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THE UNIVERSITY OF TENNESSEE 
KNOXVILLE 37916 

MATHEMATICS DEPARTMENT 
AYRES HALL June 2, 1976 AREA CODE 615 

TEL. NO. 974.2461 

Dear Karl, 

Enclosed is a first installment of our notes. Sorry they are 
later than I promised but I am a slow typist, I will forward our 
observations on th e maximal strict chain problem after we meet on 
Friday {6/^/76), 

I trust that you and your family had a pleasant trip, 
regards for an enjoyable and productive summer. 

Best 

Sincerely yours, 

p. S. Some, many, or all of the ideas in the enclosed notes may 
already be discussed in existing literature or mailings. 
If this is the case I anologize. Our approach is to tackle 
the most recent mailing and, work backward. V/e often digress 
and prove whatever we can without looking for it in material 
we already have. 'For example, we certainly haven't finished 
reading ATLAS, nor have we even read all of the Springer 
Notes on compact totally disconnected semilattices. V/e have 
digested, very little of the notes on Stralka's amalgamation 
theorem. Instead, we are working on the most recent mailing 
(Chains in CL-objects). We will get to the previous material 
in due time. 
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* ^ fj 

MORE NOTES ON CHAINS in CL-OBJECTS (from JHC) 5/28/76 

REFERENCE: Notes on chains in CL-Objects (from KHH) V19/76 

First an observation or two on the reference. On page 1, 

Proposition it is claimed that if C is a maximal strict chain 

in a CL -object, then max C <(:< 1. This, is false. What is true 

is (iv)' max C 1 iff1 1 . 

Hon Wilson observes thqt, using (2) on page 3 of the reference, 

we find that if C is a maximal strict chain in S, \/ c eC, 

-^ic) = sup(.^d^C : f''(d)^c^ and, as ^(c)^c , we have 

A. V ceC, -tfr(c)'^c . 

MovJ suppose there exists d> c such that (p{d.)£: c . Then c<<d 

(since C is strict) and so ^(d) = c (by definition of ^ )• But 

this yields that rc,dl is a gao in C which iraolies (by Prop, i)'(ii) u c 
on cage 1 of the reference) that deK(S), which in turn implies 

d«d, a contradiction (<^(d) = c<d). Hence, £d6-C : f^(d)<<^C(^c) 

and so we also have 

B. Y c&C, -cf^ic)^ c . 

Thus we have shown: 

Proposition 1. Y c &C, -tjric) = c . 

.Now, using condition (3) on page 3 of the reference and the 

preceding Proposition 1, we have: 

Proposition 2. Y ^^(c):id^c, (d) = '*f^( c) = c . 

Proof. c ="^^(c) ̂-i|r(d )<-tj'^c) = c . 
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Refer now to Lemma 6 on page 3 consider 3 = C = [O,1/3U|2/3,I1 
as a subsemilattice of . In this example, c = 2/3 is isolated 

from "below in the induced topology and yet c = <p (c) (as c6K(S)). 

Hence, (iii) should be restated as follows (easy to prove): 

(iii)' Either ceF(S) or c is not isolated from below in C 

in the induced topology. 

The "i.e." statement should probably be isolated (set apart, that is) 

and labeled (iv). It is true that (i), (ii), (iii)*, and (iv) are 

equivalent if this is done. Note also that there is a misprint in 

the statement of part (ii). It should be a t not a . 

Along these lines, the following is also true: 

Proposition 3» If C is a maximal strict chain and c^^C, then T.A.E. 

(1) c<JK(S) . 

(2) (f) (c)«c . 
.Moreover, if these conditions hold, then ^(c) = c . 

No comments yet on accessibility other than to suggest that 

the definition of s S being accessible be changed to "there exists 

Mn // sj s = sup C . 
3 

As to the question of a canonical way to find in a compact 

chain T a subchain which is strict in 3 (Note: not strict in T as 

in the reference - every chain is strict in itself) vje offer the 

following approach. 
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Tine Out I V/e are trying to polish off a couple of "missing 

links" and it is taking longer than expected, I will, at this point, 

send you the previous information together v;ith some remarks of 

a general nature (to follow). If we do not have the entire "canonical 

maximal strict chain" problem solved by Friday (6/^/76), I will 

send you what we have and perhaps you can supply the missing links. 

Let S be a complete lattice. Here are two relations on S : 

(a) x<<y (x is way below y) if y = sup Y implies x ̂  sup F for 

some finite set F Q Y . 

(•5) x«< y (x is way way below y) if y$ sup Y implies x $ sup F 

for some finite set F C Y , 

Now let S be a topological semilattice which is algebraically 

a complete lattice. Here is a relation on S , 

(c) X -< y if y 6 (fx)" , 

For convenience we will use ̂  to denote the category of complete 

lattices (with the discrete topology), C to denote the category 

of compact semilattices with identity, and to denote the category 

of compact Lawson semilattices. Here are some (easily.proved) 

observations about the above-mentioned relations in these categories: 
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i e cx 
1 x« y =$• x«< y No Yes . Yes 

x<« y x«y Yes Yes Yes 

x<<y=»x-<y - ? Yes 

X -< y =5» x<< y - Yes Yes 

x«<y •=?• x^ y - ? Yes 

X < y => x«< y Yes Yes 
1 x<<y^ z =>x«z No Yes Yes 

X ^ y<< z ^ x<< z Yes Yes Yes 

Consider the examole of Keirnel/Scott, 

X 

Here, x«x but x-^-t-ix , and x« x :< 1 but x-^.^ 1 . 

The last, column of course yields that in , (a), (b), and 

(c) are equivalent. We would very much like for someone to remove 

one or both of the question marks from the table. 

Consider the following conditions; 

(1) X <<y . 

(2) y r: sup T , with T sup-closed (algebraically) implies x^t 
« 

for some t 6 T . 

(3) y ~ sup D , with D up-directed implies x$. d for some d^D , 
5
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(1)' X «< y . 

(2)' y <. sup T , with T sup-closed implies x$t for some t e-T , 

(3)' y< sup D , with D up-directed implies x4d for some d e-D 

We have found it convenient to use on occasion that (l), (2), and 

('^) are equivalent and that (1)', (2)', and (3)' are equivalent 

(in ̂  ). Also, along these lines (referring back to ATLAS), 

consider the following conditions: 

1. X is a compact element. 

2. X sup X implies x $ suo F for some finite set F C. X , 

3. XSUP T , with T sup-closed implies x^t for some teT . 

'i-, X $ sup D , with D up-directed implies x^t for some t e-T . 

5. X «< x . 

6. X <.< X . 

7. tx is open. 

In ^ 1-5 are equivalent. In ^ 1-6 are equivalent. In 

1-7 are equivalent. In 7 implies the equivalent conditions 

1 - 6 . Question; Does 1 imply 7 in ^ ? 

Let S be aw ^-object. For x 6-S let us denote ^y : y<< x| 

"hy ^x , [y t x«y^ by ^x , ^y ; y«< x^ by ^ x , and 

|y : x«< y^ by | x. If S is a ^ -object and xeS , then we 

will denote ^7 x ^(fy)''j- by (i'x)^ (as in the Notes on Stralka's 

Amalgamation Theorem of Nov.-Dec. 1975)» The following observations 

seem to be "in the spirit" of the recent mailings: 
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ProTjosltion 4, 

1. (fx)ri(?y)=t(xv/y). * 

2. (f x) /I (?y) = ^(xvy) . 

3. (fx? r\ (ty)' = J(xyy)° . 

4. |x is a lattice ideal with the property that if L is 

any lattice ideal such that x = sup L , then Ix Q L , 

5. |x is a lattice ideal with the property that if L is 

any lattice ideal such that x ̂  sup L , then | x ̂  L , 

6. (|X)Q is a lattice ideal with the property that if L is 

any lattice ideal such that x ̂  sup L , then C L , 

•provided S i£ compact. To see that the conclusion fails 

in the non-compact setting let x = 1 in the Keirael/Scott 

example. 

One might rightfully ask "l-Thy all the fuss about distinguishing 

between << , , and ?" since they are all equivalent in a. 
V/hat we are keeping in the backs of our minds is a hoped for duality 

theory for ^ . 

Now let us say that an ̂ -object S satisfies property: 

"1" if for each xeS we have x = sup (J/x)^ (provided S is topologica 

"way 1" ,if for each x^S we have x = sup ̂ x . 

"v;ay way 1" if for each x<c-S v/e have x - sup | x . 

Corollary to Proposition 

1. If S satisfies property "1" (and is compact), then (J,X)Q 

is the unique smallest lattice ideal whose sup is x . 

2. If S satisfies property "way 1" , then x is the unique 
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1^ ^ 1 

smallest lattice ideal whose sup is x . 

3. If S satisfies property "way way 1" , then ̂  x is the 

unique smallest lattice ideal whose sup is^x . 

Note: The Keimel/Scott example shows that S can satisfy property 

"viay 1" without satisfying property "way way 1" . It is trivial to 

show that if S is a C-o'bject then S satisfies property "1" iff S osLawso 

Perhaps some of these observations will prove useful to others 

at least to the extent of giving alternate "ways to think" (please 

forgive me for using the word "way" yet another timel) 

More to come . > « ' . • " 

The Carruth Seminar 
J, H, Carruth 
C. E. Clark 
J, V/, Crawley 
E. L.- Evans 
R. L. Wilson 
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