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Hofmann and Mislove: SCS 9: Commentary on Scott's Function Spaces

SEMINAR ON CONTINUITY IN SEMILATTICES (SCS)

T - T DATE M Iy Y
. NAME (S) fofmann and Mislove - l - ng

TOPIC Commé"car:;'-:rn Secott's function spaces

SCOTT INM 274
REFERENCE  BfB%¥ and KEIMEL

We quote an amplified version of a Lemma in GK (1.4)

, A Lemma on, Primes... NHotably 1.4,

LEMMA 4. Let LeCL and k:L—L a kernel function ,i.e. a function satisfying

2 X . 2
(1) (¥ x,5y) x££ v k(x)£k(y) ,(11) k£ 1 s (1ii) k%= k .

Then (I) T = k(L) is a complete lattice and the corestriction k:L—5T 1s left
adjoint %o the inclusiocn faonctiony

(II ) The following conditions are equivalenti:

(iv) k € Cont where Cont 1is the category of emzpisie continuous
lattices with Scott continuous functions. In other words,

: _ (# D) D up—directed in L 3 sup, k(D) = k(sup; D).

M) (¥2) ters tasup (sets<ctia mup(FenT)

(2) Lep=  <<f(r x M. ' |
|
(3) TE CL '

.. [
(4) The inclusion T-3L is in _@_égp |
|
(5) kelL. '

]
NOTATION . For L & CL  we write ker @)e [t &) (= goni(s,s)) for the set
of all functions k satisfying (i) - (iv) (hence also (1)-(5). [8ee. SeorT, 3.0]

1 EH..I | Cur aim is, inter alia, to give'an alternative proof o8 Scott's result 1I:h.a+.
-

[53T] € CL . The category of po.;.é‘.tﬂ*ﬂ.n orderigreaérving maps is ca.llec_eroset.

EiErirz] Instead of Poset(S,T) we will write (5-3T).

v LEMMA 1. Let Se¢Poset , T € CL , then (5—>T)&CL relative to the structure induce
from 'I"b-

; 3 3
Proaf, (S=T) is closed in 7°  in the CL -product topology, and clearly T'€ CL. T
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DLPTNTTION 2. Let §,T & CL o Define ki (5= 1) —3(5—=1) by

k{f){a)} = sup £f(ds) - BuUP. . - £(x). \
' .\.., <hat k is well defined: x £ y will always imply l:{f_}l:x] < k() (y)t)
\ PROPOSITION 3. Let 8,7 €CL . Then k & ker(S—>T), and k perserves
arhitrary sups.

Procr. (i) Suppese £ ©£g in (S-»T).From Def.2 it iz clear that k(I) f_k(a:?l-

(1i) Let s & S. Then £ k(£f)(s) = sup (ks) & sup £({ s) = £(s). -
{(1ii) Let s & S. Then kaﬁs} = BUP_,, . k(£}(8) = SopmonEn  SUP, sz Py 0 :{:[:,rj
: 1 = o . N L oces .
= =uf Fiat = k(F)(8) sinece for all y«&3 there 1s an X WiTd yé<
‘ Bl T L (£)(s) Hoih

(1v') Les Dfe(5->1) and set h = sup &b Iin (5=T).2 We claim that
w0 i, o B sup | 1 = B5uJ k{d)(s
sup k(<& ) = k(h). Let s & 5. Th=x Now [sup k(B )](s) u:‘eﬂ () (=)

= Sup . sup g I[x} = 5Up_

sup & (x)= sup_ ., o n(s)= k(b)(s).U
J-."_‘J:I X gc 5

xrLes a el

PROPOSITION 4. Under the yx hypotheses of Prop.3, .

k(5>1) = [S5->T] .
Proof. a) Let fg (S-%T). Show that k() e Cont. Let D & 5 be up-directec
ang let & = sup D. Glearly, sup k(£)(D) £ k(£)(&). Now let x&< k(£)(s)=

. y . <!
sup E{Ls].ﬂv definition of <<« there is an = s' <43 with x £ £(s').
S ~ i
Y N . . = 3 R '
Tut s'<€< s= sup D itself implies the existence ol some d e Dwith s'<< du

¥ Thus x & k(£)(d) < sup k(£)(D) .

v)  Let £ ¢ [8—»T]. Then Iifjsooamnrth k(£)(s) = sup £{s)

= f(s) since f preserves sups of up—directed sets. 0O

COROLLARY 5. [S—-T] € CL (SCOTT).

Proof. From LEIA 4, Propositions 3,4. 1T

We now further investigate the kernel funciion "k on (5—=-T). Se :t‘a.rVwe
— lenow ‘l';hat it preserves arbiirary sups (hence has a left adjoint T
which we will investigate presently) and tha® iis corestricilon

ks (53D )—=[S-»T] is a CL -map which 1s left adjoint to the inclusion mad -
[5—1]—%(5-»T). We need to understand clearly the (¢ =-relation on (5-77T).

- oy - N ——
Tn the following we allow curselfesa slight deviation from Scoti's notatlon
I A

} E < 3
NOTATION 6. Let 5,0 GPosey, fsmwcxf (s,%) € 3 =T . Then {t} €(5->T) is

defined by (5)(x) =t if s&% and = O otherwise. If S&(L , then

o]

7 3 ] il | if s = 0 otherwise.
[57:3-97 is defined by [ J(x) = ¥ if 5 4ax and = 0 otherwise
L

wote that f=x [{] & [s=T] if §,T €CL .

. Lét TP C ST be finite, Then

https://repository.lsu.edu/scs/vol1/iss1/9
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() = aun (5 ¢ (a%) €7} g
'] = sup ::-LL:'::-_. : (Byt) € T 3

- o
4 =

Liiiite$s Kore nototion: For f,ge¢ (S—»T) we write f Kf-p &1

7{s) €< g(s) for all s € 5. (This is the"pointwise way below relaticn” )

L3 7.  Let fe (5—D). The basic neighborhotds of T in (5 —T) in ihe

Scott tovology are obiained by taking any finite set F £ 5 x T such that

, . [ = 7
(7) «:a,p f and considering W(F) =) gés=>T) : (F) {.épgl .

Praof. Firstly, we note the

SUBLGHA. (F) <<, g iff (¥ (s,t)e F) © <<g(s).

Proof of the Sublemma. (®) Cc.P g iff {J'i" %) SUP(S sye _:)(..—a x) << gix)
108 (¥ x)( F (s,8) € F) (§)(x) << g(x). This clearly implies [Lm-:h,-;,“,uu,h

(¥(s,t) &€ F) t<<g(s). Conversely suppose that $his laiter condition is

satisficd. Take x € S, (s,t)¢ P. Case 1l: s < x . Then {:]{x: = t £<g(s) & glx).
Gase 2 . s £ x . Then (J)(x) = O <& g(x).Hence the forgmer condition follows.

“This proves the sublemme., : o

Tvidently T eW(F), and by the definition of “the Sco¥t -tﬂpclog;.r, the fémily

- .
of 'sets W(F) = tecg(s) 3 is a hasis for this tnpnlcgg.m

I

Yote that inf W(F) dominates {Fj, We follow an idea of Scoti I|in
nroving o ||
Lizia §., If £&(5>7) then ' a mlpi(;} t Lef(s ﬂ |
Proof. & 1is clear. To prove the reversg,let © 4% f(x). Then (Y }l:x]d: t <<f(x);
hence f:ac,m:_pg t = (:}(I] < sup Eh{f']{x} s e2f(s)). U |

PROPOSITION &. Let S,T% CL , f,g £ (S5-»T). Then the following stat cr‘ir,n-..a are
equivalent: (1) £ <& g . (2) There iz a finite FE 5 % T witn ;c{"|] L& o5
[

[s,i)&F{g :

(3) Taere are finite F,GC S® T such that £4 (F)<<(¢) 4a
1 10 - .

Proof. The equivalence of (1) and (2) follows from Lemmas T and &. Tmia equi-
valence of of (2) and (3) is simple CL —calculus ( the interpolation|pro-

perty of ¢¢ ). [ I '
) . .
LEMGA 10. k(J) =[] «

Proof. Let x & S. Then ;-:(i) (x) = sup

'_g:'l[uj Now let ms=esses o L4 X,
MWLl X T

—_ PRy

Then -(,jl.; = % whence sup (3)(n) = t. Now let s £ & x.Then for any u

malX -ts’* & =
with u 4<% with have s £ u,hence {_t]l{uj = 0 and so sup x(t]{u] = 0. U

Since k preserves sups we have
COROLLARY 11. Let S,7< CL , f,g & [S-5T]. Then the following statements arc

equivalent: ( 1) £4&g « (2) There is a finite F € 5xT with f & [Fl<L o,

Published by LSU Scholarly Repository, 2023 3
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(3) Tacre arc finite subsets F,G < SX T ocuch hat 1S [l<=[Cl< C «

QAR 10 . (Scots) If fe [S—T],, then f = {E:] tez £(s) T .
froar, Uoe Lemma B and apply k, recall Lemma 19, 0

PRUPOSITICN 13. Let 5,T&CL, Tz E{s—a-T). Then f< g 1mpllies

(D)< k{z).

Proof. If £ <= g, then there is a finite set F with £ (P} == &
(Prop.9). If we show k(F) << k(g) we are done. Since Kk preserves =ups

{ Prop. }) it is no loss of generality to assume T = ( } By the Sublemma

in LE:.-::l:-. T fex g then means % <vg(s). We claim that [ J{] << wlg) (%)
for all x. For this we must show that s<~x implies t::w,k{.r_.,} {(x).

Zut s<<x implies g(s) £ sup g($ x) = k(g)(x) , and the hypothesis t<zg(s)

tpen furnishes the claim. [J

COROLLARY. 14. The left adjoint f—f :[5=3T] —= [a——; of the
corestriciion of k is a CL —embedding. Thus [s=>T] lE a ﬂﬂ' rc*ra.ct of (5—T).
Froof. As a left adjoint of a g surjection,it is an mf preserving
injectiong. Since k respecis << yits left adjoint is a CL-morphism

(see 4TLAS).( . -

-
pe

He finally identify

Fig

PIOPOSITION 15. Let f&[S—»T] . Then J ¥ & (S=1) is defined by

¥(s) = inf £( int 15) = inf{f{# x): s<<x¥.
Proof. Let g & (S-T) .We must show that Bl Ifeg iff £ Z k(g). If
£ > k(g) ; let x< v, then by assumption g g(x) € £(v) which shows l" > 2.
Conversely, assume I ¥> g. Take any w<<x,then g(u] = ""{u} < £(x). Seo

PROPOSISTION 16. Let S, T&€ CL . Then the E=r map  r:(5-21)—»{5-T)
, given by T(f) = k[f]v is a CL retraction onio the set of all
fe(5=T)  with

(%) "#(s) = inf f(int T8) a inf ___ . f(X)efer of s€ 5.

oreover, im r ¥ [S=>T].
Proof.It follews from the preceding that r is a CL-retraction onto 2 sun=-
obiject of (5=T) which is isomorphis to im k & [S—T].Remains to ideniify

she image gf ». If :::"E im r, then £ - for some 3’(:' [S—B-T].Then inf,_d:‘_ x:f(x:l

(24

s inf boind

I &,5{‘{) = anf_ ;.rj{:") ‘(5} = fi{s). Conversely ,suppose
thot © caticfies (% ). We claim f = k(f]“' . and since £ < k(1) (b¥
;Ld;u_nc'tioq theory) we havae to show that k k()Y (=) = £(x) for any x. Let
P k[fj (x). Since P& CL and f(x) = inf i'lwr} we take an arbitrary

Y
y with %<s ¥, ané we must show that a < f{:,r::! F:mn a < k(f) (x) wo now |

ave a2« X(£){(y) = SUD. Ly £(s). So there 'is an sgg y'with a g fi{s).But

£(s)< f(y) implying 't.h.n claim. [

https://repository.lsu.edu/scs/vol1/iss1/9
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3
! We note thit the elements of i'_-S--uij_'__J in {5—T) aro charactorized
i in & dual fashion by what have done before:

COLOLLARY 17. Let S,T € CL. Then a map £€(S—T) is in [S—1] < (5-»1)
irf

Ao \ - o - -

. e - 5u = 1 all s 5.

( ) 2(s) pof(Ls) sup . o flx)s for all s€ 5.

- S PR : . .l
Proef. We recall sup £ ..'.rs::l = k(f) |s). Thus (¥*) iz equivalent tp
cial k(f) = £, and since k is a retraction,this is equivalent to :Te.—‘_‘ll im k.

u{S-—}T] (Prop.d.:l.[] |I

One may consider Corollary 17 as a characterisation of the Scott cpntinuous
' . . : .
maps among the monotone maps S=»T .fﬁeca;l that K(L) is the set of ?Dm_na.c:'b
elements ¢ of L,i.e. elements characterized by © < c. I|
We make a few comments on the compact clements in (S—T) and | 57T |.

PLOPOSITION 18. Let S5,T& _CL and fé&(5=7). Then the following am!

&quivalen‘t : ' |

(1) e K(5—T) (2) E=z5] £ =(F) for some finite set Fg § xT E‘L:!i:h that
. (s,t)eF implies + < K{T). : !I

Proof, (1) =5 {2): Suppose feoe f. Then by Proposition S,thers is a finite

set <€ 5 w T such that f é,':':':' <= f, whence f=(G)<= (C). We define

F = \-th: NE @Mﬂ (s,%') & G for some t' and

t(5) = max {t". g" t"]l cF with & 3" < s‘}j .

SUBLE3A . () = (G).

Proof of the Sublemma. HNote (G} = {rf( :I; : (S,t}:;. F} . (Bt s)
E&m;’—“?"rj-'c*'ﬁ.rr"ra—g"ﬁ“rr_-'tr_‘q":?r"‘_ﬁ"'r‘"—ﬁ'ﬁ'_'iﬁon ider (ﬂ‘jll: :I for any li.;,'t}tc_f' F.
Inﬁeed’(*ﬁf.}(s} = max I{",](s]: (s',t') &€ F§= max {t' : (s',t')& F and

st zs) =u(s) m max {3(s') 18t g samax [(§r 0))0e) 1 (3%) € B
(G}(s) . This shows (F)=(CG).{]

e 'now observe that for (s,t)€ F we have F}(s) = %. From (¥)= (G)=f<c £
)

we have (F) ¢P[F}, nence % =(F)(s) <= (¥) - %,i.e. tC K{2).

(2) & (1) + If € K(T) ,then i<e.t , whence (ij{cpff} and so
Je= (%) . Sinee K(S—T) is a sup—subsemilattice of (S—»T) ,(2)= (1)

]

COROLLARY 19. Let 5,7¢ CL , £ € {2 [S—=T] . Then the following are equival-

ent: (1) feK[s—>T] . (2) &ZE5 £ = [F] for some finite FE S % T with
tSK(T) for (s,t)e .

Ploct. By Ll A (2) ,for any LECL ond any keKer(S) one has (kL)) <x(L).

Ir - 2 happeons to respect <=, then we conclude _l{l:':-'.l.':L:l} = Eik{L}). By

Pron.l3 this is the case for L= (5—') and the kernel funciiocn k of Del.2.

Henee by Prop.4 we have K[S—»0] = k(K(5—>T)). In view of Lemma 10, the

Corollary now follows from Prof. l8. D'
et el rf ,l = L;Jr i Al Se 5.

Published by LSU Scholarly Repository, 2023
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A

Hoenll that the category ¥ of compact zere dimensional comilotiices
and continucus scmilattice norph:.umu iz isomorphic to the category |ni‘
(complete) algebraic lattices and maps presering all infs and sup ﬂ‘lf supdirect:
sets.(See HHS Luality). [ |
PROPOSITION 20. Let 5,T € CL. Then ‘cne following statemenis are Eq‘hiv;'.lcnt:

(1) ¢ 2 . (2) e % . (3) (s=T) & 2 (4) [s=»>1] < 2. |
Proof. (1)a(2)2{3) is clear (Conzider the GT—'tOI:}UlOng }. (3}-_‘;.{4}:55{ Prop.3,
lc preserves sups, and after Pmp..l}, k preserves compact. elements.

(4)% (1) : T is a CL-retract of [s=»T] wnder the map f'n-—e»f[o}.[] |

P Ty Scott raised the c:ue*‘tlon whether ker({S) was in CL for any 2 GL-—chcct

R
4
(=3

We wisn tc: comment on this question. me inclusion map ker(s}-—r[&-a«;l pre-—

sorves Bups, so that ker 5 is a comp}.ete lattice in 11.5 GWIL rlgn..,ana We

]

know <from Lemma A that ker(S)e CL if

(§) For all zckur S we.have f = sup{gqf_ie‘ S: gz ..;;-.:_’{ ]f}

https://repository.lsu.edu/scs/vol1/iss1/9
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L 24

~

S b 0 2y0. .t

, s midmplt Bgr y ' .
Proof.i) E}JILUJ{“) = [.Dj(vj 1T uex xyand = 0 otherwise] = b[if wew % and

A<y,

and = 0 otherwise :|
- -
1

ii) [LiJ (v)h']{x} = Eg’:[{v} [ if uckx , and = O otherwise ]

r

= 1.8 | ifu<w xand a<w=v, and = 0 otherwise] . [] '

LMoo £2

such that

e
« Lt FGES5 =< 5 be finite, Then thers is some H < 5 w« § finite
[Flle] = [u):

Proof. We have [F][c¢] = (sup [:]}f sup [3]]‘

o {173

=TT TLTA

(x) [r]"

H = {‘I.L'Ll 1

Proof. Let X be the finite set [F](S). [For each

Tren [EIIN  ramd——os—rmimsm ch mom
- ~ i and » < %, lience by the Tiniteness of

[ @ | nufer AL

T T PR /n

b, 2 X

i’ W:r#.\‘_ﬁ ’jf’ * k n max
/ )

u
(v)o J:(ap)erF, {.u,v} G =[H] for

Ei](v}u} 2 (g4b0)ER ' (u:V}E"G} 1 b.'l':. LEA 21 . U

= F V-
(s st dbid e s viei

PROPOSITION 23. Let 8¢ SL and F £ 5w 5 finite. Then thers is a

natural number n= n(F) and a finite set F' = ¥'(F) & 5 x S such thai

- [r]  [EEEEFEEEe ] (1) [P -] .
fom—— e

= X we have y:[F]{x] e .
1

is a natura

X Fa
dch t [F)® ' et us define
: xe X% +)n nx/fF]{f;' é)//»

TP - [ij+:1|fx],+l_. (x) £ [F T n(x )

iR re S oy g pn i N . e Y =8 n . . e ST
SEgreep e ] k:Li.EL(_s}j_; By Lemma 22 (and induction) ti&re 15 some finite-

- |
:} "}LF_;.'I'.q'c.l'.q'Cl‘_Tp);I i

owrs Chie £l dler -
Ao s o9 !
e mJ

=t

5 el .r'Lul'l-\'-'--'fl

"_‘_‘_‘_|—-—.
sev F'@ 5 x5 such that [F]" « [F'] . Then £i% (1) and (ii) are

L e fiiad 3 g
clear and—dddi)l is a_ consequence—o—{it), f:l |

| COROLLARY 24. Let S€ OL . For £ Eker (S) the following statements

[

are egquivalent: [

-

(1) £ a sup tg.c;-ker 5 : g{g :."3 = sup{é-:’"n ker S}_ | .

"\. Ir.-_ ]
(2) £ = aupy[F]ekers: F& 5 x5 finita, [Fla f. l

Proof. Trivially (2)s (1) . In order to prove (1) (2) , let g<x .

few [G] 5 [6)] fovad mie

Let F = G' zccording o Prop.23. Then g = gm‘G] < [G]nm} = [¥] ¢ {G] < T

Iy Gorollary 11, there is a finite GE 5 = S such that go [¢]<< fe 1.

r
A

and [F]e ker 5 Ty Pmp-EB-{j' ' |

Published by LSU Scholarly Repository, 2023
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The following is an observation which is duzl to one made by Ucott.

fidng PROPOSITION 25. Let S& CL 'and f€ ker 5 . Sct D' supf{ic ker Sigea i
. e ber s .‘J'f.‘}.l)

For cach g«< I we have E?f/;ﬁ £(3) & CL . Let ?gﬁ-—rlgﬂ be the
cerestriction of g . Now suppose g h <g . Then z(5) [y h(s) 3 let
_5;.-7;.1:_1'1[5) —= z{3) be its left adjoint, whigh is in CL. 2z For each g-iri

there is a commutative diagram ~
H1 ' —

> f'(S:II

\ .{3 ”= Coresf =|£

’(b}

{[ ) Thus there is a natural morphism g}-:f'{ﬁ}.—} gl%mﬁé_‘f (g(s), o gh}'

CTniz map iz an isomorphism.
1 e

Proof.~. The relation g(5)< n(s) is proved by Scott (p.1l21). Hence the
inverse system (g(S), P 1 €S h<<f ) is well defined as is itc & limit

in CL, All maps P Bre surjective, hencs so are all '}hg. It follows that
"{ﬁ\ iz surjective, We must show that 76- separates points. Suppose that
i ..

s,t& 5 are such that f{s)f £(+). We then find an a<& 5 with

£ a.ff f(s) but =2<< £(t). Going back to the definition of f' as the
cher 5
sup of the up-directed set of all g with g 1 we flnd a g=x 1 in ker 3

such that a.‘é. g(t). Then g(s) < £(s) implies zf=f af g(s). Thus

g(s) £ g(t), wnich implies thxzx that ?’/-{f{s:l) # :}fn{f{tj}.[]

1 . COROLLARY 26, If the conditions of Corollary 24 are all satisfied, then
£(s) Z -

Proof. We apply Prop. 25 to condition (2) in Corell.24 and conclude that
i - £(S) 4is profinite, hence in Z.[] '

LEIGA 27 . Let fE& ker S such that £(S)& Z . Then

f = sup {[z] GEK{f{Sn}

We meinb vhee - o .
Proof. , f(s) = sup {L (2 s) 2 cc..k:ki(::}]j . But [c_j{s} =ci if e%

and=0 otherwise c:';j since c<€K(£(S)) & K(8) ,because the inclusion

[ 4]

T(S)== 5 respects <= as a CL °P map (LEMMA A). But i the corestiriciion

ic left adjoint to the j_nclusion, whence ¢4 s iff ¢ & f(s),

8)
so that [z] = [g] o . fe G;[z]:‘(sj o TV,

https://repository.lsu.edu/scs/vol1/iss1/9
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fut gn any Z-object T we clearly have = ...unh 1z c{;—I{l':'l'}jr, and
. . T_—.'_:.r
J preserves arblirary sups. Thus |"'......";:....m .u.pf- ]{ } % i oce n{fks}u

| =3 sup{[i]___ﬂ{ﬁ)(?{s}h ceX(£(5)) ] ) = 3(F(s)) = 2(s). []

N3
AG L _ L s .
Pop '“t: S A compact cemigroup is dimensionally siable ifFit; topelogical dimension
PoA R i dor"-i‘mtc that of all of its guotients. : a
e s Dol I . Led 5 & CL - Then the following =ka¥t siatements are
| w O =
! I "." JII' .
a o, R {
R f . . . . i . e
n ) 1L} ker 5€ CL Scott's parlance: is a continuous lattice).
E b | (1) 9E X2 ( B Vg 18 2 __”‘___)
e o o _ -
Ton A il |,L2} S is a dimensionally stable compaci zerodimensignal scmilatiice.
P> T
T "':q-: ; S -t FRER . T ’ L =
A R S T (3) sSisa {c:}mnlete} algebraic lattice such that the set XK(S) ¢
| L 1, / —— -kl
| B ':\ i | COnDact elements :me.a not contain any non-degtnerste grdsT dense
™ —— - —
R .l [
o . !ii‘.\* | ~chain.
| fy i | L § .
} fl\h {: FO (4)  TEmmamr} ker S & Z ( ker S is a{complete)algebraie lattice).
la i~ 1% !
| : o
! ™~ - IE | Proof. (1) is equivalent to (§¢) preceding Lemma 21. Corollary 11,
! & K0 : i ) . T T
i \J’__ R PRoposition 25 and Lemma 27 then show & that (1) iff
A0 R :

_J° (') Forall f ker § the image £(5) ' 2. [EaEEmEIcfiyinnii=s)
Eviden -nl;; (2) implies -(1'}. Conversely suppose that S is not dimensionally
siable. Then there is a CL-surgection §:5—» I = [0y1] . Let d:I—» 3
De its right adjoint and set £f{1:5—»5 ", fif= gd. Then 2 ,J:&:’ ___,'faa: T _ 1

and since g,deCont, thend f Cont. Thus fli =ker 5 , but f{S) =1, 5o

(1*) is wviolated. -

The equivalence of B (2) and (3) is not entirely trivial; it was proved

i in DINENSION RAISING (Hofmann,Mislove, Stralka, Mash.M Z. 135 (1573) 1-316%.
S (4) & (1) is trivial. If (1) —(3) are satisfied, then for each f&ker 3
we have I = sup {:"2] : ch{f[sj}} and all [2] are compact in ker 5 .ij

i

In another memo (to emanate from Darmmstadt) it is shown that oo

the set of relations —<  on a complete lattiice L which satisfy 2 faw

u

Y ieny

Zixloms describing basic preperties of =< and ccouring in L letter Trom
Scott to Hofmann of 3-30-T6 ,pp.7-8 (being attributid/is Mike Smytn)

iz order isomorphic to ker PL whore Pu is the Z—ocbject of lattice ideals
of L considerad in ATLAS, Tﬂe gquesiione whetherez the totality of — -—-relai-
ions on 2 complete lattice L is 2 conitinuwous lattice is then answered

inthe following

COROLLARY 28. Let L be a complete lattice. Then ker PL& CL iff L

does not contain any -aon—desensvede orders dense chains,

Proof, We have KPL = (L,v ) , where (L,v ) is the diccrote sup semilattice

underlying L. Sdmee The assertion then follows from THEDREI I E}
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One might ask the quesiion which Z-objects can occour as ker 5,
BHOPOSITION 29, Let S5 & 2 be dimensionally stable. Then ker 5 i3
dimensionally stable.

Proof., We must show that ncrfcha:i_n ¢ in K(ker 5) can be order dence,
If feK(ker 3S), then f < f and so by Lemma 27 there are
elements © j;esx¢9 such that f <« [cl] WVoses V!—Cn]{-: f . Hence
1 n - tc “Cp
£ = sup, [EJ] + » Thus £(5) is finite, If now C is a chain in K(ker 5)

: ] '

D NG In | then £ < £< b

in € is equivalent to f(S)<

Since n{3) is finite, thers are only finitely many g with

shows that C cannot be ordere dense. i

We note in conclusion that ker(S) is isomorphic to the lattice of

of cLF —subob jects of S and thus isomorphic to Ccngl[sjup y the opposite
of the lattice of closed (CL ) congruences of 5. Phuz Siwmesofmxgiiicrs
atwayexaxBismlieet
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