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At the Bremen Conference, Alan Day mentioned that semilattices also have
injective hulls and that there may be a connection between the Zariski topology on
semilattices and essential extensions. And indeed, he was right, and we will discuss
this matter in these notes.

1. Injective Hulls of Semilattices.

Let S be a semilattice. We say that S is injective, if it is injective in the
category of all semilattices with semilattice homomorphisms as morphisms. The
following definitions and results are taken from [5] and [1]:

1.1. Proposition. A semilattice S is injective if and only if § is a complete
Brouwerian lattice (i.e. a distributive complete meet-continuous lattice). [

Let S and T be semilattice and let ¢ : § — T be an embedding. If for every
semilattice homomorphism g : T — L the composition goi is injective if and only if g
is injective, then T is called an essential extension of S. Every semilattice S admits
a maximal essential extension and this maximal essential extension happens to be
injective. We will denote this maximal essential extension by D(S); this semilattice
D(S) is called the injective hull of §. The injective hull of a semilattice S can be
constructed in the following way:

A subset A C S is called admisstble if and only if the following two conditions

hold:
(a) The supremum sup A exists in S.
(b) For every element 8 € S the supremum sup{A A s) exists in S and we have
sup(4 A 8) = 8 A sup A.

A subset M C S is called a D-ideal if and only if

(¢) M is a lower set.
(d) ¥ A C M is an admissible subset, then sup A € M.

Let D(S) be the set of all D-ideals of §. Then D(S) is a complete lattice
" (where the infima agree with set theoretical intersections); this lattice turns out be
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be Brouwerian.

1.2. Proposition. Under the canonical embedding

ig : S — D(S)

31 |3

the semilattice D(S) becomes the injective hull of §. Moreover, the embedding [ :
S — T is an essential embedding if and only if there is an embedding g : T — D(S)
such that ig =go f. [|

2. Essential Extensions and the Zariski-Topology.

Let S be a semilattice and let p and g be semilattice polynomials in one variable
with constants from §. We define

[p=qls = {z € § | p(z) = q(=)}.

The Zariski-topology (Z-topology) on S is the coarsest topology making all sets of
the form [p = g|s closed, where p and g ranges over all semilattice polynomials in
one variable with constants from S. Recall from [3] that the following sets form a
subbase for the closed sets of the Z-topology:

aAs<bls={z€S|anz <},
ta={z€85|a <z}

2.1. Proposition. Let S be a semilattice and let a,b € S be given. Then
[a A z < b]s is a D-ideal, i.e. we have [a A z < b] € D(S).

Proof. Let M C [a Az <b]s be an admissible set. Then for every
m € M we have a Am < b. Since M is admissible, this implies iz A: supM =
sup(M A a) < b, i.e. supMe[a/\x< b]g i

Next, we show that conversely every D-ideal is closed in the Z-topology. We
will even show a stronger result, namely that the sets of the form [a /\ z < bs
order generate D(S). We will start with a lemma:

2.2 Lemma. Let S be a semilattice and let M C S be D-ideal. If zy €
S\ M, then there are elements a,b € § such that for all elements m € M we have
mAa<b<a<uz.
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Proof. Since zo ¢ M, and since M is a D-ideal, either the set jzg N M
is not admissible or this set has not supremum zo. In the first case, there is an
element by € § such that by A (1zo N M) = }(bo A Zo) N M has not by A zo has
its supremum. In the second case, we can find such an element by, too, namely
zo = by. Hence in either case we can state:

There are elements bg,b € S such that for all elements m € M we have
m Aby Az < b<boA 2o

Hence, the elements b and a = by A zo have the required' properties. [

2.8. Proposition. Let S be a semilatticé and let M C § be a D-ideal. If
zo € S\ M, then there are elements a,b € § such that zo & [a A z < b]g and
MClanz <bs. , -

Proof. If we pick the elements a,b € S as stated in Lemma (2.2), then
a < zo implies a A o = a > b, hence zo & [a A = < b]s. Clearly, a Az < b for
all m € M implies M C[a Az < bs. [

2.4. Proposition. Let S be a semilattice. Then the D-ideals of S are exactly
the intersections of sets of the form [a A z < b]s, a,b € §. Especially, all D-ideals
are closed lower sets in the Zariski-topology. [

For the following result, note that the Z—topologr on every semilattice which
happens to be a Brouwerian lattice is equal to the interval topology.

2.5. Theorem. The embedding i5 : § — D(S) is a topological embedding for
the Z-topologies on S and D(S).

Proof.  Since D(S) is a Brouwerian lattice, the Z-topology on D(S) is the
interval topology.

First of all, we show that the mapping s is continuous. Thus, let M € D(S)
be any D-ideal of §. Then

is(z) <M &|lzCM (1)
SzEM, .

hence i5! ({N € D(S) | N C M}) = M, and this set is closed by Proposition (2.4).
Moreover,
isz> M &MC iz (2)
&z €{tm|me M},
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and this set is closed in the Z-topoiogy of § , too.

It remains to check that the embedding ¢g is open onto its image. Let M =
[a Az < bls. Then, by (1), M = i3 (I M). If z € § is given, then, by (2), we have
tz = 451 ({M € D(S) | 1z € M}). Hence the relative topology on § inherited
from the interval topology on D(S) is as least as fine as the Z-topology. [

From this last result and from proposition (1.2) we conclude:

2.6. Theorem. Let S and T be semilattices and let f : § — T be an essential
embedding. Then f is a topological embedding for the Z-topologies on § and T,
respectively. [

We now study some properties of the closure operator in the Z-topology:

2.7. Proposition. Let S be a semilattice and let A C §. Then A is:admissible
and z = supg A if and only if 45(z) = supp(g) is(A4)-

The proof of (2.7) follows immediately from the meet-continuity of D(S) and
_ the definition of admissibility. [

2.8. Proposition. Let S be a semilattice and let A C S be a lower set. Then
the closure of A in the Z-topology is a lower set, too.

Proof. This statement is true for meet-continuous lattices in the interval
topology and hence for arbitrary semilattices by (2.5). 0

For the next result, recall that an ideal of a semilattice is an directed lower set.
The set of all ideals of § will be denoted by Id(S). Note that Id(S) is a semilattice
under N (see [2, p.6, Exercise 1.15]). Also, in order to avoid confusion, we will
denote suprema taken in § by supg and suprema taken in D(S) by supp(s)-

2.9. Proposition. Let S be a semilattice and let 7 C § be an ideal of S. Then
the closure I of I in the Z-topology is given by

T={z €S|z Iis admissible and has supremum z}.
Moreover, I is a D-ideal.

Proof. Let ig(I) be the image of I in D(S). Furthermore, let ¢5(I)~ be the
closure of ig(I) in the Z-topology of D(S). Then I = igt (is(I)”) by (2.5). Let
A = suppg)is(I) € D(S). Since on D(S) the Z-topology and the interval topology

' 4
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agree, |A is closed in the Z-topology on D(S). Hence, we conclude that

is(I”

N

JA.

Now let z € 1. Then
is(z) = lz g A;

therefore the meet-continuity of D(S) yields

z = sup p(s)(}2 N i5(I))
= sup p(s)(is(iz N I)).

From (2.7) we obtain that |z N I is admissible and has supremum z. This verifies

I C {z€ S8 ||znIis admissible and has supremum x}

Conversely, assume that |z N I is admissible and has supremum z. Using (2.7)
again, we obtain '

lz = sup p(s)(¢s(lz N I)).
Since the intersection of two ideals is again an ideal, ¢g(lz N I) is directed and

hence converges to its supremum in the interval topology. Hence |z N I converges
to z in the Z-topology by (2.5). This proves the other inclusion.

Tt remains to show that 7 is a D-ideal. First, note that I is a lower set by
(2.8). Let M C I be an admissible subset and let z = supg M. We have to

show that z € I. By (2.7), is(z) = supp(s) is(M) C supp(g)és(l) and therefore
is(z) = supp(s)(is(z) N is(I)) by the meet-continuity of D(S). Proposition (2.7)

now yields that |z N [ is admissible and has supremum z. Thus z € I by the part
of the proposition we already proved. | ‘

For the following result, recall from (2.4) that every element A € D(S) is a
subset A C S which is closed in the Z-topology.

2.10. Proposition. Let S be a semilattice.
(i) For every ideal I € Id(S) we have I = sup{is(z) | z € I}.
(ii) The mapping
~ : Id(S) — D(S)
I—1T

preserves finite intersections, i.e. is a semilattice homomorphism.

5
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Proof.  (i): Let A= suppg)is{l) € D(§). We bave to'show that A= 1. We

already saw in the proof of (2.9) that |z C A for every z € 1. This shows 1 C A.
Conversely, let 2 € A. Then |z C A and hence the same arguments as the once
used in the proof of (2.9) show that |z N I is admissible and has supremum z. By
(2.9), this shows that z € 1. This verifies the inclusion A C 1.

(i) Let I and J be two ideals of S. Then the meet-continuity of D(S) and the
fact that 15 preserves finite infima yield

sup p(s)(is(1)) N sup p(s)(is(J)) = sup p(s){is(z) | = € I} N sup p(s){és(y) |y € I}
| =supp(s){is(z Ay)|z€,yeJ}

=sup p(s){is(z) | z€IN J}

= sup p(s)(ts(I N J)).

Therefore, (ii) is a consequence of (i). [

The proof of this proposition would be much easier if we could assure that the
closure of an ideal is again an ideal. However, this is not the case as the following
example shows: example shows:

2.11. Ezample. Consider the following subsemilattice S of the unit square
[0,1] X [0,1]:

S={(z,y)€[0,1] X [0,1] |]z=00ry=00rz =y <'1}.

Then the unit square is an essential extension of S, hence the Z:topology on §
agrees with the ordinary Euclidean topology. Moreover,

I'=25\{(1,0),(0,1)}

is a directed lower set of S, hence an ideal. Note that I is dense in.§, i.e. I = §.
However, S itself is not directed (the elements (1,0) and (0, 1) do not have an upper
bound in §). Therefore, S is not an ideal of S. This shows that the closure of an
ideal does not have to be an ideal.

3. Semilattices for which the Z-Topology is Hausdorff.

For distributive lattices L, the lattice version of the Z-topology:is Hausdorfl if
and only if L admits an essential extension which is completely distributive. We will
prove a similar result here for semilattices. We will show that for a semilattice S,
the Z-topology on § is Hausdorff if and only if § admits an essential extension p(S)

6
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which is a continuous semilatiice (i.e. a continuous lattice without largesi element
1) such that on p(S) the Lawson topology and the Z-topology agree. Examples
for such semilattices are semilattices of finite breadth (see Theorem (3.10)) and
hypercontinuous lattices (see Theorem (3.11)).

8.1. Definition. Let S be a semilattice. By p(S) we denote the smallest
subsemilattice p(S) C D(S) such that
(1) is(S) S o(S)-
(2) p(S) is the smallest subsemilattice of D(S) which satisfies (1) and at the
same time is closed in D(S) under the formation of directed suprema and
arbitrary non-empty infima. ||

Note that p(S) is always an essential extension of S. It is clear that p(S) is
always a meet-continuous complete semilattice (i.e. infima of non-empty sets and
suprema of directed sets always exist). We will now show that the Z-topology on
p(S) is Hausdorff if and only if the Z-topology on § is Hausdorff.

8.2. Proposition. Let S be a semilattice. Then p(S) is the smallest subset
of D(S) which is closed under the formation of directed suprema and (non-empty)
filtered infima.

Proof.  Since D(S) is meet-continuous and since ¢g(S) is closed under finite
infima, the smallest subset containing 75(S) closed under the formation of directed
suprema and (non-empty) filtered infima is a subsemilattice again and hence agrees
with p(S5). | '

8.8. Proposition. Let S be a semilattice. Then the Z-topology on § is Hausdorff
if and only if for every pair of elements zg,y0 € S such that zo < yo there is a
finite set ' C F and finitely many elements a;,d;,...,8n,bn € § such that
(1) zo & TF. ‘
(2) Yo E [a.1 ANz S bl]S gy § [G,—,, Az S bn]S-
B)S=1tFUe; Az <bsU...Ua. Az < bsls.

Proof. Assume first of all that the Z-topology is Hausdorff and let =g, 40 €
S be given such that zg < yo. Then we can separate zy and yo by disjoint
open neighborhoods. Translating this into closed subsets of S and taking into
account that set of the form fa and [a A z < b]g form a subbase for the closed
sets, we therefore can find elements a1,by,...,8m,bm,...0n, bn € S and finite subset
Fy,F, C S such that

@z glaAz<bilsU...Ulam Az L bn]s U TH.

_ 7
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(b) Yo & [am+1 Az < bm+1]S u...u ia'n Az < bn]S U 5.
(c)S=1FUtRUflat Az<bhlsU...U lan Az < bals.

Since zp < yo, the elements aj,b1,...,6n,bn € § and the finite set F =
Fy U I, C § satisfy (1) - (3) of the proposition.

In order to prove the converse, let z1,y; € S be given and assume that z; £ y1.
Without loss of generality we may assume that z; € y1. Let yo = y; and let
Zo = 7; Ay1. Then gy < yo and hence we may find a finite set ¥ C S and

elements a1, b1, ..., n,bs € S such that (1) - (3) hold. Then, since sets of the form
[a A z < b]g are lower sets and sirice zg < 1, properties (1) - (3) also hold with =4
and y; instead of zp and yo. Hence

U=S\({alAzébl]su...U[an/\zS bn]S)

and

V=8\1F
are disjoint neighborhoods of z; and y; respectively. ]

8.4. Theorem. Let S be a semilattice. Then the Z-topology on .S is Hausdorff
if and only if the Z-topology on p(S) is Hausdorfl.
Proof.  If the Z-topology on p(S) is Hausdorf, then the Z-topology on S is

Hausdorff by (2.8).

Conversely, assume that the Z-topology on § is Hausdorfl. Let Xo,Ys € p(S)
and assume that Xo C Yo, Xo 5% Yo. We would like to verify (3.2) with the elements
X; and Y. Since Xy,Yy C S are D-ideals, this means that there is an element
y; € S such that y; € ¥y \ Xo. By Lemma (2.2) we can find elements a,b € § such
that

mAa<b<almy for all m € Xp.

Since the Z-topology on § is Hausdorfl, we can apply (3.2) in order to find a finite
subset F C S and elements ay,by,...an,bn € § such that

(1) b 1F,

(2)6%[61 AwaI]SU'”U[anAzsbn]S;
B)S=1FUlas Az <bjsU...U[aa Az < bals.

Now let G = F \ Xo. Then G is still a finite set. Moreover, let
adi=ua;Aa foralll1 < i< n.

Then we have

- https://repository.lsu.edu/scs/vol1/iss1/85
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(1) b £ 1G,
2 aglanz<bsUld Az < bils U...U[a, Az < bals.
(3)S§=1CUlaAz<bUd < byls U... U [a, < bals.

Here, (1') and (2') are obvious. To verify (3'), let u € §. Consider the element
a A u and assume that

aNuélaAnz<bls (1)
and
aAugla: Az <bis foralll <i < n. (2)
Then we conclude that |
eAuélo; Az < bis foralll1 <:i < n.

Since § =1F U Az<hlsU...Ulan Az < by,]s, we conclude thata A u €

+F. We would like to show that in facta A u € 1G. Let f € Fsuchthat f S e Au

and assume that f € X;. By the choice of a and b, this would imply that e A f < b.

Since f < a A u < @, this would imply f =f A a < b, contradicting b:¢ 1F.
Therefore, statements (1) and (2) above imply

a Au€lG.

Finally, note that a A u € [a A z < b]g is equivalent to u € [a Az < bls and
aAu € [ag; Aa Az < bls is equivalent to u € [a; Aa Az < bglg. Hence (3
follows.

In the next step, we show that

(1) Xo ¢ 1is(G);
(2" Y, ¢ [is(a) N X C is(b)]as) U lis(al) N X C is(bn)lois) U - --
..U lis(al) N X C ds(ballas);
(3") p(8) = 1is(@) U lis(a) N X C is(d)]y(s) U Es(ay) N X Siis(ba)lo(s) U
... U lis(a) N X C ig(ba)ls(s)-

Tn order to verify (1""), assume that we had X € 1is(G). Then i5 (9) C X, for
a certain g € G and therefore g € Xo N G # 0, contradicting the choice of G.
Next, assume that (27) does not hold, i.e. that

Yo € lis(a) N X C is(B)lps) U lis(a) N X S is(bn)los) U - -
U fig(al) N X Cislbn)lp(s)-

9
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Then either Yy N i5(a) C is(b) or Yo Nis(a’) C i5(b;) for some 1 £ ¢ £ n. In the
first case, this would imply
| a€ly Nla
CYnla
= Yo N is(a),
C is(b)
= |b
ie. a < b < a, a contradiction. Hence there has to be a number i € {1,.. ., n} such
.that
Yo Nis(a}) C is(bs).

In this case, we obtain

aAa; €lyiNla;Nla
= g1 N |d]
C Yo N is(a})
C ig(b:)
= |b;,
ie. a € [a; A ¢ < bj]s, contradicting (2). Hence we verified (2").
Finally, we have to verify (3"). Let

A= 1is(G) U lis(a) N X C is(b)lps) U [is(a1) N X C is(ba)los) U -
56 [‘&'s(a’n) NnNX C is(b")]p(s).

We have to show that p(S) C 4. We will do this by using (3.2): Note that the
meet-continuity of p(S) implies that 4 is closed under directed suprema and non-
empty filtered infima. Moreover, by (3'), the image ig(S) of § under ig is contained
in A(S). Hence, by (3.2), p(S) C 4.

An application of (3.3) now finishes the proof of the theorem. [

If § is meet-continuous itself, then all the sets of the form [a A z < b]s are
Scott-closed in . Hence we can state (see also [3]):

8.5. Proposition. If S is an up-complete meet-continuous semilattice, then
the Lawson-topology on § is equal to or finer than the Z-topology. lEspecmlly, the
Z-topology is quasicompact. [

The last proposition immediately yields
10
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3.6. Proposition. Let S be complete meet-continuous semilattice such that

the Z-topology is Hausdorff. Then the Z-topology and the Lawson topology agree.
Especially, the Z-topology is compact. ||

The next result follows from (3.4) and (3.6):

8.7. Corollary. Let S be a semilattice and assume that the Z-topology on S
is Hausdorff. Then the Z-topology is actually completely regular. 'Moreover, the
continuous semilattice homomorphisms into the unit interval separate the points of
S and § is a topological semilattice in the Z-topology. ||

We will now list some properties which insure that the Z-topology of a semilat-
tice is Hausdorff. The first such property is finite breadth. We need some prepara-
tions: If S is a semilattice, then we denote by Id(S) the semilattice:of all ideals of
S (an ideal being an up—dlrected lower set of .5). :

3.8. Proposition. Let S be a semilattice of finite breadth n. Then [ d(S) has
also breadth n.

Proof. In the case of lattices, this theorem is well known: The ideal lattice
of a lattice L is a homomorphic image of sublattice of an ultrapower of L. The fact
that the ideal lattice of L has breadth n, too, now follows from mode! theoretical
considerations. I’m sure that (3.8) is also well known in the case where S is merely
a semilattice, but since I could not find any references, 1 will present a proof here:

Since S is a subsemilattice of Id(S) under the embedding s +— |8 : § — Id(S),
the breadth of Id(S) is at least n. Conversely, we have to show that the breadth
of Id(S) is at most n. Therefore, let I1,...I;, € Id(S) be an irredundant family of
ideals. We have to show that m < n. In order to do this, we will pick a family of
elements z; € I;, 1 < 1 < m, which is irredundant.

First, recall that Iy, ..., I, is irredundant if and only if

hn..Niey Ny n..In €I for every 1 € {1,...,m}.
Hence for every number 7 € {1,...,m} we can pick an element
elin..NLax Ny N...Nin)\ L

Then a; € I; whenever ¢ 5 5. Since all the I;’s are ideals, hence directed, we can
find elements b; such that

a; < b; €I; foreveryiFj.
The elements by, ..., by, then form an irredundant set. Indeed, if we had
by Ao oAb Abipy A A Db, < b

| 11
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for some ¢ € {1,...,m}, then, since a; < b; whenever ¢ 5= 5, we would obtain
a; < b; € I;; contradicting the choice of a;. ||

8.9. Proposition. Let S be a semilattice of finite breadth n. Then p(S) also
has breadth =.

Proof. For every subset H C p(S5) let

H* = {supD | D C H is directed },
H™ ={inf F | F C H is filtered }.

Firstly, we show

(C’) If H is a subsemilattice of p(S), and if the breadth of H is finite and equal
to n, then the breadth of the subsemilattices H* and H~ are also equal
to n.

Let us consider H* first. In this case, we argue as follows: Consider the

mapping
sup : Id(H) — p(S)

[ — sup ,5){

Since p(S) is meet-continuous, this mapping preserves finite infima. Moreover, since
H and therefore Id(H) have breadth n, the breadth of the image of the semilattice
homomorphism is at most n. Since H* is the image of this mapping, the breadth of
It is nolarger than n. On the other hand, H is a subsemilattice of H+ . Therefore
the breadth of HT is equal to n.

Next, let us consider H~ . Assume that ay,...,a, € H~ are irredundant. We
have to show that m < n. Since the ay,...,a,, are irredundant, we know that

ey AN...ANai—1 A a;pq /\.../\a.m$ a;

for every 1 € {1,...,m}. Every element q; is a filtered infimum of elements of H.
Therefore, for every 1 < ¢ < m we can pick an element b; € H such that a; < b;
and

a1 A...A@i—1 Aaiy1 A...Aan £ b,

Now assume that there would be an ¢ such that

by A Abi—1 Abipr A A bR L0

12 _
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Then we also would have

I A ANCG—1 A1 A e A KU A Abir Abigr Ao Abp
Sbit

contradicting the choice of the b;. Hence the elements b,,...,b,, /€ H form an
irredundant set. Since the breadth of H is n, this yields m < n and therefore the
breadth of #~ is a most n. The fact that A is a subsemilattice of A~ skows that
the breadth of H™ is exactly n.

The next statement is obvious:

(D) It H;, ¢ € I, is an up-directed set of subsemilattices of p(S),:and if the
breadth of each H; is equal to n, then the subsemilattice uie 7 H; has
breadth =, too.

We now define inductively for every ordinal ¢ less than |p(S)| + 1 semilattices
H; by

Ho = is(S);
Hiyy =H; T
H;= |J H; ifiis alimit ordinal .
J<s

Then, by (C) and (D), the breadth of all the semilattices H; is equal to n. For
a certain ordinal ¢+ we have finally to arrive at H; = H;y1, which means that H;
is closed under directed suprema and filtered infima. For this ¢ we have Il; = p(5)
by (3.2). Thus, p(S) has breadth =. ||

We now can conclude

8.10. Theorem. If S is a semilattice of finite breadth, then the Z-topology on
S is Hausdorff.

Proof.  The semilattice p(S) has finite breadth by (3.9). Hence, by [3], the
Z-topology and the Lawson-topology agree on p(L). Since a meet-continuous lattice
of finite breadth is actually continuous by [6], the Z-topology on p(S) is:Hausdorff.
Hence S is Hausdorff in its Z-topology by (3.5). |

8.11. Theorem. If S is a semilattice which admits an essential extension which
" is hypercontinuous, then the Z-topology on S is Hausdorfl.
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Proof.  On a hypercontinuous Iattice, the Lawson topology agrees with the
interval topology. Since the interval topology is always finer than or equal to the
Z-topology (note that e = [a A £ = z]g), this implies that the Z-topology is
Hausdorff. Theorem (3.11) now follows from (3.4). [

The last two results suggest that it may be worthwhile to study continuous
lattices for which the Z-topology is Hausdorff and hence agrees with the Lawson-
topology. In order to have a preliminary name for those continuous lattices, let us
call a semilattice S strongly continuous if

(1) S is meet-continuous, up-complete and complete.
(2) The Z-topology on S is Hausdorff.

Clearly, every such strongly continuous lattice is continuous. From (3.10) and
(3.11) we may deduce that every hypercontinuous lattice and every continuous lat-
tice of finite breadth is strongly continuous. Moreover, if § is a meet-continuous dis-
tributive lattice, then the Z-topology and the interval topology agree. Hence a dis-
tributive lattice is strongly continuous if and only if it hypercontinuous. What else
can we say? Is there a equational characterization of strongly continuous lattices?
Do these strongly continuous lattices in some sense form ‘one-point compactifications
of semilattices for which the Z-topology is Hausdorff in the same sense as completely
distributive lattices do for distributive lattices (see [4])?

2
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