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Abstract

An attempt was made to make this a self-contained reading. The first three chapters
are intended to provide the necessary background. Chapter one develops the tools
needed from Galois Cohomology. Chapter two is a brief description of involutions,
and in chapter three we define the notion of (linear) algebraic group, we give some
examples and discuss some of their properties.

In chapter four, we discuss some variants of the classical Skolem-Noether theorem,
requiring only that the subalgebra have a unique faithful representation of full
degree over a separable closure. We verify that we can extend every isomorphism
to the whole algebra by means of inner automorphisms, just as in the classical
case. Examples of algebras that satisfy this condition are simple algebras and
commutative Frobenius algebras. In chapter five, we attach involutions to our
algebras. We show that Skolem-Noether type results hold over a separable closure
and we discuss some descent problems. Chapter six is a study of k-conjugacy classes
of maximal k-tori, the main goal of this dissertation. We are able to give explicit
descriptions of k-conjugacy classes in particular cases. This was done by applying

the general formalism developed in the chapter.

iv
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Introduction

The main objective of this dissertation is to study the k-conjugacy class of a (fixed)
maximal k-torus T in a semi-simple linear algebraic group G. It is well known that,
over a separable closure, all maximal tori of a semi-simple algebraic group G are
conjugate. The interesting question is, what happens over the ground field? When
are two maximal tori T and T’ conjugate by an element of G(k) = G'? To see that

this is not a trivial question consider the following examples.

Example 0.1. If G = SL, and k = R, take

and
a 0
T, = cab=1
0 b
then T (R) = S! compact, but Th(R) = R* not compact. So T} and T, cannot be

conjugate over R.

Example 0.2. If G = SL, x SL> and we take
T= Tl X Tz

and

T1=T2XT1

then T and T' are not conjugate over R. This example is of particular interest
because even though T and T’ are abstractly R-isomorphic, they are not conjugate
(over R) because an inner automorphism must preserve the factors, and the factors

are not conjugate as shown in example 0.1.
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Since all maximal tori are conjugate over a separable closure, the set of all maximal
tori is parameterized by the homogeneous space G/N, where N = Ng(T) is the
normalizer of T in G. We have
G/N +— set of maximal tori in G
It is readily seen that this bijection commutes with the action of T', so if we want
the set of maximal k-tori, we let I act on G and look at the fixed points. We have
(G/N)F «— set of maximal k-tori in G
If in addition we want the k-conjugacy classes of maximal k-tori then we look at
the action of I on G/N modulo G*, we have
(G/N)F /GT «— set of k-conjugacy classes of maximal k-tori in G

If we consider
1 —N5G—G/N—1 (1)
we can associate to it a sequence in cohomology,
G — (G/N)" — H K, N) % H' (£, G) 2)

By the general theory of Galois cohomology, there is a natural bijection between
the orbit set of the group G(k) = G' in (G/N)" and ker(iy)*. Thus the set
of k-conjugacy classes of maximal k-tori is in one-to-one correspondence with
ker(in)* C H(k, N).

In chapter 6, we define invariants on the set ker(iy)*. We show that these charac-

terize completely the elements of ker(iy)* in low cohomological dimension.
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1. Galois Cohomology

1.1 Profinite Groups. Definition and Examples
Definition 1.3. Let I be a partially ordered set, denote this partial order by <.

We say that I is a directed set if for all i,, i, € I thereisa j € [ such that i;,i, < J.

Example 1.4. Let X be any set and Y C X asubset. Let I = {UC X: U D Y}.
Define U S VifU DV, thengiven U and V in [ take UN V.

Example 1.5. Let ] =Z\ {0} and for ¢, j € I say that i < jif i | j. If i), dp €[
then take j = LCD (4, i3).

Definition 1.6. Let I be a directed set, {G;: i € [} topological groups. We say
that the triple (I ,G,~,1r{ G — G.-) is an inverse system of topological groups if

1. 7! =idg, for all 4

2.i<jSm=nlor™ =nm

Definition 1.7. In the situation of definition 1.6 we define the inverse limit of

the G;’s to be
liglGi = {(gi) € HGii mi(g;) = gi}
We call 7J(g,) = g; the coherence condition.

Definition 1.8. A group G is said to be a profinite group if it is isomorphic (as
topological groups) to some liin G;, where all of the G;’s are finite and they all

carry the discrete topology.

Theorem 1.9 ([R], p.40). The following conditions are equivalent:

1. G is a profinite group;
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2. G is a compact, Hausdorff group in which the family of open normal subgroups

forms a fundamental system of neighborhoods of 1;
3. G is a compact, totally disconnected, Hausdorff group.

Example 1.10. Any finite group is trivially profinite.
Example 1.11. The p-adic integers 2,, 2 lim Z/p'Z are profinite by construction.
—

For any field £ we denote a (fixed) separable closure by k... Recall that ke, =
U.es Li where {L;: i € I'} is the partially ordered set of all finite Galois extensions

of k. If L; O L;, then we have the restriction maps
) : Gal(L;/k) — Gal(L;/k)

so we can form the profinite group lim Gal(L;/k).
—

Theorem 1.12 (Krull, [Wi] 6.11.1). With the notation as above,
Gal(ksep/k) = lim Gal(L;/k)

This is actually not so hard to see.

Sketch of Proof. If o € Gal(ksep/k), just send it to (o|z,) this is “coherent”, by
the transitivity of the reduction map. Hence it yields a group homomorphism,

f: Gal(ksep/k) — liln Gal(L;/k)

To see that f is injective, take 1 # o € Gal(ksep/k), then o(z) # z for some
T € kyp = Uiey Li- If T € Ly, then oi(z) = o(z) # z. So f(z) # 1, s.e. fis
injective. On the other hand, given (o;) € li‘r_n Gal(L;/k) we want to produce a
o € Gal(ksep/k). Choose & € kqep, S0 @ € L; for some i. Is o(a) = 0;(a)? Yes! This
is unambiguous because of the coherence condition, 77 (o) = oi, its image under

7r;f does not change. Thus, f is an isomorphism.
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In this section, I" will denote a profinite group, i.e. a group that is the inverse limit of
a system of finite groups. For the most part, we’ll be dealing with I' = Gal(k,ep/k).
An action of T on the left on a discrete topological space is called continuous if
the stabilizer of each point is an open subgroup of I'. Discrete topological spaces
with continuous left action of I" are called I'-sets. A group A which is also a I'-set

is called a I'-group if T acts by group homomorphisms, that is,
a(a; - ap) = o(a,) - o(az) forc €T, a,a € A.

A T-group which is commutative is called a I'-module. In what follows we will

construct the cohomology sets H'(T', A) for i = 0,1, 2.

1.2 Cohomology Sets

For any ['-set A, we set H%(T, A) to be the elements in A fixed by [, that is
HYl,A)=A"={a€A:0a=a forocel}
If A is a [-group, HO(T', A) is a subgroup of A.

Let A be a I'-group. A 1-cocycle of I' with values in A is a continuous map
a:'— A
satisfying
Qg7 = Qg * OQr
where a, denotes the image in A of o under a. The set of all 1-cocycles of I' with
values in A is denoted Z'(T', A). We define an equivalence relation, ~;, on the

1-cocycles as follows

Definition 1.13. Let a, 8 € Z!(T, A),
a~; 3= 3Jac A" suchthat o, =a-83,-0a™! VYoeTl

Definition 1.14. H'(T, 4) = Z}(T", 4)/ ~,
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HI(T, A) is a based set with neutral element, id,, the identity on A. If & ~; 3, we
say that o and f are equivalent or cohomologous. If A is a I'-module, Z'(T, A) is
an abelian group for the natural operation (af8), = a,08,, and H‘(v[‘, A) inherits

the structure of an abelian group.

If Ais a '-module, a 2-cocycle of I' with values in A is a continuous map
a:I'x'— A
such that
0Qrp* Qgrp = Qgrpla s foro, 7, pel
The set of all 2-cocycles of I' with values in A is denoted by Z%(T, A). This set is
an abelian group for the operation (af)sr = asr - Bs,r. We define an equivalence

relation, ~9, on the group of 2-cocycles as follows:
Definition 1.15. Let a, o' € Z%(T', A), a ~3 o' if and only if there exists a map
¢: ' — A such that

Q. =09 Q5 Yo 0oy forallo, 7€l

a and o are said to be equivalent or cohomologous.

Equivalence classes of 2-cocycles form an abelian group denoted by H3(T, 4).

1.3 Functoriality

Let f: A — B be a homomorphism of I'-sets, that is, a map such that f(ca) =

of(a) for all o € T and a € A. Note that if a € AT, then

f(a) = f(oa) = o f(a)

and thus f(a) € B'. Hence f restricts to a map

f0: HO(T', A) — H°(T, B)
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Now if A, B are I'-groups and if f is a group homomorphism, then f° is also a

group homomorphism. Furthermore, there is an induced map
ft: H(I', A) — HY(T, B)

given by f'(a), = f(as). One important property of f! is that it takes the distin-
guished element of H'(T, A) to the distinguished element of H*(T', B).

The cohomology sets have functorial properties in I" as well. If ' C T is a closed
subgroup and A is a I'-group, the action of I' restricts to a continuous action of

[y, and we have the restriction map
res: H'(T', A) — H'([, A)
for i = 0, 1, 2. Recall that for H3(T', A) to make sense A has to be a ['-module.

1.4 Cohomology Sequences

For a broader discussion on cohomology sequences the reader may want to see
[KMRT, section 28.B].

Let B be a I'-group, A a normal [-subgroup of B, i.e. a normal subgroup of B
invariant under I'. Set C = B/A, note that it is a '-group. We have the inclusion
map, i: A — B and the projection map 7: B — B/A. These two give rise to

the exact sequence
1—mA-S5SB-5HC—1 (1.3)

Now the projection, 7: B —» B/A, induces a map of pointed sets B — (B/A)".
Let b- A € (B/A),ie. 0b-A=b-A Vo €T. The map a: T — A given by

a, = b~'-ob € A is a 1-cocycle with values in A, whose class [a] in HY(T, A) is
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independent of the choice of b in b- A, for

b-A=b-A = blo(b) =b""o)

= bb ! =a(b'b7})

= bbleBr
so we have a (connecting) map of pointed sets 6°: HO([',C) — H! (T, A) given
by 6°(b- A) = [a], where a, = b~! - o (b).
Proposition 1.16. The sequence

1 — AT 2, BT T of £, HY(T, 4) - HA(T, B) = H(T, C)

18 ezact.
Proof. Exactness at A" and at BY follow readily from the exactness of sequence
(1.3).

Exactness at C*: Suppose the 1-cocycle a, = b~'-0(b) € A is trivial in HY(T, A),
that is, suppose a, = a~! - o(a) for some a € A. Then b~! - o(b) = a~! - o(a), so
o(ba~!) = ba~!. Hence ba—' € BT and the coset bA = ba~'A € B/A is equal to

the image of ba~! € BT under °.

Exactness at H([', A): If a € HY(T, A) is in keri!, then i 0 a, = b~lob for

some b € B. Hence a, = i"! (b~'ob) Vo € T and a = §°(c) where ¢ = 7(b). On
the other hand, if @ € Imé® then there is a b € B such that a, = i~! (b~!0b) so

ilay, = ia, = b~'ob, i.e. i'a = id4. Thus, a € keri!.

Exactness at H(', B): Let 8 € Z'(T', B), where [§] € ker7!. Then

B,A = blobA forsomebe B

= b l'Agb as Ais normal.
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s0 B, = b~la,0b for some a, € Z'(T', A). Hence 3 is in the same class as the image
of [a] under i!. So ker 7! C Imi!. But clearly Imi! C kerw!. So, we have exactness

at HY(T, B). O

Corollary 1.17. There is a natural bijection between keri' and the orbit set of

the group BT in C* = (B/A)".

Proof. A coset b- A € C' determines the element §°(b- A) = [b™" - o(b)] € keri'.
It is readily seen that 6°(b- A) = §°(6’ - A) if and only if the cosets b- 4 and &' - 4

lie in the same BF-orbit in CF. O

Corollary 1.18. There is a natural bijection between ker w' and the orbit set of

the group C* in H)(T, A).

Proof. The group C' acts on H}(T', A) as follows: Forc = b-4 € C' and a €
ZY(T, A), set cla] = (8] where 3, =b-a, -ob™". a

In general, this is as far as we can go with non-abelian cohomology. However if
we have a central extension, i.e. {(A) C Z(B), then we can go a seventh term,
H3(T, 4). Since i(A) C Z(B), Ais an abelian group. We can define a (connecting)
map 6': HY([,C) — H?(T, 4) of pointed sets as follows:

Given v € HY(I',C), choose a map 3: ' — B such that 3, is mapped to

Yo Vo €T and consider the function a: ' x I' — A given by

Qg r = ,Ba’ . UBT . a_-rl

We need to prove that o € Z*(T, A) and that [a] does not depend on the choices

of v € [y] and B. To see that a € Z%(T, A) we need to check that

0Qrp * Qgrp = Ogrp * Qg7
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so it is enough to see that

-1 -1 __
Qg r0Qrp UgrpQyr o = 1

this is equivalent to
-1 -1 -1 _
Oy r* ﬁﬂaa"-l’ﬂa‘ "Qorp Qgrp = 1
which is clear since we have cancellation all over, just substituting we get

(ﬂa’r : Jﬂr—l : ﬂg_l)ﬂa(oﬂr * UT(ﬁp) *ag -r—pl)
ﬁa_l (ﬂﬂ »0frp - :B;‘rlp) (ﬁm : UT(ﬂn)_l ;1'1) =1

Now if we replace 3, by o/ 3, the 2-cocycle o, , is replaced by the cohomologous

2-cocycle o, _ - a,» with
o, T |

] -1

aa,r = aclr : ﬂﬂda{rﬁo_'l ) azv,'r

Thus, we can define §'([y]) = [a], and we have:

Proposition 1.19. The sequence

1— A" 2B = of £, HY(T, 4)
it 1 LR T 31 LR ? 7]
Ay HY(T, B) =5 HY(T, C) 2 HA(T, A)

is exact.

Proof. We need only check exactness at H)(T',C). Suppose that for some v €

Z(T',C) and some 3, a as above we have
Qgr = ﬁa‘aﬂ'r * ,3;1—1 =as00y * a;-rl

for some a, € A, that is, v € kerd!, then 3,a;'! € ZY(I, B), call it 3,. But then

v == (8 O
10
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Corollary 1.20. There is a natural bijection between ker 6* and the orbit set of

the group HY(T', A) in H'(T, B).

Proof. Two elements of H(T', B) have the same image in HY(', C) if and only if

they are in the same orbit under the action of H}(T', A). O

Remark 1.21. The group HY(T', A) acts naturally on H!([', B) by

(a'ﬂ)a=aa'ﬁa
1.5 Some Applications

Let’s see some applications of Galois Cohomology. Let L/k be a finite field exten-

sion, and set G, = Gal(L/k), in particular we'll use T' for Gal(ksep/k).
Lemma 1.22. H}(G,,L) = {1}.
Proof. By the normal basis theorem, L is a free kG -module. 0

Theorem 1.23 (Linear Independence of Characters). Let I be a monoid,

L a field, and let f\,..., fn be distinct homomorphisms [ —> L*. Then the

homomorphisms f, ..., f. are linearly independent over L.
Proof. Suppose that fy,..., f, are linearly dependent over L. Take a linear com-
bination

afitcefe+--+efk =0 (1.4)

of minimal length k£ (after renumbering if necessary) where ¢; # 0 for all : =

1,..., k. Let o, 7 € I and evaluate (1.4) at 0. We get
cifi(o) +eafa(o) + -+ +exfilo) =0

and multiplying this by f,(7) we have

afi(or) + caf2(0) fi(r) + - + e fe(0) fi(r) =0

11
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SO

c2(f1(r) = fa(T)) falo) + - - - + cr(fi(T) = fi(T)) fi(o) =0

and since k was minimal and all the ¢;'s where non-zero we must have
fulr) = folr) = filr) = fa(r) = -+ = filr) = fir) =0
hence all the homomorphisms agree on 7, which was arbitrary, i.e.
filty = folr) = fa(r)=--- = fi(r) =0
but this is impossible since the f;'s were distinct. a
Lemma 1.24. H}(G,,L*) = {1}.

Proof. Choose a 1-cocycle a: G — L*. By theorem 1.23 the elements of G/,
regarded as characters L* = ' — L*, are linearly independent. Hence we may

pick ¢ € L such that b # 0 where

oeGr oeGy
= Z ala,,To(c)
ceGy
= o] Z a-eTo(c) = ath
c€Gy
so a, = br(b)~!, hence a is cohomologous to the trivial 1-cocycle. a

Let V be a finite dimensional k-vector space, so V* = Homg(V, k).

Let V9 = VOr - @ VeV ®---® V' =V @ V***. Elements of V®9

Ry p— S

p-times q—times

12
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are called (p, q)- tensors. Suppose that W is also a finite dimensional k-vector space,
and f: V —3 W is an isomorphism. We want to construct a map V{9 — W{ra),
We have f7: V& — WO, f*: W* 5 V", and so (£*) = fo: V**" —
W*®. Hence we get a map f(P4): V(a9 —, W®49) which, by abuse of notation,

we will also call f.
Definition 1.25. A (p,q) k-object is a pair (V, z), where z € V(P4),

Definition 1.26. An isomorphism of (p, g)-objects (V,z) — (W, y) is an isomor-

phism of vector spaces f: V — W such that f(z) = y.

Example 1.27. If (p,q) = (0,0), then V(®® = k. Take z = 1 € k. Our object

(k,1) is just a vector space.

Example 1.28. Suppose V is endowed with a k-bilinear form 6: V x V. — k.

From this we get b: V® V — k, so (V,b) is an object of type (0,2).

Suppose f: (V,b) — (W, V'), to be an isomorphism of such (0, 2)-objects means

that for any v, v' € V we must have b(v,v') = V'(fv, fv').

Example 1.29. Suppose V is a k-algebra, and p: V' xV — V gives multiplication
inV.Weget u: VV — Vsop€ Hom(VRV,V)=VQ® V***. Hence to get

an algebra we need (1, 2)-tensors.

Now fix two k-objects (V, z) and (W, y). For any o € G, we have o(v®{) = v®“¢.
Hence (V,)¢: =V ®; k =V, similarly for W.

Now take £ € V0 ¢ VP9 and y € W9 c WP, and suppose that we have
an isomorphism of L-objects f: V; — W, such that f(z) = y. Can we get an
isomorphism of k-objects? If not, can we measure the obstruction?

Set °f =cofoo!, A= Aut(Vy,z), and a, = f~! 0 ?f. Note that a, € A and

13
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a: G, — A is a 1-cocycle, since
Qor =f—l°r"f=f—loafoo(f_loff> =a,0%,
Remark 1.30. Replacing f by fog for any g € A yields a cohomologous 1-cocycle.

a, changes to g7'o f~1 0 fo7g.

If a is the trivial 1-cocycle, then a, = ¢ 'o%cforall 0 € Gp,s0c 0% = f~lo?f,
ie. foc ! is a Gp-equivariant isomorphism, so (f o c=!)%*: V <=5 W,

Let E(L/k) denote the set of isomorphism classes of k-objects which become iso-
morphic to (V, ) over L. The above argument gives an injective map

6: E(L/k) — HYG_, A) where A = Aut (Vy,z).
Theorem 1.31. 6 is a bijection.

Sketch of Proof. Choose a € HY (G, A). As A C GL(V7.), by 1.24 we can find
f € GL (V) such that o, = f~'o? f. Extend f to V[f”"’) as before and set y = f(x).
To show that (V, y) is a k-object, we want to show that y € V9 (not just VP¥).
It is easily seen that y = y, thus f: (Vp,z) — (V},y) is an isomorphism of

L-objects and its associated 1-cocycle is given by a, = f~' o f.

For a broader discussion on this see [KMRT, p.392] or [Se2, p.152].

If char k # 2, and b is a non-degenerate skew-form on a k-vector space V', we define
the symplectic group as
Sp(V,b) = {y € GL(V): b(v, ) = b(yv, ')}

Theorem 1.32. H(G,,Sp(Vz, b)) = {1}.

Proof. This set classifies skew-forms on V' which become isomorphic on V. But

it is well-known that all non-degenerate skew-forms on V are isomorphic. Thus

HI(GL,SP(VL,b)) = {1} O

14
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Theorem 1.33. H(G.,GL,L) = {1} foralln > 1.

Proof. This set classifies vector space structures of V' which become isomorphic on

L, there is only one such. a
Theorem 1.34. HY(G,SL, L) = {1}.

Proof. Consider the exact sequence

1 —SL,L — GL,L 2% L* — 1

Looking at its associated exact sequence in cohomology we have

1 — SLyk — GLak — k* %5 HY(G,SL.L) — HY(Gy, GL,L)
=(l} lg 1.24

so the sequence becomes

1 — SLk — GL.k %5 &% 2, HYG,,SL.L) — 1

and so applying the first isomorphism theorem we have

k* / ker 6° & Imd°

But kerd? = Imdet® = £* and &° is also surjective since the sequence is exact.

Hence Imé° is isomorphic to H(G,SL,L) and so H}(G.,SL,L) = {1}. O

1.6 Kummer Theory
Let & be a field, and let k O pu, be the set of n*» roots of unity, where ged(n, chark) =

1, and T’ = Gal(k,p/k). We have an exact sequence of discrete I'-modules
1 — g — kX, kX — 1

sep sep

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where the map n takes r € kJ, to z". Looking at the associated sequence in

cohomology we get:

1 — pn — kX S0 kX — HY, ) —  HY,EL,)
R

sep
=limHYG,, L")
T Nt e’
={1} by 1.24

Thus we have

Theorem 1.35 (Kummer, [KMRT)] 30.1). HY(T, p,) = k*/k*".

Proof. Just apply the first isomorphism theorem to the above sequence in coho-

mology. a

1.7 Central Simple Algebras
A finite dimensional k-algebra A is called a central simple k-algebra or a central

simple algebra over k (sometimes denoted CSA over k) provided:
l. k=2(4)
2. A has no proper 2-sided ideals.

Theorem 1.36 (Wedderburn). Let A be a central simple algebra over k, and
M be a simple (irreducible) left A-module. Then

1. D = Ends(M) is a division algebre with Z(D) = k.
2. A= M,(D) for some n.
Proof. See, for example, [Sc, Theorem 1.11] on p. 284. O

Example 1.37. A = M,k is a CSA over k.

Example 1.38. Let D be a skew field. Set k = Z(D). Then D is a CSA over k.

16
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Example 1.39. Let H ¢ M,C be the algebra of Hamilton quaternions

a

b
H= ca, beC

-b —a
Then H is a CSA over R, and H®g C = M,C.

Theorem 1.40 (Skolem-Noether, [KMRT]| 1.4). Let A be a central simple
algebra over k, and B be a simple k-algebra. Suppose that f, g: B — A are any
two k-algebra embeddings. Then there is an a € A such that f(b) = ag(b)a"! Vb €
B.

Before proving this result we state the following immediate corollary:

Corollary 1.41. Let A be a central simple algebra over k, and let Aut(A4) denote

the group of all k-algebra automorphisms of A, then
Aut(A) = A™ k™

Proof. Define a homomorphism

Inn : AX/kE* — Aut(A)

:a— (2 aza™!)

Since A is central over k, Inn is injective. To see that Inn is surjective, let ¢: A —
A be an automorphism, and apply the Skolem-Noether theorem with B = 4, f =
@, and g = idy. We get p(z) = aza™! for some a € 4* and all z € A4, so

¢ = Inn(a). O

In particular, Aut(M,k) = (GL.k) /k* = PGL, k, where &* is isomorphic to the

diagonal matrices.

Proof. (of 1.40) Let us break the proof up into two cases.

17
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Case 1: Suppose A is split, i.e. A = Endi(D) for some skew-field D.

Since A is a CSA over k, write A = M, D, where D is a skew-field. Let § =
D® (D =End,(S)). A acts on S by left matrix multiplication, where the elements
of S are written as column vectors. We know that S is the simple A-module. Let
C = D ®; B, notice that, in particular, C is a simple algebra. We will define two

C-module structures on S. For alld € D, b € B, z € S we define:
Sy (d®b)(z) = d(f(b)z)

Sy (d®b)(x) = d(g(b)z)

C being a simple algebra, all C-modules are sums of copies of the simple C-module
S. In particular, if S| and S; are C-modules of the same dimension over £, they
are isomorphic. Hence Sy and S, are isomorphic as C-modules, i.e. there exists

#: S — S such that

0 (df (b)z) = d(g(b)6(z)) (1.3)

foralld € D, b € B, and z € S. So, taking b = 1 in (1.5) above, we have
6(dz) = df(z), hence § commutes with d, i.e.

6 € Endp(S) = Endp(D*) = M,(D)=A4
so 6 is just left multiplication by an element of A*, say a. Again from (1.5) above

we have

a (df (b)z) = d(g(b)az)

foralld € D, b € B, and z € S. Taking d = 1, we get af(b)z = g(b)az for all
z € S, hence af(b) = g(b)a for all b € B. Therefore,

af(b)at =g(b) forallbe B

18
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Case 2: General Case

Consider the maps

f®id, g®id: B® A® — A® A® = End(A)

Since B ® A is simple (as B is), we may apply corollary 1.41. By the corollary

there exists an invertible ¢ € A ® A% such that

(gb)@d =~ (f(b)®a')p forallbe B, a' € A”

Setting b = 1, one sees that f commutes elementwise with all elements of 1® A =

A°” But ¢ =1 ® 1 for some a € A. Setting o’ = 1 yields
gb=a"'(fb)a Vbe B
g

The Skolem-Noether theorem states that every isomorphism of a simple subalgebra
can be extended to the entire algebra in a very particular way, namely by an inner

automorphism.

1.8 The Brauer Group

We now define an equivalence relation ~ on central simple algebras over & as fol-
lows: Let A = M, D and B = M,,D’, then

A~ B<= D=D as k-algebrasand n =m
Denote the equivalence class of A as [A], then we define the product of two equiv-
alence classes to be [A] - [B] := [A ® B, later we will write this additively, i.e.
[A] + [B] = [A ® B]. Let Br(k) be the set of equivalence classes of central simple

algebras over k. Br(k) with this operation is actually an abelian group, called the

19
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Brauer group of k, the associativity of the product follows from the associativity
of the tensor product. Br(k) has identity [k], and the inverse of a class [A] is the

class of its opposite algebra [A%P].

Example 1.42. If k is algebraically closed, then Br(k) = {0}.

Proof. Let D be a skew field, central over k. We need to show that D = k. Choose
A € D, and let £,: D — D be left multiplication by \, a k-linear map. Since & is
algebraically closed, £, has an eigenvector. Call it v. So ¢)(v) = av for some a € k.

Hence, we have the following

M=av & (A-a)v=0 (v#0)
< A—-a=0

&< A=a€k

Theorem 1.43 (Tsen). Ifk is a function field in one variable over an algebraically

closed field, then Br(k) = {0}.

Proof. See [Sh]. O

If L/k is a finite field extension we define a map

—-®x L : Br(k) — Br(L)

(4] —> [4 ®% L]

Definition 1.44. We define the relative Brauer group of a finite field extension,

Br(L/k), to be ker (_®; L).

20
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Note that these are the central simple algebras over & that split over L, i.e. AQxL =
MpL. Another way to view Br(k) is as follows
Br(k) = | J Br(L/k) = lim Br(L/k)
L/k

where L/k are all the finite separable field extensions of . In fact one can show
Theorem 1.45. Br(L/k) & H3(G., L*).

Proof. Define a vector space A over L with basis {a,: 0 € G}. Hence the elements

of A may be written uniquely in the form Z Cs0, With ¢, € L. Now, given a
eeGy
2-cocycle v € H2(G, L*) we define a multiplication in A with relations as follows:

Qy0r = Ysra,, and a,c=0(c)a, forall celL
The 2-cocycle condition assures the associativity of this product. Now, denote by
A(y) the algebra just defined. We will state the following facts without proof. The

proofs may be found in {J, section 8.4].

—

. The algebra A(%) is a central simple algebra over k.

(3]

- A(W) @k A(p) = A(Y + ¢) @ Ma(k).
3. The trivial 2-cocycle yields the matrix algebra M, (k), where n = [L: .

4. A(v) = A(yp) if and only if ¥ and ¢ are cohomologous.

[S4]

. Every central simple algebra is isomorphic to an algebra A(y) for some 2-

cocycle ¥ € H3(G, L*™).

From these (non-trivial) facts we conclude that the correspondence ¥ — A(¥)

defines a group isomorphism

H?*(Gy, L*) = Br(L/k)

21
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as desired. O

Example 1.46. Br(C/R) = H?(C,,C*) = Z/2Z. The non-zero element of Br(C/R)

corresponds to the 4-dimensional algebra of Hamiltonian quaternions H.
As an immediate consequence of theorem 1.45 we have:

Corollary 1.47. Br(k) = H¥(T', kX.).

sep

In particular, Br(k) is always a torsion group. Hence, one can look at the n-th
torsion of Br(k),

+Br(k) = {[4] € Br(k): [4®"] = 0}

Around 1980, Suslin and Merkujev proved that ,Br(k) is generated by n-cyclic

algebras. The interested reader may want to see (Wi, section 6.11].

1.9 Etale Algebras

Let k be an arbitrary field, ksp denote a (fixed) separable closure of k, and I =
Gal (kep/k) be the absolute Galois group of k. Let V5 be a k-vector space. The left
action of I on V' = Vj ®x k,p defined by

T*(u®z) =u®y(r) forue W, x € kyep
is semi-linear with respect to I, i.e.

v*(vz) = (v*v)r(z) forveV, z €k

Lemma 1.48 (Galois Descent, [KMRT] 18.1). Let V' be a k,ep-vector space.

IfT acts continuously on V by semi-linear automorphisms, then

Vi={veV:yrxv=v Vyel}

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18 a k-vector space and the map
ViQ®kyy — V
10T — I
is an isomorphism of keep-vector spaces.

Proof. See [KMRT, Lemma 18.1] on p.279. a

Let Alg, be the category of unital commutative associative k-algebras with k-
algebra homomorphisms as morphisms. For every finite dimensional commutative
k-algebra L, let

X (L) = Homag, (L, ksep)

For any field extension F'/k, let L be the F-algebra L&, F'. Notice that if F' C ksep,
then k., is also a separable closure of F, and every k-algebra homomorphism

L — kyep extends uniquely to an F-algebra homomorphism Ly — k. Hence

we can identify X(Lr) = X(L).

Proposition 1.49. For a finite dimensional commutative k-algebra L, the follow-

ing statements are equivalent:

1. For every field extension F/k, the F-algebra Lr is reduced, i.e. Lr does not

contain any non-zero nilpotent elements;
2. L= F, x---x F, for some finite separable field extensions F,,---, F, of k;
3. Li,., = keep X +++ X Kgep;
4. The bilinear form T: L x L — k induced by the trace:
T(z,y) = Trop(zy) forz,y€eL

is non-singular;
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5. card X (L) = dimg L;
6. card X (L) > dimi L.

If the field k is infinite, the above statements are also equivalent to:
7. L = k[X]/(f) for some polynomial f € k[X]| which has no multiple root in an

algebraic closure of k.
Proof. See [KMRT, Proposition 18.3] p.281. O

A finite-dimensional commutative k-algebra satisfying any (and hence all) of the
conditions above is called an étale k-algebra. Notice from the first (or fourth)

statement that étale algebras remain étale under scalar extensions.

We now use Hilbert’s theorem 90 to show how étale algebras are classified by an

H?-cohomology set.

The k-algebra A = k x - -+ X k (n copies) is étale of dimension n. For if {¢;}_, is
the set of primitive idempotents of A, any k-algebra automorphism is completely
determined by the images of the e;'s. Thus, Autg(A) is the constant symmetric
group S,. Proposition 1.49 shows that the étale k-algebras of dimension n are

precisely the twisted forms of A = k x - -+ x k. Therefore we have a bijection:

H(k, S,)

I

k-isomorphism classes of étale k-algebras of degree n

For a more detailed discussion on Etale Algebras the interested reader may refer

to [KMRT, section 18.A].
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1.10 The p-Cohomological Dimension of a
Profinite Group

Let p be a prime number, and let G be a profinite group.

Definition 1.50. A profinite group G is said to be a pro-p-group if it is the inverse

limit of p-groups, i.e. if its order is a power of p.

Definition 1.51. If G is a profinite group, a closed subgroup H of G is said to be

a p-Sylow group of G if H is a pro-p-group and (G: H) is prime to p.
Example 1.52. Z, = li‘r_n Z/p"Z is a pro-p-group.

Theorem 1.53 (Sylow Theorem for Profinite Groups). Let G, G, and G

be profinite groups.
1. G possesses p-Sylow subgroups.

2. If H is any pro-p-subgroup of G, then H is contained in some p-Sylow sub-

group of G.
3. Any two p-Sylow subgroups of G are conjugate in G.
4. |G| =[1,|G,l|, where G, is a p-Sylow group of G.

5. If h: G, — G5 is a continuous surjective homomorphism of profinite groups,
then the image of a p-Sylow group is a p-Sylow group.
Proof. See [R, p.47]. a
For a profinite group G, let Mod(G) denote the category of G-modules, and let
Mod,(G) denote the full subcategory of Mod (G) consisting of the torsion modules
(torsion as abelian groups). If A € Mod,(G) and p is a prime number, denote by

A(p) the p-primary part of A, i.e. those elements of A of order p" for some n. If

A(p) = A we say A is p-primary.
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Proposition 1.54. If G is a pro-p-group, every simple p-primary G-module A is

isomorphic to Z/pZ.

Definition 1.55. The p-cohomological dimension of G, denoted cd,(G), is the

lower bound of the set of natural numbers n satisfying:
HY(G,A)(p) =0 for all ¢ > n and all A € Mod,(G). (1.6)

By convention, if there is no integer n satisfying (1.6) c¢dp,(G) = +00. One calls

cd(G) = supcd,(G) the cohomological dimension of G.

Proposition 1.56. Let G be a profinite group, let p be a prime number, and let n

be an integer. The following statements are equivalent:

a. c¢dy(G) < n;

b. HY(G, A) = 0 for all ¢ > n and all p-primary A € Mod,(G);,
c. H**Y(G, A) = 0 for all simple p-primary G-modules A.

Proof. See [R, p.200]. O
Proposition 1.57. Let H C G be profinite groups, and p a prime number. Then
cdp(H) < cdp(G)

Moreover, equality holds in either of the following cases

1. pt(G: H)

2. H is open in G and cdp(G) < o0
Proof. See [R, p.204]. a
Corollary 1.58. Let G, be a p-Sylow group of G. Then

cdy(G) = cdp(Gy) = cd (Gp)
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Corollary 1.59. cd,(G) =0 < p{|G]|
Corollary 1.60. If cd,(G) # 0, 0o, then p™® divides |G|.
Corollary 1.61. If G is finite and p { |G|, then cd,(G) = oo.

Proposition 1.62. Let N be a normal closed subgroup of a profinite group G, and

let p be a prime. Then
cdp(G) < cdp(N) +¢dy(G/N)

Proof. [R, p.209]. O
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2. Involutions

2.1 Involutions on Rings
Definition 2.63. Let R be a ring. An involution on R is a map 0: R — R such

that for alla, b € R
1. o(a+b) = o(a) + o(b)
2. o(ab) = o(b)o(a)
3. o%(a)=a
The pair (R, 0) is called a ring with involution.

Example 2.64. (C,") is a ring with involution, where ~ denotes complex conjuga-

tion.

Example 2.65. Let R be any commutative ring, then the transpose is an involu-

tion on M, (R).

Definition 2.66. Let k be a field. For a, b € £* define a 4-dimensional k-algebra

with basis 1, e;, ey, e3 by the following multiplication table:
€16, =e3, €] = —e€|€3, ef =a-1(=a), e€=b-1(=b)
This algebra is denoted by (a, b) = (a, b)x and called a quaternion algebra over k.

The subspace e;k +esk +e3k = {z € (a, b): 22 € k, z & k*} is denoted by (a, b),,

and is called the subspace of pure quaternions. Hence we have
(a,b) =k-1&(a, b)o
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Thus, if € (a, b), then z = 1y + z;, where z¢ € k and z, € (a, b)y are uniquely

determined. The map

o : (a,b) — (a,b)

I+—>Ty— I

is a k-linear involution, and it is called the canonical involution on the quaternion

algebra (a, b).
Example 2.67. The canonical involution on a quaternion algebra.

Example 2.68. Let G be a group, and k be a field. Let A = k{G] be the group
algebra of G over k. The canonical involution on A4 is the k-linear extension of
g: g g L.

In the category of rings with involutions, a morphism is a ring homomorphism
f:(R,0) — (S, 1) with 7(f(z)) = f(o(z)) for all z € B. If R is a commutative
ring, the identity is an involution. If R is not commutative, the identity is not

an involution. For every involution o the fixed elements form a subring R® =

{a € R: oa=a} of R.

Remark 2.69. Let V' be a k-space, where chark # 2, then there is a one-to-one

-
7

correspondence between involutions on V' and idempotents on End (V).

Proof. If e € End,(V) is an idempotent, associate to it 2e — id an involution on
V. On the other hand, if 7 is an involution on V', associate to it the idempotent

1 +id). O
Definition 2.70. Let R be a ring with involution o, and M be a right R-module

1. A sesquilinear mapping or a sesquilinear formon M isamaps: MxM — R

such that
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a. S(:D +v, Z) = S(l‘, Z) + S(ya Z)
b. s(z,y + z) = s(z,y) + s(z, 2)
c. s(z,ya) = s(z,y)a

d. s(za,y) = o(a)s(z,y)

for all z, y € M and a € R. The transpose os of a sesquilinear map is defined

by os(z,y) = o(s(y, T)).

2. Let Z = Z(R) be the center of R. Let A\ € Z satisfy A\o(A) = 1. Then a
sesquilinear form h: M x M — R is called A-hermitian if h = \g(h), i.e.
h(z,y) = AM(ch(z,y)) for all z, y € M. The pair (M, h) is called a A-hermitian

module or a \-hermitian space.

Remark 2.71. If A =1, h is simply called a hermitian form.

An involution ¢ on a skew field D is called of the first kind if o is the identity on Z,
the center of D. Otherwise the involution is called of the second kind. In this case
o|Z is an automorphism of order 2. Define Z7 = {a € Z: 0a = a}. Thus Z = Z2°
for involutions of the first kind and Z/Z° is a separable quadratic extension for
involutions of the second kind. In the case of involutions of the first kind only
A = +1 appear. We thus have, hermitian forms (A = 1), or skew hermitian forms
(A = —1). In the case of involutions of the second kind, we can assume without

loss of generality that A = 1, and thus we have only hermitian forms.

2.2 Involutions on Central Simple Algebras

Definition 2.72. An involution on a central simple algebra A over an arbitrary

field k is a map 0: A — A such that forallz, y € A

1. o(z +y) =o(z) +o(y)
30
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2. o(zy) = o(y)o(z)
3. 0%(z)=<z

Notice that if A is a k-algebra o is not necessarily k-linear. However, £ is stable
under o. Hence ok is an automorphism which is either the identity or of order 2.

If the involution o is such that
1. o|k =id, then o is said to be an involution of the first kind.
2. olk # id, then o is said to be an involution of the second kind.

Involutions of the first kind are divided into two types: the orthogonal type and

the symplectic type. Involutions of the second kind are called unitary or of unitary
type.
Example 2.73. For any field k£, take A = M,,(k) together with the transposition.

Example 2.74. There could be different involutions on M, (k), for example if

n = 2, we have the involution

which is clearly different from the transposition.

Example 2.75. Let (R, o) be any ring with involution, then
(a;j) — (o (as;))

is an involution on M,(R).

There is also the concept of adjoint involution which we will find particularly useful
so we will define it here.

Let £ be an arbitrary field of characteristic different from 2. Let (V,q) be a
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quadratic space of dimension 2n over k, where ¢ is a non-degenerate form, and
b is the symmetric bilinear form associated to q. We can define an (adjoint) invo-

lution op from the bilinear form b as follows
Definition 2.76. For any f € Endx(V') define o,(f) € Endi(V) by
a(f) =b"o ftob
where b: V =3 V* is the isomorphism induced by b, and f* € End(V*) denotes
the transpose of f defined by mapping p € V* to g o f.

Equivalently,

Definition 2.77. With the notation as above, o, is defined by the condition

b(os(f)(z), y) = b(z, f(y))
forz,yeV

In particular o, is k-linear.
We can also define the adjoint involution o, of a hermitian form h: V' x V" — &k

defined on a vector space V over quadratic field extension L/k.

Definition 2.78. o, is defined by the condition

h(an(f)(z),y) = h(z, f(y))
for any =, y € V and any f € Endi(V).
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3. Linear Algebraic Groups

3.1 Definition and Examples

Let £ be an algebraically closed field.

Definition 3.79. An algebraic group over k is an algebraic variety G, endowed
with the structure of a group, with distinguished element e € G, and such that the

maps defining the group structure
p:GxG— G with p(z,y) =2y
i:G—G with  i(z) =z7!
are morphisms of varieties.

If the underlying variety is affine, then G is called a linear algebraic group. A mor-
phism of algebraic groups is a morphism of varieties which is also a homomorphism
of groups.

Let G be a linear algebraic group, and set A = k[G]. The group structure of G is

defined by algebra homomorphisms

priA— AR A

*:A— A
and the identity element e is a homomorphism 4 — k.

Example 3.80. Let G = A! with e = 0, group law given by u(z, y) = z + y, and

i(z) = —z. We denote this algebraic group by G,: it is the additive group.

Example 3.81. G = A!\ {0} with e = 1 and group law given by u(z, y) = zy and
i(z) = £~!. We denote this algebraic group by G, or GL,: it is the multiplicative

group.
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If n is a non-zero integer, then ¢: G, — Gm given by ¢(z) = z" defines a
homomorphism of algebraic groups. If chark = p > 0, and n = p™ for some m,
then ¢ is an isomorphism of abstract groups but not of algebraic groups, since

@*: k[Gm] — k[Gm] is not surjective.

Example 3.82. View the space M, of all n x n-matrices as k™ . The general linear

sep*
group GL, consists of all n x n-matrices with non-zero determinant, together with

matrix multiplication as group operation. We have
k[GLa] = k[Tj, D™ 'Nigiign

where D = det T;;. Here p* is given by

n

wTy =Y (T ®Th)

h=1
and i*T;; is the (4, j)-entry of the matrix of (T;;)~". The identity e sends Tj; to d;;.

Since M,, is an irreducible variety, so is GL,. It has dimension n?.

Example 3.83. Any closed subgroup of GL, in the Zariski topology is a linear

algebraic group. Here are some of them:

a. Any finite subgroup of GL,;

b. D, = {X = (z;;) € GL,: z;; = 0 if i # j}, the group of non-singular diagonal

matrices;

c. T, ={X = (zij) € GL,: z;; = 0if i > j}, the group of non-singular upper tri-

angular matrices;

d. U, = {X = (zi;) € GL,: z;; =0if ¢ > j and z;; = 1}, the group of non-singular

unipotent upper triangular matrices;

e. SL, = {X € GL,: det X = 1}, the special linear group;
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f. 0, ={X € GL,: X - X* = 1}, the orthogonal group;

g. SO, = O, NSL,, the special orthogonal group;

0 Id,
h. Sp,, = {X € GLj,: X*-J- X = J}, where J = , the sym-

-Id, 0
plectic group.

Example 3.84. Let @ be a quadratic form of rank n over k, where chark # 2. If

B is a symmetric matrix representing @, then
SO(Q) = {X €SL,: X* B-X = B}

is called the special orthogonal group of Q. When @ is the unitary form ((1,...,1)),
we denote SO(Q) by SO,.

Remark 3.85. SL,, Sp,,, and SO(Q) are examples of the so-called classical
groups. SL,, is of type A,,_,. Sp,, is of type C, for n > 2. SO, is of type D, for
n > 3, and SO,, 4, is of type B, for n > 2. Knowing the type of group gives a lot
of data about it. For example, the dimension of a maximal torus in a group G of

type T, is n, where T = A, B, C,....

Example 3.86. Let k be a field, V' an n-dimensional k-vector space, and let h be
a positive definite hermitian form on V. Hence for some M € M,, we can write
h(vw)=*%-M-w for all v, w € k®
We define the group of k-linear automorphisms of V' preserving the positive definite
hermitian form h, called the unitary group of h, as
Uh)={AeM,:*A-M -A=M}
In particular, if h is the standard inner product, then

Uh)={AeM,:tAd=4"}
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We define the special unitary group of 4 as the subgroup of U (h) of automorphisms
of determinant 1, i.e

SU()={A€U(h): detA=1}
Now we exhibit an example of a non-linear algebraic group

Example 3.87. Elliptic curves. These are closed subsets of the projective plane P2.
If char k # 2, 3 such a group G can be defined as the set of all x = (z¢, 1y, 13) € P?
such that

ToZ3 = 23 + az\ 1} + b}

where a, b € k are such that the polynomial T3 + aT + b has no multiple roots.
The neutral element e is (0,0, 1), the point at infinity. The group operation of G is
abelian, and is often written additively. It is such that if three distinct points are

colinear, then their sum is e. If x = (29, 1,,22) € G, then —x = (zq, 71, —Z2).

3.2 Diagonalizable Groups and Tori
Definition 3.88. Let G be a linear algebraic group. A homomorphism of algebraic

groups x: G — Gy, is called a rational character of G.

The set of rational characters of G is denoted by X*(G), it has the natural structure
of abelian group, and the operation is often written additively. One can think of
the group of rational characters as sitting inside the group algebra k,,[G], i.e.
X*(G) C kyep[G).

We define X,(G) to be the set of homomorphisms of algebraic groups A: G, —
G. Such a ) is called a multiplicative 1-parameter subgroup of G (1 — psg of G).
If G is commutative, then X,(G) has also a natural structure of abelian group. For

t € Gm, and A, u € X, (G) we define
A +p)@) = Mtu@), (=M@ =rx0)™"
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Definition 3.89. A linear algebraic group G which is isomorphic over ki, to a
closed subgroup of some group of diagonal matrices Dy, is called diagonalizable. G

is an algebraic torus (or simply a torus) if it is isomorphic over ke, to some Dy,

Remark 3.90. In case G is diagonalizable, G is necessarily commutative and

consists of semisimple elements.

Example 3.91. Let T = G,. If x € X*(T), then x(t) = t™ for some m € Z.

Hence

X*(Grn) 2 Z

Lemma 3.92. If G is a connected algebraic group, then X*(G) is torsion-free. In

particular if T is an n-dimensional torus, then X*(T) = Z".

Proof. If x € X*(G), then x(G) C Gy, is a connected subgroup. But the only
connected subgroups of Gy, are {0} and G,y itself. Thus for n > 0, nx # 0 unless
x = 0. Thus, X*(G) is torsion-free.

Now, if T is an n-dimensional torus,

TGy x X Gy

T —

n times
so we have, X*(T) = X*(Gp)" = 2Z". O

Theorem 3.93. Let G be a linear algebraic group. The following are equivalent:
a. G is diagonalizable.

b. X*(G) is an abelian group of finite type, its elements generate kqep(G).

c. Any rational representation of G is a direct sum of 1-dimensional ones.

Proof. See [TS, Theorem 2.5.2 p.52. O
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Corollary 3.94. Let H be a closed subgroup of the diagonalizable group G. Then
H is diagonalizable, and it is the intersection of the kernels of finitely many rational

characters of G.
Proof. See [TS, Corollary 2.5.3] p.53. a

Proposition 3.95. If T is a torus, then X*(T) x X,(T) — Z is a dual pairing

over Z.

Proof. 1If x € X*(T) and A € X,(T) define (x, A) € Z by
X(Az)) = 2

then ( , ) defines a perfect pairing between X*(T') and X.(T'), i.e. any homomor-
phism X*(T) — Z is of the form x — (x, A), where x € X*(T). Similarly for
X.(T). O

3.3 Maximal Tori

Assume G is a connected solvable linear algebraic group. Define G, = G N U,
where U, is the group of unipotent upper triangular matrices. Thus, G, is a closed
normal subgroup which is nilpotent since U, is. Moreover, there is an injective
homomorphism of algebraic groups G/G, — T,/U,. Now, since T,/U, is a
torus, all elements of G/G, must be semisimple. Being connected, this group is a

torus.

Definition 3.96. A mazimal torus of G is a subtorus which has the same dimen-

sion as the torus S = G/G,.

A maximal torus is also a maximal torus in the set-theoretical sense, hence we may,
equivalently, define a maximal torus of G to be a closed subtorus of G of maximal

dimension.

38

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proposition 3.97. If G is a semisimple algebraic group over k, then any two

mazimal tori are conjugate over kep.
Proof. See [TS, Theorem 7.2.6] p.159. a

For a k-torus T, we denote by X;(T') the subset of X*(T') consisting of k-morphisms.

We have the following:

Definition 3.98. A maximal torus T is called k-split if X;(T) generates k[T},

equivalently, if T =, G X -+ X Gu; then T'(k) = k* x --- x kX,

We say that an algebraic group G is split if it contains a split maximal torus.
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4. Skolem-Noether Type Theorems

In this chapter k will always be an arbitrary field, B will be a k-algebra, and A
a central simple algebra over k (denoted CSA over k from now on) of degree n.
For any k-algebra C and any field extension F/k we write Cr for the F-algebra
obtained from C by extending scalars to F, so Cg := C ®; F. Let ks, denote a
(fixed) separable closure of k, and let I denote the absolute Galois group of k, i.e.
' = Gal (ksep/k). Recall that if A is a k-algebra and B C A, then the centralizer
of B in A, denoted Z,(B), is the set of elements in A which commute with every

element of B, i.e. Z4(B) = {z € A: zy = yz for all y € B}.

4.1 Main Result

In this section our main goal is to extend the classical Skolem-Noether theorem

stated in 1.40 as follows:

Theorem 4.99. Let n be a fized (positive) integer. Suppose that B is a k-algebra
such that Byep has a unique faithful representation of degree n over kyep. Then
all the embeddings of B into a central simple k-algebra A are conjugate, i.e. if
¥,p: B — A are two embeddings, then there ezxists a € A* such that ¥(b) =
ap(b)a~! for allb e B.

Proof. Fix an embedding B < A Now, let ¢: B — A be any other embedding.
We need to find an a € A* such that ¢(z) = aza™! for all z € B.
By hypothesis, we can find such an a € A,’:"p since .4,’:"’, = M, (keep)™, and A,

has a unique representation of degree n.

Lemma 4.100. Let a, b € A*. If aza™" = brb™! for all z € B, then b = az™! for

some z € Z4(B)*.
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Proof. Well, this is a straightforward computation.
aza™' = bzb™! forallr€e B = z=(a"'b)z(a"'b)"' forallze B
= a~'be Z4(B)*,i.e,b=az"!
for somez € Z4(B)*

O

What we need to show is that we can choose z in such a way that o(b) = b for all
o € T where ' = Gal(k,.p/k). For £ € B we have p(z) = aza™"' for some a € AL,
So p(o(z)) = ao(z)a™! where o € T. But y is k-linear, so p(o(z)) = o(p(z)).
Hence

ao(z)a™! = p(o(z)) = o(p(z)) = o(aza™") = o(a)a(x)o(a)™",

so ao(z)a”! = a(a)o(z)o(a)™!, ie.

o(z) = (a”'o(a))o(z)(a"'o(a)) ",

so a”'o(a) € Zs(B)*.
Now, to each o € I' associate a continuous map c: ' = Z4(B)™ given by ¢, =
a~'o(a). Note that ¢, € Z'(k, Z4(B)*) since

csoc; = (a"'o(a))o(a"'7(a)) = a 'o(a)o(a" )or(a) = a~tor(a) = c,r
What we want to do is show that ¢, =1 Vo € I since then all embeddings of B
into A would be conjugate. This amounts to showing that H(k, Z4(B)*) = {1}.
To accomplish this we filter the algebra through its radical.

Let Z = Z4(B)* and R = Rad(Z,p). Define

U:=1+R and U™ :=1+R" forn>1

Let’s observe the following:
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a. U™ C U1 for every n > 2.

If z € U™ then £ =1+ r" for some r € R, but R* C R*~!
s0z=1+7™€l1+R*C1+R""'=U""Y Hence U™ C UV for every

n > 2. Note that we now have a decreasing sequence:

U=UMoy@o...oyur-Uoym™ ...

b. R is nilpotent, so there exists an N € N such that U™ = {1} Vn > N. Hence

the sequence in (a) above is finite, it becomes

UDU® D...oUu Y oy™ ... yW-N o U™ = {1} (4.7)

c. Every u € U is invertible, i.e. if u =1 mod R, there is a v such that vv = 1.

Proof. Let u € U, we have

1= (1-u)) (1-uf =) (1-uy
i=1 i=1
= Z(l —u) - UZ(I —u)y - Z(l —u)
ij=i i=1 ij=1
hence -1 = —u i(l —u),de 1= uf:(l —u)’. So take
j=1 j=1

v= i(l —u)!

Lemma 4.101. U™ /U®+) = R/ R™*! for every n > 1
42
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Proof. Define a map ®: U™ —s R"/R"*! by ®(u) = u — 1. To see that ® is a

homomorphism just note that

Q(uv) = w—-1=@w-)+@w-1)—(u-1)(v-1)

= (u-1)+@w-1)-(u-1)(v-1)

= O(u) + ®(v) — ®(u)P(v)

and ®(u)®(v) € R C R™*'. Hence ®(uv) = ®(u) + ®(v). Now we ask, what is
the kernel of ®? Well, ker® = {u € U™: ®(u) € R"*'} so

kerd = {ueU™:u—1€ R}
= {ueU™:uel+R"'}

= {ueU™:ueU"}

— U(n-H)

so ker @ is exactly U(+1),
To see that ® is a surjection, for any 0 # 7 € R"/R"*! pick 1 +r € U™ and we
have ®(1 4+ 1) = (1 +7) — 1 = 7. Hence ® induces an isomorphism U™ /[{"+1) 2

R™/R™+!. a
Lemma 4.102. With the same notation as above, H' (k,U) = 0.

Proof. From lemma 4.101 we get the exact sequence

U(m+l) — U(m) - Rm/Rm+l

M

sep Where M =

Now R™/R™*! is just a vector space over kiep, S0 it is isomorphic to k
dim,,, (R™/R™*!). In terms of linear algebraic groups this is just the additive
group G, which by the additive version of Hilbert’s Theorem 90, is cohomologically

trivial, i.e. H'(k, G,) = 0. So looking at the H! part of the associated sequence
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in cohomology we see:
H(k, UM™Yy — HY(k, U™) — H(k, R™/R™+') = H}(k,G,) =0
Also note that H(k, U™) = 0, since U™ = {1}, so from 4.7 we have
0 = HY(k,UM) = HY(k,UN-D) —» ... » HY(k,U®) - H(k, V)
which gives H!(k,U™) = 0 Vn > 1. Hence, in particular, when n = 1 we have

H(k,U) = 0. 0

Now we put together all the information we have gathered so far. What we have is

U Gm.Z - Gm,Z/R

and we look at the H? part of the associated sequence in cohomology

H'(k,U) —» H'(k,Gm,z) = H'(k,Gm 2/ R)

by lemma 4.102, H'(k,U) = 0 and we also have H!(k, Gy, z/R) = 0. Hence we
have succeeded in “pinching” H!(k, Gy, z) in between two cohomologically trivial
objects, so H!(k, G, z) is trivial. We have shown that ¢, = 1 for all o € T. So all

embeddings of B into A must be conjugate, and this proves theorem 4.99. W)

4.2 Examples
To effectively illustrate the result obtained above let us consider a couple of exam-

ples.

Example 4.103. If B is simple, then we are in the situation of the Skolem-Noether

theorem.
Example 4.104. We can take B to be an étale algebra of degree n.

Before we see some more examples let’s define the term Frobenius algebra. A very

detailed discussion on Frobenius Algebras may be found in [CR, Chapter IX].
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Definition 4.105. A finite dimensional algebra A over a field k is called a Frobe-

nius algebra if the left A-modules 4A and (A4)* are isomorphic.

Definition 4.106. Let S be a subset of a finite dimensional algebra A over k. The
left annihilator ¢(S) of S is defined as

((S)={a€ A:aS =0}
whereas the right annihilator r(S) of S is defined as

7(S) = {a € A: Sa = 0}

The following theorem establishes the equivalence of several characterizations of

Frobenius algebras.

Theorem 4.107. Let A be a finite-dimensional k-algebra. Then the following state-

ments are equivalent:
1. A is a Frobenius algebra.

2. There exists a non-degenerate bilinear form f: 4 x A — k which is asso-

ciative, in the sense that f(ab,c) = f(a,bc) for all a,b,c € A.

3. There exists a linear function A\ € A* whose kernel contains no left or right

ideals different from zero.

4. For all left ideals L and right ideals R in A we heve

{r(L)) =L, and (r(L): k)+ (L: k) = (A: k);

r(€(R)) = R, and (E(R): k) + (R: k) = (A: k)

Proof. See [CR, p.415]. a

Lemma 4.108. Let A/k be a Frobenius algebra with associative bilinear form f.

Let0 # I G A be an ideal. Then I+ = {z € A: f(b,z) =0Vb € I} is also an ideal.
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Proof. Let a € A ,b € I*+. We need to show that ab € I*. Let ¢ € I, then note

that ca € I, since I is an ideal. Thus, we have

f(c,ab) = f(ca,b) =0

Hence ab € I+. |

Proposition 4.109. If B has a unique faithful representation of degree n over

Ksep, then B is a Frobenius algebra.

Proof. Suppose B has a unique faithful representation of degree n over k,.,. Then
B* also has a unique faithful representation of degree n over k,.,. Take a basis
for B*, B* = AB. If there is a non-trivial ideal I € ker \, then (B/I)" C B*. A

contradiction. So A = 0. Thus, B is a Frobenius algebra. a

The converse is not true in general, but we have

Proposition 4.110. If B is a commutative Frobenius algebra, then B has a unique

faithful representation of degree deg B over kqep.

Proof. Suppose first that B is a commutative Frobenius algebra, equipped with
form f, which is local. Let M be its maximal ideal. Let V be a faithful B-module

with dimV = dim B, then V = B. For v € V, define
I, = Anng(v) = {z € B: zv =0}

We need to check that there exists a non-zero vector v € V for which I, = 0. So, let
0 # v € V be such that dim I, is minimal. We want to show that this dimension,
in fact, has to be zero. Suppose I, # 0, then 0 # I} C B is an ideal and hence

I} C M, which in turn implies that M+ C (I})" = I,. Now, let n denote the

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



nilpotency index of M. Notice that M"~!. M =0, so M"~! ¢ M*. This follows

since if z € M1, and y € M, then

f(z,y) = f(l,zy) = f(1,0) =0

Thus, 0 # M™ ! ¢ M+ C I, forallv. So,0 # M"™! C N, I, = ker (B — End;V)
which is a contradiction since V' is a faithful B-module. Therefore, if B is a (com-
mutative) Frobenius algebra which is local, then B has a unique faithful represen-

tation. Moreover, if B is any commutative Frobenius algebra, we can write
B=B;x---x B,

where each B; is a local algebra. Let ¢; € B; (i = 1,...,r) be the corresponding
idempotents. If V' is a faithful B-module with dimV = dim B, we can decompose
V = @.;1 V: where V;, = ¢;V for each i = 1,...,r. Hence each V; contains a
faithful B;-module, and so dimV; 2> dim B; foreach ¢ = 1,..., r. But,

Er:dim\/} =dimV=dimB=idimBi

=1 i=1

so dim V; = dim B; for each i. Hence V is the regular representation. This finishes

the proof of the proposition. |
This proposition provides us with a vast array of examples since:

a. Every semi-simple algebra over a field is a Frobenius algebra.

Just take f(a,b) = Tr(ab), a non-degenerate associative form.

b. For any finite group G, its group algebra A = k[G] over any field £ is a Frobenius
algebra.

Define a linear function A on A by

A (Z agg) =a

g9eG
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where 1 is the identity element of G. Suppose that for some a € A, Aaisin

ker A. In particular we have
Mg~ la)=0VgeG

But since A(g~'a) is the coefficient of g in a, we must have a = 0. Similarly,
we can show that a4 € ker A implies a = 0. Thus, A is a Frobenius algebra.
Example 4.111. The group algebra of any abelian group.

Example 4.112. Let B be a local non-commutative Frobenius algebra. Let M be
its maximal ideal. If B/M is a field, then B has a unique faithful representation

of degree deg B.

Proof. Let V be a faithful B-module of degree deg B. For v € V define I, =
Anng(v). Since V is a faithful B-module, (), I, = 0. Hence

Y I-=B

i.e we can write 1 = }_ a, for some a, € I;. Thus, there is a v € V" such that
a, ¢ M. Hence a, is an invertible element, since B/M is a field. We also have
a, € I}, which together with e, being invertible implies that 1 € I}, thus B = [

and [, = 0. Therefore, V is the regular representation. |

Remark 4.113. Unlike in the proposition, there is no hope to generalize from the

local non-commutative case. Commutativity is required in the proposition.

If we look at the representations of S3: 6 = 2(1)? + 1(2)2, so we have two 1-
dimensional representations, C,. and the signature C_, and we have a 2-dimensional

representation, which we will call V. We have

C[Sa]QCXCXMQC——-)C;@C-@V@V
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But note that x = 2C, ® 2C_ & V is a faithful representation different from the

regular representation.

Remark 4.114. If B is an algebra with no central idempotents other than 0 and

1, Just take, for example, B =al.
\

/ab

Just take, for example, B = :a, b, c€ k). Then note that B is not
\ 0 ¢
local. In fact, B/Rad B = k x k and B has two maximal ideals,
\
( 0 a
=4 ‘o, beky
0 b
\ /
and
( A
a b
R = ca,bek
00

hence not local.

4.3 Embedding Simple Algebras

There is an underlying problem in theorem 4.99.

Question: What are the conditions for the existence of an embedding of B in A?
If B is a commutative Frobenius algebra, then the answer is given in (KM, Propo-
sition 3.4]. Here we will consider the case where B is a simple k-algebra.

Let k£ be a field, let B be a simple k-algebra of degree d, and let A be a CSA
over k of degree n. Denote by E the centralizer of B, Z(B). It is evident that a
necessary condition for the existence of an embedding B — A is that there exist
an embedding B D Z(B) = E — A. If E— A, then F C Z,(E) = A’ C A and
ZA(E) is a CSA over E.

Case 1: F =k, t.e. B is a CSA over k.
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Recall that if B is a CSA over k and B — A, then B ® Z,(B) = A, and so
(Z4(B)] = [A] - [B] € Br (k) (See Chapter 2, Cor 8.4 in {Ke}).

Proposition 4.115. There is an embedding B — A if and only if [A]—[B] € Br (k)

is representable by an algebra of degree r = n/d.

Proof. If there is an embedding B — A, then B® Z,(B) = A4, and so [Z4(B)| =
[A] — (B] € Br(k) of degree n/d. On the other hand, if [A] — (B] € Br (k) is
represented by an algebra [T'] of degree n/d, then [A] — {B] = [T] € Br (k) and so
A= BQ®T,ie B is asubalgebra of A. O

Case 2: General Case, i.e. B a simple k-algebra (with center possibly larger than k).

We have E — End,(L) = M, (k), for any maximal k-algebra L satisfving k£ C
E C L C A. Hence Zp, (E) is a matrix algebra over E, in fact, a central simple

algebra over E. Set C = Gm z,,_(£)/Gm and C = G 2, (r)/Gm - Consider

0 — C — Aut(M,,E) = Aut (E) — 0 (4.8)
We also have the exact sequences,

0—>Gn — Gm.ZM,.(E) —C —0 (49)

G 5/Gm > C 5 C (4.10)

From 4.9 we get an induced map in cohomology

H(k,C) - H3(k, Gun)
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The set H!(k, C) classifies embeddings F & A, and the image of ' consists of
algebras containing E. If we extend scalars to £ we have another exact sequence

of pointed sets,

0—Gm —Gmg —*Gng/Gm —0 (4.11)
From (4.10) we get an associated sequence in cohomology;

If 8 € Z'(k,C), let v € Z' (k,C) be the image of 3. Then there is a natural
bijection between the fiber of
fﬂ —
HY(k,C) — HY(k,C)
over [y} and the orbit set of the group

C.)" acting on H(k. G £/Gum)
Y .

From sequences (4.10) and (4.11) we get a commutative diagram

Hl(k, G:,'E/Gm) _ Bl' (E/k)

H'(k,C) ——  H%k Gm)

ft it
H'(k,C) —  H3(k,Gmg)

»

H?(k, Gm £/Gm) =—— H2(k, G 5/Gm)

v
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The maps f* and 1* are defined by
(B S A)) = (Za(eB)]

#([A]) = [A® ]

Theorem 4.116. There erists an embedding E — A if and only if the class of

A®FE in Br (F) is represented by the class of a central simple algebra N of degree
deg A/[E : k].

Proof. The only if part is clear. To prove the other direction, choose [T] € H?(k, G,y),
then [T ® E] € H2(k,Gm ). Now T ® E contains E, so it comes from H!(k,C).
On the other hand, it goes to zero in H3(k, Gy, 5/Gm) so it is in the image under
f* of some [c] € H!(k,C). Hence &' ([c]) = [T] + [d] for some [d] € Br(E/k). But
the action
H'(,C) L5 H'(k, 0)

is transitive so, if we take a representative a € Z!(k,C) of [c], and 3 € Z'(k,Gm £/Gm)
a representative of [d], then a3~! € Z!(k,C) since (4.10) is a central extension.
Now, since &' is a homomorphism,

& ({eB™']) = 6" ([o]) — &' ([8]) = [T] + [d] - [d] = [T]

Thus we obtain our original class. a
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5. Algebras with Involutions

In this chapter B will always be a k-algebra with involution o, and A a CSA over
k of degree n with involution T central over k£ or over a quadratic extension of k
if 7 is of type II (unitary). Given two embeddings f, g: (B,o) — (A, ) we wish

to know whether there exists a ¢ € Aut(A, 7) such that the diagram,

1, (A, 7)

(B,o)

H l¥
(B,0) — (4,7)
commutes, i.e. we want to classify embeddings which are in the same conjugacy
class.
Let X be the set of all embeddings of (B, o) into (A4, 7). So, if f € X, then fisa
homomorphism of B into A with f oo = 70 f. The automorphism group of (A4, 7)
is the group scheme over & given by

Aut(A,7)(R) = {a € Aut(A® R): aoT =Toaq}
for any commutative k-algebra R. For any algebra with involution (A, 7) we define
Uan = {u €Gn 4 ur(u) = 1}

Using the Skolem-Noether theorem, one sees that there is an exact sequence
0 — Upnn Gmn — U(,.\'f) — Aut (A, 7) — 0 (5.12)

To shorten the notation let us set G = Aut(A, 7). Hence G acts on X naturally,
by composition. Let I' = Gal(k,ep/k). Let’s fix f € XT, i.e. f is a k-embedding of
(B, o) into (A, 7). We will adopt the notation Gf for the G-orbit of f and Gy for
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the stabilizer of f in G. Hence

Gy=Stabgf = {pe€G:ypof=f}
= {u€ Z4(f(B)): ur(u) =1}/ (GmNUiam)
{u€ Zy(B): ur(u) =1}/ (Gm N U(A,T))

the latter by identifying B with its image under f. We also have,
Gf = Orbitg(f) = {po f|p € G}

It is well-known that if two elements are in the same G-orbit, then their respective

stabilizers are conjugate. We have the exact sequence of pointed sets

of

1 — Gy =< G — Gf — 1
Y — Y
p —> pof

And we look at its associated sequence in cohomology

.. — G = G(k) — (Gf)" — H'(k,G;) — H'(k,G) (5.13)

Recall from 1.17 that the orbit set of G(k) in (Gf)", i.e. the k-conjugacy classes of
elements of (Gf)" are in a natural bijection with ker (Hl(k,Gf) N H‘(k,G)).
So what we will do is study keri* in order to better understand the k-conjugacy

classes of elements of (G f)'.

Let us assume for now that 7 is an involution of the first kind on A. Set U =
Uan = {u € Gma: ut(u) = 1} and G = Aut (A, 7), which we shall identify with
U/ {£1}. Then Gy = Uz)/ {£1}, where Z = Z4(B) and we have the sequences

of pointed sets,
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1 — {1} 2 U—G—1
and

1 — {1} > Ugzy) — Gy —1

From these we get

Hl(kv U(Z,‘r)) E— Hl (k7 U) Em— Hl(kv Gm,A)

! l l

H(k,G;) —— Hk,G) —— Hl(k,AutA)

! [+ l

H(k, {+1}) —— H3(k, {£1})) — H%(k,Gum)
In particular, note that we must have ker i C H (k,U(z,)). So, if H}(k,Uz) =
{1}, then ker ¢ = {1} and hence all the embeddings of (B, o) into (A, ) must be

conjugate.

Lemma 5.117. The connecting homomorphism
o': HY(k,G) — H2(k, {£1})
sends the class of (A',7') to the class of [A'] = [4] in Br (k).

Proof. This follows from the well-known fact that
H(k, Aut (4)) - H3(k, Gm)
is given by [A'] — [4'] - [4]. O

Lemma 5.118. Let k be a field of characteristic different from 2. Let Z be a k-
algebra with involution 7. If a € Z, is fized by the involution, then a = 7(b)b for

some b € Zep.

Proof. Let’s break the proof up into two cases.
Case 1: Z is semisimple.
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We can decompose Z,, as
(Mg, x My,) x -+ X (Mp,_, X My,) x Mg, x - Mg,
Note that the involution could come from a hyperbolic, symplectic, or an orthogo-
nal form. In case the involution comes from a hyperbolic form, there is no problem
since there is only one such. If the involution comes from a symplectic form, it is
well known that there is only one symplectic form over any given degree. The only
problem would be an orthogonal involution, but over a (fixed) separable closure,
again, there is only one. Now on the “pairs” above what we have is essentially the
exchange involution, so an element is fixed if and only if it has the form (z, z') for
some z. But we can write this as
(z,2") = (1,2*)(z,1) = 7 ((z, 1)) (x, 1)

and clearly (z,1) € Z,,.
Case 2: Z any k-algebra.

We know that Z,.,/Rad Z,., is semisimple. By the first case, there is a b, € Z,,,
such that a = 7(b))b; (mod Rad Z,.,). We need to show that we can “lift” this
partial approximation from the radical all the way up to Z,.,. We proceed a la
Hensel. Suppose that a = 7(b,)b, (mod (Rad Z,,)") and we’ll show it for n + 1.
Suppose b, = by + ¢ for some ¢ € (Rad Z,,)" yet to be determined. Now, we

need a = 7(by41)bns1 (mod (Rad Z,ep)"*"'). Thus, let us see what we need:

T(bns1)bnse1 = T(bn +¢)(bn +¢)
= (rbp + 1C)(bp +¢)
= 7(bn)bn + 7(bn)c + 7(c)bs + 7(c)c

= a—r1+7(bp)c+ 7(c)bn + 7(c)c
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The latter equality is for some r € (Rad Z,.,)" since a = 7(b,)bp, (mod (Rad Z,p)").
Note that r(c)c € (Rad Z,,)™, so for n > 1, 7(c)c = 0 (mod (Rad Z,ep)"“).
Hence, what we need is to be able to solve the congruency

7(bp)e + 7(c)by =7 (mod (Rad Z,,)"*!)

for c. Note that
1. 7(by)c + T(c)by, is fixed by 7.
2. Since b, is invertible,
6, : (RadZ,p)" — (Rad Z,;p)"
(left multiplication by b,) is an isomorphism.
Thus, it is enough to see that
r=s+7(s) (mod (RadZ,)""")

for some s € (Rad Z,,)". But, since chark # 2, we can just take s = 7 to solve

the latter. 0O

Proposition 5.119. Let (B,o) and (A,7) be as above. Suppose that B has a
unique faithful representation of degree deg A over kyep. Then any two embeddings

of (B,a) into (A, T) are conjugate over kqep, i.e the action of G on X is transitive.

Proof. Let f, g: (B,0) — (A, 7) be two embeddings. If we “forget” about the
involutions we know that by theorem 4.99 there exists an a € A* such that f(z) =

ag(z)a™! for all z € B. Is this compatible with the involutions? There’s only one
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way to find out. For £ € B we have

ag(oz)a™ = f(oz)

= r(fa)
= r(ag(a)a”)
= r(a™)r(g2)r(a)

= 7(a™")g(oz)7(a)

so ag(oz)a~' = t(a')g(oz)7(a), hence g(oz) = a~'r(a !)g(oz)r(a)a so z =
7(a)a € Z4(B) = Z. Now write T(a)a = 7(b)b with b € ZJ,, (in general b is not

rational over k). Then u = ab™! € G and ug(z)u~! = f(z) for all z. O

Corollary 5.120. Let f: (B,0) — (A, T) be a fired embedding, and let
Gr={p€Aut(A,1): pof=f}
then 5.119 tells us that the cohomology set H!(k,Gy) classifies the embeddings
¢: (B,o) — (A',7') where (A',7') are algebras with involution isomorphic to
(A, T) over kyep. The embeddings p: (B,0) — (A, 1) are classified by
ker (&*: H'(k,Gy) — H(k, Aut (4,7)))

where i: Gy — Aut (A, ) is the inclusion map.

Lemma 5.121. Let (A,7) be a CSA over k with involution, and e € A an idem-
potent such that e + 7(e) = 1. Set B = ke + kt(e). Then U = Gm and
Za(B) =Ze+ Z7(e).

Proof. (i) Recall that Up = {u € Gy p: ur(u) =1}. Let u € Uig,) and write
u = ve + wr(e), where v, w € ksp. The condition ur(u) = 1 is equivalent to

rw = 1, SO U(B,r) = Gm.
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(ii) Certainly, e and 7(e) belong to Z4(B), hence Z5(B) 2 Ze + Z7(e). So, in
particular Z4(B) = (W xW?, 1) for some W. Now, take any element z,e+2,7(e) €
Ze+ Z7(e), we must show that it commutes with every element of B = ke + k7 (e),

but this is clear since e and 7(e) commute with each other. a

Example 5.122. Let (A,7) be a CSA over k of even degree 2n with involution
7. Then there is at most one U, ,)(k)-conjugacy class of idempotents e € A such

that e + 7(e) = 1.

Proof. Let B = ke + k7(e). Note that By, has only one representation of degree
2n that is self-dual; this is enough to guarantee that G acts transitively on X’. So
we can use corollary 5.120. Now Z = Z4(B) decomposes as Y x Y’ with the two

factors interchanged by the involution, so U4 r) = Gm z. We have

I'Il (k, U(Z;r)) -_— Hl(kv Gm,:\)

l l

Hl(k,G;) ——» Hk, Aut(4,1))

! s

H3(k, {£1}) ——= H3(k, {£1})
If an element lies in ker(:*), then it is also in ker 6'. Since we have equality in the

bottom row, this element must come from H!(k, U(z,r)) which is trivial. O
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6. Conjugacy Classes of Maximal k-Tori

6.1 General Results

Let G be a semi-simple (linear) algebraic group defined over a field k. Let G be its
universal cover, and let T C G be a fixed maximal k-torus.
It is well-known that over a separable closure of £ all maximal tori are conjugate.
We are interested in determining which maximal k-tori of G are k-conjugate to a
fixed maximal torus T. To this effect, we will develop a general set-up to enable
us to study k-conjugacy classes. We will mainly use the tools provided by Galois
Cohomology. In the case where G = U4 4, where (A, o) is a central simple algebra
with involution, we can make this general set-up more explicit. This case is essen-
tially the general case when G is a classical simple group, by virtue of a theorem
of André Weil in [We, p.597].
Let N = Ng(T) = {zr € G: zTz~! C T} denote the normalizer of T in G, let
Z = Zg(T) denote the centralizer of T in G, and let W = W(T) = N/T denote
the Weyl group of G relative to T, a finite group.
Since all maximal tori are conjugate over a separable closure, the set of all maximal
tori is parametrized by the homogeneous space G/N. So we have
G/N +— set of maximal tori in G

It is readily seen that this bijection commutes with the action of I', so if we want
the set of maximal k-tori, then we let I' act on G and look at the fixed points. We
have

(G/N)' «— set of maximal k-tori in G
If in addition we want the k-conjugacy classes of maximal k-tori then we look at

the action of G' = G(k) on G/N. We have
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(G/N)F /GT +— set of k-conjugacy classes of maximal k-tori in G
It is this latter relation that we want to exploit. We will use Galois Cohomology to
understand and give explicit descriptions of these k-conjugacy classes in particular

examples. As a starting point, consider the exact sequences

1—-T— N 5HW-—1 (6.14)
1— T G —G/T—1 (6.15)
1— N G —G/N—1 (6.16)

From sequence 6.16 above we get the associated sequence in cohomology:
G' — (G/N) —s HY(k, N) % H(k,G) (6.17)

By the general theory of Galois Cohomology there is a one-to-one correspondence
between the orbit set of GT in (G/N)", namely (G/N)' /G' and ker(iy)*. First
note that this kernel sits inside of HY(k, N). By the remarks just made, ker (iy)*
is in one-to-one correspondence with the k& conjugacy classes of maximal k-tori.
We thus want to study ker (iN)“ to better understand and be able to compute
k-conjugacy classes of maximal tori.

One of the invariants we are interested in arises when considering the sequence in

cohomology associated to sequence (6.14). We have
W' —s H(k,T) — H'(k, N) =% H (k, W) (6.18)

We will want to study those classes in H!(k, N) that are taken by 7* to zero in
H!(k,W). Note that ker(ir)® is contained in these. By abuse of notation, we de-

note by 7*: ker(ér)! — H(k, W) the restriction of 7* to ker (ir)".

If we consider the covering map p: G — G and its kernel, ker p, we have the exact

sequence
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1—>kerp—>6'—p+G—)1
Recall that ker p is a finite abelian group. Let T be the inverse image of T under

the covering map p, i.e. T = p~!(T). Note that kerp C T, so we have:
1—>kerp———>f—p—>T——>l

and we obtain the commutative diagram

ker p ker p

L

T — G

s

T — G

and looking at its associated sequence in cohomology we have

H(k,T) —— H(%,G)

l l

H'(k,T) —— Hk,G)

# | s

H?(k, ker p) —— H?*(k, ker p)

We can restrict ourselves to studying ker(:*) since W = N/T is finite.

Proposition 6.123. With notation as above ker(i*) C ker d'.

Proof.

[S] € ker(¥) = #[S]=e
= (6'od)[S]=e
= 0![S]=e since the diagram commutes

= [S] € kerd"
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Proposition 6.124. If in addition we have H(k, 5) = 0, then equality holds, i.e.

ker 2# = ker4!.

Proof. Let [S] € ker 4, so 6'(S] = e and hence (8! 0#*) [S] = ¢, but there is only

one element in each fiber since H!(k,G) = 0. Hence #[S] = e, i.e. [S] € ker&. O

We are interested in this relation since 4! has the extra structure of being a group
homomorphism. It is known that the condition H*(k, 6’) = 0 holds for all classical
groups and some exceptional groups when cd (k) < 2. For this see [BP1] and [BP2].

We will record what we have shown as a theorem for future reference.

Theorem 6.125. ker(iz)*/W (k) is in one-to-one correspondence with the set of
k-conjugacy classes of mazimal tori S with 7*(S) = e, where 7° is the restriction

of ™ to ker (i7)".

The preceding formalism can be applied very effectively (to describe k-conjugacy
classes) in the case where G is the unitary group of an algebra with involution.
Later we will see that in this case we can interpret the map #° in terms of étale
algebras.

This generalizes the work of Kariyama in [Ka] for classical groups split over k. We
will see that in this situation we can always associate to any torus T a certain class

of étale algebras with involution.

Example 6.126. Let k be a field with chark # 2, and let G = SO(g) be the
special orthogonal group of a non-degenerate quadratic form ¢ on a vector space
V of dimension 2n over k. For G = SO(q) we have G = Spin(g) a connected
two-sheeted covering and thus ker p = Z/2Z. These yield the exact sequence

1 — Z/2Z — Spin(q) = SO(q) — 1

Let T C G be a (fixed) maximal k-torus. Then, we can associate to T the étale
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algebra £ = Er = Zgng,(v)(T) consisting of k-endomorphisms of V' that commute
with 7" equipped with the involution v, induced by the adjoint involution of q. If
F = EY, the subalgebra of elements of F fixed by the involution v, then dim F' =
1dim E as we will see in 6.139, and we can write E = F[X]/(X? — D) for some
D € F*. Viewing E this way we realize v as X — —X. Also we may recover T as
the kernel of the norm map from the multiplicative group of £ to the multiplicative
group of F.
T = Ug/r = ker(Ng/r: Gmg — Gm r)

Notice that now we have two exact sequences involving T,

1—2/22 —T —T —1 (6.19)
and
1 T — Gmg =4 Gmp — 1 (6.20)

The exact sequence (6.20) induces an isomorphism
H'(k.T) = F* /Ng/p(E)

With this identification it has been shown in [BKM] that

§': H'(k,T) — Br(k) (6.21)

is given by 4'(a) = Corp/k(a, D). With all this information we get a commutative

diagram

H'(k,T) — H2(k,Z/2Z)
F*[Ng;p(E*) ——  Br(k)
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Note that here WT = Auty(E,v), the k-automorphisms of E that commute with

v, and so we get a surjective map

k-conjugacy classes of maximal k-tori S with (Es,v) = (Ey,,,,v)

l

{a € F*/Ng/r(E*): Cor (a,D) =0} /WT

For this map to be injective we need H!(k, Spin(q)) = 0. We will give necessary
conditions for this in theorem 6.140. This takes care of SO(q) for the moment. We

will come back to it in the next section.

Lemma 6.127. Let L/k be a quadratic field ectension, let E 2 L be an étale
algebra over k equipped with an involution o (of any kind), such that o|L is non-
trivial (<= LNE° = k), and let F = E°. Consider V = E as a finite dimensional
L-vector space. For b € F* define hy: E x E — L by hy(z,y) = Trg/ (bzo(y)).
Then hy is a hermitian form on E (with respect to o) invariant under Ug/p =

{u€e Gmg:uo(u) =1}.

Proof. Let z,y € E, «a,8 € L, and u € Ug/r be arbitrary. To show that h,
is a hermitian form on E we need to show that ohy(z,y) = hy(y,z) and that
hy(az, By) = ahy(z,y)o(B). This is a straightforward computation that we do as

follows:

ohy(z,y) = oTrguL (bra(y))
= Trg (0(bzo(y)))
= Tresu (yo(z)a(b))
= Trg (byo(z))

= h'b(ya .’L‘)
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hy(az,By) = ohy(By,0z)
= oTrg (bByo(az))
= o (BTre/ (byo(ax)))
= 0Trg1 (byo(az)) o(B)
= Trgu (baza(y)) o(B)
= aTrg (bzo(y)) o(B)
= ahy(z,y)a(B)
So hy is a hermitian form. To see that it is invariant under Ug,r note
ho(uz,uy) = Trgp, (buzo(uy))
= TrgL (bza(y)uo(u))
= hy(z,y)
O

Remark 6.128. To talk about Trg,;, we need E free over L. If L is a field, there
is no problem. If L = k x k, then E = Ee + Ee* and the involution * interchanges
the idempotents, so these idempotents have the same rank. This essentially says

that F is free over L.

Recall that a non-singular hermitian form k on a finite dimensional vector space V'
defined over a quadratic field extension L of a field £ with non-trivial automorphism

i, yields the adjoint involution o, on End,V defined by the relation

h(z, f(y)) = h(on(f)(2),y)

for f € End.V and z, y € V. In particular, o,4(a) = i(a) for a € L, so oy is an

involution of the second kind.
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Example 6.129. Let G = SU(h) (= SU(V, h)), the special unitary group of a
hermitian form A defined on an L-vector space, where L is a quadratic field exten-
sion over k.

Question: What are the maximal k-tori for G = SU(h)?

Well, we would like to use the same machinery as in the previous example, but
SU(h) is simply-connected unlike SO (g), t.e. §fj(h) = SU(h) so we take a different

approach. If we have an étale algebra E/k as in the lemma above, then

Claim 6.130. Ug/r is a mazimal k-torus.

Proof. We claim that over the algebraic closure of £ we must have (Gm'E)" =

Ug/r. To see this, consider the map

¢: (Gmge)" — Ugr

t = (ti,tay ... ta) — (tn, 87 bt t o tnn b))
The map ¢ is clearly surjective and

kerp = {t€ (Gme)" :ot)=(1,...,1)}

= {te(Gm‘E)":ti=1 Vz'=1,...,n}

= {1}
To see that it is a homomorphism note that

o(ts) = p(tyS1,... ,tasn) = (tis, sTHTY o0 tasn, Shith )

= (tisi, 7S . taSa, to st
= (ttrY o tast (S, ST e Sny S )
= @(t)p(s)

Hence UgF is a k-torus, and moreover it is maximal for dimensional reasons. U

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For the étale algebra F we may take F = Er = Endr (V ®; k,e,,)r and this algebra
comes equipped with the adjoint involution oy.
It is easy to calculate H!(k, Ug/r) from the exact sequence

1 —Ugir —Guneg —Gnr—1
Its exact sequence in cohomology yields H(k,Ug/r) = F*/Ng/r(E>). If h is of
rank n, then W(k) = Auty(F,0) = Aut,(E, o), where Aut,(F, o) is the group of
k-automorphisms of F' that commute with the involution o, i.e.

Aut(F,0) = {a € Auti(F): aco =00a}

and

Aut (E,0) = {a € Aut (E): aco =00}
Lemma 6.131. Keeping the same notation as above. If h is of rank n, then
WT = Auty(F,0) = Aut, (E,0)

Proof. The first isomorphism is clear. The isomorphism between the automorphism

groups is given by the restriction map,

Res: Auty(FE,0) — Auti(F,0)

taking f to f|F. This is clearly a homomorphism. To see that it is injective, note
that if Res(f) = idr, then Res(f) fixes pointwise both L and F. Hence it fixes
F®: L, but E = F ®; L since dimg (F®; L) =2n =dimg F and F @, L C E.
Thus f = idg. It is also clear that every k-automorphism of F' extends uniquely

to a unique L-automorphism of E. a

Lemma 6.132. IfT C SU(h) is a mazimal k-torus, then T = Ug,r for some étale

algebra E over k, and h = hg, for some b € F*.
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Proof. We can associate to T the étale algebra Er = Endr(V ® ksep)' of endo-
morphisms fixed by the action of I, together with the adjoint involution o, where
ksep denotes a fixed separable closure of k and ' = Gal (ksp/k). It is worth noting

here that (Er,0,) C (End V,0,). We want to show that
T+— ET

induces a set bijection. Thus, giving an explicit correspondence between maximal
tori and a class of étale algebras with involution, namely, n-dimensional subalgebras
(E,o) of (EndV, 03). If T is a maximal k-torus, then it is preserved by the action
of T, so we have our T C Er ®x kyep- Moreover, T C SU(h), so T C Ugyr. Since
T is maximal equality must hold. In the other direction, if (E, g4) is a subalgebra
of (End V,0}) just take T =: Ug/r, which we've already shown to be a maximal
k-torus.

Furthermore, we’ll say that Er is “h-admissible” if h = hg,, for some b € F*.

Recall that

a det h = det(h(e;, e;)) - Np/k(L*) where (h(e;, €;))1gi,j<n is the Gram matrix of A

with respect to an arbitrary basis (e;, ... ,e,).

b The determinant of a hermitian form h: L x L — k is an invariant modulo the

norms of L over k.
Claim 6.133. det hgp = Np(b) - disc(F'/k)

Proof. Notice that we can decompose E as a tensor product £ = F ®, L. From F

we pick up, basically, Trg/, (zy) and from L we get H; where Hy(z,y) =z§. O

Claim 6.133 finishes up the proof of lemma 6.132. |
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We have seen that HY(k,Ug/r) = F*/Ng/r(E*) and so the natural map

H'(k, Ug/r) — H'(k,SU(h))
is given by a — hq(z,y) = h(az,y) where a € F*/Ng/p(E™).
Remark 6.134. h,(z,y) and h(az, y) have the same determinant.

Proposition 6.135. The set of k-conjugacy classes of mazimal tori S with (Eg, o) =

(Evg,rsOn) 1s in one-to-one correspondence with
{a € Hl(k, UE/p)/Wr: he = h.}

Proof. Just consider the commutative diagram:
WF
H(k,Ug/r) =—= H(k,Ug/r)

* l

F* [Ngse(EX) —— H(k,SU(R)

hd

H!(k, N)
O

Example 6.136. Let G = SU(k) (= SU(V,h)) where h is a hermitian form over
a skew-field D/k. Let Ty C G be a fixed maximal k-torus. Associate to Ty the
algebra Er, = Zgna,v(Ty). Let F be the algebra consisting of elements fixed by
the adjoint involution o,. Let N = Ng(Tp) denote the normalizer of Ty in G and

W = W (Ty) = N/T; denote the Weyl group of Tg.

Claim 6.137. E7, is an étale algebra.
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Proof. Let X*(Ty) denote the character group of Ty. Over a separable closure, we

may break up V as

Viep = @ Vx

x€X*(To)
Note that V;, = 0 for most x € X(Tp) and if Vi # 0, then dimV, = 1. Hence

dimV = dim E, and so we have E,., = [] ksep, an étale algebra. O
Claim 6.138. Ug, =Tp
Proof. Clearly, To C Ugy so by maximality, equality must hold. O

Lemma 6.139. Let A be any central simple algebra over k of even dimension,
equipped with an involution o, and E C A a mazimal étale algebra stable under
o. Let F be the subalgebra of E consisting of elements fized by the involution o.
Then, dim F = ;dim E.

Proof. It is enough to show this over a separable closure of £. Now, an involution

can be either of the first kind, t.e. orthogonal or symplectic; or of the second kind,

I 0 I
i.e. unitary. Say dimE = m = 2n. Let S = ,and H = "

-I, 0 I,b 0
(we use H since it is a hyperbolic quadratic form). Define

os(z) = S7'2S, ou(z) = H 'r'H and &(z,y) = (¢, ')

Note that over a separable closure ki, of k we have

(M, 05) if o is symplectic
(A® ks, 0) = (M, o) if o is orthogonal
(M, x M,,¢) if o is unitary
Case 1: o is of the first kind.

If o is of the first kind, note that over a separable closure,
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E = {diag(z1,... , Zn,Y1,--- ,Un)}

We can also see that

oy (diag(zy,... ,Tn,¥1,..- ,¥n)) = diag(yr, ... ,Yn, Tty - .- 1 Zn)
and
os (diag(z1,... ,Tny Y1y ..., Yn)) = diag(yy, ..., Yn, T1s .- 1 Tn)
Thus if F consists of elements fixed by the involution, then
F = {diag(z,,... ,Zn, Z1,... ,Zn)}
Therefore, dim F = ; dim E.

Case 2: o is of the second kind.

If o is of the second kind, note that over a separable closure, £ = B x B, and
since £(z,y) = (3%, £') if an element is to be fixed by the exchange involution, then
it must have the form (z,zt), so F = {(z,z%): z € B}, but this is isomorphic to

one copy of B, and hence dim F = ;dim E. a

Note that we have two exact sequences:

1—T, ——>Gm,ENﬂme,p — 1
From this we get the sequence in cohomology

oo — BX — F* — HYk,T;) — 0

the first isomorphism theorem yields H(k,T;) = F*/Ng/r(E*) and the second
exact sequence we'll use is

1 —>Gnr—Gmneg— T —1
The first map is just the inclusion and the second map sends z to zo,(z)~"!, where
oy is the adjoint involution associated to our hermitian form h. The associated
sequence in cohomology is

.o — 0 — HY(k, Ty) — H3(k, F) — H3(k,E)

which yields an isomorphism H!(k,T;) = Br (E/F). Thus we have found an iso-
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morphism F* /Ng,p(E*) = Br(E/F). This isomorphism can be given explicitely
by

a € F*[Ng/r(E*) — Corg/r(a, M)
where E = F[t]/(t> — M) for M € F*. Thus we have found two equivalent ways
to study the conjugacy class of maximal tori isomorphic to Ty over the algebraic

closure, k.

6.2 cd([f) <2

In the previous section we established the commutativity of the diagram:

H'kT) — H2k,G)

o | E

Hz(k, kerp) — Hz(k, kerp)
and we proved in proposition 6.123 that ker(:*) C kerd'. In proposition 6.124 we
showed that equality holds provided H!(k, é) = 0. This is of interest as " has the

added advantage of being a group homomorphism. For this equality we need:

Theorem 6.140 (E. Bayer-Fluckiger, R. Parimala). Let k be a perfect field
ofcd(['x) < 2. Let G # trialitarian form be a semisimple simply connected classical

group defined over k. Then H(k,G) = 0.

Theorem 6.141 (E. Bayer-Fluckiger, R. Parimala). Let k be a perfect field of
virtual cohomological dimension < 2, and let Gbea semisimple, simply connected

group of classical type, or of type G2 or F,. Then the natural map,

H'(k,G) — [[H (k.. G)
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is injective, where v Tuns over the orderings of k and where k, denotes the real

closure of k at v.

Notice that theorem 6.140 is a special case of theorem 6.141. This is because the
product on the right hand side is an empty product and the map being injective

is equivalent to H!(k, G) collapsing, i.e. H'(k,G) = 0.

There is one situation worth noting here. If G itself happens to be simply con-
nected then G = G, and we have H!(k,G) = H!(k,G) = 0 and so ker(:#) =
ker 6! = H(k, T). This is the case when, for example, G = Sp,,, SL,, or SU(h).
If k is a field of cohomological dimension at most 2. We have the following im-

provements to our results.
[n example 6.126 we get a bijection

{a € F*/Ng/r(E*): Cor (a,D) =0} /W"

I

k-conjugacy classes of maximal k-tori S with (Es,v) = (Ey,,,,v)

In example 6.129 we have

H!(k,Ug/r)/W"

L

k-conjugacy classes of maximal k-tori S with (Es, ong,) = (Evg,r:Ong,)

On lemma 6.132, the hermitian forms h are completely determined (classified) by
their determinant (which lives in k* /Ny (L*)). Hence if cd(I's) < 2, the admissi-

ble algebras (E, o) are precisely those with
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det hgp = disc(F/k) (mod Npx(L*))
On proposition 6.135 if cd(Tx) < 2, then H!(k,SU(h)) = 0, i.e. all hermitian
forms are isomorphic. Hence the extra condition that h, = h in the proposition

disappears, and we have

H!(k,Ug,r)/WT

l

k-conjugacy classes of maximal tori S with (Es,on) = (Eug, ., o)

6.3 Examples

Now we will illustrate our results with some examples, specifically for k = [F,, the
finite field of q elements where ¢ = p™ and p is an odd prime number, for £ a
finite extension of @, the field of p-adic numbers, and for k£ = R, the field of real
numbers.

We shall consider the case where G = SO(Q), where @ is a non-degenerate

quadratic form of rank 2n over k.

Example 6.142. Let k = F, the finite field of ¢ elements, where ¢ = p™ is a
prime power. Let G = SO(Q), and T C G a maximal torus. We want to study
ker (zgr HY(F,,T) —»H‘(]Fq,G)), but since quadratic forms over finite fields
are classified by their determinant, we have H!(F,,G) = {0}, and so keré}. =
H(F,,T).

We know that we can associate to each maximal torus T an étale algebra Er with
involution 0. We denote by F those elements of F that are fixed by the involution,
i.e. F = E°. Now with the notation as before, T = Ug/r = ker (N: Gm g — Gm r);
then H*(F,,T) = F*/N(E*). Notice that the norm map of finite field extensions

and of étale extensions is surjective, hence, in this case H!(F,,T) = {0}, so S and
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T are conjugates over F, if and only if (Es,0) = (E7,0). Thus it is enough then to
count the isomorphism classes of algebras with involution (Es, o) such that there
exists an embedding Ug/r — SO(Q).
To this end, let P(n) be the set of partitions of n. There is a canonical one-to-one
correspondence

{ Etale algebras F of degree n} «— P(n)
This correspondence can be given explicitly by

F=Fpi X -+ XFpnr — {ny,...,n,}

For fixed F, we choose D € F*/F** and set E = F[t]/(t* — D). Recall that E
comes equipped with the involution o that sends ¢t to —¢.
If Ug/r can be embedded into SO(Q), then @ = Trp/i(azo(z)) for some a € F*
and conversely.

Notice that if z = u + tv
det (Trr/i(azo(z))) = det (Trrp(a(u® — Dv?)))

= Np/,c(a)2 dpyk+ Nej(=D) - dpyx

Ne(=D) (mod F*?)

so there exists an embedding Ug/r — SO(Q) if and only if Np/x(~D) = det Q.
Note as well that F*/F** = (Z/2Z)" and with this identification

N : (222 —Z/2Z
(Dl,...,D,)HiD,- (mod 2)

so there are 2"~! choices for D as |ker N| = 27~!. Thus the total number of k-

conjugacy classes is then given by

Z 9lp)-1 :

pPEP(n)
where £(gp) is the length of the partition p.
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Example 6.143. Let k be a finite extension of Q,, where p is a prime number.

We have

H(k,T) —— H(k,G)

|

Br(k)

and we have already seen in (6.21) that 4! is given by a — Cor(a, D).
If F is a field, the corestriction map induces an isomorphism
Cor: Br(F) — Br(k)

and we also have an injection Br(E/F) — Br(F). Thus if (Es,o) 2 (ET,0), then
S and T are k-conjugates.
If Fisnot afield, let F=F, x Fy x -+ X F, x F.;) x--- x F.,; where each F; is
afield fori=1,...,r, and let

E=E xEyx- - X E, x(Frpy X Foy) X - x (Frgs X Fryy)
where E;/F; is a quadratic field extension for: =1,...r.
We know that

F* [Ng/p(E*) = [ F* /Neyr (EF)
i=1

and each F;*/Ng r(E]) = Z[2L, so F*/Ng/;r(E™) = ﬁZ/?Z. We have the

i=1
corestriction map

Cor : (Z/2Z) — Z)?Z

(Z1y.. . Tp) — Za:i (mod 2)

i=l

WT acts on ker (Cor) by permuting the coordinates. By theorem 6.125, there is a

one-to-one correspondence

7
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ker Cor/WT

I

k-conjugacy classes of maximal k-tori S with (Es,0) = (Er,0)

Example 6.144. Let £ = R. In the case where k£ = R a torus T must be of the
form T = S™ x (Gmp)’, where S is defined by the equation z2+y* = 1. We call T
a torus of type (r, s). Thus the étale algebra corresponding to a torus of type (r, s)
is E=C'x(RxR)’, and F = C x R*. In this case we shall describe directly the
kernel of H'(R,T) — H'(R,SO(Q)).

Proposition 6.145. Let Q be a quadratic form of rank 2n, and let 0 = §sgn(Q).
A torus T of type (r,s) with T + s = n can be embedded into SO(Q) if and only if

r 2 |o| and r = o (mod 2).

Proof. If T can be embedded into SO(Q), then there exists
a= (alv Q... ,Qpy Qrily Urg2y .. aar+s) € F,

such that @ is of the form

Q(z) = Trp/r(azz) = Tror(azz) @ (1, -1)°

= (ah Qo, ... ,ar) ® (1,1) @ (1 _1)8

So o = sgn{a, as,...,a,) < rand we also have r = ¢ (mod 2) since the signature
and the dimension of a quadratic form always have the same parity. The converse
also holds since we can choose (o, as,...,qa,) as above so that it has the needed

signature. a

Proposition 6.146. With the same notation as above. If T > |o|, then the number

of conjugacy classes of tori S C SO(Q) with S =T is 1+ 1:2'51
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Proof. We may assume without loss of generality that ¢ > 0 since we can always

replace @ by —@Q without changing SO(Q). Now we have
F*/N(E*) =H'(R,T) — H'(R,S0(Q))
sending a to [Tr(abzZ)]. But

[Tr(abzz)] = (11, 22, ..., 0efr) @ (1, 1) & (1, —1)°] = [Q)

if and only if

(fh, aof, ... arfr) = (a1, g, ..., ap)

Now we can always write

m-times (r-m)-times
pr——
(aq, ag,y...,an) =(1,...,1, =1,... ,-1)

If we choose 7 1’s from the m 1’s to form 3, we must have j < m,and m—j < r—m.
Thus we must have

Im—-r<<jsm
But notice that ¢ = 2m — r, so in terms of o we have

og+r

2

o] s

and hence the number of conjugation classes of tori of type (r, s) is the number of
possible j's which is Z* — 0 + 1 = 5% + 1. Notice that this is always an integer

since r and o have the same parity. |

Proposition 6.147. The total number of R-conjugacy classes of R-tori is

(221 +1) (%32 +2)

2
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Proof. To get all the conjugacy classes we need to sum over all possible r’s. These
are the ones satisfying 0 < r < n and r = 0 (mod 2). Now since r = o (mod 2)
we must have r — o = 2k for some k, that is, k = 252. Let M = [252]. We have

r-o
2

Total Number of Conjugacy Classes = Z 1+

r=e  (mod 2)
agsr<n

M
= ) (1+k)
k=0
(M + 1)(M +2)
2

a

Notice that if 0 = n, then T(R) is compact. If n = ¢ + 1, then r = ¢ and so

(M+U(M+3) — 1. We call this case the Lorentz case.

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



References

[BKM] R. Brusamarello, P. Koulmann, and J. Morales, Orthogonal Groups Con-
taining a Given Mazimal Torus, preprint 2000.

[BP1] E. Bayer-Fluckiger and R. Parimala, Galois cohomology of classical groups

over fields of cohomological dimension < 2, Inventiones mathimaticae 122,
195-229 (1995).

[BP2] E. Bayer-Fluckiger and R. Parimala, Classical groups and the Hasse prin-
ciple, Annals of Mathematics, 147 (1998), 651-693.

[CR] C.W. Curtis, and I. Reiner, Representation Theory of Finite Groups and
Associative Algebras, John Wiley & Sons, Inc. 1962.

[H] J. Humphreys, Linear Algebraic Groups, Springer-Verlag GTM 21, New York
1975.

[J] N.Jacobson, Basic Algebra II, W.H. Freeman and Company, New York, 1980.

[Ka] K. Kariyama, On Conjugacy Classes Of Mazimal Tori In Classical Groups,
Journal of Algebra 125, 133-149 (1989).

[Ke|] I. Kersten, Brauergruppen von Kérpern, Aspects of Mathematics, D6, Friedr.
Vieweg & Sohn, Braunschweig, 1990.

[KM] P. Koulmann, and J. Morales, Embedding Commutative Frobenius Algebras
Into Central Simple Algebras, preprint 2000.

[KMRT] M.-A. Knus, A. Merkurjev, M. Rost, and J.-P. Tignol, The Book of In-
volutions, American Mathematical Society Colloquium Publications, vol. 44.

[QSS] H.-G. Quebbemann, W. Scharlau, and M. Schulte, Quadratic and hermitian
forms in additive and abelian categories, Journal of Algebra 59 (1979), 264-
289.

[R] L. Ribes, Introduction to Profinite Groups and Galois Cohomology, Queen’s
Papers in Pure and Applied Mathematics-no. 24 (1970).

[Sc] W. Scharlau, Quadratic and Hermitian Forms, Grundlehren der mathematis-
chen Wissenschaften 270, Springer-Verlag, 1985.

[Sel] J.-P. Serre, Cohomologie Galoisienne, Cinquiéme édition, révisée et
complétée, Lecture Notes in Mathematics, vol. 5 (LNM 5) Springer-Verlag,
Berlin 1994.

[Se2] J.-P. Serre, Local Fields, GTM 67, Springer-Verlag, 1979.

81

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[Sh] S.S. Shatz, Profinite groups, Arithmetic, and Geometry, Annals of Mathemat-
ics Studies-no. 67, Princeton University Press (1972).

[TS] T. A. Springer, Linear Algebraic Groups, Progress in Mathematics vol. 9,
Birkhauser, Boston 1981.

[W] W. C. Waterhouse, Introduction to Affine Group Schemes, Springer-Verlag
GTM 66, New York, 1979.

[We] A. Weil, Algebras With Involution and the Classical Groups, Journal of the
Indian Mathematical Society, 24 1960 589-623 (1961).

[Wi] C. Wiebel, An Introduction to Homological Algebra, Cambridge Studies in
Advanced Mathematics 38, Cambridge University Press, New York, 1994.

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Vita

Uroyoan R. Walker was born on November 7, 1973, in Brooklyn, N.Y. He finished
his undergraduate studies in mathematics at the University of Puerto Rico at
Mayagiiez in May 1996. In August 1996, he came to Louisiana State University to
pursue graduate studies in mathematics. He earned a Master of Science degree in
mathematics from Louisiana State University in December 1998. He is currently
a candidate for the degree of Doctor of Philosophy in mathematics, which will be

awarded in August 2001.

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DOCTORAL EXAMINATION AND DISSERTATION REPORT

Candidate: Uroyoan R. Walker
Major Pield: Mathematics

Title of Dissertation: On k-Conjugacy Classes of Maximal Tori in Semi-Simple
Algebraic Groups

EXAMINING COMMITTEE:

J. ‘LMWe,Q ‘@ﬂ'v\’ZL

/8 @{"év-(_ /D (.-’LA‘;'
v } /

Macbhaid  MCrgekonn

Date of Examination:

05 /ol oy

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



	On K-Conjugacy Classes of Maximal Tori in Semi-Simple Algebraic Groups.
	Recommended Citation

	tmp.1489519448.pdf.hQp80

