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For each poset P denote by P the system of all principal ideals and by #P
the system of all lower sets, i.e.

MP = {yy: y € P},
4P = {4¥: Y ¢ P}.

A standard extension is a function Y assigning to each poset P a system YP
of lower sets with #P ¢ YP. If each YP is a closure system then we speak
of a standard completion (see [ME 1]). It is obvious that every poset P is
jsomorphic to its least standard extensions 4P, via the isomorphism

nP:P»/ﬂP, yw Yy .

On the other hand, it was observed by Dilworth and Gleason [DGL] that P is
never isomorphic to #P. In a recent paper [ME 2], the following general re~
sult concerning possible isomorphisms between a poset P and certain extensions
YP has been established:

PROPOSITION, If Y is a standard extension and P a poset such that

(i) for every isomorphism ¢: P > Q , Y € YP implies o[Y] €YQ ,

(i) UR € YP for all % € YYP ,
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(1ii) YP contains every lower set generated by a chain ,

then P cannot be isomorphic to YP unless P satisfies the Ascending Chain

Condition (ACC) and YP = MP.

The standard extension Y is called invariant if (i) is true, and union com-
plete if (ii) holds for all posets P (see [ME 1]). Examples of union complete
invariant extensions are

M , the minimal extension,

4 , the Alexandroff completion,

9 , the ideal extension (where 9P consists of all ideals , i.e. direc-
ted lower sets),

& , the complétion by cuts or Dedekind-MacNeille completion (where #P

consists of all cuts , i.e, intersections of principal ideals),
¥ , the Scott completion (where ¥P consists of all Scott-closed sets,
j.e. lower sets which are closed under directed joins).

The first four examples have the property of being invariant extensions Y with
‘ P=3P<==>/6£P='9P,

while the Scott completion ¥ is of completely different nature. Although

it is true that P cannot be isomorphic to ¥P if ¥P contains all lower sets
generated by chains (a rather rare occurence which implies ¥P = #P), it can
happen very well that P = ¥P, Of course, such an isomorphism forces P to be

a complete lattice. Moreover, from the main result in [ME 2] we conclude that
in a poset P with P ~ 9P every Scott-closed set which is not a principal
jdeal must possess a properly ascending sequence of upper bounds. From this
observation it follows easily that a chain C is isomorphic to its own Scott
completion iff C is the ordinal sum of w (the chain of natural numbers) and a
complete chain. But there are also many non-linearly ordered complete lattices
which are isomorphic to their Scott completion. In fact, Chapter IV of the
Compendium provides the basic ideas how to construct such lattices via certain
projective 1imits. A thorough investigation of the " fixed point construction"
for certain completions 1ike ¥ is the purpose of this Memo.

One particular result states that every finite lattice L is the image of some
lattice T with T = %L under a CL-morphism, However, on account of our previous
remark, no finite lattice (and, more generally, no lattice satisfying the ACC)
can be isomorphic to its own Scott completion.
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In order to formulate the desired results in adequate generality, we must
collect a few preliminaries developed in [ME 1] and [C, IV-3/4]. Henceforth,
let Y denote a standard extension. A map ¢ between posets P and Q is called
Y -continucus (resp. weakly Y -continuous ) if cp'l[Y] € YP for all Y € YQ
(resp. Y € #Q). We say Y to be compositive if the composition of any two
weakly Y=-continuous maps is again weakly"g-éontinuous. From [ME 1] we recall
the following facts:

(1) Y is compositive iff every weakly Yy=-continuous map is already Y%-contin-
uous.

(2) If Y ds compositive then every lower adjoint map and, in particular,
every isomorphism is Y -continuous.

In fact, lower adjoint (= residuated) maps may be characterized by the prop-
erty that inverse images of principal ideals are principal ideals (cf. [C, 0-3]).

(3) The canonical embedding
M PP YR,y Yy
is always weakly %-continuous. It is Yy -continuous iff & € yZéP implies
ux € YpP . ;

From (1), (2) and (3) we derive the following consequence:

(4) Every compositive standard extension is invariant and union complete,O
Each of the standard extensions #, 4, 7, 4 and ¥ is compositive. Notice that
" o .continuous " means "isotone", while the ¥-continuous (" Scott contin-
uous ") maps are precisely those which preserve directed joins (see [C,I-2]).
Similarly, a map between complete lattices is f-continuous iff it preserves
arbitrary joins. Another compositive standard completion is the minimal topo-
logical completion AU, where UP denotes the least topological closure system
containing all principal ideals of P. Thus %P consists of arbitrary inter=-
sections formed by finite unions of principal ideals. In [C] the correspond-
ing system of opeh sets is referred to as the upper topology.

Let us return to the general situation of an arbitrary standard completion Y .
We have to consider the following categories:
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category objects morphisms

Py ) posets Y =continuous maps

.SUP complete lattices sup=preserving maps

INF complete lattices inf-preserving maps

INF, complete lattices inf-preserving Y -continuous maps
G complete lattices complete homomorphisms

(i.e. sup- and inf=preserving maps)

(Notice that C =INF, = INF, ),

We may regard Y as a functor from-Eg to SUP by assigning to each y-contin-
uous map ¢: P - Q the " lifted " map

Yo YP - 4Q, Yr o[Vl = N{Z eyq: olY] ¢ Z}.

In order to see that Yo actually preserves arbitrary sups, we only have to
observe that

ol ya > yp , Zo o7z
is the upper adjoint of ¢ . Indeed, we have the equivalence
o[Vl ¢ Z <=> oYl c I <= Y q;"'l[z] (Y e Yyp, Z e 14q).

Of particular use is the following

LEMMA 1. A compositive standard completion 7 preserves adjoint pairs; i.e.,
if @: P> Q is Y -continuous and has a lower adjoint ¢ : Q - P then Y9
is the lower adjoint of Y¢. In particular, Y induces a functor from the cate-

gory INFH to the subcategory C .

PROOF. The assumption that Y be compositive is only needed in order to guaran-
tee that the lower adjoint © be a R*-morphism (see (2)). By definition of a
Tower adjoint, we have

o(z) =y <=> z=20(y) (yeP,zeQ),
and for Y € YP it follows that

ze o] <= v(2) €Y
<= ¢(z) <y for some y € Y
<> z<¢(y) for someyeY,

whence YolY] = ¢'1[Y] € YQ and consequently

https://repository.lsu.edu/scs/vol1/iss1/96 4
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Yo[VY] = W = YolY) .

But, on the other hand, we have seen that ¢'1 is the upper adjoint of Yd.
In particular, this shows that for any 'NF‘J -morphism ¢, the lifted map Yo
has both an upper and a Tower adjoint; in other words, ¢ is a C-morphism. O

LEMMA 2, If Q is a poset with gQ C ¥Q then the restriction of the functor ?3!,
to the set of all Y -continuous maps from a fixed poset P into Q is ¥-con-

tinuous (i.e., preserves directed joins).

PROOF, Let {cpi: i € I} be a directed family of Pg -morphisms FE P - Q which
have a point-wise supremum ¢: P - Q . Then we compute for Y € YP :

Yo(¥) = olY] = {vip(y) : iel} tyeY} =18 € Yyag ¥Q .
V{Técpi t ieI}(Y) = V{(pi[Y] tiel} = U{cpi[Y] : i eI}
={cp1.(y):1'eI,er}=:B' € YQc ¥Q .

Since a set A ¢ Q is Scott closed iff

(DA <> VDeA ) for all directed sets Dg Q,

we see that B coincides with B!, O

Now we are ready to apply the results of [C,IV-3] (in particular 3.13 and
the subsequent remarks). :

THEOREM 1, ZLet Y be a compositive completion with ’glL c YL for all complete
lattices L. Then the functor Y INF,% - C preserves projective limits, sur-

jectivity and injectivity of morphisms.

If YL is a topological closure system then the inclusion YL < ¥L means
that the corresponding topology is order consistent in the sense of [C, II-
1.16], i.e. every directed set in L converges to its supremum. Notice that
UL is the smallest and YL is the largest topological closure system with
this property. |

Now, suppose L is an arbitrary complete lattice, and there is given a C-mor-
phism @: YL -» L. Then the pair (L,9) (or simply ¢ itself) is usually re-
ferred to as a Y-algebra over C(see [C, IV-4.3]). The induced ' inverse
sequence "

L <— YL Yl —— L <
0 Yo Yo

may be considered as a pro%ective system.
Published by LSU Scholarly Repository, 202
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Its 1imit can be constructed explicitly in the usual way:

L= Lcp = {x € s qu : 'g”w(xn+1) = x, for all n € w}

‘(where 'QOL =L and y°@ = Q).
The projections T L ->gpL are c-morphisms possessing the universal property
required for a limit. In particular, LITER is a C-morphism from L onto L.

a

]
N

T, =T B §
L o 1 2
N \ v \

9 f T

— €

Yo <

The statement ''7 preserves projective limits ' means that the unique C-mor-
phism § making the diagram commute is in fact an isomorphism. As was explained
in [C, IV-4], the assignment (L,9) ¥ (f,¢) extends to a functor from the cate-
gory of Y-algebras (L,¢) to the full subcategory of those Y -algebras (M,9)
for which ¢ is an isomorphism. Moreover, this functor turned out to be a
co-reflection (see [C, IVA4.9]).‘

Let us summarize:

THEQREM.2. Suppose U is a compositive standard completion with 'ZéL c YL

for all complete lattices L (e.g. Y= #,%, or 4 ). Then for every surjective

~

Y -morphism ¢ : YL » L there is a complete lattice L , an isomorphism

3 e ut - U and a surjective C-morphism "TL: ;t—)L such that TTL$ = CP'QTTL.

Moreover, this construction is universal in the following sense, If
(0] :YM - M is an isomorphism and T' is a C-morphism from M onto L such

.that q't =(pléﬂ’ then there is a unique C =-morphism @ from M to t with

m = e and ob = B Yo.

-8

LS Yl
N P ™
~ N
m Mg Yo YR
N\ ., N
M — ym
T !
, Y
L 0 ‘HL

ht?&?/r%%é”&to?féE_%’a’ﬁfé&s/véﬁ?}.9’5 1%16en C is replaced with the larger category lNF,%. 6
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It remains to settle the problem how to find a complete homomorphism (or
at least an INE%-morphism) ¢ from YL onto a given complete lattice L.
Indeed, it is not even clear whether such a morphism does exist at all. If
L is completely distributive then the join map

gt YL-L, Yo VY

will do the job; in fact, for g to be a complete homomorphism, it is nec-
essary and sufficient that L be Y-distributive, i.e.

/\{VY1.: iell= VIANE[I] : €€ 121 Y1.}
for every family (Yi: i € I) of sets in YL. It can be shown that the Y-dis~
tributive complete lattices form a complete full subcategory CD9<ﬁ’C when=
ever Y is a compositive standard completion. If Y 1is only assumed to be union
complete then YP is always a Y -distributive complete lattice because Y=-joins
are unions and meets are intersections. Hence Y may be viewed as a functor

fromC to CDE' Moreover, given a C-morphism o: L » M, it is easy to see that
the join maps € and ey make the following diagram commute:

4o Y

€L Em

YL

L M
Hence we arrive at

COROLLARY 1. Let Y be a compositive standard completion, Then the Y -distri-
butive complete lattices form a complete subcategory CDQ of C , and Y gives
rise to a functor from C to CD.(J . The join maps SL: '(%L - L define a natural
transformation. If YL c¥L for all complete lattices L then there is a self-
functor Y of CD,% such thft each Y -distributive lattice L is the complete
homomorphic image of [ = YL and gL = ugL & ‘ggL

For any Ctﬁrmorphism p: LM, gm is the unique chfmorphism making the
following diagram commute:

L L yL k- AT P glL
|

‘N

0 Yo Y20 | o
v
2 YM
M M < Me-==-=-- d

M 4 qEm ¢

Published by LSU Scholarly Repository, 2023 7
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This corollary applies, for example, to the standard completions #, % and U.
However, for # it does not give any interesting information sinceCD , = C
and L = #L = AL for each complete lattice L.

It should be mentioned that the isomorphism 5{: 9T » T (see Theorem 2) is
always distinct from the join map ey which never can be an isomorphism be-

cause et(ﬂ) = et({o}) =0.

Notice that CDy is the category of completely distributive lattices; but the
second part of Corollary 1 does not apply to the Alexandroff completion
since #L ¢ ¥L unless L satisfies the ACC. However, we have the following
result:

COROLLARY 2. Every completely distributive lattice is the complete homomorphic

image of a completely distributive lattice which is isomorphic to its own

Scott completion,

PROOF. Starting with a completely distributive lattice L, we obtain a pro-
jective system

L < ) 9L 7o, 92— . . .
of completely distributive lattices and complete homomorphisms because a com-
plete lattice L is continuous iff ¢L is completely distributive (see [C, I
=1.14]1) and every completely distributive lattice L is continuous (see IE,
I-3.15]). Hence the projective Timit JL is also compietely distributive. The
rest is clear by Corollary 1.0

EXAMPLES 1-2. Two fixed point constructions for the Scott completion (via
the join maps eL). :

me———e— O

https://repository.lsu.edu/scs/vol1/iss1/96
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For certain purposes the restriction to Y-distributive lattices will be too
strong. For example, 9l-distributivity entails the infinite distributive Taw

xv AY =Axvy: yelV}

(but not its dual). Accordingly, if we want to apply the fixed point construc-
tion L » L to non-distributive complete lattices L, we must look for another
INEQ,-morphism from YL to L because the join map e will not work in general.
Unfortunately, it can happen that there is no HVE% -morphism from YL onto L

at all. '

EXAMPLE 3., If L denotes the normal completion of an infinite antichain A then
there is no INFyrmorphism form ¥L onto L.

More generally, if L is a continuous lattice but not hypercontinuous (cf.

[C, m-3.22],[GL]) then L cannot be the image of ¥L under an INF ,-morphism.
In fact, if L is continuous then ¥L is completely distributive, and the fol-
lowing statements are equivalent for L (cf. [ME 0],[GL]):

(a) L is hypercontinuous.
(b) L is the image of a completely distributive lattice under anINFgfmorphism.
(c) L satisfies the infinite distributive law
VINF: Fedt = MVEF]: & € [ F)
for each set-theoretical filter ¥ on L.
(d) YL = UL,
(e) UL is completely distributive.

If y 1is an arbitrary invariant completion and L a complete lattice then the
""dualized meet map "

M YyL->L, Ye A(L\Y)

preserves arbitrary meets, but in general it is not aINﬁg-morphism (see the
above example). However, if Yy L coincides with #YL then y, is trivially
ié—continuous, being isotone. Thus we have shown:

Published by LSU Scholarly Repository, 2023 i 9
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COROLLARY 3, Zet Y be a compositive standard completion. Then for every com-
plete lattice L with #AYL =YYl there is an INF% -morphism from a complete
lattice [ withYL 2 [ onto L .

0f course, such an'lNE%gmorphism can be a complete homomorphism only if L is
Yy ~distributive (because complete homomorphisms preserve Y -distributivity
and YL is always Y-distributive).

For the Scott completion, we obtain the following application:

COROLLARY 4, For every complete lattice L such that ¢l satisfies the ACC -
in particular, for every finite lattice - there is an INF y-morph.ism (but no
isomorphism!) from a complete lattice t with YL € [ onto L. If L is con-

tinuous then t is completely distributive,

The following problem remains open:

Is a complete Tattice L with YL = L necessarily completely distributive?
(We know that it must be ¢-distributive, and if L would be continuous then
complete distributivity would follow).

The class of complete lattices whose Scott completion satisfies the ACC in=-
cludes all lattices L whose dual is partially well=-ordered, i;e. L satisfies
the ACC and does not contain infinite antichains. Alternatively, such lattices
can be characterized by the property that their Alexandroff completion 4L
satisfies the ACC.

As Example 3 demonstrates, Corollary 4 cannot be extended to all lattices
satisfying the ACC in their own right (while the ACC for ¥L entails that

for L). ‘

Recall that the construction of the limit L depends on the choice of thelNEg -
morphism ¢: YL - L. For example, starting with the two-element chain 2 and
the corresponding meet map Hos iteration of ¥ leads to the Tlimit w+l, while
starting with the join map €5 gives the Timit w+2,

EXAMPLE 4. .0 /I

2 ¥2 o el 2 #o 925 w42

https://repository.lsu.edu/scs/vol1/iss1/96 " , 10
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It also should be mentioned that in the frequently cited Chapter IV-4 of [C],
a fixed point construction has been given for the Scott topology functor ©
which associates to a complete lattice L the lattice of Scott-open sets (i.e.
oL = {L\Y: Y € ¥L}) and to an INF,-morphism @: L > M the map

c9: oL o, Y 37l ,

where ¢ denotes the lower adjoint of @ . Starting with a one-point lattice,
the fixed point construction for o leads to the chain w+l+w* (where w* is
the dual of w ). As was mentioned in [C, IV-4], there is no natural construc-
tion associating with each continuous lattice L a lattice [ with of = T and
L as lNF:?-homomorphic image (see Example 2!). Compare this observation with
Corollaries 1-4!

It was proposed in the Compendium to investigate whether the fixed point con-
structions L » [ would preserve weights, where the weight w(L) of a éomp]ete
lattice L is the smallest cardinality of a basis,i.e. a v-o-subsemilattice B
such that each element of L may be represented as a join of elements from B.
By [C, IV-3.24 and 4.15], an infinite continuous lattice L has the same weight
as ol and ol. It is also true that ¢ does not enlarge the weight:

REMARK. Under the hypothesis of Theorem 2 we have W(L) = W(YL) for each
infinite complete lattice L, and if @: YL - L is a surjective INF.% -morphism

then the corresponding limit E has the same weight as L .

PROOF. Concerning the inequality W(YL) < w(L), it suffices to show that
for a basis B of L the system

JisB = {¢F : F B, F finite}

is a basis of YL. Consider two sets A, A' e YL c YL with A& A', and choose
x € A\A'. Since B is a basis, we have x = V(+ x n B), and consequently, we
find an b € B with b < x and b ¢ A' (otherwise x = V(¥ x n B)e A' because

¥x n B is directed and A' is Scott closed). But then b < x € A yields b € A,
whence vb € A, +b & A', and clearly +b eBBr,

The converse inequality w(L) < w(yYL) follows from the observation that
every basis B of YL gives rise to a basis {VA : A€ B} of L. Now it follows
by induction that W(L) = w(lénL) for all n € w and then w(L) =w(L) (see
[C,IV-3.25]). O

Finally, an additional comment is in order concerning a fixed point construc- |
tion for the minimal topological completion 2 which cannot be obtained di-
rectly from Theorem 2 but follows from the results in [C, IV-3/4] by suit-

able dualization,
Published by LSU Scholarly Repository, 2023 11
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Let CL* denote that category whose objects are dually continuous Tattices and
whose morphisms preserve arbitrary joins and filtered meets. Obviously clf is
isomorphic to the usual category CL of continuous lattices a la Compendium.
Furthermore, %L is the system of all Lawson-closed upper (!) sets of the dual
lattice L°P (cf. [C, IN-3.16]). Hence, dualizing the results in [C, IV-3.22,
4,10(7) and 4.13], we obtain:

COROLLARY 5. The minimal topological completion U induces a self-functor of
the category CL* which preserves prbjective limits, injectivity and sur-
jectivity of morphisms. The join maps eL;: UL -» L define a natural transfor-
mation, Moreover, there is a self-functor 9l of CL*¥ such that each dually

continuous lattice L is the image of JiL under a natural CL®-morphism and

fiL = adlL = qAIL.

If ¢ : L>M is a CL"-morphism then the 1ifted CL*-morphism %o : UL UM
maps Y €L onto +o[Y] . An analogous statement for & instead of % fails in
general.

EXAMPLE 5 .

In this example L and M are algebraic lattices satisfying the descending
chain condition. In particular, L and M are continuous and dually continuous.
The map ¢ preserves arbitrary joins and filtered meets. But for the Scott -
closed sets

Y, = {0} v {xk: kew, k>n}

. the prolongated images +¢[Yn] are not Scott clased in M. Although YL and $M
are completely distributive, the lifted map Po : YL - IM , Y = cp_[Y—]- fails to
be a CLf-morphism. Indeed, we have

So(MMY : n€w}) = {6(0)} ,
while
(W{ﬁw(Yn): nNEwl} = ¥x .
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