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Erné: SCS 92: Products of Continuous Partially Ordered Sets
SEMINAR ON CONTINUITY IN SEMILATTICES

NAME: Marcel Erné Date | M i D { Y

TOPIC: Products of continuous partially ordered sets

Recently the concepts of continuous lattices in the sense of Scott and of upper
continuous lattices in the sense of Crawley and Dilworth have been extended to so -
called up - complete posets. While the class of continuous, resp., upper continuous

complete lattices is closed under arbitrary products, an analogous result fails for
the general setting of posets. It is shown that (1) a direct product of nonempty
posets FH g Scott continuous if and only if each factor Pj has this property and
for almost all j, the components of Pj have least elements; (ii) a direct product

of nonempty posets ej 18 upper continuous if and only if each factor Pj has this
property and for almost all j, the components of Pj are filtered (::do?n-directed}.
A common generalization of (i) and (1) i8 presented for so-called (1,m) ~continu-

ous posets.

Given a poset P and a subset Y of P, let
1Y ={x € P : x <y for some y € Y }

denote the lower set generated by Y; the system 6(P) of all lower sets
is an Alexandroff - discrete topology, referred to as the lower A -to-
pology of P. The system 1(P) of all directed (nonempty!) lower sets
plays a fundamental role in the representation theory of algebraic po-
setg; for more detalls on this subject, see [3],[6] and [8]. If p*
denotes the dual poset of P then 6 (P¥) is the upper A —topology of P,

and its members are called upper sets.

In the last years, the following generalization of Scott's continu-
ous lattices [9] has attracted the attention of mathematicians working
in the field of order theory and foundations of computer sciences: a
poset P is said to be up -complete if each nonempty chain of P (or,
equivalently, each member of 1(P)) has a join; further, an up - complete
poset is called continuous (cf. [5],{6],[7]) 1f for each x € P the way -
below set § =(){Y € 1(P) : x < \/Y }is directed and has join x; in
other words, if for each x € P there exists a least D € 1(P) with
x < \/D. Alterating this definition slightly, we call an up - complete

Published by LSU Scholarly Repository, 2023 1



Seminar on Continuity in Semijattices, Vol. 1, Iss. 1 [2023], Art. 93

poset P upper continuous if for each x € P and each Y € 1(P) with
x < VY there exists a D € 1(P) such that D € Y and x = \/D. It is
easy to sece that this definition extends in fact the notion of
upper continuous lattices as introduced in the book of Crawley and
Dilworth [1]("meet - continuous lattices" in the sense of [S5]). A
common generalization of continuous posets and upper continuous
posets has been proposed in [4]: Given an infinite cardinal m, write
Y ﬁ X if Y is a subset of X with less than m elements. Thus, denot-
ing the least infinite cardinal by w, Y < X means that Y is a finite
(possibly empty) subset of X. Now an up - complete poset P is called
(1 ,m) —continuous if for all x € P and all subsystems | = 1(P)

with x £ \/Y for all ¥ € §, therc exists a D € 1(P) such that

D < N1 and x = \/D. Thus "continuous" means " (1,m) - continuous
for one (resp.,all) m > |P|", and "upper continuous” means " (i,w) -

continuous”.

It is the main purpose of the present note to give a necessary
and sufficient condition for a direct product of posets to be
(i,m) -continuous and to draw special conclusions for continous,
resp., upper continuous posets. (The case of continuous posets with

least elements has already been treated in [2]).

Call a poset P m-filtered if every subset Y = P has a lower
bound in P. Thus "w - filtered" means "filtered" (="down - directed")
in the usual sense. On the other extreme, a poset P is m- filtered
for one (resp., all) m > |Pl if and only if P has a least element.
Now we say a poset P is componentwige m=~ filtered if every com-
ponent (that is, every maximal connected subset) of P is m- filtered.
In order to illustrate the significance of this definition, we give
some alternative characterizations of componentwise m- filtered po-

sets in the extremal cases m = w and m > |P|, respectively.

PROPOSITION 1. The following statements on a poset P are equivalent:
(a) P is componentwise filtered.

(b) Every component C of P is an irreductible space in its lower
A - topology 6(C), Z.e., any two nonempty lower subsets of C
intersect.

(c) P s a normal space in its upper A= topology 0(P*); that is,
any two disjoint lower sets can be seperated by disjoint upper
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(d) If x and y have a common upper bound in P then they also have a com-

mon lower bound.
(e) Every nonempty finite connected subset of P has a lower bound.

(f) Every finite subset of P possessing an upper bound must also have a

lower bound.

PROOF. (a) => (b): If A and B are nonempty lower subsets of a component
C then, choosing a € A and b € B, we get @ ¥ +a n +b S A n B because C
is filtered. (As usual, we write +x for +{x}).

(b) => (c¢): P is the disjoint union of its components, and each compo-
nent is both open and closed (being both an upper and a lower set).
Now, given disjoint lower subsets A and B of P, we see that for each
component C, either AN C =@ or BN C = @ (because AN C and BN C

are disjoint 8(C) - open subsets of the irreducible space C). Setting

U J{c : C is a component with A n C £ g},

v := (J{c : ¢ is a component with Bn C $ ¢},

we obtain disjoint upper sets U and V with A ¢ U and B ¢ V, as desired.
(c) => (d): If x and y have no common lower bound, then +x and +y are
disjoint O(P*) - closed subsets of P, and by normality of (P,O(P*)), we
find disjoint upper sets U and V with ¥x < U and +y < V. But then x and
y cannot possess a common upper bound either, since x < z and y < z
would imply z € UN V = @, a contradiction.

(d) => (e):Use induction on the cardinality of the connected finite

]

sets Z < P. If IZ] = n+1 (n > 1) then we may choose a z € Z such that
Y = 2 ~{z} is connected and z < y or y < z for some y € Y. By the in-
duction hypothesis, we may assume that Y has a lower bound x. If y < 2z
then x is also a lower bound of Z. Otherwise y is a common upper bound
of x and z, whence x and z have a common lower bound, and this is a
lower bound of 2.

The implications (e) => (f) => (d) and (e) => (a) are clear.u

A bit easier is the proof of

PROPOSITION 2. For any poset P with |P| < m, the fellowing conditions

are equivalent:
(a) P 76 componentwise m - filtered.
(b} Every component C of P has a least element.

(c) Every cemponent C of P i8 completely irreducible in the lower A -
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subsets of C are nonempty.
(d) P <8 uniquely minimized; that 18, every element of P dominates
a unique minimal element.

(e) Every nonempty connected subset of P has a lower bound.

The proof details are left to the reader.U

Now let (Pj: j € J) be a family of nonempty posets and P = 11 Pj
jeJ
their direct product. The projection from P onto Pj is denoted by
m.. Thus ﬂj(x) = xj for x € P.

We wish to characterize (1,m) -continuity of P by means of the
factors P,. For that purpose, we need the following definitions.
For x,y € P, write x < y if the set {j € J: Xy L Yy } is finite.
Evidently < is a quasiorder (i.e., a reflexive and transitive re-
lation) but not a partial order. We call the product poset P m=-nor-
mal 1f for all x € P and all Y = P such that for each y € ¥, x and y
have a common upper bound (depending on x and y!) there exists an
element z € P such that z ¢ x and z { y for all y € Y. Obviously P
is m - normal whenever J is finite. The term "for almost all j€J"
will have the meaning "for all but a finite number of indices j €J".
In the sequel, the axiom of choice will often apply without particular

emphasis.

PROPOSITION 3. Let (Pj tj € J) be a family of nonempty posets auch

that for almost all j € J, Pj 78 componentwigce m- filtered. Then

the product poset P =T P, 78 m=normal. The converse implication
jedJ

holds whenever m = w or m > |P|

PROOF. Define K := {j € J: Pj is not componentwise m- filtered} .
Choose x € P and Y 5 P such that x and y have a common upper bound
for each y € P. Then Y. := w,[{{x}U Y] is contained in a component
of P:, and for j € IJ~K, Yj % Pj implies that Yj has a lower bound.
Hence we find a z € P such that zj < xj and zj < yj for all y € Y
and all j € JN K. Accordingly, if K is finite then P is m- normal.
Now suppose P 1s w-normal. By definition of K and Proposition 1,
we find elements x,y € P such that x and y have a common upper
bound, but for no j € K, xj and y. have a common lower bound in Pj.
Since P is w-normal, we find a z € P with z < x and z <y, 80K
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must be finite.

Third, assume m > [P} and P is m ~normal. By definition of K and Prop-
osition 2, we may choose an element x € P such that for no j € K there
exist a unique minimal element dominated by xj. Now, applying the defi-
nition of m ~-normality to the case Y = ¥x , we find an element z € P
with z <y for all y ¢ x. But there exists a y € P such that yj = X
for j € J ~ K, while Y5 S %y and zy $ ' for j € K. (Indeed, either
zj is minimal in +xj, then let Yj be a different minimal element of #xj;

3

or z, is not minimal in +xj, then choose yj < zj). Accordingly, K must

be finite,
o

COROLLARY 1. Let (Pj : jJ € J) be a family of nonempty posets and P
their direct product.
(1) For m = w, P 28 m=normal <f and only <f for almost all j, Pj
ig componentwise filtered (i.e. a normal cpace in tts upper 4 =
topology).
(2) For m > IPl, P 28 m-normal Zf and only if for almost all j, P. is

J
uniquely minimized.

A sligthly different situation holds for the first uncountable car-
dinal Q:

PROPOSITION 4. Let (P, : j € w) be a countable family of nonempty po-
gets. Then the direct product P = 11 Pj i8¢ Q -normal 7f and only if
jeuw

for almost all j € w, Pj 18 componentwise filtered.

)

PROOF. Let x ¢ P and Y & P, say Y = {y(n n € w}, such that for each

Q2
n, x and y(n) have a common upper bound. Suppose the set K of all indices

j € w for which Pj fails to be componentwise filtered is finite. For j €w~K,
(n)

J

tained in a component of Pj' Thus there exists an element z < x such

that zj < yén) tnl

This proves  -normality of P.U

we find a lower bound for the set {xj} u {y : n < j} which is con-

for j ew~K and n < j, whence z <y for all n € w.

According to Propositions 1 and 4, w -normality and @ -normality are

equivalent properties for countable products of posets.

Although the first implication in Proposition 3 cannot be inverted
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in general, it is possible to describe m - normality by a weak kind

of componentwise m- filtration:

PROPOSITION 5. A product P of nonempty posets Pj (j € J) 78 m=normal
if and only if each component C of P is m~ filtered by the quasiorder
< (that s, for each Y = C there existe a z € C with z £y for all

y € YJ).

PROOF. Suppose each component of P is m- filtered by <. Given x € P
and Y S P such that each y € Y has a common upper bound with x, we
conclude that {x} U Y is contained in a component of P, and |{x} U Y| <m.
Hence there exists a z € P with 2z ¢ x and 2z { y for all y € Y.
Conversely, suppose P is m=-normal, C is a component of P, and

4 & C. We may assume Y # @ and choose a fixed x € Y. By Proposition i,
there exists a finite set K ¢ J such that for all j € JNK, Pj is
componentwise filtered. Obviously nj[Y] is contained in a component

of P,, so we find for each y € Y an element ¥y € C with ¥ £ x and

y. £ y. for all j € J~K (for j € K, we may take 9j = x,). Put

~J -
Y:={y:y€eY} ThenyY c P, and by m- normality of P, we find a

z € Pwith 2 { xand z ¥ <y for all y € Y.,
Now we come to the crucial result of this note.

THEOREM. A direct product P of nonempty posets Pj (j € J) Zs
(i,m) - continuous <f and only if each factor Pj t6 (1,m) - continuous

and P 18 m=normal.

PROOF. First suppose P is (1,m) - continuous. Then it is easy to
see that each P, must also be (i,m) -continuous. In order to prove
m=-normality of P, consider an element x € P and a set Y S P such
that for all y € Y, there exists an upper bound y of the set {x,yl}.
The sets

Dy := {z€P:z<yand z<y) (y € Y)
are directed lower sets, and \/D_ = y. Thus we obtain a system
ki) :={Dy: y € ¥} = 1(P) with x £ ¥ = \/Dy for all y € Y. Hence, by
(i,m) - continuity of P, there exists a directed set D ¢ (U such

that x = \VV/D. In particular, choosing an arbitrary z € D (* ¢!),

we get z ¢ x and z <y for all y € Y, as desired.

EBETTPERSsitBR M B ACTR AR /930 oach Py e (1m) - continuous. ¢
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Consider an element x € P and a system {I c 1(P) with x < VY for
all Y € Y. As joins are formed coordlnatew1se, we get x < \/n Y]
for all Y € §I, and uj e= {w, (Y] : YeEP) < 1(Pj) . By (1 m) - con-
tinuity of P.,, we find directed lower sets Dj < r\uj with xj = \/Dj

(3 € J). Choose arbitrary elements d € M D, and £ € T Y (i.e.
jeg I Yel
E(Y)GonrallYeU).’I'hen{é;(Y):YElI}%P,dg_giYand
£(Y) < VY for all Y € {J. Hence, by m-normality of P, there exists
a z € P with z <a and z N E(Y) for all Y € §. The set
={y€ m D,:y< z}
jeg ~
is directed and has join x since nj[D] = Dj for all j € J. It re-
mains to prove the inclusion D € Y for each Y € Y. For y € D, the
set K := {j € J: Yy % E(Y)j}_ is finite since y g z ¢ £(Y). For
each j € K, there exists a y(]) € Y with ﬂj(y(J)) = yj (because
' €D, f\ﬂ < 7.[Y¥]). But the set Y is directed, so we find an
element y € Y with v > y(]) for all j € K and y > £{(Y). Thus
yj = ﬂj( (3 ) £y, for j € K and y. < E(Y), < j for j € IJNK,
whence y < y; finally, using the fact that Y is a lower set, we get

y € Y, as desired.U

Summarizing the previous results, we obtain a number of immediate

corollaries.

COROLLARY 2. Let P be a direct product of nonempty (i,m) —continuous
posets Pj (3 € J). If the number of indices j for which Pj 18 not

componentwise m~- filtered is finite then P 18 (1,m) - continuous.

COROLLARY 3. The class of (i,m) -continuous posets is closed under
finite products, and the class of (1,m) - continuous posets with

least elements is closed under arbitrary producta.

COROLLARY 4. For a product of nonempty posets P, to be upper con-
tinuous, it t8 necessary and sufficient that each Pj 18 upper con-

tinuous and almost all Pj are componentwise filtered.

COROLLARY 5. For a product of countably many nonempty posets Pj to
be (1,0) - continuous, it is necessary and sufficient that each Pj

e (1,Q) - continuous and almost all Pj are componentwige filtered.
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COROLLARY 6. For a product of nonempty posets Pj to be continuous,
it 18 necessary and sufficient that each Pj i8 continuous and al-

most all Pj are untquely minimized.
A similar result for algebraic posets has been derived in [3].

EXAMPLE. Let C denote the chain {~-n: n € wl}. C satisfies the
ascending chain condition, and is therefore algebraic, in particular
continuous. By Corollary 6 no infinite power of C is continuous,
while by Corollary 4, every power of C is upper continuous, and by
Corollary 5, every countable power of C is (1,9) ~continuous. But

c¥ is not (i,m) -continuous for m > 2% = [Cw . Hence, accepting
the continuum hypothesis, we may conclude that £ is the greatest
cardinal m such that ¢” is (i,m) -continuous. Notice that C” is
{2 - normal (by Proposition 4) although C is not (componentwise) Q-

filtered.
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