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QUOTIENTS OF CUBES

In this note we will investigate conditions under which a compact‘
semilattice 'is the quotient of a product'of compact chains.' Of decessity
such a semilattice must be-an object in C& ,~the’catego?y of compact
Laqun semilattices; We shall elso'discuss conditiohs under which a
compact (ﬁecessarily;zero-dimenSional) semilattice is a quotient Qfl 23
for some set P ; Definitions of undefinied terms are td be found in [4].

Let {T.:j €J} be a family of compact (non- degenerate) chains and -

J’
_ 1et T be their carte51an product. Define Tj = {t €T: pV LB} = 1 un-

less i —ZJ} (pvj(t) is the th : projection map)f :IRR(S) will denote
'the set of (meet) irreducible elements of S . Thus in" T , IRR(T) =
U (ry' € ). | o

LEMMA 1 (Hofmann and Lawson [2]): Let' ¢:A + B be a‘eCS-surmorphism ,
then IRR(B)_S ¢ (IRR (A)) | ' '_ ‘

If S belongs to VCS and X , y €S , then x <<y ,‘fead 'xl is
way below y , if whenevef supA = y there is a f&nlte subset F Qf A
such that supF z-x . This condlthn 1sAequ1va1ent to: y 'is in the

~interior of tx (tx = {s € S:s = x]} . The set Ix is defined dually).
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PROPOSITION 2: Let S € C£ . The following conditions are equivalent.
(L) s is a quotient of a product of compact (non-degenerate) chains.
(2) IRR(S) cen_be written as a union of slfamily of chains {Dj:
'j‘E J} - in such a way that if x << 1 then there is a finite subset
F of J such that'if j € J/F 'then"Dj g;jx‘: |
PROOF : (1) = (2). Suppose that q:T‘4 S is a quotient map (T is
as aescribed ahoVe). For each j €J , define Dj to be (T ')'ﬂ IRR(S)
By Lemma l,::IRR(S) = U{D :j €J} . Let x <<1 tn S . Then Q" (1x)
is a neighborhood of. 1 in T . Hence there is a finite subset F of

o
ﬂ{prJ (U ) j € F} cq (Tx) . Since ufr. i # J} = pr (U ) - for each

‘ J such that for each J €F , ﬁj is a nelghborhood of 1 in T. and

j € F we have _U{Tj :j € F}_g q (1x) Wthh implies that DJ.C21x for
all j € -N\F . R R | el S
‘(2)'= (1. Define Tj . ﬁ; u {l} . Thus = H{T 1j € J3 'isxa pro-
duct of compact chains. Define q:T » S by setting q((tj)j J) =
inﬁ{tj:j-e J . By (2. 19[2]) 'q preserves arbitrary infs and is a sur-
jection. We have left to show that -ir: preserves sups of upward dlrected

sets. Let (t )J € i be an upward directed set 1n T Wthh converges

to (tj)j €y ,LEt x << q (.(tJ)j P = 1nf{t :j € J} . By condttlon,
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(2) we can find the appropriate finite set F . Then .q((t )j €J) =
(1nf[t. :j EFD A (1nf{t. :j € \F}) = x A (lnf{t :j € F}) which con-
verges to x A (1nf{t :j €EFD =x A'(1nf{t :j € J}) =x A Q((t. )J c J) -

Then since thlS set is upward dlrected we can conclude that 1lim q((t )J ¢ J)
= altpy ¢ p) - o
Recall that a set has f1n1te w1dth if it does not contaln an infinite
anti- chaln | | | _
LEMMA 3} Let S € C£ . The following two conditions are equlvalent
- () . gi?en,any infinite antl—chaln A in IRR(S) , A =AU {l}
1(Q1). if x <« 1 in S then IRR(S)\Tx has finite width.
PROOf; (Pl) = (Ql) . Suppqse ‘that x << 1 in’ s . If VIRR(S)\Tx
did not have finite width it‘woula have an_infinite aﬁti—chain A . But
then A could not have. 1l in its closure since tx is a neighborhood.of
) ..)~ . | | j, :
Q) = (®) .' Let A be an infinite anti-chain in IRR(S) "and let
b be a limit point of A . Each neighberhood of 1  contains all but
finitely many members of A .~'Thﬁs K'¥ A U.{l} . O
‘ A strongef.conditioh than (Pl) is. |

(Py): - given any infinite subset‘ A of IRR(S) , A =AU {1} .
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PROPOSITION 4: 1If S € C£ 1is a quotient of a pfoduct_of compact -
chains then S .has prepertyA (Pl) and if S 1is a.quotientAof 2k , for
some set P, then ‘S has property (PZ)‘. | )
) PROOF : Suppose that T = H{Tj:j € J} is a pfoductAef compaet (non-~
degenerate) chains. We may assume that J is‘infinite:‘ otherwise; ‘Pl
'is vacuously;satisfied. Let A 'be any infinite anit-chain in T and 1et
b be a limit boint'of A . TFor each j € J there is at most one element
of A 'whose: jEE.ﬁptojeetion is different from 1 .' Thus for each j €J ,
. there is,a neighberhood Uj of b such that -prj(AﬂUj) =1l . Hence
b=1.
o Now suppose that 'q:T;* S is a qubtient map and Suppose'that B is
" an infinite anti-chain in IRR(S). By Lemma l for each b E B. we can
find a point b’ € ¢ t®) N RR(T) . BY = (b7:b € B} will be an infinite
antl chaln in. IRR(T) Hence, ftomathe prev1ous paragraph B/ =B8'U {11 .
' Thus q(B’) =B U {1} . Since q is continuous we have §'= BU {1} .
The second part of our propositiontfollows from the faet that infinite
subsets of IRR(Z ) become anti- chalns upon the exc1u31on of 1 .- 0o
‘We are only able to supply a partial converse to Prop051t10n 4, The

cend;tlon that there be a countable‘nelghborhood base at l would not

'appear to be ‘a necessary hypothesis Nevertheless, we have found no way to
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eliminate it as a hypothesis. )

PROPOSITION 5: Let S € CE& and suppose that s has a oountable
neighborhood base aﬁ 1. Then S is a quotient of a prodoCt,of compact
chains if and only'if -8 satlsfles property (Pi) '

PROOF: From Prop051tlon 4 we have the reSult in one d1rect10n. Now
soppoee that S satisfies property P, . From the hypothesis of a count-
aole neighborhood base at 1 , we can find a sequence {ei:i =1,2,...}
such ehat fo% eaoh i » €4 << éi+1 and sup ei =1 . Since IRR(S)\tey’
has finite width it can be expressed as a union of finitely many chains

l by Dllworth s codlng theorem, call these chalns Dn”"iDln(l) . IRR(S)_\te1
c IRR(S)\fe2 so each Dli can be extended to a max1mal chaln D2 in
IRR(S)\?e2~. The remaining elements of IRR(S)\te2 has finite width so
it can,be'arranged into finitely,many chains. Thus we have_VIRR(S,)\Te2
=_D21-U P U'DZh(l) Uu...u D2n(2) As this process proceeds'it:uses

" up IRR(S) . Hence by Proposition 2 we see that S is a quotient of a
‘product of chains. O

ZP

For the - case we have

PROPOSITION 6: Let' S € c& and éoppose that 1 has a countable

neighborhood base. Then S is a quotient of g , for some set P g LE
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and only if S satisfiés P, .

PROOF: The probf in one direction is taken care of in Proposition 4.
If S satisfies coﬁditioﬁ P, we can proceed along on the same course as
Pfoposiiion 5. However, since IRR(S) would have only one limit'poiht in
this case, eaéh of the chains we obtain would have to be either finite or
countably infinite and having one as its soleflimit point. Hence if we
lét Ti denote the countable compaét chaiﬁ with one as itsysole limit
pqint we can:see‘;hat TN (N is the set of natural pumbers) hés S as
a quotieht. But then since T 1is a quotient ofr oN e follows tﬁat N
. mﬁst.aléb'be a qﬁétient of 2N :we have completed our proof. O

In [f] Baker considered the quéstion of which semilattices cén be
imbedded into free semilattices. ‘If j:A QF(S)' is an imbedding of the
semllattlce A " into the Free semilattice on the set S 5- Théﬁ by the
duality theory of [3] there would be-a surmorphlsm J F(S) - A .' The
semilattice F(S) is isomorphic with 2 . Thus the question of'which

semilattices can be imbedded into free semilattices is dual to the question

of which semilattices are quotients of products of finite chains. -
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