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In a recent Memo [Kah] Karl H. Hofmann asked for references

concerning the following equivalent statements on a complete lattice:

(a) L is "join Brouwerian" and algebraic.
(b) L is completely distributive and algebraic.

(c) Every element of L is a join of completely join-primes.

It is well known that these conditions are selfdual, being equi-

valent to
(d) L is isomorphic to a complete ring of sets.

For the sake of convenience, we call such lattices A - lattices.
A lattice is weakly atomic (cf. [CD]) if for all a < b there are

elements ﬁ,v € [a,b] such that v covers u (i.e. u < v and Hu,v” =
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Already in the late Fifties, G.Bruns [Br] has shown that a complete!
lattice L is an A- lattice iff it is weakly atomic and infi-
nitely distributive (i.e. L and LOparfacomplete Heyting algebras).

It is also well known (cf. [BF] and [CD] ) that every algebraic
lattice is weakly atomic and (meet-)continuous. Hence the above
equivalences are immediate consequences of Bruns' theorem. They
occur implicitly in [Me, 3.6 and 3.8] and in [GG, Cor.1,Cor.2

and Prop.6] , and explicitly in [Av, Thm 5.3] and in [E1, 1.7.59 -
1.7.63] where a list of alternative descriptions of A-lattices

can be found. The following more general theorem was established in

1979. It does not require any distributivity assumption (see [E2]).
THEOREM. Consider the following conditions on a complete lattice L:

(a) Every element of L is a join of completely join-irreducibles,
and L is meet-continuous. |

(b) L is algebraic.

(c) L is weakly atomic and continuous.

(d) L is weakly atomic and meet-continuous.

(e) L is weakly atomic, and whenever v covers u in L then there
is a g € L maximal subject to gA v =u .

(f) Every element is a meet of completely meet-irreducibles
(i.e. Irr L is "order generating").

In general, (a) => (b) => (c) => (d) => (e) => (f), and none

of these implications can be inverted. However,

(1) if L is modular then (e) <=> (f) ,

(2) if L is distributive then (d) <=> (e) <=> (f),

(3) if L is join-continuous then all six conditions are equivalent

and imply their duals.

In particular, if L is "join Brouwerian" then each of these con-

ditions is necessary and sufficient for L to be an A-lattice.

Preprinits are available!
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