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SojiK: tiling 

Gerhard Gierz 

In the following, L always denotes a complete lattice together 

with a compact (Ilausdorff) topology such that the translations 

t : L L : xay\ x are continuous for all ae L. Our aim is to a 
show, the the operation A is jointly continuous. 

We start with 2 technical notations: 

1. A point 1 L is called a -point, if there is a sequence of 

neighborhoods . (U ) of 1 such that U £ U and such that n^n n+1 n 
1 is a minimal element of 0 u . . 

n«N, ; 
2. If L is any subset and if xc L is any point, then the star 

• 1 ! 
alls closed 

with center x and radius A is defined by st^(A) := ^ f Ca, xj : a 
3. Lemm,a. (i) For all aeL the sets ia and ta are closed. 

(ii) updirected and downdirecte'd sets converge to their ihfimum 

and supremum. : . ; |_ 

(iii) every_point is a supremum of -points. ; j j 

Proof, (i) '^a = t^^ (a) and singletons" are closed.7 Herice}"^ 

by the continuity of. Next, assume that a^e>I.a is af-cohverging 

net. Then, a A limia. = _t„ (lim a. ), =.J.im (t„(a-).) = 1 im ,a A a. ;== 1 im a-, 
! X { 3. ; X 3 X , ~ ; iX ' 'X 

i.e. iim a^^f a; lience Ja is; closed. ; - ^I : 

(ii) Let D be any^pdirected: set and let M be the set pf-upper bounds 

of IM.-ThenV£ryJ-dkLj),xthelnel:LD:^s_h-ventually-JJnJldn.lm..m 6 M. 
I L.L_L.i ; ]„.! • ! ' 

Hence every cluster point of D is contained in H n H = 
• : r . ^ ^ - ^ d^D:* - ^'meM 

= {sup D], i.e. D has only one cluster point and this cluster point 

is equal to sup D. :Therefore ID converges to sup D. 

(iii) ife show: in every neighborhood of a eL there is a x-point 

IG L which is less or equal to a. Indeed, let U be a neighborhbod 

of a. By compactness, we may choose a sequence of neighborhoods 

(U^) such that (i) all are open and contained in U and (ii) for 

all n we have S ? U • n+1 n - ; - 1
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a n u = flu and tlie latter set is closec'. Hence by n n ^ 
zvOrn's lemma and (ii) KC can pick a minimal element 1 ^0 U wliicli V. ^ r n 

is smaller than a. Clearly, 1 is a -point. 

4. Lemma. If 1 L is a ?v -point, then 1 has a countable base in 

^ 1» 

Proof. Clear. 

5. Lemma. If 1 L is a ?v -point and if is a sequence contained 

in N{/1 such that 1 = lim a^, then there exists a subsequence 

such that 1 = lim inf b . n 

Proof. Let fU ") be a sequence of open sets such that II . ̂  ? U V ^ ^ n+1 n 

and such that {l3 = 0 U n y^l. Choose n- such that for all ^ n 1 
n> n. we have a^ £ U-, . Define b^ := a and V- := U-,. If b and V 9 l,b I n I 1 n^ 1 1 m IQ ' m 
are already defined, define V := U o ^7^ (V ). Clearly, V .t . ' . , m+1 m+1 ' b ^ ' m+1 

ifl 
is a open neighborhood of 1 as translations are continuous * Choose 

a number n„.- ,such that for all n'^ n vi have a .and such that m+j • - m+i n m+1 

^Tnj-n '> ' • • . Define b_.i := a . Then an easy calculation m+1 i 1' m . m+1 n^.- ' m+1 
shows b^A ...Ab £ V s U„ for all m> n, hence A b^ e U„. But this m n n n m n 
implies that for all neN the set J^lim inf b^ o ^ 0. Compactness 

yields that^-lini inf b^ n 0 ^ 0. Clearly, lim inf b^^l. As 1 is 

minimal in 0 U , this yields 1 = lim inf b . n 

6. Lemma. If 1 is a A-point and if U is an open neighborhood of 

1, then there is an open neighborhood V of 1 such that st^;(V) eU. 

Proof. We define a set W 9 vtl by W : = {a : Ca,ljsuj'. Clearly, it is 

enough to show that W is a neighborhood of 1 in 1. If W were not 

a neigliborhood of 1 in 1, then there would be a net ^ ' 
2
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>•:• }-! tliat lim =1, As J has countable base in vJ/1 , v,'e may assii:-

tV.'i (a^) is a sequence and by (5) we may assume that 1 = lim ini 

But then we have {l5 ~ O T^ ~ intervals are closed a 
n m2n ^ 

as U is open and as the intersection is down-directed, compactness 

yields an ncN such that £/\ a^,l]iU, i.e. j^a^jlJfU, i.e. a^^e K, 
m^n 

a contradiction. 

7.Lemma. l£ U SL is open, then is open. 

Proof, Let aefu. Then there is an ueU such that a> u. Now t ^ fU' 

is an open set contained in 1^U . which contains a. 

8. Lemma. A point 1 e- L is a ?;-point if and only if there is a 

sequence of open upper sets jsj such that (i) 

(ii) Ou = as well as (iii) . t, (U - U . ^ n •'s 1 ^ n+1 • n ^ -

Proof. By the previous results and by the continuity of tj^ we can 

find a sequence of open neighborhoods _of J.-,- call:-jLt_^4Cy_^_,_:such.that 

(i) 1 is minimal in 0 V , (ii) V .-S V^, (iii) st, (V .-,)-V and n* ^ n+^ n* ^ ^ 1^ n+l - - n 
(iv) V^. Define a sequence (U^) of open upper sets by 

= ^5n* Then the sequence has the desired properties^- -; 

Let a e U,. Then there is a net (a.)- with a. c U and lim a. = a n-- ^ l-'l :1 - -
For every i there is a b.e V- such that ba..But then 1 A b. e V, -1 3n 1 1 , 1 j>n-1 
and 1A b.< lAa.-^l, hence 1 A a • 6 St, (V_ i V, ^. But this impl ies 1 1 1 1^ 3n-i 3n-z ^ 
1 A a = 1A lim a^ = lim 1 A a^ e ^ ^^3n-3' ^ ^ ̂'^^3n-3 

proves U £ U . Next, let xeU . Then there is a yf such ^ n+1 n ' n+1 y 3n+3 

that xl y. Using the arguments given above we can conclude that 

^3n+1 - ^3n''^"n' •";! ("n+P ® ^"n 

all n€ N. As we have just seen this implies ̂ ^ ̂ 

hicncc 1A X'-^ Ts minimal in this latter set and as 
3
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' x-il, v,'e have l^x. This proves (ii). 

Conversely, if we have a sequence of open upper set which 

satisfies (i) and (ii), then 1 is clearly a -point. 

9. Corollary. The supremum of two -points is again a -point. 

Proof. Let ^ -points. Then there are two sequences of 

open upper sets (Uj^) (V^^) fulfilling (i) and (ii) of (8) , 

Define V» := U n V . Then (W ) is also a sequence of open upper sets n n n ^ n^ ^ 
such that W W and such that O W = H U n Q V - n''^io = n+1 n n n ' n i ^ 

l^A ^2 * 

10. Corollary. Every Scott open set^is open and conversely, every 

open upper set is Scott open. 

Proof. Let U be any Scott open set. Let ae U be any point. As the 

set of-all -point belowais up-directed and has supremum-a, we can 

find a -p>oint If a such that 1^ u-. Choose a sequence, p£ipp_en upper 

sets (U^) furfilling (i) - (iii) of (8). We showT l:hefe~is2^'a^^ 

such thatu. Assume not. Then for every n€N we-can-find-an-y 

a^ 6 U^\ U. By (iii) , we have 1^: U- the sets 4 In 

a couhtabieT base for 1 in ^1, we have 1 im(a^/V1 j r 1. Thefefore 

we can select a subsequence (b^^) such that 1 = liminf b^. Clearly; 

as each b is of the form a A 1, we have b ^ U. But this is a contij-n m ' n 
diction, because the liminf is a limit point in the Scott topology. 

- The other direction is easy, as up-directed set converge to their 

supremum. 

11. Corollary. The graph of the odering is closed in LxL. 

4
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Proof, Lot ra.,b.l be a not in I,rL such that b. and such 
^ 1' 11 

1nat both (a^) and (b^) converge. Let a = lim a^ and b = lim b^. 

Further, let 1 be any -point below a. Select a sequence 

open upper set such that Tu~77 - U and such that 0 U = ^1. r xTf ^ n+ r n n 

As It^ a, we have a€U for each nsN. Therefore the net a. is eventually 
n 1 

in U . As U is an upper set, the net b. is eventually in U and n n i r > ^ n 

hence b = lim b. £ U ^ U ..As this holds for every n, we can conclude 1 n n-1 ^ ' 
that b cf! ="^1, i.e. b^l. As this is true for every -point 

below a and as a is the supremum of -points, we finally have 

b^ a. 

12, Theorem (J.D.Lawson) . The mapping A' LxL L is jointly continiroiis . 

Proof. First, notice that LxL in the product topology has the 

same properties than L. Hence every Scott open set of LxL is 

an open upper set. Now let U be any Scott open set of LxL and 

let X6U be a point. By the above remark we can find open _setsi _ 

;V:j rand V2 of 1 such' that x € V:|XV2^-lJ.^if we Tef TJ-j = j aifd , 

we have-X 6-U^xU2 ̂  U» This means that the Scott topology-of-LxL ;is 

'the product j)f the Scott topology on L.. Hence A : LxL -=? L. is , :_..i 

SCott cdntihubus. So if U is any open upper set in L, the Set 

l.(3c,y) ;: x A y^ uj is open in LxL. Finally, let V be-any open lower 

set and let aA bcV. This implies ̂ an^'bsV. Now by ,a result of-Nachbin, 

we have ia:^0){v : a e-V and fV = and lb -Oj^V : b cV and V = i vj. 

An compactness argument now yield open lower sets a and V25 b 

such that V2- V. Because V^nV2= V^AV2, we have that {(x,y) 

x^yfeV^ is open in LxL for every open lower set V. Again, by a result 

of Nachbin,-we can conclude that A*: LxL ̂  L is continuous, because 

the open upper sets together with the open lower sets form a subbase 

fur tliC logolv-r-gy in every compact partially ordered space with c) c-r • d 

grCiUi of ^ 5
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