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§ 8 Appendix 

Correcting a mistake in [632]cor.2,p.24o, we provide 

necessary and sufficient conditions in order that the 

greatest essential extension space of a T^-space X be 
an injective T -space: Counterexamples to the claim made 

in [632] were recently obtained by K.H.Hofmann and 

M.W.Mislove [HM2]. We take [332] section 2 for granted, 
but no information from [332] section 3 will be used. 

(See [H02] for a somewhat different approach.) 
Also, some additional comments are given correcting 

the statements of the results in [Hg] and [H^] which are 

based upon [332] cor.2,p.24o. 

8.0 For a T^-space X, 5kX is - by the very construction -

stable in |»X under the formation of arbitrary joins 
(=suprema) . Thus there is a "kernel operator" k:^X—>^X 

assigning to every open filter F of x the greatest join 

filter 
V [0(x) I X eX,0(x) c F J 

contained in F. This map k is left inverse to the embedding 

AXv_>$X. (Indeed, by [632] prop. 3,p.239, k:^X—»Ax is the 
only continuous left inverse of the embedding ̂ Xc_^^X 

if there exists any.) 

Note that 
Vi 0(x) I X 6 sj={v e 0(X) j there are x^,... ,x^ € S 

(n > o) and open neighborhoods 

U^,...,Uj^ of x^,...,x^ respec­

tively with n - • • nu^ £V } 
for every subset S of X. 

8.1 THEOREM; 
For a T^-space X, the following are equivalent: 

(i) The essential hull JIX of X is an injective 

T^-space. 
(ii) There is a (topological) embedding e:Xe_^J 

into an injective T^-space J which is join-dense 
with regard to the specialization of partial order of J-

12
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(ill) For every x£X and every open neighborhood V of 

X in X there exists an open neighborhood W of x in X, 

finitely many elements ^ 

open neighborhoods ,U2#... of y-jfwyj^/ respec­
tively, such that 

W £[z 6 X|y^ 6Cl{z}} 
for every i=1,...,n, and 

n... cv . 

Proof; 
(i) implies (ii): Evidently, ̂ j^iX c_>^X is - by the very 
construction - join-dense with regard to specialization 

order (which coincides with the inclusion relation of ilX 
and ^X, respectively). 

(ii) implies (iii) : By Scott's result, [Sc2]2.12 ([c]lI-3.8), 
J is a continuous lattice L endowed with its Scott topology 

<3^. The sets 
tq={p € L|q«p} (q €L) 

form an open basis of ( [c] II-1. 1o (i)). We may clearly 

restrict ourselves to the basic open subsets of X, 
V = X n1=q 

with q ranging through L. 

Suppose x€.V=xn$q for some q6L. By the interpolation 

property of « in a continuous lattice ( C 1-1.18), there 

is some peL with q«p«x in L, hence 
X e W:=X ntp £V . 

Since, by hypothesis, e:Xc_^J is join-dense, we have 
p=sup[s € x|s < pj. 

On the other hand, 
y=sup {t eL|t«yl 

for every y e L (since L is a continuous lattice). Conse­

quently (by the associativity law for the operation "sup"), 

p=sup{t 6 L (t«y < p for some y6X}. 

Since q«p, it results that there are finitely many 

t^,...,tn€L (n>o) and y^ ,... ,y^ ex with 
q< sup{t^,.. .,t^} 

and 

ti« y^ P 
13
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for i=1,...,n. It results that every neighborhood, in X, 

of contains W=X otp, and there are open (in X) neigh­

borhoods U^=Xntt^ of y^ (i=1,...,n) with 
n... nu^cv=x ntg . 

(iii) implies (i): We shall prove that the kernel 
operator k;$X IXX is a continuous map, hence a retrac­
tion in Since ̂ X is an injective T^-space, then so 

is its retract ^X. 
Suppose F is any open filter of X and 

k(F) c . 

Then there are (m>o) and open neighborhoods 

V.J,.. . ,Vj^ of x^,... ,Xjj^ respectively with 
O(x^) CF 

for every i=l,...,m and 

v,n...nv^cv. 
BV (iii), for every i=1,...,ni there is an open neighborhood 

1 n {d.) 
Wf of x^ and finitely many elements y^,...,y^ and open 

neighborhoods u|,... ,uJ^^of y|,... ,y"respectively with 

c[z €X 1 yje cl{z}i 
or, equivalently, 

O(y^) CW^ 

(where W*** = {M€0(X)|W£M} denotes the smallest member of 

the open filter generated by W ) 

•for every j=1,...,n(i), and 

u]^ n... c . 
It results that 

0(yj) C (W^ n... 

for every i=1,.. ,in and every j=1,... ,n (i), and 

n {u^ I i=1,...,m and j=1,...,n(i)} 

c V- o... nv cv . - 1 m ~ 
Thus 

k(w'f) =VlO(y)|yeX, 0(y)CW'<'} 

for W:= W, n...nw contains V. Consequently, (because 
-in 

14
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V 

k is isotone and is an upper set,) we have 

k(G) € 

for every G 6 

Since 
uj €0(yj) S 
= V .. . V C O (x, ) V . • • vO (X ) I m ~ 1 — in 

we can also infer that k(F)fe hence 

k;^X —is continuous (at F) . 

This completes the proof. 

8.2 REMARKS; 

i) Note that in 8.1(iii) necessarily 
W cv. 

ii) Suppose e:Xc_>J is a join-dense topological embedding 

into an injective T -space J=(L,<J ). Let L' be the con-
O Jj 

tinuous lattice generated by e [x] in J (in the sense that 
it is the smallest subset of J containing e[x] closed 

under arbitrary infima and suprema of non-empty up-directed 
subsets). Then the induced map 

e':Xc_>J';=(L',dj^,) 
is the injective hull of X. (The arguments given in section 
1 go through.) 

8.3 DEFINITION: 

Suppose X is a T^-space with an injective hull . 
We say that 

degX <r, 
i.e. X has degree at most r (a natural number>o) iff 

8.1 (iii) can be fulfilled for every point x in X and 

every open neighborhood V of x in X by some n < r. 

15
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5 

8.4 REMARK; 
A T^-space X with an injective hull satisfies deg(X)<l 

iff for every x 6 X and every open neighborhood V of x 

there is some open neighborhood W of x and some y eV 

with 

W C [z 6X I y 6cl[z]} . 

B.Banaschewski ([Ba2jcor.2, p.24o) observes that this 

class of T^-spaces has an injective hull in TQ» and he 

claims the other implication to be true, too. The error 

is hidden in the proof of [632] cor.1, p.239 (line 3 from 
below) 

0(x) = Vk(P{uJ) 
need not be a set-theoretic union if J\X is injective 

(but this is true if every join filter of X is a neigh­

borhood filter, as it is assumed there). 

In fHg]3.14 it is established that the continuous 

posets in their Scott topology are precisely those sober 

spaces X with an injective hull satisfying deg(X)< 1. 

All the statements in [H^] on spaces X with an injective 

hull (except for 4.3) require the additional hypothesis 
deg(X)< 1. In this regard, the following is certainly of interest. 

8.5 PROPOSITION: 

Suppose a T^-space X is a conditional o,v-semilattice 

with regard to its specialization order. If X has an 

injective hull, then deg(X)< 1. 

Proof; 

A poset,is a conditional o,v-semilattice if every finite 

subset which has an upper bound has a supremum. 

In 8.1(iii) one may put 
y=supfy.,,...,y^|. 

where the "sup" is taken in (X,l). Then 

y £U., n... nu^ CV, 

and 
wcty . 

16
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8.6 COROLLARY: 
A T^-space X is injective iff 
i) X is sober, 
ii) X has an injective hull in and 
iii) X is a o,v-semilattice in its specialization 

order. 

Proof: 
See [Hg] 2.8. 

8.7 COROLLARY: 
If a -space X has an injective hull, then X is 
discrete. 

Proof: 
Suppose X has at least two points. For xfeX choose some 
neighborhood V 4 X of x. Then let W6 0(X) and 
Yl,...,yn 6 X (n >o) and ,...,U^ be chosen as in 8.i(iii) 

Since every point-closure in a -space is a 
singleton, 

xewcjz exjy^e cl{z}][ 
implies - if n ={= o - that y^ = ...=y^=x, hence W={x} is 
open. If n=o, then 

x =» u, n... nu cv 1 n 
contradicting the hypothesis that X =}= V. 

8.8 COROLLARY: 
Suppose A is a closed subspace of a T^-space X. 
If X has an injective hull in then so has A. 

Proof: 
In order to verify 8.1 (iii) let x€V*eO(A). Then V'=VnA 
for some VeO(X), and we may choose W6 0(x) , some points 
y^ ,y2,... ,yjj (n >o) in X and open neighborhoods U^,...,0^ 
(in X) of y.j,...,yjj respectively satisfying 8.1 (iii). The 
requirement 

X € W e.{z 6 x|y^ 6 clj[z} J 
(1=1,...,n) guarantees 

17
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£cl^x] C A 
so that we may use W'=WnA and U|:=U^nA in order to 

fulfill 8.1(iii) for A instead of X. 

8.9 PROPOSITION: 
Suppose is a family of T^-spaces which have 

an injective hull in Then TT has an injective 
hull provided that i£ I 

K(I)={i€ l|x^ does not have a smallest element 

in its specialization order J 

is finite. 

Proof: 
(1) First note that if X and Y have an injective hull, 

then so has X i* Y (use 8.1 (iii)). 
(2) Suppose now K(I)=f=0 and let o. denote the smallest 

element of X^^ in its specialization order. By 8.1 (ii), 
there are injective T^-spaces J. and join-dense (topological) 

embeddings X^t_^J^. Clearly, is injective. Let 

then, by hypothesis. 

a^eJ^ (iCI), 

a^^ = supA^ 

for some subset A^ of X^. We may assume that eA^, hence 
A^=j=0. Then 

This proves that JT X^ is join-dense in TX hence it has 
i€l ifcl 

an injective hull in ̂  by 8.1(ii). 
Combining (1) and (2), we establish the assertion. 

A product of discrete spaces may fail to be discrete, 

but it is always T^. Thus (by 8.7) the class of all T^-

spaces with an injective hull in ̂  fails to be productive. 

18
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8.To REMARKS: 

The non-validity of one implication of [632] cor.2,p.24o 

makes several results questionable which were based on 

this claim, e.g.; Is every Tj^-space {=T^^2~space, 

[Br]II p.7; "points are locally closed") with an in-

jective hull in ̂  Alexandrov-discrete? (Cf. [H^j4.3.) 

K.H.Hofmann observes that the class of T^-spaces with 
an injective hull is not open-hereditary (disproving 
[332] cor.4, p.24o). 

B.n REMARK: 

The requirement to have an injective hull in T does not —o 
impose any restriction on the specialization partial order: 
For every poset P, (P,(Xp) has an injective hull in ̂  
([H5]4.2). 

However, a sober space X with an injective hull in 

T^ yields always an "almost-continuous" poset (|x| , <^) 
in the specialization order <„ in the sense that it is 

A 
up-complete (by sobriety, cf. [wy]) ahd, for every x €X, 

X = sup[y 6X I y«x'} 
where « denotes the way below relation of (X, £^). (The 
latter assertion results from the fact that (1) X is join-

dense in ̂ X, by 1.o(i), and (2) every element F of ^X is, 

by injectivity of ̂ ^X, a supremum of elements way below F 
in ̂ X, since the embedding ̂ j^sx^ ax is an ord©r~emb©dding 
preserving suprerna of non-empty up-directed subsets, hence 
reflecting the way below relation, by. 1.2(b)). Note how­

ever that the set 

iy €X|y«x] 
need not be up-directed, as K.H.Hofmann and M.W.Mislove 

[HM2] demonstrate. K.H.Hofmann [HO2] observes that the 
topology of X need not be the Scott topology (this may 

even fail to have an injective hull). 
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8.12 REMARK; 
The notion of a degree for injective hulls leads to a 

natural (new) dimension function i-dim for continuous 

lattices L themselves ("injectivity dimension"): i-dimL 

is at least n (n>o) iff injective hull 

of a sober space X of degree at least n. 
The unit interval I has i-dimension 1. The example 

provided by K.H.Hofmann and M.W. Mis love [HM2] shov7S that 
i-diml^ > 2 and, analogously, i-diml^>n. Is it true 

that i-diml"=n? Are there continuous lattices L with 

i-dimL= 00 ? 

8.13 PROBLEMS: 
l3 there a continuous poaefc P which earrieo a sobor-

topology —inducing' the- given• partial-order Guoh that-

-(P-, r)—has an injective hull? Does every almost-continu­
ous poset carry a •(•uni-que?4' sober topology inducing the 

order and having an injective hull? 

One easily sees that for a given poset P the supremum 
of every non-empty family of compatible topologies with 

an injective hull also has an injective hull. Is there 

always a coarsest compatible topology on a poset which 

has an injective hull (yielding the empty-indexed supremum)? 
The finest such topology is the Alexandrov-discrete 

topology ([Hg]4.3). 
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