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Thii a p/Le,vZm oi a. pontlon oi tko. V^^OAtatlon oi VM2.d Watkins. 

Wc ph.ovz a doAyivatbjQ, THE LEMMA,caZle.d THE NEW LEMMA wfUck -tuAiu 
out to be, quite, heAe, and tn BilZ Jone^' mn,k on aonttnuou6 Heyting 
atgebaui [6ee SCS Memo Ho^mann-Jone^ 5-29-79). 

In the tnveAtigatlon o{, the ^pectAoZ theory o^ C*-algebAcu one t& Aeduaed 
to the 6tudy o^ continuous Heyting algebras and maps between them u)hlch oAe 
just CL-mo-n.phlsm6, We knou),oi couAse, that this is not enough ^OA a simple 

tAanslatlon oi continuous Heyting oZgebAa theoAy Into the topology o^ locally 
quaslcompact sobeJi spaces along the pAogAam outlined In "The spectAol theoAy": 
The moAphlsms which one has to consldeA by necessity do not pAeseJwe spectAa, 

A6 long as this issue Aemalns unAesolved one cannot talk about spectAa 
C*-algebAas In a {^uncto^Ual fashion. 

In this AepoAt ive pAopose a solution to this pAoblem, We explain In which 
way the spectAum o{^ a continuous Heyting algebAa can be made ^unctoAlal on the 
big cat ego Ay, and what the Aange categoAy has to be, 

A ^ew comments will Indicate the thAust o^ Watkln^ ' dlsseAtatson. 
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1) A new Lemma on primes 

We propose a new lemma on primes which is proved with the aid of 

THE LEMMA. The new lemma will be applied widely in the remainder of the report 

and in SCS Memo Hofmann - Jones 5-29-79. 

U. REMINDER. Let S be a continuous Heyting algebra (ctHa). Then for all s£ S 

we have Spec T s = T s n Spec S . 
1.2. LEMMA . Let S be a ctHa and T a complete lattice.Suppose that 

f:S >T is an INF^ -morphism such that f ^(0) = If £ Spec T , 

then Og £ Spec S. 

Proof. In S we have 0^= inf Spec S, whence 0^=f(0g) = .f(inf Spec S) = 

inf f(Spec S). Thus by THE LEMMA (Compendium V-1.1), there is a p £ (Spec S) 

such that f(p) = 0. By f (0) = ^ o|we have p = 0, and thus 0£ (Spec S) 

Now (Spec S)~ U = ^'PRIME S (Compendium V -3.5 ff).Thus we know that 0 

is a pseudoprime in S. By definition (1-3.24) this means that there is a prime 

ideal I of S with 0 = sup I. But then I = and thus 0 is prime. O 

1.3. THE NEW LEMMA. Let S be a continuous Heyting algebra and T a complete lattice. 

Let f:S > T be an INF1^ -morphism and q a prime of T. If for some s £ S 

we have f(s) ^ q, then there is a p € Spec S such that s ̂  p and f(p) ̂  q. 

Proof. The!set ^q is a prime ideal, thus the zero of the Rees quotient 

T* = T/ ̂  q is prime. If we let f':S >1' be the composition of f with the 

quotient map T —• T/ then we must find a prime p £ ^ s O Spec S with 

f'(p) = zero, for then f(p) ̂  q. Thus w.l.g. we assume that q = 0 = f(s). 

Now f~^(0) is closed in S under arbitrary infs and directed sups; let m be 

a maximal element of f ̂ (0) with s ^ ra and set S' = ̂  m. Then m is the 

zero of S' and f(m) = 0. If we find a p £ Spec S' with f(p) =0 we are done, for 

then p £ Spec S by Reminder 1.1 and s ̂  m 4 p.Moreover, S' = Tm is a ctHa. 
Thus we may assume w.l.g that S'= S,i.e. that s = 0 and that 0 is maximal in 

f~^(0).But this means f~^(0) = J 0^. But now Lemma 2 applies and proves the claim 

of the new lemma. • 
The following is a first application which we will use presently. 

1.4. LEMMA. Let S be a continuous Heyting algebra and R and T complete 

lattices with primes r and q,respectively. Suppose that f:R ^ S is any 

map and that g:S—>T is an INpt - morphism. If gf(r) $ q, then there is a 

p £ Spec S such that f(r) ̂  p and g(p) $ q. 

Proof. We apply THE NEW LEMMA to g:S >T with s = f(r). Q 
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2) The functor Spec 

In this Section we deal with the category DCL of continuous Heyting algebras 

and ̂  -morphisms between them. This category is to be recognized as being larger 

than the category ̂  of continuous Heyting algebras and CL-maps which are upper 

adjoints of cHa morphisms. Our eventual goal is to identify the category DCL on 

the space level. We know the right objects to look for: They are the locally 

quasicompact sober spaces. But what are the morphisms between them? We also know 

the assignment on the object level,namely, the associating of the spectrum to 

a ctHa. In which way can this assignment be extended to a functor defined on DCL? 

This IS important for the applications to C*-algebras, since we do have a contra-

variant functor from C* to DCL given by the lattice of closed two sided ideals. 

If Spec is functorially defined on DCL then we have finally found the way in which 

the spectrum of an arbitrary C*-algebra is functorial (modulo technicalities in­

volving the possible difference between primitive ideals and closed prime ideals). 

Our first definition is an extension of the category SET of sets and 

functions. 

2.1.DEFINITION. Let X and Y be sets. A multivalued function (mvf) F:X —>Y 

is a binary relation F C X * Y with ^ = X. For A £ X and B £ Y 

we write FA = F(A) = pr^CF f) pr^ ̂ A) and F ̂ B = F ̂ (B) = pr^CFflpr^ B) . 

Finally we write F^ ^^B = X: F(x) C BjP. 
If F:X—>Y and G:Y >Z are mvf's , then the relational product G o F = 

^(x,z) : there is a y such that (x,y) I F and (y,z) c G| is a mvf. 

The mvf's form a category with sets as objects and the relational product as 

composition. We call it the category of sets and multivalued functions and denote 

it MSET. n 

Now we introduce the analog of MSET for the category TOP of topological 

spaces and continuous maps. 

2.2.DEFINITION. The mvf F:X >Y between topological spaces X and Y is called 

continuous iff FA S (FA)~ for all A C .X.It is called continuous and closed 

iff FA = (FA)~ for all A £ X. It is called proper iff it is continuous and 

closed and the set F is quasicompact for each quasicompact saturated set 

Q C Y. (See V-5.2) The category MTOP has topological spaces as objects and 

continuous mvf feck's morphisms; composition is as in MSET. The category LOG 

is the category of locally quasicompact sober spaces and proper mvf's, which 

have the additional property that they map points to closed sets. D 
3
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2.3.LEMMA. Let S and T be ctHa's and f:S—a DCL map. The binary relation 

{(s,t) 6 Sx T: f(s)^ t^ is a mvf and so is its restriction and corestriction 

Spec f : Spec S > Spec T. We have (Spec f) (A) = h(f(A)) for any subset 

AC Spec S , where h denotes the hull given by h(Y) = fY Spec T. 

Proof straightforward.Q 

2.4.LEMMA. If f:S—is a DCL -morphism, then Spec f:Spec S > Spec T is 

a proper mvf:.which maps points to closed sets. 

Proof, i) Continuity: Let A C Spec S. Let q€(Spec f) (A).This means that 

there is a p 6 A with q^f(p). But A = h(a) with a = inf A by the definition 

of the hull-kernel topolbgy. Thus we find f(a)^ f(p) ̂  q since f is monotone; 

hence q^ h(f(A)), and so q € (Spec f)^) since (Spec f) (A) = h(inf h(f(A)) 

f|^(fC *\I ~ -HI"f^^^S 
ii) Closedness: Let qf (Spec f) (A) = h(f(A)) = h(inf f(A)) = hCf(.inf A)) 

= h(f(a)). Thus f(,a) ̂  q- By THE NEW LEMD^ 1.3 there is' a p£ t ̂  r\ Spec L 
with f(.p) $ q» But p £ h(jLnf A)= A , and thus q H (Specif) (A) . 

iii) Properness: Let Q C Spec T be quasicompact and saturated Then by 

" The spectral theory of distributive continuous lattices! ,-Prop. 6.3, •4i^Q is 

the complement of an open filter in T, Now p £ (Spec f) CQ) means that for 

some q£ Q we have f(p) ̂  and this is equivalent to p £ f. (Q) • Thus 

(Spec f)~^(Q) = f~^(lQ) Spec S. Since f^^CI Q) is the complement of an open 

filter in S (as, T is an open filter in T), Prop. 6.3 of "The spectral theory" 

applies again and shows that (Spec f) ̂ (Q) is quasicompact saturated, 

iv) (Spec f)(p) is closed. H 
2.5. LEMMA. Let f:R ^ ̂d g: S >T be DCL-maps. Then 

Spec gf = (Spec g) o (Spec f). 

Proof. Let (r,q) £ Spec gf. Then gf(r) ̂  q. By Lemma 1.4, there is a p£ Spec S 

such that f(r) ̂  p and g(p) ̂  q,.i.e. (r,p)£ Spec f and (p,q) €. Spec g. 
\ 

Thus (r,q) £ (Spec f) o (Spec g). 

Now let (r,q)£ (Spec g) o (Spec f); then there is a p t Spec S such 

that (r,p) £ Spec f and (p,q) £ Spec g. This means f(r) ̂  p and g(p)^ q, and 

thus gf(r)^ g(p)^ q,i.e. Cr,q) £ Spec gf. p 

We have shown the following result: 

2.6 PROPOSITION . There is a functor Spec : DCL LOG which assigns to a 

continuous Hey ting algebra L its spectrum Spec L and to a DCL—map f:S the 

multivalued map Spec f: Spec S ^ Spec T with Spec f = ̂ (p>^)£ Spec S X Spec T. 

f(p) ^ • 4
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2.7.REMARK. The restriction of the functor Spec:DCL > LOG to the 

category ̂  of ctHa's and upper adjoints of cHa maps which are also CL maps 

is the old functor Spec: CH ^ LQSOB (V-5.16) 

Proof. We recall that CH maps throw spectra into spectra. In addition one observes 

that we have a natural bijection between continuous functions f:X—>Y between 
sober spaces and those continuous relations F:X >Y which map irreducible 

closed sets to irreducible closed sets in such a fashion that F^x 

2.8. PROPOSITION. Let f:S >T be a DCL -morphism. Consider closed sets 

AC Spec S and B 9 Spec T and set a = inf A in S and b = inf B in T. 

Then the following two statements are equivalent: 

(1) f(a) = b . (2) (Spec f)(A) = B. 

Also, the following two statements are equivalent: 

(I) a = fCb). (II) A = (Spec f )'-"^\B) . 

Proof. (1) f(inf A) = inf B ^ inf f(A) = inf B (since f preserves 

infs) <=> inf hf(A) = inf B (since primes order generate) 4=^ hf(A) = B 

(since both hf(A) and B are closed) 4=^ (Spec f)(A) = B (2). 

(I) => (II): (I) implies b^f(a) by the definition of the lower adjoint. 

Thus inf B f(inf A) = inf f(A). Thus '^(A)^ hinf B = B (since B is closed). 

This means (Spec f)(A)5 B, i.e. A £ (Spec ff ^^B). In order to prove the 

reverse containment we take a p in (Spec f)^^tB). Then h(f(p))^ B, and thus 

inf B^ inf h(f(p)) = f(p).Thus p^ f ̂ ( T inf B) ,hence p;^ inf f ̂ Ctinf B) 

= "^(b) = a = inf Ay whence p^ h(inf A) = A^ since A is closed. 

(II) => (I) : We have (Spec f)'^ (B) = f ̂ (1" inf B) by the reasoning in the 

previpns argument and by its converse. Thus (II) implies a = inf A = inf f ̂ (finf B) 
=f(b). • 

3. The functor 

In this section we find the inverse for the functor Spec. 

3.1. DEFINITION. For any topological space X we write r°^(X) for the 
cHa of all closed subsets of X IN THE OPPOSITE ORDER (of that given by containment). 

Thus r* °^(X) = 0(X). We recallthat,in particular, P°^(X) is a continuous Heyting 

algebra if X is an LOG -object. 

Let F:X >Y be a morphism in LOG. We define a function (I) 

r (F) : r (X) —>r°'' (Y) by f °P (F) (A) = F(A) . Q 
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3.2.LEMMA. If F £ LOG, then P °^(F) is a POL -map. 

Proof, i) A F(A) preserves infs: From FB = (FB) we derive F(((^A^) ) 

= (U FA^) for any family A^. 

ii) A Mfc F(A) preserves directed sups: Let^A.^be a filterbasis of closed 

sets in X with non-empty intersection A. Then always FA C n FA.. Conversely, n-1 -1 ^ FA., then F x A. 0 for all j.But F x* is quasicompact 
3 3 _ 

where x* is the quasicompact saturation of{x}. Then intersection F x*r\l|A^ 

contains an element y^for which there is an x'€ x* with (y,x')^ F. Then 

x'f Fy C F(OA^).Then xe{x'j"C F( n A^) I since F is closed. 

The case that n A^ = 0 is clear. D 
We will now show that inverts Spec up to within natural isomorphism. 

'3.3. LEMMA. Let f: S >1 be in DCL. Then the following diagram commutes: 

S >T 

f 3J ,P°P(Spec 

P Spec f 

Proof, p Spec f h(s) = (Spec f)(h(s)) = h(f(h(s)). Now inf h(f(h(s))= inf f(h(s) 

= f(inf h(s))= f(s). Also inf h(f(s)) = f(s). Q 

3.4.LEMMA. Let F: X—be an LOG morphism. Then the following diagram commutes 

F X •>Y 

X 

Specp°^(X) >• SpecP°^(Y) 

SpecT^P F 

where 

Proof 

(A,B) € <{> ^ iff I aj £ B for all a £ A. 

^Y^A = ^ Jyl j y f Fi^Now Spec F = 

[SpecP^^CF)] ^ faj | a £ A^ = [ l^yj CF^aj for some a ̂  AJ. 

But y £ FA iff y £ F ̂ aj for some a| A iff ̂  yj c F^aJ for some a£ A 

since F{aJ ̂  (Fa)~ (as images of points are closed) = F{a) . Q 
6

Seminar on Continuity in Semilattices, Vol. 1, Iss. 1 [2023], Art. 52

https://repository.lsu.edu/scs/vol1/iss1/52



3.5. THE MAIN THEOREM. The category DCL is equivalent to the category LOG under 

the pair of mutually inverse functors Spec: DCL > LOG and P °^:LOC K)GL. 

Proof. Since we know from Compendium V that h : S >P°^(Spec S) and 

: X > Spec are isomorphisms in their respective categories DCL 

and LOG. Lemmas 3.3 and 3.4 show that they are natural. Q 

4. A preview of the dissertation of Fred Watkins. 

What has been developed here is a tool to treat the spectral theory of C*-

algebras in a functorial fashion. The functor which associates with a G*-algebra 

A the continuous Heyting algebra Id A of closed two sided ideals and to a 

G* -map f:A >B the assignment I>—•f'^I: Id B > Id A is a contravariant 

functor from G* to DCL (See Compendium 1-1.20 ff.) It will be shown that this 

functor transforms infective limits to projective limits; a preliminary proof of 

this fact is contained in Hofmann -Thayer :"Approximately finite dimensional G*-

algebras". One is interested in building complicated G*-algebras from simpler 

ones via infective limits; AFG*-algebras are a simple case in point which is not 

trivial. One wishes to determine the spectrum of the limit in terms of the 

spectra of the approximating algebras. Through the present theory this is now 

translated into the problem of describing the spectrum of a projective limit in 

DCL if information on the approximating ctHa's is given. Watkins' dissertation 

will carry this program through. This generalizes the earlier attempts by Bratteli, 

Elliott,Hofmann and Thayer and puts these precursors in the "correct" lattice theo­

retical framework. 

There is the open question whether there is a purely lattice theoretical 

description of the primitivity of an ideal in Id A. The dissertation will make 

an attempt to use the DCL -theory together with G*-algebra constructions to 

build an example of a non-separable G*-algebra in which there is a closed prime 

ideal which is not primitive. 
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