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NAME (S) .K.H.Hofmann and D.Scott : ‘ 9 25 77

An exercise on the spectmum of function spaces

TOPIC

Isbell,J.R, Function spaces and adjoints,Math.Scand.2§(1975),723-728
REFERENCE  Hofmann,.K.H. Continucus lattices,topology, and topological algebra,
Preprint 1977,32 pp.

Hofmann,K.H. and J.D.Lawson, The spectral theory of distributive
lattices,Preprint 1977,58 pp.- '
Wyler,0, SCS memo on Dedekind complete posets and Scott topologies
4-18-T7 ‘

On the occasion of a stop-over in Paris, D.Scott was shown the recent
preprint by Lawmann on the spectral theory of continuous Heyting algebras
(as distributive continuous lattices will undoubtedly be called in the
Compendium and from here on forward). He began immediately to mull over
his favorite subject in the area;function spaces and continuous lattices.
He argued as follows: If L and ¥ are continuous lattices, so is [L——)MJ
(the space of all Scott continuous tunctions from L to M with pointwise
lattice operations) In fact this is a sublattice of ML (closed even under
arbitrary sups),so if M is distributive,then the function space is a

~ distributive lattice. What is its spectrum (which,as we know from Lawmann,
determines it comptetelyl . . : = .

Some remarks regarding this question are communicated in the following

£or latsr inclusion in the compendiumg. ' :

PROPOSITION. Let X be a locally guasicompact sober space and D a continuous

- Heyting algebra. Then the primes of Top(%,SD) (where -SD denotes D w?th
the Scott topology) are precisely the functions f(x ?) which are defined
. : : - .

ixt T
by f (y) = p forye , Trexfureiizrk x € X , p € PRIME D.
(X9P) 1 otherwise

The function (x,p) b—> f(x o) * X x Spec D ~—> Spec Top(X,SD)
) : (x, _ .
is a homeomorphism relative to the huil kernel topologies on the spectra.

REﬁARKS.'i) The hypothesis that X be sober is no restriction of generality
since Top(X,SD) = Top(x,SD), where X is the sobrification of X.(Lawmann,2.8)

ii) The distributivity of D is only essential to secure the non-
emptyness of the spectra.The statement in itself remains valid without it.

We procedd by stepsaud ertore Lu"#o‘ a mrore grueral Slalesent .
LEMMA 1. Let X be a topological space and L a continuous lattice. Let

F be the complete tattice Top(XSL) under pointwise operadtions (see Scott
LNM 274,p.112). For f € F the following statements are equivalent: )
(1) £ € TRR F . (2) There is a prime U e O(X) and a pelRR L with fxmyxzonik
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f =chy V constp (where ch,

Proof.(2)=>(1). Suppose ab = f. Let 4 = at ({p) = a” ! (p) and B = b-1(I/P)
- B (p). Then A and B are closed and since p is irreducible, AUB = X\ U .

is the characteristic function of AcX)

Since U is prime, A = X\\U or B = X\U,, and so a= f or b = f.

(1)=>(2). Suppose t & £(X), t < 1. Teke an arbitrary s << ¥ in L and set

U =‘f_1@s). Then U is open and the two functions a = fVchU and b-f\/consts
are in F. If x € U, then s << f(x) and so a(x) = f(x)v 1 = f(x) and

b(x) = f(x)vs = f(x),i.e. (ab)(x) = £(x). If x £ U, then a(x)=f(x O

= £(x) and b(x) = f(x)Vv s, i.e. (ab)(x) = £(x)(f(x)v m 5) = fifxfm f(x). i
Hence‘ab = f. Since f € IRR F we have a= f or b = f. But a = f means _ i
chy £ f, and this means that s<< f(x) implies f£(x) = 1,but this is not %

possible since there is an x with f(x)=t ,i.e. with s << f(x) < 1. Hence

we conclude b = f which means s € f(x) for all x ¢ X. Since s <K t was
arbitrary and L is continuous, we conclude t £ f(x) for all X. We have so
far shogg ggggﬁgix) = {1) ( in which case(2) holds) or that f takes at
most two}ialues 1 and p.Since it is continuous, this means that f is

of the form chy v const p with the opre set U = f—1(1). -If p=vw in L

»set a = chU\/constv and b = chUV'constW in F and note ab = f. Since f is
irreducible, f = a or f = b, i.e. p= v or p = w ftollows.Thus p € IRR L. -

If U=VAnW set a = chv\/constp and b = c:hW vaonstp. In calcuiating

ab = f do not use the distributivity of L,since we do not assume it,but
make a simpd}) case distinction. The irreducibility of f implies f = a
or £ = byi.e. V=T or W =T, Thus U & IRR O(X) = PRIME O(X).§ .
Recall: If X is a sober space,then U & FRIME o(x) iff U = X\@ for ‘
sore x € Xj;and this property. is characteristic for scber spaces. ‘ ‘ '
In Lawmann the topologg generated on a lattice by the sets L\Tx is
called the INF-topology{ p.52). We will do this here and consider on
IRR . and IRR F the INF-topologies. If IRR = PRIME, this is precisely'
the hull kernel topology. L BX i am%l«/mf
LEMMA 2, Let X be a sober space ar}d L a continuous 1attice.()fhen
F = Top(X,SL) is a continuous lattice (see Isbell or Hofmann)y For

xe X and e IRR L et £ = ch -V const 3 then (x -=>f : {
. a (x,p) KNGS p’ (eIt 4 ) g

XX (IRR L\{1}) —> IRR F\{1) is a bijectionwby Lemma 1. Claim: This
map is a homeomorphism with the INF-topology on the irreducible spectra.
Proof. ‘The generic closed sets oi’sleR F\{)} are of the form Tan s saeF.
How 51 (*ans) = {(x,p): xe X, pe IRRL, p # 1, a(x) € p;.we claim that
the complement of this set is open in X X (IRR L\{ﬁ ). Indeed suppose
a(x) £ 4p. Pick an s € L with s £ Jp and s << a(x).TheaU ¢ a—1(?‘s)

is an open neighborhood of x in X , and V = (IRR L)\fs dis an open
neighborhood of p in IRR L\&‘l}. If ue Uzand v eV, then a(u) ﬁ v (since

- - -othersise- s << a(u)—_(_ v=>XVeE 'f‘s!).This proves the claim. Conversely,
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let A be closed in A and let s < 1 in L sovthat Fsa(IRBIN{Y ) is

a generic cloced set of T = IRR LN{1). Detine a:X ---> L by

s if x € A
alx) = . . Then a is continuous,i.e. a € F. Moreover
1 otrerwise ’ ’

a £ B(x,p) = f(x,p) iff - : a(x) < p itf (s £p for x e A and

1 < ptor x ¢ A); but p < 1, hence a < B8(x,p) iff x € A and p € fs.
Thus AX (#snT) =8(fan S) is the image of & gemeric closed
set in the irreducible spectrum of F.§
We are row finished with the proof of the prorosition,since the Lemma 2
: core compaciness or
is in fact a strongey‘statement (having nothing to do with/dis ributivity).
If we return for a ﬁoment to distributivity, thexwe know by LAwmann that
D= 0(Y) for some locally quasicompact sober space..e can write D = Top(Y, . S2)
Then F becomes = - - Top(X,STop(Y,SZ)). In view of our
Proposition and Lawmann we have shown that F € 0(Xx Y) = Top(X x Y,82),

and this is reasonable.
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