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4-18-77 

On the occasion of a stop-over in Paris, D.Scot't v/as shoJn the recent 
preprint by Lawmann on the spectral theory of continuous Heyting algebras 
(as distributive continuous lattices will undoubtedly be called in the 
Compendium and from here on forward). He began immediately to mull over 
his favorite subject in the area;function spaces and continuous lattices. 
He argued as follows: If L and M are continuous lattices, so is fjL—>MJ] 
(the space of all Scott continuous functions from L to M with pointwise 
lattice operations). In fact this is a sublattice of (closed even under 
arbitrary sups),so if M is distributive,then the function space is a 
distributive lattice. What is its spectrum (which,"as we know from Lawmann, 
determines it completely)? 
Some remarks regarding this question are communicated in the following 

for later inclusion in the compendium^. 

PROPOSITION. Let X be a locally quasicompact sober space and D a continuous 
Heyting'algebra. Then the primes of Top(X,SD) (where SD denotes T) with 
the Scott topology) are precisely the functions fwhich are defined 

/ s j p for y e {x}"* SkExfizEEtiEK X e X , p e PRItlE D. 
(XJP)^'''' otherwise 

The function (x,p) l-r-» p) * ^ ̂  ® ^ Top(X,SD) 

is a homeomorphisra relative to the hull kernel topologies on the spectra. < 

RET/ARKS. • i) The hypothesis that X be sober is no restriction of generality 

since Top(X,SD) = Top(^,SD), where 5c is the sobrification of X.(lawmann,2.8) 
ii) The distributivity of D is only essential to secure the non-

emptyness of the spectra.The statement in itself remains valid without it. 

V/e procedd by stepseu^tC dUrh*-c^ e, > 
LEJ.IMA 1. Let X be a topological space and L a continuous lattice. Let 

F be the complete lattice Top(X^) under pointwise operations (see Scott 
LM 274,p.1l2). For f e F the following statements are equivalent: 
(l) f e IRR F . (2) There is a prime IJ E 0(X) and a peIRR L with fsE^xKEEtt 
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f «« chp V constp (where ch^ is the characteristic function of AcX) 

Proof. (2)=> (l). Suppose ab = f. Let A = a V<LP) = ^ (p) B = b 
— 1 b~ (p). Then A and B are closed and since p is irreducible, AuB - X\U 

Since U is prime, A =« X\TJ or B = X \IJ,, and so a= f or b = f. 

(l)»>(2). Suppose t e f(X), t < 1. Take an arbitrary s « t in L and set 

U = f""" (^s). Then U is open and the two functions a = fVch^ and b«fVconst^ 

are in P. If x e U , then s << f(x) and so a(x) = 1 = f(a:) and 

b(x) = f(x)v s = f(x),i.e, (ab)(x) = f(x). If x / U , then a(x)=f(x)V 0 

= f (x) and b(x) = f (x) V s, i.e. (ab)(x) = f (x)(f(x)v m s) = f(x). 

Hence ab = f. Since f e IRR P we have a« f or b = f. But a = f means 

ch^ < f, and this means that s« f(x) implies f(x) = 1, but this is not 
possible since there is an x with f(x)=t ,i.e. with s ,<< f(x) <1, Hence 

we conclude b = f which means s < f(x) for all x c X. Since s « t was 

arbitrary and L is continuous, we conclude t < f(x) for ail X. We have so 
far shown that f(x) =» -(l) ( in which case(2) holds) or that f takes at 

different 
most two/values 1 and p.Since it is continuous, this means that f ,is 

of the form ch^ V const p with the opi5e set TJ = f "'(l). -If p=vw in L 

set a =» chy-Vconst^ and b = ch^Vconst^ in P and note ab = f. Since f is 

irreducible, f = a or f = b, i.e. p= v or p = w follows.Thus p e IRR L. -

If TJ =" VA V/ set a = ch^ V const^ and b = ch^^Vconst^. In calculating 

ab = f do not use the distributivity of L, since v;e do not assume it, but 

make a sirap^ case distinction. The irreducibility of f implies f = a 

or f = b,i.e. V = U or W = U, Thus U e IRR 0(x) = PRIME 0(x).§ 

Recall: If X is a sober space,then H e PRIIIE 0(x) iff U = X\^^ for 

sone X e Xjand this property, is characteristic for sober spaces. 

In Lawmann the topology generated on a lattice by the sets L\fx is 

called the INP-topology( p.52). We will do this here and consider on 

IRR L and IRR P the IhlT-topologies. If IRR = PRIME, this is precisely 

the hull kernel topologj'". _ y , 
LEivP/[A 2o Let X be a sober space and L a continuous lattice.hen 

P = Top(X,SL) is a continuous lattice (see Isbell or Hofmann)"^ For 

xe X and p e IRR L let f / N = ch . - V const ,• then (x,p)j-—>f / x : 
g vXjPy P V*>P/ 

X5<.(IRR LNLO) » IRR PV 113 a bijectionNby Lemma 1. Claim: This 

map is a horaeomorphism with the H!P-topology on the irreduciole spectra. 

Proof. The generic closed sets of^~IRR P are of the form '^a rv S ,aEP. 
,-1 " Now 6~ (fan S) = •{Xx,p); x e X, p e IRR L , p 7^ 1, a(x) < p^.V/e claim that 

the complement of this set is open in xX (iRR LN.{1^ ). Indeed suppose 
a-(x) / ̂p. Pick an s e L with s /jp and s << a(x).TheiiU e a ̂ (^s) 

is an open neighborhood of x in X , and V = (iRR L) \f s is an open 

neighborhood of p in IRR L\Vll. If u e U and v e V, then a(u) ̂  v (since 

otherwise- s « a(u)-< v => x v e fsO-^his proves the claim. Conversely, 
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A 3 
let A be closedl in A and let s < 1 in L sosthat '^sn) is 

a generic closed set of T = IRR Define a:X > L by 

s if X e A f s 
a(x) = v J . . Then a is continuous,i.e. a e P. Moreover, ^ ' L1 otherwise 

a < B(X,P) = f^^ iff - • a(x) < p iff (s < p for x e A and 

1 < p for X ^ A)', but p < 1, hence a < 6(x,p) iff x e A and p s fs. 

Thus ' AX (tsnT) = B('fa n S) is the image of a generic closed 

set in the irreducible spectrum of F.§ 

We are no-.v finished with the proof of the proposition, since the Lemma 2 
core ̂ compactness or 

is in fact a stronger' statement (having nothing to do v/ith/distributivity). 
y 

If we return for a moment to distributivity, thai we know by LAwmann that 

D= 0(Y) for some locally quasicompact sober space.'.i'e can write D = Top(¥, . S2) 

Then F becomes -- Top(X,STop(Y,S2)). In view of our 

Proposition and LaAmiann we have shown that F = 0(XK; Y) =. Top(Xx Y,S2), 

and this is reasonable. 

3

Hofmann and Scott: SCS 41: An Exercise on the Spectrum of Function Spaces

Published by LSU Scholarly Repository, 2023


	SCS 41: An Exercise on the Spectrum of Function Spaces
	Recommended Citation

	tmp.1677270400.pdf.eVJPy

