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A CLASS OF EXTREME X-HARMONIC FUNCTIONS

JOHN VERZANI

ABSTRACT. Salisbury and Verzani introduced a class of martingales for the
Brownian superprocess related to conditionings of the process to exit the
boundary of a bounded domain in R? in a particular way. The corresponding
class of functions, denoted Hy p,,....n, > Was generalized by Dynkin to more
general superprocesses and shown to be X-harmonic. Salisbury and Verzani
conjectured that a certain choice of g and h’s would yield minimal functions
in the Brownian case. This paper shows that this conjecture is true.

1. Introduction

The measure-valued processes called superprocesses have been well-studied in
recent years (e.g. [2], [7], [3], [5]). However, certain areas are still relatively un-
known. The Martin Boundary theory of X-harmonic functions, as summarized
in [4], is an example. The aim of this paper is to extend the class of known ex-
treme X-harmonic functions for super Brownian motion to include a family of
harmonic functions first identified in [12]. This family arises when one conditions
the exit measure for the superprocess to behave in certain ways.

Before stating the theorem, we need a number of definitions.

1.1. Superprocesses. For our purposes, a superprocess will be defined as in [4].
That is, let £ C RY, M(FE) be the set of finite measures on E and B, (E) be
the class of all positive Borel functions on E. Let (§,II) be a diffusion in E with
generator L and Green and Poisson operators Gp and Kp in D. Suppose that for
every open set D C E and every p € M(E) there is a random measure (Xp,P,)
on R? such that for every f € B, we have

Pyu(exp —(f, Xp)) = exp —(Vp (f), ), (L.1)

where (f,v) is the integral of f against v and the function u = Vp(f) satisfies

u+ Gpip(u) = Kp(f).

The family (Xp,P,) is called an (L, ¢)-superprocess, Vp is the transition operator.
Existence is known for a wide class of 1, in particular ¢ (x) = 2?/2 which is the
Brownian case considered in this paper.

2000 Mathematics Subject Classification. Primary 60G57, 60J50; Secondary 60F99.
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336 JOHN VERZANI

1.2. X-harmonic functions. Recall, a function, h, is called L-harmonic if for
all z € E one has h(z) = II;(h(¢;,)) for all D € E (D is a bounded domain
with closure in E), 7p, as usual, standing for the exit time from D. In analogy,
a function H : M(F) — R is called X-harmonic if for all finite x4 supported on
a compact set and D a subset of E, P,(H(Xp)) = H(p). In particular, if h is
L-harmonic, then H(u) := (h,u) is X-harmonic, as in general one has by the
properties of the mean operator that

Pul(o,Xp)) = [ Tw(Goytd).

1.3. The X-harmonic functions H, .., . Inthe papers [12] and [11] a class
of X-harmonic functions was introduced that arose in the study of conditioning
the superprocess to behave in a certain way as it exited E. To describe the process
we need to review killing and transformations of processes.

1.3.1. Killed Processes. Let g € By, the process £ killed at rate g is a strong
Markov process with generator denoted L9, lifetime denoted by ¢ that satisfies

IQ@GA£>U:HA®mfAQ@M%&€A<>m (12)

where, the ¢ on the right hand is for the process under L.
We define the Green and Poisson operators for the killed process as usual

G%Umw=ﬂﬂ4mf@0ﬁ) (1.3)
=mA(MPAM®MMMt
Kﬂﬂ@FﬂE%w—A 9(€2)ds) F(Ern). (1.4)

1.3.2. Conditioned Processes. The u- transform is defined for positive, L- har-
monic functions as follows. Let 7 be a stopping time, then

u 1
Hx(¢T(€)1<>T) = @HJC(@T(f)U(ET)1<>T) (1'5)
for ®,(¢) € o{&s: s <7}. If 0 < u < oo in E then this new process is a diffusion.
If u is L-harmonic, it dies on the boundary of D, if u is a potential then the process
dies in the interior of D and will satisfy

Hﬂ@@n—léwna¢@0va@nu»ﬁ. (1.6)

u(z)
For X-harmonic functions H we can define the H-transform! of X,, accordingly.
In particular we have
1

H -

PL(F(Xp)H(XDp)). (1.7)

114] uses exit laws and term this the F-transform.
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1.3.3. The functions Hy ¢, . .. The equation Lu = 9(u) in E is intimately
connected to the theory of superprocess. Let U denote the class of all positive C?
functions which solve the equation. Let u € U be chosen, and assume f1, f,..., fn
are positive functions. For a finite set C' let P.(C) denote the set of all permu-
tations of C' with r factors and P(C) the set of all permutations of C. Then for
each subset C of {1,2,..., N} define functions

c._ JEB(f) C = {i}, L8
' {G%@@ 0 S oy (0 0%)) (O] > 1, ()
where @ = ¢ (Vp(u)) and ¢, is defined by

g =1 gqx)=(-1)".(Vp(u)) for r > 2. (1.9)

Using [ to indicate the product over all factors of the permuation C, set

Hygyoooge () i=exp—(u,p) Y [[@% 1) o= exp—(u, u)H(p).
ceP({1,2,...,N}) C

(1.10)
It is shown in [4] that if the f; are positive solutions to the equation

Lo = (u)v

in F then Hy ¢, ... sy is a X-harmonic for a wide class of 1. As well, the f; are
harmonic for the process ¢ killed at rate @ and v{ = K% (f;) = f;.

In [12] the above was shown for ¢ = 2%/2. In this case, (1.10) simplifies quite
a bit. The function u solves Vp(u) = u as it is in U and ¢ =z so @ =u The
terms 4, in (1.9) involve derivatives, and in this case, ¢, = 0 for r > 2. Thus, the
term for v¢ in (1.8) when |C| > 1 simplifies to

v () = G ( Z vC100?),
P2(C)
In the case when u is the maximal solution in &/ and f; are minimal harmonic
for L9 it was conjectured in section 6 of [12] that the functions H, ¢, . . should
be minimal.

1.4. Extreme X-harmonic functions. In [4] the notion of extreme X-harmonic
functions is developed. In particular, extreme X-harmonic functions may be de-
fined as minimal X-harmonic functions on E. That is, fix a reference point xg € F
and let H(X,xo) denote all non-negative X-harmonic functions in E normalized
so that H(dy,,x0) = 1. Let H.(X) be all non-zero elements of H (X, zg) with the
property that if for any H € H(X,zo) that if H < H then H = cH for some c.
These are the extreme X-harmonic functions. Furthermore, there is a unique rep-
resentation (due in this context to Evans and Perkins) in terms of these extreme
functions

H(p) = / K (p,y)v™ (dv),
H.(X,z0)

where v is a finite measure supported on the extreme elements.
Now we state the main theorem of this paper:
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Theorem 1.1. Let E be a bounded domain in R%, L be the generator for Brownian
motion in E and (x) = x2/2. Assume

(1) The function g(x) is the unique, mazimal solution to L(u) = ¢¥(u) in E
with infinite boundary condition.
(2) The functions {h;,i=1,...,N} are extreme L9-harmonic functions.

Then Hy p, ... nhy 1S an extreme X -harmonic function.
g,n1,..., NN

Remark 1.2. Clearly from the definition of v“ in (1.8) if the h; are not minimal,
then H can not be minimal. In the case N = 0 it is clear that g must be maximal,
this is not the case in the theorem though where N > 1 is assumed. In the course
of the proof, it becomes clear why ¢ needs to be the maximal solution.

2. Preliminaries

2.1. Quick sketch of proof. The proof will follow several steps analogous to
those used in a proof by Evans ([6]) as outlined in [4]. The goal is to construct
a process related to the H-transform of the superprocess. A process in [12] was
shown to have an equivalent Laplace transform. This process is extended here to
show that and its “backbone” process (similar to the immortal partical of Evans)
is related to the H-transform. Then it is shown that only the backbone process
contributes to the tail events. Finally, the backbone process is shown to have a
trivial tail.
The proof requires the following ingredients.

2.2. An associated Markov chain. Fix {D,} to be any sequence of domains
with D,, € E, D,, C D,, C D, 41 and UD,, = E. We define transient Markov
chains by &, := §;, and X, := Xp, . Let Fcp be the o-algebra generated by
Xp when D' c D, F, = Fcp, and F5p be generated by X when D" > D.
The latter chain is Markov due to the Markov property of the superprocess, namely
if A€ Fcp and B € F~p then

P,(AB) = P,(APx, (B)). (2.1)

2.3. The extended moment formula. The fact that Hgp, .., is harmonic
follows from a moment formula (Theorem 4.1 of [4]) which takes the following form

with C' = {1,2,...,n}.

Pulexp —(u, Xp) [ [ (i Xp)] = Pulexp —(uw, Xp)] > [[vm). (2:2)

ieC YEP(C) |l

3. The Superprocess Conditioned to not Charge the Boundary

The class U is defined as all functions which are solutions to L(u) = ¢(u). If g is
in U then the function Hy(u) = exp —(g, p) is X-harmonic. Let the H-transform
defined by H, be referenced with a tilde. and the resulting process be denoted X.
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Then for D €@ E we have

Pu(exp_<U,XD>) = Hgl(u)P,u(eXp_<U,XD> exp — (g9, Xp)) (3.1)
- exp<lTﬂ>eXP—<VD(U+Q),u>, by (1.1)

= exp —(Vp(u), ),
where

Vp(u)(2) == (Vp(u+g) — g)(x). (3.2)

Lemma 3.1. If g is mazimal and H,(p) > 0, then under P the process X, is a
super process conditioned to not charge the boundary of E.

Proof. The Hg-transform of X is a strong Markov, measure-valued process. We
show that for all 1 with Hy(p) > 0 one has for € > 0 lim,, P, ((1, X,,) > €) = 0.
By Chebyshev’s inequality we have for a fixed € > 0
0 <P,[(1,X,) >

< ZBl{L %)

1

= gy Pl X By (X0

= L exp—(Valg), ) (K1), 1) by (2.2)

T Hg(p)
The proof will follow by showing that K9(1) goes to 0 as n goes to co. As
g €U, V,(g) =g, it is enough to show

K9(1)(x) := T, fexp / " (Va(g)(€))ds] (3.3)

— T fexp - /0 " (gle))ds] — 0.

By assumption, the function g is the maximal solution in F and the unique
solution with infinite boundary condition. From [3] chapter 11, there exists a
function with fine trace representation (9™ E,0) which is the minimal o-moderate
solution in U which blows up on the boundary of E. Because we assume such a
solution is unique it is our g. Thus the singular set SG(g) is 9™ E which says that
for all y in OM E we have

C ’
| / ¥ (9)(€)ds = 0] = 1. (3.4)

In particular, IIY — a.s one has

/O " (g(e))ds — . (3.5)
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We need to show this is true for the unconditioned process. We use the charac-

terization of the h-transform as a conditioned process. (That is, as in proposition
2.7 of [1] one has I, [A] = [, [A]Py[X;, € dz] for F;,-measurable A.)
As equation (3.5) is true for all y € OF we have with A,y denoting the event

{J7 ¢ (9(&))ds > M} that

I, (A ) = / I (Anas | Erp = 9)T(Ery € dy)
- / T (A )TL (6, € dy)

— /11‘[96({@ €dy)=1, asn— oo.

Thus, for all M we have

tim L ([ W (g(€))ds > M) = 1,
n O
which yields
limHz(/ W (g(€,))ds = 00) = 1.
n 0

Consequently equation (3.3) holds. O

4. Labeled Trees

The backbone process will be a labeled tree — a branching diffusion where the
particles carry along a certain label that makes the process Markov. This section
fixes some notation for labeled trees and then defines the Markov process that will
be the backbone process for the conditioned superprocess

4.1. Definition of a labeled tree. We define a labeled tree in terms of an index
set which governs the branching, a collection of paths which are the segments of
the trees and a consistent collection of labels.

An index set: Let 7 = {0} ® U, N". For an element a = (6, a1, as, ..., ay),
define the length |a| = n (|0] = 0), the truncation operators for j < n by
ti(a) = (6,a1,...,an—;)if |a] > 1 and () = J . Set t(a) :=t1(a). A set of
tree-indices is a subset Z € 7 subject to the tree-consistency requirement
that

a€l = tla) €. (4.1)
For a set of tree indices Z define sisters(a) := {b € Z : t(b) = t(a)}.

A set of labels: Let C' C N be a set of labels for the tree. A tree-adapted

labeling is a map 9 : a — C® from 7 into subsets of C' such that

Ct(a) = UbESisters(a)Cb (42)

and the C%,C? are disjoint if a, b are sisters. Denote 7 (C) to be the class of
all binary trees with distinct tree-adapted labelings. such that ¥(§) = C.
Such trees have a recursive decomposition as follows

T(C) = {8,C} UUpyyT(Ch) © T(Ch). (4.3)
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The first term corresponds to the tree which does not branch, the other
terms decompose a branching tree into the the trees that made from the
first two branches.

A tree based on 7Z: . A continuous tree with a tree-index set Z is defined
as a mapping from 7 into the space of continuous paths in £ with finite
lifetime ¢. That is, each path is a pair (w, () with the understanding that
w(+) is continuous on [0, ) with a left limit at (. We denote the mapping
with superscripts: ¢ : a — (w?,(%).

We impose a continuity condition on the paths:

w®(0) = w ("W). (4.4)
For a finite index set Z, define the boundary of Z, 0Z, to be those a

which are not the image of ¢(b) for some b € Z (0Z :=7 \ {t(a) : a € I}).
Define the history of a path y*(s) by

" w’(s) s< (0
y'ls) = {wma)(s _ ctrn@) (45)

where j is chosen so that
n n
SRR
i=j+1 i=j
This is just the branch from the root to the path associated with a.
Isomorphisms: We are really concerned about trees labeled by subsets of

C' and not the index set. Suppose we have two index sets Z and 7' with
maps ¢ and ¢ (and ¢/7’(/)/), and a map 6 : (I) — 7' such that

d(a) = ¢ (0(a)), (a) =¥ (B(a)),

then we say the two labeled trees are isomorphic.

A Forest: A forest will be defined as a finite collection of labeled trees. The
labeling sets are assumed to be disjoint. We use the same notation for
a tree and a forest, letting context be the guide. We define |Y| as the
number of trees in a forest. If we wish to refer to individual trees within
a forest we will use use a superscript. That is, despite the awkwardness,
we enumerate a forest by T = {Y!, ... T}

4.1.1. Tree functionals. We define several functionals on a labeled tree.

Tree integrals: Let f be a real-valued real function. Define the tree integral
of f as an integral along each segment of the tree:

)
Wy =% / F(w(s))ds. (4.6)

a€l

We remark that the tree integral is obviously linear, and by Fubini’s the-
orem satisfies the following for positive functions:

« / £ t)de, T)) = / (F(o 1), 1))t (4.7)
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A Forest Integral: The forest integral uses the same notation and is simply

the tree integral over all the trees in the forest:

|7

{(u, 1)) = Y ({u, 17)).

i=1

The pre-D tree.: Let D € E and define the tree stopped on first exiting

D by setting Tp = {a € T : (@ 4 ... 4 (1@ < 75(y)} (the paths
have not exited D before their last branch), w*(-) for a € Zp by w* = w*
if Tp(y*) = oo and (w*(-), 7p(w?)) if 7p(y*) < co. Thus, the paths are
always inside D and the boundary paths just exit D. The labels stay the
same only restricted to Zp.

We refer to the stopped tree as Tp. A stopped forest has a similar
definition.

The post-D forest: For a tree T and a domain D € F we refer to the

post-D forest as the paths after first exiting D. In particular, For each
a € 0Ip we have a tree started at w?((*—) (the w are for the stopped
tree, the w reference the original tree). The initial segment is w%(t) =
w(t+71p(w®)),0 < t < (*—7p(w®) := ¢?, the other segments are the same
as before only reindexed. The new index set for the tree corresponding to
a€ 0T isToOp :={tq(b):bcTt;j(b)=a for some j > 0}.

We refer to this post-D forest by the notation T o ©p.

The exit tree: We will be interested in how the tree exits D. For boundary

paths in T p we have the exit points {z% := w*((*—) : a € dZp} and their
corresponding labels. Let TP = ®(z?, C%) (we use TP if we wish to refer
to tree i in the forest T). Clearly, C® partitions the original label set C.
We will refer to the state space £ = £p ¢ in several ways as is convenient.
In particular,one of these ways:

e as a product of points and disjoint subsets

U & (2 x Cy)y2 € B,C = (Cy,...,Cy),
e as a vector of points and a partition of C
UILE™ x P,(C),
e or, as an atomic measure on F with mass r and a partition
Ul M, (B) x Po(C).

We will refer to the pieces of an exit tree as follows: m . TP will denote
the atomic measure »_ ¢,, formed by the exit points z1, s, ...z, which
are denoted by z.Y? and p. TP refers to the partition of the set C given
by TP.

Remark 4.1. Equipped with this notation we remark for future usage the relation-
ships for measurable u, v

{{u, 1)) = ((u, Tp)) + {{u, T 0 Op)) (4.8)
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and if D € D’ then
, P17 -
0, TP ) = (v,m.Tp)= > (v,m.(LoOp)""). (4.9)
i=1
That is, the tree integral breaks up into two pieces depending if the paths have
exited D yet, and the exit points are unchanged when the shift is applied.

4.2. Definition of Tp, Y. We now construct a random labeled tree that gives
the backbone of the conditioned process. This is the same process identified in [12].

4.2.1. A non-homogeneous branching diffusion. Let C be a subset of {1,2,..., N}
and functions h; : i € C' be LI-harmonic. Recalling the definition of v based on
h in (1.8), we inductively define a branching diffusion under a measure II$ as
follows:

The process starts at x and evolves as a Lo particle until its lifetime (.

If |C| = 1 then this occurs on the boundary of E and our tree is just Z = {4},
w® the path up to its lifetime ¢° and labeling C% = C.

If |C] > 1 then the function v® is a potential as it satisfies

v = G ()

P2

Thus the L9 process will die in the interior of E. Pick a random partitioning
of C' according to the probability

vC1y©2
C14,C
ZPQ(C) v lv 2

Then for ¢ = {1,2}, let a; = (4,4) and the a;-particle evolve as a L9 particle
started at £ stopped at its lifetime and labeled by C;. Again if |C;| > 1 these
particles will die in the interior.

Repeat this until eventually there are |C| particles each evolving as a L9h
particle which die on the boundary of E.

This process will be continuous I7¢ a.s. and so will be a labeled tree.

P((C1,C2)) = ( )(&e-), (C1,C2) € P2(O). (4.10)

4.2.2. The branching forest. We extend the previous definition to a forest. Let
C be an initial index set, and v € P(C) and points z1, s, ...z, be given. The
forest T evolving from x x « is given by evolving |y| independent trees started
from the z’s. Let IIg (4, x~,) be the measure under which T evolves. Then one has
for all D € E by independence

g (2, x:) (exp —((u, Tp)) exp — (v, T7))
vl
= T2 (exp — (. Th) exp — (0, 1)), (4.11)

We now show that the branching forest is a Markov process in the following
sense.
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Lemma 4.2. Let D € D' € E. Then for any initial planting of the forest x x
we have

Mo lexp —{(u, T} exp — (v, T2)]
— M,y (5D — ({1, Y p)) I exp — ({11, T'p)) exp — (v, T2 )]).

Proof. We note that it is clear from the construction of T under II that given the
information contained in T2 (the exit points and labels) that the pre- and post-D
forests are independent. Thus, from the decompositions in (4.8) and (4.9) we have

Moy lexp —((u, T o)) exp — (v, T2)]
= ey lexp — ({1, Tp)) exp —({u, (T 0 Op) ) exp — (v, (T 0 ©)P")]

’

= Hg (a;xyp)lexp —((u, Tp)) [exp —((u, (Y 0 ©p) ) exp — (v, (Y 0 ©p)” )
| 7))

= Mo 0D — (T p)) o exp — ((u, Y ) exp — (v, T2 )]

5. Proof of Theorem 1.1

The goal of the proof is to give a tractable representation of the H-transform
of X,. This representation is in terms of a measure, Z,, and a “backbone”, YT
(below). One then shows that the tail information is determined by only the
backbone process. This relates the tail of the superprocess to that of a diffusion
which allows us to say the tail o-field is trivial.

5.1. The random points (Yp x TP, Q7). The following lemma is used to con-
struct a piece of the conditioned process. In particular, it describes a measure Yp
and a backbone process TP.

Lemma 5.1. Let D € E and p be a finite measure on D. For each x € D and
v C {1,2,...,N} there exists a random point (Yp x TP) € M(D) x €p., and
measure Q7 for which

Q3 (exp —(u, Yp) exp —(v, TP)) = 117 [exp —((Vp (u), Tp)) exp —(v, T7)],
for all measurable u,v > 0.

Proof. Using the results of section 5 of [4] applied to the infinitely divisible measure
X p we have that there exists a canonical measure R = Rp which satisfies

P,y (exp —{u, Xp)) = exp— /Ma = e ) Ry, d).

Fix a labeled tree T = T p stopped on exiting D and define a Poisson random
measure on M (A, PT) with intensity

AC) = ((Rp(-,C),Tn)). (5.1)
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Then, we can define Yp by its action on measurable functions:

(u,Yp) = /M (u, v)A(dv). (5.2)

Now by the definition of a Poisson random measure with intensity A\ we have

Tlexp — v V)| = exp— — e FW) v).
PTlesp= [ FO)M@)] =exp— [ 1 A(dv)

In particular, when F(v) = (u,v) this becomes
PY[exp — / (u, v)A(dv)] = exp — / (1 — e~ PN\ (dv). (5.3)
M M
However, by (3.1) we have
Plexp —(u, Xp)] = exp —(Vp(u), u) = exp —/ (1 — e “NR(p, dv)
M

or, for all =

Vp(u)(z) = /M(1 — e WD R(x, dv), (5.4)
which leads to
PY[e{0Y0)] = P (exp - / (u, VYA () (by (5.2))
M
—exp /Ma e\ () (by (5.3))

e [ (= (RED)LT) by (51)

—ep—(([ (1= CDRCALT) by (@)

= exp—{(Vp(w), T)). (by (5.4))
Finally, define a measure QY on M x & by randomizing T according to II2:

@1(C) = [ Mm@ PI(¥p, 1) € O).

Then the pair (Yp, YP) satisfies

Q1 (exp —(u, Yp) exp — (v, T7)) = / I(dY) P (exp —(u, Yp) exp (v, T7))
(5.5)
— 3 exp (Vi (w), Tp)) exp — (v, T7)].
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5.2. The process (Z, X T", Q. o(x:ix~)). Fix a “forest” v € P({1,2,...,N}),
starting points 1, z2, ..., 7, and initial measure p supported in D,.. Then define
the process (Z, x T",Q, o(x:x~,)) as follows. For each i = 1,2,...,|y| define
independent Y/, T*" under Q' as above. Then set for n > r

7]
Zn(w) = Xn(wo) + Y Yi(ws),
i=1
T (w) = ®Ti’"(wi),
Qu,@(zi,'yi)(dw) = I@u(dw()) ;i (dwl) s Q;m (de). (5.6)

Lemma 5.2. For all v € P, and x1,...,2y € E, The process (Z, x T") is a
Markov process under Q@ (z;x~;)- Furthermore, the process Y™ under Q evolves
like the branching diffusion based on hy, ..., h, described in section 4.2 stopped on
leaving D,,, that is (YPn IT).

Remark 5.3. The process is almost an example of Branching Exit Markov system
on E ( [3]). The difference being the need to carry the extra information contained
in the labels to make a Markov process.

Proof. The last claim follows from the first by projecting onto the second coordi-
nate after remarking that the law is correct by (5.5)

Qu,@(wi Xi) [exp *<”U, Tn>] = H®($i XYi) [exp 7<Ua Tn>]

To show Z,, x T™ is Markov, it suffices to show if u € M(D,.), x; € D then
for r < m < n that for u,v measurable functions that

Qu,@(fm XY3) [eXp —(u, Zn> exp —(v, Tn>]
= Q0 (x:x7:) (@2, x1m [exp —(u, Zy) exp — (v, T")]]. (5.7)

Working from the inside out, right to left we have

Qz,, xm[exp —(u, Z,) exp —(v, T™)]

[p- X [p ™|
= Qz,, x1m[exp —(u, X,,) exp — Z (u, Y, ) exp — Z (v, T5™)
i=1 i=1

x|
= ]f”zm [exp —(u, Xn) H ng [exp —(u, er) exp —(v, Ti’”>]]
i=1

17|
= exp —(Vn(u), Xm> H exp —(u, Ynjz>
j=1

‘p.’rm" i . .
H Q;,}n [eXp —<u’ Y71> exp — <U, Tz,n>].

i=1
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Then the right hand side of (5.7) becomes by (5.6)

Ivl A
P, [exp —(V,,( exp (0, Y2V QY [exp —(u, Y
! Zj m
|p.Tm| i . .
H givl"'" [exp —(u,Y,)) exp — (v, T*™)]]
i=1
- vl
= exp _<V V H exp — U Y] [

exp —((Vin (u), 1 >> I [exp = (Vo (w), X3)) exp — (v, T

The Markov property of X,, ensures us that Vin (V (1)) = Vi (u) (from simplifying
Ps. [exp —(u, X,,)] = Ps, (P~ [exp —(u, X,,)])). We have using (5.2)

exp = (Vi (), i) g (o, iy [exp = (Vi (w), T5,))
X Iy [exp = (Vi (u), T3,)) exp — (v, T"™)]]
= exp —(Vu (u), i) g (o, 0 [exp — (Vi (w), T},)) exp — (v, T™)]
vl
:Iﬁ) [exp HQ X;,79) [exp <u y" >exp < aTn>]
= QM@(XW,YJ-)[eXp —(u, Zp) exp —(v, ¥™)].

O

Finally define a measure I@H by randomizing the choice of v and the z; as follows.
Let P,(d7v) be the probability of selecting a random element of P({1,..., N}) with
probability

H’y <’U’n /‘Lﬂ >
2op((1, N L5 (07 1)

Then given a forest, we plant it by selecting starting points ;, z2, . . . z|| according
to the probability measure P] as follows

Bu(dy) = (5.8)

P(dn - dryy) = e HW @) pldas). (5.9)

Then we can define the measure I@’M on M as

Bulr) = [ Pudn) P (o doiy) Qe ) (@) (5.10)

Where we abuse notation for the measure @) by restricting it to just Z,.
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5.2.1. Tree picture of vY Q). We next rewrite QJ[exp —(u, Yp) -exp —(v, YP)] in
terms of integrals over labeled trees.

Lemma 5.4. Let DE E, x € D and vy C C. Set
¢ (x) = v (2)QY [exp —(u, Yp) exp — (v, YP)].
Then we have the recursive formula
¢ (@) = Kp 07 (e O)(@) + G Y (67 ()67 ()](@). (5.11)
P2(7)

Remark 5.5. This is essentially contained in Lemma 4.4 of [12]. As such, we skip
the proof but note that here is where we use the fact that ¢ (x) = 22/2 so that
¢’ (2) = 2 when we identify

K59(f) () = T, [(exp — / " Vo (ut 9)(€)ds) F (6]
=MLl [ Volu+ g)(E)ds)f(6)
0

. . +
and similarly for G},™.

Remark 5.6. A closer inspection of (5.11) reveals an underlying tree picture for
binary branching. Recall the decomposition of tree-adapted, labeled trees in (4.3).
If we define an operator IL : T () — Ry by integrating with K59 on the leaves
and G'5™ on the interior branches, then (5.11) becomes the following by (4.3)

v (2)Qfexp —(u, Yp) exp —(v, TP) = > L(T). (5.12)
TeT(v)
5.3. The Relationship between Z,, and X,,. We have constructed a Markov

process (Zy, Pu)» we now show how this process is related to the H-transform of
the superprocess.

Lemma 5.7. The Markov processes (X,,PL) and (Zn,If”H) have the same law.
Note: We will use the fact that the tail o-field for X,, and Z,, are identical.

Proof. We follow the proof outlined in [4]. In particular, we use lemma 8.1 due to
Rogers and Pitman reproduced here for ease of reference.

Lemma 5.8 ((Rogers, Pitman) from Lemma 8.1 of [4]). Suppose that, for every
n=0,1...., a measurable mapping ¢,, from a measurable space S,, to a measurable
space S, is given. Let An(y,-) be a Markov kernel from S, to S, such that,
for every y € S, the measure A, (y,-) is concentrated on ¢;;'(y). Let a Markov
transition function p in {Sy} is related to a Markov transition function q in {Sp!}
by a formula

a(r,y;n, B) = /S Ay d)plrasn,d) 1o [on (9] (5.13)

it
| Adoptain.B) = [ amndid G, (519

n
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then the Markov processes (X,,Prg) and (Ys,, Q) corresponding to p and g are
related by the formula

QnyfT(YT') T fn(Yn) = P:,yfr(gbr(Xr)) T fn(¢n(Xn))

where 0 < r < n, f; is a positive measurable function on S;- and

- / Ar(y7 dl‘)PT@.

We use the above lemma with the following

Sy = M(E,, ),
S, = M(E,),
(< -) = p,

L= /Pu(dW)Pl(dﬂfl dayy)),

By construction, A is concentrated on ¢! and A is a Markov kernel. The
trouble is verifying equations (5.13) and (5.14).
For a measurable f we have

An(u,f):/ Ap(pydv x dY)f(v x T)
M(En xE)

= [ a0 se 1),

To verify (5.13), apply the above to the function exp —(u, u) to get that it is
enough to show

Bl fexp —(u, X)) = [ AAY)Quxlexp —{u,6(Z, x To) (5.15
— [ Pua) Py dnp ) Qoo lexp (0.2

The formula (5.15) is previously shown in remark 5.9 of [12]. It is not repeated
here although the notation is different as the basic ideas are presented in the
verification of (5.16).

To verify (5.14) it is enough to show it for functions of the form exp —(u, u)-
exp —(v, T) which means we need to verify

/ﬂ(dT)Qu,T[exp—w, Zn)exp —{v, T™)] (5.16)
=P/ (An(Xn, exp —(u, ) exp —(v,)))

= ]P’H [exp — /Pxn (dzy---dx)y)) exp — Z&
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We begin with the H-transformed side. Using (5.8), H (1) = exp —(g, u) - H (1)
and (5.9) we have

Pf[exp—(u, Xn>/ (d’}/) (d$1 dCL'|.y| exp — Zé
> ovep(ii2,...np L, (07 Xn)
Y sep(ie,...np 50 Xn)

IL, J v (Ii)ev(zi)Xn(dxi)]

_ pH
- IP),u [exp _<ua Xn>

H’y<v’Yi?X’ﬂ>
1

= PH [exp —(u, X,,) W (e 0, X,)]

: > sepiz,...np 507, 1:[

1 1

= ——P,[exp—(u, X,,) =———H(X,) > [T (e, X))

H) H(Xn) veP({1L.2...N}) 7

1

2 Pulexp —(u +g, Xy 07 (e X))
H(p)exp —(g, 1) 'yeP({%...,N}) el >]1:[< g )

Which by Theorem 4.2 of [4] becomes:

e (Vpluta) ) Y S{Las.  (517)

H(p) exp —(g, ) ~eP({1,2,..N}) A()

The new notations A and Ly are from [4] and correspond to integrals over a certain
type of forest and will be explained further below.
We can simplify the “Q” side of (5.16) to get

/PM(dV)PJ(dxl T ml'yl)Qu,@(mi x'yi)[exp _<u7 Zn> €xXp —<’U7 ’rn>]

U'Yi, 1 ~ 5
_ ZWEP({I,Q,.A.,N}) Hy< ) B, [exp — (u, Xo)]

Ssertirannn 07 TL T )
H/v% p(da;) QY [exp — (u, Y1) exp — (v, T4™)))

=L Bfexp—(u,

H()

)]

%,
/ o7 () () QY fexp —(u, V) exp (v, To)]
767’({1,27 SN} Y

o i
=y Pt
S T OQ exp —(u. ¥;) exp — (0, T5)], 1)

veP({1,2,...,N}) ~
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1 - .
= ——P,[exp —(u, X,, i
) [exp —( )] 7ep({%ﬂ}ﬂ)l;[@ﬁ 1)
1 - .
= ——P,[exp—(u, X,,)] L(T). (by (5.12)) (5.18)
Ay weM{lza:,...,N})l:[TeTm) !

But (5.17) and (5.18) show the two sides of (5.16) are equal provided

) II > un-= > > {Las ). (5.19)

yeP({1.2,....N}) ¥ TE€T(vi) ¥eP({1.2,....N}) A(%)

The left hand side becomes the sum of all forests with initial planting given by ~
which consist of tree-adapted labelings. That is

[v]

> ST (5.20)

veP{1,2,....N}) T () i=1

The right hand side is described in section 4 of [4] as a sum over frames, which
are rooted trees described by their exit sets or leaves. The functions IL are identical,
where the exit leaves are labeled by functions v7e™" for some 7. The equivalence
comes as one side describes the trees by their initial planting, the other by their
final leave structure. As both describe forests, and each tree in the forest has a
1-1 relationship with its root labeling (v;) and it’s final leaf structure (U;ec9;,C €
P(1,2,...,|7])) the two sides represent the same value. O

5.4. Tail events for (Z, x T™). The measure Z, has two contributions — the
initial mass started at p and evolving under P and the measures Y,, correspond to
mass “immigrated” along the backbone process. In all cases, this mass is condi-
tioned not to charge the boundary of E by the function g. As such, there should
be no contribution to the tail events from this mass. The following quantifies this.
At first glance it indicates that the initial mass p is not important, but using the
Markov property, we will see that it applies to the measure Z,, as well, that is all
the mass that accumulates as the process leaves D,,.

Lemma 5.9. Let C be a tail event of Z,, x Y™. Then

Q& (2:x7) [C] = Qo,@ (i x7:) [C]-

Proof. The proof of this is nearly identical to that in step 4 of Theorem 8.1 in [4].
It is repeated here for ease of reference.

We have by (5.6) that for functions g(Z, x Y™) = exp —(u, Z,) exp —(v, T™)
that

Qu,(gcx'y)(g(zn X Tn))
- / B (o) Qo o) (Ao )l(K () + Zu(w1)) X T"(w1)].

By the multiplicative systems theorem, this holds true for all measurable g.
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In particular, let C' be a tail event of Z,, x T,,. That is, C' is in N,F5p,. Then
by the Markov property of Z,, x T™ we have

Qm(wxv) [O] = Qp,,(w Xx7) [QZn, xrn [OH

— [ Bulon) Qo (g (w0) + 2o r) x T,

where g(-) = Q.[C]. By considering the two cases X,, = 0 or not we have the
above decomposes into two terms I,, 4+ .J,, with

I, P;t(dWO)l(Xn(WO) = O)QOXT" (dwl)[g(sz(WO) + Zn(wl) X Tn)]

]@#(Xn = O)QO,(wX'y) [C] - QO,(wX'y) [C]a

I
—

and

Jn = [ Bu(dwo)l(n(wo) £ 0)Qosrn (dwn)[g( K (wo) + Zn(wr) x T™)

< If”u(f(n #0) — 0.

—

Thus, letting n — oo we get @, (2x)[C] = Qo,zx1)[C]- O

We now define a process on the N-fold Cartesian product of F by combining
N independent copies of £&. Let EY = @Y | F, and define a process

(En’HhN)7 ET’ = (€}L7§72L7"§7]lv)

with generator LN9 = @ L9. Finally, let

RN (z1,...,an) = th(xl)

For short we write h = h¥V.

Lemma 5.10. The function h(z) is L™9 harmonic. The h-transform of = has
the following form

N
i=1

(z1,--ZN)

Proof. Clearly h is harmonic as it is in each term. Further, by the definition of
the h-transform, we have with x = (z1,...,2x)

HZ(Al XX Ay) = I, (A X --- X An; R(ZE))

L

- ﬁnx(/xl X oo x Ayiha(Ed) - h(Ex)



A CLASS OF EXTREME X-HARMONIC FUNCTIONS 353

h(z)
1 1
iy Mo (A1 (€0)) Ty (Awhy (€)

(@) by (@) T s

= LHI(Alhl(ﬁn) X X ANhN(grlL))

N
= [k 4.
=1
O

To finish the proof we will show the tail o-field for Y™ is the same as that of =
and that this process has a trivial tail field under our assumptions on H and g.

Lemma 5.11. The following implications hold
" is trivial = II. is trivial = Q.. is trivial = ]f”# is trivial.

Proof. Work from the right-hand side back. Recall, a tail o field is trivial if the
probability of any event is either 0 or 1. Let A be a tail event of Z,, x T™ under
Q. x.. Then we have

BL[A] = (@, [A], 1) = (1r(A), p) = 1r(A).
Hence it is trivial.
Next, suppose A is a tail event of Z,, x Y™ under Q. Set ¢(-) = Qo,.[A]. Then
by lemma 5.9 and the Markov property of Z,, x T™ we have with T" denoting any
starting forest and p concentrated on D,

d(Y") = Qo,xr[A] = Qurr[A] = Quxr[Qz, xvn[A]]
= Qur[Qoxrn[A]] = Qox-[Qoxx=[A]] = Qo,xr[(Y")].

So ¢(-) is harmonic and ¢(Y™) is a bounded martingale. It converges to ¢ say. We
have T" under Qo vy~ evolves as T™ under Iy~ and so by lemma 5.2, ¢ is in the
tail o-field of (Y™, IT) hence is trivial by assumption. Thus,

Qurr[A] = Qe Qo [A]] = Ie (B(X™)) — I (6) = 1r(A).
That, is the o-field is trivial.
Finally, we show the first implication. Let A be in the tail field of (Y™, II).
Then set ¢(-) = II.[A] as before. We have, again,
O(Y7) = I+ [A] = Iy [Iyn [A]] = - [p(XT))].

So ¢(-) is harmonic, and ¢(Y") is a martingale which is bounded, hence convergent
to ¢ say.
We have the following decomposition for all n > r
¢(Y") = Iy Iy, [A; |p. Y| = N] + Iy [IIy, [Al; [p. T"| < N]

=1, +J,.
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We have by the construction of Y™ under II J,, — 0. Thus, if I, converges to an
indicator independent of Y" the result will follow.

Recall, that once the branching tree T, is labeled by a set C' = {i} the particle
evolves like a h; transform, independently of the other particles given their starting
points. Thus we have for all m > n

I, = Iy [IIy, [Ty m [A]}; |[p. T"| = N]
=Hw[H’;2n[Hamx{1,z ..... N}[A]H

— Iy [ [6]]
=0,

as ¢ is in the tail of Z under k" |

Theorem(1.1) is proven if we can establish the following lemma which states that
the tail o-field process composed of N-independent h-processes is trivial when each
of the processes has a trivial tail field. By the last lemma and the fact that the
tail fields of (Z,, Pu) and (Xn,PLl) are identical.

Lemma 5.12. The tail o-field of =, is trivial.

Remark 5.13. There are two different ways to prove this — do it for the continuous
process and discretize, or do it for the discrete processes directly. To do the
former, we would generalize the bitransform approach in [10] to multitransforms
applied in the rectangular setting of EYV. Then use the fact due to Molchanov [8]
(see Taylor [13] as well) that the extreme harmonic functions for products are
products of extreme harmonic functions for each coordinate. Finally, one could
discretize by considering the appropriate lower-levels in the language of [10].

However, the transient nature of the discretized process =,, makes a direct proof
possible and so it is shown.

We let p(r, z;n, :z:,) be the transition probability for =, to go from z € 9D, to
z € dD,,. As usual, define the Green operator by

Go(1)@) =TS FED) = [ Yoptraina) ) = [ onla) )

n>r n>r

Note, by the transient nature of =, that if z° € dD,, then gr(z, a:,) = p(r,z;n, x/).
Define the Martin kernel by

gr(z,y)
gr(2°,y)
and the Martin boundary to be the minimal topology for which K,.(x,y) extends
continuously to EYY x EN and which separates points. Such a compactification of

EV exists and furthermore, there is a representation of Z-harmonic functions over
the extreme Z-harmonic functions:

W) = / K, (z, y)v" (dy)

K. (z,y) = ,(z,y) € BN x EN
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Now, due to the simple form of g,.(z,y) as a single term, it is clear that g,(z,y)
factors as follows

N
gr(@,y) = [[ " (e,2%im, ¢),
i=1

where p" is the transition function for the conditioned process & with z =

(x',22,...,2N). As such, the martin kernel also factors on EN x EV. As each

individual factor converges, this extends continuously to E and we have that the
Martin kernel factors on the whole space EN x EN.

By the uniqueness of the representation of Z-harmonic functions in terms of
extreme elements, we get that A" is extreme and hence minimal.

To see that it has trivial tail field then follows by a standard argument (e.g. §5.5

of [4]). Namely, if C is a tail event, and one sets ¢(z) = HZ.N(C) then as
¢(a) =101y (12 [C])

so that (¢h)(z) = I, ((¢h)(E,)) and so ¢h is E-harmonic, which by minimality
implies ¢ is a constant. That ¢ is 0 or 1 comes from the fact that ¢(X,,) is a
bounded martingale hence convergent, and by the Markov property converges to
1c.
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