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Gehen Sie Geﬂankenfréiheit:
(¥.8chiller, Onn Carlas)

> K.H. Hofmann studied the foilowing categories:

notation objects morphisms

MON .arbitrary‘posets monotone maps

U up-complete posets Scott continupus maps

GAL arbitrary posets Galois maps (ﬁ.e. upper adjoints)
uP ﬁp—complété posets Scott continubus Galois maps

cp continuous posets .

gg -coﬁtinuous lattices ﬁ

SUP complete lattices':i.. sup—preserving maps

INF  qompleteglat£ices infepreserving maps

CD =completelyydi$tri— complete. homomorphisms

‘butive lattices

(i.e. sup~ and inf-preserving maps)

¢

These categories are related by the following hierarchy:

SUP &—
CD & >CL <=»CP e==>UP

\\ INF ===
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For each up-complete poset P let T(P) denote the complete lattice
of all Scott closed subsets of P . We can make T functorial by
lifting any U-morphism £ : P —> Q to a SUP - morphism

T(£) : T(P) —> T(Q) , ArH—> £(A)

where = denotes the closure with respect to the Scott topology.

It is easy to see that the maps

np P —> T(P) , X > ¥x

are U- morphisms, and the following diagram commutes :

P f g |
| -
T(P) > T(Q)

T(£f) : e

Let us recall some further facts from [Kah] .

LEMMA. ny has a Lower adjoint (4.e. 48 a UP - morphism)

i446 P 44 a complete Latilice.

Np

THEOREM 1. Forn each UP - mornphism g from an up—compﬂete poset P inio
a completely distrnibutive Latiice M , there-exists a unique complete
homomonphism . g* :QT(R)'f—> M such that qgf='g*nP . Hence the nes-
- thiclion of T 20 CL 48 Legt adjoint to the forgetfful functorn from
~CD %o QQ 5 the uniz of the adfunction is given by n, i |

Indeed, it is easy to see that g is Scott continuous iff g* has
an upper adjoint, and if d : M —> P is the lower adjoint of g

then the map

d, : M —> T(P) ,Fm.F—> d(im):

is the lower adjoint of g¥* , where
gm= N{A=4A<M:ms< VA}

is Raney's "long way below set" (cf. [Kah, 2.6] ).

For these conclusions, it is not necessary to assume that P be
a complete lattice. But helas, in view of the Lemma, the above
universal property does not provide a left adjoint for the for-
getful functor from CD to CP . Kah conjectured that one might
"tinker with the morphisms and imprové the situation, but not
Very much can be done" (loc. cit.).

What can be done will be sketched on the following pages.

https://repository.lsu.edu/scs/vol1/iss1/71 ' 2
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First of all, we must disappoint the reader who expects a*
- satisfactory solution of the stated adjunction problem.

insurmountable barriers are raised by the following

' DILEMMA. There 44 no categony C whose objects arne the continuous
posets and whose morphisms are CQ&IQ&H monotone maps, such that
(1) ¢D 45 a Aubcaiego&g of C .
- (2) The forgetful functor grom CD to C has a Ledt adfjoint with
§ront adfunction Ny P —> T(P) , x F—> Ix . :
(In patticular, {on each continuous poset P, np 44 a C - mornphism).

' In spite of this Dilemma, it is possible to weaken the morphism
fcdncept in ‘such a manner»that each np becomes a "pseudomorphism"w
and for each. "pseudomorphism" g from an up-complete posét P into

a completely distributive lattice M, the map
g*¥ : T(P) —> M , A+—> Vg(a)

'becomes a complete homomorphism.
In order to define the required-kind of maps, we s1ngle out
a few. typical properties of  Galois maps. Let us call a map g
between posets P and Q quaétc£05ed if A € T(P) implies +g(A) € T(Q)
(cf. the notion of "quaSlopen" in [Kah] ). Further, we say g is

a péeuda-—GaEOLA majp prov1ded that
'Q(Y+) = g(Y)+ fqr all YS P ,

- where Y+ and Y+,denote the sets of all lower resp. upper bounds

"of Y . Finally, g is called:a weak Galois map if
ST, = g(v),  for all“YfC‘ P .
: The p051t10n of these properties is analyzed in a

H\TRILEMMA (1) The Galois maps are. pKQCLAQKy the quasiclosed weak
Galois maps. ‘

.. [2) Every weak Galois map is a péeuda- Galois map. .

~{3) Eueny péQudO-GaZOLA map phreserves a££ exdisting Lnﬂ&ma.

’ .Now,Abyﬂa“péeudomonphiém we mean a Scott continuous pseudo-
 Galois'map, and by a weak moaphism a Scott continuous weak Galois
‘map. Accordlng to the.Trilemma, every (UP- )morphlsm is a weak
" morphism, and every weak morphism is a pseudomorphism. Sultable
; counterexamples show that none of these implications can be )

‘i inverted. However, for maps between complete lattices all three

: notions coincide. Our main theorem states that pseudomorphisms
Publlshed by LSU Scholarly Repository, 2023 . 3
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have the. same universal property as (UP-)morphisms, and they have
the advantage that the natural embeddings np are always pseudo-

morphisms (while nP”failé to be a morphism unless P is complete).

'THEOREM 2. The following conditions are equivalent for a map g
_fnom an up-complete poset P into a completely distribuitive
Lattice M : |
(a) g 48 a pseudomorphism.
(b) The map g* : T(P) —> M , A+—> \/g(R)
L8 a complete homomorphism.
(c). There exists a'(unique)'compﬂete homomorphism F : T(P) —> M
such that g = Fng -

P > M

n
2 T oo g

T (P)

Hence .thene is a one-to-one cornespondence between the set of
all pseudomorphisms g : P —> M and the set of atl complete
homomorphisms F : T(P) —> M .

Notice that nP* is the identity on T(P), so np is certainly
a pseudomorphism. .
Recall that for a continuous poset P , the system T(P) is
a completely distributive lattice. Hence we derive from Theorem 2

the following

FACT. A map g from a continuous poset P into a completely distri-
butive Lattice M 445 a pseudomorphism if§ g* i85 a CD—- morphism.

At first glance, this seems to be precisely what we need for an
adjoint situation between the functor T and a forgetful functor
in the converse direction. The only reason why this adjunction

does not wdrk is a little (but essential)

DEFECT. The composition of two pseudomorphisms L5 An genenal
"not a pseudomonphism.

)

A simple counterexample is obtained by taking for P a two-
element antichain and considering the composition g of the

P 4 ‘ ¥
pseudomorphlsms np and Mo (py * Here we have g(P+) _+ g(P)+ .

Weak morphisms behave better than pseudomorphisms with
respect to composition. In fact, one can show easily:

https://repository.Isu.edu/scs/vol1/iss1/71
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COMPOSITION. The class of weak morphisms L8 closed unden compo-
sition. Similarly, for a weak morphism £ : P —> Q and a:pseudo-
moaphism h : Q —> R the composite map hf 4is a péeadomdnphiAm.

" Moreover, pseudomorphisms-and weak morphisms are related as
- follows:

PROPOSITION. Let f be a map between pdéeib P and Q . Then
{1) £ 48 Scoti cant&nuouA L44 an L4 -Scott continuous. _
(2) £ 48 a weak Galois map L84 an is a pseudo - Galois map
Hence f is a weak morphism 455 nQ 48 a pseudomorphism.

P ' . . >Q -

T(P) ———> T(Q)
T(f) = g*

With this Proposition in hand, it1is not hard .to prove:

THEOREM 3. Let £ be a‘mdnbtonevmap between up-complete posets

P and Q. g S 3 LI

(1) £ 48 Scotit continuoué?{ﬁﬁ“T(f) presenves suprema.

(2) Té T(f) preserves infima then £ is a weak Galois map. :
Convenéeﬂy, i4 £ 48 a weak Galkois map and Q 44 a confinuous
“poset then T(f) paeézaveé ingima. '

COROLLARY. Foxr a map. fﬂwtp —_ Q where P A5 up- compzeta and Q
44 continuous, Zhe 6OKKOWAng are, equ&vaﬂent &
(a) £ 48 a weak mohph&ém.{ §
(b) “T(f) 48 a complete homomonphibm
(c) There 48 a (unique) complete homomonphLAm F Auch that the
joLlowing diagram commutes: ' o

‘ . ; £ -

Ve By > Q

T(P) —————s T(Q)
| F

1§ P4is also continuoubwfhen each of these conditions 4is necebéady
and sufficient for £ to be a (CP- -)morphism. Hence the functor T

Anduces an:-equivalence beiwean Ihe categonLeA CP and C :ospec

Published by LSU Scholarly Repository, 2023 ' 5



Seminar on Continuity in Semil%tices, Vol. 1, Iss. 1[2023], Art. 71

Here CDCospec denotes the category of completely distribqtlve

lattices together with those complete homomorphisms whiq@}pre—

serve cospectra (cf. [Kah, 1.8]).

The continuity assumption in Part (2) of Theorem 3 can be

dropped whenever £ is*a'Galois-map.'More precisely, we can sagfa‘
that the functor T preserves adjoints.

CONTRAPOSITION. I§ £ : P —> Q has ‘a Lower (resp. upper) adjoint
d : Q—>P , then T(d) 48 the Lower (resp. upper) adfjoint of
T(£f). :

Indeed, if f has a lower adjoint d then by the Trilemma f is

quasiclosed, and consequently -
T(£) (a) = F(A) = +£(A) for all A € T(P).

From this equation, it follows at once that T(d) is the lower
adjoint of T(f),

The Dilemma can now be restated in a more informative version.

Theorem 2, Theorem 3 and the PropoSition have the following

EFFECT. Let C be any caiegoay_oﬂ po&eié which has CD as a sub-
categony. 14§ the forgetful functon gnom CD to C has a Left
adfoint with gront adjunction Np @ é —> T(P) , X > ¥x ,
then C must be a subcategory of CL .

Conversely, from Theorem 1 we know ﬁhat any full subcategory of ..
CL has this universal property. |

Finally, we would.like to emphasize that mést of the pre-
ceding assertions remain valid if tﬁe system of all directed
subsets of P is replaced by an arbitrary "subset system" Z(P)
such that Z-séts are preserved under isotone maps. In this

general setting, the "co-selection"!

X(P) = { A =4A : 2 € Z(P) and % c A implies \/Z € A }

plays the rdle of T(P). This approa¢h leads to a very general
theory which covers almost all knowﬁ adjuncfions, equivalences
and dualities for posets. For exampie, one may take for Z(P)

the system of all singletons. For this special choice, X(P) is
the collection of all lower sets, ahd one obtains most o6f the
results derived in Section 2 of [Hom]. On the other hand, the

results of Section 4 are obtained fbr X(p) = T(P).

i
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