u

t — A, .
Xs <_16_Z )ng+/ XSf(XS_(l_ZS))dYSaUSSSt

is the solution of the (4, )-equation. Our aim is to look at the regularity of the pro-
cess (u,t,x) — X}*(z) with respect to all the variables u, ¢, z. Our fundamental
tools are the theorem of Kolmogorov and the lemma of Gronwall. We should men-
tion that, this main result given in this present paper is less general and different
from Song’s one [8], which study a more general case where there are jumps and
where the coefficients are Markovian. The paper is organized as follows: in the
next section, we prove the found results on the continuity of the stochastic flows,
i.e. the continuity of the solution of a stochastic differential equation with respect
to a parameter (which can be taken to be, of course, the initial condition). Section
3 presents the main result of this paper.

2. The Found Results on the Continuity of the Solutions of SDE

2.1. The case studied by Philipe E. Protter. This subsection is borrowed
from ([6], chapter 5). We consider a general system of equations of the form

¢ :Hf+/0 F(¢")s_dSs (2.1)

where ¢ and HY are column vectors in R", S is a column vector of m semi-
martingales with Sp = 0, and F' is an n x m matrix with elements (F}.). For z
fixed, for each y we have that (, = ¢} — (¥ is a solution of the equation

t
G=H - H + | FQ.-ds. (2.2)
0

where F(C) =F((*+ C) - F(¢").

Theorem 2.1. Let H® be processes in D™ i.e. the space of processes H =
(HY, ..., H™) where each H; is an adapted cadlag process (1 < i < n), and let
x+— H” : R" — D" be pre-locally Lipschitz continuous process. F' be an n x m
matriz of functional Lipschitz operators (F}X), 1<i<n,1 <a<m. Then there
exists a function ((t,w,z) on Ry x Q x R™ such that

(1) for each x the process ¢F = ((t,w,x) is a solution of 2.1,and
(2) for almost all w, the flow x — ((.,w,x) is continuous in the topology of
uniform convergence on compacts.

Proof. We recall the method of proof used to show the existence and uniqueness
of a solution (see [6], chapter 5, Theorem 7). By stopping at a fixed time t,, we
can assume the Lipschitz process is just a random variable p which is finite a.s.
Then by conditioning (see [6], chapter 5, the proofs of Theorems 7, 8, or 15 for this
argument) we can assume without loss of generality that this Lipschitz constant
is non-random, and we call it § < oo By replacing H} with {F + fg F(0)s-dSs,
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and then by replacing F with Q given by Q((); = F({); — F(0);, we can further
assume without loss of generality that F(0) = 0. Then for v = A,(6), by (see [6],
chapter 5, Theorem 5) we can find an arbitrarily large stopping time 7" such that
ST= € S(v) i.e. v-sliceable, and H® is Lipschitz continuous on [0,7) Then by
Lemma 2 (see [6], chapter 5, preceding Theorem 7) we have that for the solution
¢ of 2.2.

—_T— - _
IS 1 < Xp(0, )| (H® — HY)T | (2:3)
for any p > 2 and some (finite) constant A,(6, M). Choose p > n, and we have
E{sup |6 = G < Ap(6, S)ullz — ylI"} (2.4)
s<

due to the Lipschitz hypothesis on  — H*. By Kolmogorov’s theorem (theorem
3.1 in this article) we have the result on R x [0, T"). However since T was arbitrarily
large, the result holds as well on R™ x 2 x R,. d

2.2. The case studied by H. Kunita. This subsection is borrowed from [4].
Let {Vj : R4 X Rd}kzow7m is a family of vector fields on R?, for s > 0 et z € R%.
Let t — &5 (x) the solution of Stochastic differential equation of the form

T)==x [ r, Eor(x k .
ful2) +Z/ Vi(r, € (2))d 8" (2.5)

where B* is a family of standard Brownian motions. Here we are interested in the
regularity of the process (s,t,x) — &5 () with respect to the parameters s, ¢, x.
We have the The following theorem.

Theorem 2.2. There exists a random, continuous, hélder’s function in s, t, x,
with exponents v, p for any v < % and p < 1. Moreover we have a.s. the equation
2.5 is proved for any s, t, x and the property of the flow &(€s¢) is valid for any
s, t, x.

Proof. The proof is a direct consequence of the Kolmogorov’s theorem and the
following estimation demonstrated in theorem 2.6:

Elé(2) = Eq @) < o — &P + (L+ |2 + |2])()s = 3|5 + |t = 1[%) (2.6)

Given a compact x € R? and 7 > 0, the estimation 2.6 is enough to apply
the Kolmogorov’s theorem, which provides that there is a continuous Version in
(s,t,x) € 10,T]? x x of & (x) for which we have

[€st(2) = &4(@)] < DxTperp(@) ([t = 27 + |5 = 3|7 + |2 — 2]7) (2.7)
uniformly in s, ¢, x for any v < % and p < 1. (]
Remark 2.3. We may well call the map & the stochastic flow.

Lemma 2.4. For anyp € R, T > 0 and € > 0, we have the inequality
E(e + €5t (2)[*)P < Dep,7(e + |2[*)?

E(e + [€se(2) = Et()[P)P < Op1(e + o — yl*)? (2.9)
forany0<s<t<T.

Proof. We put g(z) = (¢ + |z|?) and F(z) = g(x)?. An easy calculation gives
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ViF(z) = 2g(z)P~tx
Vi F () = 2pg(x)P~*(9(2)dij + 2(p — Daiwj), i,j=1,....d

and if we denote L; = &5 (x) then, by Itd’s formula applied to the semi-martingale
F(L;) we have

F(L +Z/VF YALi + = Z/v (Ly)d < L', L >,

1,5=1

dLi = dei (x ka ,Eqp())dBY

d< LI >= > Vi(r, & (@)V (r, & (x))d < B¥, B! >,
k,1=0

m

—ka Tgsr Vk(r 537( ))

Given that < B* B! >;=tif k=1=1,...,m and it is zero otherwise (particu-
larly if k = 0 or [ = 0 because BY = t), therefore

m

F(L )+ Z Z L)Vi(r,L,)dBY

i=1k=0""%
+= ZZ VL F(L)Vi(r, L)V (r, L,)dr
1] 1k=1"S%

Now take the expectation of this last quantity, the stochastic integral gives zero
and Ly = &s(x) = x a.s, therefore

EF(L;) = Z Z/ F(Ly)Vii(r, L)V} (7, L,.)]dr

i,j=1k=1
To estimate the quantity inside the integral, we note that by hypothesis
Vi(r, )| < M1+ |z]) < 9-/g(2)
where the constant 9. depends on ¢, then
V5 F(L)VE(r L)V (7, L) < 0<F(Ly)

and
t
EF(L;) < F(x) + 195/ EF(L,)dr

So we can conclude by Gronwall’s lemma (lemma 3.3 in this article) and get the
first two inequalities. For the second inequality we proceed in the same way but
this time we put L; = &g (x) — €st(y). The process L; is again a semi-martingale
and
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AL, =Y [Vi(r,6sr(x)) = Vil(r, Eor(y))]dBY
k=0
d< L L7 >,= [Vi(r, & (@) = Vi (r, & IVE (. 6ar(2)) = Vi (7, € ()t
k=1

This time, it was that
Vi (r, 6o (2)) = Vil (r, 6 ()] < M€ar(x) — Ear(y)] < M g(Ly)?

independently from e. Therefore with the same method as before and can be
applied Gronwall wrap up. O
Lemma 2.5. Forany0<s<¢<t<7T andzx € R? we have a.s

fgt(fx) = 53t($>

Proof. The previous lemma and Kolmogorov’s theorem imply that for all fixed
s,t, the application x — &g () is almost surely continuous. Moreover, it is easy
to see that we can choose the family of random variables

T — Z Vk 7, Eor( ))dB,’f

k=0""%

continuous in z, in fact

E| / Vi(r, ur (2))dBE — / Vi(r, £ur () dBE)?

< 08| Wl — [ Velr o) Pl

< p(t — 5)%711@[/ [Vie(r, &or (2))dBY —/ Vie(r, &sr(y))[Pdr]  (byJensen)
<9, M(t— )2 E[L|&(z) — & (y)|Pdr]  (byhypothesis)
<Yyt —s)2 ?lz —y> (byLemma2.4)

and therefore can still be used again Kolmogorov to obtain a continuous version
in x of the stochastic integral and show that for a fixed s < ¢ < ¢, the integral
equation

m

(@) =2+ Z 7y €er( ))dBf

k=0"*¢

is true for all x € R? almost surely. So if in this equation replacing x by the
random function & () we get

gg‘t(gsg) = €s§ + Z/ Vk(T, gcr(gsc))dBf
k=0"*

Let now &y (z) = & (&,.)ift >¢and Eot(x) = £ (2) otherwise. the process & (z)
satisfies the equation



244 FATIMA BENZIADI AND ABDELDJABBAR KANDOUCI

m

gét =x+ Z gsr ))dBf

k=0""

for any t > s and any € R? and therefore the uniqueness of the solution, we
must have that . = £, (x) a.s. and hence the thesis. O

Theorem 2.6. forallp>2,0<s<t<T,0<3$<{<T,z &ecR%
El€ot(z) — Ee(@) P < 0{|w — &P + (1 + |2 + )P ()t — 1|5 +|s — 52)}  (2.10)

Proof. For brevity we consider only the case 0 < s < § <t < { < T, using the
previous lemma, we have:

m t m t
i) =+ / Vi(r, £ (£))dBE + 3 / Vi(r. € (£))dBY
k=0"$ k=01t

o) = sla) + Y [ Vilr € (€us(o))dB
k=0"v"S

Therefore
@) — Eqe@)l? < 2m o+ 37 {[6us — P
—
A ;
+ Z|/ Vie(r, &sn(#)) — Vio(r, Ear (6))]dBE P} +Z|/t Vie(r, €4 )dBF|P
B ¢

We used the inequality (often very useful): | Zf\;l a;|P < NP1 Zil |a;|P, which
follows from Jensen’s inequality. We will estimate the expectation of the three
terms A, B,C one by one. We start with a small additional result:

Eléui() — 2P < (m +3)P~ IZEI/ Vi(r, £ur(2))dBE P

k=0 S
< 0,ME([ (146 (o))t

< p($—5) 5 (1 + [af)
With this estimate we have easily that
E[A] <20 Yz — & + Eléss(2) — 2P} < Gplle — &P+ (§ = 5)2 (1 + |2?)]
By similar calculations we can also infer that
E[B] < dpllz — &P + (5 = 5)5 (1 + [z[P)]
E[C) < 0p(t — )5 (1 + |£])P

All these estimates allow us to conclude the proof. O
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2.3. The case studied by G. Barles. This subsection is borrowed from [1].
We consider a general system of equations of the form

t t
g =at [0t [otgzmaw, 0<i<T (2.11)

For any (s,t) € [0,T] x R™, where T is a strictly positive real, W a d-dimensional
Brownian motion and 6 : [0,T] x R* — R” o : [0,T] x R® — R"*4 are two
measurable, Lipschitz functions to linear increase. To demonstrate the continuity
properties of the flow, we will use the Kolmogorov’s theorem (theorem 3.1). To
do this, we must make estimates on the moments of J;”*. The demonstrations
are somehow technical but not difficult, it is often used the inequalities of Holder
and Burkholder-Davis-Gundy - BDG in the More - and Gronwall’s lemma (lemma
3.3).

Proposition 2.7. Let p > 1, there is a constant R, depending on T and p such
that Vs € [0,T], Vo € R"

E[ sup [J7*]P] < R(1L+ |2[7) (2.12)
0<t¢<T
Proof. We demonstrated in the case n = d = 1. We start with the case p > 2. We
fix s and =, we note J; in place of J;** for ease of writing. In the following R is a
constant depending on p and T whose value may change from one line to another
but which does not depend on (s, z). We have firstly,

sup [J;|P < sup [Ji|" + sup |Jif” <[]+ sup [Jif*
t€[0,T) te[0,s] te(s,T] te(s,T)

it suffices to establish the inequality E[sup,c(s |/:[P]. As we do not know a
priori if this quantity is finite or not, we introduce the stopping time g,, = inf{t €
[0, T], |Jt| > n} and we take n > |z| such that g, > s. The inequality (a+b+c)P <
3P~1(aP + bP + cP) supplies estimates, for any ¢ € [s, T],

p)

£hen
/ O(r, Jy)dr

p

+ sup
s<e<t

Non
/ o(r,J.)dW,

)

| Jeng, P < 3771 (IIIP + sup
<0<t

tAOn P
< 3p—1 <|ggp 4 </ |6(r, Jn)|d7“> + sup
s s<U<t

The inequality BDG leads to:

LAon
/ o(r, Jp)dW,

E| sup |Je|p]
s<U<tAon
tAon p tAon 5
§R<|xp+IE (/ |0(r,Jr)|dr> +E (/ |0(7’,JT)|2dr) D
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using the Holder inequality (£ > 1), noting p* the conjugate of p and ¢ that of &,

E

sup |Jgp]

s<U<tAon

» tAOn » tAon
SR(|x|p+TP*E[/ |0(r,J,)Pdr}+T2tz]E{/ |a(r,JT)Pdr}>

Furthermore, as # and o are linear increase, we have:

tAon tAon
E U 6, Jr)lpdT] < S"E U (1+ |JT)Pdr]

tAOn
SR(H—E[/ JTPer
and therefore

tAon t
E [/ |6(r, JT)|pdr} <R (1 +E / sup |Jg|pdT]>
s s s<t<r<po,

and the same inequality is valid for the term o. As a result, we obtain:

sup | Je|P| dr
s<USr<on

where R does not depend on n. Gronwall’s lemma then gives for all n,

i t
El sup | Je|? §R<1+|m|p+/]E

s<U<tAon

E| sup |
| s<E<tAon

< R(1+ [l?)

We fact tender n to infinity and apply Fatou’s lemma to get:
E [ sup w] < R(1+ [2]?)
s<L<T

which completed the proof in the case p > 2. If now 1 < p < 2 then 2p > 2 and
Holder inequality given

1

E{sup |Jg|p} < (E[sup JZFPD < R2(1+ |z]?P)2

s<O<T s<O<T
this leads to,
E { sup |Jg|p] < R2(1+|zP)
s<t<T
This last inequality completes the proof of this proposition. O

Now, we know that the solution of a stochastic differential equation has mo-
ments of any order, we show a similar estimate for the moments of the increments
of J.
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Proposition 2.8. Let 2 < p < oo. There exists a constant R such that, for any
(s,x),($, &) belonging to [0, T] x R™,

E| sup |J;)" — J°
0<t<T

P} gR(|x—:f:|”+|s—é|§(1+ |33|p)) (2.13)
Proof. We fix (s,x) and ($,€). Trivially,

I = < T = T | = )

so that we show the inequality to each of the previous two terms. Start with the
first |J;"" — J;"*|P. There is no need to take a stopping time because the previous
proposition tells us that the expectation of the sup in ¢ is finite. We have

sup |J57 — JPPP < sup [0 — JPP + sup |00 — IR
t€[0,T) te(0,s] te[s,T]

so that

sup |J)0 — JPEP < o — £ + sup |JPC — JPEP
t€[0,T) te(s,T]

therefore, we are only interested in the second member of this inequality. For all
¢ € [s,T], we have

t p
P <3t (Iw —#P+ </ |6(r, J2%) = 6(r, Jf"f)ldr>

/u(J(ﬂ I3) = o (r, J30))dW, )

BDG and Holder inequalities lead to the inequality, noting p* the conjugate of p,

|J;’30 _ J;Jf

+ sup
LE[s,t]

¢
E | sup [J)" —J)"|P| <R (|x — P + T+ E {/ |O(r, J3®) — 6(r, Jﬁ’z’)|pdr}
LE(s,t] s
¢ ] 5
v B |( [ 1002 - ot g0 Par) D

Using again the Hélder inequality, we obtain, noting ¢ the conjugate of £,

t £
( [ ot gz = ot Jﬁ’f)zdr>

# and o are Lipschitz, the previous inequality gives

t
<R<|x—:&|p+/ E

Gronwall’s lemma then gives-changing R

t
E < T#%E {/ lo(r, J%) — o(r, J;f’:f/’)PdT]

E | sup [J,* — J;’ﬂp

LE[s,t]

sup [J;" — J;’i’|p1 dr>

Le(s,r]

E l sup |J5" — JPEP| < Rlz — #|P

Le[s,T)
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It remains to study the term E[sup, |J5% — JF%|P]. We assume without loss of
generality that s < § and cutting into three parts,

sup |J5° = J0P < sup |0 = J00 P+ sup |0 = TP+ sup [0 - TP
t€[0,T) tel0,s] te(s, 4] te[$,T]

from which we deduce that

s, & 78,2 S, 21p s, & 78,%p
sup |J; J; J; P 4+ sup |J; T
te[0,T] te(s,$) te[$,T)

For the first term of the right side of the previous inequality, we have

$ p
sup |5 —#p| <201 (B /|0(r,Jﬁ’f)|dr
te(s,d] s

t . P

+E / o(r, J>%)dW, ])

The Holder inequality and the mark 2.12 give, using the linear increase of 6,

E

sup
tels,d]

K/ 0(r, J5) dr) } (4 — s)PE[ sup [0(¢, J0%)P] < RT%|s — $|5(1 + |4]7)

Le[s,$]

On the other hand, inequality BDG gives

t p $ %
Elsup /O’(’/‘,Jf’i)dwr ]SE (/ |U(T7Jf’i)|2d7’>
tels,d] |/s s
p N
<(s—$)2E | sup |o(4,J;)")
Le(s,$]

and because of the increase of o and the estimate (1), we obtain

t P
E | sup /a(r,J:vi)dWT < Rls— 831 + |4])
tes, ) [/s
Finally,
E | sup [J77 = J79P| < Rls — 4|5 (1+ |£]P)

te(s,$]

Study to finish the term E[ sup |J5** — J£%|?]. Note that, for t € [$,T],
te($,T]

t
Tt =gt +/ 0(r, J3%)dr +/ o(r, J3*)dW,

t
J”_x+/ 9rJ”dr+/ o(r, J55)dW,
S
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We have therefore, for any ¢ € [4, ¢]

t p
g < g (u;“ il ([ 052 = 000, 58 ar

p)
Using inequalities holder and BDG, and the bound (3),and the fact that 6 and o
are Lipschitz,

t
[ ot~ otr 3w,

+ sup
Le[$,t]

E

sup |J§x — Jf’ﬂp]
Le[$,t]

t
<R <|s — 451+ |2P) +E [/ | J5E — Jﬁﬂper

t
/ sup [J)" — J;"|Pdr
§ e

Gronwall’s lemma applied to r — sup |J£S’i — Jf’ﬂp then gives

<R <|s—s’|5(1+ |£P) + E

Les,r]
E| sup |J5% — J0%P| < Rls — §|5(1 + |#|P)
Le[$,t]
which completed the proof. |

Remark 2.9. A direct application of the previous estimate and kolmogorov’s the-
orem, shows that there is a modification of process J such that the application
(s,z,t) — J;"* is continuous.

3. The Continuity of the Solution of the g-equation

This section contains two Subsections. In the first, we present the theorem of
Kolmogorov and its demonstration. In the second, we present our main result.

3.1. Kolmogorov’s theorem and its demonstration. This subsection is bor-
rowed from [6]. There are several versions of Kolmogorov’s theorem, we give here
a quite general one.

Theorem 3.1. [6]. Let (E,d) be a complete metric space, and let U* be an E-
valued random variable for all x dyadic rational in R™. Suppose that for all x,
y, we have d(U®,UY) is a random variable and that there exist strictly positive
constants ¢, C, 8 such that

E{d(U*,U")7} < Clla —y|"*? (3.1)

Then for almost all w the function x — U® can be extended uniquely to a con-
tinuous function from R™ to E.
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Proof. We prove the theorem for the unit cube [0,1]". Before the statement of
the theorem we establish some notations. Let A denote the dyadic rational points
of the unit cube [0,1]™ in R™, and let A,, denote all z € A whose coordinates
are of the form £27™,0 < k < 2™. Two points z and y in A, are neighbors if
sup |z*y'| = 27™. We use Chebyshev’s inequality on the inequality hypothesized
t(; get
P{d(Um, Uy) > 2—am} < 02a57rz2—m(n+,{3)
Let
Ay = {w : Ineighbors x,y € Ay, with d(U*(w), UY(w)) > 27*™}

Since each z € A,, has at most 3" neighbors, and the cardinality of A,, is 2",
we have

P(A,,) < c2m(e==F)
Where the the constant ¢ = 3"C' .Take « a sufficiently small so that ae < 5. Then
P(A,,) < c27™0

Where 6 = 8 — ae > 0. The Borel-Cantelli Lemma then implies
P(A,, infinitely often) = 0. That is, there exists an mg such that for m > mg
and every pair (u,v) of points of A,, that are neighbors,

d(Uu, Uv) < 9—am

We now use the preceding to show that x — U?® is uniformly continuous on A
and hence extendable uniquely to a continuous function on [0, 1]™. To this end, let
7,y € A be such that ||z —y|| < 27571, We will show that d(U*,UY) < 2~ for
a constant ¢, and this will complete the proof. Without loss of generality assume
k> mgy . Then z = (z%,...,2") and y = (y*,...,y™) in A with ||z — y| < 27F!
have dyadic expansions of the form

zt=ul + E a??fj
i>k
Yy =0+ E b§2_j
i>k
where aé, b; are each 0 or 1 and u,v are points of Ay which are either equal or
neighbors. Next set ug = u,u; = ug + ak+12*k*1,uQ =u + ak+22*k*2, --- . We
also make analogous definitions for vy, v1,vs,... Then u;_1 and u; are equal or
neighbors in Ay, each i, and analogously for v;_; and v;. Hence

AU (W), Ut(w)) <y 27
j=k

AUV (@), U (W) < 327
=k
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and moreover
d(U(w),U?(w)) < 27k
The result now follows by the triangle inequality. O

The following subsection is the heart of our article. To show our main result,
we need the following lemmas:

Lemma 3.2. [7]. Let a(t) be a non-negative right-continuous increasing (extended
real-valued) function on Ry. Set

C(t) =inf{s:a(s) > t}, t e Ry
Then C(t) is a non-negative right-continuous increasing function on Ry, and is
called the right-inverse function of a(t). For t € Ry,C(t) < 400 if and only if
t <a(co) = tgnm a(t). Set

a_(t) =a(t—) = hTr% a(s),t > 0 (such that s 11t means s — t,s < t),
C_(t)=C(t—) = llTr% C(s) =inf{s:a(s) >t} =sup{s:a(s) <t},t >0
a(0—) = a(0),C(0—) = C(0).

Then we have
a_(C_(t)) <a_(C(t)) <t ,teRy
and

a(C(t) > a(C—(t) > t .t < a(s0)
[

Lemma 3.3. [2]. Let (a,b) € R? with a < b, ¢ and 1 : [a,b] — R non-negative
continuous functions, such that 3p € RT,Vt € [a,b],0(t) < p+ f; w(s)(s)ds.
Then

e lontl o) < pe [ tw<s>ds)

3.2. The main result. This subsection is the heart of our article. In our model,
we show the continuity of the solution of the f-equation by applying the theorem
of Kolmogorov presented in the previous subsection and lemma of Gronwall such
that we take e = p and 5 = p — n with p > 0. We have for u < s <t
t A t
e~ As
xpw) = o+ [ X (1 )Nt [ X - - zaay.
We know that the quantity f(Xs — (1 — Z)) is bounded because fis a Lipschitz

function, but as we do not know a priori if the quantity (—%) is finite or not,

we introduce the stopping time 7, = inf{t,1—Z; < %} Therefore, we assume the
process X instead of X:

e~ M
1~ Zin,

such as Xt = X, Vtﬁ Ty N E N.
We denote Ay = X}'(z) — X}*(y) and we apply It6’s formula to the process |A;|?,
we find:

dX, = X,(— AN, + f(X; — (1 = Z;))dYs)
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A=X*_— XY
dA; = d(XF — XV)
p—2
d| AP = p| AP~ dA, + A p(p — 1)]d < Ay, Ay >

Such as
dA, = d(X¥ — X7)

~ ~ efAt ~ ~ ~ ~
iy = (X7 X) (=5 ) N X7 A ~(1-20) - KUY (1= 20},
— LtATy
Noting
Vi(Xp) = X7 f (X7 - (1- 1))
Vi(XY) = XVf(XY — (1 - Zy))
So
1 | Ay[P2
d| AP = plAs|P™ d A + plp—1)d < Ay, Ay >
and
dlAg|?
|[Ae|P~? oo _ § ey
=i aa s By - 0| - K0P (- ) d NN
— LtATy

~ ~ ~ ~ e_At
+ (V(XE) = V(X))?d <Y,Y >; +2(XF — X}) (_1Z>
— LtATy

% (Vo(XZ) = V(XP))d < N,Y >, ]

By lemma of Jacod (see [3], page 128,129), there always exists a process G, such
that: C11dG =d < N,N > | CodG =d < Y)Y > and C12dG =d < N,)Y > with

Cn Ci2
C =
( Co1 Co
being a symmetric nonnegative matrix, and the choice of the latter is arbitrary,
then

AP—2 ~ ~ - ~
dlA? = pl A" d Ay + S—p(p — 1) [ (X7 = %), W(X7) - V(X))

e*At E*At
y 1z 0 y Cn Ci2 | 1Tz
0 tAT, ] 021 022 0 tAT,
)
X Z ~ dG
( Vi(XF) = Vi(XY) '
We denote
W = (X7 = X0, V(X7) - W(XY))
oM —Ay
0 C C
M = 1= Zinr, < C; CZ ) 1= Zipr,
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T Y
W, = X=X
Vi(XT) = Vi (XY)
So

AP = p| AP~ 1dA; + 2—p(p — 1)[WT MW,]dG,

t t
-1
|Ae]P = |z —y|P + [/ plAs[PT dA, +/ ’%Ag—QWSTMWSdGS

t

k plp—1)
E[|A,|?] = |z — y|? + E[/ plA, [P ldA,) + IEJ[/ B AW MW.dG]

t
-1
Blla] <o — o+ [ D arewranwa,

u

E[lAeP] < o~y + E[/t LA
such that “

M= < lb)i II;Z > and m = |bi1| + [b12| + [ba1| + |b22]
So

A7) < fo—gir+BL | P2 a2, (X7 - X2 (4 (0) -Vl RD)G).

u

But f is a lipschitz function, then there exists a real positive constant K, so
Va(X2) = V(XY < K|X7 - XY
Therefore

E[|A/P] < |z — y? +E| /

u

t J—
PP 1) gy, (A2 4 K| AL P)aG

BlAR] < o -y + B[ 22 4, (14 K)aG)

u

B4 < o~y + P20 0y w0 [ 14 rmac,
We denote '
a=lr—yl
b= p(p2_1)(1+K)
Then

t
E[|A¢?] < a+ b]E[/ |As|PmsdG)

to apply Gronwall’s lemma (lemma 3.3) we must use the technique of change of
time to eliminate the process G; so for this we will use the lemma 3.2 (see [7]). In
our case, putting G(s) = a(s) and we consider the stopping time
C(t) = inf{s, G(s) >t}
Such that, for t € Ry, C(t) < oo if and only if t < G(c0) = tgnoo G(t) and
G(C{) 2 G(C-(1) = t, t e Ry
In fact
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t
E[|A:?] <a+bE {/ |As|P deGS}
For s,t,a € R, such that s < «

C(a)
E[ sup |A{P] <a+bE| sup / |As|P msdGy
u

t<C(a) t<C(a)
We denote
B; = sup |A
t<C(«)
Then

(e

]E[Bf] <a+bE |:/ Bg(s) mc(s)dGc(S)]

MBﬂ§a+bE{L’B&@mqgﬁ}

C(a)
/ BP mgds

Now, we can apply the lemma of Gronwall to this last expression, we have

E[B/]<a+bE

C(a)
E[Bf] < a+ bE / BPmgds
We take
¢(t) = E[BY]
Y(s) =ms
a=p
So, we find

Cla)
E[BY] < aexp b/ mgds

Eventually, if < /, ) msds) is finite, there exist the constant C which satisfy the

u

condition of Kolmogorov’s lemma that is to say that C= exp (b fuc(a) msds).

4. Conclusion

This document contains a new and original methodological approach to the
subject in question and could therefore be a good contribution to the theory of
stochastic processes, based on a very interesting lemma of Kolomogorov. Some
difficulties have been encountered because the subject deals with a difficult area
”the stochastic differential equations”. As prospects, we try to prove the same re-
sult of the paper, but in a vectorial case; moreover, we also think of demonstrating
that the stochastic flow associated with our model will be a diffeomorphism with
multidimensional parameters on the same space, and we will investigate whether
it is possible to have the same work on manifolds.
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