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CLARK FORMULA FOR LOCAL TIME FOR ONE CLASS
OF GAUSSIAN PROCESSES

A. A. DOROGOVTSEV, O. L. IZYUMTSEVA, G. V. RIABOV, AND NAOUFEL SALHI

ABSTRACT. In the article we present chaotic decomposition and analog of the
Clark formula for the local time of Gaussian integrators. Since the integral
with respect to Gaussian integrator is understood in Skorokhod sense, then
there exist several Clark representations for the local time. We present differ-
ent representations and discuss the representation with the minimal L2-norm.

1. Introduction

In this paper we establish some integral representations for the local time
of Gaussian integrators. Recall that for the one dimensional Wiener process
{w(t), 0 <t < 1}, the local time at a point u up to time ¢ can be formally denoted
by fot du(w(s))ds and possess a meaning using approximations of the Dirac delta
function. It was proved that the following limit exists

t

t
/ Su(w(s))ds :== L? — lim pe(w(s) — u)ds
0 e—0t Jo
where p.(z) = (27e) /2 exp(—x2/2¢).
Another approach is based on the conception of the local time as the density of
the occupation measure

ut(D)z/o 1p(w(s))ds, D € B(R).

Lévy proved in [9], that, almost surely, p; is absolutely continuous with respect to
Lebesgue measure. After that, Trotter proved that the density £ of u; is continuous
in both time and space variables [16] and, hence, coincides with the local time of
the Brownian motion. Moreover, we get the following occupation formula

/R*"(“W“@du = / s, as

which holds for every bounded and measurable function ¢.

While thinking about local time for other Gaussian processes, S. Berman no-
ticed that the independence of increments and self-similarity were extensively used
in the Brownian motion case. Thus, he introduced the notion of local nondeter-
minism to remedy the lack of these properties for general Gaussian processes [1].

Received 2016-7-23; Communicated by Hui-Hsiung Kuo.
2010 Mathematics Subject Classification. Primary 60G15; Secondary 60H05, 60H40, 60J55.
Key words and phrases. Local time, integrator, Clark formula, It6-Wiener expansion.

195



196 A. A. DOROGOVTSEV, O. L. IZYUMTSEVA, G. V. RIABOV, AND N. SALHI

Nonformally, the local nondeterminism signifies that the value of the process at a
given time point is relatively unpredictable on the basis of a finite set of observa-
tions from the immediate past. S. Berman proved that this condition can assure
the existence and smoothness of the local time. But the difficulty to check the
local nondeterminism property was a motivation for A.A.Dorogovtsev to intro-
duce a new class of Gaussian processes called by Gausssian integrators [3]. These
processes have a simple representation as Wiener integral where the integrand in-
volves some bounded linear operator of the space Ly([0,1]) of square integrable
functions. This operator appears in the simple expression of the covariance and its
invertibility is the key to local nondeterminism, existence and regularity of local
time [7]. In addition, as their name indicates, stochastic integration with respect
to integrators can be made. The used here integral is the Skorokhod ( or extended
) integral which generalizes the Ito-integral, but does not keep the isometry prop-
erty. In fact, different integrands can have the same integral. This property makes
it possible to obtain different integral representations of the local time of integra-
tors, which is our main purpose. The existence of such representations comes from
the Clark formula. This formula states that every square integrable random vari-
able o measurable with respect to the Wiener process w can be uniquely written
as

1
« :Ea+/0 z(t)dw(t)

where x is a square integrable random element of Lo ([0, 1]) adapted to the Wiener
filtration. When the random variable « is stochastically differentiable, then the
process = can be expressed in terms of « through the Clark-Ocone formula [11].
In general case, we prefer obtaining an analogous formula where the integration is
made with respect to the integrator itself. This pushs us to use the extended sto-
chastic integral. And, as we mentioned before, we know that the same Skorokhod
integral can be obtained from different integrands so that we predict it is possible
to state more than one Clark formula for the local time of integrators.

This paper is divided into five sections. First we recall some vocabulary of
white noise analysis emphasizing on chaotic decomposition and extended stochastic
integral. Second section is devoted to the Clark formula where we state the result
in terms of Skorokhod integral and find an optimal (in some sense ) representation
called by the minimal norm integral representation. In the third section, Gaussian
integrators are introduced, followed by some examples and a characterisation in
terms of continuous linear operators and white noise. We devote section 4 to the
chaotic expansion of the local time of integrators and the last one to some of its
integral representations.

2. Preliminary Facts From White Noise Analysis

In this section we recall some notions of stochastic analysis that will be used
along this paper. We focus on the concepts of white noise, chaotic expansion, sto-
chastic derivative, extended stochastic integral and second quantization operators.

Let H be a real separable Hilbert space with the scalar product (-,-) and the
norm |-|. We recall the definition of the white noise in H and a few related notions.
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For the detailed exposition of the theory we refer to [13, 2, 10, 11]. Through all
the sections of this paper, we will use the probability space (2, F,P).

By definition, the white noise £ in H is the collection {(&, h),h € H} of random

variables that satisfies following two properties
1) each (&, h) is a Gaussian random variable with mean 0 and variance |h/|?,
2) h — (&, h) is a linear mapping from H into L%($, F,P).

The space L?(Q2,0(€),P) of all square integrable functionals from ¢ possess an
orthogonal structure, known as the Itd6-Wiener expansion (or, chaos expansion).
Denote by HZ™ the space of all n-linear symmetric Hilbert-Schmidt forms A,, :
H"™ — R. H®™ is a separable Hilbert space relatively to the scalar product

(AnaBn)n = Z An(ekla--~7€kn)Bn(ek1a-~'aekn)a

where (e) is an orthonormal basis in H. By || - ||, we denote norm in H®™. Each
form A,, € H®™ can be written as a series

A, = E Ahy,.o opChy D ... @ €,

Associate to it a random variable

An(gaaﬁ) = Z bjhj%---HHjL((fael)) € LZ(Q7U(§)7P)'
Jidjat..=n =1

22

Here Hj, is the k—th Hermite polynomial Hy(z) = (—1)Fe’> (i)k e~ 7, and the
coefficient bj, ;,,.. equals

n!
bjijore = 7901, 12, ..., 2,
J1:Jz: ... W—’W—’
J1 J2
The random variable 4,,(¢,...,&) is an (infinite-dimensional) Hermite polynomial

from £ of a degree n. Polynomials A, (&, ...,&) and Bg(E, ..., &) of different degrees
are orthogonal. Up to a constant, the correspondence

Ap = An(§, ... 8)
is an isometry

The It6-Wiener expansion is the representation of L?(2, (), P) as an orthogonal
sum of spaces of orthogonal polynomials. Each square integrable random variable
a € L*(Q,0(¢),P) can be uniquely written as a sum

a=> An(&,....8), Ay € HP" (2.1)
n=0

The It6-Wiener expansion gives one possible way to define stochastic derivative.
Consider the random variable o € L2(€, 0(£),P) with the It6-Wiener expansion
(2.1) .
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Definition 2.1. [14] We say that « is stochastically differentiable, if there exists
square integrable H— valued random element Da € L2(Q,0(€),P; H), such that
for every h € H

——

n—1

(Da,h) = nAn(h,¢,....¢).
n=0

The operator D is an unbounded closed operator, acting from Dom(D) C
L*(Q,0(),P) into L*(Q, 0(),P; H).

Definition 2.2. [14] The extended stochastic integral is the adjoint operator I =
D* (in [11] it is called the divergence operator).

The operator I is also an unbounded closed operator [11, §1.3].
Now consider the Wiener process (w(t)):e[o,1), w(0) = 0. It naturally defines a
white noise ¢ in the Hilbert space L2([0,1]) by the formula

1
(h,€) = /0 h(t)dw(t).

Informally, £ is the derivative of w. Now, o(§) = o(w). In this case, if a square
integrable random process y belongs to the domain of the extended stochasic
integral I, then I(y) can simply be denoted by fol y(t)dw(t). We recall that if the
process y is adapted to the Wiener filtration then the integral I(y) coincides with
the It6 integral [14].

Now let us finish this part by recalling the definition of a second quantization
operator. Using the white noise { generated by the Brownian motion (w(t)).e0,1]
every square integrable random variable o measurable with respect to £ can be
uniquely represented as a sum

0= A&, 6) = Z/A anltrs . to)dw(ty) .. du(ty),
n=0 n=0 n

where A, = {(t1,...,tn), 0 <t <...<t, <1} and A, (&, ...,&) is a Hilbert-
Schmidt form from & or the multiple Wiener integrals from the nonrandom kernels
ay,. For continuous linear operator B in L2 ([0; 1]) define new Hilbert—Schmidt form

AB (o1, . on) = An(B*¢1,...,B*0n).
Definition 2.3. [4] If the operator norm ||B]| < 1, then the sum

AR
n=0

converges in square-mean and is an action of the second quantization operator
I'(B) on a.

The very simple form I'(B) has on the stochastic exponents, i.e. on the random
variables of the form £(h) = e(m8)~3 I h e L5([0,1]). It can be easily checked
[4] that

[(B*)E(h) = E(Bh).
The operators of second quantization are the partial case of conditional expectation
[4, 12] and have all its properties.
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3. Clark Formula

In this section we recall the Clark representation formula for square integrable
functionals from w (the Wiener process ). Then, we propose a generalisation in
terms of extended stochastic integral and we precise an optimal representation
called by the minimal norm integral representation.

It is known [11, Th. 1.1.3] that for each o € L?(2,0(w),P) there exists unique
square integrable w—predictable process (u(t))¢co,1], such that the following rela-
tion with the It6 integral holds

= Lo 1U w a2: C¥2 1U 2 . .
a=E +/O (t)dw(t), E (]E)+]E/O (t)2dt (3.1)

As an example, let us derive the Clark representation for one-dimensional func-
tional
a = f(w(1)).
Of course, the formula is not new (see, for example, [17]). Still we present the

proof, because the only assumption we make about f is the square integrability.
Let ps(x) be the transition density of the Wiener process

ps(x) = (2ms) "2 exp(—2? /2s).

Denote by (Ps)s>0 the transition semigroup of the Wiener process
P (@) = Efe+u(s) = [ 1wl — sy

Lemma 3.1. For every measurable function f with [, f*(y)p1(y)dy < oo, the
Clark representation for f(w(1)) is

Flw(1)) = Ef(w(1)) + / BaPy_+ f (w(t))du(t). (3.2)

Proof. Note that for each compact set K C (0,1) x R and all n,m > 0 one has
9507 ps(z — y)
p1(y)

Hence, the function P;f(x) is correctly defined for 0 < s < 1, € R and is smooth.
In fact,

sup sup
YyER (s,2)EK

‘ < 0. (3.3)

0007 P (@) = [ 100 (o~ )y (3.4
Consequently,
OsPsf(z) = %8§Psf(x), 0<s<l,xeR. (3.5)

It is enough to prove (3.2) only for continuous compactly supported functions.
Indeed, given any measurable f with [, f(y)pi(y)dy < oo, the Clark represen-
tation theorem implies that there exists square integrable w—predictable process
(u(t))iefo,1), such that

F(w(1)) - Ef(w(1)) = / u(t)dw(t). (3.6)
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On the other hand, there exists sequence (fy,),>1 of continuous compactly sup-
ported functions, such that

L) = 1))y 0, = o,
If (3.2) is proved for f,, then

Fulw(1)) = Efo(w / Oe Py fu(w(t))duo(t).

The left-hand side of the latter equality converges to the left-hand side of (3.6) in
L?. Correspondingly, the right-hand side also converges, i.e.

/1 E(0, Pt fr(w(t)) — u(t))?dt — 0,n — oco.
0

From (3.4) it follows that pointwisely
OxPr_t frn(w(t)) = OpPi_tf(w(t)),n — oo.

Hence, the needed representation for f follows. It remains to check the case when f
is continuous and compactly supported. Applying the It6 formula to the function
(t,z) = Pi_¢f(x) and the process (w(t))e<i<1-e, and using (3.5) one obtains the
representation

l—e
Pf(w(l—¢)) = Picf(w(e)) +/ O PLi f (w(t))dw(t).
Additional assumptions on f imply
Pef(w(l =€) = f(w(1)), e =0,
and

Prcf(w(e)) = PLf(0) = Ef (w(1)), € = 0.

The lemma is proved. |

Remark 3.2. Using the equation (3.4), the formula (3.2) can be rewritten as

Flw(1)) = Ef(w( / (/f Dup1—4( ()—y)dy)dw&).

Now we return to the genaral situation. Let £ be a white noise in the real
separable Hilbert space H. All the random variables are assumed to be measurable
with respect to £, i.e. F = o(£). Then any square integrable random variable can
be written in the form analogous to (3.1).

Lemma 3.3. Any a € L*(Q,F,P) can be written in the form
a=Ea+ ITu,
for some u from the domain of I.
In fact, we prove the lemma 3.3 by constructing a bounded linear operator
d:L*(Q, F,P) = L*(Q, F,P; H),

such that
a=Ea+ I(da).
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Proof. Consider an [t6-Wiener expansion of «

O[:]EOL+ZAH(§7~"7§)a
n=1

and define da € L*(Q, F,P; H) as follows

do = ZlAn(agaag)

n—1
Here, A, is viewed as an (n—1)—linear H—valued Hilbert-Schmidt form on H. Re-
spectively, A, (-, &,...,€) is an H—valued orthogonal polynomial from & of degree
——

n—1
n — 1. The series in the definition of da converges, as

S A& O = 3= D42 < S nll| A2 = Ea?.
n=1 n=1 n=0

In order to check, that o = Ea + I(da), consider arbitrary stochastically differen-
tiable function 8 € L?(Q, F,P). Write the It6-Wiener expansion of 3

n=0

Then,
E(DB,do) =EY  n(An(- & ...,€),Bu(-&....6) =
n=1
= Z TL'(An, Bn)n = E(OL - ]Ea)ﬂ
n=1
The needed equality is verified. O

As a corollary of the lemma 3.3, to each a € L?(Q,F,P) we've associated a

non-empty set
K(a) ={u € Dom(I) : Iu = o — Ea}.
It is evident, that K(«) is an affine subspace. It is closed in L?(§), F,P; H), because
the operator I is closed. Consequently, the norm attains its minimum on a unique
element u(c) € K(a). In other words, for each a € L?(Q2, F,P) there exists unique
u(a) € L3(Q, F,P; H), such that
u(a) = argminueK(a)EMQ.
We will refer to the expression
a=Ea+ I(u(a))

as to the minimal norm integral representation of a.

Next we prove that the minimal norm integrand u(«) coincides with dov.

Lemma 3.4. Let a € L*(Q, F,P). Then

u(a) = da.
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Proof. Recall from the lemma 3.3, that

o0

Eldal* =Y (n— 1! Al

n=1

To show that u(a) = da we need to check that for each u € K(«a), Elul? > E|dal|?.
Consider the It6-Wiener expansion of u. For any h € H,

(u, h) = T;Bn(&'”vg? h)7

n—1
where B,, is n—linear Hilbert-Schmidt form on H, that is symmetric in first n — 1
arguments. Let us calculate E|u|?,

Elu)? = ZE(ZBH(@...,&@,C
k n=1

—— )>2

n—1
=Y > (n=DUBu(ien)llhr = D (n— D! Bl
k n=1 n=1

The action of I on u is expressed in terms of the It6-Wiener expansion in the
following way

Iu:zl-én(gv"-ag)a

n

where Bn denotes the symmetrization of B,. But, Iu = a — Ea, so

A, = B,.
It is well-known that the symmetrization operator has the norm 1, i.e.
[Anlln < [ Bnlln,
and E|u|? > E|da/?. O

In the next lemma we derive analytical representation of the operator d. Below
(T¢)¢>0 denotes the Ornstein-Uhlenbeck semigroup [11, §1.4].

Lemma 3.5. For any o € L*(Q, F,P) the following relation holds

dov = D(/Ooo Ty(o — Ea)dt) = /OOo D(T,a)dt, (3.7)

where integrals are taken in the Bochner’s sense.

Proof. Recall that in terms of the It6-Wiener expansion
Ty(a—Fa) =Y e ™Au(E, ..., 0),
n=1

The norm of T;(« — Ea) equals

|Ti(a —Ba)|| = | > e 2rnl||A,[|2 < e'/E(a — Ea)?.

n=1
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Hence, the Bochner integral [~ Ti(ov — Ea)dt is well-defined. Its It6-Wiener ex-

pansion is
(o) o 1
/ Tia—Ba)dt = 3"~ An(E,....8),
0 n=1

so the first equality (3.7) follows. The second one follows from the fact that the
stochastic derivative D is the closed operator. O

The next result is the minimal norm integral representation of the functional

Q= f((gag))

in the general case, i.e. when £ is a white noise in the Hilbert space H, g € H.
Denote by ®(z) the distribution function of the standard Gaussian distribution

=g [ o F

Lemma 3.6. Consider random variable o = f((g,€)) € L*(Q, F,P). Then

(05)2—1/2
o= (Lrogae 5 (o(057) o))

Respectively, its minimal norm mtegml representation is

F((9:€) = Ef((9.€) +I[( / 1y |g|2 e (@((ﬁ’f) —1<g,§>>y>dy>g].

Proof. According to the lemma 3.5,

da = / D(Ta)dt.
0
We will use well-known integral representation for Tiar [11, §1.4]

Tia =E[f(e"(9,6) + V1 —e72(g,£)) /€], (3.8)

where ¢’ is a white noise in H, independent from . Equivalently,

Ty = h((g:€)),

where
S L e
From (3.3) it follows that
et _ _
h/(ﬂf) = W /Rf(y)(ll —€ t$)p(17872t)|g|2(6 to — y)dy.

Using the representation (3.8), h’'((g,£)) can be written as

W((9:€)) = ———E[f(e~(9,€) + VI e 5 (g,€))(g. ) €.

e
Vv1— e—2t| |2

It follows that E(h’ ((g €)))? < oo, and the stochastic derivative of Ty equals

D(Tio) = == g|2( / F@) (5 — (9, €)p(1_e-soy (e (g,@y)dy)g.
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Hence,

do= </0 ﬁ /]R Ty = (9:0)pa-c-2njgp (¢7(9:6) - y)dydt>g.

The result of lemma 3.5 is not enough to interchage the order of integration.

However, note that

E /O 1_6—2t |g|2 / £ )W — €40, E)P(1—e—20)1gp2 (e~ (9:€) — y)dydt

/ \/ﬁ| 2

:A Zﬁfiiﬂﬁﬂww%@@w+ L—e2(g,€))(g.€)]dt

dt < 0.

<Ef(@O) [ =

SO, d(} can be V\/Iltten as

—t

Ay(aj):/ooo(leezt)(y_e )p(l 672t)(6 xr — )dt

where

. (—e"'x)?
y—e ‘x)e 20-<7I) (¢,

—t
e

CV2r /0 (1- e—Zt)3/2(

Hence, it is enough to check that the equality

Y

22— y2
Ay(x) = e 7 (B(x) = Lasy)
holds for a.a. y € R. Consider y # —x, x. The change of variables

l+etly—a [l—et|y+a
T = —
l1—et 2 1+et 2

leads to the formula

1 22?4202 y+42x
2

Ay(z) = —

0o ly> —a®|+y* —a? N N o] R
/ 2 ez dr.

\y—mlgly-%—m\ |y2 _ $2| + 7—2 -7 /7-2 + |y2 _ .132|

In the case |y| > |z| one has

Ay(z) =

2

T 22—y T
RIS e ~Zdr.

|y+x\e V2 /We

In the case |y| < |z| one has

EE[|f(e " (9,8) + V1 — e 2(g,£))(g,€)| /€] dt

(3.9)

(3.10)
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y+z 1 (% T a2
A —————¢ 2 dr7
y( ) |y + (E| /27'(' ly—x|—|yt+a| ,\ ly+a| /72 + xr2 — y2
Y+ 22-42 / _z2
= — e 2 e
ly + | V21 s
Now the equality (3.10) is easily checked. O

Example 3.7. In the case when the white noise £ is generated by the Wiener
process (w(t)):eo,1], lemmas 3.1 and 3.6 give two different representations for the
random variable f(w(1)) € L?(Q, F,P) (see also remark 3.2)

e the Clark representation

F(1)) = Ef(uw /(/f Oupr—1(u ()—y)dy)dw<t>;

e the minimal norm integral representation

Fw(1)) = Ef / ([ 105 @) = 1uyo)dn )au ),

Notice that the integral with respect to the Wiener process in the first representa-
tion is the It6 stochastic integral and in the second one it is the extended stochastic
integral.

4. Gaussian Integrators

In this section, we recall the definition of Gaussian integrators and give some
examples. We also find a formula that represents them explicitly as white noise
functionals.

Definition 4.1. [3] A centered Gaussian process z(t), ¢ € [0;1] is said to be an
integrator if there exists a constant ¢ > 0 such that for an arbitrary partition
0=ty <ti <...<t,=1and real numbers ag,...,a0, 1

(Zak 2(tgsr1) — z(tg) ) <CzakAtk- (4.1)

Example 4.2. Wiener process
z(t) = w(t), t € [0;1]
Really,

(Zak w(trs1) — (tk))>2 = z_:aiAtk'
k=0

Example 4.3. Brownian bridge

2(t) = w(t) — tw(1), t € [0;1]
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Let us check inequality (4.1) for the Brownian bridge. One can see that

(Z ap(w(tpr1) — w(te) — (tes1 — tk)w(l))2

n—1 2
<2E(Zak w(tpr) — (tk)) +2E(Zak thar — bp)w (1))
k=0
n—1 n—1
=2 afAty + 20D apAty)?
k=0 k=0
n—1
< 42 aiAtk
k=0

Example 4.4. Fractional Brownian motion
x(t) = By, a € (0;1), t €[0;1].
Recall the definition. A zero mean Gaussian process with the

1
5(75?0‘ + 5% — (t2 — t1)**)

is said to be a fractional Brownian motion, where « is called the Hurst index or
Hurst parameter associated with the fractional Brownian motion. Let us check
whether the fractional Brownian motion Bf*, « € (0;1), ¢ € [0;1] is an integrator.
If By* were integrator, then ¢ > 0 would exist such that

E(Bf — B )? = (t2 — t1)** < c(ta — ).

cov(By,, Bf.) =

Fora<%

: _ 200—1 _
t211tr1n_>0(t2 t1) —+o0. (4.2)

(4.2) implies that for o < % the fractional Brownian motion B{* is not an integrator.
In the case of @ = 1 the process Bf as a standard Brownian motion which is an
integrator. Let us investigate the case a > % To do that we will use the following
statement.

Lemma 4.5. The process x is an integrator iff there exists ¢ > 0 such that for
any two times continuously differentiable function f on [0;1] with f(0) = f(1) =0
the following relation holds

E(/le(t)f’(t)dt)Q < c/o1 F2(t)dt. (4.3)

Let us check that for a > 1 the process B satisfies the inequality (4.3). Really,

E(/le( //f 1) () (ts — 1) dtadty

= 40&(2& — ].) /0 f( ) f(tQ)( 2 — t1)2a72dt2dt1.

To check that for & > % the integral operator in Lg([O; 1]) with the kernel K (t1,t2)
= (t2 — t1)?* ?1{4,>¢,1 is bounded one can use the Shur test.
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Theorem 4.6. [5] [Shur test] If there exist positive functions p,q : [0;1] —
(0; +00) and o, 8 > 0 such that

/0 k(s1,$2)q(s2)dsa < ap(s1),

1
/ k(s1,s2)p(s1)ds1 < Bq(s2),
0
then k corresponds to the bounded operator with the norm less or equal to af.

By using the Shur test one can see that for a > % the integral operator in
Ly([0;1]) with the kernel K (t1,t2) = (tz — t1)** ?14,54,} is bounded. It implies
that for o > 1 the fractional Brownian motion B{* is an integrator.

The following two statements also give examples of integrators.

Lemma 4.7. Suppose that Gaussian process x is continuously differentiable almost
surely. Then x is an integrator.

Proof. Consider the process x’. It is continuous Gaussian process which can be
considered as a Gaussian random element in C([0;1]). Consequently the uniform
norm of z’ is square integrable [8]. Then

n—1

(Zak Z(trs1) —x(tk)))2<IE(sup:v ZakAtk

[0:1] =
O

Lemma 4.8. Let & be a white noise in L2([0;1]) and L C Ly([0;1]). Denote by
S =0((p,&), p € L). Then z(t) =E(w(t)/FL) is an integrator.

Proof. Note that x(t),t € [0,1] is Gaussian process. Let us check that it satisfies
inequality (4.1). Using Jensen inequality one can check that

(Zak x(tpa1) —xtk) <]E<Zak w(tps1) — (tk)/SL))2
((Zak w(tk+1) — (tk))2/§L>

E( a(w(tpsr) — w(tk)>2 - i a2 Aty
k=0

0

3
|
—-

>
Il

The following statement describes the structure of integrators.

Proposition 4.9. The centered Gaussian process x(t), t € [0;1] is an integrator
iff there exist Gaussian white noise & in Lo([0;1]) and continuous linear operator
A in the same space such that

2(t) = (A1, €), te [031]. (4.4)
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Proof. Suppose that the Gaussian process x has a representation (4.4), then

E(:z::_:ak(l‘(tk+1) - x(tk)>)2 _ E(gak(Al[tk;tk+l},€))2

k=0

n—1 9 n—1
= A @t < 1412 Y @Rt — te).

k=0 k=0
Inversely, suppose that x is an integrator. Denote by LS{x} the closure of the
linear span of values of x. LS{x} is a separable Hilbert space with respect to square
mean norm. It means that there exists an isomorphic embedding j : LS{z} —
Ly([0;1]). Denote by Hy = j(LS{x}). Then L2([0;1]) can be represented as a
direct sum H; & Hy. Suppose that & is a Gaussian white noise in Hy, which
is independent of z. Put (h1,&) = 771 (h1) and (h, &) = (h1,&1) + (h2, &), hy €
Hy, he € Ha, h € Ly([0;1]). The independence of &3 and = implies that £ is a white
noise in L2([0;1]). Define a continuous linear operator B : Ly([0;1]) — LS{z} by
the rule

n—1 n—1
B( 3 akl[tk;tk+l]> 3 an(@tig) — 2 (t)-
k=0 k=0
Then for an operator A = jB

Bl[O;t] = x(t) = (j.’ﬂ(t),f) = (A]-[O;t]ag)'
Since z satisfies (4.1), for any step function f € Ls[0; 1] the next inequality holds

[AFI? < el fI1*. (4.5)
The set of all step functions on [0; 1] is dense in Ly([0;1]). Consequently (4.5)
ends the proof. ([l

Here are some examples.
(1) Wiener process: A =1
(2) Brownian bridge: A = I — P, where P is a projection on 1,1
1

(3) Fractional Brownian motion for o > 5 : A is the integral operator in

Ly([0;1]), such that A*A has the kernel K (t1,t2) = a(2c — 1)|ta — 1272
We end this section by introducing the notion of extended stochastic integral
with respect to integrators and recalling one of its useful properties. For this let £
be a Gaussian white noise in Ly ([0;1]). £ can be considered as a formal derivative
of the Wiener process w(t) = (1j0,4,&),t € [0,1]. In [3, 4] the extended stochastic
integral for random function y from Lo ([0; 1]) was defined as a regularized product
(y, &) which is denoted also by fol y(s)dw(s). In such terms the extended stochastic
integral with respect to the integrator « which has the representation (4.4) can be
defined as follows

/0 y(s)da(s) = (Ay,€) = / (Ay) (s)du(s).

It is a part of the general framework on action of Gaussian random operator
on random elements [13, 2]. In details the stochastic calculus for integrators was
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considered in [3, 4]. Here we need the following important relationship between the
extended stochastic integral and operators of second quantization. We consider,
for this purpose, a continuous linear operator B in Ly([0,1]) such that || B|| < 1.
Then, we have

Theorem 4.10. [4] Suppose that the square-integrable random element y in
Lo([0;1]) belongs to the domain of the extended stochastic integral. Then T'(B)y
belongs to the domain of the extended stochastic integral with respect to the inte-
grator x = T'(B)w, i.e.

1 1
I(B) / y(t)du(t) = / (T (B)y) (t)da(t)

This statement gives a possibility in [4] to obtain the anticipating stochastic
PDE for second quantization of the certain functionals from the diffusion pro-
cesses. In this paper, we will apply Theorem 12 in order to obtain the integral
representation for the local time of the one-dimensional integrator ( see Theorem
15).

5. Chaotic Expansion for the Local Time of Integrators

Consider the Gaussian integrator x given by (4.4) where the wite noise £ is
generated by the Wiener process {w(t),t € [0,1]} . Assume that A is continuously
invertible and ||A| < 1. Denote by ¢(u) the local time of the integrator z in u
up to time 1. As a white noise functional, this local time has a chaotic expansion
which is our subject of investigation in this section. The following lemma gives
the answer.

We use the notation o(t) instead of || Al 4]|. We also put t; = max{t1,...,t,}
and recall that H,, is the n-th Hermite polynomial, already defined in section 1 .

Lemma 5.1. For every u € R, the Ité Wiener expansion of £(u) is

0(u) = irm) </A

where the symmetric kernels {a,} are given by

b, 1) = /t1 Ti)an (is)) Do ey (w)dt.

*
n

an(t1, ... tp)dw(ty) ... dw(tn))

n

Proof. The local time of = at the point u is given by
1
{(u) = L* — lim pe(x(t) — w)dt.

e—0t 0
The integrand in the right hand side has the chaotic expansion

o0

(e N (Y, (22
pg({E(t)—u)—nz::on' ( g(t)2+€> Hn( J(t)2+€>pl7(t) +€( )Hn <O’(t)>
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In fact,

/ pe(0(t)v — w)H, (v)p1 (v)dv = (—1)" / pe(o(t)v — u)p{™ (v)dv
R R

L/;ﬁpxdwvumuwm)<ou»ﬁ4§;m4dwvummwm

= (o ()" 5 / pe(o (B — wpr (v)d = (—a(t))"%p5+g(t)z(u)
B o(t) u s (u
B < o (t)2 +€> Hn ( o (t)2 +5> Poty+e(u)-

Now we obtain
Z n|/ ( )pam (u)Hy, (jgg) dt (5.1)

This series has orthogonal summands and converges in Ls. Orthogonality can be
easily checked using the formula [11]

i () ()] 0 ¢ oo

Concerning the convergence, we use the following formula [11]

o () )] -

where
\_ (Al Alp,g)
o(t)o(s)

and the estimate [15]

2

< C\/?T!TL_% Vn € N*
(5.2)

11
Va € |-,=| Jc > 0;sup|Hy(x)e ™
42 z€R

to obtain
nlﬂE UlH" ( ?))Pau) (u)H, (:Eg) dt}
—\f//wdtd
= \/5/0 /S U(L);l:(t)dtd

for some constant C > 0. Let us introduce the function

:Z% L0<z<l.
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‘We have

) (1
l_m_z<k ‘/E> '

n=1 =1

By using the inequality
Ly "1
2(\/n+1—1):/ — < —
1 \/5 Z

we can get

Which leads to

2
flw) < -2 V 0 <u<1
1—u
1
The integrability of fol J '~ _dtdsisa consequence of the inequality
5 o(s)o(t)
Vit
o(t) = =7 (5.3)
TAT]

Now it suffices to prove the convergence of the integral

dtds

1,1
1
/0 /s V1—=|Ao(s)o(t)
Let us use the inequality
G (ALp,, Alpg) = e(2)G (Lo,5) 1jog))

from [7], where G denotes the Gram determinant. One can check that for s < ¢

1 - V14 |Al
VI=WNo@)at) | o (A1, A1)
g V2
T Vo) Vst - )

and the latter expression is clearly integrable.
Moreover, the orthogonal expansion given by (5.1) is simply the It6 Wiener
expansion we are looking for. Indeed, the n-th term of the sum is the action on
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the white noise of the following symmetric Hilbert Schmidt form

U 1 n
(h17 . ) / (g()) pg(t)Q (u)(j(t)n (Al[O,t])® (hl, e 7hn)dt

() Pt (0
1

t)
- u
[01]“+1 o)) P! o ( o(t)"
— H,

i V 1 (5 o0 gt

:B;;‘(hl,...,hn),

(1) ®" (A, - AR )d

109+ (3)(A*hy)(51) - - (A*hy) (s, )tdF

(A"h1)(s1) - - (A"hn ) (8)dS

where s& = max{si,...,$n},5 = (S1,-..,8n), h1, -+, hn € La2([0,1]) and B, is
the symmetric Hilbert Schmidt form associated to the kernel

b (5) = ;/1 H, (%) p(,(t)z(u)ﬁdt - %an(;) .

Notice that the square integrability of b,, can be confirmed using the estimate (5.2)
and the inequality (5.3). Really,

/[071]" FalE)d = % Au(D) [/1 t (J)) Poo:(u )éwdtrdg
! ! 2 2
- #/0 o U o (Ul(Lt)> P <_; (a?t)) ) ﬁ dt] ds

cn ! ! 1 2
< — n—l —dt| d
~2rnlyn J, ’ {/S o(t)ntl ] y
1 (12n42
A e
21 n! \[”‘H

/\/7 A 1 ||12n+2
n!”(n—1|) (1+n_n—|—1> (5.4)

IN

It follows that

71!/01 Hx (UZ)) Dotz (u)Hy (jgg) dt

=A,(&,...,6)
— I'(A) (/A an(ty, ... ty)dw(ty) . --dw(tn>>

which ends the proof. O
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6. Integral Representations for the Local Time of Integrators

We present here some integral representations for the local time of integrators.
A first representation is devoted to the Wiener process. Denote by £y, (u,t) the
local time of the Wiener process (w(t));>0 at point « up to time ¢. As we mentioned
in the introduction, it is an L?—limit

ly(u,t) = ;1_% Ly e(u,t),
where £, ¢ (u,t) = fot pe(w(r) — u)dr.

Lemma 6.1. The Clark representation formula for the local time of the Wiener
process is

%%0=KMWM+KK%LMM%W%WW

Proof. The Clark theorem asserts that there exist square integrable w—adapted
processes (u(r))refo,, (Ue(T))refo,4, such that

Ly(u,t) = /Otpr(u)dr + /Otu(r)dw(r);

bucwt) = [ prretirs [ ucyiut)

The L?—convergence by e(u, t) = Ly (u,t), e — 0, implies that
t
IE/ (ue(r) —u(r))?dr — 0,e — 0.
0

Let us find processes u.. As random variables ¢, - (u, t) are stochastically differen-
tiable, the Clark-Ocone formula [11, Prop.1.3.14] is applicable
ue(r) = E[D(Cy,(u,t))(r)/F],

where F is the o—filed generated by w(s),s < r. Now, the stochastic derivative

of £y < (u,t) equals

D(tuc(u,)(r) = [ pi(us) ~ w)ds.

To calculate its conditional expectation we will use the independence of increments
of w

EW&wWMWVﬁﬂ:/"Am«mmfu+Mm4@mms

- /rt /Rpf (w(r) — u+y)pl—,(y)dyds.

Consequently,

ue(r) = — [ /Rpe(w(r) —u+y)p,_,.(y)dyds.

Taking the limit ¢ — 0 one obtains the needed expression for u. O
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The following integral representation does not concern only the Wiener process
but a large class of integrators. For this, let us consider the integrator z with
the representation (4.4) where A is a continuously invertible, ||A|| < 1 and ¢ is
generated by the Brownian motion {w(t), 0 < ¢t < 1}. It was established in [7]
that = has a local time £(u,t) (at the point w up to time ¢ ) which can be defined
as a density of the occupation measure, has a continuous modification and satisfies
the condition

E/ £(u,1)2du < 4o0.
R

Define 0?(t) = ||Aljo,||* = Ex(t)?,t € [0;1]. Suppose that o2 is nondecreasing
and the following integral converges

/Ot /: /: (UQ(U)O'Z(’:)B 04(7’))% dudvdr < oco. (6.1)

Then the following statement holds.

Theorem 6.2. The next equality is true

t t t
O ) = / Doy (1) + / / Pl syt (3(r) — w)dsda(r).

Here the symbol ' is used for the derivative with respect to a spatial variable and
the integral against dx(t) is the extended stochastic integral.

Proof. As it was proved in [7] that the local time ¢(u,t) can be obtained as a
density of an occupation measure. Consequently the Fourier transform of ¢(-,t)

looks like
t
/e“‘“f(u,t)du:/ eAr(3) s,
R 0

AR+ 0%(s) _ (gr)eitw (o)t

Note that

The last expression can be transformed into

) 2, s 2,
[(A")eMw &)+ = T(4%) <1+¢A / eMw(rH*zdw(r))
0
s A2 2
=1 —i—z’)\/ e AN+ (),
0
Consequently,

da(s) _ =222 7 ) 222 (02(s)—02(r))

e =e 2z +4id[ e e 2 dx(r).
0

The last integral is the extended stochastic integral, which was defined above.
Here the Fourier transform of the local time ¢(-,¢) has a form

i t 2202 (s) t s i _ A2, 2 20,
/eZ “O(u, t)du :/ e” 2 ds+i)\/ / e ()= (@ ()= () gy (1) ds.
R 0 o Jo
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In the last integral one can change the order of integration due to the properties
of the extended stochastic integral (it is a closed linear operator [13, 2] and one
can approximate the external integral by the Riemanian sums). Finally

o t 2252 (s) t t S A2, 2, 2, .
/e’ “f(u,t)du:/ e” " 2 ds+i)\/ / e (M) =7 (@ (=) dsda(r).
R 0 0 Jr
(6.2)
Now one can apply the inverse Fourier transform to both sides of (6.2) and inside
of the integral (using the same arguments as those above) and obtain the desired
equality. O

Notice that the condition (6.1) is sufficient to give a meaning to the extended
stochastic integral in the theorem. But as it seems to be a little bit difficult to
check, we give, in the following lemma, an easy sufficient condition which implies
(6.1).

Lemma 6.3. Assume that
(1) the function o® is absolutely continuous;
(2) its derivative satisfies

0.2
LA

for some nonegative increasing function f

Q o
/O <fg;ﬂ)> dr < oo.

Then the condition (6.1) holds.

Proof. The denominator in (6.1) can be estimated in the following way
o?(u)o?(v) — o (r) = o*(r)(0*(u) + 0*(v) — 20%(r))
> const rf(r)(u+v — 2r).

Now it is clear that condition 3 of the lemma implies (6.1). O

It is important to state that Theorem 15 can also be derived from the chaotic
expansion in Lemma 13, under the condition (6.1).

Finally, as we stated in the first section the existence of the minimal norm
integral representation, we will now apply it for the local time

0, t) = /O Su(w(r))dr

of the integrator (x(t)).eo,1]- Recall that x(t) = (Al 4, £), where £ is a white noise
in Ly([0,1]) and A is a continuous and continuously invertible linear operator in
L5([0,1]). The local time £(u,t) is the following L?—limit

O(u,t) = L? — lim £ (u, 1),

where £ (u,t) = fot pe(x(r) — u)dr. As before, we will use the notation o?(t) =
[AL[g,4[%.
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Theorem 6.4. For the local time {(u,t) of the integrator x one has

d(6(u, ) = A<1.<t /t le(r)e% (@(ﬁgg) - 1x(r)>u) dr).

Respectively, the minimal norm integral representation of £(u,t) is

U(u,t) = /pg2() ds+//a2 o (¢<%>1x(r)>u>drdx(s).

Proof. The operator d is continuous, so

d(l(u,t)) = Ell_r% d(le(u,t)) = lim [ d(pe(z(r) — u))dr.

e—=0 Jo

According to the lemma 3.6
d(pe(x(r) — u)) = d(p((Alo,, &) — ))

Consequently,
d(le(u, t))

-5 () v
- A(1.<t / t U%(T) /]R pely — we T (@(fﬁ’;g) - 1z<r>>y)dydr>.

Taking the limit € — 0 one obtains the needed expression

ate(u ) = A1 | t e T (2(2) - L Jar ).

The theorem is proved. O
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