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Abstract

Over the last decade quantum computing has become a very popular field in various
disciplines, such as physics, engineering, and mathematics. Most of the attraction
stemmed from the famous Shor period-finding algorithm, which leads to an effi-
cient algorithm for factoring positive integers. Many adaptations and generalizations
of this algorithm have been developed through the years, some of which have not
been ripened with full mathematical rigor. In this dissertation we use concepts from
white noise analysis to rigorously develop a Shor algorithm adapted to find a hid-
den subspace of a function with domain a real Hilbert space. After reviewing the
framework of quantum mechanics, we demonstrate how these principles can be used
to develop algorithms which operate on a quantum computing device. We present
a self-contained account of white noise analysis, including the main relevant results.
Inspired by a generalized function in the algorithm, we develop a new distribution,
the delta function for a subspace of an infinite dimensional Hilbert space. We then
use this distribution to rigorously prove one of the main identities needed for the al-
gorithm. Finally we provide a rigorous formulation of the hidden subspace algorithm
in infinite dimensions.
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Chapter 1

Introduction

The field of quantum computing gained much fame with the development of Shor’s
quantum factoring algorithm in 1995. Using the fundamental ideas from the fac-
toring algorithm and a few new concepts many new quantum algorithms have been
constructed. At first most quantum algorithms were designed to run on a finite di-
mensional state space. However, in recent years many researchers have turned their
attention to developing quantum algorithms which operate on state spaces of infinite
dimension.

The present work began as an attempt to develop a quantum algorithm on an
infinite dimensional state space which computes the famous Jones polynomial, a prin-
cipal concept in knot theory. Such an algorithm is conjectured possible in the work
by Lomonaco and Kauffman [21]. In order to do this, we began by examining a baby
version of such an algorithm, the quantum hidden subspace algorithm. This algo-
rithm takes a function ¢ on a Hilbert space and attempts to find a subspace V' such
that ¢(x +v) = ¢(z) for all v € V. This algorithm is also presented in [21], but only
at a very formal level. It is based on being able to do computation in the spirit of
Feynman path integrals.

When trying to derive a rigorous mathematical formulation of this algorithm many
interesting results presented themselves. Many of these centered around trying to
make sense of the formal distributional identity

/ d(x —v) Dv = / e2miew) Dy,
v VL

where Dv and Du are Lebesgue type measures on the subspaces V and V* of a
real Hilbert space E. In order to formalize such notions we turned to the theory of
White Noise Analysis, which is the theory of distributions in infinite dimensions. The
background material needed for White Noise Analysis and a summary of the subject
are presented in chapters 4 and 5, respectively.

With the tools of White Noise Analysis we develop the concept of a delta function
of a subspace V. This is presented in chapter 6. We also formulate and prove a
mathematically rigorous formulation of the above equation in chapter 7.



Finally, we apply the theory of White Noise Analysis in chapter 8 to present a
complete mathematically rigorous quantum algorithm for finding a hidden subspace.



Chapter 2

Quantum Mechanics

At the turn of the twentieth century Einstein developed the general theory of relativ-
ity. This theory is successful in describing the geometric structure of the universe and
in showing how matter affects and is affected by this structure. However, it does not
provide an answer to a question that puzzled physicists at the time (and to an extent
still does today): What exactly is matter? Physicists developed quantum theory in
an attempt to provide an answer to this question.

The first step toward quantum theory stemmed from a puzzle created by Maxwell’s
electromagnetic theory. Maxwell’s enigma was that the total energy generated in
an enclosed “black oven” (sealed, lightproof metal box with heated walls) should be
infinite according to his theory. He reasoned that the walls would emit electromagnetic
radiation of all possible frequencies—of which there are infinitely many.

In 1900, Max Planck offered a solution. He suggested that energy comes in discrete
“clumps” which he called quanta, and these quanta cannot be subdivided. He even
calculated the proportion between the energy and the frequency of a wave—what is
now known as Planck’s constant. However, Planck was not able to answer the most
obvious question: Why should energy comes in “clumps”?

Einstein answered this riddle in 1905 when he proposed that a light wave is made
of discrete packets of energy called photons. He reasoned that Planck’s quanta are
the photons that make up the wave. Now, what does it mean to say that particles
constitute a wave? KEven today no one really knows. So, in the realm of quantum
mechanics physicists have to abandon their intuitions and rely on mathematics—in
particular, the theory of Hilbert spaces.

2.1 Framework of Quantum Mechanics

Quantum Mechanics can be thought of as a means for the development of physical
theories. The subject does not tell you what laws a physical system obeys; it provides
a framework for deducing such laws. Here we will briefly describe the postulates of
quantum mechanics. These postulates were derived from a long process of trial and



error. Also, the motivation for these postulates is not always clear—even to the
expert.

2.1.1 State Space

The first postulate tells us about the structure of a physical system.

Postulate 1. Associated to an isolated physical system is a Hilbert space known as
the state space of the system. The system is completely described by its state vectors,
which are unit vectors in the state space of the system.

Notation. State vectors in a state space are usually denoted by |¢). The condition
that |¢) is a unit vector is usually expressed in inner—product notation as (¢|¢p) = 1,
where (¢| denotes the linear functional in the dual of the state space given by the
inner—product of a vector with |¢). Also, the orthogonal projection onto a unit vector
|p) is written as |¢)¢|. This is the Dirac notational convention.

Unfortunately, this postulate does not tell us what the state space is for a physical
system; it only tells us that one exists. Finding the exact state space for a physical
system can be a difficult problem.

Example 2.1. The simplest quantum mechanical system, and the one most common
in quantum computing, is the qubit. The state space of the qubit is C2. It can be
represented physically by two electronic levels in an atom. In this model, an electron
can exist in a ground state or an excited state. By shining light of a particular
intensity on the atom for an appropriate amount of time, it is possible to the move
the electron from a ground state to an excited state and vice versa. What is perhaps
more interesting is that by reducing the the amount of time we shine the light, an
electron initially in a ground state will move into a state “between” the excited and
ground states.

The standard orthonormal basis elements for C? are denoted by |0) and |1). (These
correspond to our ground and excited states in the atom model.) Hence an arbitrary
state vector in this system can be expressed as

|#9) = [0) + B]1)

where o and (3 are complex numbers satisfying |a|? + |3|> = 1. The vector |¢) is
called a superposition of the states |0) and |1). Also, the state |¢) is said to be a pure
state when either a = 0 or § = 0; otherwise, it is called a mized state.

Example 2.2. Another classical example of a state space is L?(R?), used in the study
of wave functions.



2.1.2 Evolution

The next postulate tells us how the quantum system changes with time.

Postulate 2 (Discrete Version). A unitary operator on the state space relates the
state of a closed quantum system at different times.

This postulate tells us that |¢1), the state of the system at time t;, is related to
|p2), the state of the system at time ¢, by a unitary operator U depending only on
t; and ty. That is,

|¢2> = U|¢1>

Let us note that just as the framework of quantum mechanics does not tell us the
state space or state of a particular quantum system, it also does not tell us which
unitary operator U describes the evolution between states at two different times; it
only assures us that such a U exists.

Example 2.3. Let us now return to the qubit of Example 2.1 and look at some
common unitary transformations on this space. The unitary transformations

01 0 —i 1 0
Al I N S
along with the identity, make up what are known as the Pauli matrices. These are
often used in the study of quantum computation. In particular, the matrix X is
sometimes called the bit flip matrix, since it takes |0) to |1) and |1) to |0).

Another useful unitary operator in quantum computing is the Hadamard gate
given by

111 1
i-zh
Postulate 2 describes how the quantum states of a closed system at two different

times are related. This postulate can be refined to describe the evolution of a quantum
system in continuous time.

Postulate 2 (Continuous Version). In a closed quantum system, the time evolution
of the system’s state is described by the Schrodinger equation,

Ldlo)

where h is Planck’s constant and H is a fixed Hermitian operator known as the
Hamiltonian of the system.



To see that the discrete version of Postulate 2 agrees with with the continuous
version, observe that when H is constant with respect to t, the Schrodinger equation

yields the solution
Ut _ e—itH/ﬁ

It is easy to check that U; is the unitary operator guaranteed by the discrete version
of Postulate 2. That is, if |¢1) is the state of the system at time ¢;, and |¢s) is the
state of the system at time t5, then

|<Z52> = Ut27t1|¢1>

When H depends on t, the solution to the Schrodinger equation is a bit more
complicated, but in the special case when H, and H; commute for all s,t a little
differential equations can offer the formal solution

o0 = (5 [ Hads) oo

2.1.3 Measurement

Now that we know the structure of a quantum system and how this structure evolves,
we must develop a means by which to observe the system. This action of observing no
longer leaves the system closed, and thus does not require the use of unitary operators.
The next postulate describes the effects of measurement on a quantum system.

Postulate 3. Quantum measurements are described by a collection of operators
{M,,} on the state space of the system. These operators must satisfy the completeness
relation

> MM, =1

Each M, is called a measurement operator and the index m refers to a measurement
outcome that may occur in the experiment. If the quantum system is in the state |¢)
before a measurement takes place, then the probability that the result m occurs is
given by

p(m) = (¢| My, My, |0)

Moreover, the state of the system after the measurement is

M| ¢)
p(m)

Postulate 3 is a bit discouraging in that we cannot directly observe the state of a
quantum system—as the mere act of doing so destroys the current state and places
the system in another state. However, we will see that people have devised clever
methods of getting around this.



Note that the completeness relation assures us that the probabilities of each pos-
sible outcome sum to 1. Observe

> p(m) = S (GIM; Mul6) = (6] D M; M ) 16) = (811]6) = (9l0) = 1

Also, as a consequence of Postulate 3, we can make no distinction between the states
|¢) and €|¢) since (ple ¥ M* M,,e®|¢) = (¢p|M* M,,|¢). In the state e|¢), we call
¢’ the phase factor and we say €?|¢) is equal to |¢) up to a global phase factor.

Projective Measurements

An important special case of Postulate 3 is projective measurements. They are used
in many applications of quantum computation.

Postulate 3 (Projective Measurements). A Hermitian operator, M, on the state
space of the system describes a projective measurement. The operator M is called
an observable and has spectral decomposition given by

M:Zum

where P,, is the orthogonal projection onto the eigenspace of M with eigenvalue
m. Fach eigenvalue m of the observable corresponds to a possible outcome of the
experiment. If the system is in state |¢) before the measurement, then the probability
of obtaining the result m is given by

p(m) = (¢|Fn|9)

and upon the outcome m occurring, the state of the system immediately after the
measurement is
Pul9)

p(m)

Remark 2.4. Often a set of projections {P,,} is provided satisfying > P, = I and
PP, = 6y Py. The observable is understood to be M =" mP,,.

Another common practice is to measure in the basis |m) where {|m)} forms an
orthonormal basis for the state space. In this case the observable is given by M =

D mlm)(m).
Remark 2.5. Projective measurements are equivalent to the first version of Postu-

late 3, when the projective measurements are given the ability to perform unitary
transformation, as described in the discrete version of Postulate 2.

Example 2.6. Let us again consider the state space of the qubit with standard
orthonormal basis |0) and |1). Suppose the state space is in that state |¢) = a|0)+3|1)



where a, f € C. It is important to note that when performing a measurement on |¢),
what is actually being observed is j, where j = 0 signifies the state |0) and j = 1
signifies the state |1). Now measuring |¢) in the basis {|0),|1)} we see that

p(0) = (0[¢)(4]0) = |a]*  and  p(1) = (1é)(¢]1) = |5

gives us the probability of observing the state |0) and |1), respectively. Also, the state
of the system after the measurement is |0) if measurement outcome 0 occurred and
|1) if measurement outcome 1 occurred.

2.1.4 Composite Systems

The next postulate describes how the state space of a quantum system can be built
from the state spaces of many distinct quantum systems. It gives us a canonical way
of describing composite systems in quantum mechanics.

Postulate 4. Suppose we have n physical systems with state spaces Hy, Ho,--- , H,,,
respectively. Then the state space of the composite physical system is given by
H, ® Hy®---® H,, the tensor product of the state spaces of the component physical
systems. Moreover, if system number i is in state |¢;), then the state of the composite
system is given by 1) ® [p2) @ -+ & |¢y,).

Notation. The composite state |¢1) ® |p2) ® - - - ®|d,) is often written |p1)|p2) - - - [dn)
or (P12 - -+ Pn)

Example 2.7. In Example 2.1, we said that the state space of different polarizations
of n photons is given by C?". When considering only 1 photon we have the qubit
state space C2. So, as per Postulate 4, the state space for the composite system of
n photons is given by ) C?, which is canonically isomorphic to the space C*" in
Example 2.1.

Entangled States

Perhaps the most intriguing notion arising from Postulate 4 is that of entanglement
in composite quantum systems. A state |¢p) € Hy ® Hj is said to be entangled if it
cannot be written as |¢) = |¢1) ® |¢p2) where |¢1) and |po) are state vectors in Hy and
H,, respectively. A simple example of an entangled state occurs when H, = Hy = C2,
where H; and H, are both given the standard orthonormal basis {|0), |1)}. The state

{00y + 11)
V2

is an entangled state. This can be easily verified with a wee bit of algebra.

|#)



Chapter 3

Quantum Algorithms

Quantum Computation is the study of information processing tasks that can be car-
ried out on a quantum mechanical system. Such a system can be considered a quan-
tum computer. In this chapter we explore some of the more important algorithms
that have been developed to run on a quantum mechanical system. We begin by ex-
amining what is considered the most important tool in the development of quantum
algorithms, the quantum Fourier transform.

3.1 Fourier Transform

Suppose we are working in the vector space CV with orthonormal basis given by
{]10),1),...,|N — 1)}. We define the quantum Fourier transform to be the linear
operator F with the following effect on the orthonormal basis:

1 N-1
./T|l e?mlk’/le,

k=0

To see that the quantum Fourier transform is a unitary linear operator, it suffices
to show that (I|F*F|m) = 6, for any |I), |m) in the orthonormal basis. Observe

2

N-1 —1
1

N Z 6—27rimk’/N€27rilk/N<k,|k,> _
k=0

627ri(l—’rn)k/N

0

(31)  (m|FF|) = %

b
Il

Now if [ = m, then the above sum is 1. If [ # m, then using the algebraic identity

l+x+224+- +2V 1= 111 the above becomes

1 — 627rz'(l7m)

(3.2) 1 — g2mil—m)/N 0




3.1.1 Product Representation

We now focus on the n qubit state space C** with orthonormal basis {|0), [1),...,[2"—
1)}. In this space, the Fourier transform has a useful representation. Before we derive
this, we adopt some notational conventions. It will be convenient to write the state
|I) using the binary representation [ = lyly...l,, where | = [;2" ! + 1,272 + ..., 2°.
We also adopt the binary fraction notation for 0.0,,0,,41 . ..,. That is

lm lerl Ce lp

O.lmlmﬂ...lp:?ﬂL 1 op—mtl

Now we can derive the product representation for the quantum Fourier transform on
the n qubit space.

2" —1

F‘l \/_ Z 627rzlk/2"‘k

Z Z e2mil Xy k27 |ky -+ k) changing to binary notation

\/Q_nkl =0 kn—O
\/ﬁ Z Z ® 2milk;2~ J

k1=0 kn=0 j=1

271'1lk23
\/2—n®26

Jj=1 k;=0

ﬁ@) [10) + €227 1))

(3.3)
1

— \/@ (|0> + 627ri0.ln|1>) (|O> + 627Ti0.ln71ln|1>) . (|0> + 627ri0.l1l2-~ln|1>>
2mil279

since e =exp(2mily - ly—jlp—jr1 -+ 1) = exp(2mi0.ly—jy1 -+ - 1)

The product representation (3.3) for the quantum Fourier transform is very useful in
a number of quantum algorithms. In particular, it makes up the crux of the Phase
Estimation algorithm, which is discussed in the next section.

3.2 Phase Estimation

The phase estimation algorithm is the fountainhead of many other quantum algo-
rithms and relies heavily on the quantum Fourier transform. In a state space, sup-
pose we have an unitary operator U with eigenvector |¢) and eigenvalue e*™ where
u has an unknown value between 0 and 1. The phase estimation procedure finds an
approximation for wu.

10



3.2.1 Procedure

The phase estimation procedure requires two registers. The first register is an n
qubit state vector initialized to |0). The second register is initialized to the state |¢).

. . 1 1 .
We begin by applying the Hadamard H = \/Li L _1} gate to each of the n qubits
initialized to 0 to create a superposition of all the orthonormal basis states in the
state space C". At the end of this step the first register is in the state

2" —1 2" —1

1 1 1
(3.4) oo g (10) + 1)) = o (10) + 1)) -+ (10) + 1)) = T ; k)

For the next step we must assume we have available a black box that can perform
the controlled-U7 on the vector |¢). That is, upon reading a |1) in the &*® qubit, the
controlled-U?"™" operator would apply U2"™" to |¢) and would do nothing when a |0)
is read. Black boxes such as these are often referred to as oracles. Applying such an
oracle places the first register in the state:

1
,/2n

Observe that (3.5) above looks strikingly similar to the product representation
of the quantum Fourier transform given in (3.3). In fact, by applying the inverse
quantum Fourier transform, F, to the above state we get an approximation for u. To
see why this is so, suppose that that u can be written using exactly n bits. That is,
u = 0.ujuy ... u,. Then (3.5) becomes

(3.5) 10y + =271} (10) + €22 (1)) - (J0) + €221 )

1

(3.6) -

(’O> + 62”0'“"\1» (’0> =+ eQﬂiO'u"_lu”‘D) L. (‘0> + 62”0'“1“2'”“"]1>)

ﬂ

Now (3.6) is exactly equal to the product representation for F|uy ...u,). Therefore
applying the inverse quantum Fourier transform will give put us in the state |u; ... u,),
which when measuring in the basis yields the state |uj...u,). From this we can
compute u = 0.u1Us . . . Uy,.

In many cases we will not be able to express the eigenvalue u using a fixed number
of bits. For an arbitrary u = O.uqjus . .. u,U,,1 ... We can obtain an approximation @
for w. In fact, it can be shown that it requires

)

qubits to obtain an m-bit approximation, 4, to u with a probability of success at
least 1 — ¢ (see pages 223 and 224 in [24]).

Many interesting quantum algorithms rely heavily upon the quantum phase esti-
mation algorithm. The most famous of which is Shor’s Factoring Algorithm.
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Below we provide a summary of the the Quantum Phase Estimation algorithm.

Algorithm: Quantum Phase Estimation
Inputs: n =m+ [log (2 + Q—IEH qubits initialized to 0; an eigenstate |¢) of U with
eigenvalue e?™; a black box that performs the controlled-U* operation

Outputs: An m—bit approximation 4 to u, with probability of success at least
1—¢
Procedure:
1. Start in the initial state: |0)|¢p)
2. Apply H®" ® I to create superposition:

2" —1

- jQ_ S k)6

3. Apply the black box:

|k)U*|)

- ) o)

4. Apply F 1@ I:
— [@)[9)

5. Measure the first register with respect to the basis {|0), [1),...,[2" — 1)}

— |u)

3.3 Shor’s Factoring Algorithm

Shor’s Factoring Algorithm is responsible for much of the interest surrounding the
subject of quantum computing in the past decade. This algorithm simply takes a
positive composite integer N and returns a non-trivial factor of N. What is so
remarkable is that it can accomplish this task efficiently, whereas there is no known
efficient algorithm that performs this task on a classical computer. By efficient, we
mean the algorithm runs and completes in polynomial time in the number of bits it
takes to represent the problem.

The algorithm relies on being able to find the order p of an integer @ modulo N.
That is, p > 0 is the smallest integer such that ¢” = 1 (mod N).

12



3.3.1 Order—Finding

Essentially, the quantum algorithm for order—finding boils down to applying the phase
estimation algorithm to the unitary operator defined by

Ulb) = |ab mod N)

where a and N are coprime with a < N. However, in order to apply the phase
estimation algorithm to U, we must know an eigenstate of U. This is the subject of
the next proposition.

Proposition 3.1. If a has order p with respect to N, then the state

—

=

e’%iks/p\ak mod N)
0

lus) =

S-
i

is an eigenvector of U with eigenvalue e*™*/? for all integers s with 0 < s <r — 1.

Proof. Observe

1 = om
Ulus) = —= > e™™*/U]a* mod N)
>
p—1
= 3 e mod N)
VP
p
= L Z e—2m'(k—1)8/l’|ak mod N)
p

_ p2mis/p_— 727rzk:s/p| k d N>
€ € a 1o
A
1 &=
_ p2mis/p_~ —27riks/p| k d N>
e e a” mo ,
i

since a? = a” ( mod N) and o~ 2mikp/p _ ,=2mik0/p _ |

— 627ris/p|us>

Since Ulu,) = €?™*/P|u,) we have that u, is an eigenvector or U with eigenvalue
627ris/p' N

The next object of concern is that preparing the eigenstate

1=
lug) = — Z e~ 2mks/P gk mod N)
VP IS

13



requires that we know the value of p, which defeats the purpose of the algorithm. To
circumvent this dilemma, we use the identity

p—1

(37) Z 627riks/p == p(SkO for k S {07 17 R 2 1}7

s=0
which we saw in (3.1) and (3.2), to observe that

3
—

(3.8) e 3K/ |y) = |a* mod N)

S -
i
o

In particular, for £ =0

1 2=
(39) % ; |us> = |1>

The final problem to deal with is that running the phase estimation procedure with U

and |us) = Lp Sobl e 2miks/2|gb mod N) will return an approximation to s/p, where

we are only interested in p. The way to overcome this is to use continued fractions.

3.3.2 Continued Fractions Algorithm

The continued fractions algorithm provides us with a means of describing positive
real numbers using expressions of the form

1
lag, a1, ..., ar] = ap + ———5—
aq — 71
az+ 1
where ag, aq,...,a; are positive integers. It allows us to express a real number in

terms of integers alone. The continued fractions algorithm determines the continued
fraction expansion for a given positive real number. To see how it works, it is best to
consider an example:

Example 3.2. To find the expansion for the rational number 41/18 we break up
41/18 into integer and fractional parts

41
—9 5
18 18

Next we take the fractional part, 5/18, invert it and break it up

L R
18~ 18 T BT gy

14



Continuing in this manner, we find that 41/18 has the following continued fraction
expansion:

41 94 1

18 73+ L4

Thus we can write 41/18 as [2,3,1,1,2].

It is not hard to verify that the continued fraction algorithm converges after a
finite number of steps for any rational number. In fact, it can be shown that the
expansion converges fast enough that the algorithm can be performed efficiently on
a quantum or classical computer (see [33],[19], [10]).

3.3.3 Algorithm

Before we give the full procedure for the factoring algorithm, we outline the steps
of the quantum order—finding algorithm. In the following suppose N is a positive
integer that can be represented using m bits. Also suppose a < N is a positive
integer coprime to N. Below we outline the steps for the order—finding algorithm
which finds the order of a with respect to N.

Algorithm: Quantum Order—Finding
Inputs: n = 2m + 1 + [log (2 + 5=)] qubits initialized to 0; m qubits initialized
to the state |1); a black box U, which has the effect U,|k)|j) = |k)|a*j mod N)

Outputs: The least integer p > 0 such that a”? = 1 (mod N).
Procedure:
1. Start in the initial state: |0)|1)
2. Apply H®" ® I to create superposition:

2"—1

HJ%Z kL)

3. Apply the black box:

~ k) u,) by (3.8)




4. Apply F~ 1@ I:

p—1

— > ls/p)lus)

5=0
5. Measure the first register with respect to the basis {|0), [1),...,|n —1)}:

— |s/p)
6. Apply the continued fractions algorithm:

— P

The reason for the approximate equality in step 3, is that 2" may not be an
integer multiple of p. This situation is taken into account by the bounds of the phase
estimation algorithm.

However, there are still a couple of ways this algorithm can fail. First, it inherits
a possibility of failure from the phase estimation algorithm. However, we saw that
this occurs with probability at most €. The more serious situation occurs when s and
p have a factor in common. In this scenario, the number returned by the algorithm
is a factor of p and not p itself. To see how this is overcome, suppose the algorithm
returns pi, a factor of p. In the algorithm, we replace a by a; = a”* (mod N). Note
that the order of a; is p/p;. We then complete the algorithm with a; and compute
p by multiplying p; and p/p;, the results from each run. Of course, after running
the algorithm with a; we could also produce a factor py of p/p;. If this happens,
we simply repeat the algorithm with as = af” (mod N). Since each iteration of the
algorithm divides p; by a least 2, after at most [log(p)] < [log(V)] iterations we will
be able to find p.

With the quantum order—finding algorithm in hand, we can now provide the steps
necessary for Shor’s factoring algorithm

Algorithm: Shor’s Factoring Algorithm
Inputs: A composite integer N > 0.
Outputs: A non-trivial factor of V.
Procedure:
1. If N is an even integer, return 2.
2. If N = a® for some integers a > 1 and b > 2, return a.

3. Choose a random a where 1 <a < N — 1. If ged(a, N) > 1, then return the
factor ged(a, N).

4. Call the quantum order—finding algorithm to find the order p of a with
respect to V.

16



5. If p is odd, then go to step 1 and start over. If p is even go to step 6.

6. If a?/? = —1(mod N), then go to step 1 and start over. Otherwise, compute
ged(a?/?2—1, N) and ged(a?/?+1, N), test to see which one of these is a nontrivial
factor, and return the factor.

The first step guarantees that N is an odd integer. For the second step, there
is an efficient classical algorithm which determines if N = a® (see page 234 in [24]).
At the end of the third step, we either have a factor or we have to use the quantum
order—finding algorithm in the fourth step. In the fifth step, the probability that p is
odd is only (3)* where k is the number of distinct prime factors of N. (see [19] and
[33])-

To see why we get a nontrivial factor in step 6 note that since a? = 1 (mod N), N
must divide a? — 1 = (a?/? — 1)(a?/? 4 1), using that p is even from step 5. Therefore
N must have a common factor with either (a?/? — 1) or (a?/? 4 1). To see that this
factor is nontrivial observe that since p is the order of a and p is even, a cannot be
1. Thus either ged(a?’? — 1, N) or ged(a?’? + 1, N) is not equal to 1. Also, since p is
the least integer such that a? = 1 (mod N), we cannot have a?’? — 1 = 0 (mod N).
And step 6 checks to make sure that we do not have a?”? = —1(mod N). Thus the
ged(aP/? — 1, N) and ged(a?’? 4 1, N) cannot be N.

3.4 Quantum Period Finding Algorithm

Looking back at the quantum order—finding algorithm, we see that what truly takes
place is that the algorithm finds the period of the integer function f(r) = a” mod N.
Not surprisingly this algorithm can be generalized to an algorithm that finds the
period p of a function f: N — {0,1} where 0 < p < 2™ for some integer m. All we
need for such an algorithm is an oracle Uy that performs the unitary transformation
Ulk)|j) = |k)|j ® f(k)) where @ denotes addition modulo 2. Below we outline the
steps of the quantum period—finding algorithm:

Algorithm: Quantum Period—Finding
Inputs: n = O(m+log(1/¢)) qubits initialized to 0; 1 qubit initialized to the state
|0) for the function evaluation; a black box Uy which performs the operation
Ulk)5) = [k)l7 @ f(k))

Outputs: The least integer p > 0 such that f(k +p) = f(k).

Procedure:
1. Start in the initial state: |0)]0)

17



2. Apply H®" ® I to create superposition:

2"—1

- % S ko)

3. Apply the black box Uy:

4. Apply F 1 I: 1
.
= > ls/pIf(s)
s=0
5. Measure the first register with respect to the basis {|0), |1),...,|n — 1)}:
— Is/p)
6. Apply the continued fractions algorithm:
- D

The only difference between this algorithm and the quantum order-finding algo-
rithm is in step 3 when we introduced the state |f(s)) which we now define as

eI £ (R))

This is easy to verify by observing that > 7— e2™**/» = p if k is an integer multiple
of p and zero otherwise.
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3.5 Continuous Variable Order Finding Algorithm

Up to this point, we have been primarily focused on algorithms involving finite dimen-
sional state spaces. In this section we begin to explore quantum algorithms designed
to operate on a state space of infinite dimension. In particular, we will describe a
continuous variable version of Shor’s order finding algorithm. This algorithm is due
to Lomonaco and Kauffman [20]. We will not provide a mathematically rigorous con-
struction and implementation of the algorithm, as this will take us too far off course.
However, we do provide an overview of the algorithm at a formal level with some
examples and descriptions of how to make it rigorous.

3.5.1 Description

Recall that the original quantum Order Finding algorithm found the period p of an
integer function
¢:7 —7Z mod N

In particular, for Shor’s factoring algorithm, ¢ was taken to be ¢(r) = " mod N for
some positive integer a.

With the continuous variable ordering finding algorithm, we would like to develop
a quantum algorithm to find the period p of a function ¢ : R — C.

3.5.2 Rigged Hilbert Spaces

In order to develop such an algorithm, we will have to momentarily abandon the struc-
ture of a Hilbert space and work with a rigged Hilbert Space, also known as a Gel’fand
triple. In particular, we will use the rigged Hilbert Space (S(R), L*(R),S’(R)), where
S(R) is the space of test functions and S’'(R) is the space of generalized functions or
distributions. For a treatment of test functions and distributions see Rudin [31].

The most common generalized function, and the one we will be most concerned
with is the Dirac delta function, d(x), which has the following effect

for suitable f (bounded, continuous functions, for instance).
We will use the notation Hy for our rigged Hilbert space. This space has or-
thonormal basis

{lz);z € R}

where by orthonormal we mean that

(zly) = 0(z —y)
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For a function f in L*(R) or &'(R), we have the element in Hg given by the formal
integral

/R da f(x)]2)

(In this sense, |y) can be thought of as the delta function at y, §(x — y).)
For a particular xg, we define

120) = / dr (x|} |2) = / dz 5(z — 20)|2)
R R
which gives us the following:

(zolyo) = (z0 — yo)

We will also make use of the rigged Hilbert space H¢ which is defined in an
analogous manner.

3.5.3 Generalized Fourier Transform

In the continuous variable ordering finding algorithm, the periodic function ¢ is taken
to be Lebesgue integrable on every closed subinterval of R. We call such a function
admissible.

Remark 3.3. We have chosen one suitable definition of admissible functions. However,
there are many definitions for which the algorithm will still provide a solution. In this
sense, admissible can be taken to mean any such function for which the algorithm
can provide a solution.

Since ¢ is not assumed to be in L*(R) or L'(R), the usual definition of the Fourier
transform cannot be applied. We will define the Fourier transform on an periodic
admissible function as follows:

Definition 3.4. Let ¢ : R — C be a periodic admissible function with minimum
period p. The Fourier transform of ¢ is given by

(FO)w) = b,(1) / e ()

where
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This definition of the Fourier transform is motivated by the following calculation:

o0

(n+1)p
—2mizy _ —2mixzy
/Rdxe o(z) Z /n dxe o(x)

n=—oco0 ¥ P

= Z / dax e~ 2T (32 4 pp) by a change of variables

= Z eanpy/ dx e 2™ p (1) by the periodicity of ¢
%) 1 P 4
= Z |p| (y — —) / dx e 2 (1) by Lemma 3.5 below
n=-—o0o0 0

— 5,(y) / dx e 2 g(x)

The calculation above relies heavily on the distribution equality
Z e~ 2minpy Z y _n
Since it is not very intuitive, we provide a rigorous proof.
Lemma 3.5. As distributions we have the equality
(3.10) Z e~ 2minpy Z 5y — 2
This is a form of the Poisson summation formula.

Proof. Let f € C*°(R) be a rapidly decreasing function. That is,

sup sup (1 +2%)"[ f")(z)| < oo

n z€R
We first show:
(3.11) Y flr+m) Z fmp)e=2mimpe

m=—00

where f denotes the usual Fourier transform of the function f and p > 0.
Let F(z) =>7_ _ f(x+ +). Observe that the sum is absolutely and uniformly

n=—oo

convergent. Also F is periodic with period %. Thus F' has Fourier expansion F(z) =
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S ame TP where

_ /1/10 F —2mimpx
A =P (x)e dx
0

1/p '
= p/ Z f(x + %)6_27”"”” dx
0

n=—oo

=p [ flo)e ™ mPT dy by the Fubini Theorem
R

= pf(mp)
Therefore

Z f(l‘+ %) — F([L’) _ Z ame—Zm‘mpm =p Z f(mp)e—%rimpx

n=—oo m=—0o0 m=—00

which establishes (3.11).
Now for any such function f we have

/ D e y)ydy = Y / e f(y)dy  again by Fubini
R R

= > f(np)
:]19 STA®) by (3.11)
[ 5% a2

by the definition of the right side in (3.10).

This proves the equality we are after. n

3.5.4 Algorithm

With our Fourier transform in hand we can construct an algorithm for finding the
minimum period p of

p:R—C

where ¢ is a periodic admissible function. For clarity, we begin by assuming that p is
an integer. This algorithm follows the same general procedure as the quantum order
finding algorithm which was discussed in section 3.3.1.
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For the algorithm we will work in the state space Hr ® Hc. We will use an element
in Hg to hold arguments of the function ¢ and another element in H¢ to hold the
values of ¢. We will also make use of a black box

U(j):HR@HC_)H]R@H(C
which performs the operation
Uslz)ly) = 2)]y + ¢(x))
We now outline the algorithm:
Algorithm: Continuous Variable Order—Finding
Inputs: an element in Hp initialized to |0); an element in H initialized to |0) for

function evaluation; a black box U, which has the effect Uy|z)|y) = |x)|y+o(z));
a positive integer ¢ such that ¢ > 2p?.

Outputs: The least integer p > 0 such that ¢(z + p) = ¢(z).
Procedure:
1. Start in the initial state: |0)]0)
2. Apply F~! ® I to create superposition:

H/dxezﬂix'o\xﬂ()) :/da:]:c)]@
R R
3. Apply the black box Uy:

= [ dela)lota)

[e.9]

4. Apply FR I:
i (n+1)p i
- / dy / dx e 2y g(2) = / dyly) S / dz &> ()

R R R n=—oo Y "P

oo D )
:/Rdym > / da e 2T 6 (1 + np))

n=—oo
o0

. p .
= [yl 3 e [dee o 1np)
R 0

n=—oo

= [ vl ) [ dee o)

oo

= > i (g [ e oty

n=—00 ‘p

= > [n/p)n/p))

n=—oo
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where

2(n/p)) ,/ dx e 20§ (x))

5. Measure the first register with respect to the observable

Aﬁi4@¥%mw

where |qy| denotes the greatest integer less than qy.
Measuring produces an eigenvalue

m

q
6. Use continued fraction recursion to find p.

Let us examine the final two steps of the algorithm in greater detail. Note that
the spectral decomposition of the observable M is given by

M/ qy|yy| ZP

where P, is the project operator given by

m—+1

m:ﬁq@mm

q

Measuring the state Y o~ |n/p)|Q(n/p)) will produce an eigenvalue *+ where there
exist some integer n for which we have

@<n<m+1

qg P q

Using this we must determine the value of p.

It turns out that by selecting ¢ > 2p?, the fraction % is a convergent of the
continued fraction expansion of the eigenvalue %. Thus, after determining %, we can
use the continued fraction algorithm (see subsection 3.3.2) to find the value of p.

For more on the continuous variable ordering finding algorithm refer to the original
paper by Lomonaco and Kauffman [20]. In the paper, they describe how to extend
the algorithm to find the period p of ¢ when p is a rational or irrational number.
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3.6 Hidden Subspace Algorithm

Let E be a Hilbert space with inner—product (-, -). Further suppose we have a func-
tional ¢ : E — R™ with a hidden subspace V' C E such that

oz +v) = o(x) forallveV

The Hidden Subspace Algorithm attempts to find the hidden subspace V. The algo-
rithm we present is based on the work of Lomonaco and Kauffman [21]. We will follow
the same general procedure found in the continuous variable order finding algorithm.

Remark 3.6. As the authors admit, the algorithm is “highly speculative”. It is based
on functional integrals, and uses a Lebesgue type measure, Dz on F, which does not
exist. The algorithm calculations are all done at a very formal level.

We will need two rigged Hilbert spaces. The first we denote by Hg. It is the
rigged Hilbert space with orthonormal basis

{|z);z € £}
where we have the bracket product defined as

(zy) = d(z —y)

We will also need the rigged Hilbert space Hgn, which can be defined in an analogous
manner to the rigged Hilbert space Hr found in section 3.5.2.
For the algorithm we will need an element in Hg to hold arguments of the function
¢ and another element in Hg- to hold the values of ¢. We will also make use of a
black box
U¢ . HE®HRn —>HE®HRn

which performs the operation
Uslx)|z) = |)|z + o(x))
Remark 3.7. The algorithm also relies heavily on the following identity:
(3.12) My —u)Du= / e~ 2mY) Dy
Vi v
This identity is not obvious and is studied in great detail in chapter 6.

We now outline the algorithm:

Algorithm: Hidden Subspace
Inputs: the elements |0) € Hg and |0) € Hg»; a black box Uy which has the effect
Usla)|z) = [x)]2 + o(x));
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Outputs: a vector u € V+

Procedure:
1. Start in the initial state: |0)|0) € Hg ® Hgn

2. Apply F~! ® I to create superposition:

_ﬁ/zméﬂwwwmpi/pﬂ@m>
E R

3. Apply the black box Uy:
~ [ Dalalot)
E
4. Apply F ® I:

%/Dy/nxe 2rilead|y) | () /Dy|y /Dme 2o 6 (2))

= / Dy |y>/ Dv/ Dz e 2@ | p(z)) using that £ = U (v+ V1)
E v vV L

veV

= / Dy |y) / Dv Dz e 2@ tvw) | (1 4 v)) by a change of variables
E v VL

= / Dy |y) / Dy e~ 2ivy) Dz e 7@ |p(z))  since ¢p(z 4 v) = ¢(z)
E v Ve

= / Dy |y) / Dud(y — u)/ Dz e 2@ |p(2)) by equation (3.12)
E 1 L

= DUlU) D e ()
/ Du |u) |Q ))

[Qu)) = | Dxe ™ @W|g(x))

vLi

where

5. Measure the first register with respect to the observable

M:ADMMW

to produce a random vector u € V+
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Remark 3.8. In the original algorithm by Lomonaco and Kauffman [21], E was taken
to be the space Paths of all functions (paths) z : [0,1] — R™ which are L? with
respect to the inner—product

v "t ()

and the measure Dx, was taken in line with Feynman path integrals.

This algorithm provides much of the motivation for the work to follow in chapters
6, 7, and 8. We focus on making the notions introduced by this algorithm mathemat-
ically rigorous. To do this we will need the mathematical machinery of White Noise
Analysis or Infinite Dimensional Distribution Theory. The next chapters introduce
the concepts necessary for working in this subject.
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Chapter 4

Topological Vector Spaces

In this chapter we study the weak, strong, and inductive topologies on the dual of
a countably-normed space. We see that under certain conditions the strong and
inductive topologies coincide (and are also equivalent with the Mackey topology,
which is introduced later). We also examine and compare the o—fields generated
by these topologies to see that under reasonable conditions all the o—fields are in fact
equivalent. This o—field will serve as the Borel o—field.

4.1 Basic Notions of Topological Vector Spaces

In this section we review the basic notions of topological vector spaces along and
provide proofs a few useful results.

4.1.1 Topological Preliminaries

Let E be a real vector space.
A wector topology T on E is a topology such that addition £ x F — E : (z,y) —
x + y and scalar multiplication R x F — FE : (t,x) — tx are continuous. If F is a
complex vector space we require that C x £ — E : (a, x) — ax be continuous.
It is useful to observe that when F is equipped with a vector topology, the trans-
lation maps
t, F—-FE . y—y+zx

are continuous, for every x € E, and are hence also homeomorphisms since t;* = ¢_,.
A topological vector space is a vector space equipped with a vector topology.
Recall that a local base of a vector topology 7 is a family of open sets {U,}aer
containing 0 such that if W is any open set containing 0 then W contains some U,,.
A set W that contains an open set containing x is called a neighborhood of x. 1If U
is any open set and x any point in U then U — x is an open neighborhood of 0 and
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hence contains some U,, and so U itself contains a neighborhood = + U, of x:
(4.1) If U is open and x € U then x + U, C U, for some o € 1

Doing this for each point = of U, we see that each open set is the union of translates
of the local base sets U,,.

If U, denotes the set of all neighborhoods of a point x in a topological space X,
then U, has the following properties:

(1) x € U for all U € U,

(2) f U e, and V €U, then UNV €U,

(3) if U €U, and U C V, then V € U,.

(4) it U € U,, then there is some V € U, with U € Y, for all y € V. (taking V' to
be the interior of U is sufficient).

Conversely if X is any set and a non-empty collection of subsets U, is given for each

x € X, then when the conditions above are satisfied by the U, exactly one topology

can be defined on X in such a way to make U, the set of neighborhoods of x for each

r € X. Aset V C X is called open if for each x € V', thereis a U € U, with U C V.

[29]

In most cases of interest a topological vector space has a local base consisting of
convex sets. We call such spaces locally convex topological vector spaces.

In a topological vector space there is the notion of bounded sets. A set D in a
topological vector space is said to be bounded, if for every neighborhood U of 0 there
is some A > 0 such that D C AU. If {U, }aes is a local base, then it is easily seen that
D is bounded if and only if to each U, there corresponds A\, > 0 with D C A\, U,. [29]

A set A in a vector space F is said to be absorbing if given any = € E there is
an 7 such that € AA for all |A\| > 7. The set A is called balanced if, for all z € A,
Az € A whenever |A| < 1. Also, a set A in a vector space E is call symmetric if
—A = A. Finally, although the next concept is very common, the term we use for it
is not, so we make a formal definition:

Definition 4.1. A subset A of a topological space X is limit point compact if every
infinite subset of A has a limit point.

Remark 4.2. The term limit point compact is not the standard term for spaces with
the above property. In fact, I do not believe there is a standard term. I have seen it
called “Fréchet compactness”, “relative sequential compactness”, and the “Bolzano-
Weierstrass property”. The term limit point compact was taken directly from Munkres
[23]. It is my personal favorite term; at the very least it is descriptive.

4.1.2 Bases in Topological Vector Spaces

Here we take the time to prove some general, but very useful, results about local
bases for topological vector spaces. Most of the results in this subsection are taken
from Robertson [29].
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Lemma 4.3. Every topological vector space E has a base of balanced neighborhoods.

Proof. Let U be a neighborhood of 0 in £. Consider the function h : C x F — FE
given by h(A,x) = Az. Since E is a topological vector space, h is continuous at
A =0,z = 0. So there is a neighborhood V and ¢ > 0 with Az € U for |A| < ¢ and
r € V. Hence \V C U for |A| < e. Therefore £V C U for all a with |a| > 1. Thus
eVclU = mla\zl aU C U. Now since V is a neighborhood of 0 so is eV. Hence
U’ is a neighborhood of 0. If z € U’ and 0 < |A] < 1, then for |o| > 1, we have
x € SU (since |%| > 1). So Az € aU for [\| < 1. Hence Az € U’. Therefore U’ is
balanced. ]

Lemma 4.4. Let E be a vector space. Let B be a collection of subsets of E satisfy-
ing:
(i) if U,V € B, then there exist W € B with W C UNV.
(ii) if U € B and A # 0, then \U € B.
(iii) if U € B, then U is balanced, convex, and absorbing.
Then there is a topology making E a locally convex topological vector space with B the
base of neighborhoods of 0.

Proof. Let A be the set of all subsets of E' that contain a set of B. For each x take
x + A to be the set of neighborhoods of x. We need to see that (1)-(4) are satisfied
from subsection 4.1.1.

For (1), we have to show « € A for all A € x4+ A. Note that since each U € B is
absorbent, there exists a non-zero A such that 0 € A\U. But then 0 € A™*A\U = U. So
each U € B contains 0. So x € A for all A € z + A.

For (2), we have to show that if A, B € A, then (xr+ A)N(x+ B) € x + A for
each x € E. Recall U C Aand V C B for some U,V € B. SoUNV C AN B. By
the first hypothesis, there isa W e Bwith W c UNV c ANB. Thus AnNBe A
and hence (z 4+ A)N(x+ B) € v+ A for each x € E.

Next (3) is clear from the definition of A, since if A € A and A C B then B € A.

Finally for (4), we must show that if x + A € x + A, then thereisan V € z + A
withx+Aey+Aforally e V. If A e Atake a U € B with U C A. Now we
see that x + A is a neighborhood of each point y € = + %U. Since y € x + %U we
have y — x € %U. Thusy—x—i—%UC %U—l—%UCA. Hencey—k%UCm%—A. Thus
r—y+AD %U. Sox—y+ A€ A Therefore y+x—y+A=c+Acy+ A

To prove continuity of addition, let U € B. Then if z € a + %U and y € b+ %U,
we have v +y €a+ b+ U.

Finally, to see that scalar multiplication, Az, is continuous at x = a, A = «a, we
should find §; and d, such that Az — aa € U whenever |\ — | < 6; and = € a + §U.
Since U is absorbing, there is a nn with a € nU. Take §; so that 0 < §; < % and take
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09 s0 that 0 < §9 < m. Now observe
A —aa= Nz —a)+(A—a)a
€ (la| + 61)02U + 010U

1 1
-U+-=-UcU
C 5 + 5 C
Thus we are done. OJ

4.1.3 Topologies Generated by Families of Topologies

Let {7,}aer be a collection of topologies on a space. It is natural and useful to
consider the the least upper bound topology 7, i.e. the coarsest topology containing
all sets of U,er7,. In our setting, we work with each 7, a vector topology on a vector
space F.

Theorem 4.5. The least upper bound topology T of a collection {T4}acr of vector
topologies is again a vector topology. If {Wy}icr, is a local base for 1, then a local
base for T is obtained by taking all finite intersections of the form Wy, ;, N---NW,, ..

Proof. Let B be the collection of all sets which are of the form W,,;,, N---NW,, ;.

Let 7" be the collection of all sets which are unions of translates of sets in B
(including the empty union). Our first objective is to show that 7’ is a topology on
E. Tt is clear that 7' is closed under unions and contains the empty set. We have to
show that the intersection of two sets in 7’ is in 7/. To this end, it will suffice to prove
the following:

If C; and C5 are sets in B, and z is a point in
(4.2) the intersection of the translates a + C; and b+ Cy,
then z + C C (a + Cy) N (b+ Cy) for some C' in B.

Clearly, it suffices to consider finitely many topologies 7,. Thus, consider vector
topologies 71, ..., 7, on E.

Let B,, be the collection of all sets of the form By N---N B, with B; in a local
base for 7;, for each i € {1,...,n}. We can check that if D, D" € B,, then there is an
GeB,withGCcDnND.

Working with B; drawn from a given local base for 7;, let z be a point in the
intersection By N --- N B,,. Then there exist sets Bj, with each B; being in the local
base for 7;, such that z + B, C B; (this follows from our earlier observation (4.1)).
Consequently,

z+ My By C MLy B

Now consider sets Cy an Cy, both in B,,. Consider a,b € E and suppose x € (a+C1)N
(b+C3). Then since x —a € C there is a set C] € B, with z —a+ ] C Cy; similarly,
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there is a C) € B, withz —b+C, C Cy. Sox+Cf Ca+C; and x+C) C b+ Cy. So
r+C C(a+C)N(b+Cy),

where C € B,, satisfies C' C C; N Cs.
This establishes (4.2), and shows that the intersection of two sets in 7’ is in 7’.
Thus 7’ is a topology. The definition of 7" makes it clear that 7’ contains each 7.
Furthermore, if any topology ¢ contains each 7, then all the sets of 7/ are also open
relative to 0. Thus
T =T,

the topology generated by the topologies 7.

Observe that we have shown that if W € 7 contains 0 then W O B for some
B eB.

Next we have to show that 7 is a vector topology. The definition of 7 shows that
T is translation invariant, i.e. translations are homeomorphisms. So, for addition,
it will suffice to show that addition £ x E — FE : (z,y) — z + y is continuous at
(0,0). Let W € 7 contain 0. Then there is a B € B with 0 € B C W. Suppose
B = B;N---NB,, where each B; is in the given local base for 7;. Since 7; is a vector
topology, there are open sets D;, D} € 7;, both containing 0, with

D; + D! C B;
Then choose C;, C7 in the local base for 7; with C; C D; and C! C D.. Then

Now let C =Cin---NC,,and ¢' =C;N---NC). Then C,C" € Band C+C' C B.
Thus, addition is continuous at (0, 0).
Now consider the multiplication map R x E — E : (t,z) — tx. Let (s,y), (t,z) €
R x E. Then
sy—tr=(s—tx+tly—z)+(s—t)(y —x)

Suppose F' € 7 contains tx. Then
FOte+ W,
for some W’ € B. Using continuity of the addition map
ExXExXE—FE:(a,bc)—a+b+c

at (0,0,0), we can choose Wy, Wy, W3 € B with Wy + Wy + W3 C W', Then we can
choose W € B, such that
W CcWinNWyn Ws

Then W € B and
W4+W+Wcw
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Suppose W = By N ---N B, where each B; is in the given local base for the vector
topology 7;. Then for s close enough to ¢, we have (s —t)z € B; for each i, and hence
(s —t)x € W. Similarly, if y is 7—close enough to x then t(y — x) € W. Lastly, if
s — t is close enough to 0 and y is close enough to z then (s —t)(y —z) € W. So
sy —tx € W', and so sy € F, when s is close enough to ¢ and y is 7—close enough to
T. O

The above result makes it clear that if each 7, has a convex local base then so
does 7. Note also that if at least one 7, is Hausdorff then so is 7.
A family of topologies {7, }aer is directed if for any «, 5 € I there is a v € I such
that
TaUT3 C T,

In this case every open neighborhood of 0 in the generated topology contains an open
neighborhood in one of the topologies 7.

4.2 Countably—Normed Spaces

We begin with the basic definition of a countably-normed space and a countably—
Hilbert space.

Definition 4.6. Let V' be a topological vector space over C with topology given by a
family of norms {|-|,;n =1,2,...}. Then V is a countably—normed space. The space
V' is called a countably—Hilbert space if each |- |, is an inner product norm and V' is
complete with respect to its topology.

Remark 4.7. By considering the new norms |[vl, = (O ;_, lv[%)2 we may assume
that the family of norms {| - |,;n =1,2,...} is increasing, i.e.

o < vl < <ol <o Vo eV

If V' is a countably—normed space, we denote the completion of V' in the norm
| - |n by Vi,. Then V,, is by definition a Banach space. Also in light of Remark 4.7 we
can assume that

Vvco--cVppuCVoc---CWy

Lemma 4.8. The inclusion map from V, 1 into V,, is continuous.

Proof. Consider an open neighborhood of 0 in V,, given by
B, (0,¢) = {v € Vp,; |v],, < €}
Let ipq1, @ Vg1 — Vi, be the inclusion map. Now
i;}an(Bn(O, €)) ={v € Vii1; v < €} D Buy1(0,¢€) since |v], < |v|p41

Therefore 7,41, is continuous. O
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Proposition 4.9. Let V' be a countably—normed space. Then V is complete if and
only if V=", Va.

Proof. Suppose V = ()", V,, and {v;}32, is Cauchy in V. By definition {vg}2, is
Cauchy in V, for all n. Since V,, is complete, a limit v exist in V,,. Using that the
inclusion map ip41., @ Vip1 — Vi, is continuous (by Lemma 4.8) and that

vc---cVogaCcV,Cc---CWy

we have that all the v(™ are the same and belong to each V,. Thus they are in
V =2, V,. Let us call this element v € V.

Since |vx — v™],, — 0 for all m we have that |v; — v|,, — 0 for all m. Hence
v = limg_,o v in V. Thus V is complete.

Conversely, let V' be complete and take v € (), Vi,. We need to show v is in V.
For each n we can find v, € V such that [v — v,],, < < (using that V is dense in V).
Now for any k& < n we have |[v — v,|p < [v — V|, < % Thus lim,, .o [v — v,|x = 0.
This gives us that {v,} is Cauchy with respect to all norms | - |, where k = 1,2, ...

Let 7 = lim,, .o v, in V. Since for all & we have 7, v € Vj, and lim,,_, [T—v,|r = 0,
we see that v = 7. Thus v € V and we have V' O (2, V,,. That V. .C ()2, V,, is
obvious, since V' C V,, for all n. O

4.2.1 Open Sets in V
In light of Theorem 4.5, we see that a local base for V' is given by sets of the form:

B = B,,(e1) N By,(e2) N---N By, (ek)

where B,,(¢;) = {v e V;|v|,

. <&} is the |-

n; unit ball of radius ¢; in V.

Proposition 4.10. Let V' be a countably—normed space. For every element B of the
local base for V there exist n and € > 0 such that B,(e) C B.

Proof. Let B = By, (e1) N Bpy(e2) N -+ N By, () be an element of the local base for
V. Then take n = max;<j<;xn; and € = min;<;<;¢;. Observe B,{¢) C B since for
v € By(e) we have |v|,, <|v|, <e <¢gj;forany j€{1,2,...,k}. Thusv € B. O

Corollary 4.11. Let V' be a countably—normed space. Then a local base for V is
given by the collection {By,(1)} k=1

Corollary 4.12. Let V be a countably-normed space. Then a local base for V is
given by the collection { By(3)}72,. Moreover we have that By(1) D By(3) D

sitive mtegers n

Proof. Let U be a neighborhood of 0. By Corollary 4.11 there are pos
%) since E < ,lg If

and k such that B,(;) C U. If n > k, WehavethatB( ) C By
n <k, then By(1) C By,(3) since |v|, < 1 gives us that |v],, < |,

<
For m > k we have that B,,(L) C By(3) since |v], < |v],, and +

1
k].
<E' O
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4.2.2 Bounded Sets in V

Recall that a subset D of a countably-normed space V' is said to be bounded if for
any neighborhood U of zero in V' there is a positive number A such that D C AU (see
subsection 4.1.1). This leads us to the following useful proposition:

Proposition 4.13. A set D in a countably—normed space V' is bounded if and only
if sup,ep |v|n < 00 foralln € {1,2,...}.

Proof. (=) Suppose D is a bounded set in V. Take the open neighborhood B, (1) =
{veV;|v, <1} in V. Since D is bounded in V there is an A > 0 such that D C
AB,(1). Thus sup,ep |[v|n < A

(<) Suppose U is a neighborhood of 0 in V. Then by Proposition 4.10 there is
an B,(e) C U. Let sup,cp|v], = M < oo. Then D ¢ Y B () ¢ XELU. So D is
bounded. O

4.2.3 The Dual

Again take V to be a countably—normed space associated with an increasing sequence
of norms {| - [,,}°°, and let V;, be the completion of V' with respect to the norm | - |,,.
We denote the dual space of V' by V'. Let (-,-) denote the bilinear pairing of V’ and
V.

Of course, each Banach space V,, also has a dual, which we denote by V.. We
use the notation to |- |_, to denote the operator norm on the Banach space V.. The
relationship between V' and each V! is discussed in the next proposition.

Proposition 4.14. The dual of a countably-normed space V' is given by V'=J>", V!
and we have the inclusions

Vic-..cvpcVy,c---V
Moreover, for f € V. we have |f|—n > |f|-n-1-

Proof. (D) Take v' € V. Then v’ is continuous on V,, with topology coming from the
norm | - |, . Thus ¢’ is continuous on V, since V' C V,, and the norm |- |, is one of
the norms generating the topology on V.

(C) Take v" € V'. Since v’ is continuous on V' the set

VLD ={v eV (W) < 1}

is open in V. So we can find a member B of the local base for V' such that B C
v'"' (=1,1). By the corollary to Proposition 4.10 we have that B,(¢) C v'~' (—1,1)
for some positive integer n and some ¢ > 0.

Thus for all v € V' with |v|, < & we have that [(v/,v)| < 1. Since V is dense in
Vo, if v eV, and |v|, < e then [(v/,v)] < 1. Thusv' € V.
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To see that V; C V., take f € V,. Then for all v € V,, we have that

[f()] < [ fl=nlvln < [fl-nlvlnsa

Since V,,11 C V,,, the above holds for all v € V1. Thus f € V), and |f|_,-1 <
| fl-n- O

Proposition 4.15. A linear functional f on V is continuous if and only if f is
bounded on bounded sets of V.

Proof. (=) Let f be a continuous linear functional on V. Then f is in V'. So
f = (V") for some v € V'. Now by Proposition 4.14, v' € V! for some n. Let D C V/
be bounded. By Proposition 4.13 we have that sup,cp |v], = M < oco. Using this
we see that sup,cp [(v/,v)| < M|v'|—, < co. Thus f = (v/,-) is bounded on bounded
sets.

(<) Suppose f is bounded on bounded sets. Consider the local base sets By(1) D
Bz(%) D -+ in V asin Corollary 4.12. By contradiction we assume that f is not in V.
Then f is not in V/ for any k. So f is not continuous on V}, and hence not bounded on
By(+). Hence we can find a vy, in Bi(+) such that |f(vy)| > k. The sequence {v;};2,
goes to 0 in V. Thus {v;}32; must be bounded. But then by hypothesis, {f(vx)}72,
should be bounded. But by construction it is not, a contradiction. O

Corollary 4.16. A linear functional f on V' is continuous if and only if f is bounded
on some netghborhood of 0 in V.

Proof. Suppose [ is bounded on some neighborhood U of 0 in V. Then for any a > 0,
f is bounded on aU. Let D be a bounded set in V. Then D C AU for some A > 0.
So f is bounded on D and hence continuous by Proposition 4.15 ]

There are several topologies one can put on the dual space V’. The three most
common are the weak, strong, and inductive topologies. In the following sections
we discuss the properties of these three topologies and compare them against one
another. Throughout this discussion, the topology on V. is taken to be the usual
strong topology (i.e. the topology induced by the operator norm on V. as the dual of
the Banach space V).

4.2.4 Bounded Sets of V Revisited

Let V' be a countably—normed space. With the notion of the dual V' of V' behind us
(see subsection 4.2.3), we can formulate a better understanding of bounded sets in
V. We begin with the following simple definition:

Definition 4.17. A set D C V is said to be weakly bounded if given a set N(v';¢) =
{v e V;|(v,v)| < e} there is a A > 0 such that D C AN(v';¢).
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Theorem 4.18. Suppose V is a countably—normed space with dual V'. Let D C V.
Then the following are equivalent

(1) D is bounded.

(2) D is weakly bounded.

(3) The values of each v' € V' are bounded on D.
(4) For all n, we have sup,cp |v|, < co.

Proof. We have already shown that (1) and (4) are equivalent in Proposition 4.13.

((1) = (2)) Suppose D is bounded in V. Take a v' € V'. Then v' € V! for some
n. For v € D we have |[(v/,v)| < |v|_,|v|, < |V'|2,M,, where M,, = sup,cp |v],. Thus
we have D C 2|v/“T”M‘N(U’; g). So D is weakly bounded.

((2) = (3)) Suppose D is weakly bounded in V. Take v' € V'. By assumption
D C AN(v';¢) for some A > 0. So for v € D we have |[(v/,v)] < Ae.

((3) = (4)) Consider D C V C V,. By hypothesis all ' € V' are bounded
on D. In particular all v" € V; C V' are bounded on D. This means the linear
functionals {(-,v);v € D} are pointwise bounded on V. Thus we can apply the
uniform boundedness principle to see that sup,cp v}, < oo. O

4.2.5 The Metric on V
Let V be a countably-—normed space. Define the function p: V x V — [0, 00) by

=1 |v—ul,
(4.3) plo,u) = > T+ [o—ul,
n=1 n

First observe that p is a metric on V. From the above definition it is obvious that
p(v,v) = 0 and p(v,u) > 0 for all u # v. It is also clear that p(v,u) = p(u,v).
We have left to check the triangle inequality. To verify the triangle inequality it is
sufficient to show that

v+ uln [0l ]
L+ v+tul, = 14+ v, 14+ |ul,

To show this, we first note that the function f : [0,00) — [0,1) given by f(t) = 145
is increasing. Thus

v+ uln V|0 + [uln
T+ v4ul, = 14 |v],+ |ul,
V] 4 ||,
L+ vl + |uln 14 |[v]n+ |uls
V] |uly,

T 14|l 14 |ul
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Proposition 4.19. The metric p on V' has the following properties:

(1) ,O(U,U) = p(?) - U,O)
(2) If v, — 0 in V, then p(vg,0) — 0.

Proof. That p(v,u) = p(v — u,0) for all u,v € V is obvious from the definition.

For (2), let v, — 0in V. Then limy_. |vk|, — 0 for each n. So, for a given & > 0,
take N so that 55 < 5. Take K such that for any k > K we have |vg|, < £ for all
1 <n < N. Then for k£ > K we have

00 N [e's)

1 |ogls Z 1 |vgls 1 |okln e 1
S Ll Sl S L L
e T+ ol 2 Tl A 2 T okl 2 2
Therefore p(vg,0) — 0 as k — oc. O

As you may have guessed, we would not take the time to talk about this metric
unless it proved useful in some way. Well, it turns out that the topology induced by
this metric is identical to the original topology on V.

Theorem 4.20. The topology on the countably—normed space V' induced by the metric
p is equivalent to the original topology on V' (i.e. the topology induced by the family

of norms {| - |n}321)-

Proof. By Proposition 4.19, it is sufficient to consider the sets {v € V'; p(v,0) < &}
and the neighborhoods {v € V'; |v|,, <0} of 0 in V for £, > 0 and n € {1,2,...}.
We have to show that every {v € V'; |v|, < 0} contains some {v € V'; p(v,0) < ¢}
and conversely.

Consider a neighborhood {v € V'; |v|, <0} in V. If v € V satisfies p(v,0) < ¢,

1 ‘U‘n
then 5 TH ol < ¢ and thus

o, < 2% on
Vin =
1—2me  L_on

So, take £ > 0 such that on
-
and we have {v € V'; p(v,0) <e} C{v eV |v|, < d}.

Now consider a set {v € V'; p(v,0) < £}. Assume, by contradiction, there is no n
and d > 0 such that {v eV ; |v|, <d} C{veV; p(v,0) <e}. Then for each k we
can find vy € {v €V ; |v|y < 1} such that vy is not in {v € V'; p(v,0) < e}. This
gives us a sequence {v;}72, that tends to 0 in V' but not with respect to the metric
p. This contradicts Proposition 4.19. [

0< <9

From this it follows that V' is a complete countably—normed space if and only
(V,p) is a complete metric space. The following is a result which proves useful in a
few theorems to come:
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Lemma 4.21. Given a closed convex symmetric absorbing set C' in a complete
countably—normed space V' we can find a neighborhood U of 0 contained in C.

Proof. Since C' is absorbing we have that V' C |J,-, nC. Knowing that V is a
complete metric space we can apply the Baire category theorem to see that the closed
set C' is not nowhere dense. Thus the interior of C', C°, is not empty. Take v in C°
and let U be a symmetric open set around 0 such that v + U C C° (e.g. take U to
be one of the By(3) described in Corollary 4.12).

Because C' is symmetric we have that —v—U = —v+U isin C. Since C' is convex
it contains the convex hull of v + U and —v 4+ U. But this convex hull contains U;
observe for any w € U we have that

(v+w) + (—v + w)
2

w =

Thus we are done. 0

4.3 Weak Topology

The weak topology is the simplest topology placed on the dual of a countably—normed
space. It is defined as follows:

Definition 4.22. The weak topology on the dual V' of a countably—normed space V/
is the coarsest vector topology on V' such that the functional (-, v) is continuous for
any v € V.

In the following propositions, we prove some commonly used properties of the
weak topology.

Proposition 4.23. The weak topology on V' has a local base of neighborhoods given
by sets of the form:

N(Ulav%"'»vk;g) :{UIG V/; |<'U/>Uj>| <g 1<7< k}

Proof. In order for (-,v) to be continuous for all v € V' we need (-, v) to be continuous
at 0. Or equivalently, we require that (-,v)~!(—¢,€) = Nwv;e) be open for each
e € R. Hence for each v € V' we form the topology 7, on V given by the local base
{Nwv;e)}eso The weak topology is the least upper bound topology for the family
{7, }vev (see subsection 4.1.3). Thus, by Theorem 4.5, a local base for the weak
topology is given by sets of the form

N(vi,v9,...,05;€) = N(vy;8) N N(vg;e) N -+ N N(wvg; €)

where vy, v9, ..., 0, € V. O
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Proposition 4.24. The inclusion map i, : V! — V' is continuous when V' is given
the weak topology.

Proof. Consider the weak base neighborhood Muvj ...wvg;e) where v € V. Observe
that
i (N(vy . .ooge)) = {o' € VI |[(0,05)| < e, 1 <5 <k}

n

Since for each j, v; € V C V,, we have that the functional (-,v;) is continuous on V.
(Since V,, is a Banach space, V,, C V,.) Thus {v' € V; |(v/,v;)| <e, 1 <j <k}, is
open in V| being the finite intersection of open sets. n

Proposition 4.25. Let V' be a countably-Hilbert space. Then the space V! is dense
in V' when V' is endowed with the weak topology.

Proof. Consider v" € V'. An arbitrary neighborhood U of v’ contains a set of the
form v + N where N = Nuvy,...,v5;¢) = {/ € V5 [(V,v;)| <e, 1 <j <k} We
must find a v}, € V,, such that v, € '+ N. That is |(v], —v',v;)| < eforall1 < j <k.

Now v' € V] for some [ since V' =2, V.. If | < n we are done, since V' C V.
by Proposition 4.14. If [ > n a little more work needs to be done, but it is still very
straightforward.

For clarity, we assume k = 2 and vy, ve are independent unit vectors in V,,. (There
is no harm in assuming this. We can just shrink e suitably by dividing by the
maximum of |vy|, and |va|,.) Suppose (v',v1) = A and (v',vy) = Ay. Write vy
as vy = awvy + Bvi- where v is a unit vector in the orthogonal complement of {v;} in
V. Then Ay = (v, v3) = M+ B{v',vi) or equivalently (v/,vi) = % Consider
w = \vy + %v% Now w € V,,. Thus (w, ), is in V!, where (-,-),, is the inner-
product on V,,. We now observe that (w,v;), = A\; and (w, v3),, = (w, avy + Bvi), =
A+ A — Aja = Ao, Hence (w, -),, agrees with v" on v; and ve. Therefore w € v'+ N
and we have that V! is dense in V. O

4.4 Strong Topology

Recall the notion of bounded sets in a countably-—normed space V' (as in subsections
4.2.2 and 4.2.4). Using bounded sets in V' we can define the strong topology on V.

Definition 4.26. The strong topology on the dual V' of a countably—normed space
V' is defined to be the topology with a local base given by sets of the form

N(D;e) = {v' € V'; sup,ep [(v', v)] < &}
where D is any bounded subset of V' and £ > 0.

Taking D to be a finite set such as {v1,vs,..., v}, it is clear that the strong
topology is finer than the weak topology.
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Proposition 4.27. The inclusion map i, : V! — V' is continuous when V' is given
the strong topology.

Proof. Consider the neighborhood N(D;e) = {v' € V'; sup,cp |(V,v)| < e} where D
is a bounded set in V' and € > 0. Now

i (N(D;e)) = {v/ € Vs sup (v, 0)] < 2}

veD

Let sup,ep |vln = M. Take v} in i, '(N(D;¢)) and let ¢ = sup,cp |[(vh,v)]| < e.

Consider the open set B(vg, 555) = {v' € Vi3 [v' — vgl-n < 555} We assert that
B(vh, 575%) C iy (N (Dse)).
Take v € B(vg, 5755)- Then |[v" —vg|-n, < §75. This gives us the following
E—C

sup {0/ — 6, )] <

veD M+1

Thus sup,cp [(v — v}, v)| < € — co, since |v], < M when v € D. From this we see
that sup,cp [(v/,v)| < €. Therefore v' € i/, 1 (N(D;e)). O

4.4.1 Strongly Bounded Sets of V'

When V' is endowed with the strong topology, a bounded set B C V' is called strongly
bounded. (Likewise when V' has the weak topology, B is said to be weakly bounded).
Strongly bounded sets have many nice properties, which we will prove in this section.
First let us begin with the following definition:

Definition 4.28. A set B C V' is said to be bounded on the set A C V if

sup  [(v/, v)] < oo
v'EBwEA
Lemma 4.29. A set B C V' is strongly bounded if and only if it is bounded on each
bounded set D C V.

Proof. (=) Let B C V' be strongly bounded and let D be a bounded set of V.
Consider the neighborhood of V' given by

N(D;1) = {v' e V's sup [(v/,v)| < 1}
veED

Since B is bounded there exists an A > 0 such that B C AN(D; 1) or equivalently
1B C N(D;1). Then for v € B we have & € N(D;1). Thus |(v,v)| < A for any
v € D. Therefore B is bounded on the set D.

(<) Suppose B is bounded on each bounded set D C V. Consider a neighborhood
N(D;e) of 0 in V. By hypothesis, sup,cp ,ep |(v',v)| = M < oco. So for any v' € B
we have that |(:%-,v)| < ¢ when v € D. Thus =B C N(D;¢) or equivalently

M+1? M+1
B C MEN(D;e). Hence B is bounded. O
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Lemma 4.30. A set B C V' is strongly bounded if an only if there exists k such that
B is bounded on By(3).

Proof. (=) As per Corollary 4.12, consider the local base sets Bi(1) D Ba(3) D
of V. By contradiction suppose that B is not bounded on By(3) for any k. Then for
every k there exist a v, € By(1) and a vj, € B such that |(v], vk>] > k. The sequence
{vr} goes to 0, thus it must be bounded. So by Lemma 4.29 there must exist a
positive number M such that |[(v',v)| < M for allv' € B and all k € {1,2,...}. This
contradicts the way v}, and vy, were chosen.

(<) Conversely, let B C V' be bounded on some By(3) C V. Take a bounded
set D in V. Then D C )\Bk(%) for some A > 0. Thus B is bounded on D, since B is
bounded on /\Bk(%). Thus by Lemma 4.29, B is bounded. [

Theorem 4.31. A set B C V' is strongly bounded if and only if B C V) for some k
and B is bounded in the norm |- |_p of V.

Proof. (<) Let B C V! be bounded in the norm |- |_; by some M > 0 (i.e.
sup,ep [V'|—x < M). Consider the set Bg(1) = {v € V:|v|, < 1}. Then for v € B
and v € Bg(1) we have that |[(v/,v)] < M. Thus B is bounded on By1) and hence
on By(1). Therefore B is strongly bounded by Lemma 4.30.

(=) Conversely suppose B is a strongly bounded set in V. Then by Lemma 4.30
there is a k such that B is bounded on the set By(+) = {v € V;|v|, < }. That is
there is an M < oo such that |(v/,v)| < M for all v' € B and all v € By(5).

Let Ny C Vi be given by Ny = {v € Vi |v|x < %} Since V is dense in V}, we have
that

sup (v, v)[ < M
v'€B,wENy
From the above we see for any v € B and unit vector v € V) we have that
(v, =) >| < M. Hence |v/| < (k+1)M. Thus for any v € B we have that

v e V] and |v'|_ < (k+1) M. O

4.4.2 Reflexivity

Just as we can discuss the dual V' of V, we can also talk about the dual of V'. Of
course, this depends on the topology we put on V’. As we will see it turns out that
V" =V as sets if V' is given the weak or strong topology (and V' is a countably—
Hilbert space). We can also put a topology on V”. We construct this topology from
the strongly bounded sets in V'. For each set B in V' that is strongly bounded and
each £ > 0 form the neighborhood
N(B;e) = {@ e V" sup [(0,0")] < 5}
v'eB
Take the collection of all sets N (B;¢) as our local base in V. We call this topology the

strong topology on V". Given this topology we will also see that V" is homeomorphic
to V.

42



Proposition 4.32. Let V' be a countably—Hilbert space. Then V = V" when V' is
given the weak or strong topology.

Proof. Consider v € V' and the corresponding linear functional © on V' given by
(0,0")y = (v, v) where v' € V'

Observe that (9, -) is continuous since (0,-)~1 (—¢,¢) = {v' € V'; |(v/,v)| < €} which
is open in the weak (and hence the strong) topology on V'.

Also note that if & = 0, then (v, v) = (¢v/,u) for all v" € V’. Thus v = u. Therefore
the correspondence v — v is injective.

We now show that the correspondence v — ¥ is surjective. Take v” € V”. Then v”
is continuous on V. Since, by Proposition 4.14, V' = (J’7 | V,! we have that v" € V}/
for all n. But V,, = V) since V,, is a Hilbert space. Thus v" can be considered as an
element of V,, for all n. Since V' is a countably-Hilbert space we have that N°°,V,, =V
by Proposition 4.9. Thus v” € V and we have that v — v is surjective. O

Theorem 4.33. If V is a countably—Hilbert space, then V" is homeomorphic to V
when V" is given the strong topology.

Proof. From Proposition 4.32 we already see that V = V", We now need to see that
the correspondences v — v and v — ¥ are continuous.

First we consider the continuity of v — v. Let NB;e) be a neighborhood of
0 in V”. So we have that B is a strongly bounded set in V’. By Theorem 4.31
we know that B C V/ for some k and is bounded in the norm |- |_,. Let us call
SUp,ep [v'|—x = M < oo. Consider the neighborhood By(<) C V given by By(5) =
{veV; vy <5} Take av € By+). We need to see that o € N(B;e). For any
v" € B we have that

[(@,0)] = [0/, 0)] < o] -rfole < M = e

So v € N(B;¢). Thus v — v is continuous.

Now consider 0 — v. Let 0 < € < 1 and take Bi(e) = {v € V; |v|x < €}, a member
of the local base for V' (see subsection 4.2.1). Let B C V' be given by

B={v eV |(',v)| <1 for all v € V}, with |v|; < ¢}

Note that B is strongly bounded by Theorem 4.31. So we can form the local base
element N(B;e) of V” given by

N(B;e) = {ﬁ e V" sup [{(0,0")] < 5}
v'eB

Take a v € NB;e). Note that <ﬁ?>’f € B since <# w) < |ulp for u € V.

k?
Since © € N(B;e) and <ﬁ?>k € B, we must have \(ﬁ,vm = |v|x < e. Therefore
v € By(g). This proves the continuity of the map 0 — v.

]
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4.4.3 Completeness in V"’

Suppose V' is given the strong topology. The convergence of a sequence of functionals
{vp}32, in V' to an element v’ € V' is called strong convergence and {v; }32, is said
to converge strongly to v'. Obviously {v} }32, converging strongly to v’ is equivalent
to {v}, —v'}32, converging strongly to 0. Thus a sequence {v} }7°, converges strongly
to v’ if and only if for any bounded set D C V and any number € > 0 there exist
a KX > 0 such that vj, — v € N(D;e) = {v/ € V'; sup,p [(V/,v)| < e} forall k > K.
Hence a sequence {v; }72, converges strongly to v’ if and only if {(v}, ) }32; converges
uniformly to (v/,-) on each bounded set D C V. We say that a sequence {v}}?2,
is strongly Cauchy (or strongly fundamental) if the sequence of numbers { (v}, v)}72,

converges for each element v € V and the convergence is uniform on each bounded
set D C V.

Theorem 4.34. Let V' be a countably-normed space. The dual V' of V' is complete
under the strong topology.

Proof. Let {v,}32, be a strongly Cauchy sequence in V’. Then for v € V we have
that the sequence of numbers {(v},v)}72, converges. We conveniently denote this
limit by (v, v). For for each v € V' we have

(v/;0) = Tim (v, v)

This functional (v',-) is clearly linear on V. We have to check that it is con-
tinuous. For this it is sufficient to see that (¢, -) is bounded on bounded sets (see
Proposition 4.15). Let D be a bounded set in V. Observe the functions {(v}, )},
are bounded on D. Moreover they converge uniformly to (v',-) on D. Hence there is
a K > 0 such that [(v — v}, v)| < 1 for all v in D. Thus we have that

sup | (v, v)| < sup [(vi, v)| + 1 < 00

veED veD
Therefore (v',-) is bounded on bounded sets and hence continuous. So v € V' and
V' is complete with respect to the strong topology. O

4.4.4 Comparing the Weak and Strong Topology

When a countably—normed space V' is complete, many properties of the strong and
weak topologies coincide. We will see that weakly and strongly bounded sets are one
in the same. Also under suitable conditions, weak and strong convergence coincide.

Theorem 4.35. Let V' be a complete countably-normed space with dual V'. Every
weakly bounded set in V' is strongly bounded.
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Proof. By Lemma 4.30 and Corollary 4.12 it is sufficient to show that a weakly
bounded set B is bounded on some neighborhood of zero in V.
Let us define a set C' C V' as follows:

C={veV;|(v,v)| <lforallv' € B} = [|{veV:|(t),v)] <1}

v'eB

Observe that C' is closed, being the intersection of closed sets, C' is convex, being the
intersection of convex sets, and C' is symmetric, being the intersection of symmetric
sets. Finally note that C' is absorbent: Take v € V. Since B is weakly bounded
we must have B C AN(v; 1) where N(v;1) = {v' € V'; |(v/,v)| < 1} for some A > 0.
Thus [(v',v)| < A for all v' € B. Hence { € C or equivalently v € AC.

So we can apply Lemma 4.21 to see that there is a neighborhood U of 0 in V' such
that U C C. Therefore the elements of B are uniformly bounded on U (by 1). Thus
B is bounded on U and hence strongly bounded. O

Corollary 4.36. Let V be a complete countably—normed space with dual V'. If a
sequence {v}.}32, in V' converges pointwise (on each v € V'), then {v} }32, is strongly

bounded.
Proof. Since {v}}?2, converges pointwise, it is weakly bounded. O

Corollary 4.37. Let V' be a complete countably—normed space with dual V'. Then
V' is complete with respect to the weak topology.

Proof. Take a Cauchy sequence {v}}72, C V'. Then by Corollary 4.36, we have that
{v.}32, is strongly bounded. Thus by Lemma 4.30, {v}}32, is bounded on some
neighborhood U of 0 in V. That is, there exist an M > 0 such that |(v,,v)| < M for
allve U and all k € {1,2,...}.
Define v by (v, v) = limg_,o (v}, v). Obviously, ¢ is linear. Observe that for all
v € U we have
(o', 0)] = lim [{vy, )| < M

So v’ is bounded on U and hence continuous (by Corollary 4.16). O]

Of particular interest are countably—normed spaces such with the property that
bounded sets are limit point compact. These spaces have many wonderful properties,
that do not hold in general for infinite-dimensional normed spaces. We make the
following definition (the terminology comes from Gel’fand [8]):

Definition 4.38. A complete countably—normed space V' in which all bounded sets
are limit point compact is called perfect.

Remark 4.39. Since Theorem 4.20 gives us that V' is metrizable, limit point compact
can be replaced with compact or sequentially compact in the above definition. There-
fore if V' is perfect, the strong topology on V' is nothing more than the well known
compact—open topology [23].
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Theorem 4.40. Let V' be a perfect space with dual V'. Then a sequence {v}}32, in
V' converges strongly if and only if it converges weakly. i.e. weak and strong converge
coincide on the dual space V'

Proof. Obviously strong convergence implies weak convergence. So take a a sequence
{v.}32, in V" which converges weakly to v' € V’. Without loss of generality we can
take v' = 0 (replace v}, with v}, —v’). The sequence {v} }32, is weakly bounded, being
weakly convergent. Thus by Theorem 4.35 we have that {v} }72; is strongly bounded.

To show {v} }32, converges strongly we must show (v;,-) goes to 0 uniformly on
each bounded set D C V. Suppose, by contradiction, that there exist a bounded set
D in V where (v}, -) does not go to 0 uniformly. So for some ¢ > 0, there is a ky > 1
such that ‘(v,’ﬂ,w > ¢ for some v € D. Name this v as vg,. Likewise there an ks > ky
and vy, € V such that |<v§€2, vkz)} > ¢. Continuing in this manner we form a sequence
{vk,}32, in V. This sequence is bounded, being taken from the bounded set D.

Knowing that V' is a perfect space we have a subsequence of {v, }32, that converges
to some v in V. Renumbering if necessary we will just take this subsequence to be
{vk; }52,. Since {wy; }32, goes to v in V' then the sequence given by wy, = vy, — v goes
to0in V.

Now for any strongly bounded set B C V', Theorem 4.31 guarantees that (v', wy,)
goes to 0 uniformly for all v" € B. So take B to be the set {v} }32;. Then (v}, wg;)
goes to 0 and by weak convergence we have that (vi,,v) goes to 0. Thus

lim <U;€j’vkj> = Jlllg(U;j, wkj> + <U;€j,2}> =0

J]—00

This contradicts the construction of the vy, and vj, . O

4.5 Inductive Limit Topology

Given a sequence of normed spaces { (W, |-|»);n > 1} with W, continuously imbedded
in W41 for all n, we form the space W = |2, W,, and endow W with the finest
locally convex vector topology such that for each n the inclusion map i, : W,, — W
is continuous. This topology is call the inductive limit topology on W and W is said
to be the inductive limit of the sequence {(W,, |- |.);n > 1}

4.5.1 Local Base

As always, when discussing a vector topology, we should try to discover what a useful
local base for the topology would be.

Theorem 4.41. Suppose W is the inductive limit of the normed spaces {(W,,| -
ln);n > 1}. A local base for W is given by the set B of all balanced convex subsets U
of W such that i)' (U) is a neighborhood of 0 in W,, for all n.
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Proof. We first apply Lemma 4.4 to see the set B is in fact a local base for W. Take
U,V € B, then clearly U NV € B. Now if U € B, then it is easy to see that aU € B
for a # 0. Finally we show U € B is absorbing. Note that i, 1(U) is absorbing in W,
(since W, is a normed space and 4., ' (U) is open in W,,). Thus U absorbs all the point
of W,, = i,(W,) C W. Since W = |J.2;, W,,, U absorbs W. Thus by Lemma 4.4 we
see that B is a base of neighborhoods for a locally convex vector topology on W.

It is fairly straightforward to see that B gives us the finest locally convex vector
topology making all the ¢, : W,, — W continuous: Let 7 be a locally convex vector
topology on W making all the i, continuous. Take a convex neighborhood (of 0) U
in 7. By Lemma 4.3 we can assume U is balanced. Since each i, is continuous, we
have i 1(U) is a neighborhood in W,,. Thus U € B. O

Corollary 4.42. Suppose W is the inductive limit of the normed spaces {(W,,| -
ln);n > 1}. A local base for W is given by the balanced convexr hulls of sets of the
form \J7 in(Bn(gn)) (where By(e,) = {x € Wy, ; |z], <en}).

Proof. Let U be the balanced convex hull of the set |J, - i,(By(e,)) in W. Then
B.(g,) C i;}(U). So i,;}(U) is a neighborhood of 0 in W,,. By Theorem 4.41 such a
U is a neighborhood in W.

Now if U is any balanced convex neighborhood of 0 in W, then i !(U) contains
a neighborhood B, (g,). Hence i, (B,(¢,)) C U. Since U is convex and balanced, the
balanced convex hull of | J 7, i,(By(ey)) is contained in U. Thus the sets described
form a local base for W. [l

4.5.2 Inductive Limit Topology on V'’

Let V' be a countably-normed space. Then V', the dual of V', can be regarded as the
inductive limit of the sequence of normed spaces {(V/,|-|_,);n > 1}. Thus V' can be
given the inductive limit topology. In light of Proposition 4.24 and Proposition 4.27
we see that the inductive limit topology on V' is finer than the strong and weak
topology on V’. We also have the following useful result about convergence on V' in
the inductive topology:

Theorem 4.43. Let V' be a countably-normed space. Endow V' with the inductive
limit topology. A sequence {v}}32, converges to v’ in V' if and only if there exists
some n such that v, € V! for all k and limy_, v}, — v|—,, = 0 (i.e. v}, converges to v’
in V).

Proof. (<) Using Corollary 4.42, this direction is obvious.

(=) Let {v}.}32, be sequence in V' that converges to v' € V’. Replacing v;, with
v, — v, if necessary, we assume that v = 0. Since {v}}?2; converges to 0 in the
inductive limit topology, by the above discussion, it converges to 0 in the strong
topology on V. Hence {v} }72, is strongly bounded. Thus by Theorem 4.31 we have
that there is an n such that {v,}32, C V..
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Now we must show that |v},|_, goes to 0 as k tends to infinity. That is for a given
e > 0 we need to find a K > 0 such that for all £ > K we have |v,|_,, < . Consider
the base neighborhood U of V' given by the balanced convex hull of (J;°, B; where
for [ = n we take
B,={v eV ;|W|_,<e}

Forl <n, B, ={v € V/; |v'|-; < g} where g, > 0 is chosen so that B is contained in
i;;l(Bn). (Such an ; > 0 exist by the continuity of the inclusion map 7, : V/ — V,..)

And for [ > n we first note that the restricted inclusion i,; : V! — i,,(V/) =
Vi C V/ is a homeomorphism (since V], is continuously imbedded into V., for each
n). This gives us i;,,(B,) NV, = W NV, where W is open in V/. Thus take B, =
{v' € V/'; |v'|-; < &} where g, > 0 is chosen so that B, C W.

Now since U is open, there is a K such that for all £ > K we have that v}, € U.
We will show that v, € B,, for k > K. Let k£ > K and consider the element v;,. Since
v, € U we can write vy, as vy, = > 70 Ajy; where Y 7| [A;] < 1 and y; € B;. Observe
that each y; with A\; # 0 is in V.. (If there is an y; not in V,) with A; # 0, then vj,
could not be V) Thus we have

(44) AN P17
j=1

Observe for j < n, y; € B; C z;_nl(Bn) So |yj|—n < €. Also for j > n we have
that y; € B;. Since y; € V, we get that y; € B; NV, Ci, (B,) NV, So |y;| -, <e.
Therefore in (4.4) we have that

o [e.e]
[okl—n < D INlysl-n < D INjle <€
j=1 j=1

Thus v}, is in B, for all £ > K and we are done.

4.6 Comparing the Three Topologies
In this section we compare the three topologies on the dual V' of a countably—normed

space V. In order to do this efficiently we first introduce a fourth topology on V’. It
is the Mackey topology on V.

4.6.1 Mackey Topology
In order to talk about the Mackey topology we need the following notion:
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Definition 4.44. Let D be a set of bounded subsets of a topological vector space E
with dual £’. The topology of uniform convergence on the sets of D is the topology
with subbasis neighborhoods of 0 given by

N(D;e) = {v’ € E'; sup |(v,v)] < 5}

veD

where D € D and € > 0. This is also referred to as the topology of D—convergence
on F'.

From the definition we see that a local base neighborhood for the topology of
D-convergence on a vector space E with dual £’ looks like

N(Dq;e1) N N(Dayseq) N -+« N(Dy; ex)

where D; € D and ¢; > 0 for all 1 < 57 < k. We now state the following theorem
without proof:

Theorem 4.45 (Mackey-Arens). Suppose that under a locally convex vector topology
7, E is a Hausdorff space. Then E has dual E" under T if and only if T is a topology
of uniform convergence on a set of balanced convex weakly—compact subsets of E'.

For a proof of this results see [29], [32], or [15]. Using this theorem we can define
the Mackey topology as follows:

Definition 4.46. Let E be a topological vector space with dual E’. The Mackey
topology on E is the topology on uniform convergence on all balanced convex weakly—
compact subsets of E.

Remark 4.47. From this discussion we see that the Mackey topology on V’ has a local
base given by

N(C;e) = {v' eV’ Sup (v, v)] < 8}

where € > 0 and (' is a balanced convex weakly—compact set in V.

Remark 4.48. Although we have not defined the term weakly—compact, it is nothing
to fret about. Just as we have defined the weak topology on V', we can define an
analogous topology on V. This topology has as its local base sets of the form

N(v, vy, ... v5e) = {v e V; [(v,v)] <e, 1 <j <k}

When a set in V' is said to be weakly—compact, it simply means that the set is compact
with respect to the weak topology on V.
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4.6.2 The Topologies on V'

Let us make the following notational convention throughout this section:

Notation. Let V be a countably-normed space with dual V’. The weak topology,
strong topology, inductive limit topology, and Mackey topology on V’ with be denoted
by 7w, Ts, T;, and T,,, respectively.

Proposition 4.49. Let V be a countably—normed space. Suppose C' C 'V is weakly—
compact, then C s weakly bounded.

Proof. Let v' € V' and € > 0 be given. We have to show there exists a k such that
C' C kN';¢) (see Definition 4.17). Cover C' by the sets {kN(v';¢)}72,. Since C' is
weakly—compact, C' C kN(v';e) for some k. H

Corollary 4.50. Let V' be a countably-normed space with dual V'. Then the strong
topology s is finer than the Mackey topology T, on V'.

Proof. The topology 7 is by definition the topology of uniform convergence on all
bounded sets in V. But by Theorem 4.18 every bounded set in V' is weakly bounded.
And by Proposition 4.49, we have that every weakly—compact set is weakly bounded.
Thus 7, C 7. ]

Lemma 4.51. Let V be a countably—normed space with dual V'. Then V' is Haus-
dorff in the weak topology t,,, and hence in the strong, Mackey, and inductive limit
topologies.

Proof. Take v’ € V’. We must find a neighborhood of 0 in 7, that does not contain w’.
Take v € V such that |(v/,v)] # 0. Let |(u/,v)| = X # 0. Consider the set N(v;3) =
{v/ € V'; |(v/,v)| < 4}. This set cannot contain «’. Thus V' is Hausdorff in the weak
topology (and hence in the finer strong, Mackey, and inductive topologies). ]

Lemma 4.52. Let V' be a countably—Hilbert space with dual V'. Then the dual of V'
is V when V' is given the weak, strong, Mackey, or inductive limit topology.

Proof. Consider v € V and the corresponding linear functional v on V’ given by
(0,0") = (v',v)  where v € V'

Observe that (9, -) is continuous since (9, )~ (—¢,¢) = {v' € V’;|{(v/,v)| < €} which
is open in the weak topology (and hence the strong, Mackey, and inductive limit
topologies) on V.

Also note that if & = 0, then (v',v) = (¢v/,u) for all v" € V’. Thus v = u. Therefore
the correspondence v — © is injective.

We now show that the correspondence v — © is surjective. Take v” € V", the
dual of V'. Then v” is continuous on V’. Since V' = (J)7, V. by Proposition 4.14,
we have that v € V. for all n. But V,, = V. since V,, is a Hilbert space. Thus
v” can be considered as an element of V,, for all n. Since V is a complete we have
that (),—, V., = V by Proposition 4.9. Thus v € V and we have that v — 0 is
surjective. O
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Theorem 4.53. Let V' be a countably—Hilbert space with dual V'. Then the inductive,
strong, and Mackey topologies on V' are equivalent (i.e. T4 = T; = Tpy).

Proof. By Lemma 4.51 and Lemma 4.52 we have that V' is Hausdorff and has dual V'
under the topologies ts, t;, and t,,. Thus we can apply Theorem 4.45 to V'. (In the
theorem we are taking V" as £ and V as E’.) This gives us that t; and ¢, are topologies
of uniform convergence on a set of balanced convex weakly—compact subsets of V.
However, by definition, the Mackey topology, 7,,, is the finest such topology. Thus
T7s C T, and 7; C 7,,,. However, by Corollary 4.50 we have 7,, C 7,. Thus 7, = 7,.
Likewise, we have 7; C 7, = 7,; and, by Proposition 4.27 and the definition of the
inductive limit topology on V' we have 7, C 7;. Therefore 7, = 7,,, = 7;. O

4.7 Borel Field

In this section our aim is to discuss the o—field on V' generated by the three topologies
(strong, weak, and inductive). We will see that under certain conditions the three
o-fields coincide. The standing assumption throughout this section is that V is a
countably—Hilbert space with a countable dense subset Q),. On each V! C V' define
the sets Fn(%) for all £ as:

Ei(

I =

) = {U/ € Vi supyeq (v, i)l < %}

where ) = @, — {0}.
Recall that the local base for the topology of V! is given by the sets

Nye) ={v" eV |V], <&}
where ¢ > 0.
Lemma 4.54. In V! we have that Fn(% = Nn(%) for all k.

Proof. Recall that [v'|_, = sup,cy, (o) [{V, ﬁﬂ It is enough to show that for any

v € V,, we have a sequence {v;}7°; in @) that converges to v (since @ is dense in V'
and V' is dense in V,,). Thus (v, v) = lim;_ (v, v;). O

v' €V, we have [v'|_, = sup,cq [(v', 7-)|. This is quite easy to see: for any non-zero

Proposition 4.55. The collection {F,(3)}i2, forms a local base in V. That is, V,,
18 first countable.

Proof. Take an open set U C V! containing 0. Then N,{¢) C U for some ¢ > 0.
Choose k so that % < e. Then by Lemma 4.54 we have Fn(%) = Nn(%) C Ny(e). O

Since each V,, is a separable Hilbert space, so is its dual V.!. Let @)/, be a countable
dense subset in V.
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Proposition 4.56. The collection {z' + F,(3) | 2/ € Q),, 1 < k < oo} is a basis for
V. That is, V. is second countable.

Proof. Consider an open set U C V! and an element v' in U. By Proposition 4.55
there is a k such that v’ + F,(3) C U. Take 2’ € @), such that |2/ — v/|_, < 5-.
Observe that 2’ + F, ( ) cv +F ( ) Take any w'’ € Fn(i) and we have

supl(a’ =o'+ ', )| < o v+ sup !, )

11
2k 2k k

This gives us that ' — U+F( )CF( )orequlvalentlyx +F( )Cv +F( )
Also v/ € 2/ + F,(55) since |2/ — /|-, < 21k

In summary we have that v/ € 2/ + F(5:) C v' 4+ F) C U. Therefore the
collection {z' + F,,(1) | 2’ € Q,, 1 < k < oo} is basis for V. O

Lemma 4.57. Let o(7,) be the Borel o—field on V' induced by the weak topology.
Then F,(3) is in o(7,) for all positive integers k and n.

Proof. Observe Fi{1) = {v' e V)i V|, <1} = {v eV W<t} I €V
satisfies sup,cq [(v', )| < =, then v’ € V)

Now note that Fn(%) can be expressed as

=U N M

reSveQ’,
where N(| — r)={v eV [(v o <rtand S={reQ;0<r< =}. Therefore
F, ( k) can be expressed as the countable intersection of the weakly open sets N (| o )
Hence F,(1) is in (7). O

Theorem 4.58. Let V' be endowed with a topology 7. If T is finer than 1, and the
inclusion map i), : V. — V' is continuous for all n, then the o—fields generated by T
and T, are equal. (i.e. o(1,) = o(T))

Proof. Let U be a set in 7. Then U,, = i/, }(U) is open in V. By Proposition 4.56,
U, can be expressed as U, = {J;cp 77, + Fn(kil) where x;, € @, and T is countable.
Then

Thus U can be expressed as a countable union of sets in o(7,). Hence U is in o(7,).
Therefore o(7,) = o(7).
[l
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Corollary 4.59. The o—fields generated by the inductive, strong, and weak topologies
on V' are equivalent. (i.e. o(1,) = o(7s) = o(7:))

Proof. We can apply Theorem 4.58 since i, is continuous with respect to 7; and 7
and also both 7; and 75 are finer than 7. O

The o—field on V' generated by the weak, strong, or inductive topology is referred
to as the Borel field on V.

4.8 A Word on Nuclear Spaces

Let V be a countably-Hilbert space associated with an increasing sequence of inner-
product norms {| - |,;n > 1}. Again let V,, be the completion of V' with respect to
the norm | - |,.

Definition 4.60. The countably—Hilbert space V' is called a nuclear space if for any n,
there exists m > n such that the inclusion map from V,, into V,, is a Hilbert-Schmidt
operator (i.e. there is an orthonormal basis {e; }72 ; for V,,, such that > 7 |ex|2 < 00).

Remark 4.61. Note that a trace class operator is also a Hilbert-Schmidt operator and
that the product of two Hilbert-Schmidt operators is a trace class operator. Thus V
is a nuclear space if and only if for any n, there exists m > n such that the inclusion
map from V,, into V,, is a trace class operator.

Proposition 4.62. Let V be a perfect space. Then V has a countable dense subset
(i.e. V is separable).

Proof. Recall V. = (_, V,,. . We can divide this into two cases: either each V;, is
separable or there exists a k such that V} is not separable.

In the first scenario, since V' C V; and V] is separable, we can find a countable set
@1 C V such that @) is dense in V in the norm | - |;. Likewise, we can find Qs C V
that is dense in V' with respect to the norm |-|o. Continuing in this manner, we form
Qn CViorallne{1,2,...}. Let Q = U,—, @n. We will now show @ is dense in V.
Let v € V. For each n we can find a v, € @, such that [v — v,|, < % Then for any

k < n we have that )
|?)—'Un|k S |U _vn|n < =
n

Therefore, the sequence {v,}22; will converge to v in the space V.

In the second case, without loss of generality we can take V) to be nonseparable.
Using the Axiom of Choice we can find an uncountable set S; in V' of points bounded
in the norm | - |; with the distance between any two points being larger than a
positive constant M. (That is, for z,y € Si, we have |z — y|; > M.) Likewise, since
V =2 {veV;|vla <n}, there is an uncountable set Sy C S;, which is bounded
in the norm | - |5. Continuing in this manner, for each n we form an uncountable set
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Sp C Sp_1 such that S, is bounded in the norm | -|,. Note that for any z,y € S, we
have that
2 —ylo 2z —yh =M

From each S take an arbitrary point vy and form the set {v;}72,. Note that
{vk}32; is bounded in V. However, by construction {vj}?2; cannot contain a Cauchy
sequence. Therefore, V' cannot be perfect, a contradiction. O

Proposition 4.63. If V is a nuclear space, then V' is perfect.

Proof. Let B be a bounded set in V. Denote the set B considered as a subset of V,
by B,. Since B is bounded, each B, is bounded in V,,. For m < n, let iy, ,, : V, — V},
be the inclusion map. Note that i, ,,(B,) = By,. Since V is a nuclear space the image
of the bounded set B, has compact closure in V,,. For m = 1, taking a sequence of
elements {v;}32, in B, there is a subsequence {vy, }3°_; that is Cauchy in the norm
|- |1. Taking m = 2, we can find subsequence {v, }7°_; of {vy, }77_, that is Cauchy in
the norm |- [. Continuing in this way and forming the diagonal sequence {vy, }32, we
see that {vy, }52, is Cauchy in every norm |- |. Thus {v,}32, is Cauchy in V. Since
V' is complete, this sequence has a limit in V. Thus B is limit point compact. O]

Combining the last two propositions, we see that all the results proved through-
out this article apply to nuclear spaces. Most importantly, for a nuclear space, the
strong and inductive topologies on the dual coincide and the o—fields generated by
the inductive, strong, and weak topologies are equal.
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Chapter 5

White Noise Analysis

In this chapter we present an overview of the subject of White Noise Analysis or
Infinite Dimensional Distribution Theory. We begin by constructing the infinite di-
mensional Gaussian measure and formalizing the concepts of test functions and gen-
eralized functions. We then highlight some of the major results of the subject.

5.1 Gaussian Measure on the Dual of a Nuclear
Space

Let E be a real separable Hilbert space with norm | - |o, and let A be a operator on
E. Suppose further that there is an orthonormal basis {e,}>°, on E of eigenvectors
of A satisfying

(1) Ae, = \uey,

2 I<h<A<- <A <

(3) S0, A2 < oo

Remark 5.1. In the sections to come the reason for having the condition 1 < A; will
not be immediately clear. However, let us mention that this condition is important
in ensuring that the test functions we develop are continuous (or at least have a
continuous version almost everywhere).

Applying conditions (1) and (2) we see that A™! is a bounded operator with

operator norm ||A7Y|| = % By condition (3), we see that A~ is also Hilbert—Schmidt
on F with
(5.1) 1A s = DA% < o0

n=1

From this operator A and the Hilbert space E we proceed to construct a nuclear
space.
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Using the notation W = {0,1,2, ...}, we have the coordinate map

]:EHRWZf'—)«faen))

new

Let

(5.2) Fo=I(E) = {(mn)new 3 a2 < oo}

neW

Now, for each p € W, let

(5.3) F, = {(ffn)new : Z NP2 < oo}

neWw

On F), we have the inner-product (-, -), given by

(a,b)y = > APayb,

neWw

This makes F}, a real Hilbert space, unitarily isomorphic to L*(W, v,) where v, is the
measure on W specified by v,({n}) = A2, Moreover, we have

(5.4) FYnewF, C--Fy CF CFy=LW,uv)

and each inclusion F,; — F, is Hilbert-Schmidt.
Now we pull this back to E. First set

(5.5) & =1"YE) = {x €E:Y NPl e, < oo}

n>0
It is readily checked that
(5.6) &, =A"T(E)
On &, we have the pull back inner-product (-, -),, which works out to be
.7 (F.g)y = (Af, A7)
and that induces a norm |f|, = |A?f|o. Then we have the chain
(5.8) Y Nyewé, C & CECE,

with each inclusion &,41 — &, being Hilbert-Schmidt.

Equip € with the topology generated by the norms {| - |,}>2, . Then & is, by
definition, a nuclear space. The vectors e, all lie in £ and the set of all rational—
linear combinations of these vectors produces a countable dense subspace of £. Since
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& is a nuclear space, the topological dual £’ is the union of the duals &). In fact, we
have:

(5.9) E'=Upew&, D EDEDE ~E,

where in the last step we used the usual Hilbert space isomorphism between E and
its dual E'.
Going over to the sequence space, £, corresponds to

(5.10) Fopy S {(@n)new = Y A 7a? < oo}
new

The element y € F_, corresponds to the linear functional on F, given by

T Y Tayn

which, by Cauchy—Schwartz, is well-defined and does define an element of the dual
F) with norm equal to the square root of 3, A7 2Py < oo. This gives us the pull
back inner-product (-,-)_,, which works out to

(5.11) (f9)—p=(AT"f, APg)

and that induces a norm |f|_, = [A7P f]o.
Combining (5.8) and (5.9) we can get the triple

ECEcCE

where € is a nuclear space dense in F relative to the norm |- |o. Such a triple is called
a Gel’fand triple.
Consider now the product space R", along with the coordinate projection maps

Xj;RW—)R;xH[L'j

for each j € W. Equip R" with the product o-algebra, i.e. the smallest o—algebra
with respect to which each projection map X ; is measurable. A fundamental result
in probability measure theory (a special case of Kolmogorov’s theorem, for instance)
says that for a given o > 0 there is a unique probability measure v on the product
o—algebra such that each function X j, viewed as a random variable, has Gaussian
distribution with variance o. Thus,

/ eitf(j dy = 6—t202/2
RW

for t € R, and every j € W. The measure v is the product of the Gaussian measure
e~%"/20%(2102)~12dx on each component R of the product space RW .
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Since, for any p > 1, we have

/RW Z /\;2”%2. dv(z) = Z /\]-_277 < 00,
jew

JEW

it follows that
v(F_,) =1

for all p > 1. Thus v(F') = 1.
We can, therefore, transfer the measure v back to &', obtaining a probability
measure i, on the o—algebra of subsets of £ generated by the maps

é;: & = R: fr— fle),

where {e;},ew is the orthonormal basis of E we started with (note that each e; lies
in & = ﬂp>0 &,). This is clearly the o-algebra generated by the weak topology on
&', which, by Corollary 4.59, is equal to the o—algebras generated by the strong or
inductive-limit topologies.

The above discussion gives a simple direct description of the measure .

To summarize, we are at the starting point of much of infinite-dimensional dis-
tribution theory (white noise analysis): Given a real, separable Hilbert space E and
an operator A on F, we have constructed a nuclear space £ and a unique probability
measure [, on the Borel o—algebra of the dual £ such that there is a linear map

E— L p): & €,
satisfying

/ it€(@) dpiy () = o120l /2

for every real t and £ € E. The measure 1 = pq is often called the (standard) Gaussian
measure or the white noise measure and is the principal measure used white-noise
analysis. Also the probability space (£, u) is called the white—noise space.

Remark 5.2. The existence of the Gaussian measure p, is also obtainable by applying
the Minlos Theorem (see Theorem 7.1). In this setting, we have

/ ei<x7€> dﬂa(-x) - / elé(x) d,ua(l') - 6_|§I%U2/2
5/ !

for any & € £.

5.1.1 Properties of the Gaussian Measure

Here we present some standard results about the Gaussian measure p defined on the
dual of a nuclear space.
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Notation. For a real vector space V', we denote the complexification of V' by V., where
as usual V, = {vy +ivy; v1,v9 € V}. In particular, the complexification of the nuclear
space £ and its dual & is denoted by &. and &, respectively. Moreover, the bilinear
pairing (-, -) between £ and & extends to a bilinear pairing (-, -). between &, and &,
where

(21 +im2, & +i62)e = (T1,61) — (T2, &) + ({21, &) + (22,61))

for x1,29 € & and &, & € €. Also, for £ = & + i€, € E. we have the norm |- | on
extends to E,. by

€15 = l&[5 + €15

Lemma 5.3. Let &1, &, ...,&, € € be an orthonormal system for E. Then the image
of the Gaussian measure p under the map

= (<‘T7§1>7 U ,<ZE,£”>) S Rn, T € &

is the standard Gaussian measure on R™ (i.e. the probability measure with distribution
function (2m)""/2e~ ol /2). That is €., ..., &, are independent identically distributed
standard Gaussian random variables.

Proof. Let v denote the image of p under the above map. So v is a probability
measure on R". Computing the characteristic function of v we see

)= [ v = [ e Z se(,) ) i)
exp (3] 25\)
= exp ( é Z szs]<§z,§j>>

i,j=1
1).12
= exp (—5 |5 )
which is the characteristic function of the standard Gaussian measure on R"”. OJ

Lemma 5.4. Let &1,&,...,&, € € be an orthonormal system for E. For any Gaus-

sian integrable functions fi, fo,..., fn on R we have
| Al@6))- - Sl 60) H | Fel(@:6)) du(z)
Proof. Apply Lemma 5.3. O]

Lemma 5.5. For any £ € £ andn=0,1,2,... we have the following:

) [ Nl duta) = 16l
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0) [ g2 aute) = S8

(c) //<$,§>3"+1du($):0
(d) / w8 gy (z) = el6)e/2

Proof. The identities obviously hold when £ = 0. So we take £ € £ with £ # 0. By
Lemma 5.3 we have that

2 2 2
(o) ute) = 2 [ e — e

Thus we have the first identity for & € £. Using this, we take £ = & + 1§ € &. and
observe that

(2, €)of? dpr) = / (0,600 + (2.6)?) du(x) = |62 + [&f2 = [E]2

[ NP duta) =166 |

which proves the first identity. The second and third identity can be proved by a
similar argument.

For the last identity we again write & = & + i& where &,& € €. Now use the
orthogonal decomposition & = & + (&, |§T1|g>51 along with Lemma 5.4 to see that

/ elegitit2)e du(z) = el ti€2 Ei+il2)c/2

To prove identities (b) and (c) one can use an argument similar to that which we
used to prove (a). We can also use the indentity in (d) to prove (b) and (c). Let ¢t be
a real number. Substituting ¢ for £ in (d) we have [, e du(z) = e!&9)/2. We
can expand elé:%)e/2 and e(®t)e as follows:

e(@tl)e — S tkk'< §> e(tte)e/2 f: o '<§ yr
k=0 n=0
Thus (d) becomes
0 4k . > 42
L3t an =3 g
and after interchanging the integral with the sum we get
420
Z:]{;l/x'S dﬂ Zznnl

n=0
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Taking ¢t = 1 and comparing terms in the power series expansions we see that for

k = 2n we get
1 1 §
WL,<x’€>k du(z) = zn—n!(é}@c

and for k = 2n + 1 we get
1 k
(2n)! g,<l“,§> dp(r) =0
which proves (b) and (c). O

We can now define (-, £), for any £ € E, as a p—almost everywhere defined function
of z € & in L*(&', i), the space of all functions f : & — C which are L? integrable
with respect to p. Take a sequence {&,}52, in & such that lim, .. [ — &,]o = 0.
Using Lemma 5.5 we can see that the functions {(-,&,).}22, form a Cauchy sequence
in L2(&',p). Thus there exists a ¢ € L*(&', ) such that lim, .o (-, &) = ¢. We
denote such a ¢ by (-, &)..

Proposition 5.6. For any ¢ € E. andn =0,1,2,... we have the following:

@ [ 1o €0 dute) = Il
0) [ .82 auta) = 2

2nn!

© [ @02 duta) =0

(d) / e<x7£>c d,u(l’) — e<§7€>c/2

Proof. 1t is easily shown that Lemmas 5.3 and 5.4 are true when &;,&,, ..., &, are in
E. Using this, we can mimic the proof of Lemma 5.5 to get the identities. O

(&,

Proposition 5.7. Let £,n € E., Then

[ 8w dnta) = €.

Proof. First take £,n € E. If £ = 0, the identity holds trivially, so assume £ # 0 and
let ne = (n, #}5 be the orthogonal projection of n onto £&. Then
0

[ w8 dute) = [ (@€t~ ne+ ) duto)
— [ @@= du(o) + [ (@€ duo)

/
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Since { and 1 — n¢ are orthogonal we can apply Lemma 5.4 and Proposition 5.6 to
see that [, (z,&)(x,n — ne) du(x) = 0. Using that ne = (n, #)5 we have
0

US
[ @ ene) duto) = 8 [ 0,600 dute) = (0.)
’ 0 /
where the last equality was derived using Proposition 5.6.
To get the identity for &, n € E, simply write £ = & + i& and 1 = 1, + iy where
&1,€,m1,1m2 € E. Then expand and multiply (x,&).(z,n). accordingly. O

5.2 Construction of Test Functions and General-
ized Functions

5.2.1 Terminology and Notation

Let X be a nuclear space or a Hilbert space. For &,&,...,&, € X we define the
symmetrization of £ ® & @ -+ - ® &, to be

A~ A~ —~ 1
(5.12) §EP6Q - R, = ) Z £o1) ® &) @ - ® &o(n)

" oES,

where S, is the group of permutations of {1,2,...,n}. We define the set X% to be
the closed subspace of X®" spanned by &®&® - - - R, where &, &, ..., &, run over
X.

For an F' € (X®") and o € S,, we define F'” to be the element in (X®")" uniquely
determined by

(F,60 060 - @&) = (F&0) O&@ © - ®&m), & heX

For F € (X®") we define the symmetrization F of F by

~ 1 i
(5.13) F:mZF

G’ESn

If F = F, we say that F is symmetric. Let (X®™)! denote the subspace of (X®")’
consisting of symmetric elements. Since

(L@@ fa) =& - ®fn,  frooo- fneX

the defintions in equations (5.12) and (5.13) are consistent. For F' € (X®™)" and
G € (X®") we denote the symmetrization of F ® G by F®G. Also note that
(X®m) = X'®" This is clear when X is a Hilbert space and it is also true when X
is a nuclear space (see Theorem 1.3.10 in [25]). Therefore, we have (X®"), = X/&n,
and this is the notation we will use throughout this work.
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5.2.2 Construction

We denote the space of all sequences f = (f,,)>2, with f, € E®" and Yoo onllfals <
oo by T'(E). (Here | - |o denotes the norm on E®" induced by the norm on E.) Then
['(E) is a Hilbert space with norm

€13y = > nllfald < 00
n=0
and inner—product
(£, &))ri) = > nl{f,9)
n=0

It is typically called the Fock space or symmetric Hilbert space over E. The Fock
space I'(E,) can be defined similarly.

Having developed the Gaussian measure p on the space £, we form the real Hilbert
space L*(E, ). We denote the norm on L?(E’, 1) by || - ||o- It turns out that by using
the multiple Wiener-It6 integral

I, E&» — L2(&, ),
L*(&’, u) is canonically ismorphic to T'(E.).
Theorem 5.8 (Wiener-1t6). Fach ¢ € L*(E', 1) can be uniquely expressed as

(5.14) ¢ = Zln<fn)

where (f,)22, € I'(E.). Conversely, for any (f,)>2, € I'(E.) we have that (5.14)
defines a function in L*(E', 1). Moreover,

o0
65 = !l fald
n=0

For a proof refer to Obata’s book [25]. The map which identifies ¢ € L*(£’, u) with
its corresponding (f,)>2, € I'(E.) is call the Wiener—It6 isomorphism and is uniquely
specified by

I p) —T(E): Y

n=0

Remark 5.9. We will not delve too deeply into the theory of Wiener integrals, as

much of this theory will not be needed for our later work. We just mention that the

multiple Wiener integral I,, can be defined as the linear functional on E®™ such that
for any nq + ny + - -+ = n, we have

(5'15) In(e?m@e?m@ e ) = Hm(('v el))Hm((': 62)) )

" 2L |zf2
— e~ 270

n!

where H, = (—1)e*’/2D"e~**/2 is the Hermite polynomial of degree n.
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Using the operator A on E we form a densely defined operator T'(A) on L*(&’, u).

If ¢ Zn 0 ( ) then
= L,(A®"f,)
n=0

The operator I'(A) has the same properties as A. To see this let
1

(5.16) I —]n(e?m@e?m@'”), ni+ng+--=n
Y \/Tlllng!...
Then the collection {¢, n,..; n1+na+---=n,n=0,1,2...} forms an orthonormal

basis for L*(£’, ) and

F<A)¢n1,n2,m = ()‘7111 )‘32 T )¢n1,n2,...

Therefore conditions (2) and (3) from Section 5.1 can be checked to hold for the
operator I'(A) on L*(&’, ). In fact T'(A)~! is a Hilbert-Schmidt operator with

I0(A) s = (H )

Now we can apply the same method used in Section 5.1 to construct a Gel’fand
triple with T'(A) and L?(&’, u). For each integer p > 0, define

191, = IT(A)"ollo

and let
(&) = {0 e L*E 1); ¢ll, < oo}

With this definition it is clear that (£,) C (&£,) when ¢ < p and the inclusion map
from (&,41) to (&,) is a Hilbert-Schmidt operator. Now we can form the nuclear space

p=0

with topology given by the norms {|| - ||, }52,. Likewise, we form the dual (£)" of (£),
which is equal to (2, (;), where the norm on (&) is easily checked to be

o[l = IT(A)""¢llo
Therefore, we have formed the Gel'fand triple
(&) C L*(& p) C (&)

where (€) is called the space of test function and (€)' is called the space of generalized
functions (or Hida distributions). Also, we denote the natural bilinear pairing between

(€) and (€)' by ({,-))-
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5.3 Wick Tensors

The trace operator 7 plays a very important role in White Noise Analysis. The trace
operator is in (/)% and is defined by

<T7£®n>c = <€an>c 5777 €&

It can be represented by
Z (A3 & (A
k=1

where {ex}72, are the eigenvectors of the operator A and form an orthonormal basis
for E. To see that 7 is in (£.)®?, observe that for any integer p > 0 we have:

T2, = D 1A% (e @ en)s

and the last sum is finite by (5.1).

5.3.1 Hermite Polynomials

We now review some concepts and properties concerning Hermite polynomials. The
function defined by

x? x?

", = HI (1) = (—0?)"e202 De™ 207

is the Hermite polynomial of degree n with parameter o2. They can also be defined
by the generating function:

(5.17) m“" i

Using this one can derive that

n

S

(5.18) / H?(z) HE (2) e /%" dz = (6*™)n)0mm,

V2oro? Jr
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where 0,,, is 1 if m = n and 0 otherwise.
We have the following formulas for Hermite polynomials

[n/2]
o n 2Nk, n—2k
(5.19) g =y <2k> (2k — D)1(=0*)k

k=0

[n/2]
(5.20) " = Z <272> (2k — Do g2

k=0

5.3.2 Definition

The formula given in (5.19) provides the motivation for the following definition:

Definition 5.10. Given an element x € &', we define the Wick tensor for x of order

n to be
[n/2]

- p®n. — Z <27;€> (Qk’ o 1)”<_1)km®(n—2k)®7_®k

k=0
For example, if x € £_,, then :2®™ is in £_,,.

Remark 5.11. For an element x € &', we can also define : x®™: inductively as follows:

%0 =1
a®li= g
¥ = 2@ 220D —(n — 1)7® 2®2); for n > 2

Similar to the formula in (5.20) for the Hermite polynomials, we have the following
formula for Wick tensors:

[n/2]
8" = Z (272) (2k — )N p®n—2k). O @k
k=0

Proposition 5.12. For any x € £ and £ € € we have
(o) =i n &gy and (G E o = Vallel

Remark 5.13. In the second equality, (: x®": £%") is viewed as a function of x € &’
and norm || - [|o is from L?*(&’, p)

Proof. First we use the definition : 2™ to see that

[n/2]

(5:21) (oo = 3 () 2k = DIC-IeR)¥ e "

k=0
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Comparing this with (5.19) we have (:2®":, ") =:(z, &)™ |2
For the second equality, we use equation (5.19) and observe that for £ # 0

[n/2]

.66 = 3 ()25~ DU o
[n/2]
— |§|3 Z (;{:) (2k — 1)!!(_1)k<$, ﬁ)n—Qk
k=0

= I€fy (o 5

Now we can apply Lemma 5.3 and (5.18) to see that

n n |£| n n —1'2 n
G €00 = = [, wotsetn e do =il
which gives us the desired equality. O

Corollary 5.14. Let &1,&,--- € € be orthogonal vectors in E. Then for any x € &'
we have

(2" M RET™ R ) =, &) e i (T, &) g -

where ny + ng + - -+ =n. Moreover, the following holds

(-2, 7™ @™ @+ )llo = Vmalna! - [€] |2l

Proof. The first identity can be derived from the defintion of Wick tensor, much like
as in Proposition 5.12. For the second identity we can combine the first identity with
Lemma 5.4 to get

o eem B egm &

~

I = s €)™ ez llo - I (2, &) ez g+

We can now use Proposition 5.12 to arrive at

(-2, 8 R @ - Ylo = Vnalna! - &5 &l

By Corollary 5.14 one can see that if g € E8n then
(-2, g)llo = V/n!lglo

Using this, we take a function f € E®" and a sequence {gx} in E®M with g, — f in
E®". Then, by the equality above, {(:-€":, g)} is Cauchy in L2(&’, 11). Therefore we
can define the functlon (:-@m: f) p—almost everywhere as the limit in L?(&’, i) of the
functions {(:-®", gx)}. Defined in this way we have

(5.22) 162", F)llo = Vallflo
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Of course, for f = f1 +1ifs € EC@’” we can define for almost every x € &',

<: _®Tl:, f>c - <: '®7‘L:’ f1> + Z( '®n:7 f2>
and equation (5.22) still holds.

Corollary 5.15. Let &,&,--- € E be orthogonal vectors in E. Then for almost
every x € £ we have

(x® MR R ) = (2, 61)" g, 2: (T, §2) ™tz -+
where ny +mng + - = n.
Proof. 1t suffices to show that for any £ € E we have
(0, €)= (2,)" g

for almost all z € £. Take a sequence {¢} in € of non—zero elements such that
& — & in E. Replacing {&} with {|§|0‘§T’“|0}, we can assume that |{x|o = |€|o for all
k. Then by Proposition 5.12 we have that

(%™, %) = lim (2™, &)

k—o0
= hm (2, &)™ g2
= hm (x,6)" el

5.3.3 Relationship to Multiple Wiener Integrals

The next theorem gives an explicit relationship between the multiple Wiener integrals
I,, introduced in section 5.2 and the Wick tensors of elements in &’.

Theorem 5.16. For any f € Egé” we have that

L(f)(@) = (:a®", f)e
holds for almost all x € £’

Proof. Recalling that H!(z) =:x":;, we can use equation (5.15) and Corollary 5.14
to see that

LM ®ed™ - )(z) = (2%, e @i ® - --)
holds for the orthonormal basis elements {e;}. Therefore the equality holds for any
f € £, Using that £2 is dense in E®", we have that I,,(f)(z) = (:2®™, f) for any
f e E® O
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Combining Theorems 5.8 and 5.16 we have that any element ¢ € L?(&’, u) can
expressed in terms of Wick tensors as

(523)  @(z) =Y L(f)(@) =D (2% fu)ey  prae forze
n=0 n=0
where f, € Egé”. Moreover, for any positive integer p we have

(5.24) 112 = IP(APSIIE =D nllfal2
n=0

where | f,|, = [(AP)E" f,|o for f, € E®™. This implies that if ¢ € (£,), then f, € EE’E
for all n.

Conversely, it is easy to see that given any f = (f,)0>, € I'(§,), we have that
equation (5.23) defines a unique function ¢ in (&,).

The expression in (5.23) is called the Wiener—Ité expansion for ¢. This type of
representation can be extended to functions @ in (£)'.

Theorem 5.17. Given a ® € (&), there exists a unique element F = (F,)72, €
['(&).) such that

(5.25) (@,0)) =Y nlFy, fo)e  forall ¢ € (E,)

where ¢(z) = > 07 ((:x®":, f,) p-a.e. Conversely, given a sequence F = (F,) €
['(&).) we can define a ® € (£)) by (5.25). Moreover, we have that

(5.26) 12[2, = IT(A) 2|5 = Zn'IF 2, = Flre,

Proof. Take an arbitrary f € EE’S and let .S,, denote the group of permutations of the
set {1,2,---,n}. For each 0 € S, let f7 be the element in £ uniquely determined
by

<fa>51 QR £n>c = <f7 50—1(1) K 60‘1(n)>c

and define the symmetrization of f by

A 1
:EZ]@G

’ UESn

Obviously, f is in Sg?c”. Therefore, by Theorem 5.16 and the discussion that follows,
we have (:2%™:, f). € (&,). So we let

A

¢r(x) = (2™, e
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The linear functional given by

fe((@dp)  fe&d

1S continuous since

(@, 00)] < [1@l1-pllosll, = Vil @ll-pl flp < Vil @] | £,

Thus, there exists F), € 5;‘?2" such that

(@, ¢7)) = nl(Fn, f)e

Observe that since ¢y = ¢, we have (Fny fYe = (Fy, f)c for all f € 7. Therefore

F, € 51/,%”. Doing this for all n = 0,1,2... gives us a F € I'(£, ) such that (5.25)
holds. The converse is easily verified.

To prove (5.26) we let n = (ny, ng, -+ ) with |n| = ny +ns + -+ = n and consider
the functions given by

1
Vg

These functions form a complete orthonormal basis of L?(&’, 1) by (5.16) and Theo-
rem 5.16. Therefore

(:x®, e ReS D - - )

¢n<x) =

122, = T (4) 7@

=) ((T(A) 7D, 6,))°

n=1 |n‘:n

=D D (@ T(4)7g)°

n=1 |n‘:n

Now observe that

1

——— (:a®, (AP P (M ReS™ R - -+ ))e
niy:not:- -+

['(A)Pn(2) =

So we can apply (5.25) to see that

(B, T(A) ) = e (F,, (AP (M BS™ )

nl!ngl s
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Therefore we have that

2 P~ 2
||(I>||2 Fn,(A®7L)—p(€®m®e®n2®.”)>c
; |HZ \/W ‘ 1 2 ‘
2
Sy (A o (7 B8 )
n=1 In|=n
- SSweny R
n=1
= 0l
n=1
which gives us (5.26). .

Using the previous theorem we can adopt a formal expression for ® € (£)" as

follows:

e}

(5.27) O(x) =Y (2", Fy)e

n=0

Here (:2®™, F,,). is not a functions of z € £, but a generalized function. It can only
be understood through the pairing with a test function in (£). The expression given
by (5.27) is called the Wiener—Ité expansion of ®.

5.4 S—transform

In this section we introduce a fundamental tool in White Noise Analysis. We begin
by defining a special type of exponential function in L*(&’, u1).

Definition 5.18. For any ¢ € E. we define the function : e"<: in L?(&’, 1) by the

Wiener—Ito expansion
o0

Z % ®n. £®n

n=0
The following verifies that the right side is convergent in L*(&’, ).

Lemma 5.19. For {,n € E. we have that
(el elime)y = gléme and || :e8e: ||y = elél6/?

(i.e. :el¥ere L2(E', 1) whenever £ € E,)
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Proof. Using the definition given above we have

. '7& n ®n n . g >C
(et = 3° e o, 3 L =
n=0 n=0

This gives us the first identity. Using :e(:8)e: = cet9e: we can get the second identity.
O

Lemma 5.20. The function : e"9¢: is in (E,) if and only if £ € (E,). For such a
function we have

e, = exp(31ef)
Proof. For the given p we have
. > TL' n > n 2
b9l = 30 e = 3 lely = o
n=0 ‘ n—O

Corollary 5.21. The function :e"9<: is in (£) if and only if £ € &,.
Proposition 5.22. For any ¢ € E we have : e/®¢):= @ —(68/2,

Proof. For £ = 0 the assertion is obvious. So we take £ # 0 and apply Corollary 5.15

to see that
o0 o0

1 1
Z ﬁ ®n £®n Z E ‘§|2
n=0 n=0

The last sum is the generating series for the Hermite polynomials with parameter | |2
(see equation (5.17)). Therefore :e(@&e:= (@ =(8)/2, O

Definition 5.23. The S—transform of a function ® € (€)'’ is defined to be the function
on &, given by

SO(E) = ((@,:eM¥)),  ¢ek&,
Proposition 5.24. If ® € (£) has Wiener-Ité expansion given by ® = >  (:2®™
, Fo)e, then the S—transform of ® is given by

[e o]

SOE) = (F, &%) foralé €€,
n=0
Proof. Apply Definition 5.23 and Theorem 5.17. O

The S—transform is one of the most important tools used in the study of White
Noise Analysis. As we will see, many properties of a generalized function can be
deduced from its S-transform. The next theorem justifies the importance of this
map.
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Theorem 5.25. Let &,V be arbitrary functions in (E). If S® = SV, then & = V.

Proof. 1t is sufficient to show that S® = 0 implies ® = 0. Suppose ® has Wiener—Ito
expansion given by ® = >~ (:2®", F,).. Then by Proposition 5.24 the S—transform
of ® is given by

o)

SBE) = (Fn &), €&

n=0
Since S® = 0, we have for any real ¢

= Z Z€7L<Z7717 £®n>c
n=0

Therefore Fy = 0 and (F},,£%"). = 0 for all £ € £. Since F,, is a symmetric n-linear
map we can apply the polarization identity to see that

(F,68- - 8. = ,Z Z (B, (&, 4+ &)%) e =0

J1< <
So I, =0 for all n > 0. Hence ® = 0. O
In the course of proving the above theorem we have shown:

Corollary 5.26. The linear span of the set {:el%:; ¢ € £} (or {:el¥e; € € £.}) is
dense in (E).

Proof. For any ¢ € (&,), if ((¢,:e09):)) = 0 for all £ € £, then ¢ = 0 by Theorem 5.25.
Hence the orthogonal complement of the closed linear space of {:el¢:: & € £} is {0}
in (&,). Since p is arbitrary, {:e®€:; £ € £} is dense in (€,) for all p. Recall that the
topology on (&) is induced by the topologies on each (£,). Hence { :e"%):; ¢ € £} is
dense in (). O
We can now extend Proposition 5.22 to the case where € E..

Proposition 5.27. For any & € E, we have : ef®8)e:= el@8e=(68e/2,
Proof. Let € € E.. It follows from Lemma 5.19 that

S(:eb 9 (n) = eléme

Now consider the L2(&’, 1) function e(®€<=(&€</2 Taking the S—transform withn € E
we have

S(eferm €8 () = (e 16<"">Cr>>

= [ " 2elem=m/2 4y, (z) by Proposition 5.22
g/

— o (&8e/2=(m)e/2 (& E4n)c/2 by Lemma 5.5

— el&me
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So we have shown that
((ef@8)e=(68)e/2 s glmer)y = G(ef@8)e=E8)e/2) (1) = §(:el8er) () = ((retPer, 1elme))

for all n € £. Therefore by Corollary 5.26 we have that : el &= e(@&e={&8)e/2, O

5.4.1 Renormalized Exponential Functions
Using the S—transform we can extend Definition 5.18 slightly to include vectors y € &£!.

Definition 5.28. For any y € & we define the function : et*¥<: in (£)’ by the
Wiener-It6 expansion

1
colye. . p®n. , @n
rel Ve = EO m(.x Ly

This definition coincides with that of Definition 5.18 if y € E.. We now show that
el ¥le: is indeed a generalized function.

Theorem 5.29. For y € £ we have :eV)e: € (€)' with S-transform given by
S(etve)(€) =9, ceél

Moreover, if y € &, ., then : el € (&) with

| celwe. I_p = elvl? /2

Proof. Since &, = |2 there exist some p > 0 for which |y|_, < co. For such a

p=0 pC’
p, we have
o0 [o¢]
66012 = Do mtoly Iy = D il = e
=0 ’ n= 0

Hence we have : el € (&)
To compute the S transform we use Definition 5.28 and Proposition 5.24 to see
that

> 1 > 1
St @) = 2 i € = 3 O
n=0 : n=

5.4.2 Characterization and Convergence Theorems

One of the most important applications of the S—transform is the ability to charac-
terize test and generalized functions through their respective S—transforms. These
characterizations are summarized in the following two theorems, which we present
without proof.
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Theorem 5.30. Let F' be a complex valued function on E.. Then F = S® for some
o € (&) if and only if

(a) for fixred &,n € &, the function F(z€ +n) is an entire function of z € C

(b) there exists nonnegative constants K, a, and p such that

[F(€)] < K explal¢]?], for all € € &

Moreover, for any q satisfying 2ae?||A=97P)|| g < 1 we have the following

0[]y < K(1 = 2ae?|A~P|5)71/2
For a proof see page 65, Theorem 3.6.1 in [25] or page 79, Theorem 8.2 in [17].
Theorem 5.31. Let F' be a complex valued function on &.. Then F = S® for some
® € (&) if and only if

(a) for fixred &,m € &, the function F(z€ +n) is an entire function of z € C
(b) for any constants a > 0 and p > 0, there exists a K > 0 such that

|F(&)] < K explal¢]?], for all € € &

For a proof see page 65, Theorem 3.6.2 in [25] or page 89, Theorem 8.9 in [17].

Having that generalized (and test) functions can be characterized by their S—
transform, we observe that convergence of generalized functions can also be deduced
in terms of the S-transform.

Theorem 5.32. Let {®,}32, be a sequence in (€)' and let F,, = S®,. Then &,
converges strongly to ® in () if and only if
(a) For each & € &, lim,,_.o F,,(§) = F (&), where F(§) = S(®)(&).

(b) There exists nonnegative constants K, a, and p (independent of n) such that

|FL(&)] < Kexp[a|§|§}, for all ¢ € €. andn € N

Proof. Suppose ®,, converges strongly to ® in (£)'. Then for any £ € &,
lim F,(&) = lim ((®,,:e" %))

— ((@:ct )
= F (&)
Also, since ®,, converges strongly to @, the sequence {®,}>  is strongly bounded in

(€)'. Therefore, by Theorem 4.31, there is a positive integer p and a constant K > 0
such that sup,, ||®,|—, < K. Hence

|F(€)] = [((®y,, 58N | < ||| pl €8

» < Kexp (5[€[7)
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Therefore condition (b) is satisfied.
To see that the converse holds, let ®,, € (£) and assume that F,, = S®,, satisfies
conditions (a) and (b). By condition (a) we have that

lim F,(§) = F(€)

n—oo

exist for each £ € £.. We would like to apply Theorem 5.30 to see F'is the S—transform
of a generalized function. To show that F'(z§ + n) is entire for any &, n € &, we can
use conditions (a) and (b) to and observe that for any closed contour C' in C

/ F(z§+n) dz:/ lim F, (26 +n)dz = lim [ F,(2(+n)dz=0

where the last equality uses Morera’s theorem (since F,,(2€ 4 1) is entire). Thus we
can apply Morera’s theorem to F'(z£ + n) to say that it is entire. Moreover, using
conditions (a) and (b) it is easy to see that

[F(€)] < K explal¢[]

for all £ € &.. Thus, we can apply Theorem 5.30 to show that there exists a unique
¢ € (€)' such that F = SP.
Now we have left to show that ®,, converges strongly to ®. First of all, condition
(a) gives us that
(D, :e<"§>cz>> = lim ((®,, :e<"5>cz>>
for all ¢ € &,. So for any ¢ in the linear span of {:e"%<:; & € £.} we have
((®,9)) = lim ({®n, )

n—oo

Thus for any ¢ € () we apply Corollary 5.26 to find a sequence {¢x}72, in the linear
span of {:el*%)e:; ¢ € €.} with ¢, — ¢ in (€). We then write ((®, ¢)) — ((®,,, ¢)) as

{(@,9)) = ((Pn, 9)) =
(2, 0)) = (B, &x))) + (D, Dk)) = (P, 1)) + (({( P, B)) = ((Pns 0)))

to see that

(@,6)) = lim ((®,,6))

for all ¢ € (£). Hence ®,, converges weakly to ®. Therefore, by Theorem 4.40, we
have ¢,, converges strongly to ® in (£)'. O]
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5.4.3 Fourier Transform

The S—transform can also be used to define a Fourier transform on the space of
generalized functions (£)’. In the finite dimensional setting the Fourier transform can
be written as

F()y) = (2m) / o= i) H/2 £ (1) ~1al?/2 gy
= [ e )

where 1, is the standard Gaussian measure on R”. We would like to define the Fourier
transform of a generalized function ® € (£)" in an analogous manner. Namely as,

Fo(y) = // e O(z) du(z)

However, this is a purely symbolic integral. But, if we informally take the S—transform
of F® we get

SEFRNE) = [ 0 b(a) dua) = (e
for £ € £.. Tt is easily verified that

(5.28) (@, ¢709)) = §(@)(—ig)e 69"

For a generalized function ® € (€)', the function given by (5.28) satisfies conditions
(a) and (b) of Theorem 5.30. Therefore there is a unique element ¥ € (&) with
S—transform given by (5.28). With this in mind we define the Fourier transform of
generalized function as follows:

Definition 5.33. The Fourier transform of a generalized function ® € (£) is the
unique element F® in (£)" with S—transform given by

S(FR)() = (@, e70)) = S(P)(—ig)e /2

It turns out that defined in this way the Fourier transform is a continuous linear
operator from (€) into itself. (For a proof, see page 141 in [25] or page 152 in [17].)

5.5 Delta Functions

The White Noise analogue of the finite dimensional Dirac’s delta function is the
Kubo-Yokoi delta function, d,. We would like 0, to have the following effect on a

test function ¢ € (€): )
({02, 90) = o(x)

However, in order to do this we need ¢(z) to be continuous. Luckily we have the
following theorem:
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Theorem 5.34. For every test function ¢ € (£) there exist a unique continuous
function qﬁ such that ¢(z) = ¢( ) for u—almost every x € E'. Moreover, ¢ is given by

o0

Sla) =D (2™, ),

n=0
the Wiener—Ito expansion for ¢.
For a proof of this theorem refer to page 38 in [25] or page 52 in [17].

Remark 5.35. By assuming continuous versions of test functions we can pointwise
multiply two functions ¢,¢ € (€). It turns out this operation is continuous (see
Theorem 8.18 on page 98 in [17]).

Thanks to the previous theorem we can now define 4, as follows:

Definition 5.36. The Kubo—Yokoi delta function at x is defined to be the generalized
function 6, such that

({02, 0)) = ()
for each ¢ € (&).

To see that Kubo—Yokoi delta function at x is in (£)" we take the S—transform of

Oz

(5.29) S(02)(€) = (B, :¢09)) = elr e mE0/2

Clearly, this function satisfies conditions (a) and (b) of Theorem 5.30. So 0, is in fact
a generalized function. We now derive the Wiener—It6 expansion of 9,.

Theorem 5.37. The Wiener-Ito expansion of the Kubo—Yokoi delta function at x is

given by
- 1
=D ", a®)
n=0
Proof. By Theorem 5.17, 0, has Wiener—Ito expansion given by

o0

(5.30) gm = Z<:'®n:7Fn>c

n=0
where F,, € 5;?;”. For each n consider the function given by ¢ = (:-®™:, f). where
f € £2". By the definition of 4§, we have that

(5.31) (00, 05)) = ¢5(x) = (2", f).
But, by using (5.30), we have
(5.32) (0 07)) = nl{Fr, f)e

Combining equations (5.31) and (5.32) we see that nl(F,, f). = (:2%":, f). for all
f € &P Therefore F,, = % : 2%": and we have the Wiener—Itd expansion for 4,

promised by the theorem. O
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5.5.1 Donsker’s Delta Function

Another delta function often used in White Noise Analysis is Donsker’s delta function.
It is defined using the specific Gel'fand triple S(R) C L*(R) C S'(R). Let &, be the
Dirac delta function at a and note that

def
t— B(t) = (-, 1j4)

is a Brownian motion. The generalized function d,(B(t)) is Donsker’s delta function.
To see that it is in fact an element of (S)" we need the following theorem:

Theorem 5.38. Let F' € S/(R) and f € L*(R) with f # 0. Then F({-,f)) is a
generalized function and has S—transform given by

1
V27| flo

where the integral is understood to be the bilinear pairing of SL(R) and S.(R).

SE((, )€ =

/RF(y)eXp [—T}‘%(y—(ﬁaf dy, &€ Se(R)

For a proof refer to [16] or page 63 in [17].
Using this theorem, we can see that d,(B(t)) is in fact a generalized function.
Moreover, we have the S—transform of 6,(B(t)) is given by
1

— /R 5. (y)e— BB g
1 1 t 2

= — —(a— d
o[- [ ewan)]

Soa(B())I(€) =
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Chapter 6

The Delta Function of a Subspace

Let E be a real Hilbert space with V' a subspace of . We want to make sense of the
identities

(6.1) v () = / 5(z —v) Do — / 27ien) Dy
14 vL

where Dv and Du are the (nonexistent) Lebesgue measure on the subspace V' and
V=+ of E. This identity was first introduced in equation (3.12)—it is a fundamental
component of the Hidden Subspace Algorithm. The finite dimensional verison of this
equality can be found in [13]. (It is in the proof of Theorem 7.1.25.)

6.1 Motivation

To motivate our definition of the delta function of a subspace we formally demonstrate
that the the equalities in (6.1) hold in the distributional sense. We also formally show
that the S—transform of each of the terms agree.

6.1.1 Formal Calculations

Let f be a function on E. We will show that when any of the terms in (6.1) are
integrated against f, we arrive at the same result. Thus we say the equalities in (6.1)
hold in the distributional sense. Observe:

(1) Essentially by the “definition” of dy we have
/ dy(z)f(x)Dx = / f(v)Dv
E 1%

(2) Now for [, 6(x —v)Dv we calculate

[ [ste—vpuspe= [ [ sta—ws@pepe= [ s

This formally verifies the first equation in (6.1).
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(3) For [,. e?™@%) Dy we mimic the finite dimensional case and give meaning to
this integral through “regularization”:

2
‘u‘o

2@ Dy = lim 2T =358 Dy
‘/L ag—00 ‘/L
) an202
= lim (27r02)dlva/26 eyl

g—00

where /1 is the projection of z onto V+. Momentarily ignoring the possibility
that V1 is infinite dimensional, we see that this last limit is oo if 2. = 0 and
0 otherwise. So we have

//Le%”(z’“> Du f(z) Dx
BJv
—4n

. 2,2
= lim [ f(zy +zys)(2ro?) IV 2550w l8 D(gy + 21 )
ag—00 E

: —4n252
= lim / flay + zys) (2re?) 8V 2 =55y il DL Dy
vJve

ag—00

Here we use a change of variables with u = 2702+ and Du = (2r0)3™ V" D0
to get

-lug  Du
=i [ (v o) e Day
oo Jyr JyL ( 27ro') (27T)d1mV/2

- /V f(ev) Dy

- /Vf(v) Dv

Thus the equalities in (6.1) hold in the distributional sense.

6.1.2 S—transform

Next we formally take the S—transform of each term to see that the common factor

(6.2) (27r)~ dim V52— 5(€y L6y )2

where £ € &, and &1 is the orthogonal projection of € onto V', That is, if £ =
&1+ 18 with £,& € €, then &0 = &y 1 + &y o, where &1, &gy are the orthogonal
projections onto V+. Observe
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(1) For oy we have, working formally,

S(0v)(€) = ({Ov,:e89))

Oy (x) e dp(x)
o

5 (@&e—3(EE2—5lelf____ T~
/E V( ) (27T)d1mE/2

:/e<v,£>c;<é,£>£élvlap—_”
v (27T)d1mE/2

_ —dimV+/2 (& e—5(6E)2-%E __ &7
= (2m) /ve : O(zﬂ)dimvﬂ

(27T)_ dim VL/2€%<£V7£V>C—%<§>£>C

(27T)_ dim VL/26_%<§VJ~ 7£VL>C

(2) For [, 6(z —v)Dv we see that

s(/va(x—vm // (z — v)Dv : @9 du(z)

= / §(z —v) :e®9e: dp(x) Do
g/

Dx
mf c_*<f§>g |$‘2—
/ / 2 0 (27)dim E/2 Dv

_ (am)-amvi2 [ pese-deo-tp__ DV
v (27r)d1mV/2

= (2m) " V205 Ev bv)em g (E8)e

= (2m) "IV e a v by

(3) And for va e2mil@u) Dy we get

S(/Vl e27ri<z,u>Du> (€)

627rz(ru> Du ex,f du( )

—

1

e2rileu) e 8)e=3 (6L gy (1) Du

o

e(x,27riu+§>c*% <£’£>Cd,u($)Du

(2miu+E, 2miutE) e — % (P3N Du

N

e

[

I

. 2 |ul
(2miu,&)c—A4m TODU

[
]
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Letting w = 2mu we have

_ / Gl d)e=wlo__DW__
Vi (27-‘-)C11mVL

_ —dimV+/2 i<w7§>c—%lwlo$
(2m) /Vi € (2rr)dim VE/2

_ (27T)—dim VL/Qe—%gvl,gvl)c

6.2 Definition of Delta Function of a Subspace

Consider the function
(63) Fv(é) — 6_%<£VL)£VL>C 5 E gc

We would like to see that Fy is the S-transform of some generalized function in
(€). To do this we show that Fy satisfies the conditions in Theorem 5.30. Letting
& =& +1i& where &1, & € £ we observe that

(64)  [Fy(&)] = e 2Ev2fvle| = [exp(—1(Pu (& + i), PL(& +i%)).)]
where P, is the orthogonal projection onto V*
= |exp(—3|PL& S + 3|PL&ls — i(PLéy, PL&))|
= exp(—3|PL&5 + 31PL&R)
< exp(5|PL&l; + 5IPLEN)
< €%|€\%

Also for z € C and &,n € &. we have
1 22 1
FV(Zé + 77) — 67§<Z£\/L+nvj_»zng_+an_>C — 677<£VJ_ 7gvj_>cfz<£vj_ :nvl>67§<nvi_ 777vj_>€

Therefore Fy (2€ 4 1) is entire.
Hence by Theorem 5.30 there is a generalized function ¢ € (£)" whose S—transform
is given by Fy(€) in (6.3). This leads us to the following definition:

Definition 6.1. Let V' be a closed subspace of a real Hilbert space FE. The delta
function of the subspace V is defined to be the generalized function in (£) whose
S—transform is given by em2lbvidvie where ¢ € &.. This generalized function will be
denoted by oy

In order to account for the possibility that the codimension of V' is infinite, we
have defined 0y to be essentially (2r)%™ V" /25, from equation (6.1).
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6.2.1 Relationship with the Kubo—Yokoi Delta Function

As the notation indicates, the delta function of a subspace, dy, is related to the
Kubo-Yokoi delta function from Section 5.5. If we interpret the Kubo—Yokoi delta
function at 0, dy, as the delta function of the subspace V = 0, then observing that
VL = E, we see from the definition above that the S—transform of dy is given by
e~268¢ which is the S—transform of 0y (see equation (5.29)).

6.2.2 Relationship with Donsker’s Delta Function

What is not so apparent is that the delta function of a subspace, 5‘/, is related to
Donsker’s delta function. We saw in Section 5.5.1 that Donsker’s delta function
is defined for the Gel'fand triple S(R) C L*(R) C &'(R) and is usually given by
da(B(t)) where B(t) = (-, 1py4) and d, is the Dirac delta function at a. However,
this definition can be extended slightly. In fact, by Theorem 5.38, we have for any
fe L2<R)7 5a(<7f>) is in S/(R)

Now given a unit vector f € L?(R) consider the generalized function &o((, f)).
Intuitively, this is a function that gives enormous weight to vectors g € L*(R) with
(f,g) = 0 (ie. vectors g € {f}*). So taking V = {f}*+, the distribution do((-, f))
should be related to dy .

Using Theorem 5.38 to find the S—transform of d((-, f)) we see that

S[6o({-, fN](E) = \/%_W/R(go(y)eé(wf,@c)?dy — \/%7 o~ 3(F6)2

Now since V = {f}*, we have V+ = {Rf}. Thus the V- component of &, &1, is
given by (f,&).f. Observe

<f> 5)2 = <<fa §>cfa <f7 €>cf>c - <£Via SVJ‘>C

Also since the dim V1 = 1, we have
S(8o((, PIN(E) = (2m) ImV /2318y 102

Thus, Theorem 5.25 tells us that v/27 6((-, f)) = 0y
6.3 The Wiener—It6 Decomposition of Jy

In this section we find the Wiener—It6 decomposition of dy. We begin by generalizing
the definition of the trace operator and Wick tensor found in Section 5.3
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6.3.1 Subspace Trace Operator

As usual, let V' be a closed subspace of our Hilbert space E.
Definition 6.2. The V ~trace operator, which we denote by 7y, is the element in (Sé)@’z
given by

<7—V7€®77>C = <€V777V>C 5777 € gc

The V—trace operator can be represented as

[e.9]

TV = E er @ Pyey
=1

where Py is the orthogonal projection onto the subspace V. Observe

(v, §®n)c = <ki ex ® Prey, £ ® 77>C
-1
= §;<ek7€>c<PV€kan>c
= i<€k>§>c<€k,nv>c where ny = Pyn
h=1
= i<€k7§>cek7i<ek>m/>cek>c
k=1 k=1

= (& mv)e = Ev,mv)e

Remark 6.3. We can also represent 7, as » -, Pye, ® Pyey or Zzi:mlv v ® v, where
{v }$mV is an orthonormal basis for V. However, we find that the representation of
Ty given above is more suitable for our computations.

Now note that 7 is in fact in (£/)®2
oo o0
v, =D (A% (er @ Prer)ls = > [APerlg| AP Prey|g
k=1 k=1

Here we use that |APPyeg|d < [[A7YP|Prerld < splexld < 5 in the above to see
1 1
that

o0 o0
Tv?, S AT A Perls S AP DA
k=1 k=1

where \; is the eigenvalue corresponding to e;. We know that Y .-, )\;2 < 00 by
(5.1). So for any p > 0 we have

(6.5) v, S AP N <o

k=1

and hence 7y is in (£1)%2
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6.3.2 Subspace Wick Tensor

With the notion of a subspace trace operator securely behind us, we can now define
the subspace Wick tensor. Again we let V' be a closed subspace of our Hilbert space
E

Definition 6.4. For x € & the V-Wick tensor for x of order n is defined to be
[n/2]

n n n—
e () g

k=0

Proposition 6.5. For any x € £ and £ € € we have
(2P, €8 =: <x,§>”:|$v|g

Proof. From the definition we have

[n/2]
g =3 (5 ) (2= DU e
k=0
Comparing this with (5.19) we see that (:ap":;, %) =:(z,&)™ ¢, 2 O

6.3.3 Wiener—It6 Expansion

Consider the following function

We would like to see that ®Y is in (€)'
Lemma 6.6. If a,b € £_, for any integer p > 0, then
|a®k®b®l|—l7 S |a’|]ip|b|l—p

Proof. Recall

a®k(§>b®l — % (a®k®b®l + b®l®a®k)
Hence
1
|a®k®b®l|_p < 2 (|a®k®b®l| +|b®l®a®k|_p)
1
< B (’a®k|fp|b®l|fp + |b®l|fp‘a®k|fp)
< |a®k|—p|b®l|—
which proves the inequality. O
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Lemma 6.7. For anyn > 1 and x € 5;, we have

n 1/2\n
|22 |y < Val(lz]p + vl 2)"
Proof. From the definition of : 23" and Lemma 6.6 we see that

[n/2]

n n n—
|:x§ Hep < g (2k><2k_1>”|x’p2k‘7\/|kp
k=0

Now for k < [n/2] we use that (2k — 1)!! < (n — 1)!! < v/n! to get
[n/2]
mqufZ()"%wW>

“TZ(W|vW%
< Vnl(J|—p + 7|2
L]

Proposition 6.8. For z € £, ®Y = > L(:.®m: :af™) is a generalized function
(i.e. ®Y isin (€))

Proof. Since x € &', x is in & for ¢ > 0. Thus for any p > ¢ we have
q

o112, Zn' Q\rr 12,

1
< Z E(M)Q(m_p |7‘v|1/2) by Lemma 6.7
n=0
(6.6) = (| p + |

n=0

From (6.5) we have that |rv[2, < A7 >°7°, A% Thus |rv|-, — 0 as p — oo.
Also for x € &', we have |z|_, — 0 as p — oo. Therefore we can take p so that
||, + ]TV|1_/p2 < 1. From (6.6) above this gives us

1

”_1’ - 1/2)

[k
- (’x‘—p ITv|

Thus &) € (£). O

Theorem 6.9. The Wiener—Ito decomposition of &y is given by Sy (B0 )
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Proof. From Proposition 6.8 we know that &} = S°° L@ 00 ) is in (€)'
Taking the S—transform of ®} * with £ € & we get

S(®Y ) (€ Z

= Z 0-|€Vl|2 by Proposition 6.5

2 (097, €57)

(2n — n n
- § o ey 519
= ngzo ] 2n ‘fvi : since (2n — 1)l = S

— 6_% <£VL 75\/L>

Comparing this with the S—transform of éy in Definition 6.1 we see that

(@Y7, :e89)) = S(BY ) (E)S(0v)(€) = ({dv,:e191))

for all § € £ Thus by Corollary 5.26 we have oy = oY - p—almost everywhere.
Therefore oy = > 0o o = (:-®™,:0971:). O

n=0 n!
Note that if we take V = 0, and hence V+ = E, we get

o0

oy = Z( om0

n=0

which, as expected, is identical to the Wiener—It6 decompostion for the Kubo—Yokoi
delta function at 0 (see Theorem 5.37).
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Chapter 7

The Measure on a Subspace

Here we define the Gaussian measure on a closed subspace V of E. Recall the Minlos
theorem:

Theorem 7.1 (Minlos). Let £ be a nuclear space with dual E'. If v is a probability
measure on &', then the Fourier transform of v

Fv(€) = /, "8 dy(x), §eé

is a characteristic function. That is, Fv(-) is continuous, positive definite, and
Fv(0) = 1. Conversely, given a characteristic function C on £, there ezists a unique
probability measure v on E' such that Fv = C.

Consider the function CY, on &£ given by

Co(&) =exp(-%l&vf}) €&

where ¢ > 0 and &y represents the orthogonal projection of & onto V. The next
lemma shows that CY, is a characteristic function. That is, CY; is continuous, positive
definite, and C(0) = 1.

Lemma 7.2. For o > 0, CYy, is a characteristic function.

Proof. Obviously C¥ is continuous on £ and C{(0) = 1. To see that CY is positive
definite, let &,&,...,&, € € and 2y, 29,...,2, € C. Now let W be the subspace
of £ spanned by {P¢&, P&, ..., P¢,}, where P is the orthogonal projection onto V.
Let py be the gaussian measure on W with mean 0 and variance o2. Then for any
w € W we have

/ 00 duuy (y) = exp(— L wl?)
w
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Therefore

Z 2Oy (& — &p)ZR = Z / ;PGP 7 d iy (y)
jk=1 jk=1"W
:/ szei<P§rP€k,y>Z—deW(y)
W k=1
- e |2
:/ |3 2o d(y) 2 0
W k=1

Applying the Minlos theorem leads to the following definition:

Definition 7.3. The probability measure on £ corresponding to the characteristic
function Cg(-) for ¢ > 0 is called the Gaussian measure on the subspace V with
variance o2 and is denoted by ug. If ¢ = 1, we denote it by uy and call it the
standard Gaussian measure on the subspace V.

Thus pf is the Borel measure on £ which satisfies
. o2
/ 8 4y (z) = e~ TVl forall £ € &

where &y, is the orthogonal projection of ¢ onto V.

Remark 7.4. Another formulation of the Gaussian measure on a subspace of a real
Hilbert space can be found in [22].

7.1 Basic Properties of the Measure

Here we will list a few properties of the measure p,. Most of these results follow from
the next Lemma:

Lemma 7.5. Let &,&,...,&, € € and V be a closed subspace of E, with P the
orthogonal projection onto V. Then the image of the Gaussian measure py under the
map

mH(<x7£1>7"' 7<x7£n>) € R, el

is the Gaussian measure on R™ with covariance matriz ¥ = ((P&;, P;)) k- (i.e. the
probability measure on R™ with characteristic function 6_%<t’2t>>
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Proof. Let v denote the image of . So v is a probability measure on R”. Computing
the characteristic function of v we see

)= [ et = [ e i Z sul,6) ) (2)
) - S e
k=1 =

= exp (— % Z sis;(P&;, P§j>> = exp (—%(s, Zs})

1,7=1

:eXp<—%

]

Corollary 7.6. Let V' be a closed subspace of E. Suppose &1,&s,...,&, € € have
orthonormal projections in V', then the Gaussian measure in the previous lemma
becomes the standard Gaussian measure on R™.

Lemma 7.7. Let V be a closed subspace of E, with P the orthogonal projection onto
V. Let&,&,...,&, € € be such that P&y, P&, ..., P&, is an orthogonal system in E.
For any Gaussian integrable functions fi, fa, ..., fn on R we have

n

. Alx,6)) - falw, &) duy () = 1] 5 fe{, &) dpy ()

k=1
Proof. Apply Lemma 7.5. O
Lemma 7.8. For any £ € £ and n =0,1,2,... we have the following:

@ [ 1o €0 d (o) =l
0) [ .2 e = 2

~ ol
© [ {082 dv(a) =0
Proof. The identities obviously hold when £ = 0. So we take £ € £ with £ # 0. By

Corollary 7.6 we have that
2 2 .2
(o )| v (a) = B [ et = ey

2 _ 2
[ NP dnt@) = 16 [ (oo v

Thus we have the first identity for £ € £. Using this, we take £ = & + i€ € &, and
observe that

(@, &) dpv () =/ (@, &) + (2,&)*) duv (@) = w5 + [Evlo = [&v]

(&v. &v)e

!

|

g/
which proves the first identity. The second and third identity can be proved by a
similar argument. O]
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As done in Section 5.1.1, we can define (-, &), for any £ € E,. as a p—almost
everywhere defined function of x € &£ in L?(&', py), the space of all functions f :
&' — C which are L? integrable with respect to py. Take a sequence {£,}°°; in
& such that lim, . [ — &,|o = 0. Using Lemma 7.8 we can see that the functions
{{-,&,)c )52, form a Cauchy sequence in L?(E’, uy ). Thus there exists a ¢ € L*(E’, uy)
such that lim, (-, &) = ¢. We denote such a ¢ by (-, §)..

Proposition 7.9. For any £ € E. andn =0,1,2,... we have the following:
@ [ N duv(e) = levl

0) [ . ) = 22

- 21|

© [ @02 du(o) =0

Proof. 1t is easily shown that Lemmas 7.5 and 7.7 are true when &;,&,, ..., &, are in
E. Using this, we can mimic the proof of Lemma 7.8 to get the identities. m

(v, év)e

Next we present what is probably the most important identity involving the mea-
sure [y .

Proposition 7.10. For any £ € E. we have the following:

/ e () = elov V2

where &y is the orthogonal projection of & onto V.

Proof. Take &,m € E and then & +in € FE.. In light of Proposition 7.9 and the
definition of py we can assume that {,n € V. Write n as n = §, +n — &, where
& = (n, ﬁ>ﬁ is the projection of 7 onto the subspace spanned by . Note that &
and n — &, are orthogonal. Now

/e@,éﬂ'n)c dpy () :/ e @EFi(Entn—En))e dpy (2)

Applying Lemma 7.7 we get

_/ e(x,é—i-iﬁy,)cdluv(l,)/ ei<x,77—5n> d,uV<x)
—eramel [ exp (o + 6ol ) ] diel)

— o~ (n=&n=&)/2 exp [%(|€|0 + i|€77|0)2]

—exp 3| = 10l +20m.) — |6 f3 + I3 + 20l¢loléalo — 1615]
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Note that (n,&,) = |&,|3 and [£]o|&)lo = (1, &) to see that the above gives us

This gives us the identity when & # 0. If £ = 0 we can immediately apply Lemma 7.7
to see the conclusion. O

7.2 Equivalence of SV and py

In this section we demonstrate that SV and py are equal when considered as elements
of (£).

7.2.1 Hida Measure

Recall the definition of a Hida Measure:

Definition 7.11. A measure v on &’ is called a Hida measure if ¢ € L'(v) for all
¢ € (€) and the linear functional

¢ | o(x)dv(x)
e

is continuous on (&).

We say that a generalized function ® € (£) is induced by a Hida measure v if for
any ¢ € (£) we have

(®,0)) = . ¢(x) dv(x)

The following Theorem characterizes those generalized functions which are induced
by a Hida measure.

Theorem 7.12. Let ® € (£)'. Then the following are equivalent:

(a) For any nonnegative ¢ € (E), ((,¢)) >0

(b) T(®)(&) = ((®@, )Y is positive definite on &

(¢) @ is induced by a Hida measure
Proof. That (c) implies (a) is obvious. To see that (a) = (b), for k =1,2,...,n, let
& € € and 2z, € C. Then

n n

D HT(®)E — &) = ) (@, 05z

Ji:k=1 j,k=1




Since

2 n
jh=1

n
k=1

is a nonnegative test function in (&), we have that

n

Y AT ()& - &)z =0

J,k=1

by the positivity of ®. Thus T'(®) is positive definite on .
For (b) = (c), let 7(®) be positive definite on €. Note that if &, — £ in &, then
el&n) — 8 in (€). Thus

lim 7(P)(&:) = lim ((@, ")) = (@, ")) = T(2)(¢)

n—oo n—oo

Thus 7 (®) is continuous on €. Hence by the Minlos Theorem (see Theorem 7.1)
there exists a finite measure v with

(7.1) (D, e9)) = / "8 duy(z) forall ¢ € £

/

We need to show that (£) C L*(€',v) and
(®,0)) = | o(x)dv(z) for all ¢ € (€)
5/

Let L be the subspace of (£) consisting of the linear span of {e!€; ¢ € £}. From
(7.1) we see that

(D, 9)) = ; o(x) dv(z) forall p € L

Observe that if ¢, € L, then ¢o» € L. Most importantly, if ¢ € L, then ¢ is in L
and thus |¢|*> € L. By equation (7.1) above we have

. |6()|* dv(z) = ((®,|8]*)) < o0

Thus L C L*(&,v).

Now take an arbitrary ¢ € (£). Since L is dense in (£), we can take a sequence
{bn}5°, with ¢, converging to ¢ in (£). Since pointwise multiplication is continuous
on (£) (see Remark 5.35) we have that |¢, — ¢|* — 0 in () as n — oo. Therefore
|bp — dm|> — 0 in (€) as n,m — oo. This gives us

lim <<q)7 ’¢n - ¢m’2>> =0

n,M—00
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So we can apply equation (7.1) above to see that

i 160 = 6 () = lim ([0 — 6uf%)) =0

n,m—oo

Hence {¢,}5°, forms a sequence in L*(£’,v). Let ¢ be the L*(&’,v) limit of this
sequence. That is,
= lim On in L*(&',v)

Since ¢, — ¢ in L*(£’,v), there exists a subsequence {¢,/}55_, of {¢,}22, such that
¢ — 1, v—almost everywhere.
Now since §, is in (€)' for all x € £’ (see Section 5.5), we have

lim ¢(z) — ¢n(2) = lim <<Sx,¢— $n))) =0 for all z € &

n—oo

Therefore ¢,/ () — ¢(z) for all x € £'. Thus ¢ = ¢, v—almost everywhere. We have
shown that ¢ € L*(&', v) which implies (£) C L*(£’,v). We also have

(®,¢)) = lim ((®,¢n)) = lim [ &n(z)dv(z)

n/—oo n/—o00 &

= [ v@dv(a)
[ ola)av(a)

Therefore ® is induced by v and the proof is complete. O

Corollary 7.13. Let v be a finite measure on E' such that

(@, ei<~,£>>> — / et (@:8) dv(x)

for some ® € (€)'. Then ® is induced by v, i.e.

(®,0)) = [ ¢dv

&
for all ¢ € (E).

Proof. Since {(®, 'l = [., €% dy(x) it is clear that ((®, %)) is positive defi-
nite. So we can apply Theorem 7.12 to get a finite measure m which is induced by
®. Hence for all ¢ € (£),

(®,0)) = [ ¢dm

5/
Letting ¢ = €':¢ in the above equation, we see that the characteristic functions for
m and v are identical. Therefore m = v and we have that ® is induced by v. O]
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The next Theorem demonstrates the relationship between SV and py .

Theorem 7.14. The delta function of a subspace V' is induced by the Gaussian mea-
sure on the subspace V, i.e. (£) C L*(py) and

(v, 0)) = | o(@)dpv(z)  forall ¢ € (€)
g/
Proof. We can use the S—transform for 0y to see that

(B, 00 = 260 G(5,)(i€) = e 260 26 sbyile — 3 lEvvhe

Thus for any £ € £ we have

(99 = Col§) = [ 9 dpy (o)

Hence, by Corollary 7.13 we have that oy is induced by a Hida measure py . O]

This next example provides some insight for the measure py by comparing it to
the finite dimensional setting.

Example 7.15. Suppose V' C R". In this finite dimensional setting we have

lyy L I
/5( ) dv = i L Pyt
v—y)dv=1lim | ———————e 22 dv =lim —————
v e—0 v (27T€2)d1m‘//2 e—0 (27T€2)d1mvl/2
Observe that for a suitably decaying continuous function f we have
vy L I?
| [ oy =t [ o) s
v—Y Yy = _—_—
nJv €20 Jgn (27e2)tm Vi
lyy, 1 12
— i C T yud
= .y fyv + yvs) (27T€2)dimvi/2 Yy dyy
Letting yy,1 = ex we get
1 €_|$|2/2 d d
= lim +er)———— 5 dx
€—>0\/‘\/ VJ_ f(yv )(27T>dlmvi/2 yV

Using the dominated convergence theorem we obtain

o—lal?/2
:/v f(yV)W dz dyy

VJ_
= / flyv) dyv
1%
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v
For the Gaussian measure on R™ we replace f(y) in the above with f(y)e™ 2 (2m)

to get

—n/2

/n/v(%)dimvl/%(v—y)f(y) dv du(y) z/vf(v) dpy (v)

where p and uy are the Gaussian measures on R™ and V', respectively. (See the
comment just before section 6.2.1.)

What appears to have happened is that as the variance of the Gaussian measure
on V+ heads to 0, the Gaussian measure on V remains unchanged. With this in mind,
we now let V' be a possibly infinite dimensional closed subspace of F and consider
the characteristic function

CHE) = exp(—Llev]i — Dleveld)  ce€

Let p; be the measure on & corresponding to Ci+ and g; the corresponding distribu-
tion.
Consider the following

1
RO = S(p)(©) = 269 [ cridp(y
S/
— 6—%(f7§>6%<§v,§v>c+§(fvifvﬂc

= exp [—%(1 — t2)<fv%fvl>c]

1 -
So we have limy_o Fy(€) = e 26v+5v2) = §(5,)(€). Also by calculations similar to
those in (6.4) we see that for 0 <t <1,

|E(€)] < exp(51€]5)

Therefore we can use Theorem 5.32 to see that g, — oy in (£) as t — 0.

7.3 Main Result

In this section we prove the main result of this chapter, which is a rigorous formulation
and proof of the identity (6.1) in the infinite dimensional setting. But first we must
build upon the notion of S—transform developed in Section 5.4.

7.3.1 S—transform Extension on (&)

For ® € (£)" we have the S—transform of ® given by

SP(E) = ((®,:e9)) &,
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If we apply the S-transform to elements ¢ € (€) C (€)', then we can extend the
domain of S¢(+) to include all z € £.. We denote this extension by S¢. That is, for
¢ € (€) we define

So(x) = ({7 0))  weé€l

Remark 7.16. Note that while we are restricting S to (€), for a ¢ € (£) the domain
of S¢ extends the domain of S¢ from &, to &..

Remark 7.17. Let ¢,¢ € (&). If 5’((15) = S‘(w), then ¢ = ¢. This is a consequence of
S(¢) = S(¥) implies S(¢) = S(1)).

Proposition 7.18. If ¢ € (£) has Wiener—Ité decomposition given by

6= (" fe  foEET

n=0
then we have .
S@)(x) =) (@ fa)e wEE
n=0

and the right hand side converges absolutely.

Proof. Using the expansion for ¢ given above and that the Wiener—Itd expansion for
ret@ler s given by Y 00 ((:-®™, 2®"). (see Definition 5.28), we have that

[e.e]

3(9)(x) = (et D, ¢)) = S (2%, fu)
n=0
So now if z € £, ., then
Z ’<x®n7 fn>C| < Z |x|2p|fnlp
n=0 n=0

1 1
oo|x2n 2 00 2
—-bp 2
<{> T > nllff"

= [|6llp exp(5]2]%,)

In the proof of the above proposition we have established the following:

Corollary 7.19. Given ¢ € (£), if v € &, ., then

7C7

[3(0)(@)| < I@llp exp(3l212,)
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7.3.2 The Main Identity

Now we would like to show that

@ [ o dm@) = [ 3@ dns )

for ¢ € (£), where iy and juy 1 are the Gaussian measures on V and V1, respectively.
Lemma 7.20. Equation (7.2) holds for ¢(x) =:e\®%e: where ¢ € &,.

Proof. For the left-hand side of equation (7.2) we have
1 1 1
(73) / e<17£>c d/'LV(x) — 67§<£7£>Ce§<5V75V>C — €7§<EVJ_7£\/J_>C

Now for the right-hand side of equation (7.2) we first observe that

v

S(e<7§>c)(_2y) — <<:€<'7_iy>c:’ :e('7£>c:>> — €_i<y7§>c

by Lemma 5.19. This gives us

o . 1
(7.4) / S(:et ) (—iy) dpy - (y) = / e W9 dpy (y) = em2 b v

by Proposition 7.9 O

Corollary 7.21. Equation (7.2) holds for functions ¢ in the linear span of {: el
;&€&

We now observe that dy and oo are related through the White Noise version of
the Fourier transform (see Section 5.4.3).

Corollary 7.22. The Fourier transform of dy. is dy .

Proof. From Definition 5.33 we have that S(Foy.)(€) = ((0yr,e 8¢)). Now we
apply Theorem 7.14 to get that

(Bysve ) = [ 0 duya )
:/ @8 dyy (x) using (7.3) and (7.4)
= S(by)(€) again applying Theorem 7.14

Therefore for any & € & we have that S(Foy.)(€) = S(0v)(€), from which we
conclude that Fd, 1. = oy O

In order to prove the main result we need the following theorem:
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Theorem 7.23. Let v be a Hida measure on E'. Then v is supported in &, for some
p>1 and

/ exp (3]zf°,) dv(z) < oo

&

The proof of this theorem can be found on page 332, Theorem 15.15 in [17].
Using this, we can prove the result we are after

Theorem 7.24. Let ¢ € (£). Then
by = [ 3(6)(iy) duv- (0
5/ /

Proof. Let L be the linear span of {: et¥e:; ¢ € £}. Take ¢, € L such that ¢,
converges to ¢ in (£) as n — oo. Then we have

(75)
[ Sonman ) - [ SO )

!

</, |S(¢n — &) (—iy)| dpy ()

< ||n — ngp/ exp(%|y|2_p) dpy 1 (y) by Corollary 7.19
g/

By Theorem 7.23 we can choose p so that [, exp(%|y|2_p) dpy 1 (y) is finite. With such

a p we see that the last term goes to 0 as n — oc.
Therefore

o(z)dpy(z) = lim [ ¢,(x)duy(xz) since py is a Hida measure
5/

n—0o0 J e

= lim [ S(¢n)(—iy)duyo(y) by Corollary 7.21

n—oo [e

— [ 8@ duvi) by (75) above

7.3.3 A Slight Generalization

Theorem 7.24 can be extended to include all Hida measures. Given a Hida measure
v on £, we can think of v as an element in (£)" as follows:

(7, 0)) = [ ¢dv(z) ¢ € (&)

5/
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Thus we can take the Fourier transform F7 of the distribution 7. Motivated by
Corollary 7.22 we rewrite the identity in equation (7.2) as follows

(7.6) (F, ) = / 3(6) (—iy) duly)

Lemma 7.25. Equation (7.6) holds for ¢(x) =: %<, where & € &..
Proof. The left-hand side is

(FD, ) = S(FD)(E) = ((7,e709))
by definition of the Fourier transform. The right-hand side gives

[ St ipanty) = [ (et et Oan) = [ 00 any)

And we have ((7,e™":9<)) = [, e=W&e du(y). Therefore the equation holds. O

Corollary 7.26. Equation (7.6) holds for functions ¢ in the linear span of {: el
;€S
Now we can prove (7.6) for all test functions

Theorem 7.27. Let ¢ € (£). Then
(F,0)) = [ S()(~iy)dv(y)
8/
Proof. Let L be the linear span of {: e"%<:: ¢ € £}. Take ¢, € L such that ¢,
converges to ¢ in (€) as n — oco. Then we see that

(7.7)

’

[ st - [ Sei-iaw)
</ |S(¢n — ¢)(—iy)| dv(y)

< léw ol [ exp(dlyf?,)dvly) by Corollary 719
g/

By Theorem 7.23 we can choose p so that [, exp(5|y|*,) dv(y) is finite. With such a

p the last term goes to 0 as n — oo
Therefore

((Fv,¢)) = lim ((F7, ¢n))

n—oo

= lim [ S(¢,)(—iy)dv(y) by Corollary 7.26

n—oo [e

_ / 3(9)(~iy)dvly) by (7.7) above
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Chapter 8

Rigorous Hidden Subspace
Algorithm

In this chapter we use the theory of white noise analysis to develop a mathemati-
cally rigorous formulation of the quantum hidden subspace algorithm which was first
described in Section 3.6. In order to do this we must develop yet another Gaussian
measure—this time on the space &!.

8.1 The Gaussian Measure on &/

In Section 5.1 we defined the Hilbert spaces &, and used them to form the nuclear
space £. Then we were able to construct the Gaussian measure on &’, the dual of £.

Recall that for each Hilbert space &, we have the complexification &, . and the
norm | - |, on &, which induces a norm | - |, on &, such that

€+l =1L+, &nes,
Likewise we also have that the inner—product (-, -),, on &, induces a real inner—product
(-,)p on &, . given by
<§1 +am, & + i772>p = <§1a §2>p + <7717 772>P

where &1,82,m1,m2 € &,.. Having that the inclusion map &,11 — &, is Hilbert—
Schmidt gives us that each inclusion &,1. — &, is Hilbert-Schmidt. Therefore,
it follows that &, is a nuclear space with topology induced by the norms {| - [,}5,.

Moreover,
Eo=()Eve
p=0
We also have the dual £ with
e=e.
p=0
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The bilinear pairing (-, -) between £ and £’ extends to a real bilinear pairing between
E. and &!. Letting z = x + iy with z,y € & and ( = £ + in with £,n € £ we see that
this pairing is given by
(2,¢) = (x,&) + (y,m)

Note that the bilinear pairing given above is simply the real part of (z,f}c where ¢
denoes the conjugate of ¢ (i.e. if ¢ = & +in with &1 € £, then ¢ = & — in).

We can now use a construction similar to that in Section 5.1 or use the Minlos
theorem (see Theorem 7.1) to get a measure p. on E. such that

(8.1) / eif(z) d,uc(Z) _ / eHz:C) d,uc(z) _ €—|<\3/4
£

£
for all ( € &.. Here if ( = & + in, then é denotes the real random variable given by

/ /
c c

((z+iy) = (2,8) + (n,y)  forallz,yec&

where ¢ and 7 are defined as in Section 5.1.

8.1.1 Properties of the Gaussian Measure on &/

Here we present some standard results about the Gaussian measure p. defined on
the dual of £. In particular we will see that the product measure ji;/0 ® ji1/2 on
E =& +i& is equivalent to the measure f.

Lemma 8.1. Let (1,(s,...,(, € & be an orthonormal system for E.. Then the image
of the Gaussian measure ji. under the map

Z'_)(<Z7C1>7"' 7<27Cn>)eRn, zeSé

1s the Gaussian measure on R™ with mean 0 and variance % (i.e. the probability
measure with distribution function 7="/2e~11").

Proof. Let v denote the image of p. under the above map. So v is a probability
measure on R”. Computing the characteristic function of v we see

o) = [0t = [ e (i Z 221G ) ()
g 5kl Z )
exp <— i z”: $i8;{Gi Cj>>

ij=1

= exp (—%|s|2)

exp <—}L

which is the characteristic function of the Gaussian measure on R"™ with mean 0 and
variance % O
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Lemma 8.2. Let (1,(o,...,(y € E. be an orthonormal system for E.. For any Gaus-

sian integrable functions fi, fo,..., fn on R we have
[ A fl( ) dud H ) due(2)
Proof. Apply Lemma 8.1. O]

Lemma 8.3. For any ( € £&. and n =0,1,2,... we have the following:

/| 2 due(2) = IC[2

() [ e dpz) = B4

Proof. The identities obviously hold when ¢ = 0. So we take ¢ € & with ( # 0. By
Lemma 8.1 we have that

< ¢ >‘2duc(2)=% 2t gy

2
€é|<z,<>‘ d/JJC( ) K’O ’<|0 ﬁ R

And letting s = V2t we have

|§|0 2 —t2 |C|0 s2e~ 2/2 |C| —s?
t2e™t dt = S2/2ds = 2L 8268/2dS=|C|2
Vv Jn 2v7 Jg V2r 0

This gives us the indentity in (a). Using Lemma 8.1 the second identity is obvious. [

As before, we can now define (-, () for any ( € E. as a p.~almost everywhere
defined function of z € & in L*(E), u.), the space of all functions f : £, — C
which are L? integrable with respect to p.. Take a sequence {(,}°%, in &, such that
lim, o [ — CuJo = 0. Using Lemma 8.3 we can see that the functions {(-, ()},

form a Cauchy sequence in L?(E., pi.). Thus there exists a ¢ € L*(E., u.) such that
lim,, oo (-, ;) = ¢. We denote such a ¢ by (-, ().

Proposition 8.4. For any ( € B, and n=0,1,2,... we have the following:

@ [, 1O di(z) = 16l

(b) / e dp () = e/

Proof. 1t is easily shown that Lemmas 8.1 and 8.2 are true when ¢y, (s, ..., (, are in
E.. Using this, we can mimic the proof of Lemma 8.3 to get the identities. O
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Just as we have formed the measure p on &£, we can use the Minlos theorem
(Theorem 7.1) or a construction similar to that found in Section 5.1 to form the
Gaussian measure ji;/ on £ with mean 0 and variance % That is,

/ ) dpy () = e IR/

for all £ € £. And by making the identification £ = £ @& £ we have the product
measure ji1/2 ® {12 on £,. Now observe, letting ¢ = £ +in with £, € £, we have

/ w0 dpay jo () @ dpaja(y) = / M THETI) iy o () @ dpn 2 (y)

!
c

Using the definition of the real inner—product (-, -) we get
:/ et@t) gitwm) d#1/2(33) ®dﬂl/2(y)

Now we apply Fubini’s theorem to arrive at

:/ €i<$,§> d,u1/2(95) / ei<y’”> dul/z(y)
/ S/

— o lEl5/4p—Inl5/4

— o ICI3/4
Comparing this with equation (8.1), we have that the characteristic functions for
f12 @ p12 and p. are equal. Thus juy/2 ® 112 and p. are equivalent as measures on

E!. Let us mention that because the topology on £ (and &) has a countable basis,
the Borel o—algebra on & ® &£’ is equal to the product o—algebra.

Proposition 8.5. For any (1,(> € E. we have that

/ €<Z,<1>c6<Z,C2>C d,u’C(Z) — e<<176>c

Proof. Let (§ = & + iy and (o = & + ing where &1,&,n1,172 € E. Then letting
z = x + 1y we have

/ €<z7<1>6 <Z7CQ>C d/vtc( ) — / 6<x+iy7§1+i771>56<I+iy7§2+i772>c d#1/2<x) ® dlul/2(y)

(@,€0) = (ym) +iz,m) +i(y:€1) o (,62) — (y,m2) +i(,n2) +i(y,62) d’ul/Q(x) ® dM1/2(y)

n\

/

/ @, €1 4+Ea+im —in2)e dﬂ1/2(x)/ e Ws—m—nz2+i&1—i2)c d,ul/2(y)
&’
1

1 X i . .
T{=m—n2+i&1—if2,—m —m2+i&1—i2)c

el (€1+Ea+im —inz,E1+Ea+im —in2)c cod
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Using the observation that the algebra in the horrid exponent of the last term works
just as if &1, &, m,n2 were real numbers and (-, -). were multiplication of ordinary
complex numbers, after a little work the exponent becomes

(€1,&2) + (m,m2) + i((fl, n2) — (771,52>)

which is equal to ({1, (2).. Thus

/ e<27<1>c€<Z,CQ>E dlU/C<2> — e<<17§>c

c

8.1.2 Relationship with L?(&’, 1)

Up until now we have developed the space L*(E, u.). However we will be primarily
concerned with a subspace of L?(E!, j1.). We define this subspace as follows:

HL?(p.) = closed linear span of {e"%¢:¢ e &} in L*(E., pe)

Remark 8.6. The reason for the notation HL?(ju.) is that it can be shown that
HL*(p.) contains all L?(E!, u.)—functions of the form

H((Cder s (4 Gade)

where (i,...,(, € E. and H is a holomorpic function on C". (For a proof of this,
refer to [1]).

For ® € (£)" we have the S—transform of ® given by
S(Q) = ((@,:e)) (€&
In Section 7.3.1 we saw that for ¢ € (€) the S—transform has an extension S where
S(@)(2) = ({¢,:e0P)  zeg
Taking ¢ =: el for some ¢ € &£, we see that
g(:e<"<>6:)(z) - <<:€<~7C>c:’ relA)e)) = elz:)e zeé&

Thus S maps the linear span of {:et0e : ¢ € £} C L*(E', p) into the linear span
of {e"9< ;¢ € E.} € HL?(u.) by

(8.2) S(:e<"<)“:) = elde Ceé.

It turns out that the S—transform, or more appropriately S , can be extended to a
unitary isomorphism between L*(£’, ) and H L?(y..), which we denote by Us.
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Theorem 8.7. There is a unique unitary isomorphism Us : L*(E',u) — HL*(u.)
such that
Ug(:elSer) = el:e forall ¢ € E,

This is called the Segal-Bargmann transform.

Proof. Take (1,(y € £.. Then

((etrer reblen)) o :/ rel@lie; (@ Ca)e: dp(x)

/
c

Using Proposition 5.27 we see that :e(@¢)e: =:e(@C2)e:. Hence the above becomes

:/ sel@lie,; plwCa)e, du(x)

c

= elG)e by Lemma 5.19
Thus, by Proposition 8.5 we have
<<: e('?c1>c:’ :6<‘7<2>C:>>L2(6,7M) — <<6<'741>C, 6<.7<2>C>>L2(5{:,MC)

for any (1, (s € &.. Therefore Ug is a unitary transformation between the linear span
of {ret9e:: ¢ € &} C L*(E', p) and the linear span of {9 : ¢ € £} € HL*(u.).
Recall that the set {:el%<:; ¢ € &£} is dense in L?(£’, 1) by Corollary 5.26 and
the set {el%c ;¢ € £} is dense in HL?(j1.) by definition. Therefore we have that Ug
extends to a unitary isomorphism from L*(E’, ) onto HL?(u.).
Let ¢ € E.. Using the conitinuity of Ug we can take a sequence {(,}5°, in &. with
(n — ¢ in E. to see that:

Us(:e9e) = lim Ug(:etome:) = lim e = ef0)e

n—oo n—oo

8.2 Independence and Products for Ug

Recall that for each £ € E/ we have the p—almost everywhere defined random variable

with mean and variance given by

[legdu =0 and [ @O dute) = 16
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respectively (see Proposition 5.6). Now let V' be a closed subspace of E and let oy be
the completed o—algebra generated by the random variables (-, v) with v € V. Let V'
and W be orthogonal subspaces of E. For v € V and w € W, the random variables
(-,v) and (-,w) are independent by Lemma 5.3. Therefore the o—algebras generated
by oy and oy are independent relative to u. It follows that the map

(8.3) Jvw + L& plov) @ L&, plow) — L&', p) : f® g = fg
is a unitary ismorphism onto L*(&’, p|oyiw).
Lemma 8.8. The linear span of {:e"V):; v € V'} is dense in L*(E', uloy).

Proof. Take an arbitrary ¢ € L2(£’, uloy). Tt is sufficient to show that ((¢,:ef"):)) =
0 for all v € V implies ¢ = 0. Suppose ¢ has Wiener-Ito expansion given by

¢ = i(:x@m:, Fo).
n=0

. Then by Theorem 5.17 {{¢,:e*):)) is given by

o0

(@, :e5)) =D (F,v®")e, v EV

n=0

Since ((¢,:e™):)) = 0, we have for any real ¢
((9,:eM)) = 3 1" (F,v®)e =0
n=0

Therefore Fy = 0 and inductively, (F,,v*"), = 0 for all v € V. Since F, is a
symmetric n—linear map we can apply the polarization identity to see that

PN 1 « e n
(Froi@ - Bun)e = = (=1)"F D7 (B (o +03) ") =0
T k=1

J1<<Jk
So F,, =0 for all n > 0. Hence ¢ = 0. O]

Theorem 8.9. IfV and W are closed orthogonal subspaces of E, then for any ¢y €
L2(5/7 :u|O-V) and ¢W € L2(8/7N|UW)7

Us(dvow) = Us(pv)Us(pw)

Proof. By Lemma 8.8 {:e{%):; v € V} spans a dense subspace of L*(&, u|oy) and
{:et):: w € W} spans a dense subspace of L2(&’, u|ow ). Since Us is continuous we
may assume ¢y =:et?): and ¢y =:el*): for some v € V and some w € W. Now

Us(pyow) = Ug(:etvon) since v and w are orthogonal
= elvtwe by Theorem 8.7
— €<',’l}>c€<',’u}>c

= Ug(:eS)Ug(:e"™)) again by Theorem 8.7
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8.3 Hidden Subspace Algorithm

Here we use the concepts developed throughout this chapter to present a mathemat-
ically rigorous formulation of the hidden subspace algorithm.
Suppose we have a functional ¢ : F — R™ with a hidden closed subspace V C E
such that
O(E+v) = ¢(&) forallv e V

We would like to determine V' to some extent. First we can extend ¢ to the domain
E., as follows: For ( = & + in with {,n € E, we define

¢(¢) = ¢(&) + o(n)

And of course we have

o(C+v) =o(() for all v € V,

In the original algorithm we used two rigged Hilbert spaces. The first we denoted
by Hg. In our version the space Hp becomes the Hilbert space L*(E’, ) (or one
of the unitarily isomorphic spaces HL?*(p.) or I'(E)). The original algorithm also
made use of the rigged Hilbert space Hgr. We now define Hg» to be the space of all
complex functions f on R"™ such that f # 0 at only a countable number of points and
> wern |f(@)]? < 0o. Equip Hg» with the inner-product

(f.9)= 3 f@)g(@)

z€R™

This makes Hgn» a non-separable Hilbert space. For Hgn» we have orthonormal basis
given by
lz) = 11y with (xly) = Ouy

We will again make use of a black box
Ug: L*(&', 1) ® Hgn — L*(E', 1) ® Hgn
which performs the operation
Us® ® [2) = @ @ |z + ¢(f1))

where we use the unique decomposition ®(x) = > (:2%™, f,). with f, € E&n,
We now outline each step of the algorithm in detail:
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8.3.1 Step O

In the original version we begin in the state |0)|0) € Hg ® Hgn. Here we take a unit
vector ® in L?(&’, i) and begin in the state

o) = 0)

of L*(&',u) ® Hg. The only restriction we place on @ is that for any subspace
W of E we can decompose ® into ® = &y Py, where Oy € L2(E', pulow) and
Py € LA(E', oy 1) (as in Theorem 8.9). Then, in particular, ® can be decomposed
into ® = ¢, Py, where V' is the hidden subspace of the functional ¢.

8.3.2 Step 1

This step is the one that is altered the least from the original algorithm. Here we
apply the black box U, to |t0g) in order to arrive at

|?/11> = U¢>W0> = |¢(f1)>

where f; € E. is the element obtained through the Wiener—It6 decomposition ®(x) =
Yoo ol:a®, o) as described above.

8.3.3 Step 2

In place of the Fourier transform in the original algorithm we use Ug (actually Us® 1)
to get

|th2) = (Us @ I)[¢h1) = Us(®)[o(1))-

Now we use that
Us® = Ug(PyPy1) = Ug(Py)Ug(Pyr1)

(from Theorem 8.9) to arrive at
[¥2) = Us(®v)Us(@y1)|6(f1))
Since ¢(€) = ¢(&y) for all £ € E, we have
[92) = Us(®v)Us(®v1)|6(Pys f1))

where P, . is the orthogonal projection onto V+*.
We can then write [¢;) as

[V2) = Us(®v)|QPyrf1))

where [Q(Py1 f1)) = Us(®v1)|o(Pro fr))-
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8.3.4 Step 3
Apply Ug' @ I to get

[¥s) = (Us" @ Dpe) = Ug Us(Pv)| APy f1)) = Py [Py f1))

8.3.5 Step 4: Measurement

We now need to measure @y in some way to obtain information about the subspace
V. Up until this point we let ® be an arbitrary unit vector in L*(&’, ). However, in
order to complete the algorithm, we need to be a bit more specific about our choice
of initial state. We now take a random non-zero vector £ € E and let ® be given by

O =:eb:

Remark 8.10. Technically, by the postulates of quantum mechanics our state should
always be a unit vector in our state space L*(£’, 1) @ Hgn. Of course, we could
accomplish this easily by dividing by the norm of :e(¢:. However, this only confuses
things, and we will leave it off.

With this choice of ® it is easy to see that ®y and Py, work out to be
by —: etV and Dy =Ll

Forn =20,1,2,..., let P, be the orthogonal projection onto the closed linear span
of

{<: .®n:’ fn>c ; fn € E((?n}
Obviously P, P,, = 0, F,. Recalling that

- 1
7£V /.. ®n, TL

=2t

n=0
we see that P,(:e6vl:) = L(:.8n ¢2m),

Therefore measuring with respect to {P,}32, produces % (: -®": &™) for some

n. From this we can extract & € V. Thus we have a hidden subspace for ¢,
namely {R&y }, which runs through the hidden subspace V. And, of course, running
the procedure k times will produce a k—dimensional hidden subspace (provided the
dimension of the hidden subspace is less than equal to k).
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Chapter 9

Concluding Remarks

As we have seen the subject of White Noise Analysis is well suited for making notions
of quantum computation credible when functions over infinite dimensional Hilbert
spaces are involved. Moreover, it also serves as a great means for bringing common
finite dimensional identities and theories over to the infinite dimensional setting.

Although, we have primarily concerned ourselves with the Hidden Subspace Al-
gorithm, which is an adaptation of the Shor period finding algorithm, there are a few
other algorithms which have been constructed for continuous variables. In [26], Pati
and Braunstein develop a Deutsch-Jozsa algorithm for continuous variables. This
algorithm takes a function f: R — {0, 1} which is known to be constant or balanced
and determines which is the case (i.e. if f is constant or balanced). By balanced we
mean that A\({x € R| f(z) = 0}) = A({z € R| f(z) = 1}), where X is the Lebesgue
measure. Using the techniques presented here it may be possible to develop such an
algorithm for a suitable function ® : & — {0, 1} using the Gaussian measure on &',
for a suitable function space &.

In [27], Braunstein, Lloyd, and Pati extended Grover’s search algorithm to the
continuous variable setting. Although, perhaps more difficult, this algorithm may
have an extendsion to Hilbert spaces of infinite dimension.

As mentioned by Lomonaco and Kauffman in [21], it may be possible to mod-
ify the Hidden Subspace Algorithm in order to develop a quantum algorithm which
computes the Jones polynomial or other knot invariants. For such an algorithm the
theory of White Noise Analysis is not enough. Non—communtative infinite dimen-
sional distribution theory is needed for this undertaking. In such an algorithm the
Hilbert space E may possibly be replaced by the space A of gauge connections and a
modification of the functional integral

D) = /,4 DAG(A) Wi (A)

where Wi (A) is the Wilson loop

Wic(A) = tr[PeXp (%{A)]
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may be necessary. If ¢(A) is chosen correctly, the functional integral zZ(A) is a knot or
link invariant. For an appropriate choice of gauge group, this invariant can reproduce
the original Jones polynomial or other invariants [12].
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