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SEMINA>{ ON CONTINUITY IN SEMILATTICES(SOS) 

M ^ P 
NAME Karl »l.Hofr:ianu DATE "l 18 ! 

TOPIC Locally quasioonipact sober spaces are I^aire spaces 

REFERENCES La.wrnann I ( K , II, Hof inann and J.D.Lawson , Tr reduc ibil i ty , 
Somigroop I-''. 13 (7<-•'/77 . 

Lawmann II ( " " " , The spectral theory 
O-f continuous lattices, on the referee's table 

LEMMA 1, Let L be a continuous latticd and V a Scott-open s'ubset such 

that for some sequence ^2^ ''' has 

(HYP) Va^^ S" V for n^O,l,... 

Then for al 1 V there is an open filter UC V such that va^£- U,n 0,1 , 

(Remark. For the applications in this memo, v=l v.'ould suffice.) 

Proof. Lot V G V be gi'' 

b ,k=0,.,.,n such that 
ic 

Proof. Lot V £ V be given and set h^= 1, Suppose that v,'e found elements 

(i) vbj, & V for k = O, . . . ,n, 

(ii) k=:l,...,n. 

(For n=0 .nothing is assumed in lieu of (ii)). Pe construct b^^ ^ ̂ : 

lly (i^ we have vb^{?V,hence by (lIYp) we liave (l) ^ ' ^ 

denote the directed set •^'^'^n^n* ^hen (2.) sup D = since L is 

continuous. In particular, L is meet-continuoiis^ and thus sup vD --v supT 

K v^a b = va b ^ V by (2) and (l). As V is Scott-open, vD /I V p 0, n n n n J \ / \ / 
i.e. there is a b^ ̂  D with (3) '''^^4-1^^' ^n4- 1 ̂  ° * 

(^) b , va b , Then (3) and (^l) make (i) and (ii) valid with n •{- 1 
^ ' n <}- 1 n n ^ ' 
in v^lJice of n. By induction we thus have (i) and (ii) for all k=:0, 1 , . . 

(resp. ,k-l,2 , . . . ) . Then (ii) implies 1^'''®n'°n ~ ̂n' 

(5) b •,«b for all n. By (i) we note b > vb <£- V,whence 
^ ' n -b 1 n ^ \ 

(6) 'tb G V for all n. By (ii) we note va^^ ̂  va^^b > b^^ V, whence 

" A P~f~^ ^ (7) va I b for all n. Now set U = I / _ I b . Then U is a filte: ^ ' n nfj ^^n-o n 
as an ascending union of filters,By (p) it is an opeii f iltei', and by (6) 

U C y.But ("F) shoivs D 
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Hofrnann .1-1S-'/- ~ " 

LEMMA 2, Let L be a continuous lattice and ACL a countable set s^ach 

that aeA, x iniplies xa 7^ 0. Tlien IRR LCfxA implies x = 0, 

Proor. I'blx X 7^ 0 and write A - {"x^.x^^,,.. } and set x^. . . x^^-

Then xa 0 for all n (by induction). Apply Le-.ma 1 with V = L\Jo(r , 
n ' 

V = x , and find an open filter U such that 0 ^ U , ^ for all i 
Now let p be a n;a.ximal element in L\U, By Lawrnann I, p^ IRR L. I3UT 

p£ L\U e L N C L\{Ji'yix^^ = LXtxA. f] 

LEMMA 3. Let L be a continuous lattice and A ̂  L. Then the following 

are equivalent: (l) fA (3 Spec L is nowhere dense in Spec L . 

(2) Spec L^ txutA for a.!. 1 x with Spec L^ f x . 

(3) Spec L^fxA for all x with Spec L ̂  f x , 

If L is also distributive and A = -fa}, then these are also equivolent 

to (^i ) 07^ xa, for all x 7= 0, 

Proof. Vrite Xsz Spec L, Then fAD X is nowhere dense in X iff overy-

non-er;pty open sot in X meets the complement X\fA, and tince the 

closed sots of X are precisely the sets fx X.this is equivn.1ent to 

saying that for all x with X \fx f 0 we have 0 0 (X\fx)r\ (X\f A) -

X\( L; f A) i r.h .shows the equivalence of (l) nn<^ C^). Biit 

P^X\(txffA) iff p and a^^ p for all a^A iff xa ̂  p foi 1 

a^A , since p is prime, and this means that p^ X\'|^x.l. Thus (2) and (3) 

are equivalent. If L is distributive, then Spec L ̂  fx iff x y O 

by Lawrnann I, and Spec L ̂  fxa iff xa 0 0. Thus (3) and ('0 

equivalent. Q 

RECALL. A topological space X is a Baire sjxace iff for all closed 

subsets X aad each sequence X^.Y^^of subspaces^ which are 

(closed and) nowhere dense in Y^we have U ^ Y. 0 
THEOREM . Every locally quasicopipact sober space is a Baire space . 

Proof. Let X^l^locally quasicompact sober. By Lawrnann II we may assume 

X = Spec L for a continuous Ileytin.cr algebra L. Each closed subset of .Y 
. w- tvnlR/? L 

is of the form jxnx^= Spec fx, hence is itself the spectrum of a 

continuous lleyting algebra. Thus it suffices to show that for any 

seqi.ionce of nowhere dense closed sets in X we have X 0 L/x„. 
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llofinarai I-I8-78 pafre^ 3 

Now c Xr\'fx^ with xx^ ^ 0 for all x ^ 0 by Lemma 3. Since L 

is- distriliutive, INK L\|l) = X (see La wmann II).Apply Lemma 2 with 

A = ^x^ ,x^ , . , . j and find X ̂  't'A = » i • ® ^ ̂ Li 0 

EXAMPLE 5. 1« Let X =3X with upper sets open. Then X is locally 
quasicoinpact T^,but is not a Baire space. 

2. Let X be the set of all ordinals less than the first 

uncountable one with upper sets open. Then X is a locally quasicompact 

T^ Baire space which is not sober. Q 
Tor- -Hut. sc£.c>viC?^ X :ioSr!A'rixHat^ ) (c mo'f-. 

PROPOSITION 6, I.et h be a continuoias Heyting algebra and X an ordei-
generating subspace of Spec L. (Note.By Lawmann II,every core compact 

space is of this form.) Now suppose that L satisfies the following 

countability hypothesis: 

(COUNT) For each prime p ^ 1 the space 'f'p is first countable in p 

(w.r.t.the Lawson topology). 

Then the following statements are equivalent: 

(1) X is sober ,(2) X = Spec L . (3) X is a Baire space. 
Proof. (1) (2) by Lawmann II and (2) :^ (3) by Theorem •'+. 

Suppose not (2). Then we find a p£ Spec L \ X, and Y- fp f) X is 

a closed subspace of X. Note tViat by Lernma (3) v.'e Jiave 

(i) for all ̂ v>p^ (xv> p^nnd thus) jv A Y is nowhere dense closed 

in Y. 

Let V = "I P ̂  IP} 5 since p is prime, V is a filter. Since X is. order 

gener ating = inf^tpA X^ = inf Y wCi'ev^ce YC'f By'the 

definition of the Lawson topology, p now hj^s a neighborhood basis in fr 
sets of A. A t 
of/tiif; form Tp ) with V./s Sihne -pii^ ) prime , hcv.'sver . 

wo can saj' that (iii) in "tp the point p has a. n.eighborhood basis of 

sets of the form fp\f'v , v ̂  V. By (COUNT This' becomes : 

(iv) in 't'P the point p has a basis of neighborhoods of the form 

ipXtv^ with a s equence v^> v^> ... in V. 

The Lawson topoiogy is Hausdorff, whence and thu: 

(v) Vd ( /Lv . By (i)- the closed sets Y = v n Y are nowhere 

~ V . - -dense in Y, but Y - {^J Y^^ by^(v). Thus X is not a Baire space, i.e. 

we proved not (3)» D 
/V / \ 

Remark. The fact that X is order generating was used in (1)^ (2)<5 
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H ̂  y iv\ a.'Ai'V 1 •" 1 7 S"' 

Clearly (COUNT) is satisfied if L is Ketriiiable (which is Tantamount 

to saying that L contains a countable subset C such that (v Xjy) x << y (3 c) 

ceC and x << y). Further, (COUNT) is equivalent to: "SpecL is first 
V 

countab.le" (i.e. "X is first countable"). This is satisfied if SpecL is 

seccnd countable; but O(SpecL) ̂  0 (X) (Lawinann II); hence the latter means 

that X is 2nd countable. 

Consequence; For 2nd countable X, sobriety Bairity. 
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