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REPEREXCE 

This is a direct proof of Hofmann's theorem: Every locally quasi-

compact sober space is Baire. )_i 
(It may be that this is nothing than Hofmann's original proof 

which I have retranslated from its abstract continuous lattice 

setting,) 
LEMMA. If F is a filter which has a basis of open as well as a 

basis of quasicompact sets on a sober space, then F has a non­

empty intersection. 
Proof. As F has a basis of quasicompact sets, the union of every 

updirected family of open sets not belonging to F does not belong 
to F either. By Zorn's lemma, there is then an open set U which$ 

is maximal among the open sets not belonging to F . Clearly, U 
cannot be the intersection of any two open sets containing U 

properly. Hence, the complement of U is an irreducible closed 

set. As the space is supposed to be sober, the complement of U 

is the closure of a point p . This p belongs to every open set 

not contained in U . Consequently p is in the intersection of 

F , as F has a basis of open sets(which are not contained in U 

by the construction). § 

Now, let Y be a locally quasicompact sober space. Let be 

a sequence of dense open subsets of Y . We show that the inter­

section of the is non-empty. For this, we may suppose that 

U contains U , for all n . By induction, we construct a n n+l 
sequence of open sets and a sequence of quasicompact sets 

such that c : Let Vj be any open set 
which is non-empty and contained in some quasicompact set J . 
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(The existence o£ such things follows from the local quasicompact-

ness.) As U2 is dense, V^nU2 is not empty, and we can find a 

non-empty open set Y2 contained in some quasicompact set Q2£ 
V^nU2' Clearly the sequence and generate the same 

filter. By the forgoing lemma, this intersection is not empty. As 
V cU , we have proved the assertion that the intersection of the• 
n- n-1 ^ 

is not empty. 
Now let X be a locally quasicompact sober space. Let be a 
sequence of open subsets of X the intersection of which is also 

open.T^hen the complement Y of the intersection of the -is 
closed and, consequently, also locally quasicompact and sober. By 

the assertion proved in the previous paragraphe, not all o'f the 
sets U^HY were dense in Y. Thus, we have proved that X is 

a Baire space, if we take as definition: A space X is a Baire 

space, if for no proper open subset U there is a sequence of 

open subsets such that the intersection of the is U 
and such that every U^\U is dense in X\U; this is equivalent 

to saying.* thS no non-empty closed subset Y of X is the union 
of a sequence Y^ of closed subsets which are nowhere dense in Y. 

REMARK. A little more abstract(and more general)version of the 
above lemma reads as follows: 

Let X be a sober space and F a Scott open filter of the lattice 
0(X) of open subsets of X . Then F has a non-empty intersection. 

The proof remains essentially the same. The same proof as 
above then shows that every core, compact sober space, is Baire. (Un­

fortunately, Hofmann and Lawson have shown that such a space is 
locally quasicompact.) 

COMMHNT on the definition of a Baire space. The above definition 

is not the one I am used to. The usual definition of a Baire space 
reads as follows: The intersection of a sequence of dense open 
subsets is dense or, equivalently, the union of a sequence of closed 

sets without interior points has no interior points. I can see 
that for regular spaces the above definition implies the usual one. 
The two definitions are not equivalent in general: With the above 

definition every closed subspace of a Baire space which is not true 
for Baire spaces according to the usual definition. 

How about the following definition: X is Baire, if a closed subset 
with interior points cannot be the union of a sequence of closed 

subsets v.'ithout interior points. (Then Hofmann's prop. 6 v/ill not 
hold). tlcL 
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