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Gerhard Gierz

In the follouingng always denotes:a complete lattice?together
with a compact (llausdorff) topology such that the translations
t,: L= L ; x~ aa x are continuous for all ae L. Our aim is to
show, the the operation A is jointly continuous. |
We start with Z technical notations:
1. A point 1€ L is called a " -point, if there is a sequence of
'nelghborhoods (U ) of 1 such that U, n+1 c Un and suchrthetr
1 is a minimal element of (\JU‘. |
. ‘neN, : L
2. If A< L is any subset and if xe L is any p01nt then‘the star
with center x and radius A is deflned by st (A) := U{[a xﬂ
3. Lemma. (i) For all a.eL the sets a and fa are closed

(11) updlrected and downdlrected sets converge to thelr 1nf1mum

and Supremum. A o S e - : .vfa_ c,

(iii) every point is a supremum of' a—polnts};imlwli:é;iw;_
- PrOOf."'(i) ¢a“=7 (a) and s1ng1etons are closed Henceﬂfa

,ismclosed
i ' i o

by’the contlnulty of‘t 'Next ‘assume that a.ela 1s-a~converging

: net. Then az\llm ay .' t [11m a; ) _llm (t (a )) = 11m a/\a ge‘llm a;,

-y S W TR

i.e. 1lim als a. Hence Ja is’ closed S S é'l i %

'

(11) Let D: be any/upd1rected set and let M be the- set of*upper bounds

B

e

¥ 4 oftM _Ihenlfoxleveryldt_D,cthe-neicDnls-eventuallycln_Idn¢m, m GM

, - R R O A A O UL
Hence every cluster po1nt of D 1s contalned 1n (\ ¢d¢n (] &m =

(sup Iﬂ i.e. D has only one cluster p01nt and thlS clus$2¥ point
is equal to- sup D Therefore D converges to sup D. e f..
(iii) We ShOW'>1n evervwnerghborhood of aeI,there is a z-polnt
le L which is less or equal to a. Indeed, let U be a nelghborhbod
- of a. By compactness, ne may choose -a sequence of neighborhoods
(Un)‘such that (i) all U are open and contained in U and (ii) for

paBikhey b‘?'@sdlf‘tﬂ&argﬁeqosforﬂﬁozé ' ‘ » _t » 1
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ihen  oa G(WUH = ()Un and the latter set is closed. Hence by
corn”s lemma and (ii) we can pick a minimal element 1 ef\Un which

1s smaller than a. Clearly, 1 is a a -point.

4. Lemma, If1 L is a A -point, then 1 has a countable base in
&1.
Proof. Clear.

5. Lemma. If1 L is a » -point and if (a,), is a sequence contained
in ¥1 such that 1 = lim a, then there exists a subsequence (bn)n

such that 1 = 1lim inf bn.

Proof. Let (U_)_ be a sequence of open sets such that U__.e U

il oA n’n n+1 n
- and such that {i} = ()Unn V1. Choose n, such that for all

n: n, we have a € U1. Define b1 1= an1.and V1 i= U1 If bm and Vma l,bm

are alre;dzvdef;eed,.define V +1 ;f'Um+1r) tb (V ). Clearly,'rvm+1

-~ 1is a-open-neighborhood~ofwl as- translatlons are continuous .-Choose

a number n +1'such that for all nﬂ>nm;1 have an,eVﬁ+1jand,suCh,that
BEUVE T PPERRSS Define bm+1 ;=:anm+1. Then an easy calculation

-~shows b A >..-.-/\‘b eV U for all m2n, hence A - bmeU . But thls
m2 n

1mp11es that for all ne N the set‘Lllm 1nf b r\U #F 0. Compactness

yields that {1im inf b (U # p. Clearly, lin inf b 1. AS 1 is

~minimal in;(YUn) this yields 1 = 1im inf b_.

6. Lemma. If 1 is a a-point and if U is an open neighborhood of

1, then there is an open neighborhood V of 1 such that'str(V)eI}

Proof. We define a set W ¢ {1 byrw':={e : Ea,l]sUj. Clearly, it is
~ enough to show that W is a neighborhood of 1 in 1. If W were not

a neighborhood of 1 in y1, then there would be a net (ai)ielfxll\'
https://repository.lsu.edu/scs/vol1/iss1/104
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o b that lim a; = 1. As 1 hes countablc base in {1, we may assur.
thoy (ai) is a sequence and by (5) we may assume that 1 = lin ini

But then we have {1y = (\[‘/\ am,L]g U. As intervals are closed ..t
> AR .
as U 1s open and as the 1ntersection is down-directed, compactness

yields an ne¢ N such that f,/\ a, ]sU, 5 [an,ljfU, I - a € W,
m’
a contradiction.

7.Lemma. If Uc<L is open, then 7TU is open.

Proof. Let ae TU. Then there is an ueU such that a= u. Now't;1(U]

is an open set contained in TU = which contains a.

8. Lemma. A point lelL is a p-point if and only if there is a
sequence of open upper sets (U )n N such that (i) U 1 ElUn-and

5 _ A P
(ii) (\Un = 11 as well as (iii) .t (Un+1) u, -

Proof By the prev1ous results and by the- contlnulty of t1 we ‘can

f1nd -a sequence of open. nelghborhoods ofvl,«call Jt“{V J,,such that

(i) 1 is minimal in (\V , (ii) V +1-an, (111) st (V +1) ‘V “and

(1v) t 4" . Deflne a sequence QU ) of open upper sets- by

n+1)‘ n° _ R

Un = V3n’ Then the sequence Un«has the de51red4proper¢1es,m_~

~Let a € Uﬁ, Then there is e netﬂ(ai)i‘ w1th a € U and 11m al»é a

For every i there is a bie V3n such that bis‘ But then 1/\b e‘V~n 1
and 1a bis 1/\ais 1, hence 1a a; e Stl(VSn—1)s 302" - But thls implies
laa =1Aalim a; = lim IA.aie'Vsn_z Q'V3n43’ i.e. a &1 V3n 3 = Un~i' This

proves U . ¢ U . Next, let xeU

n+1° Then there 1s'a*Xf£V3n+3 such

that x2 y. Using the arguments given above we can conclude that

« A - ' ! . | ' .
laxeV, 30+ S VSnG'Un,,l.e. tl(U Un' Finally, let ,xe,Un for

all ne N. As we have just seen this implies 1 x eV, for all n,

n+1)§

hicncz 1a "’”V%n = f)V ‘As 1-is minimal in this latter set and zs
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V,.x%1, wve have 14 x. This proves (ii).
Converéely; if we have a sequence of upen upper set (Un) which
satisfies (i) and (ii), then 1 is clearly a » -point.

9. Corollary. The supremum of two » -points is again a A -point.

Proof. Let 11,12 be two 7 -points. Then there are two sequences of

open upper sets,(Un) and (Vn) fulfilling (i) and (ii) of (8).

Define W —:= U n V. Theh'(Wn) is also a sequence of open upper scts
wigel +ha® W W s : | = \ ;o= 4 A, =
uch that hn+1é W and such that N hn O Un'1 ()\n 11‘” ty
’1‘11,\ 5

10. Corollary. LEvery Scott open set<is open and conversely, every

open upper set is Scott open.

Proof. Let U be any Scott open set. Let ac U be any point. As the

set ofnall ‘a p01nt below«15 up- dlrected and has- supremum a, we can L

fp01nt 1¢ a such that 1€ Us Choose a sequence of qpen upper

f1nd a

sets (U ) fulfllllng (1) (111) of (8) We show there is'a’ ne N

"‘such that—U ¢ U.-Assume not. Then for every ne N- we~can~f1nd an—

va € U \hﬁ—m By (111), we have a A le U _1\ U. As the setséln U /@m¢

NS a countable base for 1 in y1, we have lim(a /\l) = 1..Therefore

we can select a subsequence (bn) such that 1- l1m1nf b Clearly,

we have b U But th:s is a contri-

[

as eoch bn is of the form a_~

il

b
diction, because the liminf is a limit point in the Scott topology.

- Thevother’direction is easy, as up-directed set converge to their

supremumn.

11. Corollary. The graph of thevodering is closed in LxL.

https://repository.lsu.edu/scs/vol1/iss1/104



-.we. have xsl]

|

Gierz: Something

Proof, Let (ai,bi) be a net in LxL such that a;# bi and such

15hat both (ai) and (b,) converge. Let a = lim a, and b = lim b, .
Further, let 1 be any 2 -point below a. Select a sequence (Un) ¢f

open upper set such that TU;:;T RN and such that F]Unr= ¢1;Ae_

As 1< a, we have aéSUn for each ne N. Therefore the net ay is eventually
in Un' As Un is an upper set, the net bi is eventually in'Un and

hence b = lim b, e Un € U _y- As this holds for every n, we can conclude
that beU = fl’,ifefl)?l‘ As this is true for every = -point

below a and as-a is the supremum of = -points, we finally have

b2 a,

12. Theorem (J.D.Lawson). The mapping n:LxL = L is jointly continuocus.

Proof, First, notice that LxL in the product topology has the
same properties than L. Hence every Scott open set of LxL is

an open upper set. Now let U be any Scott open set of LxL and»

wlet x€eU be a p01nt By the above remark we can f1nd qpen sets

TV1 and V2 of 1 such that xe‘V1xV2 ‘U’"If we let U *‘V and U2 TV

1xUZ__U This means that -the Scott topology—of LxL 1s

'_'the product_ of the Scott topologY on L. Hence A LxL"7L 1s',;-g.f
;‘*Scott ‘continucus.” Sé 1f Uis any open upper set in L’ the Set f
’ {(X,Y);- xaye U} is- apei in LxL. Flnally, let-V be-any open oNeT

7”set and let an bc:V Th1s 1mp11es @an&b V Now by. a result of Nachbln,

we have »a={\{V : aeV and LV = VY and b=n{V : beV and V- ¢V}
An comgactness argument new yield open lower sets V13 a and Vza b

such that V1q V - V Because V1ﬁ'V2 V1A~V2, we have that {(x,y)

'X’\YE=V3 is open in LxL_for"every>open lower set V. Again: by a resuit

of Nachbin, ‘we can conclude that ~ A': LxL 2 L is continuous, becausc

the open upper sets together With»the open lower sets form a subbase

for the toroicgy im every edmpact paffially ordered space with clo- &
Rublished by LSu Scholarly Repository, 2023 5
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