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NAME Xart il,Hofmann DATE 1 18 i 8
TOPIC Locally guapsicompact sober spaces are Baire spaces
REFERENCES Lawmann I (K.H.Hofmann and J,D.lLawson ;Jrreducibilirty,

IR

Semigrovip F.13(706,77

Lawmann II ( " " s The spectral theory
of continuous lattices, on the referee's tatvls

LEMMA 1, Let L be a continuous latticd and V a Scott-open subset such
that for some sequence ao>'a1> a2>' R one has

(HY]’) Va €& V for n=0,1,...

Then for all v& V there is an open filter ‘-;J__c_:V such that vane—U,n 0,3, .4
(Remark. For the applications in this memo, v=1 wculd suf‘f‘ice.)

Proef. iLet v &€ V be given and set bo= 1.Suppose that we found elements

b]’ yk=0,..,.,n such that

(i) vh, € V for k = 0,...,n,
(ii) bk << Vak-—lbl' ] for k=l,...,n.

A ¥

(For n=0 ,nothing is assumed in lieu of (11 }). ¥We construct an~ s

!...l

Dy \l.j we have 'vbné\’,hence by (1IYP) we have (1) va“bn(:i- V., Let D

5 ‘he dire ) = Vv since L is
denote the directed set &vanbn. Then (%) sup D J'inbn since L i

continuous, In particular, I. is meet-continuous,and thus sup vD =v suyp’l

/
= vzanbn = vanbné V by (2) and (1). As V is Scott-open, vD A V £ @,
hey 2 71 1 L > -~ V Z b
i.e, there is a bn+ 15 D with (}) \bn+ 1€ v and bnqr- lé \\l;van n,l
(4) » g 1<K va LP, + Then (3) and (4) make (i) and (ii) valid with n& i -
in place of n, By induction we thus have (i) and (ii) for all k=0,1,...
(resp.,k=1,2,...). Then (ii) implies n-{— _<< ve b < b, hence

(5) >

1 Kb, for all n. By (i) we note b, > vb & V,whence

+
(6) ¢bn€ V for all n, By (ii) we nofe V'n%jf_n}inz bm% VvV, wihience
(7) vane"lk b*'”l for all n, Now set U Ljn -0 Tb;. Then U is a filte:

as an ascending union of filters,By (3) it is an open filter,and by (6]

U € v.But (¥F) shows vanG U for all n. U
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LEMMA 2. Let L be a continucus lattice and A€ L a countable sct such
that a€ A, x £0 jmplies xa # O, Then IRR LEC71xA implies x = 0,
Proof, Fix x ;{ O and write A = {xo,xl,... ]' and set anz xo...xn
Then xa £ 0 for all n {by induction). Apply Levma 1 with V = L\J{C%,
v = x , and find an open filter U such that 0& U , :(ané U for all
Now let p be a maximal elewment in L\ U. By Lawmann I, p¢& IRR L., TUT

. » - o A
pe L\NU &€ L\ UTxan ¢ L\Utxx, = 1\ftxa. [

LEMMA 3., Let L be a continuous lattjce and A <€ L. Then the fellowing

are equivalent: (1) tA N Spec L is nowherce dense in Spec L .

(2) Spec l¢ 4xuUftA for all x with Spec L$ fx .

(3) spec L$ﬁcA for all x with Spec L‘.tr' 4 x ,

If L is also distributive and A = {a}, then these are also esquivalent

0.

.

to (k) 0 # xa, for all x

Proof. Write X= Spec L. Then AN X is nowhere dense in X iff cvery

non-enmnpty open set in X meets the complement X\TA, and since the

closed scts of X are recisel ithe sets Tx X,this is equivalent
P ’ 1

to

saying that for all x with X\'fx # ¢ we have ¢ # (XN 4 x)n (X\NP4) =

X\ { TxutA),which shows the equivalence of (1) and (2). But

pe X\ (TxuvTA) irf x‘{: p and a;);p for all aga iff xa & p Tor

agA ,since p is prime,and this means that p& X\’rx/\.. Thus (2) and
0

are equivalent, If L is distributive, then Spec L $ Px 4iff x #
by Lawmann I, and Spec L¢1\xa iff xa # O, Thus (3) and (4)
equivalent, [J

RECALL. A topological space X is a Baire s ace iff for all closed
- f.«pW\IV\AM‘uSMM ! \/

. . . TR e e
subsets Y+ D of X and each sequence \l,\z)Aof subspaces which are

(closed and) nowhere dense in Y’we have ' }Yn £ v.0

y:

-
<t o

(37

THEOREM %4, Every locally gquasicoripact sober space is a Baire space.

Proof, Let X }?e locally quasicompact sober. By Lawmann II we may assume

X = Spec L. for a contlnuou H&}g 111” algebra L. Each closed subset
= Ixn IRR .
is of the form 1Ix NX = :ppc K hence is itself the spectrum of

continuous lleyting algebra., Thus it suffices to show that for any

sequence Xn of novhere dense closed sets in X we have X # L} Xn'

https://repository.Isu.edu/scs/vol1/iss1/44
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Now Xn = X(\’fxn with  xx # 0 for all x # O by Lemma 3. Since L

is distributive, IRR L \{1} B2 X (see Lawmann II).Apply Lemma 2 with
A = -{xo,xl,..._} and 11vnu ,\¢ 'f,\. =L}4‘xn, 1.6 xdF‘an.U
EXAMPLE 5, 1, Let X = IN with upper sets open., Then X is locally ..r

guasicompact To,but is not a Baire space.
2, Let X be the sel of all ordinals less than the first
uncountable one with upper sets open. Then X is a locally quasicompact

T0 Jaire smnace which is not sober, .
Rem ork, BotHy Katuples are 15€ combatbbe. For the secomc?, X (4 soén}é'mﬁ'om) e not,

‘"PROPOSITION 6, ILet I, be a continuous lleyting algebra and X an order

generating subspace of Spec L. (Note.By Lawmann IT,every core compact

space is of this form,) Now suppose that L satisfies the following

countability hypothesis:

(COUNT) For each prime p # 1 the space /[p is first countable in p

(w.r.t.the Lawson topology).

Then the following statements are equivalent:

(1) X is sober ,(2) X = Spec L . (3) X is a Baire space.

Proof. (1) & (2) by Lawmann II and (2) = (3) by Theorem .

Suppose not (?). Then we find a p&€ Spec L \\ X, and Y= 'Tp N X is

a closed subspace of X, Note that by Lenmnma (3) wve have

(i) for all BV >p, (xv> pﬁ?\fﬁp thus) v A Y is nowhere dense closed
in Y.

Let V = 'fp\ {p}; since p is prime, V is a filter, Since X is, order

,(A"‘l)p = inf U\p(\ X): inf Y ‘-wfw'ev\ce Y+ &, .By the

definition of the Lawson topology, p now hgs a neighborhood basis in r_c

sets o A .
of/the form DN\ { ViUe sl n) with vké‘- V,/{Sinog Piigiprime. however,

generating

we can say that (iii) in '?p the point p has a, neighborhood basis of
sets of the form Tp\’}“v , V& V. By (COUN’I‘)AT:‘His'becomes:
(iv) in &p the point p has a basis of neighborhoods of the fTorm

'f\p\’i\vn with a sequence v_> Vi e in V,
The Lawson topodogy is Hausdorff, whence ﬂ@p\fvn): {p}, and thus

(v) vc Uf‘vn . By (i)/the closed sets Y = Tvnn Y are nowhere
" Cii)and

. 1‘ . g
~dense in Y, but Y :‘ ’Yn by (v¥5. Thus X is not a Baire space,i.e.

we proved not (3). ﬂ
o

Remark., The fact that X is order generating waéadﬁsed' in (1) (2)4
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Clearly (COUNT) is satisfied if L is metrizable (which is tantamount
to saying that L contains a countable subset C such that (¥ x,v) % << y = (3 c)
ceC and x Sc << y)}. Further, (COUNT) is equivalent to: "Specl is first
v
countable" (i.e. " X is first countable")}. This is satisfied if Specl is
seccnd countable; but O(SpecL) = 0 (X) (Lawmann II); hence the latter means

that ¥ is 2nd countable.

Consequence: For 2nd countable X, sobriety <= Bairity.
9 J
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